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Abstract

Adjusted least squares (ALS) estimators for the conic section problem are considered. Consistency of the
translation invariant version of ALS estimator is proved. The similarity invariance of the ALS estimator with
estimated noise variance is shown. The conditions for consistency of the ALS estimator are relaxed compared
with the ones of the paper Kukush et al. [Consistent estimation in an implicit quadratic measurement error
model, Comput. Statist. Data Anal. 47(1) (2004) 123-147].
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1. Introduction

The problem considered in this paper is to estimate a hypersurface of the second order that fits
a sample of points x1, x2, . . ., X, in R". A second order surface in R" is described by the equation

xTAx+b'x+d=0. (1

Without loss of generality, one can assume the matrix A to be symmetric. Let S be a set of real
n X n symmetric matrices. The set of all the triples (A, b,d)is V :=S x R" x R.
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Consider a measurement error model. Assume that xi, x2, ..., X, lie on the true surface
{x | xTAx + b"x +d = 0}. In Section 4 we consider the structural case where 1, ..., X
is an independent identically distributed sequence, while in the rest of the paper the model is
functional, i.e., X1, ..., X, are nonrandom. The true values are observed with errors, which give
the measurements x1, . .., x,,. The measurement errors are supposed to be identically distributed
normal variables, the variance of which is either specified or unknown. The parameters of the
true surface are parameters of interest. The conic section estimation problem arises in computer
vision and meteorology, see [4] and [5].

We use the word “conic” in a very wide sense. Any set that can be defined by Eq. (1) is referred
to as “conic”. “The true conic” is neither the entire space R" nor a subset of a hyperplane, and
our conditions ensure that.

Consider the ordinary least squares (OLS) estimator, which is defined by the minimization of
the loss function

m

Qois(A, b, d) :=") (x] Axi + b x1 + d)*.
=1

It is easy to compute but inconsistent in the errors-in-variables setup.

The orthogonal regression estimator is inconsistent as well, though it has smaller asymptotic
bias [2, Example 3.2.4].

To reduce the asymptotic bias, the renormalization procedure can be used, see [4]. In [5] an
adjusted loss function Qqi5(f) is defined implicitly via the equation

m
EQus(A.b.d) = Y (& A% +b' % +d)?,
=1

and consistency of the resulting ALS estimator is proved. A computational algorithm and a sim-
ulation study for the method of [5] are given in [7].

The ALS estimator with known error variance is not translation-invariant. In this paper we pro-
pose a translation-invariant modification of the ALS estimator (TALS estimator). Its consistency
is shown. The translation invariance of the ALS estimator with estimated error variance is proved
as well, and the conditions for consistency of the estimator are relaxed.

We propose a definition of invariance of an estimator. By appropriate choice of the parameter
space and the estimation space this definition can be deduced from the definition of equivariance
given in [6, Section 3.2].

The Euclidean norm of a vector x = (xp, ..., xg)| € R? is denoted by [|x| := ,/ Zflzl xiz. If

A = (a;,j) is m x n matrix, |A| := max)x <1 [|Ax]l, while [[A]lF := /> /", Z'}:l al.zj is its

Frobenius norm. The rank of the matrix A is denoted by tkA. If m = n, then tr A := Y 7" | a;; is
the trace of A.
As a direct sum of three Euclidean spaces, V is a Euclidean space with inner product

(A1, b1, dv), (Az, by, do)) = tr(A1A2) + b by + dydb.

The induced norm is

1A b == JIAR: + 161 + d2.
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The dimension of the space V is

nﬁ:n(n+l)+n+1: (n+1)(n+2).

2 2

Construct an orthonormal basis of V. For n = 2, the six triples

((00)-(0)-9) ((1u"37)-(6)-0) ((39)-(5)-0):
((65)-(6)-0)- ((55)-(3)) ((65)-(2) 1)

form an orthonormal basis of V. For an arbitrary n > 1 the set {by, ba, ..., by} is an orthonormal
basis of V, where

eiejT+ejel.T ) ]
b(i—l)i+j = ——F,0,0), 1<j<i<n,

2 ﬁ ’
biwsn = (¢;¢],0,0), 1<i<n,
2
bn(n2+l)+l. = (O, 65,0), lglén,
b(”+1)2("+2) = (07 O) 1)9
ande¢; := (01,...,0,1;,0,..., 0,1)—r is the ith vector of the standard basis in R".
Let [f] be the vector of coordinates of f € V. Then [f] = ([f]1, ..., [/)’],,/,)—r with [f]; =

(B.b;) and f = 3,7 [Bliby.

If ¥ is a linear operator on V, then its matrix is denoted by [W]. One has [¥f] = [Y][f] for
any f € V. The i, jth entry of [¥'] is equal to [\V'];; := (¥'Db;, b;).

The ordered eigenvalues of a symmetric d X d matrix A are denoted by A;(A) </ (A)< - -+
< Ag(A). We also use the notation Amin(A) := A1(A), Imax(A) := A4(A). Note that 1»(A) =
A1(A) if the minimal eigenvalue is multiple.

If Wis aself-adjoint operatoron V, then ||| := max g —; [|'¥ ] isitsnorm, and 4; (V) < 22 ('¥)
<o <inﬁ (V) are its eigenvalues. Again, Apin (V) := A1 (\P).

There is a natural one-to-one correspondence between self-adjoint operators, quadratic forms
and symmetric matrices.

We occasionally omit the sample size in the notation. Estimates (Z? , 5) and variables denoted by
letters Q, W, S, s, with and without bars, with different subscripts, are defined for a fixed sample
size m. The sequence of events { P,,, m > 1} is said to occur eventually if

(o olNe )
P (U ﬂ Pm> =1.
I=1m=l
In Section 2 the implicit quadratic errors-in-variables model is described and the estimates are
defined for both the case of specified and unknown variance. For the case of unknown vari-
ance, the ALS estimators of the surface and of the variance are studied in Section 3. The condi-
tions for consistency of the estimators relax the assumptions of [5, Theorem 9], namely we do
not assume the contrast condition (vi) from [5, p. 134]. The conditions for consistency in the
structural model are given in Section 4. In Section 5 the invariance of the estimates is shown,
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and Section 6 concludes. Some auxiliary proofs are moved to Appendices A and B. In Appendix C
we introduce the concepts which are used to derive bounds for perturbations of generalized
eigenvectors.

2. The model and the estimates
2.1. The model

Consider a true conic in R" defined by the equation
x"Ax+b'x+d= 0,

with parameters B = (A, b, a_l) € V. Assume that B # 0. The parameters can be chosen, such
that

1A + 161% + d* = 1. )
Let nonrandom vectors X1, X3, . . . belong to the true conic:
iAG b E +d=0, 1=1,2,... 3)

The vectors belonging to the true surface are observed with errors. Let x; be the measurement of
X7, and X; be an error, i.e.

X, = ‘il + X Iz (4)
Let measurement errors satisfy the following conditions:

(i) X1, X2, ... are totally independent,
(ii) % is a normal vector, ; ~ N (0, 621), ¢ > 0.

Hereafter / is an identity matrix.

The specified model is a functional homoscedastic measurement error model, given in an
implicit form. As usual in errors-in-variables setting ‘functional’ means that the true vectors X1,
X2, ... are nonrandom.

Let m be the sample size. The measurements x, x2, ..., X, are observed. B and o2 are pa-
rameters of the model and x1, X2, ..., X, are nuisance parameters. Initially the parameter a2 is
supposed to be known, but later on we will consider the case of unknown ¢ as well.

2.2. Definition of the estimates
In this subsection the sample size m is fixed.

2.2.1. OLS estimator
The elementary OLS loss function is

Gois((A, b, d), x) = (x"Ax +b ' x +d)>, (A,b,d) eV, xeR".
Let

Qols(ﬁ) = Z‘]ols(ﬂ’ x), peV.
=1
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Qols (p) is a positive semidefinite quadratic form on the space V. Equality QO]S (A, b,d) = 0holds

true if ang only if all vectors X1, X2, . . ., X, belong to the conic {x € R" | xTAx+bTx+d = 0}.
By (3), Qols(f) = 0.
Let

Quis(B) = _qois(B.x1). BeV.

=1

A random vector ﬁ is called an OLS estimator if ﬁ is a point of global minimum of Qs(f) on

a sphere |||l = 1, i.e. [3 is a solution to the following optimization problem:
Qols(f) — min,
5
{ 181 =1. ©

The minimum exists because Qos(ff) is a continuous function in f§ and the sphere is a compact
setin V.
Let

Yos()(A, b, d) = (x "Ax+ b 'x+d)(xx",x, 1), (A,b,d) eV, xeR"
Wo1s(x) is a self-adjoint linear operator in V, such that

Gois(B, x) = (Yo X)B, B), BeV, xeR".

Denote
m m
Yol 1= Z lﬁols(fl), Wois := Z ‘/fols(x[)~
=1 =1

Then Wy and W5 are self-adjoint operators, such that for all § € V

Oois(B) = (FoisB, B),  Qois(B) = (YorsB, B)-

Note that
)vmin (Wols) =0. (6)

Next we express problem (5) in terms of Wj5. The extremal equation implies that all solutions
to (5) must be eigenvectors of the operator Wqys. If f is an eigenvector of the operator W5 and
Il = 1, then Q5(P) is a corresponding eigenvalue. Hence the solutions to (5) are normalized
eigenvectors of W, corresponding to the smallest eigenvalue. Problem (5) is equivalent to the
system

"Polsﬁ = lmin (\Pols)ﬁ,
{ 18Il = 1. (7

2.2.2. ALS estimator
The elementary score function of the ALS estimator is a solution to the following deconvolution
problem:

Eqas(B, X + %) = qois(f, %), %~ N(0,6%I,), X €R", feV. 8)
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In Appendix A we show that

qas((A, b,d), x) == (x "Ax + b x +d — ’trA)?
— (4] Ax|? +4bT Ax + b)) + 26* | A% )

is a solution to (8).
For all § € V denote

Quis(P) = ZQals(ﬁv -x])a Yas == Z lpals(x])-
=1 =1

The linear self-adjoint operator ,,(x) satisfies (Y, (X)f, ) = qais(f, x), and Wys is a self-
adjoint linear operator, such that

Qals(ﬁ) = (Talsﬁ’ ﬁ)v ﬁ c V.

A random vector [Af is called an ALS1 estimator if it is a solution to the following optimization
problem:

{ Qals(ﬁ) — min,
Al = 1.

Similarly to the OLS estimator, such a random vector exists. Problem (10) is equivalent to the
following system:

{ lI’als(ﬁ) = j-min(q'lals)ﬁy
I8l = 1.

(10)

2.2.3. Translation-invariant ALS (TALS) estimator
Let

Vi={(A,b,d) e V:|AlFr =1}
We define a TALS estimator [Af as a random vector such that

(1) if there exists mingey, Qais(f), then Zi is a minimum point (i.e., a solution to the optimization
problem (11));
(2) fis arbitrary if the minimum does not exist.

The corresponding optimization problem is

{ QalS(Av b’ d) - minv

1Al = 1. (in

Such a random vector i? exists. The minimum exists if and only if Qs is bounded from below on
the set V.

2.2.4. ALS estimator with unknown variance 62

In the criterion function for the ALS estimator, substitute D € R in place of o2 and denote
gp((A, b, d), x):=(x"Ax+b"x +d — D trA)?
—DA[|Ax|? +4b" Ax + [b]) +2D?|| A3 (12)
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Let /(x) be a self-adjoint operator, such that
Wp)B, By =qp(P,x), peV, xeR"

(The operator V , is the same as in [5].)
Denote

Op(B) =Y ap(B.xp), W¥p:= ) Ypx).
=1 =1

Setting D = 0 or D = &2, we obtain the criterion function for the OLS or ALS1 estimators,
respectively:

Qols(ﬁ) = QO(ﬁ)’ ‘Pols = lPOv
Qals(ﬁ) = ng(ﬁ)’ \Pals = \sz'
If D < 0 and x € R”", then the quadratic form gp (f3, x) is positive definite. Indeed

gp((A,b,d), x) = (x"Ax+b"x +d — Dtr A)> — D|2Ax + b||*> + 2D?|| A%

and

gp((A,b,d), x) > 2D*|A|3 >0 if D <0, A#0,
gp((A,b,d),x) = —D|b|* >0 if D <0, A=0, b#0,
gp((A,b,d),x) =d>>0 ifD<0, A=0, b=0, d#0.

Therefore, for D < 0 the quadratic form Q p(p) is positive definite.
If D =0, then Anin (‘Pp) =0 [5, Lemma 6], so that Q¢ (f5) is a positive semidefinite form.
Expand Wp and Q p(p) in the powers of D — o

Op(B) = (D —d**Qq(P) — (D — 6 Qis(B) + Quis(P). (13)
where for (A, b,d) e V

0q(A, b, d) :=m((trA)* + 2||A||%),

Qio(A, b, d) =) qio((A, b, d), X)),

=1

with

qis((A, b, d), x) :=2(x "Ax+ b x +d — 6* rA)trA

4| Ax|? +4bT Ax + |b]% — 462 Al (14)

Observe that

Eqis(B. X + %) = qo(B. %), %~ N(0,0%L,), T €R", feV,
with

(A, b,d), x) :=2(x "Ax+ b x + d)trA + 4| Ax||> + 4b" Ax + |b|?

and define

m

OB :=EQis(B) =Y aqu(B. %), PeV.

=1
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Due to the linear isomorphism between the space of quadratic forms and the space of self-adjoint
linear operators, there exist self-adjoint operators ¥q, ¥'|5, Wjo in V, such that for all peV

0q(B) = (¥gB. B, Q1B = (PisB, B),  Q10(B) = (Piof. B,
¥p=(D—0)*¥q— (D — )P+ Pas for D eR,
E¥1s = Wo.

By (6),
Jmin (E¥52) = Amin (E¥als) = 0,

so we define an estimate D for the variance 6> of measurement error as a solution to the equation
min(¥'p) = 0. s)

Eq. (15) has no solution D < 0 because /nin(Wp) > 0if D < 0. We prove that it has a unique
solution D >0, see Theorem 14.

The ALS2 estimator is defined similarly to the ALS1 estimator with Q5(f) replaced by Q 5(f).
Butas Amin(‘¥'5) = 0 and hence min)g,—; Q5 (f) = 0, we can simplify the definition of the ALS2
estimator. .

f is called an ALS2 estimator if f§ is a random vector, such that

{ 05(B) =0, 16

Il = 1.
The corresponding eigenvector problem is

Y5 =0,
I8 =1.

Note that D is a random variable, because {5 < D} = {Qp is indefinite} is a random event, for
the proof of the last equality see Corollary-remark 15.
D is a solution to (15) if and only if D satisfies the conditions

eV, IBl=1:0p(h) =0,
VB eV:0p(B)=0.

A joint estimation problem for D and B is

5B =0,
VBeV:Qp(h)=0, (17)
I8l = 1.
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2.3. Conditions and their consequences
We borrow conditions (iii) and (iv) from [5].
(iii) There exist my € N and ¢y > 0, such that
1 —
Ym>=mgy: Ay | —Wois | >¢0.
m
Now we show that under condition (iii) the true conic cannot be a part of a hyperplane.
Lemma 1. Let condition (iii) hold. Then there is no hyperplane that contains all points x;, 1 > 1.
Proof. Suppose that all points x; lie on a hyperplane b'x +d = 0, b # 0. The equation of the
hyperplane can be written as x ' bb T x+2db " x +d? = 0. Then for all m one_has Qois(0,b,d) =0
as well as Qols(bbT, 2db, d*) = 0. Hence 0 is a multiple eigenvalue of W,s. This contradicts
condition (iii). [
Corollary 2. Suppose that equalities (2) and (3), and condition (iii) hold. Then A # 0.
The next lemma relates the sample moments of the true vectors to the norm of the matrix A.
Lemma 3. Let equalities (2), (3), and condition (iii) hold. Then for all m > mg

! S ilil—r il Al12
)vmin ;Z )EIT 1 280||A||F'

=1

Here mg and ¢y come from condition (iii).

Proof. As fis a normalized eigenvector of W5 corresponding to the eigenvalue 0, condition (iii)
is equivalent to

Ools(B) =meo(IBII> — (B, BP)  forall pe V, m=my. (18)

By definition of Q,s(f)

"1 & (55 ® 1 & 1 -
() (B0 D) ()b Ewror=Loanso o
=1 l =1
By (2) and the Schwarz inequality
100, b, d)II* — (0, b,d), B)* = 110, b, d)||I* — {(0, b, d), (0, b, d))*

> (0, b, d)I*(1 — (0, b, d)||*)
= (IbI* +d*)(1 — |1b)* — d%)

-1(4)

2
A% (20)
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By (18)—(20)

(3) R (1)) (0)=a(5)

for all m >mg, b € R", d € R. This proves the lemma. [

2
T2
Al %

Corollary 4. Suppose that equalities (2), (3), and condition (iii) hold. Let xq € R". Then for all
m = mo

1 ¢ T 112
Amin | — X, — X, — >0l AllE-
Ammin (m g(x, x0) (%, — x0) ) eoll Al
Proof. By Lemma 3 for all b € R", m >my,
1« b\ (1 (55 & b
T( s s T — - *r X
(s 2w )e= (L) (2 (8 1)) (L)
=1 =1
> eollAIEIBI + BT x0)%) ZeollAlZIBI>. O
Now we obtain a lower bound for a component of the limit objective function.
Lemma 5. Let equalities (3), (2), and condition (iii) hold. Then for all m > mq
O10() =meo|| AllF.
Proof. By (3)

Q0 (B) = > I2A%, + b|?

=1

o] (2A) o (R R (24
B bt ) =\ 5 1)\bT
N (5E R
> 4112 Ay RGN
> QAN + 1B17) min (;( I ))
The bound from Lemma 3 completes the proof. [

We combine the proofs of Lemma 4 and Corollary 5 from [5] about the convergence of the
operator which represents the objective function. The following growth bound will be needed.

(iv) There exist C; > O and y € [0, 1), such that for all m > 1
1 m
— D IR <Cim’.
ma3

Lemma 6 (Kukush et al., see [5]). Let conditions (4), (i), (ii), and (iv) hold. Then

— 0 asm— o0 a.s.

H % (Wais — Wols)
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Moreover, the sequence

ww 1—9)/2
%Tals - %\Pols H m( n/ , m=1

is stochastically bounded, and for any 2 < (1 —vy)/2

Hn%‘{’als — %Tols m* — 0 asm— oo a.s.

One can replace condition (iv) with the following weaker one.

o0

. 1
(iv-) Zﬁmw<w

=1

Indeed, condition (iv) implies (iv-), which can be proved by Abelian transformation.
Lemma 7. Let conditions (4), (i), (i), and (iv-) hold. Then

H %(\Pals - wols)

— 0 asm — o0 a.s. 20

Find proof in Appendix A.

Lemma 8. Let conditions (4), (i), (ii), and (iv-) hold. Then

”%‘Pla — %@0 H — 0 asm — 00 a.s.

Proof. By Lemma 7,
LWy — W) > 0 asm — 0o as.
Define the linear operators
n:V—->R" =n(Abd=b ad o":R'—>V, n%0b)=0,D0b,0),

and remember the notation b,,, = (0,0, 1) € V. As

n/j

m
> @ =Pl —5&T) = (1 (Pa, — Por) 771,

i=1

m
Z(xl —x) =1 Was — Wols) bn/;a
i=1

then

1 m

. Z(xlxl—r — ¢l — )E,)EZT) — 0 asm — o0 a.s. (22)
=1

1 m

;ZW—@%O%maw&& (23)

=1
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As
qio((A, b, d), x) =2(tr(A(xx | —a?1)) +b x +d)tr A
+4tr(A%(xx " = %)) +4b" Ax + ||b)?,
quo((A,b,d), x) =2(tr(Axx )+ b x +d)tr A+ 4tr(A%xx ") +4b T Ax + ||b]%,
one has

Ql(T(Av b’ d) - QIO(A, b’ d)

=2 (tr (A Z(xlxl—r — I — ilil—r)> +bT Z(xl — il)) trA

=1 I=1
m m

+4tr <A2 > @ =l - i,iﬁ)) +4bT Y (- 5.
=1 =1

Therefore, by (22), (23), forall § € V

%(Qlo(ﬁ) — Q) >0 asm — oo as.

Then one can conclude convergence for the operators. [J

Now we obtain a lower bound for the sample covariance matrix. It is used together with the
contrast inequalities presented in Section 3.1.

Lemma 9. Let (3), (4), (2), and conditions (1)—(iii), and (iv-) hold. Then almost surely

m—00 m2

1 m 1 m m _
.. q T T 2 2
liminf Apin ;lglxlxl __121XI E lxp >0+ ¢l All5,
— = p=

where ¢y comes from condition (iii).

Find proof in Appendix B.
We need the following condition in order to prove consistency of the ALS2 estimator.
(v) Matrix A is nonsingular.

Condition (v) means that the true conic is central, i.e. not of a parabolic type. For n = 2 the true
conic is either an ellipse, a hyperbola, or a couple of intersecting straight lines.
Denote

1 - - _
¢:=——A"'b and Ac =

1 -
——A. 24
2 cTAc—d 9

Then the true conic has the equation
x—0)"TA(x -0 =1.

The next statement relies on condition (v) and is crucial for the proof of consistency.
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Lemma 10. Let conditions (3), (iii), and (v) hold. Then there exist Co» and my > 1, such that

Vm=mo VB, Bl =1:1010(B)<C2010(p). (25)

Here mq comes from condition (iii). The constant Cy depends on [_3 and on &y given in condition

(iii).

Find proof in Appendix B.
2.4. Consistency of the TALS and ALS1 estimators

In this section we use the definitions, given in Appendix C.
Denote the matrix representations

1— - 1
A= |:_"Polsi| , A= |:_lPalsi| ’
m m
B = [Prsxoxo] = diag(l,..., 1,0,...,0), (26)
——— — —

(n24n)/2 n+1

where Prg g0 1s an operator on V, such that Prg«gx0(A, b, d) = (A, 0, 0) forall (A, b,d) € V.
The matrices A, B are positive semidefinite, B </ in the sense of Loewner order, B = B2, and

Aisa symmetric matrix. Under condition (iii) A — &g pri 7l is positive semidefinite for m > my,

with Pr[ll-}] an orthogonal projector along [/_3]. If Lemma 7 holds, then ||A — A|| — 0, as m — oo,
a.s.

Now we prove that certain matrix pairs are positive definite. We have

- x)?2 4+ (xTBx)2 >0

=
Yo = min \/O(x Prt 1

xl=1

asffTBB;zéO
(A, B)>/(&0Pr i ,B) =7y, form>=mo,
7(A, B)=7(A,B) — |A — Al =y — |A — Al form>mg

by (C.7). Hence, by Lemma 7, almost surely lim inf,,, 5o y(A, B)>vy > 0.

Whenever y(A, B) > 0 (or y(A, B) > 0), the matrix A (respectively, A) has rk B real fi-
nite generalized eigenvalues w.r.t. the matrix B, and has the (ng — kB = n+1)-dimensional
eigenspace Ker B. Denote the finite generalized eigenvalues by 41 <42 < - - < /s g (respectively,
il /12 <- <Ark3 for the matrix A). As A >0 and 0< B< 1, we have

Ie=ix(A), k=1,...,1kB, Q7

where /1 (A) is the kth ordinary eigenvalue of the matrix A. Inequality (27) holds true because

Ak = min max x"Ax, Jx(A) = min x " Ax,
dim V=k xeV :||B1/2x| <1 dim V= kxev ||x|\ 1
and {xeV : |x||=1} C {xeV : ||IBY2x|<1}. Here the minimum is searched for in all

k-dimensional subspaces of R"#.
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By (27), as 41 (A) = 0 and 42(A) >¢g, we have
=0, la>e, m=myg.

(As the matrix A is singular, O is one of its generalized eigenvalues. Hence O is the least one.)
Therefore,

1, 0 =y, k>1, (o0, 0)=y

For the chordal distance between the pairs (A, B) and (A, B) we have

IBIIIA - Al

pp = ppl(A, B), (A, B)]< ——————,
porp (A, B) (A, B)

and p p almost surely tends to 0, as m — oo. (pp is well-definedif (A, B) > Oand (A, B) > 0.)

Since A and B are positive semidefinite, the last generalized eigenvalue of the matrix A is
A1 = 0, and the last generalized eigenvalue of the matrix A is either /; € R or co. Here we use
the enumeration from Appendix C. By [10, Theorem IV.3.2],

701,00 < pp,
10k 0 =10 — pp. k> 1,
1(00,0) =0 — Pp

whenever ||A — A|| < y(A, B) and m >m. Eventually these inequalities hold.

Apply [10, Theorem IV.3.8]. Whenever m >my, |A — A <y(A, B), and |A — A|| < (o —
Pp) y(A, B), there exists a generalized eigenvector x| of the matrix A w.rt. to B, corresponding
to eigenvalue 11, such that

|A — Al
(A, B)(xo — Pp)

sin Z(x1, [B]) <

If in addition 2p, < ¥, then the generalized eigenspace corresponding to the generalized eigen-

value A is one-dimensional.
Summarizing we have

sin Z(x1, [B]) — 0 asm — oo a.s.

Whenever ;11 < 22 and Bx; # 0(i.e., eventually), x| is a vector in R" composed of the coordinates
of the TALS estimator up to a scalar multiplier,

(B =+

Bl

by the definition of TALS estimator. This relation proves the following consistency statement.
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Theorem 11. Let conditions (2)—(4), and (1)—(iii), and (iv-) hold. Let ifm be the TALS estimator
defined in Section 2.2 for sample size m. Then

sin Z(Bm,/_f) — 0 asm— o0 a.s.,

dist (Z?m, {:I: ! B}) —0 asm — oo a.s.
AllF

The latter statement of Theorem 11 holds due to the relations

dist (lj—m, :l:B) —~0 asm — 00 a.s.

1Bm

which follows from the first one by (C.2), ﬁm =f ( Hgm ” ), and mﬁ = f(B), where f(A, b, d)
m F
1
TATF

(A, b, d) is an odd continuous function.

Remark 12. If the condition (iv-) is replaced with (iv), then the rate of consistency is

dist (/?m, {iMluFB])m% = 0,(1) asm— oo, (28)

»—1
and for any 4 < 5~

dist (me, {iMIHFB]) m* =0 asm— 0o as. (29)

Remark 13. Let Z?als be the ALS1 estimator defined in (10). Under the conditions of Theorem 11,
dist(ﬁals, {j:B}) — 0 asm — oo a.s.

The proof is easier than the proof of Theorem 11. Choosing B = I, instead of (26), one gets
the consistency of the ALS1 estimator. We mention that this statement is proved in [5] under a
slightly different condition, namely condition (iv-) is replaced by condition (iv).

3. The ALS2 estimator

In this section we deal with the case when the error variance is unknown. We prove the consis-
tency of the estimate.
Denote by

T
m

1 - 1 —
S:ZZE x;—Z;xp xl—Z;xq

the sample covariance matrix, and its least eigenvalue by

5 = min(8) =0.
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3.1. Uniqueness of the solution to the estimating equation for the error variance

Remember the criterion function

m
Op(A.b.d) =Y [(x] Ax+bTx;+d—D trA)* — D|2Ax+b|* + 2D* | A| 7.
=1

Consider the coefficient of (—D):

DAy +b1P=)> (24 [x,— =D xp || +m|24=> x,+b
=1 =1 n p=1 mn p=1
2
1 e 5
=4mw(ASA) + — ;(2Ax,, +b)| =4ms|A|%.

Now we apply this bound
Op,(A,b,d+ DytrA) — QOp,(A,b,d + D tr A)

m m
= =Dy ) |12Ax; + b|* + D1 Y _|12Ax; + b|* + 2D3m|| Al — 2Dim| Al }
=1 1=1

m
= —(Dy — D1) <Z 12Ax; + b|* — 2(Dy + Dz)mnAn%> :
=1

If D; < D>, then

Op,(A,b,d+ DrtrA) — Qp,(A,b,d+ D trA)
< — (Dy — Dy)(4s — 2Dy — 2Dy)m||A||%.

Moreover if D} < Dy <s, then

Op,(A.b.d+ Dytr A) — Qp, (A, b.d + Dy tr A)< — 2(Dy — Dy)’ml|All}. (30)
Theorem 14. The equation in D

Zmin (¥p) =0

has a unique solution.

Proof. If D < 0, then the quadratic form Qp(f) is positive definite, and Apin(Wp) > 0. If
D = 0, then Jnin(Wp) >0, see [5, Lemma 6].
If b # 0, the expression

Qp(0,b,d) = (Z“’sz +d>2) — Dm||b|* 3D

=1

is strictly decreasing in D. From (31) we get

m
Obp (o, b,—Ly bTx,) =mb' Sb— Dm|b|>.
=1
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If in addition b is equal to the eigenvector of S corresponding to the least eigenvalue, then
m
Op (o, b, = Y b%) = m(s — D)IIb|>.
=1

Therefore for D > s, the quadratic form Q p(f) is not positive semidefinite andjmin (Wp) < 0.

Since Amin(Wp) is continuous with respect to D, there exists D, 0< D <s, such that
imin(\yﬁ) =0.

Suppose that Eq. (15) has two solutions, D1 < D>. Then D5 <s. There exists (A, b, d) # 0,
such that Op, (A, b,d) = 0. Since Op,(0,0,d) = md?, we have (A, b) # (0, 0). Then by (30)
(if A # 0)orby 31) if A = 0, b # 0), we have Op,(A,b,d + (D2 — Dy)tr A) < 0. This
contradicts the assumption Ayin (¥p,) =0. O

Corollary-remark 15. There exists B, 0< D <s, such that

e for D < B, the quadratic form Q p(p) is positive definite and Jmin(Yp) > 0;

e the quadratic form Qp is positive semidefinite, but not positive definite, and Jmin(Pp) = 0;
e for D > D, the quadratic form Q p(p) is indefinite and Anin(Yp) < 0.

3.2. Consistency

Lemma 16. Let conditions (1)-(iv) hold. Then eventually

~ 2 B
D—02<max{?a—lsgﬁ), 0}. (32)
Q10(p)
Proof. Due to the relationship between quadratic forms and operators and since ||/_3 | =1, we
have

1Qus(B)] = 1Qais(B) — Qots(B)| < [Wats — Pois -

Hence by Lemma 6,
—Qus(B) = 0 asm — oo as.
m

Similarly by Lemma 8§,

1 - -

;(Qla(ﬂ) — Q) -0 asm — oo as. (33)
Next, by Corollary 2 and Lemma 5

RPN

liminf — Qyo(f) > 0 a.s.,

m—oo0 m

and hence by (33) the same holds true for Qi (/_3). Note that % o (/_3) does not depend on m, where
Qg is given after (13). Hence eventually

4Qu5(B) Qq(B) + (Q16(B) — 010(B)? < Q1 (B)*. (34)
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Then the discriminant Qy,(f)% — 4Qals(B)Qq(B) of the polynomial (13) in D — ¢ with =

p is eventually positive, thus Q p(p) ‘eventually attains negative values for some D. Since by
Corollary 15 Qp(f) > Oforall D < D we have

5 . 0_2 < 2Qals(ﬁ) . (35)

015(B) +/ 016 (B)? — 4Qus(B) 04 (B)

Eventually, if Qu(f) >0, then

B . 62 2Qals(ﬁ)
0P

otherwise D — ¢ < 0. This holds true because of (34), (35), and Qlo([_i)ko. The lemma is
proved. O

Theorem 17. Let conditions (1)—(v) hold. Then the ALS2 estimator is strongly consistent:
dist(ﬁ, {:l:/_i}) — 0 asm — oo a.s.

Proof. Denote
by = (A, b,d + (6% — 5) tr A).

Since Z? # 0, we have 5, # 0.
For a fixed m, assume that A, ( 1 Wolg) > ¢y and both random events (32) and s > g2 occur.

Consider the cases, whether the random event D < g2 occurs or not.

Case 1: The random event D < 62 occurs. By definition,
05(p) =o. (36)

By (30) with D, = o2 and D = Dandd — Dtr A in place of d and since D <d? <s,

Qus(By) — Qp(B) < — 2m(a® — DY*|| A} 37)
By (C.6) and (iii),

még sin® L(Ba, Bl B2 1> < Qos (Ba)- (38)
Since by (C.5),

sin Z(B, BBl <11 — Ball = (6> — D)|tr A|

and (tr A)z <n||A||%, we have

2m A ~ A
— sin? Z(B, Bo) I po 11> <2m(a* — D)*(|A||%. (39)
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We sum up inequalities (36)—(39)
2 gin2 /(P in2 Z(B,, p 2| Was — P, 2
m(%sin” L(B, By) + eosin” L(By, PO II7 < IWars — Foisl 152117

Since 8, # 0, we can divide both sides by || ,82||2. By the Schwarz inequality and Lemma 36

sin? Z(B, B) < (sin L(B, Bo) + sin L(B,, B))>
<(z+i><§ﬁfé$ﬁﬁ+mﬁﬁéwp@)

2 &0
n 1\ 1 —

< (— + _> _”\Pals - \Pols”-
2 g/ m

Case 2: The alternative event D > a2 occurs. From Q 5([3) = 0 and (13) we have

(D — *204(B) — (D — *) Q1o (B) + Quis(B) = 0.
It is clear that

—(D - 0*)?Qq(B) <0.
By (C.6) and (iii),

meg sin? L(B, B) < Qois(B).-
By (32),

Qals(ﬁ)
(D — a») 0B < =222 0Bl
7005 (5 10u b

10(h)

From (32) and the relation ||Zf|| =1, we have

Qals(ﬁ)
) ) O (p)
Qols(ﬁ) - Qals(ﬁ) < ”lPals - ols||~

(D — ®)(Qis(p) — Qu(P)) < Wi — Proll,

We sum these inequalities up

2leb(ﬁ)

10

meg sin? Z(B, B) < Wats — Pois || + (W1 — ool + 1010(B)]).

Since | Qais(B)| < 1Pars — Fois I,

s _ Bl
0 sin? LB, B) < 1 Was — Poisll [ 1+ =———1¥1s — o]l + 4
mép sin” £(5. : : O o = Vo O(p)
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By Lemmas 9 and 16, both the random events s > 62 and (32) hold eventually, and by condition
(>iii), Ao ( 015) > ¢o holds for m large enough. Then eventually

- Was — P 1
Sin2 Z(ﬁ, ﬁ) < ” als OIS” max { (E + _) ,
m

2 &0

1 2 - 1010(P)|
— 14+ =——— ¥ — Puoll + =——= ) (40)
€0 ( o0® v Qu(h) )}

By Lemmas 5, 6, 8, and 10,
sin? Z(i?, f)— 0 asm— oo as.

Due to (C.2), the consistency is proved. [

Remark 18. Condition (v) can be replaced by the following one

m
: L1 =12
(vi) 3C3>0Vm >1 : EZ: %11 < Cs.

(/3)
OB’
Under (vi) the sequence { Qlo(ﬁ) m > 1} is bounded. With Lemma 5 we get the desired bound.

The condition (v) was used in Lemma 10 to prove that the sequence { =% 10 m > mg}isbounded.

Remark 19. In [1] a polynomial functional measurement error model is considered
p .
vi= Y Bi% 45, x=x+5
o

Here {y;} and {x;} are two i.i.d. error sequences, independent of each other. For the case of known
ratio A := var(y;)/var(x;), while the variances themselves are unknown, a certain estimation
procedure for f, ..., 8, is proposed. It is not clear whether that procedure is consistent or not.
And in case p =2 of the quadratic model, under known /4 and normal errors, there is a clear way
to estimate the regression coefficients consistently: just imbed the explicit quadratic model into
an implicit one

yi— Y BiE =0, xi=X+%. yi=y+5

By remark 18, under rather mild conditions the ALS2 estimator of 8 := (B, 1. f,) | is consistent.
Remark 20. Under the conditions of Theorem 17, but without (v), the following holds:

dist(ﬁ, {:tﬁ}) H{5<02} — 0 asm — oo a.s.,
where [(P) is an indicator function of random event P.

Theorem 21 (Consistency of the estimator of error variance). Let conditions (1)—(iv) hold. Then
D is a strictly consistent estimate of 6°.
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Proof. Whenever the random event D <% <s occurs, we sum up lines (36), (37), and the in-
equality

0< Qois(B)-
We get
2m(a® — D) || All% <1Was — Pois | 155117
If 5<0’2, then || 5, || <1+ a2 n. By Remark 20,
(lAllF — IIAllp) UD<6?} — 0 asm — 0o a.s.
By Lemma 9, the random event s > a2 occurs eventually. Hence, by Corollary 2 and Lemma 6,
(5 — %) I]{5<62} — 0 asm — oo a.s.
Next, the convergence
(5 — ) ﬂ{ﬁ}az} — 0 asm — oo a.s.

holds true due to Lemmas 6, 8, and 10.
Finally,

D—0c*—>0 asm— oo as. [
4. Structural model

We considered a functional measurement error model. Now we study a structural model with
random vectors X;. In this section assume that (2)—(4) hold. Introduce the following conditions:

(S1) The random vectors Xy, X2, X3,...; X1, X2, X3,...are totally independent.
(S2) The random vectors X1, X2,...are identically distributed.

(S3) % has normal distribution, ¥ ~ N(0, 621), 5 > 0,1>1.

(S4) E|lxi|* < oo.

(S5) A2(Eyry(x1)) > 0.

We mention that (S4) provides the existence of Eyr (x1).
Proposition 22. Let conditions (S1),(S3),(S4) and (S5) hold. Then ALS1, TALS, and ALS?2 esti-
mators are strongly consistent, i.e., the statements of Theorems 11, 17, 21, and Remark 13 hold

true.

Proof. By condition (S4) E||x;||* < oo, E||x1]|> < oo, and the expectations of Wois(*1) and
W5 (x1) exist and are finite. By the strong law of large numbers,

1 —
—Wois — B (x1) asm — oo a.s.
m

1 _
;‘Pals — Ey(x1) = B (x1) asm — oo a.s.

Then (21) holds true. By (21) and condition (S5), there exists &y such that eventually 1 (%‘I’ms) >
€0, 1.€., condition (iii) holds true a.s.
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The consistency of the ALS and TALS estimators follows from condition (iii) and convergence
(21) similarly to the proof of Theorem 11.
As E||%1 % < oo, by the strong law of large numbers

| N _
—Z||x,||2—> [E||)c1||2 asm — 00  a.s.,
m

=1

and then condition (vi) holds true a.s. The ALS2 estimator is consistent. The proof is similar to
the proof of Theorem 17 under condition (vi) (see Remark 18). O

The condition (S4) can be relaxed. Consider assumptions

(S4-) Ell% |1 < oo. _
(S5-) The identity “y;(X1)f = 0 a.s.” implies “f = kff for some keR”.

Condition (S5-) means that the distribution of x; is not concentrated on an intersection of two
different conics. Under (S4) conditions (S5) and (S5-) are equivalent.

Proposition 23. Let conditions (S1)—(S3),(S4-), and (S5-) hold true. Then the ALS, TALS, and
ALS?2 estimators are strongly consistent.

Sketch of Proof. Condition (S4-) implies (iv) a.s. by Kolmogorov theorem about three series
(see [9]). By (S4-) condition (vi-) holds true a.s. Condition (S5-) implies (iii) a.s. (with random
C3). Thus, conditions of the consistency theorems hold true a.s. with given x;, [ = 1,2,.... U

5. Invariance of the estimates
5.1. Notations

Let the sample size m be fixed. Consider an arbitrary estimator of f, i.e., a measurable mapping
from the sample space R"*™ into the parameter space V. There is a natural one-to-one corre-
spondence between V and the space of polynomials in n variables of degree <2, namely the
polynomial x T Ax 4+ b x + d in the coordinates of x corresponds to the triple (A, b, d).

Suppose for a sample X = [x, x2, ..., X;,] that the estimate is equal to B = (A, l;, c?). Denote
by

(i)x(x) =x"Ax+b"x+d

the link function of the estimated conic, further referred to as estimate of the link function. The
equation of the estimated conic is (f)x (x) =0.

Unfortunately problems (5), (10), (11), and (17), which are referred below as estimation prob-
lems, may have multiple solutions. Again fix the sample size m. If a sample X is observed, let
§(X ) C V be the set of solutions to the estimation problem. Denote by

Sol(X) :={x > x "Ax+b'x +d | (A, b,d) € B(X)}

the set of the link functions defined by the solutions to the estimation problem.
Denote the density of an n-variate normal distribution N (0, X) by py. If the distribution is
homogeneous, the notation p;2 = p2; is used.
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Let f(x) be a polynomial. The convolution with the normal distribution density is denoted by
fxps(x)=Ef(x+x), x~N(OZ2).

The deconvolution denoted by f * p_y is a polynomial such that (f * p_y) % py = f. This
means that for g = f * p_y the equality Eg(x + x) = f(x) holds.

Introduce an abstract notation for functions. The composition of the functions fand 7 is denoted
by foT,ie., foT(x)= f(T(x)). The notation ®? means x — ®(x)2, and (P o T)%(x) =
®? o T(x) = O(T (x))2. If Tis a one-to-one transformation, the inverse transformation is denoted
by 7.

Let T be an affine transformation on R”, T (x) = Kx + h, where K is an n x n matrix, and let
fbe a polynomial. The formulae of convolution and deconvolution of the composition f (7 (x))
are given next.

(foD)xps(x) =Ef(T(x +x) =Ef(T(x)+ Kx) = [ * pgsg7(T (%))
with ¥ ~ N(0, %) and KX ~ N(0, KZK 7). The formula for the deconvolution is
(foT)xp_s=(f*p_gskt)oT, 41
because
((f *p_gsgt)oT)* ps = (f * p_gsgT * pgsgT)oT = foT.
Let f = (A,b,d) € Vand ®(x) = x ' Ax + b x +d. Let a sample X = [x1, X2, ..., x,] be
fixed. As gols(f, x) = ®(x)?,
m
Quis(B) = Y (x>,
=1

By (8), qais (B, X) = qois (B, X) * p_s2 = ®? % p_2(x). Hence

Qals(ﬁ) = Z(Dz * P_g2 (xl).

=1

Denote

vi(®@) = [|AllF,

V(@) = /1A + [B]2 +d2,

The estimation problems (5), (10), (11), and (17) are reformulated in terms of the estimators of
link functions. In the following formulae, ®(x) is a polynomial of order less than or equal to 2.

Finally, for the OLS estimator, @ € Sol(X) if and only if ® delivers a constrained minimum to
the problem

m

3" ®(x;)> — min,
=1

v (D) = 1.
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For the ALS1 estimator, ® € Sol(X) if and only if ® is a solution to the problem

m

@ % p_2(x;) — min,
El P (42)
(D) =1.

For the TALS estimator, ® € Sol(X) if and only if @ is a solution to the problem

m

@ % p__>(x;) — min,
& et (43)
vi(®) =1.

For the ALS2 estimator, @ € Sol(X) if and only if there exists D >0, such that

m

> % p_p(x) =0,

=1

meo, ) (44)
> @7 % p_p(x;)=>0 for any polynomial ®; of order <2,

=1

v (0) = 1.

5.2. Definition of invariance

There are infinitely many coordinate systems of an affine space. The question we consider next
is how the estimated conic depends on the choice of the coordinate system.

Let in an n-dimensional affine space two coordinate systems be fixed. The transformation
function is T+ if a point has coordinates x in the first system, it has coordinates y = T (x) in the
second one. Note that T (x) is of the form 7' (x) = Kx + h with a nonsingular n x n matrix K
and a vector i € R".

Let a sample on the space be given. Denote by X := [x1, x2, ..., xp]andY = [y1, y2, ..., Ym]
the m-ples of the points of the sample expressed in x- and y-coordinates, respectively. The relation

Tx)=y, I=1,2,....m
is denoted by
T(X)=Y.

Let® x (x) be an estimator of a link function. When the first coordinate system is used, the equation
of the estimated conic is

Dy (x) = 0.
When the second system is used, the equation is
by (y) = 0.
These equations define the same conic if and only if

Ox(x) =0 & Oy (T(x)) =0.
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Definition 24. Let ® be an estimator of a link function. Let T be an affine transformation of R”.
The underlying estimator is called T-invariant if the following equations are equivalent:

Dy(x) =0 & Oru(T(x)) =0.

Now we suppose that an estimation problem arises, and the estimator is not necessarily unique.
If the first coordinate system is used, then the set of estimated conics is
S1 = {{x|®(x) =0} : ® € Sol(X)}.
If the second coordinate system is used, then the set of estimated conics is

{y|®(y) =0} : @ € Sol(Y)}.

We perform a coordinate transformation. If the second system is used for estimation procedure
and the equations of the estimated conics are rewritten in x-coordinates, then the set of estimated
conics is

So1 = {{x|®(T (x)) = 0} : ® € Sol(Y)}.

The two sets of estimated conics are the same if and only if S| = S»;.

Definition 25. Fix a sample X. Consider an estimation problem. Let 7' (x) be an affine transfor-
mation of R". The problem is called T=vinvariant if Y®; € Sol(X) 3®; € Sol(T (X)), such
that

O1(x) =0 & O (T(x)) =0.
The problem is called T <=invariant if V@, € Sol(7'(X))3®P; € Sol(X), such that
D(x) =0 & O(T(x)) =0.

The problem is called 7T-invariant if it is both 7=invariant and 7' <invariant.

Remark 26. Suppose that for any sample X, an estimation problem is 7=vinvariant and 7~'=
invariant. Then for any sample X it is T-invariant. The reason is that the 7 «<invariance for a
sample X coincides with the 7~ '=invariance for the sample 7'(X).

The next statement concerns the relation between the invariance of an estimator and the invari-
ance of an estimation problem.

Proposition 27. Let an estimation problem and an estimator be given. Suppose that for any
sample, whenever the estimation problem has solutions, the estimator provides one of them. Let
T be an affine transformation. For a given sample X, suppose that the problem is T-invariant and
its solutions define a unique conic. Then the estimator is T-invariant for the sample X.

Proof. Let Sol(X) be the set of all the link functions defined by the solutions to the problem,
and @y be the estimator of the link functioncorresponding to the estimator (of f3). The relation
between the estimation problem and the estimator is such that for any sample X', either

Oy € Sol(X') or Sol(X) =.
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The uniqueness of the estimated conic means that
Sol(X) #
and
if @1 € Sol(X) and @3 € Sol(X) then @1(x) =0 & Dr(x) =0. (45)

We have ®x € Sol(X). Then by the T=vinvariance, Sol(7 (X)) # J, and therefore ®(r(x)), €
Sol(T (x)). Because of the T <=invariance, there exists ®; € Sol(X), such that

Oi(x) =0 < CI)T(X)(T(x)) =0. (46)

By the relations (45) for @, = @y, and by (46), the estimator is T-invariant. []
5.3. Rotation invariance of the ALS1 estimator

Consider the transformation 7' (x) = Sx with an orthogonal n x n matrix S.
Theorem 28. For any sample X, problem (10) is T-invariant for T (x) = Sx.

Proof. Hereafter @ is a polynomial of order <2. By (41),
m m m
D @oTVxp_p(x) =) (@ oT)xp_n(x) =) O xp_a(Tx)), (47)
=1 =1 =1
because S(—o21)ST = —a21. We show that
n(@oT) =vy(D).

Let ®(x) = x "Ax + b x +d, (A,b,d) € V. Since |[STAS||r = ||Allr, |STb| = ||b], and
O(T(x)) =x"STASx + (STh)"x + d, we have

V(@0 T)=|STAS|Z + ISThI? +d* = || A% + b)) 4 d° = v3(D).

By (42), ® € Sol(T (X)) if and only if @ is a solution to the problem

m

> @2 % P_g2 (T (x7)) — min,
=1

Vo (®) = 1.

This problem is equivalent to

m o 2 .
l;((l) T)” % p_s2(x;) — min, 48)
w@oT)=1.

Now, we prove the T=vinvariance. Suppose that ®; € Sol(X), i.e., @; is a solution to problem
(42). Then ®; o T~ ! is a solution to problem (48), i.e., ®; o T~! € Sol(T(X)). The relation

Di(x) =0 & O (T N(T(x))=0 (49)
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is obvious. The T=vinvariance is proven. Since the inverse transformation 7-!'(y) = STy is
of the same form, the problem (10) is 7~ '=invariant for any sample. By Remark 26, it is T-
invariant. [J

The same invariance holds for the estimation problem (5) for the OLS estimator.

5.4. Isometry invariance of the TALS estimator
Consider the transformation 7' (x) = Sx + h with an orthogonal matrix S.
Theorem 29. Problem (11) is T-invariant for T (x) = Sx + h for any sample X.
Proof. By (41), the formula (47) holds true. Next we prove that
vi@oT) =vi(D). (50)
Let ®(x) = x"Ax + b x +d, (A, b,d) € V. Then
D(T(x)) =x'STASx + QAL +b)'Sx +h' Ah +b"h +d.

Hence vi(® o T) = |STAS|F = [|AllF = vi(®).
By (43), ® € Sol(T (X)) if and only if ® is a solution to the problem

> @2 P_g2(T (x1)) — min,
=1
v (@) = 1.

By (47) and (50), this problem is equivalent to

3 ®oT)? 2 in,
I;( )= * p_g2(x;) — min sh

V(@oT)=1.

We prove the T=vinvariance. Let ®; € Sol X. Then ®; is a solution to (43), ®@; o T-lisa
solution to (51), i.e., ®; o T~' € Sol T(X). The equivalence (49) completes the proof of the
T =invariance.

The same holds for the transformation 7! (y) = STy — STh. By Remark 26, problem (11) is
T-invariant. [

5.5. Similarity invariance of the ALS2 estimator

Theorem 30. Let the transformation T (x) be of the form T (x) = kSx + h, with an orthogonal
matrix S and real k # 0. Then problem (17) is T-invariant for any sample X.

Proof. By (41), for any real D >0 we have

(@®oT) s p_p=(@*cT)sxp_p=(@*xp_j2p)oT, (52)
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because kS(—D1I)(kS)" = —k*DI. We apply (52) to ® = @ % T
7 % p_p(x) = (@1 0 T2 % p_2p (T (x)). (53)

Now, we prove the T =invariance. Let ®; € Sol(X). Then there exists D >0, such that @ satisfies
(44). By (53), the first equation of (44) implies that

D> @1 0T ) % p_ap(T(x)) =0. (54)
=1

For any polynomial ®;(x) of order <2, ®,(7 (x)) is also a polynomial of order <2. Then by the
second line of (44) and by (52),

D 03k p_iap(T(x)) >0. (55)
=1

By the third line of (44), the polynomial ®; is not identically 0. Neither is ®; o 77!, thus
v2(®; o T™1) # 0. Denote

O (T~ (x))

PO e

By (54), (55), and since v, is homogeneous, we have

m

> ®F % p_2p(T(x) =0,
=1

m

> d)% * p_2p(T(x7)) =0 for any polynomial @, of order <2,
=1

v2(@3) = 1.

We see that the link function @3 satisfies conditions (44) for the sample 7 (X). Hence @3 €
Sol(T'(X)). Since ®3(T (x)) = Wd)] (x), the polynomial ®@3(7 (x)) has the same zeros as
@1 (x). The T =invariance is proved.

The same holds true for the transformation 7' (y) = k~'STy — k~'STh and any sample X.
By Remark 26, problem (17) is T-invariant. [

A simulation study confirming the invariance of the ALS2 estimator is given in [7].
Denote by D(X) the solution to Eq. (15) with the sample X observed. (The solution is unique,
see Theorem 14.) Next we show that the variance estimator is invariant under isometries.

Theorem 31. Let the transformation T be of the form T (x) = Sx + h, with an orthogonal matrix
S. Then for any sample X,

D(X) = D(T(X)).

Proof. D is a solution to (15) if and only if there exists a polynomial @ of order <2, such that
conditions (44) hold. For any sample X there exists @1, such that conditions (44) hold true for
D = D(X), ® = ®,. Then conditions (44) are satisfied for D = D(X), ® = ®oT 7!,
and the sample 7 (X). Therefore D(X) = D(T(X)). O

1
Vo (DT~ 1)
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Original

Rescaled

X2

- O=MNWHUION®©O©

X1

Fig. 1. Simulation example showing the invariance properties of the ALS1, ALS2, and orthogonal regression estimators.
Dashed line—ALS]1, solid line—ALS2, dashed dotted line—orthogonal regression, o—data points, x—centers.

Remark 32. Let 7(x) = kSx + h with an orthogonal matrix S, and k # 0. Then for any
sample X,

D(T (X)) = k*D(X).
In the next remark the similarity-invariance of the TALS estimator is concerned.

Remark 33. Consider the transformation 7 from Remark 32. Denote the set of all the estimated
link functions which are solutions to (43) by Sol;2(X). Let ®; € Sol2(X). Then ®; o T lisa
solution to the problem (51), which is equivalent to

m

3 ®% % p_j2,2(T (x7)) — min,
=1

kvi (@) = 1.

Then $® o T~! € Soli2,2 (T (X)), and ®; (x)=0 < 1@ (T~ (T (x)))=0.
Hence, to introduce the similarity invariance, one has to take the rescaling of measurement
error variance into account, and modify Definition 25.

We illustrate the invariance properties of the ALS1, ALS2, and orthogonal regression estimators
via a simulation example. The plots on Fig. 1 show data points and the estimates obtained by the
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Transformations ALSI1 TALS ALS2
Isometries preserving the origin Invariant Invariant Invariant
Translations Not invariant Invariant Invariant
Homotheties with the Not invariant Invariant if Invariant
center in the origin 02 is rescaled

three estimators for the original data (example “special data” from [3]), for the data scaled by
factor 0.2 and for the data translated by (20, 20). We see that the ALS2 and orthogonal regression
estimators are translation invariant and scale invariant, while the ALS1 estimator is not.

In the next table (see above) it is summarized whether an estimation problem is invariant for
any sample X against all transformations within a group.

6. Conclusion

We considered the implicit quadratic measurement error model in a Euclidean space, with
normal errors. For the case of known variance, the similarity invariant version of the ALS estimator
was presented and its strong consistency was shown. For the case of unknown variance, the
consistency of the ALS?2 estimators for the surface and the variance were proved under rather mild
conditions. The ALS2 estimators are shown to be similarity invariant. We intend to generalize the
results for unspecified error distributions.
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Appendix A. Proofs using the matrix representation of g5
Proposition 34. The quadratic form q,is defined by (9) is a solution to (8).
Before the proof of this proposition we consider the following identity.

Lemma 35. For x ~ N(x,0%1),A€S,b e R"
var(x T Ax + b x) = 26*||A||% + ¢*[|12A% + b
Proof. There exists a unique decomposition

b=2Axi+by, x eR", bheR", by A=0.
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Then
xTAx+b'x = (x —l—xl)TA(x +x1) + b;—x —xIrAxl.

Since the random vector ( bg‘r’; ) is normally distributed and cov(Ax, bZT x) = A (621) by = 0, the
random vector Ax and the random variable b; x are independent. Therefore the random variables
(x +x1)TA(x 4+ x1) = (Ax) (AT (Ax) + 2x1) + x| Ax, and b, x are independent. Here A™ is
the pseudoinverse of A. By [8, Theorem 1.8, Corollary 1]

var(x +x1) T A +x1) = 20Y| A7 + 47| AGE + x|,
Finally,

var(x ' Ax + b x) =var(x + x1) T A(x + x1) + varb, x
=20"||A||} + 6°[24% + 2Ax,|* + [1b2])?
=20*|A|% + o*|24% + b||%.

Here we used that b, - (2AX +2Ax;) =0. O
Proof of Proposition 34. Let x ~ N(x, a2l ). By [8, Theorem 1.7],
Ex"Ax +b'x4+d—c’tr A)=x Ax +b'% +d.
By Lemma 35,
var(x " Ax +b'x +d — o tr A) = 6% | 2A% + b||> 4+ 26*|| A||%.
Also,
El24x + b|1 = [|2A% + b|) + 462 A| ..
These equalities imply (8) with ¢,s defined by (9). O

Proof of Lemma 7. Consider an entry K f;;,,(x) of the matrix [,(x)]. Here K is a constant
equal to either 1, «/5, or 2; and f;jp4 is a polynomial such that

Efijpg @ +3) =% X %p 3y, &~ N0, ¥eR",
where X; the ith entry of vector x. Thus, f;jps(x) is a homogeneous polynomial in ¢ and in
the entries of x of order 4, and it is an even function in o. Its variance var f;;p, (X + X) is a

homogeneous polynomial in ¢ and in the entries of x without o-free and odd-in-¢ monomials.
Then var f; (X + X) <const(c® + 62| ¥]|®). By condition (iv-),

o |
Z l—zvarﬁqu(xl) < 00.
=1

Similar bounds can be found for the variances of other entries of the matrix y,;(x). By the strong
law of large numbers, %(‘Pols —Wois) > 0,asm — o0, as. 0
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Appendix B. Tedious proofs

Proof of Lemma 9. By (22) and (23) from the proof of Lemma 8,

I=1 =1
Since for symmetric matrices A and B

|4min (A) = Amin (B)| < max x"(A— B)x| = ||A - BI|,

we have

1 [ xx) — a2l x 1« xxTx
—Z e ! ——Z e ’ — 0 asm — 00 a.s.
m X 1 m xl

m . I 1 m
Amln ( IZ: <X[)Cl ¢ );l )) - ;»min <E 12_; (xlxl xl )) — 07

as m — 00, a.s. Using Lemma 3, one has
1 (xx] — 61 x -
. . q 2
liminf Ay | — E oL ! ZeolAll.

Denote x¢e = % Zf”zl x;. Note that x.. depends on m. Then

1 m
- Z X, — XeeXdy
=1

Z(xl — Xee)(X] — xce)

:l I Ti XX, T — 2] X,
m \ —x] P xlT 1

ce

Forall b € R",

( lexl — XeeX, )b

)

L b\ = (xx —d% x ( b ) -
= — +O' b
() Z( 1) L)
1 & xx —a?l x
> (1B 1% + (¢ b)) Amin (—Z( S ’))+az||b||2
m X, 1

=1

1 & xxt —62l x
><ﬂ.mm<gz<”ﬂ L)) e
=1 l

T
ce

)+HL

619
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Hence almost surely
1 m
lim inf Apip (— E xlxlT —xcexCTe)
m— o0 m =

o I (xx,] — a2l x -
>llm;10f/1min(a2(” T 11) +a? 20’ +allAl7. O

m— X
=1 l

Proof of Lemma 10. Let ¢ be the center of the true conic, see (24). Denote
Then

q0((A, b, d), 5)) = 2((5,46) TAF,+6) + b (3,4+¢) + d) tr A + [[2A(5,+¢) + b||*
=203 Ay, + (b+248) "5, +d + b +ET A r A
+12A5, + b +2A¢)?
=qo(R(A,b,d),y),

where R is a linear operator on V that depends only on B :
R(A,b,d) = (A,b+2A¢,d+b'¢+¢' Ad).
Then
IRBIIRI B for pe V.
By Corollary 4,
m
D P =mneol|lAlg for all m>m.
=1
Then for f = (A,b,d) € V, Rf = (A, by,dy),y =x — ¢
qo(B.x) =2((yy ", v, 1), R tr A+ |2Ay + by ||
<23y 1P+ 141 IRBIP /7 + @y IP+4y I+ max(Al1%, 15y 1)
< BV +3)UlyI* + DIRBIZ,

because

ltrA| <Vl AllF <V/RIRPI,
Iy Ty, DISIVIE + Iyl + 1< 3Ayl* + D,
AyI% + 4yl 4+ 1<51y)2 + 5,

max (|| Al%, by 1) < IRBIZ,
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and of the Schwarz inequality. Then for all m >mo, f € V, ||B]| = 1,

D) <Y BV + 55>+ DIRBI?
=1

< GV +9)|R| <m +>° ||y,||2)

=1

< <3ﬁ+5)||R||2< AT )ZHW. (B.1)
=1
By (3) and (24),
Qlo(ﬁ)=42n/iyz||2/”A 1”22||y1|| (B.2)
=1

By (B.1) and (B.2), inequality (25) holds with

3Jn+5 —_ 1
Cri=—"——IRPIA?|—=5—+1). O
4 eollAllEn

Appendix C. On the generalized eigenvalue problem
C.1. Trigonometry

Fora, b € RY, a # 0, b # 0, denote the length the projection of the vector ||Z_|| onto the
orthogonal complement to b by sin Z(a, b). The following formulae hold:

. (aTh)?
sin/(a,b) =,/1 — ——,
\ lall(1b]1

1
sin L(a, b) = ’ 'H H 1)
lall — 116Il Iall [

Forzy, z2 € RY, |lz1] = [lz2] = 1, we have

minf||z1 — z2ll, llz1 + 221} <V/2sin (21, 22). (C.2)
For vectors z1, z2 € RY, ||z1]| = |lz2]l = 1,

) 721 — 220l V4 — |21 — 222 21+ 220l V4 — llz1 + 222

smé(zl,zz)=”1 2|l . Iz = 22" _ llz1 + 2] . 21 + 221" €3)

This holds true due to identities (C.1) and ||z; — z2/1> + llz1 + 22> =
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Let A be a d x d singular positive semidefinite matrix, let 4x = Ax(A), k = 1,...,d be its
eigenvalues in ascending order (4; = 0),andletby, ..., by be corresponding eigenvectors forming
an orthogonal normalized basis of Re. Suppose x = Z?:] aib; # 0. Then ||x||? sin® Z(x, b)) =
Zflzz :xlz Hence for all x € R", x # 0,

x T Ax > ||x||? 22 sin? Z(x, by). (C.4)

Forall a, b € R", a # 0, the inequality

2
<||a|| - @> >0
al

implies

(a, b)?

R <llall* = 2(a. b) + 1b]*.

I5)1% —

Extracting the root, we get for b # 0 that

b1l sin £(a, b)<lla — b]|. (C.5)

Lemma 36. Forany a, b, c € R?\{0},

sin Z(a, b) < sin Z(a, ¢) + sin Z(c, b).

i+ sl
el el

is a pseudometric on [Rd\{O}. Foralla #0and b #0, 0 < r(a,b) < V2.

Consider the function f(t) = %t\/4 —t2. Since f(0) = 0 and f(¢) is increasing and concave
on the interval [0, ﬁ], therefore f(r(a, b)) is a pseudometric as well. By (C.3), sin Z(a, b) =
f(r(a, b)). The inequality holds true. [J

Proof.
b

r(a, b) := min {
llall 1ol

Remark 37. We define sine between elements of the Euclidean space V by

[ 2
sin Z(By, Bp) = /1 — %, B, B, € V\{0}.

The properties proved in this subsection for vectors in R¢ remain true. Inequality (C.4) changes to
the following. Let Q () be a positive semidefinite quadratic form on V, and ¥ be a corresponding
self-adjoint operator. Let ff, # 0 and Q(f;) = 0. Then

OB = IBIP 2P sin® L(B. fp), B eV, f#0. (C.6)
C.2. Definite matrix pairs
Let A and B be d x d matrices. A number /1 is called a (generalized) eigenvalue of A w.r.t. B

if the matrix A — AB is singular. Infinity oo is called a generalized eigenvalue if the matrix B is
singular.
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The set {x : Ax = ABx} (or {x : Bx = 0} if /=00) is called the eigenspace corresponding to
the eigenvalue A. Its dimension is called the geometric multiplicity of the eigenvalue /, and its
nonzero elements are called generalized eigenvectors.

A pair of real symmetric d x d matrices is called definite if

(A, B) := ”nhinl VTAx)2 4+ (xTBx)2 > 0.
xX||=

As y(A, B) = minjy=1 |x " (A + i B)x|, therefore

[7(A1, B) — y(A2, B)| < max lx T (A1 — Ap)x| = A — As]. (&)

x|

If a matrix pair is definite, then

e There exist real o and f5, such that the matrix oA + B is positive definite, whence —f/a is
not a generalized eigenvalue, see [10, Theorem IV.1.18].

e All the finite generalized eigenvalues are real.

e The sum of the geometric multiplicities of all the generalized eigenvalues is equal to d.

We enumerate the generalized eigenvalues according to the following order. Let «A + B be
positive definite. At first, we count the generalized eigenvalues from interval from — 5/ down to
—oo in decreasing order, repeating each eigenvalue according to its multiplicity. Then we count
oo (repeating it dim Ker B times). At last, we count the generalized eigenvalues from 400 down
to —f/a.

(If o = 0, then B is definite and all generalized eigenvalues are finite. We enumerate them in
decreasing order.)

This enumeration does not depend on the choice of « and f satisfying A + B > 0. The
enumeration coincides with the ordering given in [10, pp. 313-314].

If A+ B is a semidefinite matrix, then the properties stated above hold true with the following
exception. — /o can be a generalized eigenvalue of A w.r.t. B, and then it lies either at the beginning
or at the end of the enumeration.

A chordal distance is a metric on R U {oo}, defined by relations

14— u o 1

_ (4, 0) =
St 2t

X()‘v ,I.L) =

V142

A chordal distance between definite matrix pairs (A, B) and (C, D) is

[(A. B). (C. D)] |xTAxxTDx—xTCxxTBx|
p , b), (C, ‘= max .
b KI=1 /(xTAX)Z + (x T Bx)2/(x TCx)2 + (x| Dx)2
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