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Abstract— Eigen-beamforming is capable of providing attractive per-
formance gains in the context of Multiple-Input Multiple-O utput (MIMO)
systems, provided that accurate Channel State Information(CSI) is
available. However, when a realistic pilot-based channel predictor is used
for acquiring the CSI, a significant performance degradation may be
imposed by the phase-ambiguity inherent in the estimated eigen-vectors.
In this contribution, both sophisticated Coded Modulation (CM) schemes
and differentially encoded CM schemes are employed for assisting
the operation of the eigen-beamformer, when employing a minimum
mean square error based pilot-assisted channel predictor.It is shown
that differentially encoded CM schemes are capable of assisting the
eigen-beamformer in attaining a coding gain of about 6.5 dBs, when
communicating over correlated Rayleigh fading channels.

I. I NTRODUCTION

Wireless systems employing multiple transmitters and receivers are
capable of providing high data rates by exploiting the high capacity
potential of Multiple-Input Multiple-Output (MIMO) channels [1],
[2]. Within the broad family of MIMO systems, Space-Time Coding
schemes [3], [4] are capable of attaining attractive spatial diversity
gains without requiring any Channel State Information (CSI) at
the transmitter. By contrast, transmit beamforming [5], [6] requires
accurate CSI at the transmitter for guaranteeing low-SNR operation.

For the sake of efficiently exploiting the available radio spectrum,
joint coding and modulation termed as Coded Modulation (CM)was
proposed by Ungerböck in 1982 [7] for non-dispersive Gaussian
channels. The benefit of TCM is that it is capable of achievinga
coding gain in comparison to uncoded transmissions by expanding
the modulation phasor constellation, hence absorbing the parity bits
without bandwidth expansion. Ungerböck’s contribution motivated
intensive research on TCM, especially after the conceptionof turbo
codes by Berrouet al. [8], leading to the concept of Turbo TCM
(TTCM), which was invented by Robertson and Wörz [9]. Further
advances were made in the context of specifically designed CM
schemes for wireless Rayleigh fading channels by Zehavi [10] as
well as by Caire, Taricco and Biglieri [11] in the context of Bit-
Interleaved Coded Modulation (BICM). Li and Ritcey [12] then
proposed the concept of iteratively decoded BICM (BICMID).Hence,
in this treatise we will employ TCM, BICM, TTCM and BICMID
schemes for the sake of achieving a high bandwidth efficiencyin the
context of an eigen-beamforming aided system.

The employment of a reliable channel predictor is imperative for
achieving low-SNR, high-throughput transmit beamformingopera-
tion. In this contribution, we will employ a low-complexityMinimum
Mean Square Error (MMSE) based pilot-symbol aided MIMO chan-
nel predictor [13]–[15]. However, the CSI provided by a practical
channel predictor for the eigen-beamformer is prone to the phase-
ambiguity inherent in the estimated eigen-vectors. In order to mitigate
the phase-ambiguity problem, differentially encoded modulation [16]
will also be invoked.
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Against this background, the novel contribution of this paper is
that we demonstrate the benefits of intrinsically amalgamating pilot-
based MMSE channel prediction with eigen-beamforming and so-
phisticated coded modulation schemes. We also quantify theEb/N0

performance degradation imposed by the phase-ambiguity ofeigen-
beamforming and demonstrate that differential-encoding as well as
decoding removes the phase-ambiguity while remarkably resulting
in a lowerEb/N0 degradation than the presence of phase-ambiguity
does in coherently detected schemes. This remarkable observation is
the justification for the seemingly flawed system-design philosophy of
combining pilot-based channel estimation/prediction with differential
encoding/decoding, since the latter is typically used for the sake of
completely dispensing with pilot-based channel estimation.

The outline of the paper is as follows. Section II provides the
overview of the system and Section III describes the MIMO channel
prediction scheme. Our conclusions are offered in Section IV.

II. SYSTEM OVERVIEW

Consider a system employingMT transmit andMR receive
antennas for communicating over flat Rayleigh fading channels. The
MR-dimensional vector of received symbolsy can be expressed as

y = Hx + n , (1)

wherex is the MT -dimensional vector of transmitted symbols and
H is an (MR × MT )-dimensional complex-valued channel matrix,
which is given by

H =









h11 h12 · · · h1M

h21 h22 · · · h2M

...
...

. . .
...

hMR1 hMR2 · · · hMRMT









, (2)

where hij is the fading channel’s coefficient between theith re-
ceive andjth transmit antenna. Furthermore, in (1)n is the MR-
dimensional AWGN vector having a zero-mean and a variance of
E(nnH) = σ2

nIMR
. The Mr × Mt-dimensional channel matrixH

may be decomposed with the aid of the Singular Value Decomposi-
tion (SVD) [17] as:

H = UDV
H , (3)

whereD is an (Mr × Mt) non-negative diagonal matrix, whileU
andV are (Mr ×Mr) and (Mt ×Mt) unitary matrices, respectively.
Furthermore, the entries of the diagonal matrixD are the eigenvalues
of the matrixH.

Figure 1 shows the simplified block diagram of the differen-
tially encoded CM assisted eigen-beamforming scheme. A sequence
of information symbols{uk}, where the subscriptk denotes the
time index, are first CM-encoded to generate the sequence{x′

k},
before entering the differential encoder, where the sequence {vk}
is produced. At the transmit beamforming block of Figure 1,vk

is multiplied by the beamforming weight vectorv(1)k in order to
producexk, wherev(1)k is the first column vector of the unitary
matrix V of (3) computed using the SVD. At the receiver, receive
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Fig. 1. The simplified block diagram of differentially-encoded CM assisted eigen beamforming system.

beamforming is carried out with the aid of the beamforming weight
vector ofuH

(1)k, which is the conjugate transpose of the first column
vector of the unitary matrixU in (3). Then differential decoding
is carried out, followed by CM decoding as seen in Figure 1. By
ignoring the time indexk, the signal input to the differential decoder
can be simplified as:

r = u
H
(1)y ,

= u
H
(1)Hv(1)v + u

H
(1)kn ,

= λ(1)v + n̆ , (4)

where we haveuH
(1)Hv(1) = uH

(1)UDVHv(1) = λ(1) and n̆ =

uH
(1)kn. Note thatλ(1) is the first diagonal value of the matrixD in

(3), which is also the first and the largest eigenvalue of the matrix
H. Hence, the combined transmit and receive beamforming scheme
has converted a MIMO channel into a Single-Input Single-Output
(SISO) channel having a single channel coefficient given byλ(1).
The variance of the Additive White Gaussian Noise (AWGN)n̆ is
the same as that of the original AWGNn, which is given byN0.

Note however that, when the predicted channelĤ is insufficiently
accurate, the signal subspaces defined by the unitary matricesÛ and
V̂ of Ĥ = ÛD̂V̂H are no longer unique [18]. More specifically, we
have [19]:

û(1) = ũ(1)e
jθ1 ; v̂(1) = ṽ(1)e

jθ2 , (5)

whereũ(1) = |û(1)| and ṽ(1) = |v̂(1)|. The phase-ambiguity values
incurred in the estimated eigen-vectors ofû(1) andv̂(1) wereθ1 and
θ2, respectively. Let us now demonstrate how this phase-ambiguity
may be resolved with the aid of differential encoding [20].

The differential encoder is shown between the CM encoder and
the transmit beamformer in Figure 1. As seen in Figure 1, the
differentially encoded symbolvk transmitted at time instantk is
obtained from:

vk = x′

kvk−1 , (6)

wherex′

k is a CM encoded symbol andvk−1 is the symbol trans-
mitted at time instant(k − 1) [17]. Let us employ PSK-based CM
schemes, where we have|x′

k|
2 = |vk|

2 = 1 and assume that the
channel coefficientλ(1) in (4) is constant across during the time
instantsk and (k − 1). Upon introducing the time indexk in (4),
with the aid of (6) we have:

y′

k = rkr∗k−1 ,

= |λ(1)k|
2vkv∗

k−1 + λ(1)kvkn̆∗

k−1 +

λ∗

(1)k−1v
∗

k−1n̆k + n̆kn̆∗

k−1 ,

y′

k = |λ(1)k|
2x′

k + n′

k , (7)

where the superscript∗ denotes the complex conjugate operation.
Hence, an additional differential encoding and decoding pair in an
eigen-beamforming scheme is another SISO channel having a channel
coefficient of |λ(1)k|

2 and an AWGN of n′

k = λ(1)kvkn̆∗

k−1 +
λ∗

(1)k−1v
∗

k−1n̆k + n̆kn̆∗

k−1. The variance of the AWGNn′

k is given
by 2|λ(1)k|

2N0. Note in (7) that the equivalent channel coefficient of

a differentially encoded eigen-beamformer is|λ(1)k|
2. Hence, when

the predicted MIMO channel is inaccurate, we have:

|λ̂(1)|
2 =

∣

∣û
H
(1)Hv̂(1)

∣

∣

2
, (8)

=
∣

∣(ũH
(1)e

−jθ1)H(ṽ(1)e
jθ2)

∣

∣

2
,

=
∣

∣ũ
H
(1)Hṽ(1)

∣

∣

2
· |ej(θ2−θ1)|2 ,

=
∣

∣ũ
H
(1)Hṽ(1)

∣

∣

2
, (9)

where the phase-ambiguity inherent in the eigen-vectors isnow
removed. Since we do not knowH in (8), we may obtain an estimate
of |λ̂(1)|

2 in (8) using (4) as follows:

|λ̂(1)|
2 = rr∗ ,

= (λ(1)v + n̆)(λ(1)v + n̆)∗ ,

=
∣

∣λ(1)

∣

∣

2
+ λ(1)vn̆∗ + λ∗

(1)v
∗n̆ . (10)

Note that we can also acquire|λ̂(1)|
2 by substitutingĤ into (8).

However, we found that the estimated value in (10) is more accurate.
The logarithmic-domain channel soft-metric can be computed at the
soft demodulator within the CM decoder as:

Pr(y′

k|x
′

k = x′(m)) = −

∣

∣y′

k − |λ̂(1)k|
2x′(m)

∣

∣

2

2|λ̂(1)k|2N0

, (11)

wherex′(m), for m ∈ {0, 1, . . . , M − 1}, is themth phasor in an
M -ary PSK modulation constellation.

III. MIMO C HANNEL PREDICTION

The block diagram of the channel prediction aided differentially
encoded CM assisted eigen-beamforming scheme is shown in Fig-
ure 2, where(̂.) denotes the predicted value of(.). Transmit and
receive buffers are used for buffering a CM-encoded frame, which is
partitioned into shorter subframes andMt number of pilot symbols
are attached to each subframe at its beginning as seen in Figure 2.
A shorter subframe length is expected to increase the accuracy of
the channel predictor, but naturally, it also imposes a higher pilot
symbol overhead. During the transmission of the pilot symbols only
one transmit antenna is activated for the corresponding symbol period,
while the remaining transmit antennas are deactivated [13], [14], as
seen in Figure 3.

Let us denote the index of the subframe by the subscriptl and the
time index bymt for reasons of brevity in this section. For thelth
subframe transmitted at time instantmt (1 ≤ mt ≤ MT ), the signal
ymr

(l, mt) received by themr-th (1 ≤ mr ≤ MR) receiver antenna
is given by:

ymr
(l, mt) = hmrmt

(l, mt)xp + nmr
(l, mt) , (12)

wherep is the predictor order,hmrmt
(l, mt) represents the fading

channel coefficient between themt-th transmit antenna and themr-
th receive antenna for thelth subframe at time instantmt, while xp

represents the pilot symbol, which is assumed to be the same for all
transmit antennas and for all subframes. Furthermore,nmr

(l, mt)
is the AWGN contribution at themrth receiver antenna for thelth
subframe at time instantmt.
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Fig. 2. The block diagram of the channel prediction aided differential CM assisted eigen-beamforming system.
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Fig. 3. The MIMO transmission format, where the notationsP , D and0 denote the pilot symbol, data symbol and zero-energy symbol, respectively.

With the aid of theMt-by-Mt pilot symbol matrix seen in Figure 3,
the (Mr × Mt)-dimensional MIMO channel prediction problem is
decomposed into a SISO channel prediction scenario, where any
classic SISO channel prediction algorithm can be applied directly.
In this contribution, MMSE based narrowband channel prediction is
invoked [16]. Specifically, we construct the followingp-dimensional
vector:

ymr
(l, mt) = [ymr

(l − p + 1, mt) · · · ymr
(l, mt)]

T . (13)

If we assign the value of “+1” to each pilot symbol, then the channel
coefficient corresponding to themt-th pilot symbol of the (l + 1)-th
subframe is given by the corresponding received pilot symbol ymr

(l+
1, mt) = hmr

(l + 1, mt) · (+1) in the absence of noise. Hence, the
predicted channel coefficient corresponding to themt-th pilot symbol
for the (l+1)-th subframe, namelŷymr

(l+1, mt), can be estimated
based on the received pilot symbol vector of thel-th subframe as [15]:

ŷmr
(l + 1, mt) = d0ymr

(l, mt) , (14)

whered0 is formulated as [15]:

d0 = R
−1
ymr

(l,mt)
rymr

(l,mt)ymr
(l+1,mt) , (15)

whereRymr
(l,mt) is the(p× p)-dimensional autocorrelation matrix

of ymr
(l, mt), which is given by [15]:

Rymr
(l,mt) = E[ymr

(l, mt)y
H
mr

(l, mt)] . (16)

Furthermore,rymr
(l,mt)ymr

(l+1,mt) is the p-dimensional cross-
correlation vector recorded forymr

(l, mt) andymr
(l+1, mt), which

is given by [15]:

rymr
(l,mt)ymr

(l+1,mt) = E[y∗

mr
(l, mt)ymr

(l + 1, mt)] . (17)

Finally, the predicted channel coefficients correspondingto the data
symbol can be obtained with the aid of linear interpolation [21].

IV. SIMULATION RESULTS

Let us consider transmissions over correlated Rayleigh fading
channels having a normalised Doppler frequency of10−3 and a
subframe length ofLs = 100 CM-encoded symbols as well as a
frame length ofLf = 1000 CM-encoded symbols, unless stated

otherwise. The predictor order is fixed top = 10. Coherently detected
CM or Differential-encoded CM (D-CM) schemes will be employed.
The number of transmit antennas is fixed toMt = 2 and the number
of receive antennas is fixed toMr = 2. The block diagram of a
coherently detected CM assisted eigen-beamforming systemis the
same as that seen in Figure 1, albeit without the differential encoder
and decoder blocks. The pilot overhead is given byMt/(Mt + Ls),
which is 1.96%, when usingMt = 2 andLs = 100.

For the sake of a fair comparison, both of the CM schemes
employed were configured to have a similar decoding complexity
quantified in terms of the total number of trellis decoding states. More
quantitatively, for the non-iterative TCM or BICM code of memory
ν, the corresponding complexity is proportional to the number of
decoding statesS = 2ν . Since TTCM schemes invoke two TCM
component codes, a TTCM code employingt iterations and using an
S-state component code exhibits a complexity proportional to 2.t.S
or t.2ν+1 states. As for BICMID schemes, only one decoder is used,
but the demodulator is invoked in each decoding iteration. However,
the complexity of the demodulator is assumed to be insignificant
compared to that of the trellis decoder. Hence, a BICMID codeem-
ploying t iterations and using anS-state code exhibits a complexity
proportional tot.S or t.2M . For these reasons, we opted forS = 64
for the TCM and BICM schemes whileS = 8 and t = 4 for the
TTCM scheme, as well asS = 8 andt = 8 for the BICMID scheme.
The code polynomials used for the CM schemes can be found on
pages 775, 792 and 798 in [16].

Figure 4 shows the Bit Error Ratio (BER) versus Signal-to-Noise
Ratio (SNR) per bit, namelyEb/N0, performance of the 4PSK and
CM-8PSK assisted eigen-beamforming schemes, when employing
either perfect or predicted CSI without differential encoding. Hence,
as we can see from Figure 4, the performance of the coherently
detected scheme suffers from a significant degradation, when the CSI
is imperfect. For example, at BER=10−5 an approximately 8.5 dB and
6.2 dB performance loss incurred, when employing the predicted CSI
compared to the scheme benefiting from perfect CSI for the 4PSK
and TTCM-8PSK assisted schemes, respectively. This is due to the
phase-ambiguity problem discussed in Section II. Furthermore, the
TCM-8PSK assisted scheme was unable to outperform the uncoded
4PSK assisted scheme, when the CSI was imperfect, although they
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Fig. 4. BER versusEb/N0 performance of the 4PSK (Lf = Ls = 100)
and CM-8PSK (Lf = 1000, Ls = 100) beamforming schemes, when
communicating over correlated Rayleigh fading channels having a normalised
Doppler frequency of10−3. The pilot overhead is 1.96%.

have the same effective throughput of 2 bit/symbol. Interestingly, in
the context of the eigen-beamforming system, the BICMID-8PSK
assisted scheme outperformed the other three CM-8PSK assisted
schemes, although when communicating over SISO Rayleigh fading
channels without beamforming, BICMID-8PSK is outperformed by
the TTCM-8PSK scheme [16].
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Fig. 5. BER versusEb/N0 performance of the D-4PSK (Lf = Ls = 100)
and D-CM-8PSK (Lf = 1000, Ls = 100) beamforming schemes, when
communicating over correlated Rayleigh fading channels having a normalised
Doppler frequency of10−3. The pilot overhead is 1.96%.

Figure 5 shows the performance of the D-4PSK and D-CM-
8PSK assisted eigen-beamforming schemes, when employing either
perfect or predicted CSI. As we can see from Figure 5, theEb/N0

performance loss due to employing imperfect CSI is only about 2 dB
at BER=10−5 for all CM schemes. This is because the differential
coding is effective in circumventing the phase-ambiguity problem.
However, the employment of differential coding comes at thepenalty
of increasing the noise variance fromN0 to 2|λ(1)k|

2N0, as discussed
in Section II. As a result, when the CSI is perfect, the performance
of the D-CM-8PSK schemes characterised in Figure 4 is about 3dB
inferior to that of the CM-8PSK schemes featuring in Figure 5. How-
ever, as we can see from Figure 6, when the CSI is imperfect, the D-
CM-8PSK scheme performs better than the CM-8PSK arrangement,
despite having a higher noise variance. For example at BER=10−5,
the D-BICMID-8PSK and D-TCM-8PSK schemes perform about
1 dB and 3 dB better than their coherently detected non-differential
counterparts. Furthermore, the uncoded D-4PSK scheme was unable

to outperform the uncoded 4PSK scheme, as evidenced in Figure 5,
when the CSI was imperfect. These findings underline the importance
of using error correction schemes in practical eigen-beamforming
schemes. More specifically, observe in Figures 4 and 5 that ata
BER of 10−5, the D-BICMID-8PSK scheme attained a coding gain
of about 6.5 dB and 9.5 dB over the 4PSK and D-4PSK schemes,
respectively, when using predicted CSI. Note that the CM schemes
employed were suboptimum, since they were originally designed for
coherently detected non-differential modulation, nonetheless, their
concatenation with differential coding yielded attractive performance
gains in the context of realistically predicted CSI. Hence,our future
work will consider the design of differentially encoded modulation
based CM schemes for the sake of achieving a higher coding gain.
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without differential coding, when communicating over correlated Rayleigh
fading channels having a normalised Doppler frequency of10

−3 with the aid
of an MMSE channel predictor. The pilot overhead is 1.96%.

Let us now study the effect of different channel fading ratesin the
context of Figures 7 and 8, where the normalised Doppler frequencies
of the channels were10−3 and 10−4, respectively. As seen from
Figures 7 and 8, when the normalised Doppler frequency of the
channel was reduced by a factor of 10, it becomes possible to increase
the subframe/frame length by a factor of 10, while maintaining a
similar performance.
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Fig. 7. BER versusEb/N0 performance of the D-4PSK and D-TTCM-4PSK
Beamforming schemes, when communicating over correlated Rayleigh fading
channels having a normalised Doppler frequency of10−3. The pilot overhead
is 1.96%.

Next, let us study the effect of varying the subframe length at a
given total frame length ofLf = 10′000 symbols for the D-CM-
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Fig. 9. BER versusEb/N0 performance of the D-4PSK and D-TTCM-
4PSK Beamforming schemes, when communicating over correlated Rayleigh
fading channels having a normalised Doppler frequency of10−3 . The pilot
overheads are 1.0%, 1.96% and 9.1% when employingLs = 200, 100 and
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4PSK assisted eigen-beamformer in Figure 9. As we can see from
Figure 9, when the subframe length is reduced the accuracy ofthe
channel predictor improves, which resulted in a better performance
at the cost of a higher pilot symbol overhead. As an example, there
areLf/Ls = 500 subframes of lengthLs = 20 data symbols in the
Lf = 10′000 D-CM-4PSK symbol frame, resulting in a pilot symbol
overhead of 9%. By contrast, whenLf is fixed to 10’000, the pilot
symbol overheads imposed by havingLs = 200 and Ls = 100
are about 1% and 2%, respectively. We infer from Figure 9 that
usingLs = 100 constitutes a good compromise in terms of the BER
performance versus pilot symbol overhead trade-offs.

V. CONCLUSIONS

In this contribution, we have studied a channel prediction aided
coded modulation assisted eigen-beamforming scheme communi-
cating over correlated Rayleigh fading channels. It was shown in
Figure 6 that both differential coding and coded modulationyielded
benefits in terms of assisting an eigen-beamformer employing a pilot-
based channel predictor. An open research problem is the design
of new rotationally invariant coded modulation schemes forfurther
improving the performance of realistic eigen-beamformersusing
pilot-based predicted channel state information.
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