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Abstract In this paper, we derive an accurate average bit error rate (BER) of Rayleigh-
faded MC-DS-CDMA in the context of asynchronous transmission and random
spreading sequences. The analysis is based on the characteristic function, and
does not resort to any assumption on the statistical behavior of the interference.
We develop a new closed-form expression for the conditionalcharacteristic func-
tion of the inter-carrier interference and a single integration for the BER calcu-
lation. The accuracy of the standard Gaussian approximation (SGA) method is
also evaluated.
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Introduction

As a combination of multi-carrier (MC) modulation and direct-sequence
code-division multiple-access (DS-CDMA), MC-DS-CDMA [1]benefits from
both techniques. First, the parallel transmission nature of multi-carrier modu-
lation makes it especially attractive for broadband communications [2]. Sec-
ondly, with advanced signal processing techniques, MC-DS-CDMA has the
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potential to provide larger capacity than other multiple access schemes. Bit-
error rate (BER) is one of the most important performance measures for com-
munication systems that has been studied extensively. The multiple access
interference (MAI) and the inter-symbol interference (ISI), which are inher-
ited from conventional DS-CDMA, affect likewise the performance of MC-
DS-CDMA systems. In addition, MC-DS-CDMA capacity is limited by the
inter-carrier interference (ICI) due to the use of multicarrier modulation. To
analyze the BER performance of MC-DS-CDMA systems, the interferences
MAI, ISI and ICI are commonly assumed to be Gaussian distributed [1][4].
However, the accuracy of the Gaussian approximation techniques depends on
the specific configuration of the system. It is well known thatthe Gaussian
approximation techniques become less accurate, when a low number of users
is supported or when there is a dominant interferant [5].

Therefore the accurate BER analysis dispensing with the previous assump-
tions on the interference distribution is desirable. To avoid the Gaussian ap-
proximation of the interference, the BER can be calculated in transform do-
mains. Two widely used transforms are the Fourier and Laplace transforms,
corresponding to the characteristic function (CF) and the moment generating
function (MGF), respectively. The basic idea is that first the CF or MGF of the
decision variable is derived, then an associated inverse transform is performed
to calculate the BER. Since the decision variable can be completely and ex-
actly characterized by its CF or MGF, the BER can be accurately evaluated via
numerical integration techniques. For this reason, CF- andMGF-based meth-
ods have received considerable attention. The CF method wasused to study
the BER performance of DS-CDMA with random sequences in Rayleigh [6]
and Nakagami-fading [7] channels. A saddle point integration-based MGF ap-
proach was proposed to compute the error probabilities of DS-CDMA systems
over Rician [8] and Nakagami-fading [9] channels. This approach has been ap-
plied to study the performance of MC-DS-CDMA systems with deterministic
spread sequences [10]. However, to the author’s best knowledge, the accurate
BER analysis of asynchronous Rayleigh-faded MC-DS-CDMA using random
sequencesis still an open problem. In this paper, we will derive an accurate
BER of Rayleigh-faded MC-DS-CDMA in the context of asynchronous trans-
mission and random spreading sequences. The analysis is based on the CF, and
does not resort to any assumption on the statistical behavior of the interference.
A new closed-form expression, rather than an integral [10],is derived for the
conditional characteristic function of the inter-carrierinterference.

1. System and Channel Model

We consider an asynchronous Rayleigh-faded MC-DS-CDMA system using
BPSK modulation, random spreading sequences and rectangular chip wave-
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forms. The input information sequence of thek-th user is first converted
into U parallel data sequencesbk

u(t) for u = 1, 2, . . . , U . The data sequence
bk
u(t) =

∑∞
i=−∞ bk

u,iPTs
(t − iTs) consists of a sequence of mutually indepen-

dent rectangular pulses of durationTs and of amplitude +1 or -1 with equal
probability. After serial-to-parallel conversion, theu-th substream modulates
a subcarrier frequencyfu using binary phase shift keying (BPSK). Then, the
U modulated subcarriers are added in order to form the complexmodulated
signal. Finally, spectral spreading is imposed on the complex signal by multi-
plying it with a spreading code. Therefore, the transmittedsignal of thek-th
user is given by:

sk(t) =

U
∑

u=1

√
2Pbk

u(t)ak(t) cos(j2πfut + φk
u), (1)

whereP represents the transmitted power per subcarrier, whileak(t) andφk
u

represent the spreading-code segment and the phase angle introduced in the
carrier modulation process. The spreading sequence can be expressed asak(t) =
∑∞

l=−∞ ak
l PTc

(t− iTc), whereak
l assumes values of +1 or -1 with equal prob-

ability, while PTc
(t) is the rectangular chip waveform that is defined over the

interval [0, Tc). Tc = Ts

L
is the chip duration, whileL is the spreading factor.

For MC-DS-CDMA, the modulated subcarriers are orthogonal over the chip
duration. Hence, the frequency corresponding to theu-th subcarrier isfu =
fp + u/Tc, wherefp is the fundamental carrier frequency.

We assume that the channel between thek-th transmitter and the corre-
sponding receiver is a slowly flat Rayleigh fading channel over each subcar-
rier. The channel impulse response for thek-th transmitted signal over theu-th
subcarrier is given by

Hk
u(t) = hk

uδ(t − τk)exp(−jϕk
u) (2)

wherehk
u, τk andϕk

u represent the attenuation factor, delay and phase-shift,
respectively. The attenuationshk

u are independent Rayleigh variables, while
ϕk

u are i.i.d. random variables uniformly distributed in the interval[0, 2π). The
delayτk represents the user asynchronism and it is assumed to be uniform over
[0, Ts).

We considerK asynchronous MC-DS-CDMA users in the system having
all the same number of subcarriersU and spreading factorL. The average
power received from each user is also assumed to be the same. Consequently,
the received signal may be written as:

r(t) =
K

∑

k=1

U
∑

u=1

√
2Phk

ubk
u(t − τk)a

k(t − τk) cos(j2πfut + ϕk
u) + N(t), (3)
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whereϕk
u = φk

u − ϕk
u − 2πfuτk, which is assumed to be an i.i.d. random

variable having a uniform distribution in[0, 2π), while N(t) represents the ad-
ditive white Gaussian noise (AWGN) with zero mean and double-sided power
spectral density ofNo/2.

2. BER Analysis

Decision variable statistics

Consider using a conventional single-user matched filter tocoherently de-
modulate the desired user signal. We assume, without loss ofgenerality, the
target user signal has indexk = 1 andτ1 = 0, P = 2 , andTc = 1. The
decision variable of the first user over thev-th subcarrier is:

Zv =

∫ Ts

0
r(t).a1(t) cos(j2πfvt + ϕ1

v)dt (4)

= Dv +

K
∑

k=2

Ik
1 +

K
∑

k=2

U
∑

u=1,u 6=v

Ik
2 + Nv, (5)

where

Dv = h1
vb

1
v,0L is the desired output.

Ik
1 = hk

vcos(θ
k
v )W k is the interference due to the other users on the

same carrierv, whereθk
v = ϕ1

v − ϕk
v . In their notable work on random

sequences for DS-CDMA, Lehnert and Pursley [11] simplified the ex-
pression of the random variableW k. For a rectangular chip waveform,
the random variableW k was further simplified by Cheng and Beaulieu
in [6] as follows:

W k = P kνk + Qk(1 − νk) + Xk + Y k(1 − νk), (6)

whereνk is a uniform RV over[0, 1), P k andQk are symmetric Bernoulli
RVs. Xk is a discrete RV that represents the sum ofA independent sym-
metric Bernoulli RVs andY k is a discrete RV that represents the sum of
B independent symmetric Bernoulli RVs. Note thatA+B = L− 1 and
the marginal pdf’s ofXk andY k are given by:

PXk(j) =

(

A
j+A

2

)

2−A, (7)

j ∈ A = {−A,−A + 2, . . . , A − 2, A} (8)
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and

PY k(j) =

(

B
j+B

2

)

2−B , (9)

j ∈ B = {−B,−B + 2, . . . , B − 2, B}. (10)

Ik
2 = hk

uW k
u−v is the inter-carrier interference due to the other carriers

(u 6= v) from the other users. We derive the random variableW k
u−v as

follows:

W k
u−v = bk

u,−1Rk,1,u−v(τk, θ
k
u) + bk

u,0R̂k,1,u−v(τk, θ
k
u), (11)

whereRk,1,u−v(τk, θ
k
u) andR̂k,1,u−v(τk, θ

k
u) are the partial cross-correlation

functions defined by:

Rk,1,u−v(τk, θ
k
u) =

∫ τk

0
ak(t − τk)a

1(t) cos(2π(fu − fv)t + θk
u),(12)

R̂k,1,u−v(τk, θ
k
u) =

∫ Ts

τk

ak(t − τk)a
1(t) cos(2π(fu − fv)t + θk

u).(13)

In this paper, we follow the same methodology used in [11] anduse the
formula (23) of [1] to simplifyW k

u−v as

W k
u−v = cos(θk

u + πνk|u − v|) ×
[(P k − Qk)νksinc(νk|u − v|) − 2Y kνksinc(νk|u − v|)],

= cos(θk
u + πνk|u − v|)Wk

u−v, (14)

whereθk
u = ϕ1

v −ϕk
u and(θk

u + πνk|u− v|) is uniform RV over[0, 2π).
Note thatXk does not exit in the formulation ofW k

u−v which will reduce
the complexity of the BER calculation.

Nv is the noise, which is a zero-mean Gaussian random variable with a
varianceσn = NoL/4.

Exact BER Analysis

In this section, we will use the characteristic function method to compute
the average BER under asynchronous transmission conditions in flat Rayleigh
fading. The characteristic function of the interferenceIk

1 due to the other users
on the same carrier,ΦIk

1
|B , was derived by Eqs (31)-(32) in [6] as follows:

ΦIk

1
|B(w) =

2−(N−1)

4

∑

i∈A

∑

j∈B

(

A
i+A

2

)(

B
j+B

2

)

× [J1(i + 1, j) + J1(i, j − 1) + J1(i, j + 1) + J1(i − 1, j)](15)
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where

J1(i, j) =







exp
(

− i2

2 w2
)

, j = 0√
π

2

j|w|{Q(|w|(i − j)) − Q(|w|(i + j))}, (j, w 6= 0)
, (16)

whereQ is the standardQ function. In this paper we will derive the char-
acteristic function of the inter-carrier interferenceIk

2 . We first examine the
statistics of each interfererIk

2 . From the previous section, we haveIk
2 =

hk
u cos(θk

u + πνk|u − v|)Wk
u−v, wherehk

u cos(θk
u + πνk|u − v|) is a zero-

mean unit-variance Gaussian RV andWk
u−v is defined in Eq. (14). This im-

plies thatIk
2 givenPk, Qk, Yk, νk, B is Gaussian with zero mean and variance

σ2
Ik

2
|Wk

u−v

= (Wk
u−v)

2. Averaging overPk, Qk, Yk (which is equivalent to av-

eraging over all interferes’ spreading sequences and data sequences), yields to
the characteristic function of the inter-carrier interferenceIk

2 givenνk andB
as:

ΦIk

2
|νk,B(w) =

2−B

4

∑

j∈B

(

B
J+B

2

)







∑

l=1,2,3,4

exp

{

1

2
σ2

l (j, νk, u − v)w2

}







,

(17)
where

σ2
1(j, νk, u − v) = [2jνksinc(νk|u − v|)]2 (18)

σ2
2(j, νk, u − v) = [2jνksinc(νk|u − v|)]2 (19)

σ2
3(j, νk, u − v) = [2(1 − j)νksinc(νk|u − v|)]2 (20)

σ2
4(j, νk, u − v) = [2(1 + j)νksinc(νk|u − v|)]2. (21)

Theνk’s now appear in the numerators of the exponential function and aver-
aging can be carried out by using Eq. (3.339) in [12] to give the characteristic
function ofIk

2 givenB as:

ΦIk

2
|B(w) =

∫ 1

0
ΦIk

2
|νk,B(w)dνk (22)

=
2−B

4

∑

j∈B

(

B
j+B

2

)

× [2J(j) + J(j − 1) + J(j + 1)](23)

whereB varies from 0 toL − 1, and

J(j) = exp

(

− j2

π2(u − v)2
w2

)

I0

(

− j2

π2(u − v)2
w2

)

. (24)
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I0 is the modified Bessel function of order 0. Hence the characteristic function
of the total interference is given by:

ΦI|B(w) = ΠK
k=2

[

ΦIk

1
|B(w)ΠU

u=1,u 6=vΦIk

2
|B(w)

]

. (25)

The conditional BER for a Rayleigh fading channel can be expressed by:

Pe|B =
1

2

[

1 − L
√

L2 + σ2
n

]

+
L√
2π

∫ +∞

0
[1 − ΦI|B(w)]Φn(w)

×exp

{

−1

2
w2L2

}

dw, (26)

whereσ2
n is the variance of the background noise. Finally, the overall average

BER is obtained by averagingPe|B over all spreading sequences, yielding:

Pe = 2−(L−1)
L−1
∑

B=0

(

L − 1
B

)

Pe|B. (27)

Standard Gaussian Approximation

Using the derivations found in [3], the average BERPe in Rayleigh fading
approximated by the SGA can be shown to be:

Pe ≈ 1

2



1 − 1
√

1 + No

4L
+ γ



 , (28)

where

γ =
2(K − 1)

3L
+ (K − 1)





1

U

U
∑

u=1

U
∑

u=1,u 6=v

1

π2(u − v)2L



 . (29)

3. Numerical Results

In this section we will compare our simulation results to those obtained
from our accurate BER analysis as well as to those generated by the SGA.
Since the evaluation of the effect of the ICI on the performance of MC-DS-
CDMA is the main objective of our analysis, we assumed first that the effect
of noise is negligible. Fig. 1 shows the average BER performance against
the number of users. The accuracy of our BER expression was confirmed by
simulations. On the other hand, the SGA slightly over-estimates the BER.
The inaccuracy of the SGA becomes prevalent when the number of users, the
spreading factor, and/or the number of subcarriers decreases. Fig. 2 illustrates
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the average BER performance versus the per-bit SNR, when thenumber of
users isK = 4. It compares the results obtained by the SGA to our accurate
BER. Fig. 2 confirms, not surprisingly, that the presence of strong background
noise improves the accuracy of the SGA method.

2 4 6 8 10 12 14 16 18 20
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10
0

Number of user K

B
E

R

U= 16 accurate
U=16 SAG
U=4 accurate
U=4 SGA
U=1 accurate
U=1 SGA

L=7

L=31

Figure 1. BER vs the number of usersK in an asynchronous MC-DS-CDMA exposed to
Rayleigh fading with random spreading sequences and BPSK modulation. The length of the
spreading sequence isL = 7 andL = 31. The number of subcarriers isU = 1, 4, and9. The
average power of all subcarriers and users is equal and the background noise is ignored.

4. Conclusion

We studied the accurate BER calculation of an asynchronous MC-DS-CDMA
system exposed to flat Rayleigh fading using random spreading sequences and
BPSK modulation. Using the CF approach, we derived a new closed-form
expression for the conditional characteristic function ofthe inter-carrier inter-
ference and a single integration for the BER calculation. The inaccuracy of
the SGA becomes prevalent when the number of users, the spreading factor,
and/or the number of subcarriers decreases.
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