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Abstract In this paper, we derive an accurate average bit error raER[Bf Rayleigh-
faded MC-DS-CDMA in the context of asynchronous transmissind random
spreading sequences. The analysis is based on the chatacfenction, and
does not resort to any assumption on the statistical behatibe interference.
We develop a new closed-form expression for the conditiohatacteristic func-
tion of the inter-carrier interference and a single intégrafor the BER calcu-
lation. The accuracy of the standard Gaussian approximé8&A) method is
also evaluated.
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I ntroduction

As a combination of multi-carrier (MC) modulation and dirsequence
code-division multiple-access (DS-CDMA), MC-DS-CDMA [B¢nefits from
both techniques. First, the parallel transmission nat@iraeudti-carrier modu-
lation makes it especially attractive for broadband comigations [2]. Sec-
ondly, with advanced signal processing techniques, MCEDBAA has the
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potential to provide larger capacity than other multipleess schemes. Bit-
error rate (BER) is one of the most important performancesmes for com-
munication systems that has been studied extensively. Tilipia access
interference (MAI) and the inter-symbol interference J|Sthich are inher-
ited from conventional DS-CDMA, affect likewise the perftance of MC-
DS-CDMA systems. In addition, MC-DS-CDMA capacity is limit by the
inter-carrier interference (ICl) due to the use of multiGar modulation. To
analyze the BER performance of MC-DS-CDMA systems, therfietences
MAL, ISI and ICI are commonly assumed to be Gaussian digeibil][4].
However, the accuracy of the Gaussian approximation tgaesi depends on
the specific configuration of the system. It is well known tthet Gaussian
approximation techniques become less accurate, when adoveer of users
is supported or when there is a dominant interferant [5].

Therefore the accurate BER analysis dispensing with thaqare assump-
tions on the interference distribution is desirable. Toidbhe Gaussian ap-
proximation of the interference, the BER can be calculatettansform do-
mains. Two widely used transforms are the Fourier and Lapleansforms,
corresponding to the characteristic function (CF) and tloenent generating
function (MGF), respectively. The basic idea is that firgt @F or MGF of the
decision variable is derived, then an associated inveassfiorm is performed
to calculate the BER. Since the decision variable can be (=iglp and ex-
actly characterized by its CF or MGF, the BER can be accyratelluated via
numerical integration techniques. For this reason, CF-M@GdF-based meth-
ods have received considerable attention. The CF methoduseakto study
the BER performance of DS-CDMA with random sequences in &gl [6]
and Nakagami-fading [7] channels. A saddle point integreabased MGF ap-
proach was proposed to compute the error probabilities 6CDMA systems
over Rician [8] and Nakagami-fading [9] channels. This apph has been ap-
plied to study the performance of MC-DS-CDMA systems witkedministic
spread sequences [10]. However, to the author’s best kdge)ehe accurate
BER analysis of asynchronous Rayleigh-faded MC-DS-CDMiaigisandom
sequencess still an open problem. In this paper, we will derive an aatel
BER of Rayleigh-faded MC-DS-CDMA in the context of asynatwas trans-
mission and random spreading sequences. The analysiei dashe CF, and
does not resort to any assumption on the statistical behaf/ibe interference.
A new closed-form expression, rather than an integral [B0dlerived for the
conditional characteristic function of the inter-carrieterference.

1. System and Channel M odel

We consider an asynchronous Rayleigh-faded MC-DS-CDM#esysising
BPSK modulation, random spreading sequences and rectaingup wave-
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forms. The input information sequence of theh user is first converted
into U parallel data sequencé$(t) for u = 1,2,...,U. The data sequence
bE(t) = >S0°  bE . Pr (t —iTy) consists of a sequence of mutually indepen-
dent rectangular bulses of durati@f and of amplitude +1 or -1 with equal
probability. After serial-to-parallel conversion, theth substream modulates
a subcarrier frequency, using binary phase shift keying (BPSK). Then, the
U modulated subcarriers are added in order to form the compledulated
signal. Finally, spectral spreading is imposed on the ceripignal by multi-
plying it with a spreading code. Therefore, the transmiigphal of thek-th
user is given by:

U
sP(t) = V2PUE(t)aF (t) cos(j2m fut + 6F), (1)
u=1

where P represents the transmitted power per subcarrier, wii(e) and ¢*
represent the spreading-code segment and the phase amgthuged in the
carrier modulation process. The spreading sequence caplessed as® (t) =
S aFPr,(t—iT.), wherea assumes values of +1 or -1 with equal prob-
ability, while Pr_(t) is the rectangular chip waveform that is defined over the
interval [0, T¢.). T, = Tf is the chip duration, whild. is the spreading factor.

For MC-DS-CDMA, the modulated subcarriers are orthogonal the chip
duration. Hence, the frequency corresponding touta subcarrier isf,, =
fp +u/Te, wheref, is the fundamental carrier frequency.

We assume that the channel between kké transmitter and the corre-
sponding receiver is a slowly flat Rayleigh fading channedraach subcar-
rier. The channel impulse response for idth transmitted signal over theth
subcarrier is given by

HY(t) = ho(t — m)exp(—jh) )
wherehk

k. . and® represent the attenuation factor, delay and phase-shift,
respectively. The attenuatiorig are independent Rayleigh variables, while
©F arei.i.d. random variables uniformly distributed in theeival [0, 27). The
delayT; represents the user asynchronism and it is assumed to loemrmter
0,T5).

We considerK asynchronous MC-DS-CDMA users in the system having
all the same number of subcarridi’sand spreading factof.. The average
power received from each user is also assumed to be the samsed@liently,
the received signal may be written as:

K U
r(t) =Y V2Phiby(t — m)a"(t — 7)) cos(j2mfut + ) + N(t), (3)

k=1u=1
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wherept = ¢F — & — 27 f, 7., which is assumed to be an i.i.d. random
variable having a uniform distribution i0, 27), while N (¢) represents the ad-
ditive white Gaussian noise (AWGN) with zero mean and dosided power
spectral density oiV, /2.

2. BER Analysis
Decision variable statistics

Consider using a conventional single-user matched filteotwerently de-
modulate the desired user signal. We assume, without logsradrality, the
target user signal has indéx= 1andm, = 0, P = 2, and7,. = 1. The
decision variable of the first user over th¢h subcarrier is:

Ts
Zo = [ rd @ cosimtt + bt )
0
K K U
= Dy+) If+), >, I+N, ©
k=2 k=2 u=1,u#v

where
= D, = hyb, oL is the desired output.

m ¥ = hFcos(0F)W* is the interference due to the other users on the
same carrien, whered* = ¢! — ¢F. In their notable work on random
sequences for DS-CDMA, Lehnert and Pursley [11] simplifieel éx-
pression of the random variabl&*. For a rectangular chip waveform,
the random variabl&/* was further simplified by Cheng and Beaulieu
in [6] as follows:

WF = Pru 4+ QF1 — ) + XF+Y*(1 — 1), (6)

wherev,, is a uniform RV ovelf0, 1), P* andQ” are symmetric Bernoulli
RVs. X* is a discrete RV that represents the sumléfidependent sym-
metric Bernoulli RVs and’* is a discrete RV that represents the sum of
B independent symmetric Bernoulli RVs. Note thgt- B = L — 1 and
the marginal pdf’s of{* andY* are given by:

Puj) = (é )2—/*, @)
GEA = [—A—A+42,... A-2 A ®)
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and
. B _
Pyr(j) = <ﬂ >2 B, 9)
2
jeB = {-B,—B+2,...,B—2,B)}. (10)

» 5 = hEWE_ is the inter-carrier interference due to the other carriers
(u # v) from the other users. We derive the random varidblg , as
follows:

W, =08 Rituo(Th, 05) + b5 0 R 1 (75, 05), (11)

whereRy, 1 —v (7%, oF) andl?m,u_v(rk, 6F) are the partial cross-correlation
functions defined by:

Ris 1 uo(Ti, 0) = /0 " a¥(t — i)a' () cos(2m(fu — fo)t + 05)(12)

Ts
Ek,lm_v(m, 95) = / ak(t - Tk)al(t) cos(2m(fu — fo)t + 95).(13)

Tk

In this paper, we follow the same methodology used in [11] aselthe
formula (23) of [1] to simplifyW*_ as
Wk = cos(6% + mvp|u — v]) x

[(P* — QF)vsindvg|u — v|) — 2Y*ysindvg|u — v])],

= cos(@fj + Ty |lu — v|)W5_v, (14)

wheredt = ol — oF and(6F + 7v|u — v|) is uniform RV over[0, 27).
Note thatX* does not exit in the formulation 6%*_, which will reduce
the complexity of the BER calculation.

m N, is the noise, which is a zero-mean Gaussian random variabieaw
varianceo,, = N,L/4.

Exact BER Analysis

In this section, we will use the characteristic function noet to compute
the average BER under asynchronous transmission corglitiditat Rayleigh
fading. The characteristic function of the interfered¢elue to the other users
on the same carrief 1+|B» Was derived by Egs (31)-(32) in [6] as follows:

oo Z5E s (4) ()

i€A jEB 2
< [Ji(i+1,7) + Ji(4,5 — 1) + Ji (4,5 + 1) + Ji (i — 1, 5)(15)




where

7 9) = eﬁ(_w)’ " e
FEQUwIG )~ QU +3)), Gw#0)

where (@ is the standard) function. In this paper we will derive the char-
acteristic function of the inter-carrier interferenég. We first examine the
statistics of each interferef;. From the previous section, we havé =

hE cos(0F + Tuu — v))WE_,, wherehE cos(0% + mv|lu — v|) is a zero-
mean unit-variance Gaussian RV and’_ is defined in Eq. (14). This im-
plies that[§ given P, Q, Y, vi, B is Gaussian with zero mean and variance
U?SIW’J o= (WE_ )%, Averaging overPy, Qy, Y (which is equivalent to av-
eraging over all interferes’ spreading sequences and dgteaces), yields to
the characteristic function of the inter-carrier inteefece /5 given v, and B

as:

27" B L, 2
‘I’Ig\uk,B(w) =1 J+B Z exp 50l (J, Vg, u — v)w ,
€B

j 2 1=1,2,3,4
(17)
where
o1 (G, vk u—v) = [2jusindvglu — o])]? (18)
o2, v, u—v) = [2jypsinduglu — v)))? (19)
o3, vk u—v) = [2(1 — j)using(vg|u — v])]? (20)
ai(],z/k,u—v) = [2(1 —i—j)uksinc(z/k]u—v\)]z. (21)

Thew,'s now appear in the numerators of the exponential functimhaaver-
aging can be carried out by using Eq. (3.339) in [12] to givedharacteristic
function of I§ given B as:

1
Bgip) = [ B, pl)n (22)
278 B _ _ _
= (ﬂ>X[2J(.7)+J(J_1)+J(J+1)](23)
jeB 2

whereB varies from O tal. — 1, and

10 =0 (=) o () e
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I is the modified Bessel function of order 0. Hence the chariatitefunction
of the total interference is given by:

Oy p(w) = I, |:<I)If|B(w)Hg:1,u;£v<I)I§\B(w) : (25)

The conditional BER for a Rayleigh fading channel can be esgd by:

1 L L teo
P, = —|1-— + / 1 — @5 p(w)|P,(w
|B 92 [ 72 T O_% \/ﬂ 0 [ I‘B( )] ( )
1
xexp{—inLQ} dw, (26)

wherea? is the variance of the background noise. Finally, the oVexarage
BER is obtained by averaging, 5 over all spreading sequences, yielding:

L—1 L1
P =277 )" ( B ) P, p. (27)

B=0

Standard Gaussian Approximation

Using the derivations found in [3], the average BERIin Rayleigh fading
approximated by the SGA can be shown to be:

P~ % 1— S S , (28)
1+ + 4
where
U U
2(K-1) 1 1
V=737 +(K-1) U ;u:%;#v m2(u—v)2L |- (29)
3. Numerical Results

In this section we will compare our simulation results tosthabtained
from our accurate BER analysis as well as to those generatadebSGA.
Since the evaluation of the effect of the ICI on the perforoeanf MC-DS-
CDMA is the main objective of our analysis, we assumed firat the effect
of noise is negligible. Fig. 1 shows the average BER perfomaaagainst
the number of users. The accuracy of our BER expression w#srmed by
simulations. On the other hand, the SGA slightly over-estés the BER.
The inaccuracy of the SGA becomes prevalent when the nunfhesees, the
spreading factor, and/or the number of subcarriers deese&sg. 2 illustrates
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the average BER performance versus the per-bit SNR, whenuimdber of
users isk = 4. It compares the results obtained by the SGA to our accurate
BER. Fig. 2 confirms, not surprisingly, that the presenceroig background
noise improves the accuracy of the SGA method.

10°

BER

x U= 16 accurate | _|
— — —U=16 SAG
*  U=4 accurate
U=4 SGA
+ U=l accurate

U=1SGA

| | 1 | 1
2 4 6 8 10 12 14 16 18 20
Number of user K

Figure 1. BER vs the number of usel® in an asynchronous MC-DS-CDMA exposed to
Rayleigh fading with random spreading sequences and BPS#ulation. The length of the
spreading sequencefs= 7 and L = 31. The number of subcarriersi$ = 1, 4,and9. The
average power of all subcarriers and users is equal and tkgtmaund noise is ignored.

4. Conclusion

We studied the accurate BER calculation of an asynchrondiiD8-CDMA
system exposed to flat Rayleigh fading using random sprgadiquences and
BPSK modulation. Using the CF approach, we derived a newediésrm
expression for the conditional characteristic functiornhaf inter-carrier inter-
ference and a single integration for the BER calculatione irtaccuracy of
the SGA becomes prevalent when the number of users, thedapgeactor,
and/or the number of subcarriers decreases.
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