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Abstract then use them to generate new trading strategies. Evenhthoug

] o our general methodology is motivated from the fact that com-
This paper presents a methodology for designing  plex games cannot be analyzed using the current game theo-

trading agents for complex games. We compute,  retic tools, by concentrating on one sub-problem, we can now
for the first time, Bayes-Nasr:heql_Jlllbrla for first- analyze it. In particular, we examine auctions that havet a se
price single-unit auctions and'"-price multi-unit of possible closing times, one of which is chosen randomly

auctions, when the auction has a set of possible  for the auction to end at, and compute several novel equilib-
closing times, one of which is chosen randomly for ria. To evaluate our work we applied it to a sub-problem of
the auction to end at. To evaluate this approach  TAC, the purchase of a hotel room of a particular type. In
we used our analysis to generate strategies for the  more detail, inTAC Classicm = 16 rooms are available
International Trading Agent Competition. One of in each category (meaning hotel and day) and they are sold
these was eVaIUated as the best OVera” and was in Separate, ascending’ mu|ti_umhth_price auctions (One
subsequently used very successfully by our agent  per category). These auctions close at randomly determined
WhiteBear in the 2005 competition. times and, more specifically, a random auction will close ev-
ery minute throughout the game. The agents want to buy up
. to 8 rooms, but for ease of analysis we assume that each such
1 Introduction agent is represented BBysub-agents, each of which is inter-
Auctions are becoming an increasingly popular method forested in a single room. In this way, we haVe= 8 x 8 = 64
transacting business, both between individuals over ttez-In  agents each wishing to buyunit (room) in the auction. Be-
net and between businesses and their suppliers. In this cotween closing times, the agents may place bids, but these are
text, auction theory provides us with some simple equiipri not opened until the next possible closing time; hence each
mostly for the case when a single item is being bought oround that takes place between consecutive closing times is
sold. However, in practice, agents (or humans) are rarely ineffectively a sealed bid auction. The agents’ bids are bipdi
terested in a single item. Rather, they often wish to bid inas they cannot subsequently be retraéted.
several auctions in parallel for multiple goods. Moreotee, This paper makes a number of contributions to the state of
fact that the value of each good to an agent often dependke art. In section 2, we analyze the Bayes-Nash equilibria
on other goods makes this problem particularly hard. Givenhat exist inm!"-price auctions with multiple possible clos-
this background, the International Trading Agent Competi-ing times and compute several equilibria that have not been
tion (TAC) [Wellmanet al, 2001 defined a benchmark game seen in the literature before. In particular, the equilibri
that incorporates several elements found in real markepla that we look for in each case is the unique symmetric equilib-
and different researchers adopted a variety of approaches tium. Now, some of the initial stages of this work appeared
tackle the problem (see e.fStoneet al, 2004 or [Green-  in [Vetsikas and Selman, 20p&here we presented equilib-
wald and Boyan, 204). Now, most of these approaches op- ria for the2-round case, without any implementation details.
erate based on some form of heuristics, because it is widelyhe current paper extends this very preliminary work by pre-
claimed that a principled theoretic approach is not prattic
However, in[Vetsikas and Selman, 20P&e outline a gen- 1As well as being a benchmark for the international competition,
eral, principled methodology for systematically explgrthe  there are also a number of real world auction settings that exhibit
space of bidding strategies for complex games with multiplghese characteristics. The Yahoo! auctions have a “random” closing
interdependent goods, which are traded in several differeﬁime, since they are extengjed every time a new bid i.s placed. In ad-
auctions, like TAC, where it is not possible to find an equi- dition governments sometimes conduct rounds of binding and non-
librium solution. Specifically, to handle this complexitye b|nd|pgt] bf'ds wrggndprlvg'?ng rgst(r)]urlcetts (normglly tfhg f:jr;t rounds
decompose the problem into sub-parts, which are then arjon>!st O NON-bINding bids, and the ‘atier rounds of dinding ones).

| d v bef h . i : r}is in TAC, after each round of binding bids, there is a chance that
alyzed separately, betore the various resulting strase@ieé e government will decide, for political or economic reasons, to

recombined to generate the strategy the agent should use. end the auction (well before the last possible closing time). Further-
Against this background, in this paper we actually computémore, in many countries, the spectrum auctions for third generation
Bayes-Nash equilibria for some of these sub-problems andellular phones involved multiple rounds of bidding.



senting equilibria (with proofs in most cases) for the gaher 2.1 Equilibria For A Single Unit Auction

multi-round case, as well as for the special case of a firsepri |y this section,m = 1 and the single unit is sold to the
auction. In section 3, we describe the implementation & thi gent which submitted the highest bid at a price equal to its
work to various cases, including the TAC game. Finally, inpid. |n theorem 3, we assume that in the second round the
section 4, we generate two new TAC strategies inspired byjtjlities are drawn from the same distribution as in the first
this analysis, and we determine, via experiments, that ongyynd, and that? ~ ;. Each ageni submits a bidy; in

of them is superior. We then used this strategy in the actuahe first round. We compute a Bayes-Nash equilibrig(m)
competition (where the corresponding agent was highly sucat maps utilities:; to bidswv;. In the case op; = 1 (only
cessful). We conclude this paper, in section 5, by detailingyne round) and); = 0, we know from standard auction the-
interesting directions for future extensions of this work. ory that each risk-neutral agenwith valuationu; should bid:

— s — 1 (Wi (w Nfl. W
o) = gyl )

2 Computing the Equilibria

We assume tha¥ risk-neutral agents wish to buyunitof a ~ Theorem 2 If the starting price is¢); > 0 and the bidding
certain good each. An independent seller sellanits of the  lasts for exactly 1 roundy = 1) the equilibrium strategy is

desired good in am!" price auction. The agents have val- i (F1 (w))N‘l - dw
uations (utilities)u] at roundr which are i.i.d. drawn from g(u;) = u; — & N1 ()
distribution F.(u). Each agent knows accurately its own val- (F1(ui))

uationu; at the current round and all the distributiofis(v).  p,of. SinceQ, > 0, (i) some agents might have stopped par-

The probability that round is the last round is known to be ticipating in the auction, since the current pride exceeds

pr- Ifmore rounds exist, an agent can submit new bids as long oi iy ate valuation;, and (i) the probability distribution
as they are greater or equal to the bid price from the end of thgf the valuations (u) has changed, since now we know that

previous round; this is the minimum bid allowed at round the valuation of agents that still participateuis > The
which is denoted a§),. We make two different assumptions new probability digtribution is: P pateuis = Q1.

about the information each agerinows about its utility?” Fy(u)—Fy(Q1)
(' > ) at the start of the rounct Fo,(u) = 22— 12U ifu > Q& Fo, (u) = 0, o.w.

, . . 1=F(Q1) )
e vy can be assumed to be relatively similar to the current N
utility w7, and thus:?’ ~ u7; this is reasonable for TAC ~ e also know the probability; of the event that exactly
because usually there is a correlation between the valud: 29€nts participate in the auction at pri@e; it is the proba-

tion of the same room over the course of the game. Thi®ility that exactly(k — 1) of the other agents’ valuatiohs;
assumption is used in theorems 3 and 5. areu; > Q1, which is (see e.dRice, 199%):

o The more general case is when the agent only knowsr, = C(N—1,k—1)-(F1(Q1))" " (1-F.(Q1))" " (3)

gzgttr%ut:f) r?rce(lyvl\j? dfgrgnsgge, g?tlblgog’) (1\j\l)|’.]eEhl’I]SO Let us assume that it is a Bayes-Nash eq_ui_librium for each
i i hat Tt VQ r th" i agenti to bid v; = g(u;). If k agents participate then the
Information whatSoever exists. Vve use this assump Ior?Jtility of agent: is 0, if it does not have the highest bid, and
in theorem 6. (u; — v;), if it does. The expected utility of agentwhen it

In addition, agents may not subtract bidsin the TAC  places a bid of; (in the case ok agents) is:
game, when the valuation of a room drops below the bid priceEU; (v;|#agents = k) = (u; —v;) -Prob[/\#i v; > ;] =
Q,, itis an optimal be.havior.for the agent to plaqe a bid equa(ui — ;) - H#i Problv; > vj].
to Q. as late as.possmle, since in this way it might be '“CkySincefuj = g(uy), itis Problv; > v;] = Folg~(v;)). Let
enough to get rid of the room. If only < m agents have N_1 .
utilities u? > (., the rest of the rooms are sold o — k)~ ®(¥) = (Fi(z)) " . The expected utility regardless of the
winners of the roundr — 1), that no longer wish to buy; all number of aggnts participating is:
their bids are equal t6), and the TAC rules state that the EU;(vi) = >, ™ - EU;(vi|#agents = k) =
m — k) earliest placed such bids will get the rooms, there- 1
1£ore thig means that a random selection of those winners will EU;(vi) = (ui —vi) - 2(g7 (vi)) )
get the rooms, as the order of their bid placements is randonThe bidv; that maximizesZU;(v;) can be found by setting

It should be noted that all the equilibria whep = 1 are  dEUi(vi) _ YL @) —1(,,.
the solutions of differential equations of the form desedb . 9V 0 (u; —vi) 9’ (g~ (vi)) <I>.(g . (vi)).
by theorem 1, which is taken fropAtkinson and Han, 2004 Since we assumed that the optimal solution;is= g(u;), the

. ) revious equation becomes:
Theorem 1 Let f(x, z) and W be continuous functions P q

1
of z and z at all points (, z) In some neighborhood of the (ui = g(ui)) - @ (u;) - T P (u;)
initial point (x0,Yy). Then there is a unique functidr(x) . , A »
defined on some intervét, — o, = + /3], satisfying: The solution of this equation, for boundary condition

Y'(z) = f(z,Y(2)), Ve :zp—a<zx<z0+( and 9(Q1) = Q1, is equation 1; this can be easily verifiell

Y (zo) = Yo
This theorenguarantees the existence and uniqueness of the 2Because from the point of view of a participating agent it does
equilibria we compute in the next sections. not know whether the oth€V — 1) agents participate.



It should be noted that this theorem is reminiscent of thdasts for exactly 1 roundp = 1) the equilibrium strategy is
work in [McAfee and McMillan, 1987 concerning the equi- [N
librium solution in the case that the distributién (v) has a () = u— Q1 T V1) /“ (2) -Ni(z)
minimum valuev;, presented by equation 5 in that paper. In9\" = D (u) — Yi(u) [ —" (CO R
fact the two equilibria are given by similar equations, veher e’ Tl %
the minimum valuation; is substituted by the minimum al-
lowable bid@;. However there are also some important dif-
ferences between theorem 2 and that work. In particular, i

the case examined by theorem 2, the number of agents parti

In the next proofs, we will use the foIIowing derivation from
r1'\he proof of theorem 4, without proving it here; that the ex-
Bected utility, if the auction closes at th|s rounds:

ipating is not known a priori, because some of them may hav?](r)( Y = (uf — ol - B, (g (v7) / Y, (g dw
a private valuation:; which is smaller than the minimum al- oA
lowable bidQ);; this creates a fundamental difference com- (8)

pared to the case examined by McAfee and McMillan where
there is a minimum valuation. Indeed, dealing with this un- Theorem 5 If the starting price of the current round is
certainty concerning the number of bidders, which partigp Q- > 0, the next round of bidding- + 1) exists with prob-
in the auction, constitutes the core of the proof of theorem 2ability (1 — p,.) (p, # 0,1) and the utility of the agents in
Th . o roundr is drawn from the distributiod,. () (and each agent
eorem 3 If the starting price is); = 0, a second round

P . : e i in fact has utilityu] of a similar value to the utility:; of the
of b|dq!ng exists with pr(_)bab|llty1 — 1) (i 7£ 0,1) and first round) then the equilibrium strategy is the solutiorred
the utility of the agents in the second round is drawn from

the same distributiorfz(u) = Fi(u) as in the first round differential equation:

(and each agent in fact has utility of a similar value to the (i — gr(us)) - @7 (ui) = (@ () = Yy (1)) - O (115, g (1))

utility u; of the first round) then the equilibrium strategy is 9r(us)

the solution of the differential equation: . By (u,0) 9)
&' (u;) whereV, (u,z) = 1 — == . =502,

(ui — g(us)) - —7—= = @(us) - U(g(ui)) (5)  andU11(u;, Q1) is the expected utility at roung + 1),

g'(ui) when the agent’s utility is; and the starting price i€), 1.

where the boundary condition ig0) = 0, The boundary condition ig(Q;) = Q. _

®(z) = (F1<x))1v—1 and¥(z) = 1+ 1;1171 . (Fl(x))N—l_ Ign adt)mitsu)trp],et:.e expected utility at roundgiven this strategy

Proof. Due to space considerations we omit this proof. How- &T (;i Q,) :' (10)

ever it has similarities with the proof of theoremil. u
| P X - {(ui = gr(ui)) - Bp(wa) + [ Vilw) - g (w) - dw}
As a special case, we can examine this equation whenonly | (; _ AU (us, g Y/ dw
N = 2 agents participate and their valuations~ U|0, 1], (1 =p) {fQ Uria (uirg ( ) Yr(w)-

which means thaf; (u) = u,Vu € [0,1]. Equation 5 be- +u”+1(““97" ui)) - {Pr(ui) = Yo (us) }
comes: fgr DUyt (w5, 97 (@) - D) - dw}
! . gp(ui) (6) i
gp(ui) = Proof. If the auction closes at the first round, then the ex-

(1 - gp(u’)) pected utility is given by equation 8. To compute the expicte
In figure 1 (left), we graph the solutlon for various values utility from the other rounds, we need to examine the value of
of =2, We provide this figure in order to contrast with the Q.,+1, which depends on the bids placed in the current round.
Bayes-Nash equilibrium for the case that= 1, which is  The probability distribution of thém — 1) andm" highest
g1(u;) = % (see e. glKrishna, 2003). One may notice that bids among alll other agents at this round, named respectivel
as the probability1 — p) of a second round increases, the B~ and B(™), are Prob[B™~Y < v] = Y, (97 (v))
equilibrium strategy suggests that the agent should bil lesand Prob[B(™) < v} (g7 (v)).
In section 3, we compare these results with those produceg p(m™) ~ o7, thenQ,.1 = Bm) |f pm—1) 5 or > Bm),

by our algorithm for solving thé?-round case. then the agent submitted the'" price, s0Q,+1 = v!. If

I . . vf > Bm=1) thenQ, ., = B,
2.2 Equilibria For Multiple Round Auctions Note thatProb[Q,«H gt

In this section we present the system of equations for COMpyop[B(m=1) > 47 ZB(’”)] =@, (g7 (v]) = Yo (gt (7).

puting the equilibria for thek-round auction g > 2). .
Let us defined, () andY, (z) as follows: As aresult, we can now compute the expected utility from the

o, (z) qu C(N —1,1) (F( ))N—l—i (1 o ))i rest of the round®’;* as follows:
)= 2ui=0 —4L1) LT L= ol do
Vo) = S O 1) (Fi0) 7 (1= ) ) Protl@r =uldo =

In the short papeliVetsikas and Selman, 2008we give the . _ & 4 —1 )
following theorem for the -round case: vi = i U (i, w) dw YT( v (W) dw (11)
Theorem 4 If the starting price isQ); > 0 and the bidding r+1 (uz, vl {q> (v!) — Yy (g7 (v N}

3This proof and other details that have been omitted from this . q) .
paper may also be found at Dr. Vetsikas’ thdistsikas, 2005 Z/{r+1 i, W o9 (@) - dw
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Figure 1: Equilibrium strategies for cagé = 2, m =
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1 and utility drawn from uniform distributio/ [0, 1], (left) using

equation 6 for the case whét= 2 rounds exist, and); = 0, and (right) using the algorithm of figure 2 for th& round of8

and probabilitie®,. equal to those of TAC.

The expected utility for both rounds is:

EUI(vf) =p, - U + (1= p,) - U} (12)

utility is ] and the starting price isQ, and given that
gr-(ul, @,) has been computed it is:

The bidwv; that maximizesEU; (v]') can be found by setting U (u;, Q) = (1—p;)- {/ LU (g (w0, Q) Y () - dw
Q.

% = 0. Then we set] = g,(u;) and eventually we

derive the differential equation 9.

If v, = @, then the agent must bid’ = (@,, hence the
boundary condition.

From equations 11 and 12, by substitutisfg= g, (u;), we
derive equation 108

In the following theorem the utility in the later rounds is
assumed not to be precisely known and to be drawn from di

tribution G, (u).

Theorem 6 If the starting price of the current round is
Q. > 0, the next round of biddinfr+1) exists with probabil-
ity (1—p.) (p- # 0, 1), and the utility of the agents in round
is drawn from the distributio#,. (u) (and each agentknows
more accurately that, in fact, its utility] is drawn from dis-
tribution G,-(u)), then the equilibrium strategy, (ul, @) is
the solution of the differential equation:

(I), s
U39, Q) - gt) .

ouf

(@ (u) = Yo(uf)) - r(gp(uf, Q)

1-pr
Pr

lfpr

T

(u: - g,,(u;, Qr)+
(13)

where¥, (z) = 1 — - (Urti(z) + Uyt () and

_%1 {w .
m- (N —k)
k=0 -

(FHl(x))N_l_k (1- FTH(x))k : /o Gri1(w) - dw}

and the expected utility at round whenw is drawn from
G, (u)is:

Uitt(z) = C(N —1,k)-

~ +oo
UT(QT) =
Qr
The boundary condition ig(u!, Q,) = Q,, whenu! = Q,.
U, (ul, Q,) is the expected utility at round when the agent’s

U, @) Golw) o (14)

+[7T+1(g,,»(uf, Qr)) : {(I)T(u;) N YT(U:)}

g;l(u:1QT) -
4 / 0™ (g (w, Q,)) - B (w) - o)

r

(15)

e { (g0 (0, Q) () + /Q Y ()6 (w0 Q) )

SProof. Due to space limitations and because the proof of this
theorem shares a number of common steps with the proof of
theorem 5, we will give a sketch of the proof. One should
notice that equation 15 is derived in almost the same way
as equation 10. However since the utilitf in roundr is

not precisely known, and is drawn from distributiéh (u),

we must use equation 14 in order to compute the expected
utility at a roundr, based on all posible utility values. The
other important difference between the two proofs, is that w
must also compute the expected gain of utility (actually it’
negative, so it's a Iossl)fE“(QrH) if the agent is a win-

ner in the round- and in the next roundr + 1) its utility

is u;'“ < Qr41. Initially we compute the utility difference
Ut (uit, Q,41), and then it is

Uit (Qrsr) =
S U Y, Q) - Probful = ] dw

The final equation fot/; ™ (Q,+1) is:
U[T,Jrl (QT+1) =

(N (m— k)

B kZ:O {m- (N —k)
Qri1

(1—Fr+1(Qr+1))k'/o Gr+1(w)'dw}

The rest of the proof proceeds along the same lines as the
proof of theorem 5H

N—-1-k

-C(N = 1,k) (Fr41(Qr41))



SetUpy1(u, Q) =0, Vu,Q
forr=Rto1ldo

Vu, Q setW, (u, Q) = 1 — 2= - Bty 41 (u, Q)
V@ computey, (u, Q) by solving Differential Eq. 9
Yu, @ compute/, (u, Q,.) using equation 10

end for

Figure 2: Algorithm for solving the system of Theorem 5.

=5

. 0.3} ___ =
3 Implementation ol e
Figure 2 provides the algorithm that we used in order to com- 01} i s - - o
pute the equilibrium described by theorem 5 using Matlab. utiity: u

At each roundr, starting from the last roundR), the equi- , , o o

librium strategy and expected utility from rourid + 1) are Figure 3: Expenmental distributioh;. (u), which is used to

used to compute the equilibrium strategy for roundising ~ 9enerate the strategies for our TAC agent.

the equations of theorem 5. To solve equation 9, we used the

differential equation solvende45 R is set toR = 8 rounds

in all cases, since TAC hotel auctions can have uprtnds.
Initially we computed the equilibria for aniform distribu-

tion. The simplest case is wheN = 2 agents are buying

m = 1 items this case was used in order to compare the re

sults of the algorithm with the known solution as shown in

figure 1. We only present the equilibrium strategy for the firs ., nin g sampled discrete distributions into continuougsn

round of8 rounds here in figure 1 (right); the solutions of | i re 4. we present the equilibrium strategy for rounds
all the other rounds have similar graphs with different @irv. o 5nqg The fact that the utility distributio; («) is different
31 every round causes the bid function to vary significantly
%etween different rounds. In the later rounds, it is advisab
to bid close to the marginal utility; that the agent gets if it
buys a unit of the commaodity sold in the auction, whereas in
the early rounds, it is preferable to bid closer to the curren
price @ of the auction.
We also computed the equilibrium strategies described by
theorem 6.We set the distribution of the later rounds (u)
to be equal tda7,.(u) = F,.(u|lu > wu,—1), which means that
v¥e disregard any value af that is smaller than the utility
%7-—1 in the previous round; this is reasonable for TAC, since
utilities rarely decrease between rounds. We only needdo ad
ne step to the algorithm of figure 2 in order to implement
is: before finishing each iteration, we add a step (see-equa
tion 14) in order to compute the utility of this round when the

these functions and their derivatives are continuous, ab th
we can applyde45and guarantee uniqueness. To do this, we
group all the samples in buckets of sizeand then to make

it continuous, we expand each bucket to a normal distributio
with o = 2 and centep: equal to the center of the bucket;
this is the most common way, which is used in statistics, for

than in the later rounds as was expected. By comparing fi
ure 1 (left) to the solution for th&"" round, we verify that
they are identical for the case that the current péce= 0.
However we observed that the solution at each round is ver
similar to the solution that we would get if, instead of sev-
eral later rounds (with probabilityl — p) that the auction
will close later), we only have one possible later round ifaga
with probability (1 — p) that the auction does not close at this
round, but at the next one). This indicates tifratm the point-

of view of the agent, the number of possible rounds does n
matter, as long as the probability of having more rounds is
the same For example, the equilibrium strategies for all the
rounds are almost identical to the one presented in figure
(left) when@ = 0. This would mean that we only need to

solve one differential equation instead of a system when thﬁtility u” is only known to be drawn from distributic,.(u).

u““ty d'St.”bu“on.'S the same in every round. . Even though, due to space limitations, we can’t show any fig-

_ Still using auniform distribution we computed the equi- a5 of the equilibrium strategies, they all have the same ge
libria when V' = 64 agents are buyingn = 16 items this o3| form as the strategies generated by theorem 5. However,
uses the correct number of agents and items for a real TAG,, any values of the valuatiom and starting price) and at
scenario. In every round the equilibrium strategy is t0 bideyery roundr these strategies bid less than the correspond-

closer to each agent's utility; that #.% or more in round g girategies given by theorem 5; this is something that we
1 and almosii00% in the last round. This happens becauseexpected, because of the form of distributién(«), which

of the fact that many more agents participate, comparedto thonly allows for higher than the current utility;.
number of items offered. In this case, the agent makes a profit '

by the fact that its bid is likely not to be the*" price, and . .
thus, usually pays less than its actual bid, if it wins. 4 Strategy Generation and Experiments

Finally, we computed the equilibria using amperiment Each candidate strategy for the hotel auctions determirees t
derived distribution Since our stated goal was to apply theseprices offered in each round; they are differentiated by how
equilibria to a TAC agent in order to generate more candidateggressively the agent bids. [Wetsikas and Selman, 2003
strategies, we collected the utilities of the hotel roonesrfr  we present three strategies. Two of them are the boundary
a large number of actual games and used these to create thiategies, that is the lowest and highest possible priees r
distributions F.(v) and G,.(u). The cdf of the distribution spectively, that a rational agent would ever consider Inigdi
F,.(u) that we used is presented in figure 3. We make sure that:
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respectively. These strategies are generated for theimergal distributionF;.(u) when N = 64 andm = 16. It should be
noted that when,. < @, (left half of each diagram), the agent should hid but this bid will be rejected by the auction.

However, the basic premise for generating this equilibrium
was that each agent is interested in maximizing its own profit
In contrast, in a competition, like TAC, the actual goal of
each agent is to beat the competition; that is, maximize the

0.165

0.16

0.155

2 difference of its profit to that of the other agents, rathearth
5 o5 to just maximize its profifThis change can have a significant
g 01455 impact on the equilibrium strategy. To explore this issue we
Llfui ' looked at the single itemn{ = 1) first price auction with
014 N = 2 agents and® = 2 rounds when the valuations are
’ Jay A - Single-round strategy (S vs S) H H H H
I o~ Sinleround strateny (o ve | drawn from uniform distributiord/[0, 1]. _
¢ a - B — Two-round strategy (S vs T) The equilibrium strategy for ajjingle round isg(u;) =
03l —o— Two-round strategy (Tvs T) || %, and for T)wo rounds is given by equation 6. Figure 5
01 02 03 04 05 08 07 08 09 presents the expected utilities in all possible combimestiof

Probability p (of auction ending after one round)

the two agents for varying values of the probabilitpf the
Figure 5: Expected utilities for a game, whe¥e= 2 agents auction closing afte_r the first round. We observe that, when
participate andn = 1 item is sold, for all possible combi- only the S strategy is use_d, the scores are the Iovyest, wherea
nations of agents. The agents use either (i) the singledrounWhe” only the T strategy is used,_the scores are_hlghest. How-
(9 equilibrium strategy(u;) = %, or (i) the two-round )~ €Ver. when the two agents use different strategies, oneSises
equilibrium strategy described by equation 6. and the other T, th.e S strategy u_sually perfor.ms better than
the T strategy. This verifies that in a competition the more
aggressive S strategy, which bids higher than T, would win,
whereas if we care only about maximizing profit, the S strat-
egy is dominated by the T strategy; we expected this since T
is anequilibrium strategyfor the two-round auction.

We also computed the equilibrium strategy for the “com-

(i) the L(owest aggressivenessirategy is to bid reasonably
close to the current bid pric@ of the auction, which is the
lowest price that one can offer for its bid to be valid, and

(ii) the H(ighest aggressivenessjrategy is to bid progres- esition objective function” (that is to maximize the diffe
sively closer to the actual (marginal) utility ithas for #em, — once of profit rather than the actual profit). This strategy
which is the highest price that a rational agent should bid alyould beat they(u;) = 4 strategy in direct competition for

ifit doesn't wish to lose money. . . a single-round auction: its expected utilityid 36 vs0.125.4
_Then we must generate a number of intermediate straterpeorem 7 If we care about maximizing the difference in
gies, wh|ch would bid between_ the lowest and highest '€anrofit from the opponent, then the Bayes-Nash equilibrium
sonable prices (these are the bids of the boundary Stra)eg"%trategy for the first-price, single-unit, single-roundction
at each instance. Ifvetsikas and Selman, 20D3we pro-  \yhen two agents participate with i.i.d. utilities drawn it
pgsed one such strategy whlch worked very yvell in prgctlce the uniform distributiori[0, 1] is g* (u;) = % g
(iii) the M (oderate aggressivenesstyategy, which combines
the behaviour of the boundary strategiesidH) depending “In [Brandtet al, 2007 the authors present an analysis of the
on the marginal utility of the desired good: if the marginal equilibria that exist inl** and2"¢ price sealed bid auctions, for a
utility is low, then it bids similarly to the. strategy, whereas variety of objective functions (i.e. for varying significance of the
if it is high, it bids similarly to theH strategy. effect that the opponents’ gain has on the agent’s utility)[\eet-

In this paper we expand this methodology to use strategiegkas and Jennings, 200%ve extend these results and present the

i~ . ; X quilibria for multi-unit auctions, i.e. thex'™ and(m + 1)*" price
based on the equilibria presented in section 2.2: sealed bid auctions. We prove that, in some cases, the agent should

(iv) the actualE(quilibrium) strategyg, (u, @), which was increase significantly its bid if it wishes to outperform its competi-
computed in section 3 by applying the equations of theorertion; this can lead to bidding more than its true valuation even in an
5 for the TAC (experiment derived) distribution, is used. m'" price auction.



This demonstrates that tiiestrategy’s bids are lower than Average Scores | Stat. Significant Diff.f?
they should be in order to beat the opponents. By looking atf#Hagents E [ M [ L [ H [L/MM/H L/H
the form ofg, (u, Q) in all rounds (see figure 4), we observe | 0(600) [3292 336113327/ N/A| v
that, at round the bids are a bit higher than the current price | 2 (599) |324033233264/3339 v X v
Q, at rounds closer to the marginal utility, and in the interme- | 4 (626) |2954 3046 N/A |3011 v?
diate rounds, the bids are approximately equal to a weighted )
sum of the values provided by these extreme strategies withable 1: Scores for agents of lol)( moderate¥t) and high
the weight equal to the probabilify. of the current round  (H) bidding aggressiveness, as well as the equilibrit (

being the one when the auction closes. Since the problem @Jent, as the number of aggressive agents participating in-
the E strategy are these bid levels, we modify it: creases. In each experiment, we use Bxand twoM agents.

v'indicates statistically significant difference in the sof
I_the selected agents, andstatistically similar scores. (In par-
tesis we give the number of games ran for each experiment)

(v) theP strategy, which uses the boundary strategieadH
(rather tharE) as the strategies that give the two extreme va
ues (low and high), and mixes these values in the same wa?fI

asE, namely by placing bids at a price equal to the weighted Average Scores | Stat. Significant Diff.p

sum of those bids with weighis. and(1 — p,.) respectively. #H agents P | M L H P/ MM/H P/H
We would like to point out that bidding more aggressively, —g (545) [3403 34173373 N/A | x

i.e. higher, than suggested by the strategies we presdrisint | - (573) |3275/3242 32353241 x? % «?

paper, is actually going to produce inferior results, evethée 4 (603) |2999 2981 N/A |3006 x % %

case that the agent is interested in outperforming the compe

tition. The reas'on .for this is that, if the agent bids higherTabie 2: Scores for agents of |0\h1)( moderateM) and h|gh

than that point, it will end up paying too much for whatever (H) bidding aggressiveness as well asBragent, as the num-

It bUyS, and this amount will be hlgher than the benefit fromber of aggressive agents participating increases. In each e

the opportunities, which are stolen from its competitors. periment, twaP and twoM agents participate.
We now have 3 intermediate strategies to test, in addition

to the two boundary ones. According to our methodology, we .
must organize a tournament among the intermediate strat&2 € next phase of the tournament. Thus, in the last phase,

gies in order to determine the best strategy, as we shoultf€ USe intermediate strategisandP. The results are pre-
not use more than two of the agents employing intermediat

ented in table 2. Here thd and theP agents outperform
strategies. The rest of the agents use the boundary seategi!€ L @gents. The other agents perform reasonably similarly
and the number is varied, so that the whole spectrum of pof2€tween themselves, and, in fact, the performances were sta
sible strategic combinations might be explored. To deteemi tstically S|m_|lar for most cases (as denoted in the tabiee
which is the best strategy we use paired t feststhe scores only exceptions to this rule were the performance of Bhe
of the agents; and, generally, we consider scores to be-stati29eNts (@bout-1%) as opposed to that of té andH agents
tically significant if the test is below% (and definitely less |n'the case th*’%t.tWO agents of each type participated. Based o
than10% in a small number of cases on/)n the first phase, thiS, and empirical data from the early rounds of TAC 2005,
we use intermediate strategisandE. The results are pre- W€ decided that th® agent is performing best, which is the
sented in table 1. Thel agents outperform the agents by a  '€2S0N it was chosen as the strategy we used in most of the
small margin (abol.5%). This is mainly due to the fact that S€€ding round and the finals of TAC 2005.

; by ; ; P ; StrategyM was used as our TAC entry since the semi-finals
in competition there is a different objective than simplyxma |
imizing one’s profit, as we have demonstrated earlier in thi@f TAC 2002 thru the finals of TAC 2004. In 2005 we used

section. Note that the difference betweenthandH agents 1€ P strategy mainly. The performance in the seeding, semi-
is not quite statistically significant, but, with more exiper final and final rounds of TAC show this (in parenthesis we
ments, it probably would be and thus is denotedty’ This give the dlffe_re_nce from the top competing agent):
is not important, however, as we found out what we wante?092: Semi-finalist (+0.55%), Final 1st (+1.85%).

: 003: Seedinglst (+1.63%), Semi-final 1st (+5.37%),
from this phase, namely that we should promoteNhagent Final 3rd (—1.81%).

5This test was used in similar work, el@toneet al, 2004, to ~ 2004: Seedinglst (+3.12%), Semi-final 1st (+6.57%),

evaluate performance differences between agents. Final 1st (+7.10%). o
*To make this more precise, let us consider the first experimen2005:  Seedinglst (+2.63%), Semi-final 1st (+1.61%),
in table 1 where the average score difference between the L and M Final 2nd (—0.50%).

agents isl%. There are two M and four L agents participating in  Throughout this time, our agent has consistently achieved

that experiment, with average scoB#59 and3364 for each of the  the highest scores in the competition. In 2004 our agent

individual M agents and326, 3327, 3322 and3335 for each of the  was first in all rounds with statistically significant differ

L agents. We calculate p-values for all eight possible pairings of Mg ces in the scores, which has never happened before or since

with L agents. Six of these p-values are betwe@hand5% (all of in TAC Classic. In 2005 the top three finalistertacor

them except for the values of the L agent with average s2288 to WhiteBear0 .dW veri p | i h tﬁ

both the M agents). These last two p-valuesteand9%. Based iteBear05an vvalverinewere very close to each otner.
The reason for this extremely competent performance by all

on our criteria, we consider this to be an indication of statistically
different scores. agents seems to have been (at least partly) the fact that the

"The p-values, in this case, for all eight agent combinations thather two top scoring agents adopted some of our techniques;
we examine, range from% to 16%, so it does not meet our stated in particular, the founding principle of our methodologyth
criteria for statistical significance. trading commodities should be based entirely on maximiz-



ing the agent’s utility. Walverine used this especially @ r is undertaken as part of tLADDIN (Autonomous Learn-
designing their procurement of entertainment tickets. édor ing Agents for Decentralised Data and Information Systems)
over, the Walverine team also used an experimental methogbroject, which is jointly funded by a BAE Systems and EP-
ology [Reevest al., 2004 which is probably the closest ap- SRC (Engineering and Physical Research Council) strategic
proach to the one we outlined [iWetsikas and Selman, 2003  partnership (EP/C548051/1).

However, no one else thought that it was feasible to look for

an equilibrium strategy, even for a sub-problem of a largeRefer ences

problem like TAC, and thus our approach as outlined in this[Atkinson and Han, 20d4Kendall Atkinson and Weimin

paper is truly unique. Han. Elementary Numerical Analysidohn Wiley & Sons
Inc., 2004.

5 Conclusionsand Future Work

) _ _ [Brandtet al, 2004 F. Brandt, T. Sandholm, and
This paper analyzed auctions that have a set of possible clos y shoham.  Spiteful bidding in sealed-bid auctions.
ing times, one of which is chosen randomly for the auctionto | Proc of the 20th International Joint Conference on

end at. These auctions can be decomposed into one or more artificial Intelligence 2007.
rounds, each of which is defined by the interval between po
sible closing times, and during which the auction is treated L X :
sealed bid. Specifically, we analyzed the Bayes-Nash equili ~ d€términation for simultaneous auctions. BE-01, Oc-
ria that exist in such cases and computed several novel solu- {©oP€r 2001.

tions for these auctions. In so doing, we deal with the tréfdeo [Krishna, 2002 Vijay Krishna. Auction theory Academic
that exists in this case, namely the price offered in the&gien  Press, 2002.

bids. We also explained how to apply these results in the qe{McAfee and McMillan, 1987 R. Preston McAfee and John

sign of a TAC agent; we generated two new trading strategies \cmillan. Auctions and bidding. Journal of Economic
(E andP) based on the form of the equilibria we computed, Literature, 25:699—738, June 1987.

one of which P) was successfully used in our top-scoring ’

agent during the 2005 competition. [Reevestal, 200§ D. M. Reeves, K. M. Lochner,

We are currently working towards generating equilibria for S+ €heng, and R. Suri. Approximate strategic reasoning
multi-demand auctions; this would allow us to remove the through hierarchical reduction of large symmetric games.
current restriction that each agent must bid for a singla.ite In AAAI-05 July 2005.

While this improvement is not expected to change the resultfRice, 199% John A. Rice Mathematical Statistics and Data
of our analysis for the TAC game significantlysuccess in Analysis Duxbury Press, California, 1995.

this endeavor will lead to a more generally applicable ftesul [Stoneet al, 200] P. Stone, R. Schapire, M. Littman
which is important for a wide range of game theoretic situa- ~ j Csirik.: and D. McAllester. ATTac-2001: A Iearning,,

tions. . . I autonomous bidding agent. AMEC IV. LNCS, vol. 2531.
We are also working on recomputing the equilibria for Springer Verlag2002.

the “competition objective function”, namely when the agen . ] ]
wishes both to maximize its own profit and minimize that of [Vetsikas and Jennings, 2007. A. Vetsikas and N. R. Jen-
its opponents, which is more realistic for a competition set  hings. Outperforming the competition in multi-unit sealed

S[_Greenwald and Boyan, 20pXGreenwald and Boyan. Bid

ting. We have been able to generate equilibria fortie and bid auctions. Inforthcoming) 2007.
(m+1)"* price auctions with one round of bidding for a range [Vetsikas and Selman, 20D3. A. Vetsikas and B. Selman.
of objective functions. We plan to incorporate this worktie t A principled study of the design tradeoffs for autonomous

analysis presented in this paper in order to generategigate  trading agents. IProceedings of the 2nd International

that are more appropriate to a competition setting like TAC.  Joint Conference on Autonomous Agents and Multi-Agent
Systemgpages 473-480, 2003.
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