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Modelling of transient liquid phase bonding in binary
systems—A new parametric study
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bstract

An established mathematical model, describing the rate at which transient liquid phase bonding (TLP bonding) progresses in binary alloy
ystems, is subjected to careful scrutiny. It is shown that the process can be characterised using just two dimensionless parameters. An advantage of
uch dimensionless characterisation is demonstrated by analysis of the solution for solidification of semi-infinite systems. It is known that analytical
ormulae for the rate at which the liquid region solidifies are valid only for certain restricted cases. This is investigated by numerical modelling,
nd the requirements for the formulae to be applicable are rationalised. Maps presented here can be used to determine whether the semi-infinite
olution would provide an acceptable approximation for any given system. Information is also presented concerning optimal combinations of phase
iagram characteristics, diffusivities and system dimensions required for rapid TLP solidification, which can be used to identify the best melting

oint depressant (MPD) materials to use for particular TLP requirements. The analysis reveals that, as a consequence of their higher solubilities,
lements forming substitutional solutes in the parent plates may often allow faster TLP solidification than those forming interstitial solutes, despite
he fact that the latter group normally exhibits much higher diffusivities.

2006 Elsevier B.V. All rights reserved.
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. Introduction

Certain metallurgical processes occur at rates dictated by
iffusion-controlled phase changes. These are well-suited to
athematical modelling [1]. In the simplest case, two differ-

nt phases in a binary alloy system are brought into contact
nd held isothermally. Differences in composition across the
nterface will in general be associated with differences in the
hemical potential of the individual atoms. Bringing the two
hases together will therefore tend to create gradients in chem-
cal potential and hence atomic fluxes. The fluxes on either side
f the interface need not necessarily be equal. Therefore, to pre-
ent the accumulation (or depletion) of matter, the interface must
ove. This effect has been observed experimentally in numerous

ystems, notably by Tanzilli and co-workers [2,3]. An important

pplication of such phenomena concerns the particular case in
hich one of the phases is a liquid. The transient growth and

ubsequent solidification of the liquid, caused by isothermal dif-
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usion of a melting point depressant (MPD), is exploited in the
ndustrial process known as transient liquid phase (TLP) bond-
ng [4,5].

Although there have been many mathematical studies of
iffusion-controlled phenomena [4,6], the presence of a mov-
ng inter-phase boundary significantly complicates the analysis.
n the present work, an existing model describing the rate of
nterface motion during TLP bonding is refined by taking into
ccount the finite size of the system. This has become more
mportant in view of increased interest in brazing and join-
ng processes involving coatings and inter-layers [7,8]. Another
mportant application of TLP bonding is the assemblage of

EMS packages [9–11]. In such devices, the thickness of the
razing filler can be comparable with the size of the bond-
ng elements; the example [9] of nickel plates 5 �m in thick-
ess being bonded via a 1.5 �m thick tin layer illustrates this
oint.

When only two atomic species are present, the behaviour of

he model may be characterized using just two non-dimensional
arameters. Subject to certain approximations, analytical solu-
ions to the resulting system of equations are known, from which
he kinetics of the process can be estimated. The purpose of

mailto:twc10@cam.ac.uk
dx.doi.org/10.1016/j.msea.2006.09.090
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ig. 1. Schematic representation of the evolving concentration profile. In mode
issolution (at time t = 0) being derived from a simple mass balance. Because o

he present work is to identify values of the two parameters for
hich these approximations are valid and, consequently, to spec-

fy the circumstances under which the corresponding analytical
ormulae provide an appropriate description of the real physical
rocess. Maps are presented which allow this assessment to be
ade for real systems. Only isothermal solute transport is con-

idered, so that any phenomena affected by heat flow, such as
ransient behaviour during heating and cooling, are outside the
cope of this paper.

. Mathematical formulation

.1. Governing equations and boundary conditions

The physical description of TLP bonding as a diffusion-
ontrolled phase change is well-established [4–7,11–19] and
imulations made on this basis have been found to agree reason-
bly well with experimental observations [12,13]. Although the
athematical models used previously differ slightly from each

ther, there is general agreement on the nature of the underlying
hysical phenomena.

Bonding operations may be understood by breaking the pro-
ess down into a succession of discrete steps [4,5]. This can be
ather confusing, since the stages often occur simultaneously,
nd the transition between them is inevitably blurred. However, it
s certainly true that bonding progresses via two distinct regimes.
t short times, rapid solute transport in the liquid means that

tomic fluxes in that phase dominate the rate at which dissolu-
ion of the parent material occurs. Once the liquid has become
omogeneous, solidification takes place at a rate determined by
he rate of diffusion within the solid phase. This assumption is
upported by numerical simulations [4,6,20].

Since diffusion in the solid is relatively slow, the solidification
tep generally takes much longer to complete than initial dissolu-
ion. In determining the economic viability of any heat treatment,
he total duration is of major concern. The time required for

olidification is therefore of primary interest when deciding
hether any particular system is suitable for TLP bonding. For

his reason, the attention of the present work is restricted to a
escription of the solidification process.

c
c
t
(

the process, only the solidification step is considered, with the conditions after
ymmetry of the system, only half the joint need be considered.

Generally, the pieces to be joined are planar (or have
ow curvatures). While some concerns have been expressed
5,12,17–19] as to whether the interface remains planar during
olidification if the parent material is polycrystalline, the pro-
ess is usually modelled as illustrated schematically in Fig. 1.
nly half the system need to be considered, due to the inherent

ymmetry of the bond.
The initial half-thickness of the liquid layer at the onset of

olidification (s0) may be determined by a simple solute balance,
hich assumes that none of the MPD enters the solid during
issolution [15]. It is convenient to introduce a system of co-
rdinates in which the origin lies at the centre of the bond-line;
he symbol x is used to denote this positional variable, and the
osition of the inter-phase interface is s(t). The evolving concen-
ration profile in the solid region satisfies Fick’s second law [21].

riting c(x,t) for the atomic concentration, this can be expressed
s

∂c(x, t)

∂t
= ∂

∂x

(
D

∂c(x, t)

∂x

)
, s(t) ≤ x ≤ L, t ≥ 0 (1)

here D denotes the diffusion coefficient of the MPD in the solid
nd L corresponds to the (half-) thickness of the system.

It is assumed that the interface is under local equilibrium.
he concentrations of both phases at the interface are therefore
qual to the values of the liquidus (cL) and solidus (cS) compo-
itions for the temperature concerned. To maintain equilibrium
hile conserving solute, any atomic fluxes which may be present

ead to movement of the interface. Estimating these fluxes using
ick’s first law gives rise to an expression for the interface veloc-

ty [22]. Together with solute conservation, conservation of mass
hould be considered as well [23]. The later requires the liquid to
ove to compensate for volume changes or to form porosity at

he solidifying region. The general interface condition depends
n the overall boundary conditions and, for the case of TLP
onding, can easily be taken into account [12]. Also invoking
onservation of matter to derive such an expression requires the

oncentration to be expressed in terms of the absolute atomic
oncentration (the number of atoms per unit volume). To state
he requirement in terms of the relative atomic concentration
mole fraction), it is necessary to introduce a factor, which com-
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ensates for the fact that the molar volume of solid and liquid
ay be different [24]. The conservation requirement is therefore
ritten in the general case as

D
∂c(x, t)

∂x
= (cS − c∗

L)
ds(t)

dt
, x = s(t), t ≥ 0 (2)

n which c∗
L is the effective liquidus concentration. Estimation

f c∗
L for any particular case can be carried out using the balance

pproach [23].
To complete the mathematical statement of the problem,

nitial and boundary conditions for the governing differential
quations must be specified. In the TLP bonding operations of
nterest here, the boundary conditions are

(x, t) = cS, x = s(t), t ≥ 0 (3)

∂c(x, t)

∂x
= 0, x = L, t ≥ 0 (4)

nd the initial conditions are

(x, t) = c0, s(t) < x ≤ L, t = 0 (5)

(t) = s0, t = 0 (6)

Eqs. (1)–(6) give a complete mathematical description of
he process. Several authors [6,11,13,14] have used similar
xpressions to investigate how different systems are expected
o behave. Subject to the auxiliary assumption that D is a con-
tant (independent of concentration), it is possible to write the
overning Eqs. (1)–(6) in non-dimensional form. Introducing
he following dimensionless variables

= Dt

s2
0

(time)

= x

s0
(position)

= c − c0

cS − c∗
L

(concentration)

= s(t)

s0
(interface position)

llows the governing equations to be expressed

∂γ(ρ, τ)

∂τ
= ∂2γ(ρ, τ)

∂ρ2 , σ(τ) ≤ ρ ≤ P, τ ≥ 0 (7)

∂γ(ρ, τ)

∂ρ
= −dσ(τ)

dτ
, ρ = σ(τ), τ ≥ 0 (8)

ubject to

(ρ, τ) = Ω, ρ = 1, τ ≥ 0 (9)

∂γ(ρ, τ) = 0, ρ = P, τ ≥ 0 (10)

∂ρ

(ρ, τ) = 0, 1 < ρ ≤ P, τ = 0 (11)

(τ) = 1, τ = 0 (12)

s

i

c
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n which

= L

s0

= cS − c0

cS − c∗
L

In this form, it is clear that the process of solidification is a
unction of only two dimensionless parameters:

a thermodynamic parameter, Ω, and
a geometric parameter, P.

The diffusivity (D) and the initial thickness of the liquid layer
s0) affect solidification only in a self-similar manner. Doubling
he value of D merely means that the process will progress twice
s quickly. Increasing the width of the liquid layer by a factor of
wo means that solidification will take four times as long.

The liquidus, solidus and far field concentrations do not them-
elves govern the rate of solidification. Rather, it is a ratio of
oncentration differences that determines this [4,6]. The impor-
ance of the ‘saturation parameter’ Ω in characterising diffusion-
ontrolled phase changes has also been recognised in other
ontexts, especially precipitation reactions [1]. For TLP solid-
fication, cS > c0 and c∗

L > cS, which means that Ω < 0, so that
he ‘saturation’ is actually a sub-saturation.

This non-dimensional formulation of the problem indicates
hat TLP solidification can be characterised solely by the val-
es of the ratios Ω and P, since they are the only parameters
hat affect the mathematical behaviour of the solution to Eqs.
7)–(12). The effect of Ω on solidification kinetics has been
tudied in detail [4,6]. However, the way in which P affects the
inetics of the process is not fully known, although it is clear
hat effects of the ratios Ω and P are strongly coupled. This issue
s addressed below.

.2. Analytical solution

Diffusion-controlled moving boundary (“Stefan”) problems
requently occur in various natural phenomena. As Crank has
eported in great detail [22], numerous attempts have been
ade to solve them, using various techniques. Unfortunately,

xact (closed form) solutions are only available for certain, very
estricted, cases. In the current context, only one useful solution
f Eqs. (7)–(12) is available. In dimensionless terms, it can be
ritten as

(ρ, τ) = Ω

erfc (κ)
erfc

(
1 − ρ√

4τ

)
(13)

here erfc(γ) denotes the complementary error function of γ ,
nd the interface motion equation is

√

(t) = s0 + κ 4Dt (14)

n which the constant κ remains to be determined.
Unfortunately, Eq. (13) does not, in the general case, satisfy

onditions (4) or (10) at the fixed boundary. However, if the
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ystem were infinitely large (L → ∞), the boundary condition
4) could be replaced by the equivalent requirement that

(x, t) = c0, x → ∞, t ≥ 0 (15)

In this case, Eq. (13) satisfies all of the conditions required
f the solution. The analytical solution is therefore applicable
nly when the system is infinitely large (semi-infinite).

Of greater practical interest than the concentration profile is
n expression for the rate at which the interface moves. The
solidification rate constant’ κ, can be evaluated by differentiat-
ng Eq. (14) and substituting this differential into Eq. (2), leading
o [12]

πκ erfc(κ) exp(κ2) = Ω (16)

It has thus been demonstrated that the rate of solidification
epends only on Ω when

= L

s0
→ ∞

Unfortunately, Eq. (16) constitutes a complex relationship
etween Ω and κ. Since it is transcendental in nature, it cannot
e inverted algebraically, so it is not possible to express in closed
orm how the rate of solidification depends on Ω. Instead, it
ust be solved numerically, to find the appropriate value for κ.
he outcome of this operation, carried out using a commercial
oftware package [25], is presented in Fig. 2(a).

Large negative saturations are associated with large negative
alues of κ, which implies a fast-moving interface. It follows
hat those systems in which Ω has a large absolute value solid-
fy fastest (other things being equal). In view of the physical
nterpretation which may be placed on Ω (a measure of the driv-
ng force available to move the interface relative to the driving
orce required to move it), this is physically intuitive.

Because costs associated with heat treatments depend criti-
ally on their duration, the time to solidification, t*, is important.
sing the condition

(t∗) = 0

t is possible to derive [12,14]

∗ = s2
0

4Dκ2 (17)

r, in non-dimensional terms,

∗ = 1

4κ2 (18)

Since κ is a function of Ω, the influence of this thermody-
amic parameter on the kinetics of solidification is clear. By
ombining Eqs. (16) and (18), it is possible to determine how
he saturation parameter affects the time to solidification, a func-
ional dependency illustrated in Fig. 2(b). Times to solidification
ary over several orders of magnitude, for values of Ω that
re typically observed in metallic systems. The thermodynamic

haracteristics of an alloy system are therefore expected to have
strong influence on its viability for use in TLP bonding.

In order to relate Eq. (17) to parameters directly controllable
s process variables, it may be assumed that the inter-layer has

q
o

arameter, Ω. (b) Dimensionless time to solidification, τ*, as a function of sub-
aturation, Ω (for systems in which the solute sink may be considered infinitely
arge).

n initial width WI and a homogenous composition cI. A simple
ass balance then requires that the initial thickness of the liquid

ayer (after completion of dissolution) satisfies

Ic
∗
I + (2s0 − WI)c0 = 2s0c

∗
L,

ith c∗
I corrected for density differences between the phases.

earrangement of the terms gives

0 = WI

2

c∗
I − c0

c∗
L − c0

(19)

mplying that

∗ = WI
2

2

(
c∗

I − c0
∗

)2

. (20)

16Dκ cL − c0

Various forms of this expression have previously been
uoted—see, for example, the review of Zhou et al. [6]. Certain
ther formulae for t* have also been proposed [7,15]. It has pre-
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Fig. 3. Thickness of the liquid region, as a function of time, for three different
values of the sub-saturation parameter, Ω (when the extent of the solid is finite).
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iously been pointed out [14] that these can contain significant
rrors, although this covered only fixed values of concentra-
ion c0, whereas Fig. 2(b) reduces the comparison to a single
imensionless plot, illustrating the value of dimensionless rep-
esentation in Eqs. (7)–(12). In fact, as is shown in Appendix A,
hese alternative expressions are accurate only in the limit when

→ 0, as indicated in Fig. 2.

.3. Numerical solutions

For many engineering applications, the thickness of the
ieces to be joined is often large (relative to diffusion distances).
n such circumstances, the solid region may effectively be con-
idered semi-infinite, and the formulae presented in the previous
ection may be used to predict the solidification behaviour. In
ertain applications, however, the ‘infinite sink’ approximation
s unlikely to be valid. For example, TLP processing is rou-
inely used in the microelectronics industry to bond very small
omponents [9–11]. Since it is not obvious how the kinetics
f solidification might be affected when the solid region is of
nite size, it remains unclear as to when the analytical solution
resented earlier is appropriate. This question is now addressed.

No exact solution is available for the finite case, so numerical
pproximations must be used if the magnitude of the ‘finite size
ffect’ is to be assessed. The present authors recently published
16,20] an algorithm designed to obtain approximate solutions
o Eqs. (1)–(6), to any required accuracy. By comparing numer-
cal output from that algorithm with predictions generated using
he exact solution presented in the previous section, the cir-
umstances under which the ‘infinite sink’ approximation is
cceptable can be investigated. (For all of the numerical results
resented here, the time-step and space-step of the finite dif-
erence solution were chosen to be sufficiently small so that
urther refinements led to no discernable differences.) Fig. 3
llustrates how the thickness of a liquid region varies as a func-
ion of time, in terms of the dimensionless parameters defined
arlier (for systems of various sizes and for three different values
f the saturation parameter). In every case, the interface displace-
ent is predicted to depend on

√
t at short times, in accordance

ith Eq. (14). For systems in which the solid sink is of lim-
ted extent, however, deviation from this ‘parabolic’ behaviour
apidly occurs, with solidification progressing at a slower rate.
learly, this is because the presence of a fixed boundary dis-

urbs the diffusion profile. As concentration gradients in the
olid become less steep than in the infinite case, the rate at which
he MPD is transferred from liquid to solid is correspondingly
educed and solidification is slowed.

For systems in which P has a sufficiently large value (i.e.
hen the parent material is thick), the evolving diffusion profile

s not affected by the presence of the fixed boundary. In these
ases, it is appropriate to consider the system as though it were
nfinite, so that the thickness of the liquid region is predicted to
ary with the square root of time until solidification is complete.

he values of κ implied by these numerical results are found to
e almost exactly equal to those given by Eq. (16).

The tendency for a fixed boundary to retard solidification is
bserved in all cases, irrespective of the value of the saturation
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ig. 4. Time required to completely solidify the liquid, as a function of the size
f the solid region, expressed in (a) dimensionless units and (b) normalised units.

arameter. However, the actual size of solid material that may be
onsidered ‘sufficiently large’ for edge effects to be neglected
epends critically on Ω. To illustrate this effect more easily,
ig. 4 presents data for the dimensionless time required to solid-

fy the liquid phase, (τ*) as a function of the dimensionless extent
f the solid region (P − 1), for various values of Ω.

From Fig. 4(a), it may be concluded that, for increasingly
hick solid pieces (P → ∞), the dimensionless time to solidifica-
ion tends to a fixed value, τ∗∞ (which depends on the saturation
arameter). This value can be calculated using Eq. (18). For
maller systems, the time to solidification is longer. At some
ritical size of system, Lcrit (or, equivalently, Pcrit), the time to
olidification becomes infinite. This corresponds to a system in
hich the solid would become totally saturated in solute just

t the moment when the liquid is completely consumed. The
ritical size therefore depends on the liquidus and solidus con-

entrations, and can be calculated on the basis of a simple mass
alance

∗
Ls0 + c0(Lcrit − s0) = cSLcrit

w
l
t
D

Engineering A 445–446 (2007) 493–500

n terms of the dimensionless parameter Ω, this can be expressed
s

crit − 1 = −Ω−1 (21)

Using Eqs. (18) and (21), it is possible to normalise the axes
f Fig. 4(a). Associated results are presented in Fig. 4(b), which
hows that values for the time to solidification which are subject
o the infinite matrix approximation contain errors of less than
% for

P − 1

Pcrit − 1
> 2 (22)

hen |Ω| < 1 (i.e. for saturations common in metallic alloys).
ccording to Eq. (21), this means that the infinite sink approxi-
ation is suitable for systems where P > 1 − 2Ω−1 (if |Ω| < 1).
uch a conclusion is supported by the data presented in Fig. 3,
hich confirm that (for systems of this size) the motion of the

nterface follows a
√

t dependency, indicating that the effect of
he far boundary is insignificant.

.4. Application to real systems

Subject to the identification of a suitable MPD to use as an
nter-layer, any material could theoretically be joined using the
LP bonding technique. In practice, it has been used in only
few alloy systems, probably because it is generally assumed

hat the diffusivity of the melting point depressant must be high
f solidification is to be completed in a reasonable time. (The
eview of MacDonald and Eagar [4] mentions a lower limit of
round 10−12 m2 s−1, which effectively constitutes a restriction
o elements that diffuse interstitially.) However, the preceding
nalysis demonstrates that the time required to solidify a TLP
lso depends on factors other than the value of D—the saturation
arameter Ω, for example (see Fig. 2(b)). These other factors
hould also be taken into account when selecting an MPD inter-
ayer.

Consider, for instance, inter-layers for use in the bonding of
ickel, a candidate for use in high temperature MEMS pack-
ges. (Other systems, such as Au/Sn/Au and Ag/Cu/Ag, are
f interest for microelectronic applications [11].) Commonly,
ast-diffusing interstitial elements, such as boron [5] or phos-
horus [13], are employed as the MPD. However, these elements
ave a very low solubility, and a relatively high liquidus con-
entration, in Ni. Other elements, vanadium, for example, have
ather different characteristics, as can be seen from the phase
iagrams presented in Fig. 5. In order to assess which candi-
ate material constitutes the most effective inter-layer (the one
hich would lead to most rapid solidification), it can be assumed

hat the solid is sufficiently large that the exact analytical solu-
ion may be used. An estimate can then be made of the time
equired to solidify a liquid layer containing one of these ele-
ents during a heat treatment at, say, 1200 ◦C. Zhou and North

13] previously considered precisely this problem, for the case

here the MPD is phosphorous. If the Ni is pure (c0 = 0), the

iquidus and solidus values they quote correspond to a satura-
ion parameter of ΩP = −0.017. They used a diffusivity value of

P = 1.8 × 10−11 m2 s−1. The same values are assumed here. In
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Fig. 5. Binary phase diagrams [26] between Ni and candidate

he case of vanadium, the saturation parameter is estimated from
he conditions at the eutectic temperature, giving ΩV = −5.3.
tandard data [26] are used to calculate the inter-diffusivity of
in Ni, resulting in a value of DV = 4.6 × 10−14 m2 s−1. (In both

ases, the difference in molar volume between solid and liquid
hases has been neglected.)

Extrusion of liquid from between the faying surfaces is rou-
inely reported during TLP bonding experiments [4]. This being
he case, Eq. (19) is unlikely to yield an accurate estimate of
he thickness of the liquid layer at the start of solidification.
n fact, the amount of liquid present is more likely to be deter-
ined by the physical characteristics of the material to be joined

roughness, for example), than by the chemical identity of the
nter-layer. On this basis, the thickness of liquid present at the
tart of solidification when either V or P is used to bond Ni
ay be assumed to be approximately equal. From Eq. (17), it is

herefore possible to write

t∗P
t∗V

= κ2
VDV

κ2
PDP

Substituting values for κ calculated from a numerical solution
o Eq. (16), this ratio is found to be approximately 20. This
mplies that, during an isothermal heat treatment at 1200 ◦C, a
iquid layer caused by the presence of V solidifies about twenty
imes faster than one of the same size containing P. The more
apid diffusion of P is thus insufficient to compensate for the
ffects of its very limited solubility.

In general, since interstitial elements tend to strain the lattice
f the parent material, high concentrations of such elements are
nergetically unfavourable. This limited solubility means that it
s difficult to establish steep concentration gradients when the

PD is an interstitial element. Shallow gradients will give rise
o small atomic fluxes, even if the (interstitial) MPD has a high
iffusivity. On the other hand, it is often possible to accommo-

ate large concentrations of a substitutional MPD. Large fluxes
ould then be generated, despite the slower diffusivities. Solidi-
cation may still be more rapid, therefore, than in the interstitial
ase.

(

ents for its TLP bonding: (a) phosphorus and (b) vanadium.

These arguments serve to demonstrate that a full understand-
ng of the bonding process is needed if the optimal (fastest
olidifying) inter-layer materials are to be identified for any par-
icular application. While TLP bonding is a diffusion-controlled
rocess, diffusivity data alone are inadequate for assessing the
uitability of potential candidates. Of course, other factors, such
s a low eutectic temperature, poor wettability, a propensity to
orm other phases, a tendency to cause embrittlement, etc., may
lace further constraints on the choice of inter-layer. Neverthe-
ess, the example provided by this cursory assessment of two
andidate MPDs for joining Ni clearly illustrates the point that a
omplete understanding of the phenomenon is required in order
o select the best inter-layer.

. Conclusions

A study has been made of the mathematical characteristics
f a well-established model for solidification of TLP bonds in
inary alloy systems. The main conclusions may be summarised
s follows:

a) The rate of solidification may be characterised by two dimen-
sionless parameters: one (Ω) relates to the concentration
gradients and thermodynamic characteristics of the system
and the other (P) relates to geometrical factors.

b) Physical parameters, such as the diffusivity and the maxi-
mum extent of the liquid region, are found to affect predic-
tions only in a self-similar manner.

c) Exact analytical expressions for the time required for com-
plete solidification are available for the case where the solid
is of infinite extent.

d) For conditions typically encountered during TLP bonding,
the exact expressions are accurate to within 2% for finite
systems when P > 1 − 2Ω−1 (if |Ω| < 1).

e) Decreasing the extent of the solid region will increase the

time required for complete solidification.

f) It has been shown that choice of material for inter-layers dur-
ing TLP bonding should be based on rational assessment of
the effects of the various relevant parameters. As an exam-
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ple of this, elements forming interstitial solutes in the parent
material may lead to slower bonding than others forming
substitutional solutes, despite their faster diffusion rates.
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ppendix A

The derivation of Eq. (17) as a means of estimating t* uses the
xact solution to the system of differential equations expressed
n Eqs. (1)–(6). Some authors [7,15] have presented different
ormulae. These were derived using expressions that do not con-
titute an exact solution to the governing equations and, as such,
ay be considered erroneous. As Zhou has pointed out [14],

hese solutions use an expression for the evolving concentration
rofile which does not take account of the motion of the inter-
hase boundary. Rather, the concentration profile is described as
hough the interface were stationary. On the basis of this expres-
ion, interfacial fluxes are calculated and the rate of interface
otion is estimated. The resulting expressions therefore consti-

ute what may be termed ‘quasi-static’ solutions.
Numerical calculations have shown [14] that the resulting

redictions may contain significant errors (when compared with
he exact solution). In fact, it is possible to reconcile the exact
nd quasi-static solution, showing that the latter is actually a
articular case of the former with validity restricted to the case
here Ω → 0. Since this corresponds to the case where the inter-

ace moves very slowly, the ‘quasi-static’ assumption implicit
n its derivation may equally be understood on a purely physical
asis.

More rigorously, the expansions

rfc(κ) = 1 − 2√
π

∞∑
i=0

(−1)iκ2i+1

(2i + 1) × i!

nd

xp(κ2) =
∞∑
i=0

κ2i

i!

ean that Eq. (19) can alternatively be expressed as

= √
π

(
κ − 2√

π
κ2 + κ3 + · · ·

)

herefore, for slowly moving interfaces (small κ)

≈ Ω√
π

(A.1)
ubstituting expression (A.1) into Eq. (18) gives

∗ = π

4Ω2 (A.2)

[
[

[

Engineering A 445–446 (2007) 493–500

Estimating the value of s0 using Eq. (19), the time to solidi-
cation can be calculated as

∗ ≈ π

16D

(
WI

c∗
I − c0

c∗
L − c0

cS − c∗
L

cS − c0

)2

≈ π

16D

(
WI

c∗
I

cS − c0

)2

,

(A.3)

ince small values of κ correspond to small Ω (which implies
hat cI ≥ cL 
 cS > c0).

Eq. (A.3) is exactly the result proposed by Tuah-Poku et al.
15] and Liu et al. [7] (whose investigations were restricted to
he particular case where c0 = 0 and liquid and solid densities are
qual). Given that the validity of this approximation is limited
o applications in which cI ≥ cL 
 cS > c0, and given that the
xact solution is not very much more complicated, it would be
referable to use Eq. (17) to estimate t*, with κ determined either
raphically (from Fig. 2) or numerically (from Eq. (16)).
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