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We show that although the algebraic semantics of place/transition Petri nets under the collective
token philosophy can be fully explained in terms of strictly symmetric monoidal categories, the analo-
gous construction under the individual token philosophy is not completely satisfactory, because it lacks
universality and also functoriality. We introduce the notion of pre-nets to overcome this, obtaining a
fully satisfactory categorical treatment, where the operational semantics of nets yields an adjunction.
This allows us to present a uniform logical description of net behaviors under both the collective and
the individual token philosophies in terms of theories and theory morphisms in partial membership
equational logic. Moreover, since the universal property of adjunctions guarantees that colimit con-
structions on nets are preserved in our algebraic models, the resulting semantic framework has good
compositional properties. © 2001 Academic Press
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INTRODUCTION

Petri nets, introduced by Petri in [29] (see also [32]), are one of the most widely used and evoc:
models for concurrency, because of the simple formal description of the net model and its na
characterization of concurrent and distributed systems. We will focus on place/transition Petri
(PT nets). The extensive use of PT nets has given rise to different schools of thought regarding
semantical interpretation. In particular, there is an overall distinction bete@kattiveandindividual
token philosophietsee, e.g., [13]). According to the collective token philosopBiy$h), net semantics
should not distinguish between different instances of the idealized resources which are positi
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at the same place, because any such instance (caliekeg is operationally equivalent to all the
others. This view chooses to ignore that operationally equivalent resources may have different or
and histories, carrying different causality information. Selecting one instance of a resource re
than another may be as different as being or not being causally dependent on some previous
and this may well be information which one is not ready to discard, which is the point of view
the individual token philosophy/Tph). Of course, causal dependencies may influence the degree
concurrency in the computations, and therefore @g@h and the/Tph lead to different concurrent
semantics.

The paper [21] proposed an algebraic approach to the analysis of concurrent net computations
on the observation that the monoidal structure of PT net states—multisets over the set of places
a free commutative monoid, where the monoidal operation is the multiset union and the unit is
empty multiset—can be lifted to transitions (and then to computations) in such a way that the suit
axiomatized terms of the new algebra yield an initial model for the concurrent semantics of the
(according to theCTph). This construction respects the intuitive simulation morphisms between ne
when these are seen as graphs with structured nodes, as it can be expressed as a functor from the ¢
Petri of PT nets (as objects) and simulation morphisms (as arrows) to the catgloryCat of strictly
symmetric strict monoidal categories (as objects) and symmetric monoidal functors (as arrows), w
computation models live. Moreover, when one considers the full subcateg@ylofiCat consisting
of categories whose objects are the elements of a free monoid, then the functorial construction «
concurrent model of computations is the left adjoint to an obvious forgetful functor. Thus, the unive
properties of the adjunction guarantee the compositionality of the semantic framework: The sema
of all net compositions that can be expressed via colimit constructioRstin (e.g., via pushouts) is
given by taking the corresponding colimit in the category of models.

In this paper we investigate the operational, algebraic and logical aspects of PT nets under bo
CTph and thelTph, exploiting the features of the algebraic approach to establish formal relationst
between different proposals. As in [21], an important feature of our comparison and integratio
different approaches to Petri net semantics in both the collective and individual token philosophi
that we emphasize the functorial character of the different semantic constructions. This is impo
for at least two reasons. First, by defining the appropriate categories, we make explicit the assoc
morphisms, which correspond to appropriate notiorsrafilationor refinemenbetween nets. Second,
by seeking functorial constructions, we ensure that they behave properly not only on the objects
also on the simulation maps, and, furthermore, by making such constructions adjunctions we ac
a high degree of modularity because of the colimit-preserving nature of left adjoints. The abs
formulation of the algebraic semantics facilitates its comparison with other proposals, providing hel
mathematical tools for net analysis. Moreover, several efficient languages have been develope
support algebraic specifications and hence can be used to manipulate and reason about semantics
automatically.

Another important theme in this paper is the logical unification of the different semantics in
collective and individual token philosophies. That is, how can all these constructions be related w
a unifying logical framework? We show in Section 4 that an appropriate partial equational logic cal
avery good and economic logical framework in this regard, because (i) we can axiomatize the diffe
categories of interest as categories of partial algebras for suitable equational specifications, and (
can obtain each adjoint construction freely, in the sense that it follows—using general model-thec
properties guaranteed by the logic—from a compact specification of the forgetful functor, which i
fact induced by a theory morphism between the underlying theories of the two categories of mc
under consideration. There are a number of such partial equational logics which are in some
equivalent for the task, i.e., essentially all logics whose categories of models are the locally fin
presentable categories [12] (see [20, 25] for discussions of those logics). Among those equal
logics we have chosgrartial membership equational log{@MEqtl) for the following reasons: (i) its
support for subsorts, operator overloading, and membership axioms allows more compact specific:
and often subsumes other formalisms as special cases; (ii) its theories have a tensor product const
which is very useful for our purposes; and (iii) there is a conservative extension to the framevatak of
membership equational logic [20] for which both a mechanized implementation [10] and well-develo
theorem-proving techniques [4] are available. Hence, the prodestttl characterizations can be
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used to support both execution and reasoning on the models they characterize. For example, the
mechanical tools for manipulating and simplifying expressions that represent concurrent computa
and which can test for equality automatically. Moreover, working at a theory level leads to quite sin
descriptions and allows one to use standard results to prove the existence of adjunctions, e.g., a
morphism from a theory of programs (i.e., nets) to a theory of models induces an obvious forge
functor (in the reverse direction) between the categories of algebras associated with the theories,
has a left adjoint providing the free construction of models for programs. It also allows one to comy
different models.

The Collective Token Philosophy

The algebraic net theory developed under@¥ph is well established [11, 21] and we are going to
use it directly in order to present a detailed understanding of the relationships among the computat
algebraic, and logical interpretations of t6&ph.

Starting with classical token-game semantics, many behavioral models for Petri nets have
proposed that follow the collective token philosophy. In fact, there are too many to be systematic
reviewed here. Among these, however, there is a relatively recent study by van Glabbeek and Pl
based orconfiguration structure$l3]. Clearly inspired by the domains of configurationsevient
structureg[36], configuration structures are simply collections of (multi)sets which, at the same tin
represent the legitimate system states and the system dynamics, i.e., the transitions between these

One of the themes of this paper is a comparison of configuration structures with the algebraic m
of [21], which adopts th& Tph and provides a precise algebraic reinterpretation of yet an@ph
model, namely, theommutative processed Best and Devillers [3]. In particular, we observe that
configuration structures are too abstract a model, i.e., that they make undesirable identifications of
and we conclude that strictly symmetric monoidal categories provide a superior model of net beha

To better illustrate the differences between the two semantic frameworks mentioned above, we ¢
concurrent transition systenf€TS) as a bridge model. These provide a much more simplified versi
of higher dimensional transition systems [9]. In fact we choose these systems as the simplest b
models to best convey our ideas.

Concurrent transition systems resemble configuration structures, but they are more expressive.
also draw on earlier very significant models, such as distributed transition systems [18], step an
transition systems [26], and local event structures [15]. Moreover, the equivalence of the behav
semantics of concurrent transition systems and the algebraic semantics of monoidal categories ¢
stated very concisely.

As afirst result of our research, in this paper we show that Best—Devillers commutative processe
algebraic model of [21] based on monoidal categories, and the concurrent transition system beha
model all coincide, in the precise sense of being related by equivalences of categories. We also
how the behavioral model provided by configuration structures is too abstract, but it is related to al
above models by a natural transformation that characterizes the identification of inequivalent net:
behaviors caused by configuration structures.

We then observe that the construction of the concurrent operational behavior formulated via ¢
mutative processes exactly corresponds (1) at a semantic level, to the universal consIr(gtara
strictly symmetric (strict) monoidal categdrfthe arrows off (N) represent the commutative processes
ofthe netN), and (2) at a logical level, to an adjunction induced by a suitable morphism between theo
in PMEqtl .

Though the first observation is a well-known fact [11], the second point has only been outlined in
and is fully discussed in this paper. The feature®bfEqtl (partiality, poset of sorts, membership
assertions) offer a natural framework for the specification of categorical structures. For example
sequential composition of arrows is a partial operation, and objects can be more easily modelec
subsort of arrows, instead of using an injective embediaingMoreover, a notion of tensor product
for partial algebraic theories is used in [22] to obtain, among other things, an elegant definition of
theory of monoidal categories.

2 Since we consider only strict monoidal categories, in the rest of the paper we omit the adjeittive
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The Individual Token Philosophy

WhentheTphis assumed, itis more difficult to give a precise account of the relationships between
different interpretations. Building on the notion pfocesspresented in [14], it has been shown that
the semantics of a net can still be understood in terms of symmetric monoidal categories, but no
the proposed constructions work properly in the large, i.e., they fail to preserve at the semantic
some ordinary simulation morphisms between nets given at the level of theories (cf. [11, 34]; see
for an overview). As recalled above, the functoriality (and hence the lifting of simulation morphis
on nets to the level of computation models) is, on the other hand, an essential property for guarant
the compositionality of the semantic framework.

More precisely, a simple variation on the Goltz—Reisig processes, aalechtenable processes
is introduced in [11]. Concatenable processes admit sequential composition and yield a symr
ric monoidal categoryP(N) for each netN, but their construction is not functorial. Indeed, fdr
and N’ two nets such that the structure Nf can be embedded in that &f, it may be the case
that the concurrent behavior ™ cannot be recovered from that &f, because equivalent com-
putations inN should now be distinguished when they are simulated as computatioNs (see
Example 1.1).

In [34] the situation is improved by introducing the notionstfongly concatenable processas a
slight refinement of concatenable processes, where alinear ordering is allocated to minimal and ma
places (whereas in concatenable processes, only instances of the same resource are ordered). ¢
concatenable processes can be expressedpgawalo-functo©( ), i.e., a mapping between categories
that preserves identities and composition up to a natural isomorphism. In particular, the pseudo-fu
9()) is a mapping of net morphisms to symmetric monoidal functors that strictly preserves identit
This construction is almost satisfactory, and indeed it extends to a functorHetri) the category
introduced in [21], to a quotient category of a suitable full subcategor$3IM¥IC, the category of
symmetric monoidal categories (as objects) and symmetric monoidal functors (as arrows); furtherr
it defines a left adjoint to a subcategory of such a quotient characterized by axiomatizing the ro
transitions inQ(N).

The main difficulty in extending this nice algebraic framework to fgh is that net morphisms in
Petri allow one to replace two different resour@eandb by two possibly nondisjoint multisetsand
v in the target net in such a way that tokens in their uniep v can be partitioned inta andv only
up to a certain degree of ambiguity, whereas fffygh requires a precise correspondence between tt
instances of such resources. In [34] this is solved by including information about the mappings c
the possibldinear implementationsf a multiset. That is, for each transitionu — v, a basic arrow
tgz:U— visintroduced (and suitably axiomatized) in the semantic model, for any linearizates
v (i.e., strings of places) of multisetsandv. Although this settles the ambiguity problem, it gives a
construction that, as mentioned above, is functorial only up to isomorphism, thus raising the need
complex quotient operation.

We present an analogous construction centered on the notioprefraet A pre-net can be thought
of as a precise implementation of a net, where the abstract data structure of multisets is refined
more concrete string structure, and where each trangition> v is simulated by one arbitrarily fixed
(instead of all) linear implementatidg ; : U — v for some linearizationa andv of u andv. Note that
pre-nets have a different computational interpretation than phrase-structure grammars, since we |
distinguish between terminal and nonterminal symbols, and strings can be permuted before perfol
any step, i.e., ordinary grammars would only generate monoidal categories, without symmetries
though abandoning multisets might at first appear unnatural to net enthusiasts, our formal approz
the ITph benefits from several good properties:

> All the pre-net implementations of the same net share the same semantic model, i.e.
semantics is independent of the choice of linearizations.

> Algebraic models of pre-nets are freely generated and therefore preserve colimit construc
on nets, adding compositionality to the framework.

> The semantic model for the implemented net given by the constru@fgrcan be recovered
from any pre-net implementation.

> The algebraic semantics of pre-nets can also be rephrased in the logical frameRibi&atf .
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This means thatthe investigation of the behavioral, algebraic, and logical aspects of PT nets alrea
veloped fortheC Tph can be successfully extended to the individual token approach, using pre-netsra
than PT nets to accomplish a better categorical construction which fully supports an algebraic viewy

By using PMEQqtl techniques, we are able to formalize the construction as the free construct
associated with a straightforward theory morphism from the theory of pre-nets to the theory of s
metric monoidal categories. Finally, theory morphisms can be exploited to reconcilEoheiew of
pre-nets and th€Tph view of PT nets, in the sense that, starting from the category of pre-nets, ¢
can either view them as PT nets and take @&ph semantics or take th&ph semantics and then
forget about causality information, always obtaining the same result. Note that, from the propert
theory morphisms, this result holds not only at the object level (as was shown in [11] for the const
tions 7 (L) andP(.)), but also at the arrow level, resulting in a commuting square of adjunctions (s
Proposition 4.10).

Origin and structure of the paper. This paper improves and slightly extends our earlier researt
in [7, 8], regarding both collective and individual token philosophies, thus providing a structured :
uniform presentation of all concepts and details of both philosophies.

In Section 1 we look at the basic definitions of PT nets, explain the distinction between their
computational interpretations (individual vs. collective), and summarize the approaches present
the literature to accommodate these two views. The corresponding two semantics given in the liter
are presented in Sections 1.1 and 1.2, respectively.

Section 2 compares configuration structures, monoidal categories, and concurrent transition sys
Section 3 introduces pre-nets, defining their algebraic semantics and the relationship with ordi
PT nets. In Section 4 we empl®MEQqtl to formalize the logical aspects of both PT net and pre
net semantics, reconciling the two views. The basics of partial membership equational logic anc
tensor product construction of theories are covered in the Appendix to make the paper practi
self-contained.

1. PTNETS

Place/transition Petri nets, the most widespread flavor of Petri nets, are graphs with distributed «
described by (finite) distributions of resources (tokens) in places. These are usuallyreakéays and
are represented as multisetsS— N, whereu(a) indicates the number of tokens that placearries
in u. To some extent, places can be seen as the different types of usable resources.

We shall useu(S) to indicate the set of finite multisets &) i.e., multisets that yield a zero on all
but finitely manya € S. Multiset union, which we denote by with (u + v)(a) = u(a) + v(a) for
any placea, makesu(S) a free commutative monoid o8 (whose unit is the empty multiset, denoted
by @).

Derinimion 1.1, A place/transition Petri ne(PT ne) is a tupleN = (dg, 91, S, T), whereSis a set
of places T is a set otransitions and the functiongy, 91: T — w(S) assign, respectively, source and
target to each transition.

Informally, 9o(t) prescribes the minimum amount of resources needed to enable the transitidat
01(t) describes the resources that the occurrentearfitributes to the overall state. This is made explicif
in the following definition, where we shall indicate multiset inclusion and difference by, respective
C and—, whereu C v if u(a) < v(a) for any placea andv — u is only defined whem C v and returns
the unique multiset’’ such that = u + u'.

Derinimion 1.2, Letu andv be markings, and IeX : T — N be a finite multiset of transitions in a
net N. We say thau evolves tov under thestep X in symbolsu [X) v, if the transitions inX are
concurrently enabled at i.e., )+ X(t) - do(t) < u, and

v=u-— ; X(t) - do(t) + ; X(t) - 01(t).

A step sequendeom ug to up is a sequencey [ X1) Ug [X2) Uz .. Un—1[Xn) Un, withn > 0 (if n =0
then the step sequencesisipty.
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FIGURE 1

PT nets are often taken together with an initial statmeakedPT netN is a PT net{p, 91, S, T)
together with amnitial marking up € ©(S). In order to equip PT nets with a natural notion of morphism
we consider maps of transition systems that preserve the monoidal structure of states.

Derinmion 1.3. - Anetmorphisnirom N = (9o, 31, S, T)toN’ = (8, 91, S, T)isapairf = (f;, fp)
wheref,: T — T’is afunction, and : 1(S) — w(S) is a monoid homomorphism such tlégb f; =
foo d;, fori = 0, 1. A morphism of marked nets is a morphism of nets such thai) = uj,.

To shorten the notation we will omit the subscripts from morphism components. WPaige
(respectivelyPetri,) to indicate the category of (respectively marked) PT nets and their morphisr
with the obvious componentwise composition of arrows.

Several different proposals of net morphisms can be found in the literature that give rise to diffe
categories of nets, e.g., [1, 5, 6, 26]. Comparing these categorRstiiois not so straightforward,
and we cannot address here the question as to whether and to what extent our results would
with these choices. We limit ourselves to remarking that our morphisms follow the two main al
braic approaches to nets—namely Winskel’s [35] and Meseguer-Montanari’s [21]—and their stre
lies in their naturality, which stems directly from viewing nets as algebras and graphs at the s
time.

To compare the effects of collective and individual token philosophies on observing causal relat
between fired transitions, let us consider the example in Fig. 1, adapted from [13]. (As usual, boxes
for transitions, circles for places, dots for tokens, and weighted oriented arcs represent the fagctic
andd,.) Both transitions andt’ are enabled in the initial markin@, b, c}, but observe that the firing of
t produces a second token in pldzé\ccording to the Tph, it makes a difference whethgrconsumes
the token inb originated from the firing of, or the one coming from the initial marking. In the first
case the occurrence tfcausally depends on that ifwhereas in the second case the two firings ar
independent. In th€Tph, instead, the two firings are always taken as concurrent, because the firin
t does not affect the enabling conditiontaf

1.1. Collective Token Semantics

Several interesting aspects of Petri net theory can be profitably developed within category the
see, e.g., [5, 21, 35]. We focus on the approach initiated in [21] (other relevant references are [11, 2
33, 34]) which reveals the monoidal structure of Petri nets under the operation of parallel composi
In[11, 21]itis shown how the sets of transitions can be endowed with appropriate algebraic structur
order to capture some basic constructions on nets. In particular, the commutative processes of Be
Devillers [3]—or equivalently, step and firing sequences up to diamond transformation equivalenc
which represent the natural behavioral model for PT nets under the collective token philosophy, cz
characterized by adding a functorial sequential composition on the monoid of steps, thus giving a st
symmetric monoidal category(N) (it is called strictly symmetric because the monoidal operation i
commutative).

Denoting byCMonCat the category of strictly symmetric monoidal categories (as objects) a
monoidal functors (as arrows),(_) extends to a functor frorRetri to CMonCat.

Remark. Allthe functors that we present, from a category of nets to a category of models (viewe:
suitable monoidal categories) are faithful but not full, as is common in the construction of free moc
For example, the functdr (_) is faithful but not full, since inCMonCat transitions can be mapped to
computations (giving the so-calléhplementation morphisnj21]), whereas irPetri transitions can
only be mapped to transitions.

For each nelN, the categoryZ (N) can be inductively defined by the inference rules in Table
modulo the axioms in Table 2, which state tHgiN) is a strictly symmetric monoidal category, since
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TABLE 1
Inference Rules fof (N)

ue u(&) teTn, do(t)=u, ht)=v
idy:u—ue7(N) t:u—ve7(N)

a:u— v, B:u — v € T(N) a:u— v, B:iv—> we T(N)
a®B:u+u —>v+v € T(N) a;B:u— w e T(N)

they must be satisfied by all arrows«’, 8, 8/, § (that can be composed correctly) and all multisets
andv.

The intuition here is that objects are multisets of places, arrows are step sequences, and
composition is their concatenation, whereas the monoidal operatarallows such sequences to be
composed in parallel. It turns out that this algebraic structure describes precisely the prate&est
and Devillers.

ProprosiTion1.1 (cf. [21]). The presentation &f (N) given above precisely characterizes the algebre
of commutative processes of the PT netil., the (equivalence classes parrows in7(N) are in
bijective correspondence with the commutative processesafid\the correspondence commutes witt
the operation of the algebralefining a homomorphism.

In other words, if we denote I§/(N) the monoidal category whose objects are multisets of places a
whose arrows are the commutative processés, dfienCP(N) and7 (N) are isomorphic ircMonCat.
Moreover, if one considers the full subcategoryadlonCat consisting of categories whose monoids
of objects are freely generated, then there is an obvious forgetful functor from this subcateetry,to
which is a right adjoint ta/ ().

When we are interested in marked nets, by analogy Rttni,., we take a pointed categor§(cp) to
be a categor{ together with a distinguished objexgt € C. Similarly, a pointed functor fromQ, cp)
to (D, dp) is a functorF : C — D which maps the distinguished objegtto the distinguished objedk.
Then, wherCMonCat, is used to denote the category of pointed strictly symmetric monoidal categor
and their pointed functors, the previous construction extends immediately to a fup@tor. Petri, —
CMonCat,, such that folN = (9, 91, S, T, Up) @ marked PT net, then

T.(N) = (7 (9o, 01, S, T), Uo).

As an alternative proposal for representing the behavior of nets according@ygite in the same
paper where they introduce the distinction between collective token and individual token philoso
van Glabbeek and Plotkin defigenfiguration structuresThese are structures inspired by event struc
tures [36] whose dynamics are uniquely determined by an explicitly given set of possible configurat
of the system. However, the structures that they end up associating with nets are not exactly cc
uration structures. They enhance them in two ways: first, by considering multisets instead of se
occurrences, and second, by using an explicit transition relation between configurations. While
first point can be handled easily, as we do below, the second one seems to compromise the basi
underlying the framework and to show that configuration structures do not offer a faithful represente
of the concurrent behavior of nets.

Derinimion 1.4, Aconfiguration structurés given by a seE and a collectiorC of finite multisets
over the sekE. The elements oE are calleceventsand the elements & configurations

TABLE 2
Axioms for 7 (N)
Neutral dzg®a=«
Commutativity adpf=Bba
Associativity COBBS=ad(BDS) (a; B); 8 = a;(B;6)
Identities o)idy =a = idy; o idy @ id, = idy4y

Functoriality BB f)=(@ad);BdB)
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The ideais that an eventis an occurrence of an action the system may perform and that a configu
X represents a state of the system, which is determined by the collectiéonccurred events. The set
C of admissible configurations yields a relation representing how the system can evolve from one
to another.

DeriniTion 1.5, Let (€, C) be a configuration structure. F&, Y in C we write X — Y if

Q) Xcv,
(2) Y — Xisfinite,
(3) for any multisetZ suchthatX ¢ Z C Y, we haveZ € C.

The relation— is called thestep transition relation

Intuitively, X — Y means that the system can evolve from s)ate stateY by performing the events
in Y — X concurrently. To stress this we shall occasionally wxites Y, withL =Y — X. Observe that
the last condition essentially means that the events#X can be performed concurrently if and only if
they can be performed in any order. In our opinion, this requirement embodies an interleaving-orie
view, as it reduces concurrency to nondeterminism. As we explain below, we view this as the r
weakness of configuration structures.

In the following definition we slightly refine the notion of net configuration proposed in [13], sin
the original definition may improperly include multisets of transitions that cannot be fired from |
initial marking.

Derinimion 1.6 (From PT nets to configuration structures). Net= (dg, 91, S, T, Ug) be a marked
PT net. A finite multisetX of transitions is calledireableif a partition Xy, ..., X, of X exists such
thatug [X1) uUs...un_1 [Xn) Uyn is a step sequence. @onfigurationof N is a fireable multiseX of
transitions. The configuration structure associated Witls cs(N) = (T, Cyn), whereCy is the set of
configurations oiN.

It follows that for each configuratioX the functionuy : S— Z given by

Ux = Uo+ Y X(t) - dx(t) — D X(t) - do(t)

teT teT

is a (reachable) marking; i.e.,®ux(a) for all a € S. Moreover, ifX is a configuration andx [U) v
thenX 4 U is also a configuration angd= ucx.u).

Generally speaking, iN is apure neti.e., a net with no self-loops, ther(N) can be considered a
reasonable semantics fot. Otherwise, as observed also in [13], it is not a good idea to rebut®e
¢s(N). Consider, for example, the marked nBtsindM of Fig. 2. They have very different behaviors.
In fact, in N the actiondp andt; are concurrent, whereas M they are mutually exclusive. However,
since inM any interleaving ofy andt; is possible, the diagona& — ({to, t;} sneaks into the structure
by definition. As a result, botilN and M yield the configuration structure represented in Fig. 3, eve
though(tg, t1} is not an admissible step fdvl. The limit case is the marked net consisting of a single
self-loop: readers can check for themselves that, according(f} it can fire arbitrarily large steps.

These problems have prompted us to look for a similar semantic framework that represent:
behaviors more faithfully than configuration structures. The key observation is that there is not

cO O e O O

FIG. 2. The netsN andM of our running example.
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%)

FIG. 3. The configuration structures(N) = cs(M) for the netsN andM.

wrong with the assumption that if a step involving many parallel actions can occur in a certain state,
all the possible interleaving sequences of those actions can also occur from that state. The proble
bit is assuming the inverse implication, because it actually reduces concurrency to nondeterminisr
makes the set of configurations uniquely determine the transition relation. Our proposed solution i
notion of concurrent transition systems, which will be discussed in Section 2.

1.2. Individual Token Semantics

Since the/Tph makes a distinction between resources in the same class that have different ori
and histories, it is well supported by the process-based approach. Ideally, (deterministic) process
computations that carry some explicit causal information between transition firings @adlet$. This
corresponds to an abstract view of processes as posets whose elements are labeled by transition
net [27, 35, 36], i.e., agomsetsConcretely, such computations are represented by suitable, structt
preserving maps from a special class of nets in the net under inspection. The role of such maps
disambiguate different firings of the same transition, and, at the same time, to give a precise accol
the causal and distributed nature of the computations they represent.

Derinimion 1.7. A process nefalso calleddeterministic occurrence nets a finite, acyclic net
P = (9o, 91, S, T) such that for alt € T, 9o(t) anda, (t) are sets (as opposed to multisets), and for a
to#£t1 €T, 0(to) Noi(t) =D, fori =0, 1.

Deriniion 1.8, Aprocessof N € Petri is a morphismr : P — N, whereP is a process net and
7 is a net morphism which maps places to places (as opposed to more general morphisms whicl
places to markings).

Two processes : P — N andn’: P’ — N areisomorphic and thus identified, if a net isomorphism
¥ 1 P — P’existssuchthat = ; 7’. We shall us®©(P) andD(P) to denote theninimal(i.e., with em-
pty pre-set) anchaximal(i.e., with empty post-set) places of a procesdhdD stands for originsD for
destinations.) For a process P — N, the multisetr (O(P)) (with 7 (O(P))(a) = |7 ~1(a) N O(P)|,
for each placa € N) represents the resources availabléNtdefore theexecutiornof 7, and we can
similarly definer (D(P)) as those resources availableNrnwhen the execution of is completed.

Two processes for the (marked) net of Fig. 1 are represented by the mappiagd; from the
process net®, and P; in Fig. 4, where dotted arrows show the images of places and transitions (
readability, we omit the names of the element$etind P,).

Since processes represent computations, it is natural to seek a notion of a sequential composi
those processes andr’ with 7 (D(P)) = ='(O(P’)), that is,z’ starts from the marking terminates

FIG. 4. Two processe®, and P; modeling the concurrent and the sequential executidreofit’, respectively.
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in. There can be several ways to do this, each corresponding to a different assignment of instan
the same place betwed P) and O(P’). To overcome this ambiguity, concatenable processes we
introduced in [11] by imposing a total ordering of origins and destinations that are instances of the ¢
place.

Derinimion 1.9, Given a labeling functioh: X — Y, alabel-indexed ordering functiofor | is a
family B = {By}yev Of bijections indexed by the elements¥fwherep, :1-2(y) — {1, ..., 17X (y)]}.

The idea is thaY is the set of places of a given nidt while X is (a subset of ) the set of places of a
processr for N such that coincides withr on X. Then, for each placgin Y, we consider its inverse
image through, given by the set~*(y) = {x € X | I(x) = y}. Basically, eaclB, yields a total order
over the elements ilTX(y) by stating a (bijective) correspondence with their positions in the orderin

Derinimion 1.10.  Aconcatenable procesgsfor a PT netN is a triple ¢, {0, £p), wherez : P — N
is a process foN and¢q, £p are label-indexed ordering functions for the labeling functiarestricted
to O(P) andD(P), respectively.

A partial operation; _ (associative and with identities) of concatenation can be defined for concat
able processes. They also admit a monoidal parallel composithanyielding a symmetric monoidal
category whose symmetries are given by concatenable processes consisting only of places—se
for the formal definitions of such operations.

We saw in Section 1.1 that the definition of commutative processes can be nicely expresse
a categorical adjunction. Under thi&ph, one might expect some analogous results to hold betwe
symmetric monoidal categories and concatenable processes. We recall in fact that symmetric mo
categories possess some auxiliary arrows caljedmetrieshat can model the possible reorganizatior
of minimal and maximal places of a process. It is worth noting that, in concatenable processes
ordering of minimal and maximal places is only imposed on instances of the same place. We recall
the definition of the categorf?(N) introduced in [11] and finitely axiomatized in [33].

Derinimion1.11.  LetN beaPT net. The categdB(N) is the monoidal quotient of the free symmetric
monoidal categoryF(N) generated byN, modulo the axioms

Yap = 104 ® idp ifa,be Sy, anda#b
s;t;8f =t if t € Ty ands, S'are symmetries

wherey__, id_, .®_, and_; _ are, respectively, the symmetry isomorphism, the identities, the ten:
product, and the composition gf(N) (see Table 3).

We note that iF(N) the tensor product is not commutative and the symmetries satisfy the natura
axiom

(@®@a); vow = Yu,u's (¢ ®@a) 1)

for all arrowsw : u — v ande’ : U — v’ and also the MacLane coherence axioms [19]

Yu,us You = idu+u (2)
Yuu+v = (Vu,v Q idv’); (ldv ® Vu,v’) (3)
TABLE 3

Inference Rules fofF(N)

ue u(SN) u, u' € u(Sy) te T, do(t) =u, 1(t)=v
idy:u—u e F(N) You U+ U —>U +ue F(N) t:u—v e F(N)
a:u—v, B:u—v € F(N) a:u—v, B:rv—>1v € F(N)

a@®B:u+U—>v+v € F(N) a;B:u—v € F(N)
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TABLE 4
Axioms for F(N)
Neutral idg @ =a =a®idy
Associativity eRB)RS=a®(BRJ) (; B); 6 = a; (B;6)
Identities o) idy =a = idy;« idy ® id, = idy4y
Functoriality @;8)® (@;8)=(@®o);(8® B
Naturality e®a) o = v (@ ®a)

Coherence Yuo+v = (Vu.v ® idv’); ('du ® Vu,v’) Yu,us You = idU-H:

for all markingsu, v, andv’. Notice that from these axioms the equatjar = id, can also be easily
inferred, since the tensor productB{N) is strict. For the reader’s convenience, the axiom& (f)
are gathered in Table 4.

Though the constructio®(N) precisely characterizes the concatenable processhis(as7 (N)
characterizes commutative processes), it lacks functoriality, as shown by the following example.

ExavpLe 1.1. Consider the netd andN’ shown in Fig. 5 and the net morphisfaN — N’ such
thatf(t) =t/, f(a) =&, andf(y) = b/, fori < [0, 1]. The morphismf cannot be extended to a
monoidal functorP(f): P(N) — P(N’). In fact, if such an extensioR existed, then

Flto®t) = F(t)) ® F(t) =t{ ® t;
F(ti®to) = F(t1) ® F(to) =t; ® 3

by the monoidality ofF, but sinceys, a, = ida, ® ida, andyp, b, = idp, @ idp, in P(N) (by the first
axiom in Definition 1.11), then

to @ t1 = (to ® t1); Ybo.by = Vapas (1 ®to) =11 ® 1o

in P(N) (by the naturality ofy). Thus, it would follow that) ® t; = t; ® t; in P(N’), which is absurd
because/a”a/ # ida/ ® ida/.

The problem is of course due to the fact that, when two different plagasada; are mapped onto
the same placea’ via a net morphism, then it should be the case that= id, ® idp is mapped onto
va.a 7 10y ® idy via @ monoidal functor that extends such a net morphism, which is not possit
Therefore, concatenable processes are still not completely satisfactory, because several net mor,
cannot be lifted to a behavior level.

To improve such a situation, the notion of strongly concatenable processes was introduced in
where a total order is imposed on origins and destinations and not only on the instances of the
place. Strongly concatenable processes also admit a sequential and parallel composition, yielc
symmetric monoidal category.

Derinmion 1.12. A strongly concatenable proce$sr a PT netN is a triple @, ¢o, £p), Where
7. P — NisaprocessfoN, while thelabeling function&s: O(P) — {1, ..., |O(P)|}and¢p: D(P) —
{1, ..., |D(P)|} are bijections.

N to n]
bo () On b by

FIG.5. The PT netdN andN’ considered in Example 1.1.
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Thepseudo-functoriatonstruction@(_) : Petri —~ SSMC of [34], recovering strongly concatenable
processes, improves the situation, in the sense that it strictly preserves identities and compositiot
up to a monoidal natural isomorphism (details in [34]).

Derinimion 1.13.  LetN be a PT net. The catego@(N) is obtained from the symmetric monoidal
category freely generated from the placeslaind, for each transition u — v of N, arrowstg ;:u— v
for each pair of linearizations (as strings) of the pre- and post-setbypfjuotienting modulo the axiom

Sitgs; S =ty.y fors:u — uands':v— v symmetries 4)

Our point in this paper is that functoriality is lacking in these constructions because PT nets rel
a “state as multiset” paradigm, whereas tifiph imposes a distinction between different instances
the same resource. Hence, as a solution to this problem, we propose a refined view of nets, so tt
associated notion of morphism behaves better w.r.t. the construction of the category of processes
The paradigm we propose is callpoe-netand is presented in Section 3.

2. ACOMPARISON OF COLLECTIVE TOKEN SEMANTICS

The analysis of configuration structures suggests seeking a model that enforces the existence
appropriate interleavings of steps, without allowing this to completely determine the set of transiti
Several such models appear in the literature. Among those that inspired us the most were distri
transition systems [18], step transition systems [26], PN transition systems [26], and higher dimens
transition systems [9]. Also closely related are the local event structures of [15], a model that ext
event structures (rather than transition systems) by allowing the firing of sets (but not multisets
events. Drawing on all of these, here we have chosen the simplest definition to suit our current ail

Derinimion 2.1, Aconcurrent transition systefCTS) is a structuréd = (S, L, trans &), where
Sis a set of stated, is a set of actionsgy € Sis the initial state, andransC S x (u(L) — {@}) x S
is a set of transitions such that:

1) if(s,U,s),(s,U,s)e€ trans thens; = s,

(2) if(s,U,s) e transandU;, U is a partition ofU, thenvy, v, € Sexist such thatg, U;, v1),
(s, Uz, v2), (v1, Us, §), (v2, Uy, §') € trans

Condition (1) above states that the execution of a multiset of labils states deterministically leads
to a different state, as this reflects our view of actions as transitions. The second condition guara
that all the possible interleavings of the actionslimre possible paths frosto s’ if (s, U, §') € trans
Notice that, by (1), the stateg andv, of (2) are uniquely determined.

We formalize the idea that different paths which are different interleavings of the same concur
step can be considered equivalent.

DeriniTion 2.2, Apathin a CTS is a sequence of contiguous transitions

(s, Uz, s1)(s1, Uz, &) - -+ (Sn-1, Un, Sn).
A runis a path that originates from the initial state.

Derinimion 2.3. Given a CT3H, adjacencyis the least reflexive, symmetric, binary relatierny on
the paths ofH which is closed under path concatenation and such tat;(s)(s;, Uz, ) <H
(s, U1 + Uy, s). Then, thehomotopyrelation < on the paths ofH is the transitive closure 6> 4.
The equivalence classes of runskbfwith respect to the homotopy relation are caltminputations
The computation associated with a generic zuis denoted byf].,,.

In order to simplify our exposition, we now refine the notion of concurrent transition system so a
be able to associate the same multiset of actions with each path between two states. As we she
such transition systems enjoy interesting properties.
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DeriniTion 2.4. A CTS isuniformif all its states are reachable from the initial state and the unior
of the actions along any two cofinal runs yield the same multiset, where cofinal means ending ir
same state.

In a uniform CTSH = (S, L, trans &) each states can be associated with the multiset of actions
on any run tcs. Precisely, we shall usg to indicate) |, U;, for

(S0, U1, s1)(s1, U2, ) - - - (Sn1, Un, 9)

arun ofH.

Thelengthof any runz ending ins is denoted bylen(x) and is defined as equal to the cardinality
of ¢s. By condition (2) in Definition 2.1, it follows that for each runthere always exists at least one
homotopic run consisting of exacthen(rr) sequential transitions. Observe also that uniform CTSs mu
be acyclic, because any cycke Uy, s1) - - - (Sh, Un, S) would imply the existence of runs tcarrying
different actions. In the rest of the paper, we shall congidéruniform concurrent transition systems.

Introducing the natural notion of computation-preserving morphism for CTSs, we define a categ
of uniform CTSs. In the following, for function$: A — B, we denote byf#: u(A) — w(B) the
unique multiset homomorphism extendifigi.e., f*(X)(b) = >, -1y X(a).

Derinimion 2.5. ForH; and H, CTS, amorphismfrom H; to H, consists of amad : S5 — S
that preserves the initial state and a functionL; — L, and such thaty U, s') € trans, implies
(f(s), 2*(U), f(9)) € trans.

We denote bCTS the category of uniform CTSs (as objects) and their morphisms (as arrows).

Derinimion 2.6 (From PT Nets to CTSs). L&t = (dg, 91, S, T, Ug) be a marked PT net. The con-
current transition system associated withs

ct(N) = (My, T, transy, ),
whereMy is the set of fireable multisets of transitionsifand
(X, U, X') € transy if and only if uy [U) ux.

(Recall thatuy : S— Z is by definition a reachable marking.)

Although this construction is formally very close to the one proposed for configuration structur
the difference is that a CTS does not enforce diagonals to fill the squares: these are introduced
only if the associated step is actually possible (see Fig. 6).

We give a precise categorical characterization of the representations of nets in the CTS frame
in Section 2.1. For the time being, we note the following.

ProrosiTion2.1.  ct(_) is a functor fromPetri, to CTS.

Proof. The mappingt(_) is already defined on objects. Lét N — N’ be a marked net morphism.
Thenct(f) is defined asf on the labels ott(N) and asf/* on the states aft(N). In fact it is easy to

L g L
Do N SZNG
{to}  {tots} {1} {to} {t:1}
{m}\l%} {to}\gd}
ct(N) ct(M)

FIG. 6. The CTSct(N) andct(M) for the netsN andM in Fig. 2.
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verify that the image throughy* of each fireable multiseX in N is also a fireable multiset iN’. It is
obvious thatt(_) preserves morphism composition and identitiel.

Although all cofinal runs of a CTS carry the same multiset of actions, not all such runs are homotc
i.e., they do not necessarily represent the same computation. The enforcement of this condition
purpose of the next definition.

DeriniTion 2.7.  Anoccurrenceconcurrent transition system is a concurrent transition systeim
which all pairs ofcofinaltransitions

(s1, U1, 8), (S2, Uz, 8) € transy

are the final steps dfomotopicruns.
It can be shown that the previous definition implies the following property.
ProposiTion2.2. All cofinal runs of an occurrence CTS are homotopic.

Proof. We proceed by contradiction. Let; and, be two nonhomotopic cofinal runs of an oc-
currence CTS and let be their minimum length, withr; ands, such that for any two nonhomotopic
cofinal runsr; ands; whose minimum length isn we haven < m. We can assume, without loss of
generality, thatien(rr;) = n. If n = 0 thenr; andr, are empty paths, thus contradicting the hypothesi:
If n > 0thenmy = 7i(sy, {1}, S) andmy = 75(s, {I2}, s) for some shorter rung; andx;. If s, = S,
thenl; = I, andx; is homotopic tar;, because the minimum of their lengthsnis- 1. But this would
imply thatr; < 7, thus contradicting the hypothesis. Hence we must bayes,. By the definition of
occurrence concurrent transition systems, we know that tworrglaadr 4 exist leading te; ands; re-
spectively, such thats(sy, {11}, s) is homotopic tors(s,, {I2}, s) and thuslen(zzs) = len(xr3). Moreover,
it must be the case that < 3, becausden(r;) < len(1). Therefore,len(zz) = len(wr;) =n—1and
m, € ma, otherwise we would contradict the hypothesis of minimalityrioFrom the closure prop-
erties of< we have of course that; (s1, {11}, 8) € 73(sy, {11}, 8) andrj(s,, {l2}, S) € ma(sp, {11}, 9).

By the transitivity of< we therefore have, < m,, contradicting the hypothesis and concluding the
proof. W

Figure 7 illustrates the proof of Proposition 2.2.
We shall use@dCTSto indicate the full subcategory TS consisting of occurrence CTSs. Clearly,
a uniform CTS can be unfolded into an occurrence CTS.

Derinimion 2.8 (From CTSs to occurrence CTSs). lket= (S, L, trans s) be a concurrent tran-
sition system. Itsinfoldingis the occurrence concurrent transition systégi) = (S, L, trans, ¢),
whereS ' is the collection of computations ¢f and

trans = {([7]e, U, [7]<) | 35, 5€ S, [7']l« €S, n' <4 (s, U, s)}.
This makeCTS a coreflectivesubcategory o€TS.

5N

81 <
3
7
™
S0

N/

FIG. 7. Representation of the runs considered in the proof of Proposition 2.2.
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ProposiTion2.3.  The constructiof)(_) extends to a right adjoint to the inclusion@€TSin CTS.

Proof. For H a concurrent transition system, we take the CTS morphismO(H) — H that
maps eachr]. € Sy to its final statese S. It is easy to verify that this forms the counit of the
adjunction. =

2.1. Concurrent Transition Systems and Monoidal Categories

In this section we look at the faithfulness of the CTS representation of nets, as given in Definition
with respect to the collective token philosophy. To accomplish this aim, we show that batf jlznd
the7 (L) constructions yield two equivalent categories of net behaviors.

Regarding the monoidal approach, the obvious choice is to take the comma cate@d@iy)okith
respect to the initial marking, thus yielding a category whose objects are the commutative proce
of N from its initial marking. An arrow from process to process] is then the unique commutative
process such thatp;r = g in 7 (N). We denote the resulting category g (| 7(N)).

An analogous construction can be defined starting fot(iN). The first step is to observe that the
paths of a generic CTS under the homotopy relation define a category.

Derinimion 2.9, ForH = (S, L, trans ) a CTS, we define theategory of computationsf H to
be the categorg(H) whose

> Objectsare computationsd] of H,
> arrowsare the homotopy equivalence classes of path$ such that

[Vleilrle — [n]e iff 2 <n 7y,
> compositioris defined as the homotopy class of path concatenation, i.e.,
[WeiWle =[¥v]e,
> identity arrowat [7]« is €[] , the homotopy class of the empty path at the final state. of

This construction extends easily to a funaf¢r) from CTS to Cat, the category of (small) categories
and functors, yielding a functat(ct(_)) from Petri, to Cat. Observe also that(_) factors through
O :CTS — oCTSvia the obvious path construction.

TrHeorem2.1. Let N be a marked PT net with initial marking.urhen the categorieg€(ct(N)) and
(up 4 7(N)) are isomorphic.

Proof. We sketch the definition of functors
F:(up 4 7(N)) — C(ct(N)) and G:C(ct(N)) — (uo { T(N))

that are inverses to each other. The funétanaps an object of the comma category to the homotop
class of any of the object’s interleavings (which is well defined because of the diamond equivale
of [3]). Its action on morphisms is analogous.

On the other hand, for a computatiom]L. in C(ct(N)), starting from the initial marking we can
uniquely determine the corresponding arrowb(N) and therefore define the action Gf on both
objects and arrows.m

The categories of computations for the concurrent transition systems associated with areds
M in Fig. 2 are shown in Fig. 8, where we usgandc; to denote, respectively, the computations
[(@, {to}, {to})] <, and [@, {t1}, {t1})]< in bothct(N) andct(M). Analogously,p; and pg indicate re-
spectively the homotopy classes of the patkig)({t1}, {to, t1})]< and [{t1}, {to}, {to, t1})]=. HOwever,

Co; p1 andcy; po yield the same result = [(9, {to, t1}, {to, t1})]< in C(ct(N)), whereas irC(ct(M))
they denote two different objects:

¢ = [(. {to}, {to})({to}, {ta}, {to, t1})], and
¢’ =[(2, {t}. {tu)({ta}, {to}, {to, ti})] .
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”7‘ 'Y" mT Teo
Co c (4] Co (6]
NP N
C(ct(N)) C(ct(M))

FIG. 8. The categorie€(ct(N)) andC(ct(M)) for the nets in Fig. 2.

2.2. Configuration Structures and Concurrent Transition Systems

In this section we first give a categorical structure to the class of configuration structures and
show that the obvious injection of configuration structures in CTS yields a reflection.

Derinimion 2.10.  Given two configuration structureg;( C;) and €, Cy), a cs-morphisnfrom
(E1, Cp)to (E2, Cy) is afunctiong: E; — E; such that for each configuratiofie C,, theng*(X) € C,.
We denote byCSCatthe category of configuration structures (as objects) and cs-morphisms (as arro

The obvious injection functqf (_) from CSCatto CTS maps a configuration structué&s = (E, C)
onto the concurrent transition system

J(CS) = (C, E, transcs, %),

where transgs = {(X, L,Y) | X 5 Y}, and maps a cs-morphisgi E; — E, onto the morphism
(d', 9), whereg': C; — C,is the obvious extensiagt* of g to multisets, with a domain restricted@.

THeEOREMZ2.2. Thefunctor7(.): CSCat — CTShasaleftadjoinR(.): CTS — CSCat Moreover
since the counit of the adjunction is the identif§(_) and R () define a reflection.

Proof. We sketch the proof, giving the precise definition of the reflection functor. The reflecti
functor R(_) maps a uniform CTSH = (S, L, trans ) onto the configuration structurg(H) =
(L, Cs) such thaCs = {¢s | s€ S} (recall thatss is the multiset union of the actions of any run leading
tos). ®

We denote byy: H — J(R(H)) the component atl of the unit of the adjunction.

THeorem 2.3 (Configuration Structures via CTSs).et N be a marked PT net. Then(s§ =
R(ct(N)).

Proof. The events ofcgN), the actions ofct(N), and, therefore, the events Bf( ct(N)) are the
transitions ofN. The statess of the uniform CTSct(N) are exactly the configurations afSN), and
for eachs € S, we havegs = s. This is sufficient, since a configuration structure is entirely determine
by its set of configurations.m

These results support our claim that configuration structures do not offer a faithful representatic
net behaviors. In facfR(_) clearly collapses the structure excessively, since the natural transformat
associated with the reflection mapcan identify nonhomotopic runs (e.g!,andc” of Fig. 8).

3. PRE-NETS

Pre-nets are nets whose states are strings of tokens (as opposed to multisets). Such states can
as totally ordered markings and also as a more concrete representation of multisets. The idea |
each transition of a pre-net must specify the precise order in which the required resources are fe
and the results are produced, as if it were an elementary strongly concatenable process.

We user(S) to indicate the set of finite strings @& String concatenation (denoted by juxtaposition)
makes\(S) a free monoid ors, whose unitis the empty strirg Moreover, forw € A(S), we write|w| to
denote the length af, w; to denote théth element ofv, andu(w) to denote the underlying multisetwof
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Derinimion 3.1, A pre-netis atupl® = (¢o, ¢1, S, T), whereSis a set of placed, is a set of transi-
tions, andz, ¢1: T — A(S) are functions assigning, respectively, source and target to each transitic

The idea is that, given a PT nét, we can arbitrarily choose a pre-net representatioil off his
corresponds to fixing a total order for the pre- and post-set of each transition. This differs from
approach proposed in [34], where, in order to avoid a chailtehe possible linearizations of the pre-
and post-sets are considered in the alternative presentation of the net. We will show that to recov:
process semantics of it is enough to choose one representative for each transition.

Derinimion 3.2. - A morphism of pre-nets frongd, ¢1, S, T) to (¢4, ¢1. S, T') is a pair(g:, gp) Where
0 : T — T’isfunction, andy, : A(S) — A(S) is a monoid homomorphism such tlgab g: = gp o ¢, for
i =0, 1. We denote biPreNetthe category of pre-nets and their morphism with the obvious compositic

The notion of morphism for pre-nets is therefore tighter than that for PT nets, because mappings
preserve the ordering in which the tokens are produced and consumed by each transition. Withil
view, there is a trivial forgetful functor frorRreNetto Petri that forgets about such orderings.

ProposiTion3.1. The mapA, from pre-nets to PT netsending each pre-net R (¢, ¢1, S, T) to
the netA(R) = (9o, 31, S, T) with ;(t) = w(zi(t)) for each te T and i = 0, 1, extends to a functor
from PreNetto Petri.

The functorA(_) : PreNet— Petri is neither full nor faithful. However, if we consider a category
Net whose objects are either PT nets or pre-nets and whose morphisms are graph morphisms
monoid homomorphism for node components, tRetri andPreNetare full subcategories dfet and
the inclusion ofPetri into Net has a left inverse left adjoinﬂ: Net— Petri (with /ﬂpreNet = A and
Aperi = lpei), yielding areflection i.e., Petri is the quotient oNet modulo commutativity of the
monoidal structure of nodes. This establishes a strong relationship between PT nets and pre-nets,
supports and further explains the rationale behind our proposed approachTpfhe

Under thelTph, the natural algebraic models for representing concurrent computations on pre-|
belong to the categor$SMC. More precisely, we are only interested in the full subcategory consistir
of categories whose monoid of objects is freely generated. This is of course the most natural cl
supporting the notion of a distributed state as a collection of atomic entities (tokens in places) w
the net theory is based on. We denote such a categorsBMC.

ProposiTion3.2.  The obvious forgetful functor from the categ&$SMC to the categorPreNet
admits a left adjointz.

Proof. The categoryZ(R) has the elements i(Sg) as objects, and as arrows those generated &
the rules in Table 5, modulo the axioms of monoidal categories (associativity, functoriality, identit
unit), including the coherence axioms that make the symmetry natural isomorphismm

The above construction is of course well known; it can be traced back to work on coherence
MacLane and others and even more closely to Pfender’s construction of &memoidal category
[30]. In computer science similar constructions were given by Hotz&ategories [16] and by Benson
[2], with grammars as the primary area of application, and therefore for categories that are not neces
symmetric.

In our case the symmetric structure is essential; in fact it means that the construction is indepel
of the choice of linearization (Theorem 3.1). Furthermore, what we really want is a quotient of
free construction, as explained in Theorem 3.2. The main result is that any two pre-nets represe
isomorphic PT nets yield the same algebraic net semantics.

TABLE 5

Inference Rules fo£(R)

w € A(SR) w, w' € MSR) teTr L) =0 at)=v
idy:w—>weZ(R) Cy.w i WW — w'w e Z(R) t:u—>vezZ(R)
a:u—v, B:U—>1veZ(R) a:u—>v, B:v—>1 € Z(R)

a® B.ul — v € Z(R) a;B:u—1v e Z(R)
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TrHeorem3.1. Let R R’ € PreNetwith A(R) ~ A(R)), thenZ(R) ~ Z(R).

Proof. Let¢ be anetisomorphism betwegl{R) andA(R) (e.g.,¢ = idy if A(R) = A(R) = N).
Thus,¢ maps places onto places. Then, for each transitafrR andi = 0, 1, ¢(¢i (1)) = & (¢(t)) up to
a permutation, say (i, t) : ¢(& (t)) — & (¢(t)). Therefore, the monoidal functdr from Z(R) to Z(R)
defined as

> ®(a) = ¢(a) for each placa of R,
> P(Cyw) = Cow),¢) fOr any stringsw, w’ in A(S),
> ®(t) = y(0,1); ¢(t); y(1, 1)~ for each transition in R,

is an isomorphism of symmetric monoidal categoriem.

THeorREM 3.2. Let R be a pre-net. The categaB(R) quotiented out by the axiom s; t; 5, for
any transition t: U — v and symmetriegsu— uand s : v — v, is equivalent to the catego@(A(R))
of strongly concatenable processes.

Proof. This s straightforward according to the following argumentQi4(R)) we add a transition
.7 for each transition oN and each pair of linearizationsandv of its pre- and post-set, and we
quotient out by the axiom (4). On the other handZifR) we arbitrarily fix onlyonelinearization oft,
saytg .y, but we get all the others for free by compostag with symmetries (as ands’ in the axiom
(4) of Definition 1.13). =

This result highlights an important poirany pre-net representation of the né{R) is as good as
R. More important, since left adjoints preserve colimits, it follows that the semantics of the (colin
composition of pre-nets (e.g., seen as programs) can be studied just by mimicking such a compo
on their semantic interpretations.

One interesting question concerns relating morphisms of PT nets, rather than pre-nets, to the alg
models obtained by pre-nets. For this purpose,ffoN — N’ a morphism inPetri, consider the PT
net Nt which has the same transitions Bsand the same places & with at: f(u)— f(v) in
N¢ corresponding td:u— v in N. It can be easily verified that is decomposable a6 = g;h
with

g = (idy,. fp): N — Ng;
h= <ft, idu_(SNr)): N¢ — N’

Itis straightforward that, for any pre-nBtsuch that4(R) = N and for any linearizatiog, of g, = fp,
we can always find a pre-nd®; such that4A(R;) = N; andg = (idy, g,) : R— Ry. Likewise,
for any pre-netR’ such thatA(R) = N’ we can find a pre-neR; such thatA(R;) = N; with
h = (f,idys,)) : R} = R. It so happens that, in general, there might be no morphisRréiNet
betweenR; and R} for simulating f.

However, resorting to the semantics models for pre-nets, the proof of Theorem 3.1 points us
constructive way of relatingZ(R¢) and Z(R}), thus yielding a lifting of f to a monoidal functor
F = Z(g); ®; Z(h) betweenZ(R) and Z(R)).

4. ALGEBRAIC SEMANTICS OF NETS VIA THEORY MORPHISMS

The algebraic semantics of PT nets and pre-nets can be conveniently expressed by means of mor
between theories iIRMEQqtl [20], a logic of partial algebras with subsorts and subsort polymorphis
whose sentences are Horn clauses on equatioast ’ and membership assertions s, and whose
features (partiality, poset of sorts, membership assertions) offer a natural framework for the specific
of categorical structures. Among the advantages mentioned in the Introduction, we red2Mtgtl
specifications can be made executable, e.g., by using the logic language Mautkberefore facilitate

3 Maude [10] is a language of the OBJ-family, recently developed at SRI International; it is based on rewriting logic
supports partial membership equational logic specifications.
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mechanical reasoning. This section and the Appendix provide a short introduction to the main ide.
(one-kindedPMEQqtl; see [20, 22] for self-contained presentations.

A theoryin PMEQqtl is a pairT = (2, I'), whereQ = (S, <, ¥) is a sighature over a poset of soi$s (
is the set of sorts, ordered By, andX. is the set of partial operators) afids a set oPMEqtl -sentences
in the language of2. We denote byPAlg,, the category of partiaf2-algebras and bi?Alg the full
subcategory consisting dralgebras, i.e., those parti@algebras that satisfy all the sentence§'in
A theory morphism H fronT to T’ is a mapping of the operators and sortsTahto T’, preserving
domain, codomain, and subsorting, and such that the translation of the axidrassaéntailed by those
of T'. It induces a forgetful functdy : PAlg — PAIlgt that—for T andT’ theories without freeness
constraints, as we will clarify later—admits a left adjoifiy : PAlgt — PAlgt whose effect is to lift
Hto a free model construction iPAIg .

ProrosiTion4.1 (cf. [20]). The forgetful functoify : PAlg — PAlgt associated with a theory
morphismH: T — T’ has a left adjointFy : PAlgr — PAlgt.

A notion oftensor producfor partial algebraic theories is used in [22] to obtain, among other thing
a very elegant definition of the theory of monoidal categories (see Example A.2 in the Appendix).
tensor product (see for instance [17, 28]) is a well-known construction for ordinary algebraic (Lawv
theories. Its importance can be understood by observing that the algebraic structures of & the
can be defined not only on sets, the standard case denofedliypy(Se)—whereSetis the category
which has small sets as objects and functions as arrows—but also on any c&legaty suitable
products or limits, to yield a categoBAIg+(C). In particular, given two theorie$ andT’, we can
considerT -algebras on the category ©falgebras or insteafralgebras on the category ©falgebras.
Regardless of the order, we obtain the same result up to isomorphism, namely, the category of alg
for the tensor product ® T’ of both theories. IT = (2, ') andT' = (', I'’) are theories in partial
membership equational logic, whefe= (S, <, X) andQ’' = (S, </, ¥’), then their tensor product
T ® T’ is the theory with signatur@ ® " which has the poset of sortS,(<) x (S, <’), and sighature
¥ ® ¥/, with operatorsf! € (£ ® ='), andg' € (X ® Z')n, for eachf € =, andg € =/, (n and
m are the arities of the operators, and indicesdr stand forleft andright, respectively, and witness
whether the operator is inherited from the left or from the right component). The axiom® df are
determined from those af and T’ as explained in the Appendix. The essential property of the tens
product of theories is expressed by the following theorem, wRéig+(C) indicates the category of
T-algebras taken over a base categ@ryather than oveBet

THeOREMA4.1 (cf. [22]). LetT, T’ be theories in partial membership equational logic. Thea have
the following isomorphisms of categories

PAlgt(PAlgT (Sel) ~ PAlgT, T (Sed ~ PAlgy (PAlgr(Sed).

We will use a self-explanatory Maude-like notation for presenBiMEqtl theories. As a compact
legendave say that the keyword sorts precedes the list of sorts of the signature, the keyivgsdts
denotes the specification of subsorting, the keywgrslprecedes the list of operators of the signature
keywordseq and ceq denote equations and conditional equations, respectively, while keywords |
and cmb denote membership assertions and conditional membership assertions, respectively. Tl
morphisms are callediewsin Maude. Other tips will accompany the notation when needed. All th
theories and views we discuss can be found in Appendix A.2.

4.1. A Logical Characterization of the Two Philosophies and Their Relationship

When considering theTph, we are mainly concerned with defining the theo®IRI of PT
nets andCMONCAT of strictly symmetric strict monoidal categories. However, to study the relationshi
betweenPETRI and CMONCAT, we also define an intermediate the@¥ON-AUT of automata whose
states form a commutative monoid. The main result of this section is then that the composition o
obvious inclusion functor oPetri into PAlgcpon-auT@nd the free functafy from PAIgcpvon-aAuTO
PAlgcmoncapssociated with the theory morphighfrom CMON-AUT to CMONCAT corresponds exactly
to the functorZ () : Petri — CMonCat.
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ProposiTion4.2. The functor? (U): Petri — CMonCat is the composition

Petri c_)PAlgCMON—AUTﬂ PAlgCMONCAF CMonCat.

Defining the theorgMONCAT is almost effortless thanks to the tensor product construction of theori
Essentially, we introduce a theofyl0N of commutative monoids (see Table A3) and apply the tens
product construction with the theoBAT of categories (defined in the Example A.1, see Table Al
Here we exploit the possibility, given by Maude, of declaring the associativity, commutativity, and
element as attributesssoc, comm, andid: 0 of the monoidal operator. We recall that, by writing the
sorts of the arguments of an operator in its definition, we are assuming that it is a total operatio
the elements of those sorts. The theory of strictly symmetric monoidal categories is then defined
Table A3. Note the use akft andright corresponding to the indicésndr discussed in the informal
explanation of the tensor product of theories.

In order to define a theory iRMEQqtl that represents PT nets, we first introduce a theory who:
models are automata and whose states form a commutative monoid (see Table A4).

ProposiTion4.3.  The categoryPetri is a full subcategory dPAlgcmon-AUT

Proof. Itis trivial to check that each PT net s just a modeCufN-AUT whose states are the object
of the commutative monoid freely generated by the set of places and that morphisms between twc
models are ordinary net morphismsa

Exploiting the modularity features of Maude, we can characteRe&i as a subcategory of
PAIgcmon-auT @xiomatized by the theorjETRI[S: : TRIV] in Table A4. In fact, it suffices to im-
port a functional modul@ISET [E: : TRIV] of multisets, parametrized by a functional the@sz1v,
whose models are sets corresponding to the places of the net. Note that functional theories, en
within the keyword< th andendfth, have doose semanti¢cén the sense that any algebra satisfying the
sentences in the theory is an acceptable model, while functional modules, enclosed within the keyv
fmod andendfmod, have arinitial semanticimposing freeness constraints on acceptable models (i.
any model of a parametrized module must be a free extension of a model of the parameter the
Specifically, the modul®SET [E: : TRIV] imposes the freeness constraint associated with the thec
inclusion TRIV <> MSET so that the models have to be of the fofa(X) for X a set. Then, when
we import such a module ingrotecting mode inPETRI, the freeness constraint that the monoid o
states must be a free commutative monoid is imposed. The precise definitions are given in Table

The inclusion functor fronfPetri to PAlgcmon-auts induced as the forgetful functor of the morphism
I specified as a Maudeiew in Table A5.

Finally, the algebraic semantics of PT nets under the collective token philosophy, i.e., the cons
tion 7 (), can easily be recovered via a simple theory morphism specified in a Maude-like notatio
Table A5.

ProrosiTiond.4. The sighature morphismfrom CMON-AUT to CMONCAT, mapping sortState and
Transition to sortsObject and Arrow resp, relating homonym operatorand mapping operators
origin(_) anddestination(_) to operatorsd(_) andc(_) is a theory morphism.

As stated in Proposition 4.2, the constructi®di.) : Petri — CMonCat is given by the (functor)
composition of the inclusion d?etri into PAlgcpmon-auTollowed by Fy.

When dealing with théTph, the main difference is that the monoidal theory we are interested in
not commutative and that symmetries must be explicitly added to rearrange the object componer
the CTph, symmetries are collapsed into identities).

In order to define a theory BMEqtl that represents pre-nets and their morphisms, we first introdu
a theory whose models are automata and whose states form a monoid (see Table A6). We ther
acterize the categoiiyreNet of pre-nets as a subcategoryRAlgyon-auT @xiomatized by the theory
PRE-NETS[S: : TRIV] in Table A6. As for the parametrized modMgET, the module.IST[E: : TRIV]
of lists (parametrized on the functional thed@yIVv) imposes the required freeness constraint assoc
ated with the theory inclusiofRIV <% LIST . Then this constraint is imposed ®RE-NETS by the
protecting importation oLIST (see Table A6). The inclusion functor froRreNetto PAIgyon-AUTIS
induced as the forgetful functor of the viewin Table A7.
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ProposiTion4.5. The categoryPreNetis a full subcategory oPAIgyoN-AUT

To define the theorgMONCAT of symmetric monoidal categories, we exploit the definition of the
theoryMONCAT of monoidal categories from [22], which for the reader’s convenience is reported in
Appendix. The Maude-like specification 8{ONCAT is given in Table A7. Finally, the algebraic seman-
tics of pre-nets, i.e., the constructi@f{_), can easily be recovered via the vigwdefined in Table A7.

ProposiTion4.6. The signature morphisifrom MON-AUT to SMONCAT defined in TabléA7 is a
theory morphism.

By Proposition 4.1, we know thatinduces a free functafyfrom PAIgyon-autiO PAlOsmoncaT
Then, we have the following result:

ProprosiTiond.7. The functorZ(_): PreNet — SSMC s the composition

PreNet— PAIgMON-AUTﬂv PAIgSMONCAT: SSMC.

To conclude, we show that we can abstract from the constructions on pre-nets to those on PT
by flattening the monoids of states to commutative monoids. In fact, we can define suitable th:
morphismgJ (from MON-AUT to CMON-AUT) andsS (from SMONCAT to CMONCAT) and then compose them
with Vv andw to build a commutative square.

ProposiTion4.8. The signature morphisnis and S mapping operators and sorts as detailed in
TableA8 are theory morphisms.

Proof. The proof forUis immediate, since all the properties of monoids follow from those of comn
utative monoids. Similarly, the proof f@rjust entails verifying that all the axioms for symmetries car
be derived from those of a commutative tensor product when symmetries are mapped to ideHities

PropPosiTioN4.9. U; V=W, S.

Proof. By composition of morphisms it follows that both v andw; S yield the theory morphism
H from MON-AUT to CMONCAT defined below:

view H from MON-AUT to CMONCAT is
sort State to Object. sort Transition to Arrow.
op 1 to 0. op_-® _to _D-_.
op origin(_) to d(_). op destination(_) to c(_).
endview N

Note that, by working at a theory level, the corresponding proofs are straightforward. By Prop
tion 4.1 we have that the forgetful functdrg (from PAIgcmon-auTiO PAIOMon-aut andids (from
PAlgcmonca CMonCat to PAlIgsponca™ SSMO), induced by ands, have left adjoints respec-
tively Fy and Fs, forming the commuting square of adjunctions in Fig. 9. The picture is complet
by the injections oPreNet and Petri into PAlIgyon-auTand PAlgcpmon-auTrespectively and by the
functor A : PreNet— Petri defined in Proposition 3.1, which enjoy the following properties.

ProposiTion4.10. A(); £(2) = Z(); Fu()-
CoroLLArY 4.1. A(); T() = 2(); Fs().

Fu
PreNet ;I') PAlgMON-AUT ¢ L SSMC

Uy
AJ{ fquﬂTuU Us || Fs
Uy

Petri ;Z—> PAlgqon_sur ; s CMonCat

FIG. 9. The Complete scheme of adjunctions and injections.
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TABLE 6

Conceptual Classification of the Approaches Considered

Structures
Computation model Behavioral Algebraic Logical
Nets and collective token  Conf. structures, CTS, T(N) CAT® CMON
philosophy commutative processes
Nets and individual token  Processes, concatenable  P(N), O(N), Z(R) CAT® MONt+ SYM
philosophy procs, strongly conc. procs

CONCLUDING REMARKS

The conceptual framework of this paper is summarized in Table 6, which illustrates the construct
and results of our research program on the behavioral, algebraic, and logical aspects of the two cc
tational interpretations of PT nets, that is, théph and thel Tph, from the viewpoints of the structures
suited to each of them and their mutual relationships.

Regarding the first row of the table, we have first concentrated our attention on the expressive
of some collective-token semantics for PT nets. In particular, to remedy the weakness of configur
structures, we have introduced concurrent transition systems—a version of higher dimensional tran
systems [9] more suited to the collective token philosophy, because they do not assign indivi
identities to multiple action occurrences in a multiset—and have shown that they can provide a fai
description of net behaviors. The diagram of functors, equivalences, and natural transformatiol
Fig. 10 summarizes the relationships between all these models.

In the diagram, commutation on the nose (resp. natural equivalence) is represeatérebp.~),
and p denotes the unit of the reflection into the subcategory of configuration structures. The fun
CP(.) gives the category of Best—Devillers commutative processes. The fuci¢tpcorresponds to the
construction ofthe CTS for a given net, as defined in Section 2. The fub(c)gtields the construction of
the category of computations (i.e., homotopy equivalence classes of paths beginning in the initial <
of a CTS. The equivalence betweerC(ct(_)) and (i | 7(.)) is shown in Section 2.1, providing the
faithfulness of the construction. The functog(_) represents the abstraction from nets to configuratio
structures. Unfortunatel{z SCatis a reflective subcategory TS, as shown in Section 2.2 via the
adjunctionR(_) - J (). The reflection functofR(_) identifies too many things, so that the natural
transformation associated with the reflection mapan identify nonhomotopic runs. Our running
example shows that causality information can get lost when using configuration structures, bec
homotopic paths are mapped onto the same equivalence class. At a logical level, the presentation
collective token semantics can easily be formulated as a theory morphism from the theory of nets t
theory of strictly symmetric monoidal categories.

Onthe other hand for the individual token interpretation, the best candidates for a suitable constru
of the algebraic model, namely the symmetric monoidal categ®(B9 of concatenable processes [11]
and Q(N) of strongly concatenable processes [34], were both seen to be somehow unsatisfacto

CP(-)

Petri, —> CMonCat uot-
Ct(-) /

s g\

CSCat ( 70 > CTS

FIG. 10. Overall picture for the collective token philosophy.
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(-
Petri —L)SSMC

A(_)T ~ ~laxiom(4)

Z( ;
PreNet —()—>SSMC

A(—)J = ifs(—)

Petri TCMonCat

FIG. 11. Overall picture for the individual token philosophy.

fact P(.) is a nonfunctorial construction, a drawback that inhibits many of the applications we h:
in mind, whilstQ(_) solves the problem at the price of complicating the construction. Hence, we h¢
proposed the categorical constructiBfR), based on pre-nets, as a suitable algebraic framework f
nets in the/Tph. It offers some advantages w.r.t. previous constructions because it is funcR{iN) (
is not) and very simple@(N) is not). Moreover, thanks to the preservation properties of adjoints, tl
semantic models of nets obtained as colimit constructions are found by applying the same construt
on models. For instance, the algebraic model ofghshoutof two nets—which is often useful for
combining two nets by merging some of their places—is the pushout of their semantics. From a lo
viewpoint, itis not difficult to formulate a theo8¥M of permutations and symmetries (cf. [33]) bridging
the gap between strictly symmetric monoidal categories and categories that are symmetric only
coherent isomorphism. The results are summarized in Fig. 11, where the upper square in the dic
commutes up to a monoidal natural isomorphism (remembehigbnly pseudo-functorial) and the
lower commuting square establishes the connections between the individual token philosophy for
nets and the collective token philosophy for Petri nets. We recaltbats the functor that forgets about
the ordering of transition source and targeg(_) is the left-adjoint to the forgetful functor associated
with the theory morphisrg, whereas the dotted arrow labeled hyiom (4)denotes the monoidal quotient
of the image ofZ(_) w.r.t. axiom (4) (via the obvious inclusion 6SSMCinto SSMC).

The complete analysis and comparison of bisimulation-related issues in the various models consi
in the paper (as in [13] for configuration structures) needs further work which we leave for fut
research.

APPENDIX

In this Appendix we recall the basic notions of partial membership equational BNIE@tl ). Here
we look at the one-kinded case, in which the poset of sorts has a single connected component. A
detailed exposition for the many-kinded case can be found in [20].

A.1. Partial Membership Equational Logic

Derinimion A.1. A signatureis a triple 2 = (S, <, X), with (S, <) a poset with a top elemert,
andX = {X}ken afamily of sets indexed by natural numbers. The pdSek] is called the poset of
sortsof Q.

Derinmion A.2.  Given a signatur@ = (S, <, %), apartial Q2-algebra Aassigns:

1. toeacls € Sa setAg, in such a way that whenever< s’, we haveAs C Ag/;
2. toeachf € Xy, k > 0, a partial functiorA; : A'-‘r — Ar.

Given two partiak2-algebrasA and B, anQ2-homomorphisnis a functionh : A+ — Bt such that:

(i) foreachs €S, h(As) C Bs;

(i) foreachf e Xy, k > 0, andae AL, if A¢(d) is defined, therB (h(d)) is also defined and
equal toh(A¢ (3)).
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This determines a categoRAlg,.
Note that, by point (i), for each € S the functionh restricts to a functioif|s : As — Bs.

Derinimion A.3. LetQ = (S, <, X) be a signature. Given a set of variabbés= {xi, ..., Xn}, a
variable declarationX is a sequence; : Sy, . . ., Xm : Sm, Where for each € [1, m], S is a set of sorts
{si1, ..., Sil, }. AtomicQ-formulasare either equatiorts =t ’, wheret , t ' € T (X) (with Tx(X) the
usual freex-algebra on variableX), or membership assertions of the forms, wheret € Tx(X) and
s € S. GeneralQ-sentenceare then Horn clauses of one of the two forms

(WX)t =t’ & ti=ti A---Atn=t) At]:iS1 A---At]:Sy

(VX) t:s «ti=ti A---Atp=t L At]:Sg A---Atl:Sm

where thet ,t’, t;, t{, andt /j’ are terms iy, (X) and thes j are sorts irS.

Given a partial2-algebraA and a variable declaratioX, we can define assignments X — A
in the obvious way (ifx; : Sj, ands € S;, then we must have (x) € As) and then we can define a
partial functiono : Tx(X) — Ar, extendings in a unique way. For atomic sentences we then defin
satisfaction byA, o0 = t =t’ meaning that{t ) ando (t ') are both defined ang(t) = o(t ) and by
A, o = t :s meaning that (T ) is defined and {t ) € As. Satisfaction of Horn clauses is then definec
in the obvious way.

DeriniTion A4, Given a sel” of Q-sentences, we |&RAlg,, - be the full subcategory dPAlg,
determined by those partil-algebras that satisfy all the sentencesb*lr(The pairT = (2, isa
theory, andPAIgr = PAlg, - is the category of its models.)

As an example, we recall the definition of the theory of categories from [22].

ExavmpLE A.1. The theory of categorie\T is defined as follows. Its poset of sorts has sobtpect
andArrow with Object < Arrow. There are two unary total operatiods_) andc(_), for domain
andcodomain and a binary composition operation_ defined if and only if the codomain of the first
argument is equal to the domain of the second argument. The detailed definition of the theory is ¢
in Table Al. By convention, functions with given domain and codomain are total on that domain
codomain. It is easy to check that a modeCaf is exactly a category (in which objects coincide with
identity arrows), and that @AT-homomorphism is exactly a functor.

TABLE Al
The Theorie<CAT, MONandMONCAT

fth CAT is

sorts Object Arrow.

subsort Object < Arrow.

ops d(_) c(_) : Arrow -> Object.
op _;_.

var a : Object.

vars f g h : Arrow.
eq d(a) = a.

eq c(a) = a.

ceq a;f = f if d(f)
ceq f;a = f if c(f) =
cmb f;g : Arrow if c(f) = d(Q).
ceq c(f) =d(g) if f;g : Arrow.
ceq d(f;g) = d(f) if c(f) == d(Q).
ceq c(f;Q) = c(g) if c(f) == d(Q).
ceq (f;g);h = f;(g;h)

if c(f) == d(g) and c(g) == d(h).

endfth

fth MON is
sort Monoid.
op 1 : -> Monoid.
_®_ : Monoid Monoid -> Monoid
[assoc id: 1].
endfth

fth MONCAT is MON ® CAT
renamed by
( sort (Monoid,Object) to Object.
sort (Monoid,Arrow) to Arrow.
op 1 left to 1.
op _®_ left to _®_.
op _;_ right to _;_.
op d(_) right to d(_).
op c(.) right to c(l).
).
endfth
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Derinmion A.5. - Given two signature® = (S, <, ) andQ’ = (S, </, X'), asignature morphism
H: Q2 — Q' is given by (1) a monotonic functioH: (S, <) — (S, <’), and (2) a family of functions
{Hc: 2k = Z)Jken-

A signature morphisrilinduces a forgetful functaéry : PAlg, — PAIgg,, where for eacl®\’ € PAlgg,
we have:

1. foreachs € S, UH(A)s = Ay,
2. for eachf e Xy,

k

3. for eachQ’-homomorphisnh’: A" — B, Un(h') = h'|Hm) 1 Ay = By, which is well-
defined as a restriction &f becausdn’ is sort-preserving.

Derinimion A.6.  Given two theorie§ = (2, T") andT’ = (@, I'), atheory morphisnH: T — T
is a signature morphisid: Q — Q' such that/4(PAlgT) € PAlgT, so thati/y restricts to a forgetful
functorit/y : PAlg — PAIgT.

A remarkable property of theory morphisms, namely thatlways has a left adjoirgty, has been
recalled in Proposition 4.1.

Following similar lines to those in [31], and also using the categorical axiomatization of canoni
inclusions in a catego!@ as a poset category of special moh@s C satisfying suitable axioms, one can,
given a signatur® = (S, <, %), define partial algebras in a categ@yvith finite limits and a suitable
poset of canonical inclusioris Each sors has an associated obje&t, and ifs < s’ thenthereis a
canonical inclusiolds <— Ag inl. Givenf € Iy we associate with it an arrow Doa¢) — At in C,
where Dom@\¢) is a subobject with a canonical inclusion Do) < AX. In this way we can define
categoriedPAlg, (C) andPAlg,, -(C) so that our categorieRAlg, andPAlg,, - are the special case
PAlg,(Se) andPAlgg, -(Se). Itis not hard to check thdAlg,, andPAlg, - are categories with limits
and that2-subalgebra inclusion& C B constitute a poset category of canonical inclusions. Therefor
given two theorie§ = (2,T') andT' = (2, I'"), we can consider the categoPplgT(PAlgT). For
example, forT the theory of monoids an@ the theory of categorie®Algt(PAlgT) is the category
of monoidal categories (see Example A.2). In a construction which is analogous to that for Law
algebraic theories, there is then a thedrg T’ in partial membership equational logic such that

PAIgT(X)T' ~ PAlgT(PAlgTr) ~ PAlng(PAlgT)

The explicit definition ofT ® T’ is as follows.

Derinmion A7, LetT = (2, ') andT’ = (', I'') be theories iPMEqtl, with @ = (S, <, ¥£) and
Q' = (S, </, ). Then theittensor producl ® T’ is the theory with sighatur® ® " having:

1. posetof sortsg, <) x (S, <');

2. signaturez ® ¥’, with an operatorf' € (X ® %), for eachf € X, and with an operator
g € (X ® X')n for eachg € X/,.. In particular, forf a constantirE we get a constant' in (X ® =')o.

The axioms ofT ® T’ are the following:

Inherited axioms. For each axiona = (V(X1:S1, ..., Xm : Sm) @(X) < @1(X) A -+ A @n(X)) in
I, with §; = {sj1, ..., si,}, for L <i < m, we introduce an axiom

o' = (Y(x1:Sh . xm Sh) @ (X) = @i(X) A A @p(R)
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TABLE A2
Explicit Definition of the TheoryMON» CAT

fth MON ® CAT is
sorts (Monoid,Object) (Monoid,Arrow).
subsort (Monoid,Object) < (Monoid,Arrow).

*x* [B] subalgebra axioms are implicit in op declarations
op 1 left : -> (Monoid,Arrow).
op _®_ left : (Monoid,Arrow) (Monoid,Arrow) -> (Monoid,Arrow).
ops d(_) right c(_) right : (Monoid,Arrow) -> (Monoid,Object).
op _;_ right.
var @ : (Monoid,Object).
vars f g h k: (Monoid,Arrow).

**%* [A] inherited axioms
eq (f®Q left)®h left
eq f®(1 left) left
eq (1 left)®f left
eq d(a) right = a.
eq c(a) right = a.
ceq a;f right = f if d(f) right ==
ceq f;a right = f if c(f) right == a.
cmb f;g right : (Monoid,Arrow) if c(f) right == d(g) right.
ceq c(f) right = d(g) right if f;g right : (Monoid,Arrow).
ceq d(f;g right) right = d(f) right if c(f) right == d(g) right.
ceq c(f;g right) right = c(g) right if c(f) right == d(g) right.
ceq (f;g right);h right = f;(g;h right) right

if c(f) right == d(g) right and c(g) right == d(h) right.

*x*% [C] homomorphism axioms
eq d(1 left) right = 1 left.
eq c(1 left) right = 1 left.
eq (1 left);(1 left) right = 1 left.
eq d(f®Q left) right = (d(f) right)®(d(g) right) left.
eq c(f®Q left) right = (c(f) right)®(c(g) right) left.
ceq (f;g right)®(h;k right) left = (f®h left); (gRk left) right

if f;g right : (Monoid,Arrow) and h;k right : (Monoid,Arrow).
endfth

f®(g®h left) left.

f.
f.

with S| = {(Si1, T, ..., (Sii,, T}, 1 <i < m, and with¢', (plj the obvious translations @f, ¢;
obtained by replacing each e X by its corresponding'. Similarly, we define for each axiogie I'’
the axiomB" and impose all these axioms.

Subalgebra axioms.

(i) Foreachf e ,andeacts’ €S, s’ # T’, we introduce the axiom:
V(X1 (T, 8", .., X (T,8) f'(X):(T,s") < f1(X):(T, ).

(i) Foreachge X/, and eacts €S, s # T, we introduce the axiom:
Y(X1:(8, T, .. Xm: (S, T)) g X):(s, T <= d"(X): (T, T).

(i) Foreach 6,s’)eS x S withs # T ands’ # T’, we have the axiom:

VX (T, T) x:(s,8") &x:(T,s) A x:(s, T).
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TABLE A3
The Theorie CMOMNdCMONCAT

fth CMONCAT is CMON ® CAT renamed by (
sort (Monoid,Object) to Object.

sort (Monoid,Arrow) to Arrow.

op O left to O.

fth CMON is
sort Monoid.

op 0 : -> Monoid. op _@_ left to _®_.
op _@_ : Monoid Monoid -> Monoid op _;_ right to _;_
[assoc comm id: O]. op d(_) right to d(.).
endfth op c(_) right to c(_).).
endfth
TABLE A4

The Theorie§RIV, MSET CMON-AUTandPETRI

fth CMON-AUT is
sorts State Transition.
op 0 : -> State.
op _®_ : State State -> State
[assoc comm id: 0].
: Transition -> State.
: Transition -> State.

fth TRIV is sort Element.
endfth

op origin(_)

op destination(_)
endfth

fmod MSETI[E ::

sort MSet.

subsort Element < MSet.

op @ : —-> MSet.

op _+_ : MSet MSet -> MSet
[assoc comm id: &].

endfm

TRIV] is

fth PETRI[S :: TRIV] is
protecting MSET[S] renamed by
(sort MSet to Marking.).
sort Transition.
ops pre(_) post(_)
endfth

: Transition -> Marking.

TABLE A5
The Viewsl andV

view I from CMON-AUT to PETRI[S :: TRIV]
is sort State to Marking.

sort Transition to Transition.

op origin(_) to pre(_).

op destination(_) to post(_).

view V from CMON-AUT to CMONCAT is
sort State to Object.

sort Transition to Arrow.

op 0 to O.

op __ to _D_.

op 0 to @. op origin(_) to d(_).
op _®_ to _+_. op destination(_) to c(_).
endview endview

TABLE A6
The TheoriesMON-AUTLIST , andPRE-NET

fmod LIST[E :: TRIV] is
sort List.

subsort Element < List.

fth MON-AUT is

sorts State Transition.

op 1 : -> State.

op _®_ : State State -> State

[assoc id: 1].

op origin(_) : Tramsition -> State.

op destination(_) : Transition -> State.
endfth

op € : -> List.
op _i_ : List List -> List [assoc id: €].
endfm

fth PRE-NET[S :: TRIV] is
protecting LIST[S] renamed by

(sort List to String.).
sort Transition.
ops pre(_) post(_)
endfth

Transition->String.
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TABLE A7
The TheoryYSMONCA®@Nd the Viewd. andW

view L from MON-AUT to PRE-NET[S :: TRIV] is fth SMONCAT is including MONCAT.

sort State to String. op y(_,_) : Object Object -> Arrow.
sort Transition to Transition. vars a,a ,b,b’,c : Object.

op origin(_) to pre( ). vars f,f’ : Arrow.

op destination(_) to post(_). eq d(y(a,b)) = a®b.

op 1 to €. eq c(y(a,b)) = b®a.

op _®_ to _i_. eq y(a,1) = a.
endview eq y(1,a) = a.

eq y(a®b,c) = (a ® y(b,0));(y(a,c) ® b).

view W from MON-AUT to SMONCAT is eq y(a,b);y(b,a) = a®b.

sort State to Object. ceq (ff);y(b,b) = y(a,a);(f'xf)
sort Transition to Arrow. if d(f) == a and d(f’) == &

op 1 to 1. and c(f) == b and c(f’) ==D'.
op _®_ to _Q®_. endfth

op origin(_) to d(_).
op destination(_) to c(_).
endview

Homomorphism axioms.For eachf € ,, g€ £/,, n+ m > 0, we introduce the axiom:

vx (g (). - g7 00)) = g (F1O<a), ., F1OCm)) & Aqsicn 9706 (T, T) A
/\1§j§n1fl(xjj):(7_’7_qs

wherexi_ = {xj : (T, T)}1<j<m, fori € [1,n], X}j = {xj : (T, TD}lzi<n, for j € [1,m], and
X = {xij (T, TOE5

1<j=m-*
The tensor product of theories fienctorial in the category of theories. Thus, k: T, — T, and
G: T} — T, are theory morphisms, we have an associated theory morphis@: T: @ T; — To ® Tb,.
The essential property Gf® T’ has been recalled in Theorem 4.1. For example, the definition of tl
theory MONCAT of monoidal categories used in Section 4.1 is almost effortless thanks to the ter
product construction.

ExavpLe A.2. The theonMONCAT is defined in Table Al by applying the tensor product constructio
to CAT and to the theorMON of monoids (see Table Al). Notice the us@ ef t andright corresponding
to the indiced andr discussed above. The explicit axiomatizationofl ® CAT is given in Table A2.

A.2. Maude Specifications of Theories and Views for Nets

For the reader’s convenience, we have collected in this appendix complete specifications for a
theories and views addressed in Section 4. In particular, Tables A3—A5 concern the algebraic sem
under theCTph, Tables A6—A7 concern the algebraic semantics undefTfibk, and Table A8 relates
the two different interpretations.

TABLE A8
The ViewsU andS

view S from SMONCAT to CMONCAT is

view U from MON-AUT to CMON-AUT is sort Object to Object.
sort State to State. sort Arrow to Arrow.
sort Transition to Transition. op d(_) to d(L).
op 1 to 0. op c(_) to c(L).
op _®_ to _D_. op _;_ to _;_.
op origin(_) to origin(_). op 1 to O.
op destination(_) to destination(_). op _®_ to _&_.
endview op y(_,_) to _®_.

endview
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