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Abstract—In this contribution the performance of multiple-
input multiple-output space-division, code-division multiple-
access (MIMO SCDMA) is investigated, when the low-complexity
reduced-rank detection is employed. In [1] a MIMO SCDMA sys-
tem is proposed, aiming at improving the capacity of the existing
direct-sequence (DS) CDMA (DS-CDMA) systems. The perfor-
mance of the SCDMA system in [1] is investigated, when the full-
rank multiuser detectors (MUDs) are considered. However, since
the rank of the detection-related matrices in SCDMA is usually
high, the complexity is extremely high, even linear detectors, such
as decorrelating, minimum mean-square error (MMSE), etc. are
employed. In this paper the reduced-rank detection scheme, which
is derived based on the Taylor polynomial approximation (TPA),
is proposed for detecting the SCDMA signal. The bit error rate
(BER) performance of the MIMO SCDMA is investigated, when
communicating over frequency-selective fading channels. It can
be shown that the considered reduced-rank detection is capable
of achieving a BER performance that is close to that of using full-
rank detection, but with significantly lower detection complexity.

I. INTRODUCTION

In wireless communications DS-CDMA has been a typical
multiple-access scheme in the second and third generations of
wireless communications systems. Without any doubt, it will
constitute an important candidate in the future generations of
wireless communications systems. Hence, one of the important
issues in future wireless communications is to increase the
capacity of DS-CDMA networks. In [1] a MIMO SCDMA
scheme is proposed and investigated, where multiple transmit
and receive antennas are introduced in order to enhance the
capacity and performance of the DS-CDMA systems. It can be
shown that the MIMO SCDMA assisted by MUD constitutes
a highly promising multiple-access scheme, which is capable
of efficiently exploiting the system resources and significantly
increasing the capacity of a conventional DS-CDMA system.

In [1] the performance of the MIMO SCDMA system has
been investigated in the context of a range of full-rank linear
MUDs, including decorrelating and MMSE [2]. However, in
the MIMO SCDMA systems the rank of the detection-related
matrices is contributed by both the DS-CDMA’s code signa-
tures as well as the SDMA’s spatial signatures. Hence, the
rank in detection is usually very high, yielding high-complexity

detection, even when the above-mentioned linear MUDs are
employed. In order to mitigate the detection complexity in the
SCDMA system [1], therefore, in this contribution reduced-
rank detection is proposed and investigated. Specifically, the
reduced-rank MMSE detection is investigated in the context
of the SCDMA, where the reduced-rank subspace is derived
based on the principles of Taylor polynomial approximation
(TPA) [3]. The BER performance of the SCDMA system
using the proposed reduced-rank MMSE detection is investi-
gated, when communicating over multipath fading channels.
Our study and simulation results show that the TPA-assisted
reduced-rank detection is capable of achieving a BER perfor-
mance that is close to that of using full-rank detection, but with
significantly lower detection complexity.

II. SYSTEM DESCRIPTION

In this section we provide an overview of the MIMO
SCDMA system proposed in [1], as well as provide the required
MIMO equations for carrying out the further discussion and
analysis.

A. Transmitted Signal

The MIMO system considered in this paper is the same as
that in [1], which consists of U transmit antennas and V
receive antennas. The transmitter schematic diagram of the kth
user is shown in Fig.1, where real-valued data symbols using
BPSK baseband modulation and real-valued spreading [4] were
assumed. As shown in Fig.1, at the transmitter side the binary
input data stream having a bit duration of Tb is serial-to-parallel
(S-P) converted to U parallel sub-streams. The new bit duration
of each parallel sub-stream or the symbol duration becomes
Ts = UTb. After S-P conversion, the U parallel bits are direct-
sequence spread using the STS schemes proposed in [4] with
the aid of U pseudo-noise (PN) spreading sequences having a
period of UN , where N = Tb/Tc represents the number of
chips per bit time-duration and Tc is the chip-duration of the
PN spreading sequence. As seen in Fig.1, following STS, the U
parallel signals are mapped to the U transmit antennas, where
the U parallel signals are carrier modulated and transmitted by
the corresponding U antennas.
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Fig. 1. Transmitter block diagram of the MIMO SCDMA system using space-time spreading c©IEEE, [1].

As shown in [1], for the case of using U = 2 transmit
antennas, the transmitted signal of the kth user within a data
block of M symbol durations can be expressed as

sssk(t) =
M−1∑
m=0


√

2P
22 [bk1(m)ck1(t−mTs) + bk2(m)

× ck2(t−mTs)] cos (2πfct+ φk1)√
2P
22 [bk2(m)ck1(t−mTs)− bk1(m)

× ck2(t−mTs)] cos (2πfct+ φk2)

 (1)

where P represents each user’s transmitted power, which is
constant for all users, U × U = 22 is a power normalization
factor, where the first U is due to the U number of transmit
antennas, while the second U is due to the symbol duration of
Ts = UTb. In (1) sssk(t) = [sk1(t) sk2(t)]

T - where T denotes
vector or matrix transpose - represents the transmitted signal
vector of the U = 2 transmit antennas, while M represents
the number of symbols transmitted per block. As shown in
(1), for the case of U = 2, the mth symbol contains two bits
of bk1(m) and bk2(m), which are transmitted with the aid of
the STS scheme based on two transmit antennas [4]. The STS
sequences are assumed the periodic PN sequences having a
period of Ts = UTb = UNTc, which can be expressed in the
form of cku(t) =

∑UN−1
j=0 cjkuψTc(t − jTc), u = 1, 2, . . . , U ,

where cjku assumes values of +1 or -1, while ψTc(t) is the chip
waveform, which is defined over the interval [0, Tc) and has the
property of

∫ Tc

0
ψ2

Tc
(t)dt = Tc. Finally, in (1) fc represents the

carrier frequency and φku, u = 1, 2 represents the initial phase
with respect to the uth antenna of the kth user.

We assume that the SCDMA signals are transmitted over
frequency-selective fading channels, where signal transmitted
from any transmit antenna to any receive antenna experiences
independent frequency-selective Rayleigh fading. The channel
is assumed to be time-invariant over a data block time-duration,
while experiences independent fading for different data blocks.
Consequently, for a given data block, the complex low-pass
equivalent representation of the CIR corresponding to the uth

transmit antenna of user k and the vth receive antenna is given
by [5]

h(k)
vu (t) =

L−1∑
l=0

h(k)
vu (l)δ(t− lTc) (2)

where h
(k)
vu (l) = |h(k)

vu (l)| exp
(
jφ

(k)
vu (l)

)
and τkl = lTc

represent the attenuation factor and delay of the lth multi-
path component, respectively, while L is the total number of
resolvable multipath components and δ(t) is the Kronecker
Delta-function. We assume that the phases

{
φ

(k)
vu (l)

}
in (2)

are independent identically distributed (iid) random variables
uniformly distributed in the interval [0, 2π), while the L multi-
path attenuations

{
|h(k)

vu (l)|
}

are independent Rayleigh random
variables with a Probability Density Function (PDF) of [5]

p|h(k)
vu (l)|(R) =

2R
Ω
e−R2/Ω, R > 0 (3)

where Ω = E
[
|h(k)

vu (l)|2
]

is the second moment of h(k)
vu (l).

The receiver structure for detection of the MIMO SCDMA
signal is shown in Fig.2. The receiver comprises of V receive
antennas. At each of the V receive antennas, the received signal
is first passed through a filter matched to the transmitted chip-
waveform of ψTc(t). Then, the output of the matched-filters are
sampled at a rate of 1/Tc. Hence, in a general MIMO SCDMA
system using U transmit antennas, each receive antenna branch
provides (MUN + L − 1) samples corresponding to a data
block, where (L − 1) is the result of channel delay, and the
detector can collect a total of V ×(MUN+L−1) samples from
the V receive antennas. As shown in Fig.2 the antenna output
samples are sent to a detector, where the data transmitted by
theK users is detected based on the TPA-assisted reduced-rank
detection algorithms, which will be investigated in detail in our
forthcoming discourse.

Let

yyy[m] =
[
yyy1[m]T , yyy2[m]T , . . . , yyyV [m]T

]T
(4)



...... ......
Detection

Algorithm

R2(t)

R1(t)

RV (t)

λTc

ψ∗
Tc

(−t)

ψ∗
Tc

(−t)

ψ∗
Tc

(−t)

b̂bb1

b̂bb2

b̂bbK

Fig. 2. Receiver schematic block diagram of the MIMO SCDMA sys-
tems c©IEEE, [1].

represents the collection of all the samples from the V receive
antennas, which is related to the STS symbols transmitted
within the mth symbol duration by the K users, and yyy[m] is
a (UN + L − 1)V -length vector. Then, upon following the
analysis in [1], it can be shown that yyy[m] can be expressed as

yyy[m] =
K∑

k=1

{
(IIIV ⊗CCCk[0])HHHkbbbk[m]

+ (IIIV ⊗CCCk[−1])HHHkbbbk[m− 1]

+
(
IIIV ⊗ C̄̄C̄Ck[1]

)
HHHkbbbk[m+ 1]

}
+nnn[m] (5)

where ⊗ represents the Kronecker product [6] operation,
nnn[m] is a (UN + L − 1)V -length noise vector, which has
zero-mean and a covariance matrix of E[nnn[m]nnn[m]H ] =
(U2N0/Ec)III(UN+L−1)V , where Ec represents the energy per
chip. The other arguments in (5) are described as follows.

• CCCk[0]: A ((UN + L − 1) × UL)-dimensional matrix
containing the U STS sequences of user k by taking
into account of the L multipath components. CCCk[0] is
corresponding to the current STS symbol received from
user k;

• CCCk[−1]: A ((UN+L−1)×UL)-dimensional matrix due
to the previous STS symbol of user k, but falling within its
current symbol observation duration. Due to CCCk[−1], the
current STS symbol of user k conflicts interference from
the previous STS symbols of the K users in the system;

• C̄̄C̄Ck[1]: A ((UN + L− 1)× UL)-dimensional matrix due
to the following STS symbol of user k, but falling within
its current symbol observation duration. Due to C̄̄C̄Ck[1], the
current STS symbol of user k conflicts interference from
the following STS symbols of the whole K users;

• HHHk: A ULV × U matrix corresponding to the CIRs
connecting the kth user to the V receive antennas;

• bbbk(m − 1), bbbk(m), bbbk(m + 1): The (m − 1)th, mth
and (m + 1)th STS symbols transmitted by the kth user,
respectively.

Additionally, let

CCC[0] = [(IIIV ⊗CCC1[0]) , . . . , (IIIV ⊗CCCK [0])]

CCC[−1] = [(IIIV ⊗CCC1[−1]) , . . . , (IIIV ⊗CCCK [−1])]

C̄̄C̄C[1] =
[(
IIIV ⊗ C̄̄C̄C1[1]

)
, . . . ,

(
IIIV ⊗ C̄̄C̄CK [1]

)]
HHH = diag {HHH1,HHH2, . . . ,HHHK}

bbb[m] =
[
bbbT1 [m], . . . , bbbTK [m]

]T

Then, (5) can also be written as

yyy[m] = CCC[0]HHHbbb[m] +CCC[−1]HHHbbb[m− 1]

+C̄̄C̄C[1]HHHbbb[m+ 1] +nnn[m] (6)

for m = 1, 2, . . . ,M − 2. Note that, for m = 0, the second
component related to CCC[−1] on the right-hand side of (6)
should be removed. By contrast, for m = M − 1 the third
component containing C̄̄C̄C[1] on the right-hand side of (6) should
be removed. Let us now consider the reduced-rank detection of
the STS assisted MIMO SCDMA signals.

III. LINEAR REDUCED-RANK DETECTION OF MIMO
SCDMA SIGNALS

In this section we focus on the linear reduced-rank detection
of the MIMO SCDMA signals. Specifically, the reduced-rank
detection based on the principles of TPA and MMSE [3] is
investigated. This is because, in comparison with the other
reduced-rank MMSE detectors, the TPA assisted reduced-rank
MMSE detection does not depend on the eigen-decomposition
of the auto-correlation matrix of the observation vector [7].
Furthermore, according to [7]–[9], the performance of TPA-
assisted reduced-rank MMSE detector is capable of converging
to the full-rank performance with a rank significantly lower than
that of the other types of reduced-rank MMSE detectors.

Let the output of a linear detector be expressed by

zzz[m] =
[
zzzT

1 [m], zzzT
2 [m], . . . , zzzT

K [m]
]T

(7)

which consists of the decision variables for the data-bits trans-
mitted by the K users during the mth symbol duration, while
zzzk[m] contains the decision variables for bbbk[m].

Let the rank in the detection subspace be U = λU . Then,
according to [3], [8], [9], the detection subspace under TPA for
the kth user can be formed as

PPPU =
[
HHHk,RRR

(k)
y HHHk, . . . ,

(
RRR(k)

y

)λ−1

HHHk

]
(8)

where, by definition, HHHk = (IIIV ⊗CCCk[0])HHHk, which is given
in (5),RRR(k)

y is the auto-correlation matrix of yyy[m] of (5), which
can be expressed as

RRR(k)
y =

K∑
k=1

{
(IIIV ⊗CCCk[0])HHHkHHH

H
k

(
IIIV ⊗CCCT

k [0]
)

+(IIIV ⊗CCCk[−1])HHHkHHH
H
k

(
IIIV ⊗CCCT

k [−1]
)

+
(
IIIV ⊗ C̄̄C̄Ck[1]

)
HHHkHHH

H
k

(
IIIV ⊗ C̄̄C̄CT

k [1]
) }

+
U2N0

Ec
III(UN+L−1)V (9)



Having obtained the detection subspace PPPU , the observation
vector in (5) can be mapped into a subspace of U dimension,
generating the observation vector of

ȳyy =
(
PPPH
U PPPU

)−1
PPPH
U︸ ︷︷ ︸“

SSS
(k)
U

”H

yyy (10)

where
(
PPPH
U PPPU

)−1
represents a normalization factor. Finally,

in the subspace ȳyy is input to a MMSE detector, where it is
processed by a MMSE filter and output estimates for the trans-
mitted space-time symbols {bbbk[m]}, which can be expressed as

x̂xx1 = W̄WW
H
o ȳyy (11)

where the weight matrix is given by

W̄WW o =
[(
SSS

(k)
U

)H

RRR(k)
y SSS

(k)
U

]−1 (
SSS

(k)
U

)H

HHHk (12)

Let us now show some performance results in the next
section.

IV. PERFORMANCE EXAMPLES

In this section we provide a range of simulation results, in
order to illustrate the achievable performance of the MIMO
SCDMA system in conjunction with the proposed reduced-
rank detection scheme, when communicating over frequency-
selective Rayleigh fading channels. In our simulation examples,
we assumed that the Gold sequences having a period ofN = 31
were the basic sequences assigned to the users. For each given
user, the UN -length STS sequences were formed from its
basic sequence. Specifically, in our simulation examples these
UN -length STS sequences of a given user were obtained by
concatenating the assigned basic N -length Gold sequence with
the U -length Walsh Hadamard codes. Let ccck be the basic Gold
sequence assigned to the kth user. Then, for U = 2 and 4, the
STS sequences of the kth user were obtained as

[
+1 +1
+1 −1

]
⊗ ccck,


+1 +1 +1 +1
+1 +1 −1 −1
+1 −1 +1 −1
+1 −1 −1 +1

⊗ ccck (13)

Furthermore, in our simulations we assumed a frequency-
selective channel associated with L = 4 multipath components.
Note that, in our simulation results shown in Figs. 3 - 6, as
defined, λ = U/U . Hence, for given values of U and λ, the
rank of the detection subspace is U = λU .

In addition to the common parameters, such as the spreading
factor N = 31 the number of multipath components L = 4,
used for all figures, there were some specific parameters for
each of the figures. In more details, in the context of Fig. 3 and
Fig. 4, we assumed that the MIMO SCDMA system employed
V = 2 BS receive antennas and each mobile user employed
U = 2 transmit antennas. The number of users supported was
assumed to be K = 5 for Fig. 3, while K = 10 for Fig. 4.
Hence, the number of ranks of the signal subspace for Fig. 3
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Fig. 3. BER versus SNR per bit performance for the MIMO SCDMA system
using TPA-assisted reduced-rank MMSE detection, when communicating over
multipath Rayleigh fading channels.
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Fig. 4. BER versus SNR per bit performance for the MIMO SCDMA system
using TPA-assisted reduced-rank MMSE detection, when communicating over
multipath Rayleigh fading channels.

is higher than 2 × 5 = 10, while for Fig. 4 is higher than 2 ×
10 = 20, since there exists ISI due to multipath propagation. By
contrast, in the context of Fig. 5 and Fig. 6, we assumed that the
MIMO SCDMA system employed V = 1 BS receive antennas
and each mobile user employed U = 4 transmit antennas. The
number of users supported was assumed to beK = 5 for Fig. 5,
while K = 10 for Fig. 6. Hence, the number of ranks of the
signal subspace for Fig. 5 is higher than 4 × 5 = 20, while for
Fig. 6 is higher than 4× 10 = 40, again, due to the ISI.

From the results in Figs. 3 - 6, we can have the following
observations.

• For a given SNR value, the BER performance improves,
when increasing the rank, U = λU , of the detection
subspace, when the rank of the detection subspace is
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Fig. 5. BER versus SNR per bit performance for the MIMO SCDMA system
using TPA-assisted reduced-rank MMSE detection, when communicating over
multipath Rayleigh fading channels.

N=31, K=10, L=4, U=4, V=1

-4 0 4 8 12 16
SNR per bit, (dB)

10
-5

10
-4

10
-3

10
-2

10
-1

1

B
it

E
rr

or
R

at
e

Full-rank
=1
=2
=3
=4

Fig. 6. BER versus SNR per bit performance for the MIMO SCDMA system
using TPA-assisted reduced-rank MMSE detection, when communicating over
multipath Rayleigh fading channels.

relatively low, such as λ ≤ 2 in all the figures.
• The full-rank BER performance can be achieved, when

the rank of the detection subspace is around U = λU
associated with λ = 3, 4. This value is significantly lower
than the rank of the corresponding signal subspaces, as
shown previously in this section.

• No matter what the rank of the signal subspace is, the BER
performance of the TPA-assisted reduced-rank MMSE
detection converges to the BER performance achieved by
the full-rank MMSE detection, provided that the value of
λ is around λ = 3, 4. Specifically, as shown in Fig.6, the
full-rank BER performance can be achieved by invoking a
detection subspace corresponding to λ = 4, or a detection
subspace of rank U = 16 that is significantly lower

than that of the signal subspace, which is higher than
U × K = 40. According to the above analysis and the
results in Figs. 3 - 6, it can be shown that the λ value
required to achieve the full-rank BER performance does
not scale with the system size determined by the number
of users, K, as well as the number of receive antennas and
the spreading factor.

Note that the TPA-assisted reduced-rank MMSE detection
does not depend on the eigen-decomposition of the auto-
correlation matrixRRR(k)

y .

V. CONCLUSIONS

In conclusions, in this contribution we have investigated
the performance of the MIMO SCDMA system combining
both space-division and code-division, when communicating
over frequency-selective fading channels. Since the full-rank
MMSE detection for the MIMO SCDMA is high-complexity
due to the long observation vectors invoked, a reduced-rank
MMSE detection scheme has been proposed based on the
principles of Taylor polynomial approximation (TPA). A range
of simulation results have been provided for characterizing the
BER performance of the TPA-assisted reduced-rank MMSE
detection. From our study and simulation results, it can be
shown that the detection complexity in the MIMO SCDMA can
be significantly reduced, when the TPA-assisted reduced-rank
MMSE detection is employed. The full-rank BER performance
can be achieved by invoking a detection subspace with a rank
that is significantly lower than that of the signal subspace.
Furthermore, it can be shown that the rank required to achieve
the full-rank BER performance does not scale with the system
size determined by the number of users supported, the number
of receive antennas and the spreading factor employed.
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