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Abstract. Symmetries are intrinsic to many combinatorial problendduding
Boolean Satisfiability (SAT) and Constraint Programmin@)Qn SAT, the iden-
tification of symmetry breaking predicates (SBPs) is a \Wathwn, often effec-
tive, technique for solving hard problems. The identifisatof SBPs in SAT has
been the subject of significant improvements in recent yeassilting in more
compact SBPs and more effective algorithms. The identificaif SBPs has also
been applied to pseudo-Boolean (PB) constraints, showatgsymmetry break-
ing can also be an effective technique for PB constraintss paper extends
further the application of SBPs, and shows that SBPs canebsified and used
in Maximum Satisfiability (MaxSAT), as well as in its most Wwkhown variants,
including partial MaxSAT, weighted MaxSAT and weightedtmmMaxSAT. As
with SAT and PB, symmetry breaking predicates for MaxSAT =sadants are
shown to be effective for a representative number of prolddlemains, allowing
solving problem instances that current state of the art Max®lvers could not
otherwise solve.

1 Introduction

Symmetry breaking is a widely used technique for solving loimtorial problems.
Symmetries have been used with great success in SatisfigBiAT) [6, 1], and are re-
garded as an essential technique for solving specific dasggoblem instances. Sym-
metries have also been widely used for solving constrafigfaation problems (CSPs) [8].
More recent work has shown how to apply symmetry breaking@ugo-Boolean (PB)
constraints [2] and also in soft constraints [18]. It shdagchoted that symmetry break-
ing is viewed as an effective problem solving techniquéggifor SAT, PB or CP, that is
often used as an alternative technique, to be applied wHenltlalgorithms are unable
to solve a given problem instance.

Inrecentyears there has been a growing interest in algositbr MaxSAT and vari-
ants [12,13, 20, 10,11, 14], in part because of the wide rahgetential applications.
MaxSAT and variants represent a more general frameworkeithar SAT or PB, and
so can naturally be used in many practical applications.iftezest in MaxSAT and
variants motivated the development of a new generation of9Wd algorithms, re-
markably more efficient than early MaxSAT algorithms [19,Bgspite the observed
improvements, there are many problems still too complexMaxSAT algorithms to

* This paper is also available as reference [15].
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solve [3]. Natural lines of research for improving MaxSAgatlithms include studying
techniques known to be effective for either SAT, PB or CP. Ooecrete example is
symmetry breaking. Despite its success in SAT, PB and CRdéiiIness of symmetry
breaking for MaxSAT and variants has not been thoroughlgistl

This paper addresses the problem of using symmetry breakif@axSAT and in
its most well-known variants, partial MaxSAT, weighted M and weighted partial
MaxSAT. The work extends past recent work on computing sytriesefor SAT [1]
and PB constraints [2] by computing automorphism on colgmegbhs obtained from
CNF or PB formulas, and by showing how symmetry breaking ipegds [6, 1] can
be exploited. The experimental results show that symmaeteaking is an effective
technique for MaxSAT and variants, allowing solving prablestances that state of
the art MaxSAT solvers could not otherwise solve.

The paper is organized as follows. The next section intredube notation used
throughout the paper, provides a brief overview of MaxSAd eariants, and also sum-
marizes the work on symmetry breaking for SAT and PB conssaiAfterwards, the
paper describes how to apply symmetry breaking in MaxSAT \aarthnts. Experi-
mental results, obtained on representative problem instafrom the MaxSAT eval-
uation [3] and also from practical applications [1], dentosite that symmetry break-
ing allows solving problem instances that could not be sblwgany of the available
state of the art MaxSAT solvers. The paper concludes by suinimgrelated work, by
overviewing the main contributions, and by outlining difens for future work.

2 Preliminaries

This section introduces the notation used through the pagewell as the MaxSAT
problem and its variants. An overview of symmetry identifica and symmetry break-
ing is also presented.

2.1 Maximum Satisfiability

The paper assumes the usual definitions for SAT. A propasitiormulais represented
in Conjunctive Normal FornfCNF). A CNF formulap consists of a conjunction of
clauses, where each clausés a disjunction of literals, and a literals either a propo-
sitional variabler or its complement. Variables can be assigned a propositional value,
either O or 1. Aliteral; = x; assumes value 1if; = 1 and assumes value Oiif = 0.
Conversely, literal; = z; assumes value 1 if; = 0 and value 0 wher; = 1. For
each assignment of values to the variables, the value ofuilargnis computed with the
rules of propositional logic. A clause is said to ¢sttisfiedf at least one of its literals
assumes value 1. If all literals of a clause assume valuesf ttte clause iansatisfied
The propositional satisfiability (SAT) problem consistslgciding whether there exists
an assignment to the variables such th# satisfied.

Given a propositional formule, the MaxSAT problem is defined as finding an
assignment to variables ip such that the number of satisfied clauses is maximized.
(MaxSAT can also be defined as finding an assignment that rnz@egthe number of un-
satisfied clauses.) Well-known variants of MaxSAT includetial MaxSAT, weighted
MaxSAT and weighted partial MaxSAT.
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For partial MaxSAT, a propositional formulais described by the conjunction of
two CNF formulasps andyy,, whereyp, represents theoftclauses angb, represents
thehard clauses. The partial MaxSAT problem over a propositionahiday = @5 A
s consists in finding an assignment to the problem variablels that all hard clauses
(r) are satisfied and the number of satisfied soft clausgsi§ maximized.

For weightedMaxSAT, each clause in the CNF formula is associated to a non-
negative weight. A weighted clause is a p@ir, ¢) wherew is a classical clause anrd
is a natural number corresponding to the cost of unsatiglyirGiven a weighted CNF
formulap, theweightedMaxSAT problem consists in finding an assignment to prob-
lem variables such that the total weight of the unsatisfiads#s is minimized, which
implies that the total weight of the satisfied clauses is mized. For thaveighted par-
tial MaxSAT problem, the formula is the conjunction of a weigh@\F formula (soft
clauses) and a classical CNF formula (hard clauses). Thghtesl partial MaxSAT
problem consists in finding an assignment to the variablels that all hard clauses are
satisfied and the total weight of satisfied soft clauses isimmagd. Observe that, for
both partial MaxSAT and weighted partial MaxSAT, hard cksisan be represented as
weighted clauses. For these clauses one can consider¢haetbht is greater than the
sum of the weights of the soft clauses.

MaxSAT and variants find a wide range of practical appligaidhat include schedul-
ing, routing, bioinformatics, and design automation. M@, MaxSAT can be used
for solving pseudo-Boolean optimization [11]. The praatiapplications of MaxSAT
motivated recent interest in developing more efficient atgms. The most efficient
algorithms for MaxSAT and variants are based on branch aoddsearch, using ded-
icated bounding and inference techniques [12, 13, 10, Idj:er bounding techniques
include for example the use of unit propagation for ideiifynecessarily unsatisfied
clauses, whereas inference techniques can be viewed astegsforms of resolution,
with the objective of simplifying the problem instance tdve&o

2.2 Symmetry Breaking

Given a problem instance, a symmetry is an operation thaepves the constraints, and
therefore also preserves the solutions [5]. For a set of sstnienstates, it is possible
to obtain the whole set of states from any of the states. Hesysemetry breaking
predicates may eliminate all but one of the equivalent st&gmmetry breaking is
expected to speed up the search as the search space getsitdehurspecific problems
where symmetries may be easily found this reduction maydréfgiant. Nonetheless,
the elimination of symmetries necessarily introduces loead that is expected to be
negligible when compared with the benefits it may provide.
The elimination of symmetries has been extensively stutie€dP and SAT [16,

6]. The most well-know strategy for eliminating symmetrie SAT consists in adding
symmetry breaking predicates (SBPs) to the CNF formulag6Ps are added to the
formula before the search starts. The symmetries may bdifiéerfor each specific
problem, and in that case it is required that the symmetniébe problem are identi-
fied when creating the encoding. Alternatively, one may gifermula to a specialized
tool for detecting all the symmetries [1]. The resulting SBRe intended to merge
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symmetries in equivalent classes. In case all symmetreebraken, only one assign-
ment, instead of, assignments, may satisfy a set of constraints, beitige number of
elements in a given equivalent class.

Other approaches include remodeling the problem [17] aedKing symmetries
during search [9]. Remodeling the problem implies creatirdifferent encoding, e.g.
obtained by defining a different set of variables, in ordecreate a problem with less
symmetries or even none at all. Alternatively, the seardtedure may be adapted
for adding SBPs as the search proceeds to ensure that agprassit symmetric to
one assignment already considered will not be exploredaritture, or by performing
checks that symmetric equivalent assignments have noeget Wsited.

Currently available tools for detecting and breaking synmnies for a given formula
are based on group theory. From each formula a group is ¢xttawhere a group
is a set of permutations. A permutation is a one-to-one spardence between a set
and itself. Each symmetry defines a permutation on a setesfil. In practice, each
permutation is represented by a product of disjoint cy&esh cyclgl; I3 . .. I,,) with
sizem stands for the permutation that mdpsn/;; ;1 (with 1 < i <m — 1) andl,, on
l1. Applying a permutation to a formula will produce exactlg ttame formula.

Example 1.Consider the following CNF formula:
@ =(x1Vx2) A(T1 Va2) A (T2) A (z3 Vx2) A (T3 V x2)

The permutations identified fay are (x3 z3) and (x1 z3)(Z1 Z3). (The permutation
(z1 z1) is implicit.) The formula resulting from the permutati¢ns z3) is obtained
by replacing every occurrence of by z3 and every occurrence af by z3. Clearly,
the obtained formula is equal to the original formula. Theedappens when applying
the permutatiorfz, x3)(z1 Z3): replacingz; by z3, z3 by 1, z1 by z3 andzs by z,
produces the same formula.

3 Symmetry Breaking for MaxSAT

This section describes how to apply symmetry breaking in 848 First, the construc-
tion process for the graph representing a CNF formula idlipnieviewed [6, 1], as it
will be modified later in this section. Afterwards, plain MBXT is considered. The next
step is to address partial, weighted and weighted partial9Aa.

3.1 From CNF Formulas to Colored Graphs

Symmetry breaking for MaxSAT and variants requires a few ifications to the ap-
proach used for SAT [6, 1]. This section summarizes the tmgicoach, which is then
extended in the following sections.

Given a graph, thgraph automorphisnproblem consists in finding isomorphic
groups of edges and vertices with a one-to-one correspeedbncase of graphs with
colored vertices, the correspondence is made betweere®kiith the same color. It
is well-known that symmetries in SAT can be identified by m&tthn to a graph au-
tomorphism problem [6, 1]. The propositional formula isnegented as an undirected
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Fig. 1. Colored graph for Example 2

graph with colored vertices, such that the automorphisrhéngraph corresponds to a
symmetry in the propositional formula.
Given a propositional formul@, a colored undirected graph is created as follows:

— For each variable:; € ¢ add two vertices to represenf andz;. All vertices
associated with variables are colored with color 1;

— For each variable; € ¢ add an edge between the vertices representjramdz;;

— For each binary clause; = (I; V l;) € ¢, add an edge between the vertices
representing; andl;

— For each non-binary clausg € ¢ create a vertex colored with 2;

— For each literal; in a non-binary clause;, add an edge between the corresponding
vertices.

Example 2.Figure 1 shows the colored undirected graph associatedhgt@NF for-
mula of Example 1. Vertices with shapeepresent color 1 and vertices with shape
represent color 2. Vertex 1 correspondseto 2 to xo, 3toxs, 4 tozy, 5t0 %y, 6 t0

Zs and 7 to unit clausézs). Edges 1-2, 2-3, 2-4 and 2-6 represent binary clauses and
edges 1-4, 2-5 and 3-6 link complemented literals.

3.2 Plain Maximum Satisfiability

Let ¢ represent the CNF formula of a MaxSAT instance. Moreoverplg, be the
CNF formula for the symmetry-breaking predicates obtaiwitti a CNF symmetry
tool (e.g. Shattet). All clauses iny are effectivelysoftclauses, for which the objective
is to maximize the number of satisfied clauses. In contriastclauses i, arehard
clauses, which must necessarily be satisfied. As a resealgriginal MaxSAT problem
is transformed into a partial MaxSAT problem, wherelenotes the soft clauses and
wsbp denotes the hard clauses. The solution of the partial Max8élem corresponds
to the solution of the original MaxSAT problem.

Example 3.For the CNF formula of Example 1, the generated SBP predi¢bieShat-
ter) areipq, = (T3) A (Z1 V x3) As result, the resulting instance of partial MaxSAT
will be ' = (pn A ¢s) = (pshp A ). Moreover,zs = 0 andz; = 0 are necessary
assignments, and so variablesandzs can be ignored for maximizing the number of
satisfied soft clauses.

% http://www.eecs.umich.edwfaloul/Tools/shatter/
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Observe that the hard clauses representeg,pydo not change the solution of the
original MaxSAT problem. Indeed, the construction of thengyetry breaking predi-
cates guarantees that the maximum number of satisfied aofted remains unchanged
by the addition of the hard clauses.

Proposition 1. The maximum number of satisfied clauses for the MaxSAT pnable
and the partial MaxSAT problefip A ¢.,,) are the same.

Proof: (Sketch) The proof follows from the fact that symmetries nraglels into mod-
els and non-models into non-models (see Proposition 2.8]jnConsider the clauses
as an ordered sequenge,, . . . ,w.,). Given a symmetry, a clause in positiowill be
mapped to a clause in another positjpriNow, given any assignment, if the clause in
positioni is satisfied (unsatisfied), then by applying the symmetey,cause in posi-
tion j is now satisfied (unsatisfied). Thus the number of satisfiegqtisfied) clauses
is unchanged. [

3.3 Partial and Weighted Maximum Satisfiability

For partial MaxSAT, the generation of SBPs needs to be madifibe graph repre-
sentation of the CNF formula must take into account the emist of hard and soft
clauses, which must be distinguished by a graph automarpalgorithm. Symmetric
states for problem instances with hard and soft clauseblss$ta correspondence ei-
ther between hard clauses or between soft clauses. In othreisywhen applying a
permutation hard clauses can only be replaced by other taundes, and soft clauses
by other soft clauses. In order to address this issue, tleeambfraph generation needs
to be modified. In contrast to the MaxSAT case, binary claasesot distinguished
from other clauses, and are represented as vertices in lbeedaraph. Clauses can
now have one of two colors. A vertex with color 2 is associatéti each soft clause,
and a vertex with color 3 is associated with each hard clathie. modification ensures
that any identified automorphism guarantees that soft efuerrespond only to soft
clauses, and hard clauses correspond only to hard clausesoWér, the procedure for
the generation of SBPs from the groups found by a graph aufarism tool remains
unchanged, and the SBPs can be added to the original ingtaneehard clauses. The
resulting instance is also an instance of partial MaxSATrr€xiness of this approach
follows form the correctness of the plain MaxSAT case.

The solution for weighted MaxSAT and for weighted partial®8&AT is similar to
the partial MaxSAT case, but now clauses with different Wedgare represented by
vertices with different colors. This guarantees that thmugs found by the graph auto-
morphism tool take into consideration the weight of eaclista Let{c;, ca, ..., i}
denote the distinct clause weights in the CNF formula. Edase of weight; is asso-
ciated with a vertex of color+ 1 in the colored graph. In case there exist hard clauses,
an additional colok + 2 is used, and so each hard clause is represented by a vertex
with color k£ + 2 in the colored graph. Associating distinct clause weiglith distinct
colors guarantees that the graph automorphism algorittmoicly make the correspon-
dence between clauses with the same weight. Moreover, gémtified SBPs result in
new hard clauses that are added to the original problem. For eithéghited MaxSAT
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Fig. 2. Colored graph for Example 4

Table 1. Problem transformations due to SBPs

|OriginalWith Symmetrie}
MS PMS
PMS PMS

WMS WPMS

WPMS WPMS

or weighted partial MaxSAT, the result is an instance of g partial MaxSAT. As
before, correctness of this approach follows form the atness of the plain MaxSAT
case.

Example 4.Consider the following weighted partial MaxSAT instance:

o= (x1 Va2, 1) AN (ZT1V 22,1) A (Z2,5) A
(.fg V IQ,Q) A (Ig \% $2,9)

for which the last two clauses are hard. Figure 2 shows theredlundirected graph
associated with the formula. Clauses with different wedghre represented with differ-
ent colors (shown in the figure with different vertex shapéspraph automorphism
algorithm can then be used to generate the symmetry bregkedjcatesp.,, =
(Z1) A (Z3), consisting of two hard clauses. As a result, the assigrsngnt 0 and
x3 = 0 become necessary.

Table 1 summarizes the problem transformations describéhis section, where
MS represents plain MaxSAT, PMS represents partial MaxSWV,S represents weighted
MaxSAT, and WPMS represents weighted partial MaxSAT. Tleeafi SBPs introduces
a number of hard clauses, and so the resulting problemsther giartial MaxSAT or
weighted partial MaxSAT.
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4 Experimental Results

The experimental setup has been organized as follows, Bifr¢he instances from the
first and second MaxSAT evaluations (2006 and 2007) [3] wene These results al-
lowed selecting relevant benchmark families, for which sytries occur and which
require a non-negligible amount of time for being solved loghbapproaches (with
or without SBPs). Afterwards, the instances for which bgtpraaches aborted were
removed from the tables of results. This resulted in seigctiehanm ng and the
MANN instances for plain MaxSAT, thiei 32 and again thé&/ANN instances for par-
tial MaxSAT, thec- f at 500 instances for weighted MaxSAT and tder andl og
instances for weighted partial MaxSAT.

Besides the instances that participated in the MaxSAT ctitigpe we have in-
cluded additional problem instancd®( e, Ur g andchnl ). Thehol e instances re-
fer to the well-known pigeon hole problem, thie q instances represent randomized
instances based on expander graphs andfimé instances model the routing of wires
in the channels of field-programmable integrated circliiteese instances refer to prob-
lems that can be naturally encoded as MaxSAT problems ankinaren to be highly
symmetric [1]. The approach outlined above was also foltbfiar selecting the in-
stances to be included in the tables of results.

We have run different publicly available MaxSAT solversyrely MINIMAX SAT 4,
TooLBAR ® and MAXSATZ ©. (MAXSATZ accepts only plain MaxSAT instances.) It
has been observed thatMM AX SAT behavior is similar to DOLBAR andMAXSATZ,
albeit being in general more robust. For this reason, thdtesfocus on MNIMAX SAT.

Tables 2 and 3 provide the results obtained. Table 2 refeptaio MaxSAT in-
stances and Table 3 refers to partial MaxSAT (PMS), weigMa’SAT (WMS) and
weighted partial MaxSAT (WPMS) instances. For each ingatie results shown in-
clude the number of clauses added as a result of SBPs (#CG|sBbtime required
for solving the original instances (OrigT), i.e. without B& and the time required for
breaking the symmetries plus the time required for solving éxtended formula af-
terwards (SbpT). In practice, the time required for genega®BPs is negligible. The
results were obtained on a Intel Xeon 5160 server (3.0GH33WBiz, 4MB) running
Red Hat Enterprise Linux WS 4.

The experimental results allow establishing the followdogclusions:

— The inclusion of symmetry breaking éssentiafor solving a number of problem
instances. We should note ttedt the plain MaxSAT instances in Table 2 for which
MINIMAX SAT aborted, are also aborted bp®LBAR andMAXSATZ. After adding
SBPs all these instances become easy to solve by any of treesdtor the aborted
partial, weighted and weighted partial MaxSAT instance§able 3 this is not
always the case, since a few instances aborted by MAX SAT could be solved by
TooLBAR without SBPs. However, the converse is also true, as thermstances
that were initially aborted by 30LBAR (although solved by M\IMAX SAT) that
are solved by DOLBAR after adding SBPs.

4 http://lwww.lsi.upc.edutfheras/docs/m.tar.gz
5 http://carlit.toulouse.inra.fr/cgi-bin/awki.cgi/Ttarintro
8 http://www.laria.u-picardie.fricli/maxsatz.tar.gz
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Table 2. Results for MNIMAX SAT on plain MaxSAT instances

[Name |[#ClsSbp OrigT| SbpT]
hamming10-2 81 1000 0.19
hamming10-4 1/886.57 496.73
hamming6-4 437, 0.17 0.15
hamming8-2 85/ 1000 0.21
hamming8-4 253 0.3§ 0.11
MANN _a27 85 1000 0.24
MANN _a45 79 1000 0.20
MANN _a81 79 1000 0.19
hole10 758 42.11 0.24
holell 922/510.90 0.47
hole12 1102 1000 1.78
hole7 362 0.10 0.11
hole8 478 0.40 0.13
hole9 610 3.68 0.17
Urg3.5 29| 83.33 0.27
Urgd 5 43| 100Q 50.84
chnl1Q11 1954 1000 41.79
chnl1Q12 2142 1000328.17
chnl1112 2370 1000420.19

— For several instances, breaking only a few symmetries c&e the difference. We
have observed that in some cases the symmetries are brotkenniticlauses.

— Adding SBPs is beneficial for most cases where symmetries. éxowever, for a
few examples, SBPs may degrade performance.

— There is no clear relation between the number of SBPs addktharnmpact on the
search time.

Overall, the inclusion of SBPs should be considered whené prablem instance
is known to exhibit symmetries. This does not necessarilglynthat after breaking
symmetries the instance becomes trivial to solve, and t@rde cases where the new
clauses may degrade performance. However, in a signifiecanber of cases, highly
symmetric problems become much easier to solve after a®Big. In many of these
cases the problem instances becdriwial to solve.

5 Related Work

Symmetries are a well-known research topic, that servediddgaomplexity in many
combinatorial problems. The first ideas on symmetry bregakiere developed in the
90s [16, 6], by relating symmetries with the graph autom@mphproblem, and by
proposing the first approach for generating symmetry brepgredicates. This work
was later extended and optimized for propositional satisifig [1].

Symmetries are an active research topic in CP [8]. Appraafdrdreaking symme-
tries include not only adding constraints before searchpi6also reformulation [17]
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Table 3. Results for MNIMAX SAT on partial, weighted and weighted partial MaxSAT instances

[Name [MStypd#ClIsSbp OrigT| SbpT|

ii32e3 PMS 1756 94.4Q 37.63
ii32e4 PMS 2060175.07129.04
c-fat500-10 WMS 2| 57.79 11.6
c-fats500-1 | WMS 1121 0.03 0.0§
c-fat500-2 | WMS 12| 0.1 0.11
c-fats500-5 | WMS 4/ 0.1 0.11
MANN _a27 WMS 1/ 1000880.58
MANN _a4§ WMS 1| 1000530.86
MANN _a81f WMS 1| 1000649.13

1502.dir |WPMS| 1560 0.34 10.67
29.dir WPMS 132 1004 28.09
54.dir WPMS 98| 4.14 0.32
8.dir WPMS 58 0.03 0.05
1502.log |WPMS 812 0.7 0.71
29.log WPMS 54| 17.55 0.82
404.log WPMS 124 1000 64.24
54.log WPMS 48 2.37 0.16

and dynamic symmetry breaking methods [9]. Recent work lsssiown the appli-
cation of symmetries to soft CSPs [18].

The approach proposed in this paper for using symmetry brgdér MaxSAT and
variants builds on earlier work on symmetry breaking for PRstraints [2]. Similarly
to the work for PB constraints, symmetries are identified bgstructing a colored
graph, from which graph automorphisms are obtained, whieliteen used to generate
the symmetry breaking predicates.

6 Conclusions

This paper shows how symmetry breaking can be used in Max8&Trets most well-
known variants, including partial MaxSAT, weighted MaxSAdnd weighted partial
MaxSAT. Experimental results, obtained on representaistances from the MaxSAT
evaluation [3] and practical instances [1], demonstraa¢ sigmmetry breaking allows
solving problem instances that no state of the art MaxSA¥esalould otherwise solve.
For all problem instances considered, the computatiotiattedf computing symme-
tries is negligible. Nevertheless, and as is the case wittteat work for SAT and PB
constraints, symmetry breaking should be considered akexnative problem solving
technique, to be used when standard techniques are unatddvtoa given problem
instance.

The experimental results motivate additional work on symnyrtareaking for MaxSAT.
The construction of the colored graph may be improved by doauon possible rela-
tions among the different clause weights. Moreover, theofisenditional symmetries
could be considered [7, 18].
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