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Abstract. In multiagent domains, agents form coalitions to perform tasks. The
usual models of cooperative game theory assume that the desirednevit ei-
ther the grand coalition or a coalition structure that consists of disjoint coalition
(i.e., a partition of the set of agents). However, in practice an agento@an-
volved in executing more than one task, and distributing his resourcegértw
several (not necessarily disjoint) coalitions. To tackle such scenave#tro-
duce a model for cooperative games with overlapping coalitions. Weftioeis

on concepts of stability in this setting. In particular, we define and study amotio
of the core, which is a generalization of the corresponding notion in the trad
tional models of cooperative game theory. Under some quite germrditions,

we characterize the elements of core. As a corollary, we also showrthatla
ement of the core maximizes the social welfare. We then introduce @pbat
balancedness for overlapping coalitional games, and use it to chézacteali-
tion structures that can be extended to elements of the core. Furthemeayen-
eralize the notion of convexity to our setting, and show that under someahatu
assumptions convex games have a non-empty core. To the best kfi@ul-
edge, this is the first paper to provide a generic model for overlapmialition
formation, along with a theoretical treatment of stability in this setting.

1 Introduction

In many settings, groups of agents have to form teams to peréertain tasks. In
the game theory literature, this process is knoweaaition formation Traditionally,

it is assumed that the desired outcome of this process isreitie grand coalition
i.e., the set of all agents, or@oalition structurethat consists of disjoint coalitions
(i.e., a partition of the set of agents). Furthermore, most of this researchséx on
transferable utility(TU games) in which there is no restriction on how agents gdih s
the total payoff among themselves. In particular, agems fone coalition can make a
payment to agents not in that coalition.

While the above assumptions are natural for some setting® ére many scenarios
where they are not applicable. This is mainly for two reaséirst, in several scenarios
it may only be possible to achieve the best outcome if agarissanultaneously be-
long to more than one coalition. In such circumstances,tag@most invariably need to
distribute their resources between the coalitions in whiigy participate. Such “over-
laps” are natural in a plethora of interesting settings: Atraightforward e-commerce
example, consider online trading agents representingithdils or virtual enterprises,



and facing the challenge of forming coalitions and allagatiheir owners’ capital to
a variety of projects simultaneously. Such requiremergsadso common in systems
requiring multirobot coordination, computational gridtwerks, and sensor networks
(see, e.g., [22,15]). To date, however, there has beentedseno work on overlap-
ping coalition formation, with just a few exceptions whicle wiscuss in Section 3. In
particular, we are not aware of any attempt to study coalitistability in such settings.
Second, it may not always be possible to split the value ofaditaan with agents that
do not even belong to that coalition, i.e., to allow crosalition transfers. Indeed, the
inability of some of the agents to work together and sharefiaynay be one of the pri-
mary reasons why the grand coalition does not form, and &pkat coalition structure
arises (for a detailed discussion, see the work of AumanrDaade [4]).

To address the above concerns, we introduce and study a thatlekplicitly takes
overlapping coalition formation (OCFhto account. The model is applicable in situa-
tions where agents need to allocate different parts of teswurces to simultaneously
serve different tasks as members of different coalitionstHer, our work departs from
the conventional transferable utility framework in seVvavays. First, there are no in-
herent superadditivity assumptions in our work, and heheegrand coalition does
not always emerge. (Thus, our subsequent definition of tihe ic@orporates coali-
tion structures, unlike most traditional work in econonijicdecond, we do not allow
cross-coalitional transfers (this is realistic, since gerd not contributing to a coali-
tion should not expect to receive payoff from it). Thus, thbwe do allow arbitrary
transferswithin coalitions, our games are not, technically speaking, ganitbsfully
transferable utility; rather, they can be considered aseganith side-payments [4, 19].
Finally, our model can take task (coalitional action) exemuexplicitly into account;
this facilitates possible extensions to tackle coalitiomfation under uncertaingy.

We then explore the stability concept of tharefor such settings, and provide con-
ditions for its existence. In particular, under some gelressumptions, we first provide
a characterization for outcomes, i.e., pairs of the formef@pping coalition struc-
ture, imputation), to be in the core. Our proof is based onaplgitheoretic argument,
which may be of independent interest. As a corollary of theotem, we show that any
outcome in the core maximizes the social welfare. Second;haeacterize coalition
structures that admit payoff allocations such that theltiegupair is in the core. This
is done by generalizing the Bondareva-Shapley theorem taetting (note that this
theorem does not hold for arbitrary non-transferabletytjames). Following that, we
extend the notion of convexity in coalitional games to capping coalitions, and show
that any convex OCF game has a non-empty core. Finally, wed@eome natural
extensions of our model, and suggest directions for futumkw

2 Background

In this section, we provide a brief overview of the basic @pts in cooperative game
theory regarding non-overlapping coalition structurest N = {1,...,n} be a set of
players (or “agents”). A subsét C N is called acoalition. A coalition structure(CS)
(in non-overlapping environments) is a partition of theafedgents.

% To ease notation, we only show how to incorporate coalitional actions in thelritoSec. 7.



Under the assumption t¢fansferable utility coalition formation can be abstracted
into a fairly simple model. This assumption postulates tkistence of a (divisible)
commodity (e.g., “money”) that can be freely transferrecbamplayers. The role of
the characteristic functiorof a coalitional game with transferable utility (TU-gamis)
to specify a single number denoting the worth of a coalitlearmally, a characteristic
functionv : 2V — R defines thevalue v(C) of each coalitionC' [32]. A transfer-
able utility game is completely specified by the set of play€rand the characteristic
functionv; we writeG = (N, v).

While the characteristic function describes the payoffdlalvke to coalitions, it
does not prescribe a way of distributing these payoffs. Ehisaptured by the notion
of animputation defined as follows. We say that atiocationis a vector of payoffs
x = (x1,...,xz,) assigning some payoff to eaghe N. An allocation isefficientwith
respect to a coalition structui@S if >, o z; = v(S5) forall S € CS. An allocation
(z1,...,2,) is called aimputationif it Is efficient, and satisfiemdividual rationality,
ie.,z; >ov({j}) forj=1,...,n I(CS) denotes the set of all imputations fo1S5.

The non-overlapping core When rational agents seek to maximize their individual
payoffs, thestability of the underlying coalition structure becomes critical agents
might be tempted to abandon agreements in pursuit of fughies for themselves. A
structure is stable only if the outcomes attained by theitioa$ and the payoff combi-
nations agreed to by the agents satisfy both individual aodmrationality. Given this,
research in coalition formation has developed severabnstdf stability, among the
strongest and the most well-studied ones beingthie[18] Taking coalition structures
into account, the core of a TU game is a set of outco(es, =), x € I(CS), such
that no subgroup of agents is motivated to depart from tlegtitons in CS.

Definition 1. Let CS be a coalition structure, and let € R" be an allocation of
payoffs to the agents. Tltereof a game N, v) is the set of all pairg C'S, «) such that
z € I(CS)andVC C Nitholds that):, - z; > v(C).

Hence, no coalition would ever “block” the proposal for ae@illocation. Unfortu-
nately, the core is a strong notion, and there exist many gavhere it is empty.

The core definition above is essentially the definition pediin [24] (and is also
very similar to the one coined in [17]). If we assume supeitadiy of the characteristic
function (i.e.p(UUT) > v(U) 4 v(T) for any disjoint coalitiond/ andT’) then in the
definition above we may only consider outcomes whéfeis simply the grand coali-
tionand}_ ;. v z; = v(N). The core definition then becomes the traditional definition
that has been used in the vast majority of the economicatfites (see [20]).

The environments of interest in our work however are prilparon-superadditive
and we will not make any such assumption on the charactefisiction. Indeed, there
is a plethora of realistic application scenarios where thergence of the grand coali-
tion is either not guaranteed, might be perceivably haryofuik plainly impossible (see,
e.g., [24, 23]). In addition to such motivations, Aumann &reze [4] also provide a
thorough and insightful discussion on why coalition stauet arise: they put forward
a series of arguments on how this might happen, and explatrctialition structures
may emerge naturally even in superadditive environmemta f@riety of reasons.



3 Related work

As mentioned in the introduction, very little work exists overlapping coalition for-
mation settings. Here we discuss some notable exceptismglbas some related work
on the core in the context of non-overlapping coalitioncues.

To begin, Shehory and Kraus present a setting for overlgppialition formation
in [28]. In their model, the agents have goals and capadsliti.e., abilities to execute
certain actions. To serve their goals, the agents have tizipate in coalitions, to each
of which they contribute some of their capabilities, whiem¢hus be thought of as re-
sources. The authors then propose heuristic algorithméeth@ to the creation of over-
lapping coalition structures. However, the authors staprtsbf addressing the ques-
tion of the stability of overlapping coalitions. Darg al. [15] also examine heuristic
algorithms for overlapping coalition formation to be usadsurveillance multi-sensor
networks. However, their work does not deal with payoff edition issues, and does not
attack the overlapping coalition formation problem fromearg-theoretic perspective.

Conconi and Perroni [13] present a model of internationaltidimensional pol-
icy coordination in anon-cooperativeetting: Agreement structures between countries
can be overlapping, namely a country may participate iniplalagreements, by con-
tributing any number of proposed “elementary strategiegdii¢h can be regarded as
being chosen fromdiscretesets of resources) to an agreement. They then introduce
an equilibrium concept to describe stability in this sejtiin contrast to our work,
their setting is non-cooperative, and there is no attemgtdbally characterize the set
of stable agreements (as we do). While they introduce “natjoti tie-in” restrictions
(i.e., requirements that the players must form agreementsudtiple issues), they only
use these as a tool to describe conditions for the stabilitjomt global agreements”
(whereall players participate on agreements ocaklissues). Furthermore, their model
can be seen as dealing with discrete rather than continesosirces (in comparison,
we deal with continuous resources and our results also hdlkidiscrete case).

More recently, Albizuriet al. [1] presented an extension of Owen’s value [21]
(which, in turn, can be thought of as a generalization of $imapley valug25]) to
an overlapping coalition formation setting. Specificathgy present an axiomatic char-
acterization of theiconfiguration valueThough they show through an example that the
stability notion of the “large consistent set” [12] (whicha non-overlapping concept)
can be applied to their configuration value, they do not furtiiscuss other solution
concepts. Moreover, in contrast to our approach, there igsiniction on the number
of coalitions an agent might belong to. In particular, in thedel of [1] there is no
notion of resources that an agent needs to distribute attreg®alitions he belongs to.

Regarding non-overlapping coalition structures as pitesdn Section 2, Sandholm
and Lesser [24] examine the problem of allocatemgmputational resource® coali-
tions. They do not restrict themselves to superadditiviingsst, but discuss the stability
of coalition structures instead. In particular, they idimoe a notion of bounded rational
core that explicitly takes into account coalition struetirAptet al. [2, 3] also do not
restrain themselves to problems where the outcome is timel gu@alition only. Instead,
they introduce various stability notions for abstract garaed discuss simple transfor-
mations (e.g., split and merge rules) by which stable panstof the set of players may
emerge. However, they do not consider any extensions tdapEng coalitions.



4 Our model

In this section we extend the traditional model of Section 2doperative games with
overlapping coalitions. In most scenarios of interestpaf’feverlapping coalitions are
allowed, an agent would not be able to participate in all iidssoalitions due to lack of
time, cash flow, or energy. To model this, we assume that egatit possesses a certain
amount of resources which he can distribute among the maithe joins. Without
loss of generality, we can make a normalization and assuatesith agent has one
unit of resource: an agent’s contribution to a coalitionhisst given by the fraction of
his resources that he allocates to it. We can also think s&thithe agent’s “participation
level”, or the fraction of time he devotes to a coalition. @ficse, an agent may own
several types of resources (e.g., tiamed money), and his contribution to a coalition
would then be described by a vector rather than a scalar. @delnand all of our
results, extend to this more general setting in a straigvfcd manner. Nevertheless,
for conciseness, we restrict our presentation to the sirggeurce setting.

As discussed above, in the non-overlapping model a coaliti@a subset of agents,
and a game is defined by its characteristic function 2V — R, representing the
maximum total payoff that a coalition can get. In our settangoverlapping (or partial)
coalition is given by a vector = (ri,...,7,), Wherer; is the fraction of agenj's
resources contributed to this coalition; (= 0 means thay is not a member of the
coalition). Thesupportof a partial coalitionr is denoted byupp(r) and is defined as
supp(r) = {j € N | r; # 0}. We can now define the games we will be considering in
the rest of this work.

Definition 2. An OCF-game~ with player setN = {1,...,n} is given by a function
v:[0,1]™ — R, wherev(0™) = 0.

Functionv maps each partial coalition to the corresponding payoff. We denote this
game byG = (N, v), or, if N is clear from the context, simply hy Clearly, a “classic”
coalition S can now be represented as the veetdrwhere ¢°); = 1 for j € S and
0 otherwise. In the economics literature, these are somstoalledcrisp coalitions,
whereas coalitions of the forfrq, ..., r,) with at least one-; in (0, 1) are referred
to asfuzzy coalitions [7]. We will avoid this term in this work as in conmer science
the term “fuzzy” refers to other concepts. We instead rederaalitions of this kind as
partial coalitions, or simply coalitions.

In most scenarios of interestjs monotonei.e., satisfies(r) > v(r’) for anyr, r’/
such that; >+’ for all j = 1,...,n. Note that ifv is monotone, we have(r) > 0
for anyr € [0,1]", since we seb(0,...,0) = 0. In what follows, we will explicitly
indicate which of our results rely on the monotonicity.of

We now need to specify what the outcomes of an OCF-game arthelmon-
overlapping setting, an outcome is a paits, ), whereCs is a partition onV andz is
an imputation forCS. To extend this definition to our scenario, we start by intiidg
the notion of a coalition structure with overlapping cdatis:

Definition 3. For a set of agentd” C N, a coalition structureon 7' is a finite list
of vectors (partial coalitions)CSt = (r!,...,r¥) that satisfies (iy* € [0,1]"; (ii)

4 At the end of this section we discuss how our work differs from existindowa fuzzy games.



k as thesizeof the coalition structureC’S+ and write| CSt| = k. Also,CSt denotes
the set of all coalition structures df.

supp(r?) C Tforalli = 1,. .., k; and (iii) Zf 1 r§ < 1forall j € T. We will refer to

In the definition above, each’ = (ri,r, ..., r%) corresponds to some partial
coalition ¢} being the fraction of the resources that aggmontributes tor*). The
constraints state that every agent fr@hdistributes at most one unit of his resources
between the various coalitions he participates in (thosginw@ude the singleton coali-
tion). This allows coalitions to be overlapping. Note thHs toalition structure is a list
rather than a set, i.e., it can contain two or more identieatigl coalitions. Observe
also that an agent is not required to allocate all of his nes®y i.e., it can be the case
that,_, r < 1. However, under monotonicity, we can assume that for eaehtag
jwe haver':1 r;'- =1 (i.e., a coalition structure is a fractional partition oéthgents).

We should note here that the introduction of overlappinditioa structures im-
poses some new technical challenges. While in the non-@rig setting the number
of different coalition structures is finite, in our settirfgete can be infinitely many dif-
ferent partial coalitions, and hence infinitely many caatitstructures. In particular, this
implies that it is impossible to find the social welfare-nrakiing coalition structure by
enumerating all candidate solutions (in fact the maximurg mat even be attained). In
contrast, in a non-OCF setting this approach is possibleaghgan general, infeasible.

We now extend the definition of to coalition structures by setting(CS) =
> reccg v(r). Furthermore, for anyy C N we definev*(S) = supggecss v(CS).
Intuitively, v*(S) is the least upper bound on the value that the membels odn
achieve by forming a coalition structure. We say that boundedf v* (V) < oo; for
most games of interest,is likely to be bounded.

As in our setting the agents will not necessarily form thengraoalition, we will
be interested in arguing about coalition structures fta$iyy. The coalition structure
will impose restrictions on admissible ways of distribgtithe gains: a payoff vector
corresponds to an imputatidffit is obtained by distributing the value of each coalition:

Definition 4. Given a coalition structure’S € CSy, | CS| = k, animputationfor C'S
is ak-tuplex = (z!,...,z*), wherex’ €¢ R" fori = 1,..., k, such that

— (Payoff Distribution) for every partial coalition’ € CS we have}__ ) =
v(r') andr} = 0 impliesz’ = 0;
— (Individual Rationality) the total payoff of agejts at least as big as what he can

achieve on his owny_"_, ah > v*({7}).

The set of all imputations for’S is denoted byl (CS). Notice that in Definition 4,
the profit from a task assigned to a partial coalition is oritributed among agents
involved in executing it. Thus, no transfers of that payoff allowed to outsiders. Now,
the set of outcomes that is of interest to us is the sé&tadible agreements

Definition 5. A feasible agreement (or autcome for a set of agentd C N is atuple
(CS,x)whereCS € CS,|CS| = kforsomek € N, andx = (z!,...,z*) € I(C9).
We denote the set of all feasible agreements/foy F(.J).



The payoffp, of an agentj under a feasible agreeme(€S, z) is p;(CS,z) =
Ele . We writep(CS, x) to denote the vectdp: (CS, x), ..., p.(CS, x)).

Definition of the core As explained in Section 2, no group of agents should be able
to profitably deviate from a configuration in the core. Herar®;, definition of the core
has to depend on the notion of permissible deviations usettlid section we consider
a fairly straightforward such notion.

In the non-overlapping setting with coalition structuragair (coalition structure,
imputation) is in the core if no set of agents can jointly fdrbji deviating and forming
a coalition on their own (Def. 1). Similarly, in the overlapg coalitions scenario, a
deviating group of agent§ may also want to break its obligations to other agents,
i.e., withdraw or reduce its contribution to coalitionsttikantain agents iV \ S. As
the deviators do not take into account the interests of atbents, they cannot expect
to receive payoffs from the coalitions that contain nonigiwg agents and therefore
might have been hurt by the deviation. We formalize this apph as follows.

Definition 6 (The overlapping core).A tuple(CS, ) is in thecoreof an OCF-game
G = (N,v) (we write (CS,x) € core(G)), if for any set of agentd C N, any
coalition structureCS ; on J, and any imputationy € I(CS ;), we have;(CS 7, y) <
p;(CS, x) for some agenj € J.

It is easy to see that when restricted to non-overlappindjtzwes, this definition
collapses to the traditional definition of the core.

Finally, we point out here the differences between our cphoéthe core and the
Aubin core[7], which is the main solution concept in fuzzy games. Ancoate in the
core of an OCF game is not necessarily the grand coalitionjtlman be an (over-
lapping) coalition structure. In contrast, in the Aubin eothe imputations and core
elements are always the grand coalition along with a splihefpayoffu(V). Further-
more, in our definition a core outcome needs to be stable stgaiy deviation of a set
S to a (possibly overlapping) coalition structure. In the Aubore, an outcome need
only be stable against a deviation to a partial (“fuzzy”) ldé@a, but not necessarily
against deviations to a coalition structure. In short, trenfation of coalition structures
(overlapping or not) is not addressed in the fuzzy gamestitiee.

5 Core characterization

In the previous section, we introduced a definition of theedor overlapping coalition
formation games. We now proceed to provide a charactevizafithe set of outcomes
in the core: essentially, an outcome is in the core if and dninder this outcome the
total payments to each subset of agents match the maximwm tredt can be achieved
by this subset. Our proof relies on several technical giris on the function that
defines the game. In particular, we requirto be continuous, monotone and bounded
(observe that if a game is monotone and bounded, thé$) < oo for any S C N), as
well as to satisfy another natural restriction defined lakbese assumptions allow us
to avoid some pathological situations that may arise in cotlehat its generality, such
as the supremum*(N) being unachievable (e.g., ifis strictly concave in one of its
arguments, it can be the case that no finite coalition stractan achieve*(N)).



Specifically, we say that a gam&V, v) is U-finite if for any (CS, x) such that
|CS| > U andz € I(CS), there exists &CS’, y) such thai CS’'| < U,y € I1(CS"),
andp;(CS,z) < p;(CS’,y) forall j = 1,...,n (i.e., for any outcom&CsS, =) with
more thanU coalitions there exists another outcoif@S’, y) with at mostU coali-
tions that is weakly prefered 1a”S, «) by all agents). When this condition holds, we
can assume that all coalition structures that arise in a gamsist of at most/ par-
tial coalitions. This is a natural restriction in many pieat scenarios, as it might be
difficult for agents to maintain a very complicated colladition pattern. It holds when,
e.g., there is a bound on the number of partial coalition$ egent can be involved
in. Another natural example is provided by a class of gamesravfor any two partial
coalitionsr, ' such thatupp(r) = supp(r’) andr; +7; < 1foranyj =1,...,n, we
havev(r + ') > v(r) + v(r’). Note that in such games we can assume that no coali-
tion structure contains two partial coalitions with the gssapportS, as it is at least as
profitable for the players it¥ to merge these partial coalitions. (However, notice that
this does not imply superadditivity, nor does it mean thatgtand coalition necessarily
emerges, as the criterion above refers only to coalitiotis identical support.) Hence,
any such game i&"-finite.

Remark 1.Note that in all of our results U can also be a functionnofas long as
U(n) < o0). Alternatively, instead of imposing the condition Gffiniteness on(-),
we could restrict the set of allowed outcomes (or potengalations) to coalition struc-
tures with at most/ partial coalitions. All of our results hold under this modslwell.

We now state and prove the first of our main results.

Theorem 1. Given a game(N, v), wherewv is monotone, continuous, bounded, and
U-finite for somd/ € N, an outcomé& CS, x) is in the core of IV, v) iff forall S C N

> pi(CS, @) = v (S). (1)

JES

Proof :  For the “if” direction, suppose thatCs, z) satisfies)_; ¢ p;(CS,z) >
v*(S) for all S C N. Assume for the sake of contradiction tHat'S, x) is not in
the core, i.e., there exists a sgta coalition structurel'Sg € CSg and an imputa-
tiony € I(CSg) such thatp;(CSs,y) > p;(CS,x) for all j € S. Then we have
v(CSs) = 3 iespi(CSs,y) > > icqpi(CS, ) = v*(S5), a contradiction with the
way v*(S) was defined.

For the “only if” direction, consider an outcon{&’s, ) that does not satisfy (1);
we will show that(CS, x) is not in the core. To begin, spt= p(CS, x), and assume
> jespj < v*(S) for someS C N. To show that( C'S, z) is not in the core, we will
construct a sef’, a coalition structur&€Ss, € CSs and an imputationy € I(CSg)
such thatp;(CSs,y) > p; forall j € S'. Fix a setS that satisfiesy ;. s p; <
v*(5). Chooses small enough so thatC ;s p; < v*(S) — ¢, and letCSg = {CSs €
CSs | v(CSg) > v*(S) — e}. By definition ofv*(S), there is an infinite sequence of
coalition structures’'S®) that satisfiedim; ., v(CS®) = v*(S), so the set’S5 is
non-empty. Given a coalition structutéSs € CSg, an imputationy € I(CSg) and a
respective payoff vectay = p(CSs, y), define theotal lossTL(CS s, q) of (CSs, q)



asy_ ., g, (Pi—a5)- Setl' Linin = inf{TL(CSs,q) | CSs € CSg,y € I(CSs),q =
p(CSs,y)}. First, we prove that there exists a coalition structGte € CS% and an
imputationy € I(CSg) that achieve the total loss @fL,,;, (the proof is omitted).

Lemma 1. Under the theorem’s conditions, there exist€'8s € CS§, an imputation
y € I(CSg) and a payoff vectog = p(CSg,y) St.TL(CSs,q) = T Lin-

Let (CSs,y) be an outcome that satisfieeCSs) > v*(S)—e, TL(CSs,p(CSs,y)) =
T Lumin, Whose existence is guaranteed by Lemma 1.gSetp(CSs,y). Let us now
construct a directed graph whose vertices are the agents and there is an edgejfrom
to if there exists a coalition iS¢ containing bothy andi such that undey, agentj
gets a non-zero payoff from that coalition, i.e., for sorfies C'Ss we haver¥,rF > 0
andyé? > 0. Observe that if there is an ed@g ) in I', we can changg” by increasing
the payoff to; by a small enougli and decreasing the payoff jdy the same value of
§ without violating the constraints, i.e., we hawve= (z!,...,2%) € I(CSs), where
zl =ylforl # kandzF = (yf,...,y5 —6,...,yf +6,...,y%). Now, color all ver-
tices ofI" as follows: a vertey is red if the agenj is underpaid undey, i.e.,¢; < pj,
white if j is indifferent, i.e.,g; = p;, and green if he is overpaid, i.y; > p;. As
Yjespj <v'(S)—eand} . sq; = v(CSs) > v*(S) — ¢, the graph contains at
least one green vertex. As argued above, if there is a path &rgreen vertey to a
red vertexi, we can transfer a small amount of payoff frgnio + and hence decrease
the total loss, which is a contradiction with our choice(6f5s, y). Hence, given an
arbitrary green vertey, the set of all vertices reachable frgnin the graph, which we
denote byR(j), can only contain green or white vertices.

We would now like to argue that the agentsij) can successfully deviate from
(CS, z). Indeed, letCS’ be the coalition structure that consists of the coalitidrat t
the agents inz(j) form among themselves i6S 5. Clearly, the value oS’ is equal
to the total value of the coalitions formed by these agentsdg. Note also that under
(CSs,vy), the agents iR(j) do not get any payoffs from coalitions that involve agents
not in R(j). Indeed, suppose that are R(j) gets a non-zero payoff from a coalition
that involves an agerit ¢ R(j). Then inI” there is an edge fromto k, a contradiction
with how R(j) was constructed. In other words, @S, the payoffs that the agents
in R(j) get come only from the coalitions that they form among théwese and yet
these agents are all green or white, i.e., each of them igydwnwvorse than what he
was doing under’S, and some of them (in particular, ageptare doing strictly better.
To finish the proof, let the agents R(j) distribute the payoffs in the same way as in
(CSs,y), except that playej transfers a small fraction of his payoffs to each of the
white players inR(j) (this is possible by construction). The last step ensursaéich
agent inR(y) is strictly better off than in( CS, ). This demonstrates that’s, x) is
not in the core, as required. ]

Remark 2.Note that we did not have to make use of the additional rewins we
imposed orv to prove the “if” direction of the theorem (these are usechmm proof of
Lemma 1). Hence, this implication holds for an arbitréty

It is easily verifiable that Theorem 1 holds in the non-ovgpiag case with coalition
structures as well. The result is trivial to prove in thatisgt as each agent's payoffs



come from just one coalition; in contrast, we had to use mavelved combinatorial
arguments for transferring payoffs among agents. We alsthgdollowing interesting
result as a corollary:

Corollary 1. By settingS = N in the statement of Theorem 1, we conclude that any
outcome in the core maximizes the social welfare.

Characterizing the Core Coalition Structures In Theorem 1, we saw a necessary
and sufficient condition for a tupleC'S, ) to belong to the core. Now, suppose that
we are only given a structur€S = (r!,...,r*) and we want to check whether there
existssomepayoff allocationr such thaf CS, x) belongs to the core. Below we char-
acterize the set of coalition structuré$ that admit payoff allocations such that the
corresponding tupléCS, x) belongs to the core. Our characterization can be seen as
a generalization of the notion dialancednesm the context of overlapping coalition
formation. In the classic setting, the analogous questidwhen does the grand coali-
tion admit a payoff allocation in the core”, answered by Baraa and Shapley [6, 26].
Before we proceed to our result, we define balancednessta.atcoalition structure:

Definition 7. Fix a coalition structureCS = (rl,... 7k), k € N, and letK =
{1,...,k}. A collection of number§As}scwn, {i:}ick is calledbalanced w.r.t. the
given coalition structure’S, if and only if \g > 0 for all .S, and ZSJGS As + p; =

1 foralli € K,j € supp(r?).

Definition 8. A game is calledbalanced w.r.t. a coalition structurgS = (r!, ..., r%)
if and only if for every collectioqAs}scw, {i: }ie k. Which is balanced w.rtCS, it

holds Y ¢ Agv*(S) + 1, piv(r') < v*(N).

The proof of the following theorem (omitted due to space t@aists) is based on
LP-Duality, and relies on the characterization result oéditem 1; furthermore, the
proof illustrates that the condition of balancedness thined above arises rather natu-
rally.

Theorem 2. Let (N, v) be an OCF-game, whereis monotone, continuous, bounded,
and U -finite for some/ € N and consider a coalition structur€'S = (r!,...,r*), for
somek € N. There exists an imputatian such that( CS, «) belongs to the coré and
only if the game is balanced w.r€S.

Remark 3.In the traditional superadditive setting, the conditiofbafancedness is a bit
simpler and more intuitive. In our setting, the charactgian leads to a slightly more

complicated expression, essentially due to the fact tiedtriear program that describes
core allocations for each coalition structure requireggelaset of constraints.

6 Convex OCF games have a non-empty core

In this section, we first generalize the notion of convexityDICF-games and then pro-

ceed to show that it provides a sufficient condition for tha-emptiness of the core.
Recall that for classical TU-games convexity means thafRfaf N andS Cc T C

N\ Ritholds thatv(SUR) —v(S) < v(T'UR) —v(T). Thus, convexity in the classic



TU-games setting means that it is more useful for a coaliida join a larger coalition
than a smaller one. We now apply this intuition to our setting

Definition 9. An OCF-gamé&= = (N, v) is convex if for eactlR C N andS c T C
N \ R the following condition holds: for anyCS®, x%) € F(S), any (CS”,zT)
F(T), and any(CS°YE 25UE) ¢ F(S U R) that satisfiesp; (CS°F, x59F)
p;(CS% x5)Vj € S, there exists an outcom{@s”"?, 2V1) ¢ F(T UR) s.t.

vV m I

pj(CSTYR TVR) > p.(CST 2T) VjeT, and
p](csTUR’ ZCTUR) Z pj(CSSUR, :ESUR) v] c R

This definition is similar in flavour to that in [29], where arg@alization of con-
vexity is defined in the context of stochastic cooperativeags The intuition behind
this definition is as follows: Consider two fixed agreements onS and one orl’
respectively. Any time that there is a feasible agreemerff anR that the members of
S do not object to compared to their own agreement (i.e., athbers ofS are weakly
better off than in their previous agreement), then therdémsible agreement iU R
such that (i) the members @f do not object to this agreement, compared to the pre-
vious agreement off' and (ii) the members oRR weakly prefer this agreement to the
agreement oy U R.

We now show that convexity is a sufficient condition for thenremptiness of the
core in analogy to the classic result on convex TU-games 2&je we only give an
outline of the proof.

Theorem 3. If an OCF-gameG = (N, v) is convex and is continuous, bounded,
monotone and/-finite for somd/ € N, then the core of this game is not empty.

Proof Sketch: To prove the theorem, we explicitly construct an outcroé, ),
and show that it belongs to the core. The construction poxaerounds. First lep,
be the maximum payoff that agehtan achieve on his own. In rourkdwe choose an
agreementCSs, x2) on{1, 2} that maximizes agefs payoff subject to the constraint
that agent receives at leagt;. Then in round3 we pick an agreemenitC'Ss, x3) that
maximizes the payoff of agegftsubject to the constraint that the otl2emgents are not
worse off compared to the previous round. We continue inrttasner till we reach an
agreementC'S,,, z,,) in roundn. We then prove thatC's,,, z,,) is in the core by using
induction and exploiting the game’s convexity property. |

In the traditional setting, if a game is represented usiagleraccess far(5), there
is a trivial algorithm for computing an element of the corecomvex games. Indeed,
one can set the payoff vector to be the vector of the margmdtibutions of the agents
for an arbitrary permutation of the set of agents. In ourirsgtiour proof does yield a
procedure for constructing an element of the core, howevea polynomial time one.
Our procedure requires solving a series of optimizatiorstiaes, which for arbitrary
convex games are NP-hard. In the future, we would like to fladses of convex games
where our proof yields a polynomial time algorithm. In peutar, looking at our proof,
this would be true for games in which we can solve in polynartiiae the following
problem: Given a set of agents C N, a feasible agreement o (CS, ), and an
agentk ¢ S, find a feasible agreeme(€S’, y) on S U {k} that maximizey (CS, y)
subject to the constraints; (CS’, y) > p,;(CS, ).



7 Conclusions, extensions, and future work

In this paper we introduced a model of cooperative gamesaltats for overlapping
coalitions and takes into account the need for resourceatltm. In doing so, we gen-
eralize the usual models where either the grand coalititimei®nly desirable outcome
or the outcomes are required to be partitions of the set aftag&iven our model, we
defined and studied a notion of the core which is a generaizaft the core in the tra-
ditional models of cooperative game theory. Under someeqgeneral conditions, we
provided a characterization for an outcome—that is, a (toalstructure, imputation)
pair—to belong to the core. We also showed that any outcomigeicdre maximizes
the social welfare. Further, we introduced balancednes®@F games, defined bal-
anced OCF games, and showed that a coalition structi§radmits an imputation:
so that(CS, x) is in the core if and only if the game is balanced. Finally, wierded
the notion of convexity to our setting and showed that corgaaxes have a non-empty
core. This is one of the very first attempts to provide a thimaktreatment of overlap-
ping coalition formation, and, to the best of our knowledfe,first to present a generic
model for overlapping coalition formation and study sti#jpih a thorough manner.

Extensions In order to not overload notation, we avoided modelioglitional actions

in our presentation so far. However, in realistic environtsecoalitions are formed to
execute tasks, which can be represented as coalitionahacfThis is easily incorpo-
rated in our model, as follows: A coalition is allowed to slen action from a (usually
finite) action spaced. Without loss of generality, we assume that each coaliteom c
undertake any action id.> The value of a coalition is then determined by the resource
contribution levels of its membeendthe action selected. Therefore, the characteris-
tic function in our setting is then defined én, a) pairs, wherer = (r1,...,7,) is a
vector of resources, and € A is an action. All of our definitions and results gener-
alize readily to the situation where each coalition has dcehof actions (simply put,
our presentation so far corresponds to a situation wheite @zadition had exactly one
action available to it).

Another extension we have examined has to do with modelirgatrailable re-
sources. For ease of presentation it was assumed throutigopdper that there exists
only one type of (continuous) resource. Nevertheless fallio results still hold if we
assume multiple types of resources. Moreover, we have algied a “discrete” OCF
setting, with agent resources taking values in a finite set, (@n agent cannot con-
tribute an arbitrary percentage of his resources to a caa)itWith discrete resources,
the number of possible coalition structures is now finitegawmalition in our setting
is a collection of resources—see Section 4). All of our dééing and theorems carry
through in this setting with minor differences in the argumseused in the proofs.

Finally, we have also investigated alternative notions efiations and concepts
of the core. Specifically, we have so far assumed that degiatnnot rely on getting
any payoffs from their coalitions with non-deviators: ifsteense, the deviators can be
seen as “self-reliant”, and their form of deviation as “romlus” (since when deviating
they pay no consideration to the harm inflicted on their pagh However, one can

5 The situation where this is not the case can be modeled by setting the valieeresgiective
(coalition, action) pair td).



consider a more “benign” form of deviation, where deviatiagms do not break their
obligations to non-deviators (possibly due to restricgi@mposed by the multiagent
system architecture), but instead have to rearrange res®aiready used in coalitions
with other deviating agents. In this case, it is natural suase that the deviating agents
get to keep their share of the profit from the coalitions witmsteviators. For lack of
space, we refer further discussion of these issues to andedeversion of this paper.

Future work There exist many exciting open questions for future workpdrticular,
it would be interesting to investigate the alternative ootf stability proposed above.
We also plan to study the computational complexity of theec&ven in superadditive
settings (where the coalition structure is simply the greoalition N), computing an
allocation in the core or checking if the core is non-empeyMP-hard problems [11, 31,
16, 14]. In the absence of superadditivity, there are ewamgér lower bounds on the
complexity of the problem [23]. Hence we can only hope to tibgspecial classes of
games where we can have efficient algorithms for computing allocations. As noted
earlier, an element of the core in convex games can be cochjpuifee traditional setting
simply by taking the vector of the marginal contributionglod agents for an arbitrary
permutation of the set of agents. In our setting, even thouglproof yields a procedure
for constructing an element of the core, it requires sohdngeries of optimization
questions, which for arbitrary convex games are NP-handoltld be desirable to find
classes of convex games where our proof yields a polynoimial algorithm.

We are also interested in finding processes that lead to tleeicmot necessarily
convex games; thoughindomized algorithmsuch as the ones presented in [17] and [9]
could trivially extend to the overlapping setting, they Wbbe of little practical value
here due to the huge space of potential overlapping configng Therefore, we are
interested in finding ways to exploit known game structurenine the search space
for potential stable configurations. Another subject ofifatresearch is extending our
model to allow for infinite coalition structures. Furthemapit would be definitely in-
teresting to establish links between outcomes in the codeoatcomes of bargaining
equilibria in overlapping coalitional bargaining games.

Finally, the incorporation of actions in our model allows fbe investigation of
action stochasticity and, more generally, uncertaintynt©&F setting. For instance, a
coalitional action can be associated with a distributioarquossible payoff outcomes
resulting from its execution. This poses challenges toyssuth models from both a
theoretical and a practical standpoint, since the introdoof uncertainty leads to sev-
eral intricacies not readily resolved by the use of “detaistic” concepts and models,
as the work of Suijet al.[29, 30], Blankenburegt al.[5], and Chalkiadakigt al.[8—10]
demonstrates. On a related note, enriching our model giiseriso as to capture type
uncertainty [8—10] would allow for the ready translationusfcertainty regarding the
types (capabilities) of players to coalitional value unaietty, while also capturing the
potential stochasticity of actions’ outcomes.
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