An algorithm for closed-loop data-driven
simulation

Ivan Markovsky *

*School of Electronics and Computer Science, Universityatft@ampton
S017 1BJ, United Kingdom, Emailm@ecs. sot on. ac. uk

Abstract: Closed-loop data-driven simulation refers to the probldneanstructing trajectories of a
closed-loop system directly from data of the plant and agsgmtation of the controller. Conditions under
which the problem has a solution are given and an algorithmedonputing the solution is presented.
The problem formulation and its solution are in the spiritted deterministic identification algorithms,
i.e. in the theoretical analysis of the method, the data is asdiaract (noise free).
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PRELIMINARIES AND NOTATION denoted by
) ] rory - rm 0---0
We use the behavioural language, see Willems (1986). A o
discrete-time dynamical system withmanifest variables is a F(r) = Orpry - rn
subset of the signal spa¢g&%)", i.e., the set of functions from ! Co 0
the set of natural numbehsto RY. We assume that the manifest O ' 0‘ ro. r ' "
T

variablesw have agiveninput/output partition
w=col(uy) == [{],

CLOSED-LOOP DATA-DRIVEN SIMULATION
whereu € (R™MY is an input ang € (RP)N is an output.

The feedback interconnection of the plaétC (R™P)N and a The data-driven simulation problem is defined in Markovsky
controllerg C (R¥P+mN et al. (2005), where its applications in subspace systentiide
- fication Van Overschee and De Moor (1996); Markovsky et al.
r @ u B y (2006) are presented. Its fundamental role in data-driven c
ﬁ ‘ trol is shown in Markovsky and Rapisarda (2007, 2008). This
paper further develops the concept of data-driven sinarab
closed-loop data-driven simulation, defined as follows.

Problem 1(Closed-loop data-driven simulation). Given

e trajectorywy = (Wq(1),...,wq(T)) € (RM)T of an LTI
system% c (RY)N, with an input/output partitiorw =
(u,y) € 8, uc (R™MNinput,y € (RP)N output;

e LTI controller¢ c (R*P*™N with an input/output par-
tition (r,u,y) € ¢, r € (R*)N,y € (RP)Ninputs,u € (R™N

is given by
%55’ = PBextN (57
where
Bext:={ (r,w) € (RFTMP)N | we 2.
We consider linear, time-invariant, and finite dimensigiahts
and controllers. A kernel representatiBfo)w = 0, wereo is
the backwards shift operator

ow(t) :=w(t+1),
is parameterized by the polynomial matfe RP*(MP) [z, and

output; and
e reference signal = (rr(1),....r(T,)) € (R*)"

an image representation — M(0)g is parameterized by the finq the set of responseg of the closed-loop syster?y to

polynomial matrixM € R(™-P)xmz,

The Hankel matrix witht block rows, composed of the signal

w e (RY)T is denoted by

w(l) w(2) - wT-t+1)

w(2) w(3) - wW(T —t+2)
(W) = w(3) w(4) - wW(T —t+3)

Wét) W(t:-i-l) W(:T)

The signalu = (u(1),...
of orderL if the Hankel matrix7 (u) is of full row rank.

The banded upper-triangular Toeplitz matrix withblock-
columns, related to the polynomiak R+ [z, dedr) =: nis

the reference signaj.

Solution and computational algorithm

For givenwg, %, rr, we aim to compute the signalg, such that

Wy € #

(r,W) € By { (fr W) €€ (1)

Assumption that# is controllable, there iM € R"*™MZ, such
,u(T)) is calledpersistently exciting that

% =image(M(0)).
Consider a kernel representation of the controller
% = {(r,w) | R(o)col(r,w) =0}.



In terms of the image and kernel representations of the plaBtmulation example
and controller, (1) becomes
{ 39, s.t.w, =M(0)g 9 T_he da_tawd_: (ud,yd), used for the closed-loop data driven
R(o)col(rr,w;) = 0. (2)  simulation, is the first 10 samples from the step response of
We assume that the controllef is specified by a kernel a randomly generated first order systgfrinterconnected with

: : P e the controllersy := { (r,u,y) | u= —y}. The aim is to compute
representation, however, the plagts only implicitly specified
by the trajectorywy. In order to avoid using a representauon(;e first T, = 10 samples of the step responses,, where

; : : ={(r,u,y) | u=y}. For this purpose we use Algorithm 1,
of A, we solves (2) fow, replacing the first equation by i.e, we do not compute explicitly a representationgf Note

Wr = 25, (Wa)g. (3)  that either of the system#,, %, can be unstable.
The equivalence ofy = M(0)g and (3) holds under the follow- ] ) o
ing assumptions: In order to ensure that assumption 2 is satisfied, we augment
_ the given trajectory—the step responsedsf, —with T; ze-
(1) the systenys is controllable, ros. This takes into account the zero initial conditionshe t
(2) the input componenty of wy is persistently exciting of given trajectory and ensures that the initial conditionghef
orderT; +n(%), wheren(2) is the order of%, computed responge of %, are also zeroife., Ny = 0). The

see (Markovsky et al., 2006, Section 8.4) and (Willems et a|results for a particular syste® are shown in Figure 1. We

2005, Theorem 1). Therefore, under assumptions 1 and 2, { %“fy that up to numerical errors matches the step resporse
set of solutionsv; of the linear system of equations By, O.bta'nEd .by moldel-baseo_l S|mu.lat|0n. AalLAB file
W = 5 (Wa)g reproducing the simulation result is available from:
r =T,

%—r(R) col(re,w;) =0 (4) http://users. ecs.soton. ac. uk/inftest_cdds. m

is equal to the set of trajectorieg solving the closed-loop data-
driven simulation problem.

LetR=: [R- Ruy], whereR: € RM*[7 andR,, € R™Y[Z.
I (Rycol(rr,wr) =0 = I3, (Ry)Wr = =77, (R)r. (5)

Substitutingn = 775, (wg)g into (5) gives the following system
of equations -15 rd
T, (Ra) 75, (Wa)§ = — T (RO, ==
-5 0 5 10
A b t

The matrixA is T; x (r +w)T;, so that the systelAg= b is
underdetermined. Lejy be a particular solutiore.g, the least-
norm solutiongg = ATb and letN be a matrix whose columns

Fig. 1. Step responses &, (left) and %y, (right).

span the null space &. The set of solution of (4) fog is REFERENCES
4 = {go+Nz| ze RN}, I. Markovsky and P. Rapisarda. On the linear quadratic data-
Then the set of responses of the closed-loop syster® to driven control. InProceedings of the European Control
the reference signaj is Conferencepages 5313-5318, Kos, Greece, 2007.
oy _ coldim(N) I. Markovsky and P. Rapisarda. Data-driven simulation and
V= A W) = { A (Wa)o + 5, (Wa)Nz| € R b Control. Int. 3. Control 81(12): 19461959, 2008.
W0 I. Markovsky, J. C. Willems, P. Rapisarda, and B. De Moor.
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We have shown that under assumptions 1 and 2, the set
Wi = {Wr o+ Nyz| ze REOIAMNu)
computed by Algorithm 1 is equal to the set @f samples

long responses of the closed-loop systéin to the reference
signalry, i.e.,,

#e={we ®")" | (rr,W) € Bylr, }.



