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Abstract

The main result establishes that if a controller C' (comprising of a linear feedback of the
output and its derivatives) globally stabilizes a (nonlinear) plant P, then global stabilization
of P can also be achieved by an output feedback controller C[h] where the output derivatives
in C' are replaced by an Euler approximation with sufficiently small delay h > 0. This is
proved within the conceptual framework of the nonlinear gap metric approach to robust
stability. The main result is then applied to finite dimensional linear minimum phase systems
with unknown coefficients but known relative degree and known sign of the high frequency
gain. Results are also given for systems with non-zero initial conditions.

Nomenclature
C,, C_ =
|| =
Al =
[a1/as/ ... [am] =
e,(ﬁn) _
spec(A)

im A, ker A

[ollv
map(F — F)
C'(I - RY

Cpw(I — RY)
LP(I — RY)

L®(I — RY)

CLP(I - RY) =

CW"™ (I - R =

{s € C|Res > 0}, {s € C|Res < 0}, respectively

\/ﬁ, the Euclidean norm of x € R™

max {|Az| |z € R™, |z| = 1}, the induced matrix norm for A € R"*™
[ar{,ag, . ,aﬁ]T € R™*™ for ay,as, ..., an € RMX?

0,...,0,1,0,.. .,O]T, the k-th unit vector in R™, for k,n € Nand k <n
the spectrum of A € R™"*™
the image and kernel of A € R™*™

the norm of v € V, for a normed vector space V
the set of all maps from the set £ to the set F’

the set of r-times continuous differentiable functions y: I — R, where
r € NU{oo} and I C R is an interval

the set of piecewise continuous functions y: I — R, I C R an interval
the space of p-integrable functions y : I — Rf, 1 < p < 0o, I C R an
interval, with norm [[yl| o —gey = (f; [y()IP dt)7

the space of essentially bounded functions y : I — R*, I C R an interval,
with norm [|y|| o (;—re) = 58 Sup ly(0)]

C(I - RYNLP(I — RY, 1 < p < oo, I CR an interval, with norm
HyHCLp(IHRL’) = H?JHLP(IHR‘)

{yecr—=RY|Vie{o,...,r} sy e (I —RY)}, reN, 1<p<

r .
00, I C R an interval, with norm [|y[|cyro(r—rey = 2 Hy(l)HLp(]_)Re)
i=0

1=
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Viec{0,...,r} : y@ € LP(I - RY,
if0el, thenVie{0,...,r—1} : y®@(0) =0 }
r €N, 1<p<oo, I CR an interval, with norm [yl cyre_re
VieNy: y® e LP(I - RY),
CWEP(I = RY) = ¢y eC®(I =R | Y201y por—re) < o0, ;
if 0T, thenVieNy: y@0)=0

1 <p<oo, I CR an interval, with norm ||yl cyyecr(r—re)

CWiP(I - RY) = {y eCr(I —RY

1 Introduction

We present conditions under which a feedback controller based on the measured output and its
derivatives can be replaced by a feedback controller based on the measured output and numerical
derivatives. Derivative feedback occurs frequently in control; for example, PD controllers are of
this type as are state feedback of systems of full relative degree and as are suitable partial state
feedbacks for systems of non-zero relative degree.

The problem is studied in the setup of the classical feedback configuration shown in Figure 1,

+ Uy U1
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Figure 1: The closed-loop system [P, C]

and we are concerned with the concept of gain stability, that is with the existence and size of
a finite gain from the external disturbances (ug,yo) to the internal signals (u1,¥1), that is the
quantity
u
e e Ml

< 00,
(uo.yo)edx {0} (20, Yo)lluxy

for some appropriate choices of signal spaces U,). We show that if P is stabilizable (P may be
nonlinear) by some derivative feedback controller

r—1
Cy : y2|—>u2:—2ki+1y§l), k=(ki,... ky)eRX (1.1)
=0

then stabilization can also be achieved by replacing C}, by the delay feedback controller C'kEule]r [h]
for sufficiently small h > 0, given by

r—1

1=0

here A%yg = 19 and AﬁlyQ, for i > 1, denotes the Euler approximation of the ith derivative of y
defined by

y2(t) —ya(t —h)

Abys = Apo---0Apys, where (Apys2) (t) = N
—_—

7 times



The signal spaces for which these results hold depend on structural properties of the plant P.
For concreteness we consider the case of single input, single output linear plants, which are
minimum phase and of relative degree p > 1 and show that the choices Y = CLP(R>9 — R),
Y = CWFP(Rsq — R) are valid, where k = p and either 7 = p — 1 if p < 0o or r = p if p = oco.
The key motivation for this linear study is to establish the appropriate signal space settings,
whereby the degree of regularity required in ) is determined by the relative degree. In the case
of r = p, a stabilizing high-gain feedback is constructed and an explicit upper bound on the
permitted delays is given. The case of kK = oo is also considered. In the linear setting, the results
are also extended to incorporate systems with non-zero initial conditions.

The results are established by computing the gap distance between Cj and CE“ler[h] and using
variants on nonlinear robust stability theory [7] to deduce the stability of the closed-loop con-
taining the Euler controller from the stability of the derivative feedback controlled closed-loop.

In practice, PD controllers or (partial) state feedback are often implemented by such approxima-
tions. In the context of nonlinear plants, there are often limited options for the implementation
of a (partial) state feedback: nonlinear observers are only available for limited classes of plants.
Of course, in practice, a direct implementation of C’E“ler [h] is as problematic as the direct imple-
mentation of C from measurement of y» only: we are simply replacing the problem of calculating
the derivative of the measurement with the problem of storing a finite interval of past measure-
ments (so that the delays can be evaluated). However, sampled versions of CFUT[h] can also
be analysed utilizing the techniques of this paper, and such realisations, which coincide with
common engineering practice, give analogous results. A variety of sampled versions of these re-
sults will be given in the companion paper [6], which also extends the results for fully nonlinear
controllers and to the important case of semi-global stabilization.

Perhaps surprisingly, there are relatively few theoretical results available on closed-loop stabil-
ity for such delay based controllers. For linear time-invariant systems with relative degree 2
controlled by the delay feedback (1.2), exponential stability of the resulting closed-loop delay
differential system was established in [10]. An analogous result for higher relative degree has not
been previously established. Stabilization of (nonlinear) systems via delays has been considered
by some authors: in [13] the authors give a control strategy with multiple delays that stabilizes
a simple system of the form 3™ = u. In [12] necessary conditions for multiple delay controllers
that stabilize linear systems are shown, but no explicit control strategy is given. In [11] the
author considers nonlinear systems with several constraints and gives a control strategy that
achieves a bounded output.

The paper is organized as follows. In Section 2 we introduce the background theory and establish
a key robust stability result. Section 3 contains the main theorem of the paper which shows that a
stabilizing derivative feedback controller may be substituted by a delay feedback controller if the
delay is sufficiently small. In Section 4 we consider applications to linear systems to demonstrate
structural features of the conditions, giving results establishing both external (gain) stability
and internal stability of the closed-loop system.

2 Background

The material in this section is based on [7, Sect. II], [4, Sect. 2] and [5, Sect. 2] and contains
the gap metric results necessary for proving robustness in Section 3.

2.1 Terminology

Let X be a nonempty set. For 0 < w < oo let S, denote the set of all locally integrable maps in
map([0,w) — X). For ease of notation define S := Ss. For 0 < 7 < w < oo define a truncation



operator T and the restriction of maps as follows:
T : 8, —S v|—>TU‘:<tn—>{U(t)’ te[0,7) )
T+ Ow ’ TV . e )
(-)|[07T) Sy — S, v Yo = (t—wo(t), telo,7)).
With V C § we associate spaces as follows:

V[0, 7) = {v €S,

Jw €V with |[T,wl|ly < oo : v:w‘[OT)}, for 7> 0;

Vez{veS

V7>0-: U}[o » € V[O,T)} , the extended space ;
Ve = {v € Sy ‘VT € (0,w) : v{[OT) € V[O,T)}, for 0 < w < o0}
Vo, = Uwe(opo} V., the ambient space .

For LP spaces these definitions coincide with the definitions of ambient and extended spaces
given in [4, 5, 7] however note that the definitions in [4, 5, 7] are not applicable for subspaces of
continuously differentiable functions as considered in the present paper, this is due to the fact
that CW"™P(R>o — R) is not closed under the action of 7%, 7 > 0.

If v,w € V, with v|; = w|; on I = dom(v) Ndom(w), then we write v = w. For (u,y) € V4 X V,,
the domains of u and y may be different; we adopt the convention

dom(u,y) = dom(u)N dom(y).

We say V C S is a signal space if, and only if, it is a normed vector space. For our main results
we will consider different types of signal spaces which are specified in (3.2).

2.2 Well posedness
A mapping Q: U, — ), is said to be causal if, and only if,

Va,y €U, ¥ 7€ dom(z)Ndom(Qz) : [ :U‘[OJ) = y}[oﬁ) = (Qx)‘[oﬁ) = (Qy)‘[oj) } :

Consider P : U, — V,, u1 — y1, and C : YV, — U,, y2 — us being causal mappings representing
the plant and the controller, respectively, and satisfying the closed-loop equations:

[P,C] : y1=Pui, us=Cy2, wy=ur+u, yo=uy+y2, (2.1)

corresponding to the closed-loop shown in Figure 1.

For wo = (uo,y0) € W :=U XY apair (w1, w2) = ((u1,y1), (u2,y2)) € Wa X Wa, Wa :=Ua X Va,
is a solution if, and only if, (2.1) holds on dom (w1, ws). The (possibly empty) set of solutions is
denoted by
KXo = {(w1,w2) € Wy x Wy | (w1, ws) solves (2.1)}
B

The closed-loop system [P, C], given by (2.1), is said to have:
e the existence property if, and only if, X, # 0;

e the uniqueness property if, and only if,

YwyeW : |:(’lf]1,1f]2), (UN11,’LT)2> S Xwo —

(@1,’[[)2) = (’(le,ﬁ}g) on dom(lz)l,wz) N dom (12)1,1?/2)] .



Assume that [P, C|] has the existence and uniqueness property. For each wg € W, define wy,, €
(0, o0], by the property
[0, Wuwy) = Uiy i) e 2, dOm (11, 2)

and define (w1, wg) € Wy X W,, with dom (w1, w2) = [0, ww, ), by the property (w1, w2)j0,s) € Xu,
for all ¢ € [0, wy,). This construction induces the operator

HP,C : W—>Wa XWa, wo +— (wl,wg).

For  C W the closed-loop system [P, C], given by (2.1), is said to be:

e Jocally well posed on ) if, and only if, it has the existence and uniqueness properties and
the operator Hp@‘g 1 Q — Wy X Wy, wo — (wi,ws), is causal;

o globally well posed on Y if, and only if, it is locally well posed on 2 and Hp c(€2) C We X We;

e reqularly well posed if, and only if, it is locally well posed and

Y wyg €W [ww0<oo = H(prcwo —00as T — Wy, | - (2.2)

)‘[077) HW—,—XW—,—

2.3 Graphs, the nonlinear gap metric and gain stability

For the plant operator P: U, — ), and the controller operator C': ), — U, define the graph
Gp of the plant and the graph G¢o of the controller, respectively, as follows:

o {3

Note that Gp and G¢ are, strictly speaking, not subsets of WW; however, abusing the notation we
identify Gp > (p,) = (u, Pu) € W and G¢ > (C;Jy) = (Cy,y) € W. An operator P: U, — Y,
is said to be causally extendible [8] (or stabilizable in [4]) if, and only if,

ueu,Puey}CW, QC:—{<C;/) ‘ C’yeu,yey}CW.

V1 >0Vw = (u1,y1) € W, with Tryy = T Puy Jwi € Gp : Trwy = Trwy .

Given normed signal spaces X and V and Q2 C X, a causal operator : X — V, is said to be
gain stable on € if, and only if,

1(Q) 10,7 Iy,

10,7 Il -

QW V. QO =0, [Qlgllyy sup{ reQ, >0, alg, £ 0} < 0.
Given normed signal spaces U, )V and W :=U x ) and causal operators P: U, — V,, C: Y, —
U, we make the following definitions. The closed-loop system [P, C] given by (2.1) with the
associated operator Hpc: W — W, x W, is said to be W-stable if, and only if, it is globally
well posed and Hpc(W) C W x W. It is said to be W-gain stable if and only if it is W-stable
and Hpc is gain stable on W.

Next, associate with the closed-loop system [P,C] given by (2.1) the following two parallel
projection operators:

Hp//C:W—>Wa,w0»—>w1 and HC//P:WHWQ,’UJO'—)’UJQ.

Note that gain stability of either IIp,/c and llg//p implies gain stability of the closed-loop
system [P, C], and that HHP//CHW,W’ HC//PHV\/,W > 1 since Ilp/ /0 = H?D//C, Heyp = Hé//P.




For P,P, e T'(U,Y) := {P : U, — YV, | P is causal}, define the directed gap by

I 2 -1 x
5:TWU, V) xTU,Y) = [0,00], 8P, P):= inf  sup <||( lge, ( )Hw) |
®€O0p,p, z€Gp, \{0} HxHW

where Op, p, is the (possibly empty) set
Op, p, ={®:Gp, — Gp, | ® is causal, surjective and ®(0) = 0} .

Here we adopt the convention that 0(Py, Py) := oo if Op,.p, = 0. The nonlinear gap is defined as

- -

0: I‘(Z/l,y) X F(Z/l,y) — [0, OO] s (Pl,Pg) — (5(P1,P2) = max{é(Pl,Pg),5(P2,P1)} .

2.4 Robust Stability

We now prove the robust stability theorem on which the main result in this paper is based. This
result is based on [7, Th. 1], but extends the scope of that result in several directions. Firstly,
the result is established in the language of ambient signal spaces to handle finite escape times
(cf. [7, Th. 8]). More importantly, the implicit requirement in [7] of well posedness of [Py, C]
is extended to include the often weaker requirement of regular well posedness. This eases the
application of the result in general, as global well posedness is non-trivial to verify a priori, and
regular well posedness is often easier to establish (for p = oo regular well posedness follows from
standard results on the finite escape time properties of differential equations).

Note that we state this theorem in a form where stability of [P;,C] is inferred from [P, C],
however, in the sequel we will apply this theorem in the setting whereby stability of [P, C1] is to
be inferred from [P, C]. Such applications of the theorem follow from a trivial interchange of P
and C and U, YV; we elect to present the theorem in the context of P, P; to follow the convention
of the literature and since, in contrast to this paper, most applications of such robust stability
results concern uncertainty in the plant P.

Theorem 2.1 Let U4, ) be signal spaces and W =U x Y. Consider P: U, — V,, P1: U, — Y,
and C: Y, — U, with P(0) =0, C(0) = 0. Suppose [P, (] is gain stable on W, P is causally
extendible and [P}, C] is either a) globally or b) regularly well posed. If

S(P.P1) < eyl (23)

then the closed-loop system [Py, C] is gain stable on W with

-

1+4(P, Pr)
ey /¢y w0 (P P1)

HHPl//CHW,W < HHP//CHW,Wl_ (2.4)

Proof. Since HHP//CHWW > 1, it follows that 6(P, P1) < oo and hence there exists a causal
surjective mapping ®: Gp N Gp, such that

v = [(® = Dpscll < (@ - D) - |Hp/ el < 1. (2.5)

Let w € W and let [0,w,,) be the maximal interval of existence for Hp, c(w). Let 0 < 7 < wy,.
Consider the equation

(T +(® = Dpyye) ()] (2.6)
= ((Meyyp + @Lpyyc) (@) - (2.7)

0,7y



By either well posedness assumption a) or b), we know that [P, C] is locally well posed, and
hence satisfies the existence and uniqueness properties on [0,7). Hence there exists w; =
(u1,v1), w2 = (u2,y2) € W, such that y; = Pyu;, ug = Cys and whoﬁ) = w1‘[07 ) + wg‘[oﬁ).
Since P; is stablhzable there exists w] € Gp,, such that w{ |[0,T) = wl’[o,r)' By definition of

= ’wg‘ .
) [0,7)
Since ® is surjective it follows that there exists wj € Gp such that ®(w}) = w! and hence
((I)(wll))‘[oy) = wlll‘[oy) = wi - It can now be scen that z = w) + why € W satisfies

W, We have w2l € WI[0,7) and hence there exists w}

CU}[O,T) = (w] + wg)‘ and x is a solution of (2.7).

[0,7)
Since @, Ilp, ;/c, Up/sc, Loy p are causal, it follows from equation (2.7) that

(p, 0 (W) 0.0y = (Mpnysc (Moypr + @Tpyic(@)) | = (Ppye(@)] g, - (28)

(2.3), (2.5) and (2.8),

It follows from (2.6) that Hxho T)H < %Hw‘[o

[Py (w) | | = ([ @TLp () |l
< HHP//C(J:)ho,T)H + H((b - I)HP//C(SC)‘[OJ)H
1+(5(P,P12 Hw‘[OT)H'
- HHP//CHV\AW(S(R Pr) '

< HHP//CHW,Wl (2.9)

If [Py, C] is globally well posed, w,, = oo, so inequality (2.9) holds for all 7 > 0, and the proof
is complete.

Suppose [Py, C] is regularly well posed. Since we have shown (Ilp, //c(w ‘[0 € W0, 7) is
uniformly bounded for all 7 € (0,w,,) and since [Py, C] is regularly well posed, 1t follows that
wy = 00 so inequality (2.9) holds for all 7 > 0. This completes the proof. a

3 Robust stabilization by delay feedback

Our main result will establish conditions under which a derivative feedback controller (1.1)
may be replaced by Euler approximation (1.2). We first formally define, for h > 0, the Euler
approximation

Ap :map(R>g — R) — map(R>¢9 — R),

(t—uy(t) — <tl—>W>, where y(s) =01if s <0,

of the derivative of y and, for higher derivatives y(?, i € N,
Al :map(R>p —» R) — map(R>g — R),
A A(y) (0> 2
y — Al(y) == < An(y) ifi=1
Y ifi=0.

(3.1)



Our results will hold in the following signal space settings (A)—(C):

(AW =UxY =CL®Rsp—R) x CW"*®(Rsy—R),
Wo=Uyx Yo = CL®R>0—R) x CWy¥(Rso—R), €N, p=cc
B)W =Ux)Y =CLP(Rs9—R) x CW"™(R>o9 — R),
Wo =Uo x Vo = CLP(Rsg —R)  x CW!P(Rsg —R), reN, pe[l,00),
(C)W =UxY = CWSP(Rsg —R) x CWP(Rsg — R
Wo = U x Vo = CWP(Rsg — R) x CWEP(Rsg — R

)

, PE€[l,00).

)
)
The spaces Wy will be utilized for results whereby the initial conditions of the system are zero,
whilst the spaces W are utilized in the general setting with non-zero initial conditions. The
spaces of type (A) and (B) are standard, the need for spaces with constrained derivatives arises
from the setting whereby derivative based controllers are being considered. In Section 4 we will
motivate the spaces of type (C), which allows for more general controllers (we will not require

k, = 0 for controller Cy given by (1.1) as for signal spaces of type (B), see below) at the price
of greater regularity constraints on the disturbances.

We are now in a position to state the main result of this section, namely that if C gain stabilizes
P it follows that CkEul’ar [h] is also a gain stabilizing controller of P for sufficiently small A > 0.
The idea behind the proof is to show that the gap &(C, CEwer[p]) is small if A > 0 is small and
hence deduce the result from Theorem 2.1.

Theorem 3.1 Let 1 < p < oo, r € N and consider signal spaces Uy, Vo and Wy of type (A),
(B) or (C) in (3.2). Suppose that there exists k = (ki,...,k,) € RY"\ {0}, with k, = 0 for case
(B), such that controller C) : Yo, — Up, given by (1.1) applied to a causal plant P : Uy, — Yoa
with P(0) = 0 yields a closed-loop system [P, Ci| which is gain stable on Wy := Uy x Vy. Suppose
h* > 0 satisfies

[y

W= W=

) in case (A)
(1+ihp)r in case (B) (3.3)

r—1 -1
h* < ('y 37 kvl -z'm,(h*,z’)) where, for h > 0, n,(h,i) :== ¢ 2
(1+4hp) in case (C)

i=1 9
and 1 < := HHCk//PHWO,WO < oo. Let h € (0,h*) and suppose that [P,CEUer[h]] is either

globally or regularly well posed, where the controller CE“ler[h]: Yoa — Upg is given by (1.2).
Then the closed-loop system [P, CEUer[h]] is gain stable on Wy with

r—1
L4+ h 3 [kipa|ing(h, 1)
i=1
Tepmerpiy e llwom, < 1Mewrrp i, g =i . (34)
1- HHCk//PHWO,WO h 21 |Kit| inp(h, @)

In all three signal space settings (A), (B) and (C) the condition (3.3) on h* can always be met
-1

r—1
for sufficiently small h* > 0, e.g. by taking h* = (fy 7 kit z) in case (A) and by taking
i=1

r—1 -1
h* = min {rlp, <212p'y >0 ki z) } in cases (B) and (C). Before giving the proof of this
i=1

result, we establish the following key bound which will be required in the proof of Theorem 3.1
for the signal space choices (B) and (C).



Proposition 3.2 For y € C(R>¢p — R) and p > 0, define the function

M,ly] : R>9— R, t— rerﬁ%}gt] ly(T)| , where y(s) =0if s <O0. (3.5)

Then, for every y € CWé’p(RZO — R) and 1 < p < oo,

YT >0 Ml omymy < 20050t my (I9lnagm + 0PIl o m)) - (3:6)

Proof. Let y € C’W(l]’p(RZO —-R),1<p<oo, T>0e>0,i¢€ Ny By the density of
C3([i,i+1]) — R) in Cy([i,i+ 1] — R) it follows from [15, Th. 4.12] applied successively on the
intervals [i,7 4+ 1] that there exists a (piecewise cubic) function G;: [i,7+ 1] — R such that G; is
nowhere locally constant, G; € C%([i,i + 1],R), G;(i) = y(i), Gi(i) = y(i), Gi(i + 1) = y(i + 1),
Gi(i+ 1) =y(i + 1), and

€ —_t € —t

‘Gl(t) - y(t)’ < 9i+1 <ee , ‘Gl(t) - y(t)’ < 9i+1 <ee ", te [Z72 + 1] :

We now define G € C!(Rxo,R) by Gliiv1) = Giljiiv1)> © € No. Suppose, for the time being,

HM [ ]HLP ([0,T)—R) < 2 HG”Lp R>0—>R (||G”LP(R20—>R) + QpHG'||LP(R20—>R)) . (3'7)
Then in view of
My[y)(t) = Myly + G — GI(t) < M[GI() + M,y — G)(t) < M,[G)(#) + Mylee™](¢)
and M,[ee™"|(t) = ee~! for t > 0, it follows that

. P
M08 117 < NGy (1 n sy + 2GRz ) +

Since

IGI < M1G = Yllr@og—r) + 1Yl Lr(Rs—r) < c€+ YllLr@se—r)

1GI < 11G = 9llze@s—r) + 19l Le R0 —R) < €€+ 19l Lo RS0 —R) -

where ¢ := (1/p)1/ P it follows that

HMQ [y] (t) ||111p([07T)HR)
&’p

<(ce+ HyHLP(RZO—ﬂR))p_l (05 + Hy||Lp(RZO—>R) + op(ce + “y||LP(RZO—>R))) + I
As this holds for all € > 0, inequality (3.6) follows as required.
It remains to show (3.7). Let

R(G) :={t € R>g||G(t)| is a local maximum of |G|} .
Since |G| is piecewise polynomial, G # 0, R(G) is non-empty and has a finite or countable
number of elements. To every point ¢t € R(G) we define (adopting the convention that inf ) = co)
tM .= inf{r >t | |G(7)| is a local minimum of |G|},

th .= min {¢ + ¢, inf {r € R(G) |7 > t}} .
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Figure 2: Example function |G[P and M,[G]P, here: tf = ty, tlt = to + o, tIf = t4, tF = t;,
th =tg, th = t7, tF = tg and tf! = t5 + 0.

We estimate the LP-norm of M,[G] by the LP-norm of G and the sum of parts of the areas of
the hatched boxes, see Figure 2. By the definition of M,[G] we have

T p
Moy = [ (e 1G]]

TE[t—0,t]

g/o OF di+ > ( G

teR(G

+ [t + 0~ 7] - max {0, |G ~ |G} ) .

where ([tf! —t]|G(t)[P) is the area of the hatched box of height |G(t)[P between the local maxi-
mum t and either the following local maximum ¢ on the right or the point t + p. Furthermore,
[t + 0 —t7] - max {0, |G(t)|P — |G(t®)[P} is the area of the box which remains by subtracting a
box with the height |G(t%)[P of the following maximum value ¢ from a box with height |G (¢)P
and length ¢ + o — . Since |G(t1)| > |G(tM)| and since (t, )N (s,sM) = 0 for all t, s € R(G),

we have:
th —t]|GEM)P < ()P dt < Oo\G(t)ypdt,
Py PRCIES
and hence
MG T s 0.7) ) </0 P da+ > ( G — |G P) + [t —t] |G P
teR(G
+t+o- tR] -max {0, |G — |GR) 1} )
S/ @F dt+ > ( G —|GEM)P) + [t7 =] |GEM)P
0 teR(G)
e tR] (6P - 1GEP) )
<z [Tlar dre X (G0P - GEP) . (3.8)
0 tER(G)
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Since G’( L) is either strictly positive or negative, |G| is continuously differentiable on (¢, M),
and partial integration yields

tM

Y. (IGOP—~IGEP) < Z/ p GO G(®)] dt < plGP Gl g ey —r)s  (3.9)

teR(G) teR(QG)
where the second inequality above follows from (¢,tM) N (s,sM) = ) for all ¢,5s € R(G). Let
1 < ¢ < oo satisfy % + é =1, then by Holder’s inequality

||Gp_1GHL1(R20—>]R) < ||Gp_1HLq(RZO—>R)HG”LP(REO—JR HGHLp (Rs0—R) ”GHLP(RZO—R)- (3.10)

Finally, inequalities (3.8), (3.9) and (3.10) give the claimed inequality (3.7). O

We are now in a position to prove Theorem 3.1.

Proof of Theorem 3.1. Let 1 < p < oo, r € N, signal spaces Uy, Vo and Wy of type (A),
(B) or (C) given by (3.2), and k = (k1,..., k) € RY" k. = 0 in case (B). We claim that if
h € (0,h*), then

r—1
5<Ck, C]Elﬂer[h}) < hz |k;’i+1‘ : ZT/p(hvl) ) (311)
=1
and hence,
. (3.11) r=1 ' . (3.3) _1
6(0 CEuler[h]) < hz |ki+1| : /an(h’al) < ’y_l = HHC/C//PHWO,WO .
=0

By assumption, P, C are causal, C(0) = P(0) = 0, [P, C}] is gain stable on Wy and [P, CFUer[h]]
is either globally or regularly well posed. Finally, since CEUet[h]())y) C Uy it follows that
CEuler[p] is causally extendible. Applying Theorem 2.1 with the roles of P and C interchanged
we see that (3.4) is a consequence of inequality (2.4) and inequality (3.11).

It remains to show (3.11).
Step 1: The graphs of Cy, and CEer[h] are given by

r—1
_ k; () r—1 )
gc, = i;) Y *Z’%Hy(z)GvaGy CUxY,
y =0
o kl A’L r—1 )
gcguler[h} = 7,;0 +1 h(y) - Z ki+1 A;L(y) S Z/{7 Y € y C Z/{ X y .
=0
Yy

Consider the surjective map

r—1 r—1
i Gop — chuler[h] , B ZZ‘; his1y® — Zgo Fi1 A, (y) . (3.12)
Yy Yy
, T
Since (— S0 ki y(”,y) oo = |lylly, and
0 0
r—1 T r—1 T
‘ (Z ki1 A};(y),y> — <Z ki1 ym,y) = i1 (A% ) —y?)
=0 1=0 Wo Uo

IA

Z:l ‘ki+1| HAZh(y) - y(l)HuO 3

11



it follows that
r—1 . X
. ; i1l |25 () =y,
0(Cr, CPM[h]) < 1®h—Ilwowy < sup =
yeVo\{0} ”yH))o

(3.13)

Note that (3.13) holds for all signal spaces Uy and ) considered in (A), (B) and (C).
Step 2: Recall, that, for y € ), the definition of Yy gives ¥ (0) = 0, for all i € {0,...,r — 1},
in case of (A) and (B), and that 3 (0) = 0, for all i € Ny in case of (C). Also recall that by

definition of A} we have A! (y)(t) = 0 for ¢ < ih. To simplify notation, without loss of generality,
define y(t) = 0 for t < 0.

Let y € ) and fix i € {1,...,r — 1}. By i + 1 applications of the Mean Value Theorem there
exist, for j € {1,...,7}, functions 5;- :10,00) — R with §§(t) € (0,jh] and f;’fl :[0,00) — R with
£§f1(t) € (0,ih] such that, for all ¢t > 0,

1

>

A0 - 50| = A5 (560 - v = m) ) @) - 4 (t)'

= Ay - ) -y Do)

S

<y(i71)(t _ 51?,1) _ (y(ifl))(t — fffl — h)) - Z/(i) (t)‘
= v (t- &) -y
<ih ‘y(i-l—l)(t _ 52’,0 (t))‘ '

i+1

Furthermore, in case of (C) there exist, for all y € N, functions £}, : [0,00) — R with fffl (t)
(0,ih] such that, for all ¢ > 0,

[ AL)(E) = g (1)) < i [y (- € (1)

Hence: in case (A) for p = oo, p = 0; in case (B) for p € [1,00), ¢ = 0; and in case (C) for
p € [1,00), p € No; the following inequality holds

HAZ(?J(“)) _ y(u+i)

< b [y = g ()]

LP(R>o—R) Lr(R>0—R)

< ih | Minly )| (3.14)

LP(Rso—R)

Step 3: We show inequality (3.11) in case (A), i.e. for Uy = CL*®(R>¢p — R) and Yy =
CWy™(Rsp — R). Let y € Y. Observe that ||y |y, < |lylly, for all i € {1,...,7 — 1}.
Thus it follows from inequalities (3.13), (3.14) that
r—1 .
> |kig1]ih H?J(ZH)HL{O
3(Cr, CPMern]) < sup =
y€Yo\{0} HyHyO

r—

1
<h 3 [hisali-

This completes the proof in case of (A).
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Step 4: We show (3.11) in case (B) with k, = 0, that is for p € [1, 00) we let Uy = CLP(R>9 — R)
and Yy = CWP(R>o — R). Let y € Vo, i € {1,...,7 —2}. Since k = (k1,...,ky_1,0) € R*"
and y( D ¢ CWé’p(RZO — R), it follows from (3.14) and Proposition 3.2 that

i)~ 40

< ih [ My )

Z/{() Z/{(J
1
< ih (2018 (19Dl + ihplly ™2 ) )
1 1
< 2#ih(1 + ihp) 7 ||yl v, (3.15)
Then by (3.13) and (3.15)

- Eul P ) I — 1
6(Cr, C" ' [n]) < 27 hz |kita|-i(1+ihp)r "= 2 hz ki1 - i(1+ihp)> .

i=0

This completes the proof in case of (B) with k. = 0.

Step 5: We show (3.11) in case (C), ie. for p € [1,00) let Uy = Yy = CW P (R>9 — R).
For brevity write || - ||o» = || - [|Lp(ro,—r)- Since yitl) ¢ CWé’p(RZO — R), it follows from
Proposition 3.2 and inequality (3.14), that for all y € Yy and i € {1,...,r — 1}

[t -,

< ih [ M [y 0] ()

Uo
1

<in 3 [2 DL (et o+ ihplly e+ ) ] '

1 1
< 2¥vih <Z g0 o+ ihp 3 [y 5 Hy(‘”‘”)\lfp>
n=0 n=0
1 & o0 . 1
<21 <Z ly D Lo + ihp (Z Iyt 0] 2 ) (Z !!y(“““)lip))
n=0 pn=0 n=0
1 00 ] 00 p—1 0 1
< 2vih | 3 lyWlee +ibp | X lyWlls ) { X ly™ Iz
u=0 p=0 p=0
< 28ih(1+ihp) 3 [y
pn=0
E .
= 27ih(1 4 ihp)|lylly,
and so (3.13) yields
5(Cy, CEI[n)) < 25 hz \ki1] - i(1 + ihp) .
which completes the proof in case of (C) and concludes the proof of the theorem. O

4 Applications to linear minimum phase systems

The main result, Theorem 3.1, is stated for various signal spaces (3.2). We now consider lin-
ear systems in detail to illustrate how the choice of signal space is determined by relative de-
gree assumptions on the linear system and the stabilizability requirements in the various signal
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spaces. In particular we consider the class P, of all state space triples (A, b, c) correspond-
ing to n-dimensional, minimum phase, single-input, single-output systems with relative degree
r € {1,...,n} and positive high frequency gain cA"~'b. Let (A,b,c) € Ppn,, 2° € R™ and
P(A,b,c;2%): U, — Y. be the associated plant operator u; — y; given by

i = Az + bu, z(0) = 2° }’ (4.1)

h = c¢r,

where U and ) are any of the input/output signal spaces pairs given in (3.2). We establish
stability properties for both the nominal closed-loop system [P(A4,b, c;2%), C)] and the closed-
loop system with the delay based controller [P(A,b, ¢ xo),CE‘ﬂer[h]]. In particular, we show
exponential stability of the initial value problems for closed-loop systems with zero disturbances
ug = yo = 0 and gain stability of the closed-loop systems with arbitrary ug, yo from signal spaces
in cases (A), (B) or (C). For the following consider the high-gain control design:

r—1
Ck,n,l/: Ve = Uey y2+—ug=—v Z KT?iki-‘rlyél) ) (42)
=0

where k,v > 1 are suitably large scalars which are to be determined and k = (kq, ...k, ) is such
that k£, > 0 and the polynomial s — Z;& kii1 s is Hurwitz, i.e. has all roots in C_.

4.1 Exponential stability of [P(A, b, c; z°%), C,] With ug = yo =0

In Proposition 4.1 we present how the high-gain derivative feedback controller of form (4.2)
stabilizes systems (A, b, c) € Py, 7 < n, given by (4.1). We show that there exist x,v > 1 such
that an application of controller Cy, ., to a linear system (A, b, ¢) yields an exponentially stable
closed-loop system [P(A, b, c; z%), Ch ] With ug = yo = 0.

With controller C}, .., we use a static feedback of derivatives of the output signal to stabilize
linear systems. Note that there are only structural conditions to the considered system (A, b, ¢):
the relative degree is known, the system is minimum phase and has a positive high-frequency
gain cA"1b.

Proposition 4.1 Let, for r,n € N with » < n, (4,b,c) € P,, and 2 € R™. Suppose
k = (ki,...,k.) € RY" with k, > 0 and s — Z::_& ;i1 s Hurwitz. Then, for sufficiently
large r,v > 1, the closed-loop system [P(A4,b,c;2°),Ck ] given by (4.1), (4.2), (2.1) with
ug = yo = 0 is exponentially stable, in the sense

v > 1V > 3k >13IM >03a>0 Ve >k VE>0 V2 e R : |x(t;x0)} < Me Y|,
where x(-; %) denotes the solution of (4.1), (4.2), (2.1) with ug = yo = 0.
Proposition 4.1 shows the existence of parameters x, v > 1 with which controller (4.2) stabilizes

system (4.1). Explicit bounds for £ and v, which are not given here, depend only on the system
matrices A, b, c and the vector k = (ki,..., k).

The proof of Proposition 4.1 is based on the following Byrnes-Isidori normal form.

Lemma 4.2 Let, for r,n € N with r < n, (A4,b,¢) € P,,. For C := [c/cA/.../cA“l],
B:= [b,Ab,..., A" ], N € R~ with im N = ker C and

C

V= (NTN) ' NI (I, — B(CB)™\C]

] ., Vvl= [B (CB)—l,N} : (4.3)
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the coordinate transformation

(g) (t) == Va(t), (4.4)
converts (A, b, c), given by (4.1) into the normal form (VAV L Vb, cV 1) € P,
[0 1 0 ... 0] 0
i(g) = (0 ... 0 1 0 <§7>+ 0 (O <§>(0):VxOE]R”
Ry ... R, S cA™1p
|7 0 o 0 Q] 0 (4.5)
:VAV71 :Vb
A 51 = (150770)(5)
~—\7
=cV -1
T € R(nfr)xl’ Q c I&(nfr)x(nfr)7 = IRIX(nfr)7 Ri,...,R. €R.

Proof. See [9, Lem. 3.5]. O

Remark 4.3 Proposition 4.1 shows that for every system (A, b, ¢) € P, of form (4.1), r,n € N
with < n, we may choose k € R'*" such that

spec (A + bkle/ ... /cA™ 1) =spec (VAV '+ Vb(k | 0)) C C_,

where the transformation matrix V € R™™ is given by (4.3), k = (k1,... k) with k;
v e {1, 1), s Sy kip1st with k, > 0 is any Hurwitz polynomial and x,v > 1
are sufficiently large

For the following results in case of signal spaces of type (B) in (3.2) we assume that k, = 0 and
spec (A + bk[c/ ... /cA™']) C C_. In this case we cannot refer to Propostion 4.1.

Proof of Proposition 4.1. By equations (2.1) and (4.2),
r—1 ‘ )
= o T (@) = 5 O] + o0, (4.6)
1=0
The closed-loop system (4.1), (4.6) is equivalent to (4.5), (4.6). Setting ¢; = x~ "¢, for i =
1,...,r, yields
éi = HﬁiJrléi = lﬁ;iiJrlfi_H = Kk(it1, fori=1,...,r—1,

Gr = H_T—H&

=k (R — Yvkik")é + -+ + (Re—1 — Ivke_162)é—1 + (R — 90k, k)& + w771 Sn

R R,_ R, _
=K<<K:—79Vk?1>ﬁ+“-+< 521 r1>Cr 1—|—<—191/l<:>Cr>+/i TSy,

Thus the scaling
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converts (4.5), (4.6) into

0 1 0
a (¢ K ' - : ¢
@ (77) - R 0 ! 0 (77>
B vk .. T =Yk Bk ] | kTTTIS
I T 0 0 Q
= U (VAV=14Vb(vk | WU = Ay o
0
NS : i 4.7
+ k7Y 0 [Z l/lir_lqurly(()) + uo] (4.7)
1 1=0
0
)
= (1,0,...,0 ,
y1 = ( ) (77
= ; i i
up = — >, vk kit [yg) — yé)] + ug,
i=0
) O = () o
0) = =U, V",
(o= (5 |

where ¥ = cA™" b, Ry,...,R, € R, § € R*(»=7) T ¢ R"", Q e RO"7")*("=7) with spec(Q) C
C_ and V € R™™"™ with det V # 0.

In view of ug = yo = 0 and the equivalence of (4.1), (4.2), (2.1) and the closed-loop equa-
tions (4.7) it remains to show that

I > 1Vr > 3 > 13M>03a>0 Ve >k VE>0 o |edems!

< Me . (4.8)

Since k, > 0,9 > 0 and s — p(s) = Z::_ol ki1 8 is Hurwitz, it follows from the root-locus [14,
Sect. 5] that r — 1 roots of ¢, (s) = s" + vip(s) = 0 converge to the roots of p(s) =0 as v — o0
and that the remaining root of ¢, is real and diverges to —oo as ¥ — oo. Thus there exists
v* > 0 such that the polynomial g, is Hurwitz, for all v > v*. Let v > v* and choose the
positive definite matrices N; = NCT € R™" and N, = N,7T e R=)x(n=7) golving

N, 0(7'71)><1 L + 0(”'*1)><1 Ir—1 TN = —I N, Q + QTN = —1 (4 9)
C| —ovky ... -9k, —Ovki ... —Ovk, ¢ T n n—r- :

Then the derivative of

along the solution of
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yields, for all ¢ > 0, and omitting the argument ¢ for brevity,

V() = & (3¢TNeC+ 30" Non)
0 1 .
%_ﬂykl Rzgl—ﬂl/k’r,1 %_ﬂykr H—?”‘Q-lsﬂ
0
(19 1 N
S S o | € gVl 181 ¢l il — Yol + 1N, T o G
B B

"2 e 4 IN (R R ICI2 + =L N (S| C12 + —Lo | N [S] ]2
< =5IC1F N (Rasy - RIS 4 == NI S| C]° + = [N¢| S| |n]

KT KT
—slnl* + §nl + 4N, T |G

K N¢||S
—(5 = INCI(Bus - R)| = INCL S| = 41N, T 6 = (4 = Bl )

IN

and so, for
r* = max {§ + 2(N| [(Ru, ..., Re)| = [N| S| = 4[Ny T1), (8| Nel[S]) ™"},

o := min {1 1}
' 8| N¢|” 8Nyl J 7

we conclude, for all ¢ > 0 and k > k¥,

V() < —glCOP = gln)* < —gazg¢ ()T NeC(t) = gramyn(®) N (1) < —aV (1),

hence
max spec [N< 0 }
N,
V>t Vg >0 : '(C(t)>’ < exp (—alt — to)) NO " ‘(C(%))’ _
n(t) minspec | f Nﬂ} n(to)
This proves (4.8) and completes the proof of the proposition. O

4.2 Stability properties of the closed-loop system [P(A, b, c; 2?), Cy]

Now we show for (4,b,¢) € P, with k € R™" such that spec (A +bklc/.../cA™"!]) C C_
and for appropriate input/output signal spaces of types (A), (B) or (C) in (3.2) that if 20 = 0,
then the closed-loop system [P(A, b, ¢; 2°), C] is gain stable on Wj. For the input/output signal
spaces of type (A) or (B) only, we also show that the closed-loop system [P(A,b,c; %), Cy] is
W-stable for any initial conditions z° € R™.

Theorem 4.4 Let, for r,n € N with r < n, (A,b,c) € P, given by (4.1) and choose k € R1*"
such that spec (A + bk[c/ ... /cAT_l]) C C_. Let the signal spaces U, Y, W, Wy be of type
(A), (B) or (C) in (3.2); in case of (B) suppose kel) = 0. Consider the controller operator
Cr: Ve — U, as defined by (1.1) and the associated plant operator P(A,b,c;z%): U — Ve
with initial value 2° € R™ as defined by (4.1). Then the closed-loop system [P(A, b, c;0), Cy]

is Wy-gain stable. In the case of signal spaces given by (A) or (B), the closed-loop system
[P(A, b, c;2Y), Ck] is also W-stable.
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Proof. Step 1: Consider W of type (A), (B) or (C) given by (3.2) and let (up,y0) € W.
The closed-loop system [P(A,b,c;2°),Cx] given by equations (4.1), (1.1), (2.1) is, in view of
coordinate transformation (4.4), equivalent to (4.5), (1.1), (2.1). Invoking Lemma 4.2 and
applying Variation of Constants yields

VE>0 (5) (t)—!(“bk )V_lt <€2> N /O’fev(/”b’“

n Ul

[ c

) V—L(t—s)
cAr! cdr! (s)ds, (4.10)

where, in view of ug € U and yy € Y,

Or—1
@(-) == | cA" b | [uo(:) + (Cryo) (1)) € U. (4.11)
Onfr

Step 2: Consider case (A) or (B),ie. U x Y = CLP(R>9 — R) x CW"P(R>0 — R), 1 < p < o0,
r < n. Taking norms in (4.10) and invoking the well-known inequality || [; f(- —s) g(s) ds|| ,,, <
Il llgllze, for f € L' and g € LP, we obtain, for some 3y, 32 > 0,

19

0
s;ﬁl{\(go)\+—uwanR>qunJ
Lp(Ro—R") L )

</ <§g>‘ + 5152 |:||u0||LP(]R20—>R) + :;: |ki+1H|y(()i)HLP(RZOHR)
and thus,
(5) e Pme0 — .
Now, by (4.5),
ygi):§i+1€L”(Rzo—>R)a fori=0,...,r—1
g =€ = (zl (R; — cA™~'bk;) g,) + 850+ ¢ € LP(Ryo — R)

and with (4.11) it follows that y; € CW"™P(R>9 — R) = ).

Finally,
up = ug — Cr(y2) = uo — Ci(yo) + Cr(y1) € CLP(Ryo — R) = U,

and we have shown that the closed-loop system [P(A,b,c;2°), Ck] is W-stable in case (A) and
(B).

Step 3: Let 2 = 0 and let Wy be as in (A) or (B), i.e. Uy x Vo = CLP(R>g — R) x CW (P (R>¢ —
R), 1 < p < 0o, r < n. It is straightforward to see that y(*)(0) = 0 for i = 0,...,r, and hence
one can show similarly as in Step 2 that, for some (51,...,05 > 1,

r—1 .
nmmm%wmqwmhwmmw®+;mmmM@mW®]

< 1 [0l e.r oo + W0llows -1, )]

and

HU’lHCLP(]RzOHR) < HUOHCLP(REOH]R) + HCkyQHCLP(RZOHR)

< HUOHC’LT’(RZOHR) + B Hy2HCWg*1’P(RZOHR)

< ||u0||CLP(R20—>R) + Bs Hyl”CWg‘l”’(RzoaR) + ”yOHCWS_I’p(RZOHIR)}
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and thus W, gain stability in case (A), (B) follows.

Step 4: Let 2° = 0 and let Wy be as in (C), i.e. Uy = Yy = CWP(Rsg — R), 1 < p < oc.
First note that ¢ € CW;”?(R>9 — R). By [17, Proposition VL.3.1] we have, for all i € N and
t>0,

c C

cAT1

+ V| A+bk
cAT 1

T (&

) V—l(t—s) '
0 (s)ds.

)v—l(ts) . V(A+bk
go(s)ds:/ e

0

Hence it follows from (4.10) that ;—; <§> =0, and so ¥ (0) = 0 for all i € N. It follows also

: : . =0
that ugl) (0) = u((f) (0) — C’k(y((]z)(())) + Ck(ygl) (0)) =0 for all i € N. One can then show similarly
as in Step 3 that, for some (1,582 > 1,

Hyl||CW°°vP(R>O—>R) = Z ||y1||CLP(R>O—>R)
- 320 -
< b ];0 [HUE]J)HCLP(RZO—»R) +] (Ciyo)¥) HCLP(]RZO—JR{)}

r—1 .
(i+7)
< /81 HuOHCWOO’p(RZO*)R) + ﬁQ - 2% Hyoz ’ HCLp(R>O_,R)
J=Vi= -

< B l[uoll gwoormso—r) + 702 W0l owee s ) -

An analogous inequality for Hu1||CWOO,p(R>OHR) gives W, gain stability as required. This com-
pletes the proof of the theorem. N ]

Theorem 4.4 shows in combination with Proposition 4.1, for signal spaces of type (A) or (C)
in (3.2), that if r < n and k,v > 1 sufficiently large then [P(A, b, ¢; 2°), Ck. ...,] is Wo-gain stable,
with a bound for the gain given by

Tt/ PCA D) by o < BE 1) (4.12)

for some [(k, k,v) > 0 determined by the proof of Theorem 4.4 and Proposition 4.1.

In the signal space setting of type (B) in (3.2), i.e. p,7 < oo, these stability results are only
proved for k, = 0, thus precluding the application of Proposition 4.1. However, there are many
plants stabilizable in Py, ,, » < n — 1, including, for example, the class of plants stabilizable by
PD controllers (r =2, n > 3).

Since Proposition 4.1 gives stabilizability of plants in P, ,, » < n, and since the signal space
setting (A) is only applicable when p = oo, the setting (C) has been introduced to allow stability
results in the context of p < oo, without the assumption that k, = 0 as in (B). However, the
setting (C) does introduce extra regularity requirements on the external disturbances ug, yo.

4.3 Gain stability of the closed-loop system [P(A,b, c;0), Cy*"[h]]
We are now in a position to show that linear systems (A4,b,c) € Py, are gain stabilizable on

U x Y by the delay feedback C’E“ler [h] defined in (1.2), for suitable k& € R'*", for sufficiently
small A > 0 and for signal spaces of type (A), (B) or (C) in (3.2).

Theorem 4.5 Let, for r,n € N with r < n, (4,b,¢) € Py, and choose k € R*" such that
spec (A + bklc/ ... /cATfl]) C C_. Let the signal spaces U, Y, W, Wy be of type (A), (B) or
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(C) in (3.2); in case of (B) suppose k:esqr) = 0. Then v := Hﬂck//P(A7b:C§0)||W0 Wy < 00 Suppose
h € (0, h*), where h* > 0 satisfies (3.3). Then the delay feedback controller CFU[h]: Yy, — U,
defined in (1.2), applied to the plant P(A,b,¢;0): Uy, — Voe given by (4.1) yields

r—1
L+h 3o |Kiva|inp(h, i)
i=1
HHCguler[h}//p(A,b,c;o)HWO,WO <7 , Til o o . (4.13)
L —hy 1| inp(h, i
i=1

Proof. By Theorem 4.4 it follows that v := HHC’k//P(A@C;O)HWO we < 00 The result now
follows from Theorem 3.1 since [P(A, b, ¢;0), CEWer[R]] is globally well posed and P(0) = 0. O

In the following let C’kE};l‘ff[h] DYg o Uy = —U Z:;& K" 'ki41 A% yo be the delay feedback controller

corresponding to controller Cy, ., given in (4.2).

Together with Proposition 4.1 and Theorem 4.4, Theorem 4.5 shows for signal spaces of type
(A) or (C) in (3.2), that for sufficiently large x, v > 1 (determined by Proposition 4.1), 8(k, k, v)
given in (4.12), and sufficiently small h > 0 (determined by Theorem 4.5), the closed-loop system
[P(A,b,c;0), CFuer[n]] is Wy-gain stable and

k,k,v

r—1
L hww"=1 37 (ki | iy (R, 0)
=1

[T epueriny/ s papeo) wow, < B, V)

k,k,v

r—1 :
1- hﬁ(ka K, Z/)V’%Til Z |k’i+1| inp(ha Z)
i=1

4.4 Gain stability of [P(A,b, c; z°), CF*'°*[h]] with non-zero initial condition

To generalize Theorem 4.5 by allowing for non-zero initial conditions, we give the following result
which will be applied to signal spaces of type (A) or (B) in (3.2). The proof of Theorem 4.6 is
based on an extension of [4, Th. 5.3].

Theorem 4.6 Let r,n € N with » < n and consider signal spaces U, ), W, W) of type (A) or
(B) in (3.2). Let k € R'™" and additionally in case (B) suppose kel = 0. Let (A, b,c) € Ppy,
2% € R™ and consider the operator P(A,b,c;z%): U, — Y. as defined in (4.1). Suppose that for
h > 0, applying the feedback controllers

Cp:Ve—U, and  CEUT[R]: Vo, — U,
as defined in (1.1) and (1.2), respectively, to P(A,b,c;0) yields
HHC;C//P(AM;O)HWO,WO <oco  and HHCE“IeT[h}//P(A,b,c;O)HWO,WO =< oo
Then

dA>0 V.T}O e R" Ywg € Wy }|HCE“ICT[h}//P(A,b,C;xO)wOHW < )\’1‘0’ + v HwOHW@ . (4.14)

Proof. Note that we may consider P(A,b,c;0) as an operator from U, to ), or from U, to
Voe- Furthermore, note that Cj and C’kEmer[h] may be considered as operators from ), to U or
from Y, to U. Thus we may consider the graphs of P(A,b,¢;0), C and CEUeT[h] in W) or in
W. To identify in which signal space a graph is considered we add a superscript Wy or W such
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as in g}f&?b@o) C Wy or Q};\EAJ),C;O) C W. For 2° # 0 we have to consider P(A4,b,c;2°) as an
operator from U, to )V, with Q}Q\EA b0y C W.

(45), (11), (2.1)

Step 1: Let yg = 0 and consider the map defined by ug y1 with transfer function

s — G(s) = (1,0,...,0)(sI — (VAV "+ Vb(k | 0))) Vb
= (1,0,...,0)(V(sI — (A+Dbk[c/.../cA" )V H~ 1V,
where the matrix V is given by (4.3). By boundedness of HHP(A7b7C§0)7CkHWO Woxw, and (3

Th. 2, Sect. 2.4] it follows that G(-) is stable. Since (A,b,¢) is minimum phase, setting F' :=
k[c/.../cA™™1], [1, Th. 10] yields that spec(A + bF') = spec((A + bklc/ ... /cA™"1]) C C_.

Since HHP(A’vaO)’CkHWO,WOXWO < 00, we may define maps N: U — U, ug — u, and M: U —

Mo, up — y1 by

- U U
Nug = (10) Upap,e0)//Ch < 00 > , Muy=(01) pab,e0)/ /00 < 00 > :

Proposition 4.1 yields that the tuples (up,u1) = (uo,]\~7u0) and (ug,y1) = (uo, Mug) satisfy

&t = (A+bF)z+ bug, z(0)=0
up = Fx+ug, (4.15)
y1 = cx.

Step 2: We show N(U) =V :={u € U| P(A,b,c;0)u € V}.

Suppose u € V, i.e. u € U with P(A,b,¢;0)u € Y. Then Y 5 P(A,b,¢;0)u = cx =: y for = being
a solution of & = Ax + bu, x(0) = 0. Since (A, b, ¢) is minimum phase, thus (A4, c¢) is detectable,
there exists L € R™ such that spec(A + Lc¢) C C_. Since y € Y and u € U writing

&= (A+ Le)xr — Lex + bu = (A+ Le)x — Ly + bu
yields that © € CLP(R>¢ — R"). Thus ug := u — Fx € U and (4.15) then yields that u = u; =
N(up) € N(U), which gives N(U) C V.

Conversely, suppose u € N(U). Then there exists ug € U such that ug = u — Fz € U. Since
spec(A + bF) C C_ it follows by (4.15) that P(A,b,c;0)u =y = cx € Y. Hence N(U) C V.

Now N:U — V, ug = (1 0) T p(ape0)//c, (o), is well defined and writing
&= Az + buy , z(0)=0
ug = Fo —uq,
directly gives that is invertible and P(A,b,c;0) = MN~1.
Step 3: Set A= A+ bF = (A+bk[c/.../cA™"!]). We show

N Fexp(A-)x® vel
w -0 — p{£ ’ _
gP(Ab,c;xO) =Q:= { (M) v (cexp(A-)xO ew N,M,F and A asin Step 1 | °

A0
We show @ C Q}Q‘EA@C@O). Consider, for any v € U, q, = (ﬁ) v+ <€§§§(<£));0> € Q. Let

u = Nv+ Fexp(A-)z®. Since Nv € U and exp(A-) € CW™P(R5o — R)™™ = Y™*" we have
u € U. Observe
& = Az + b(F exp(A-)z?), z(0) = 2° ¢ R"
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has the solution z(-) = exp(A-)z". Thus it follows that
P(A,b,c;2°)F exp(A)z® = cexp(A-)z"
Hence
P(A,b,c;2°)u = P(A,b,c;2°)Nv + P(A, b, c; z%) (F exp(f_l-)azo) — P(A,b,c;2°)0
= P(A,b,¢;0)Nv + P(A, b, c; 2°) (F exp(/_l-)wo)
= M(N)"'Nv + cexp(A-)z°
= Mv+cexp(A)zl e Y. (4.16)

_ u w w
Thus ¢, = <P(A, b, c;xO)u> ceUxY,s0q, € gP(A,b,c;xo) and Q C gP(A,b,c;mD)'

u

We show g]VDV(A’b’C;J,O) C Q. Consider (P(A b.c: ajo)u> € g]VD‘;A’bWO). Then

P(A,b,¢;0) (u— Fexp([l-)xo) = P(A,b,c;2%u — P(A, b, c; 2°) (F exp(fl-)xo)

and since the right hand side lies in Y, it follows that P(A,b,¢;0) (u — Fexp(A-)a®) € Y.
Therefore u — Fexp(A-)z? € V = Im(N), and so there exists v € U such that Nv = u —
F exp(A-)z°. Therefore equation (4.16) holds, hence

u (N vt Fexp(A)ax® €0
P(Abyc;a%u ) — \M cexp(A-)x?
and so g};\é Ab,esa0) C Q. Therefore we have shown Q}/,\E Ab) = Q@ as claimed.

Step 4: Finally we show (4.14). For wg € Wy and 2° € R” let
F exp(A-)z° > b ( —Cperh)(cexp(A-)2?) >

! _ _ — _
Wo = tWo = v1 = B2, oL ( cexp(A-)z® —cexp(A)z
Since CEHer[h](Y) C U, we have w) € Wy, hence,

HP(A b,c;0), CE“ler[h] (w0) (w17 w2) € g A b,¢;0) X chuler (]’

In particular, w, = w; + wy, and by rearranging we have wy = (w; + v1) + (w2 + v2).
. W, w s _ N
Since wy € QP(‘347b7c;0) C gP(Avbyc;O), there exists v € U such that w; = ( M >v, hence

—_cw ; W w w ;
w1 + V1 € Q — gP(Abch) Since wy € gCEOulcr[h] - gCEuler[h] and V2 € go]];luler[h]a it follows by
linearity of CEUer[h] that wy + vy € GY¥ Culer(p- Therefore, since [P(A, b, ¢; 2°), CEUer[R]] has the
uniqueness property, Hp (4 ..,0) couterpy 2 W — W X Wis defined and

_ w w
HP(A,b,ch),CEuler[h]wo = (Wl + V1, W2 + 'U2) S gP(A’b’C;xo) X ngEulcr[h] CW X W.

Now for _
A= sup V2]l H ( —CPEuler[p](cexp(A)) > ' (4.17)
zockm\f0} |70 —c eXP(A ) e
it follows that
HHCE“I“[h]//P(A,b,c;ocO)wOHWXy\; < floallw + [lwallyy < Alz®[ =+ [lwollyy, -
thus concluding the proof. a
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We can now state the result for the delay feedback controller in the presence of both input/ouput
disturbances and initial conditions.

Theorem 4.7 Let, for r,n € N with r < n, (A4,b,¢) € Py, and choose k € R™" such
that spec (A—f—bk[c/.../cA”*l]) C C_. Let the signal spaces U, Y, W, Wy be of type (A)

or (B) in (3.2); in case of (B) suppose kel” = 0. Then v o= HHCIC//P(A,byc;O)HWO Wy < 00

Suppose h € (0,h*), where h* > 0 satisfies (3.3). Consider for (A,b,c) the plant operator
P(A,b,c;2°): U, — e given by (4.1) and the delay feedback controller CFUer[]: Vo, — U,
defined in (1.2). Then there exists A > 0 such that, for all wy € Wy,
r—1
L+ h 3 [Kiga|inp(h, 1)

0 =1
HHCE‘“QT[h]//P(A,b,c;xO)wOHW,W < Al +y = lwollw, -

1 —hy Zl ki 1| inp(h, )

Proof. The result follows directly from Theorem 4.5 and Theorem 4.6. a

Together with Proposition 4.1 and Theorem 4.4, Theorem 4.7 shows for signal spaces of type
(A) in (3.2), that for sufficiently large x,v > 1 (determined by Proposition 4.1), 8(k, r, ) given
in (4.12) and for sufficiently small A > 0 (determined by Theorem 4.5) there exists A > 0
(determined by equation (4.17)) such that, for all zop € R™ and wy € Wy:

HHCEuler[h]//P(A,b,c;xo)wO HW,W

k,k,v

r—1
1+ huk"—t > ki1l inp(h, i)
< Na®| + | Bk, r,v) e lwollyy, -
1- hﬁ(k> K, V)VK‘Til Z |ki+1‘ inp(h> 2)
i=1

4.5 Exponential stability of [P(A, b, ¢; %), CZ™*"[h]] with ug = yo =0

In Proposition 4.1 we have shown that the high-gain derivative feedback controller Cy, . ., : y2 +—
ug leads to an internally stable system, i.e. (4.7) with ug = yo = 0 gives

v >1Vr >v* I >1,Ve > K" : 2= Apk,z is exponentially stable.

Now (as in [10] where a more limited class of systems was considered) we will show that an
analogous result holds true if a stabilizing derivative feedback controller C}: ys +— usy is replaced
by the delay feedback C’E‘ﬂer[h]: yo — ug for h > 0 sufficiently small. Exponential stability for
a delay differential equation is defined as follows, see, for example [2, Def. 5.1.1].

Definition 4.8 Let h > 0 and, for r,n € N with » < n, Ag,..., A,_1 € R™" Then the delay
initial value problem

r—1
&= Ajz(t—jh), x=gponl[(l—r)h0], (4.18)
=0
is said to be exponentially stable if, and only if,
IMA>OVE> 0V € Cp([(1—7)h,0] = R : |z(t)] < Me™™  max |p(s)|. (4.19)

- s€[(1—7)h,0]
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Proposition 4.9 Let, for r,n € N with » < n, (4,b,¢c) € Py, 2% € R™. Consider the signal
spaces U =Y = CWSO’Q(RZO — R) and W :=U x Y and choose k € R**" and h > 0 such that

HHP(A,b,C;O)//CE“'er[h} HW,W <00,

Then the delay initial value problem for the closed-loop system [P(A,b,c;2?), CE“ler[h]] given
by (4.1), (1.2) and (2.1) with up = yo = 0 is exponentially stable.

Proof. For (A,b,¢) € Ppy, n,n € N with r < n and h > 0, the closed-loop system
[P(A, b, c;z0), CEMer[R]] given by (4.1), (1.2) and (2.1) is described by a delay differential equa-
tion of the form (4.18) as follows:

#(t) = (A+ A0) (1) +r§;1 Fi(t — jh) + buo(t) + Tzz)’éfyo(t — i),

j= j=
yi(t) = cx(t), z =@ on [(1—7)h,0], (4.20)
) = uolt) + 5 (<195 5 () o — )t — 1)

where p(0) = 2° and, in view of (4.4), (4.5), for j =0,...,r — 1,

r—1
A 1bz S (P el e v B o= B2 (M,
i=j

and the transformation matrix V' € R™"™ is given by (4.3). Let GP(A@C;O)//CEMHW € R(s)?x2
denote the transfer function of Wp(a p,e:0)/ /0B 1) Then, [16, Th. 30] and [3, Th. 2, Sect. 2.4]
yields:

o G pa b0y somoen (19) ||y = [[Tp(ap.e0)/scmerm |y < 00
Since the denominator of the function (s — GP(A,b,C;O)//CEUIer[h](S)) is equal to
det <51 — (A L A0 L emsh AL g g est—Dh @«—1)) ’
it follows that
VseCy : det (sI — (A + A pemsh A 4oy e—S(T—l)hgr—1)> £0.
Now, [2, Th. 5.1.5] yields exponential stability of (4.20) with ug = yo = 0. 0

We conclude the paper by noting that for sufficiently large x,v > 1 (determined by Proposi-
tion 4.1) and for sufficiently small > 0 (determined by Theorem 4.5) Proposition 4.9 yields
that the closed-loop system [P(A, b, ¢; 2%), CFYer[h]] with ug = yo = 0 is exponentially stable.

k,k,v
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