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Abstract

A semi-global nonlinear separation principle is described which presents conditions under which a stabi-
lizing controller based on the output and its derivatives (typically the state or partial state) can be replaced
by a controller based on measurement of the output only. The results include the case of high gain observer
reconstruction of the output derivatives and the case of approximating the output derivatives via numerical
derivatives for which various realizable schemes based on discrete sampling are given. The same sampling
constructions and results are also applied directly to the output measurement itself, giving rise to fast sam-
pling theorems. The proofs are based on estimating gap distances between the original controller and the

reconstructed approximation and conditions based on the robust stability margin.

1 Introduction

The long established linear separation principle states that for every stabilizing state feedback controller, a
corresponding output feedback controller can be constructed using a suitable observer and realizing the original
state feedback with the corresponding observer states. In the linear context, it is similarly well known and
long established that digital controllers can be designed via a process of fast sample and hold emulation of a
continuous time design. The purpose of this paper is to provide a wide-ranging extension of both these results

in a general nonlinear context.

There is a substantive literature which addresses the generalisation of the linear separation principle to nonlinear
systems. Typical results utilize high gain linear observers to reconstruct the state of the system which can
then be used under appropriate conditions to construct a suitable stabilizing feedback. Such results have been
obtained by a state space analysis based on singular perturbation theory and require a time scale separation of
the observer dynamics from the system dynamics. The separation principles we present here are related to the
above, but give rise to different conditions and include both the case of controllers based on reconstructions of
the state via observers and those based on numerical differentiation. The approach is technically very different;

here we utilize gap and graph perturbation techniques from the theory of nonlinear robust control, as opposed
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to the state-space driven techniques of [3], see also [22, 23, 21]. One immediate benefit of the operator approach
taken is that the results apply to any plant which can be stabilized by memoryless feedback of the output and
its derivatives; it is not necessary for an underlying finite dimensional state-space model to be known, or even
to exist. Furthermore, again in contrast to [3], the analysis inherently includes the effects of disturbances in

both the input and output channels and guarantees robust stability [15].

The formal treatment of the stability of controllers based on numerical differentiation appears to have been
first undertaken in [18] (limited to linear plants which are minimum phase and either relative degree one or
two), although note that such schemes for implementing state feedbacks for nonlinear systems are common in
applications. The analysis in [18] involves a detailed state space construction of a Lyapunov-Krasovskii function
and would appear to be hard to generalize. Subsequently an alternative approach based on the gap metric
was developed in [11] which established global results in a variety of signal space settings. The analysis in the
particular case of linear minimum phase systems was rather complete. The results of [11] are limited in the
general nonlinear context since they require global closed loop gain stability, and are thus typically restricted

to plants and controllers which have linear growth conditions.

This paper provides a general semi-global analysis, thus removing the growth restrictions from the analysis in
[11]. The passage from global to semi-global is not elementary. The underlying robust stability theorem utilizes
Schauder fixed point theory, and gives rise to a requirement of compactness of a certain operator arising in the
analysis, and detailed analysis is required to establish this compactness in a variety of signal space settings. The
resulting output feedback controller can be constructed from a variety of different operations to reconstruct the
derivatives. We demonstrate that appropriate reconstructions include the basic Euler approximation considered

in [11, 18]; two sampled versions of the Euler approximation scheme and methods based on high gain observers.

We remark that it has been well argued e.g. in [17] that such differentiation schemes (or other approximate
reconstructions such as high gain observers) may be essential for many nonlinear systems, simply because it
seems that it is only possible to construct (exact) nonlinear observers for certain specialized classes of plants.
We further remark that there is a wide literature in both the control and signal processing concerning nonlinear
estimation and reconstruction using differentiation, see e.g. [9] and the references therein, however, the results

in [11, 18] and in this paper are distinguished by the consideration of closed loop robust stability.

The fast sampling results established in this paper are obtained by applying the same sampling constructions
utilized in the sampled versions of the Euler approximations, but now applied directly to the output channel.
In particular, we give conditions under which an output feedback controller can be replaced by a sampled data
controller via a process of zero or first order hold sampling of the original controller. This substantially widens
the signal setting of the previous input-output approach to sampled data controllers [4] and contrasts to the
wider literature on state-space methods for this problem [2, 8, 24, 25, 26, 27, 28, 32] in a similar manner to
the separation principle results: the results apply equally in finite and infinite dimensional contexts and the
analysis inherently includes the effects of disturbances in both the input and output channels and automatically

guarantees positive robust stability margins in the sense of the gap metric [15].

From the vantage point of nonlinear robust stability theory, this paper provides another substantive illustration
of the power of the gap metric and robust stability theory [5, 15, 20]. This follows on from other major

applications of the framework to the analysis of nonlinear oscillators [16], the analysis of robustness properties
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of adaptive controllers [6, 7, 10, 12, 13] and iterative learning controllers [10], and a previous analysis of sampled

data controllers [4].

The paper is structured as follows. In section 2 we introduce the notation and system theoretic properties. In
section 3 we investigate the properties of Euler operators, and show that both observer based and numerical
derivative based constructions have the required properties. In section 4 we state and prove the nonlinear
separation principles and discuss a number of corollaries and examples. Section 5 relates the required notion
of gain stability in the Sobolev space setting to the standard notion of L? gain stability under a relative degree
assumption. Section 6 considers the sampling process as applied also to the output measurement itself and
establishes conditions for robust stability under fast sampling. Section 7 shows the previously developed results
for the initial condition free case also imply results for the case of non-zero initial conditions under reachability
assumptions. Conclusions are given in section 8, and an appendix contains the statement and proof of the

underlying robust stability result.

2 Background and notation

2.1 Function spaces

Let map(E, F) be the set of all maps from the set E to the set F. We define the domain of a mapping
r € map(E, F) as dom(z) = E. Let N > 1 and let I C R, be an interval. Then we let BUC(I,RY) denote

the space of uniformly continuous functions z: I — R with the uniform norm ||z || BUC(1,rN) = sup |z(t)| and
tel
L>=(I,R"N) denote the space of all bounded functions z: I — RY with the norm 2] Loo (1, r) := esssup |z(t)].
tel

When [ is compact, we let C(I RV ) denote the space BUC(I RN ) since all continuous functions on I are
bounded and uniformly continuous. For 1 < p < oo we let LP(I,RY) denote the space of all measurable
functions z: I — RY with [, |z(¢)[Pdt < oo and with norm z |2l o (rmvy = (fl\a:(t)|pdt)%, We let
LY (I,RY) denote the set of all functions z: I — RY with [ |z(¢)[Pdt < oo for all compact K C I. For

0 <7r < oolet C"(I,RY) denote the set of all uniformly continuous, r-times differential functions from I to

RYN. Suppose 0 € I C R, define
Co(I,RY) :={y € C"(I,RY) | yU)(0) =0, 0 < ji <7 — 1},
and then let

CW™P(I,RN) = {y € C(I,RY)

y e IM(LRY), 0<i <r, > |y D rr) < OO} ’
=0

CWP(IL,RY) := CW™P(I,RY) n C§(I,RY).

with norm || - [[wrormyy = || - lewrr g ryy = I - lewre (1 ry), defined by the mapping

r

2 = (|2l wrorryy = 15D o my.
i—0



We let W"P(I,RY) denote the Sobolev spaces of r-times weakly differential functions which is equal to the
completion of C"(I,R™) w.r.t. to the norm |- lwrr(r,mny, see [1], noting that the weak derivative y(®) coincides
with the classical derivative when y € C*. We let WP (I, RY) denote the closure of C§ (I, RY) in W™P(I,RY).
Note that for intervals I C Ry, the spaces LP(I,RY), W"P(I,RY) and W P(I,RN), 1 < p < oo are Banach
spaces. If I C Ry is compact then C(I,RY), CWn>°(I,RY), CW;>(I,RY) are complete.

The Sobolev embedding theorem [1, Ch. 5] includes the statement that if rp > 1, then W™P(I, RY) is embedded
into CW"™°(I,RY), that is there exists M > 0 such that for every element [y] € W"™P(I,R") (noting that
elements of WP (I,RY) are equivalence classes of functions equal a.e.) there exists x € CW™>(I,R™) such
that = € [y], that is y =  a.e., and [|z]|cyrree (1 rvy < M|yllyro(r ryv). Consequently Wi (I,RY) is embedded
into CW,">°(I, RY), this is established as follows. For [y] € Wy (I,RY), there exists y, € CWyP(I,RY), n > 1,
such that ||y, — yllwrrryy — 0 as n — oo. Since CW™(I, RY) is embedded in W™P(I,RY), it follows that
there exists x € CW"°(I,RN), x € [y] such that ||y, — zl|cwroo ey < M|yn — zllyrprryy — 0 as n — oo.
In particular this shows that z(?)(0) = 0, 0 < i < r since y,(f) (0) =0 for 0 <i <7, thus z € CWy>(I,RY) as

required.

2.2 Systems

The material in this section is based on [15, Sec. II], [10, Sec. 2], [11, Sec. 2].

Let X’ be a nonempty set. For 0 < w < oo let S, denote the set of all locally integrable maps in map([0,w) — X).
For ease of notation define § := S4. For 0 < 7 < w < oo define a truncation operator 7T, and a restriction

operator R; as follows:

TT:S(_,J—)S7 UHTTU::<t}—){U(t)’ tE[OaT) )a

0, otherwise

R, :S,— S, v— Rw:=(t—0o(t), tel0,T1)).

We define V C S to be a signal space if, and only if, it is a vector space. Suppose additionally that V is a
normed vector space and that the norm || - || = || - |y is (also) defined for signals of the form T;v, v € V, 7 > 0.

We can define a norm || - ||; on S; by ||[v||- = || T;v]|, for v € S;. We associate spaces as follows:

e V[0,7)={v eS8 |FweV with [|[Trw||y <o : v=Ryw}, for 7 >0,
e V.={veS|V7r>0: RweV0,r7)}, the extended space;
eV, ={veS,|VTe(0,w) : RrveV[0,7)}, for 0 < w < o0; and
o)V, = UwE(O,oo] V., the ambient space.

A mapping Q: U, — Y, is said to be causal if, and only if,

Va,y €U, V1 edom(z) Ndom(Qx) : [Rrxz =R,y = R:Qx = R;Qy].



Let P: U, — Y, and C : Y, — U, be causal mappings representing the plant and the controller, respectively.

Consider the system of equations
[P,C] : y1=Pui, us=Cy2, wy=u+u2, Yo=uy1+y (2.1)

corresponding to the closed-loop feedback configuration in Figure 1.

+ Uy Y1
uo O P
C _ Yo
U2 Y2 V+

Figure 1: The closed-loop system [P, C]

For wg = (uo,y0)T € W :=U x Y a pair (wy,ws) = ((ur,y1)T, (ug,y2)T) € Wa x Wy, Wy 1= Uy, X Vs, is a
solution for [P, C] if, and only if, (2.1) holds on dom(w;, w2).

Let Xy, = {(w1,w2) € Wy x W, | (w1, w2) solves (2.1)} be the set of all solutions, which may be empty. The
closed loop [P, C] is said to have the exzistence property if X, # 0, and the uniqueness property if

v wo € A7 (@1,@2),(@1,’@2) € Xwo — (1?11,1112) = (u~11,’u~)2) on dom(wl,wg) ﬂdom(ﬁ)l,wg).

For each wyg € W, define 0 < wy, < oo, by the property (0,wy,) = U(m’w?)exwo dom(wq,wy) and define
(w1, w2) € Wa X Wy, with dom(wy, w2) = (0,wwy,), by the property (w1, w2)|o) € Xu, for all £ € (0,wyy).
This induces the operator

Hpc: W = Wy xW,, wy— (w1, ws).

For 2 C W the closed loop system [P, C] given by (2.1), is said to be:

e locally well posed on ) if, and only if, it has the existence and uniqueness properties and the operator

HP,C’Q 1 Q= Wy x Wy, wo — (wi,we), is causal;
o regularly well posed on € if, and only if, it is locally well posed and
Y wy € N [wwo <oo = HRTHRCwOHWTXwT — 00 a8 T — Wy, ] . (2.2)
e globally well posed on Q if, and only if, it is locally well posed on ©Q and Hpc(2) C We x We;

For the plant operator P and the controller operator C define the graph Gp of the plant and the graph Go of

the controller, respectively, as follows:

gp::{<“>ewa uEU,PuEJ)}CW, gC:={<0y>eWa
Pu Yy

P is said to be stabilizable [10] (or causally extendible in [11, 14]) if, and only if for all wi = (u1,y1) € W,

CyEU,yEy}CW.

satisfying Pu; = y; and for all 7 € dom(wy), there exists w| € Gp such that R,uwy = R,yw)}.
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Next define the operators
Up/ic: W — Wa, wo — wi, and HUeyp: W — Wa, wo — wa.

Clearly, HP,C = (Hp//C,HC//p) and Hp//c —I—HC//p =1.

For normed signal spaces X, V, let Bgr = Br x(0) C X denote the ball centred at 0 and of radius > 0 in X,
and define the following;:

e A causal operator Q: X — V), is called gain stable on Bp if, and only if, Q(X) C V, Q(0) = 0, and

_ | R-Qu|
HQ‘BRHX,V T SUP{ | Rz -

e A causal operator Q: X — V, is called globally gain-function stable if, and only if, Q(X) C V and the

xeX, |Rrx| <R T>0, RTJJ#O}<OO.

nonlinear so-called gain-function

91Ql:[0,00) = [0,00), 7= g[Q](r) :=sup {|R; Qx| |z € X, |Rra]; <v, 7> 0},

is defined.

For normed signal spaces U, ) and W :=U x Y and the causal operator P: U, — YV, and C: Y, — U, define
the following:

e The closed-loop system [P, C] given by (2.1) with the associated operator Hpc: W — W, x W, is said
to be W-stable if, and only if, it is globally well posed on W and Hpc(W) C W x W.

e The closed-loop system [P, C] given by (2.1) with the associated operator Hpc: W — W, x W, is said
to be gain stable on Brw(0) if, and only if, it is globally well posed on Bg(0) and Hpc is gain stable

on BR,W (O) .

e The closed-loop system [P, C] given by (2.1) with the associated operator Hpc: W — W, x W, is said
to be globally gain-function stable if, and only if, it is globally well posed on W and Hp¢ is globally

gain-function stable.

e Consider the causal operator P: U, — ), and a one parameter family of operators {C[\]: Vo — Uy }rso0-
The parameterized closed-loop system [P, C]-]] given by (2.1) is said to be semi-globally gain stable if,
and only if, for all R > 0 there exists A > 0 such that the closed loop system [P, C[)\]] is gain stable on

Brw(0).

3 Euler approximations and their properties

Forl1 <p<oo, N>land1l <k <r < oo, let i := LP(R4,R) and Y := C’Wg’p(R_,_,]RN) or Y =
WP (R, RY). We define the differentiation operator 9¢, i < r:

0 Vg — 0V, C LE(RL,RY), o 0y =y,
6



Let O : Yo — V¥ be defined by 0y = (I,9",...0%), where Y¥ =V x --- x V is the Cartesian product of k copies
of V = LP(Ry,R™N). In this paper we consider causal, U x Y-stable controllers of the form

Cp:Y,—U, : Cp=Fo0, (3.1)
where F': V¥ — U, and F(Y*¥) C U. The Euler controller is defined to be:
CRUn: Yy — U, : CEUT[h] = Fo Agy. (3.2)

where the Euler operator Ay ;: Y, — ny belongs to a suitable class of approximations to the differentiation
operator which will be described below. We will consider the output feedback controller (3.2) to form an
approximation of the output derivative feedback controller (3.1), (in a manner which we will make precise in
section 4) and we will study the question of when the stability of a closed loop system [P, Cr| also guarantees
the stability of [P, CEer[p]].

As a concrete example, given a (locally Lipschitz continuous) function f: R? — R, we define the nonlinear

proportional-derivative (PD) feedback

sz Yo — U,

3.3
y — u = f(y,yV), (33)

and the Euler controller:

C}Euler[h]: ya _ ua’

3.4
y = u= f(yp0) -yt —h)), 4

where the signal y(!) (which is potentially unavailable for measurement) is replaced by an approximate recon-
struction, thus requiring an output measurement of y only. We will later consider higher order and sampled

versions of the above Euler controller, together with constructions based on high gain observers.

We now make precise the notion of Ay j forming an approximation to 0.

Definition 3.1 Let 1 <p<oo, N>1,1<k<r<ocoandh>0. Let Y = WT,p(R_i_’RN)} C’W“p(]RJF,RN),
Wg’p(RJr,RN) or C’Wg’p(]RJr,RN). The map

Ak,h = (Ag,hv Allc,h’ e vAi,h) Vo — yz]: (3.5)
is said to be an Y Euler operator if it is linear, causal and if the inequality

HRT(A’;C,hy - 8iy)HLp([O7T)7RN) <7i(h) HRT?JHWW([O,T),RN) (3.6)

holds for ally € ¥, T >0 and 0 < ¢ < k. The constant ~v;(h) is called an Euler approximation constant, and
we define y(h) = Yy vi(h).

Examples of Euler-operators and their Euler approximation constants now follow.



3.1 Euler operators from numerical approximations

In the first three examples, we specify two operators A%h, A}ﬁ’h : Vo — LER,RN), k>0, h > 0 and define
the operators Al ,, >0, by:

Al cmap(Ri,RY)  — map(Ry,RY),

A Apn(y)) i p>2

y = AL = (ALL®W) if =1 (3.7)
A} () if p=0.
where
y—A)Ly) =y (3.8)
y— ALuy) = [#(6hoD_p— )] (1) = 1 (On(D-n(y)) — ony), (3.9)

for some 85 : map(Ry,RY) — map(R,,RY) to be specified and where D, 7 € R, denotes the delay operator:!

D; : map(RJr’RN) - map(R+,RN)
0

on [0,7), if >0
y — Dy := < y(-—7) onr,o00), if 7>0 (3.10)
y(-—=7) on [0,00), if 7 <0.

For 7 > 1, it is useful to observe that provided d;, commutes with both D} and D_j, then:

i

@) =2 (D)W | (3.11)
j=0
where
5 )(®) = 0D nu(v)(E),  §>0. (3.12)

It is trivial to see that if A, is given by (3.8), then the Euler constant yo(h) is zero for all h > 0.

1. The standard Euler operator is specified by taking &, to be the pure delay of length h:

y — On(y) = Dn(y). (3.13)

Thus the standard Euler operator is simply the Euler formula for the numerical derivative: Ag}h(y)(t) =
+(y(t) —y(t —h)). It is trivial to see that §, commutes with both Dj, and D_p, so (3.12) holds. We show
in Theorem 3.4 below (see also [11] for the case of N = 1), that for either 1 <p <ococand 1 <k <r —2,
orp=oocand 1 <k <r—1, Agj is an Y Euler operator and that the Euler approximation constants
for Y = CWJP(R;,RY) and Y = WP (R4, RY) are given in the first row of table 1.

'For the function spaces LP (R, RY), W™P(Ry,RY) where elements are equivalence classes of functions equal a.e., D, is naturally
extended via: D, [z] = [D,z] where D, : map(R;,RY) — map(R,,RY) denotes the delay operator defined on map(R,R"Y).



y — 0p(y) Euler approximation constants
for CWP (R, RY) and WP (R, RY)

1<i<r—2ifp<oo,1<i<r—1lifp=o0

on = Dy, vi(h) = ihN(2(1 + ihp))? (3.14)
on=Hjo5), rp>1 Yi(h) = (i + DAN 21+ (i + Dhp))» (3.15)
On=Hy o5y, 1p>1 7i(h) = (20 + DhN(2(1 + (2 + Dhp))s  (3.16)

On = Hj)o 5 7i(h) = (i + QRN (1 + (i +Dhp))r  (3.17)
op = Hy 0 S, yi(h) = (3i+ DAN (2(1 + (3i + Dhp))r  (3.18)

Table 1: Sampled Euler operators and their Euler approximation constants for ¢ > 1.

Whilst the standard Euler operator is convenient for analysis, for implementation it suffers the serious drawback
it can only be realised by storing the signal y on the interval [t — h,t). This motivates the formalisation of the

notion of sample and hold.

Let h > 0 be the sample period. The perfect sampling operator corresponds to the mapping from the signal to
the sequence of signal values at the sampling times. Since W ¥ (Ry,RY) c LP(R4,RY), the formal definition

requires the Sobolev embedding theorem. Hence, we define the perfect sampling operator Sg as follows:

. E;vy, j >0, jh € dom(y) .
S Y, — map(Z,RY) : (Shy(G) =< "’ JEZL (3.19)

0, otherwise,

where in the case of ) = Wg P(R,RY), rp > 1, the pointwise evaluation operator E;: Y, — R is interpreted
via the Sobolev embedding theorem, that is for any ¢t € R and 7 > 0 satisfying 0 < t < 7 € dom(y), E([y]) is
defined to be pointwise evaluation of the element 2 € C([0,7),R™) N [R,y], that is F;([y]) = x(t).

The integrally sampled operator, S}L: Y — RV is defined by

h
2 [2y((j— Dh+s)ds, if j>1, jh€ dom(y),

Sp: Yo — map(Z,RY) © (Sty)(j) = jEZ (3.20)

0, otherwise,

and reflects the action of the typical implementation of a sampling procedure; that is to take the average value

of the signal over a short period.

We let H,?: map(Z, RY) — U, denote the zero-order hold, and H }L: map(Z, RY) — U, denote the first order
hold, defined for = € map(Z,R") as follows:

HO@)(1) = a:(Lt_thh> (3.21)

H@)(t) = <t _hw"> . (Lt_hhj"> + (1 ! _hm"> . <“ _h%“> (3.22)

where |t], = max{s € R|s = jh, j € Z, s <t}.




2. The sampled Euler operators are specified by taking d; as in the last four entries of table 1 and correspond
respectively to the cases of zero order hold perfect sampling, first order hold perfect sampling, zero order
hold with integral sampling and first order hold with integral sampling. In all four cases, §;, commutes
with both Dy, and D_p, so (3.12) holds and hence the sampled Euler operators can be realised as a causal
operator acting on the sampled signal y, that is at the time instants ¢ = jh, j € N, and the current time
t > 0. Furthermore, it only requires memory of at most the last r samples, that is, it only requires storage
of (Sy)([t — hln),...,(Sy)([t — rh]p), where S = S? or S = S}. The Euler approximation constants

given in the second column of table 1 are established in Theorem 3.4 below.

3.1.1 Proof of the Euler operator properties for the numerical approximations

To establish the relevant norm bounds in inequality (3.6), we establish pointwise bounds on A% , (y) — y® in
terms of y(“t1) using the Mean Value Theorem. Lemma 3.3 then establishes the relevant norm bound from the
pointwise bounds. The following result, Proposition 3.2 is quoted directly from [11, Prop. 3.2]: note that this

result comes from a detailed analysis, and is not an elementary estimate.

Proposition 3.2 For y € C(R>o,R) and p > 0, define the function

M,ly] : Ry — R, t— r{l&x | ly(T)| , where y(s) =0if s <O0. (3.23)
TE[t—0,t

Then, for every y € CWé’p(R+, R) and 1 < p < o0,

VT >0 : (Ml sorr) < 2|lyll5 (0.T),R) (1l e jo.1),%) + 2PllFll Lo (o,1) k) - (3.24)
The following lemma uses Proposition 3.2 to give bounds on the Euler approximation constants.

Lemma 3.3 Let 1 < p < o0, 0<r < oo andY = CWyP(RL,RY) or Y = WiP(R,RY). If there exists
c(h) >0 and o(h) > 0 such that for allt >0, y € C§(R1,RY) and v € {1,..., N},

| | R
AL (w)(0) — o) (O] < el My Wy O)(0)  foran S ISTETTE L =P R

0<i<k<r if p= o0,
then )
c(h)N(2(1 + o(h r fl<p<oo, 0<i<k<r-—1
i(h) < (R)N(2(1 + o(h)p)) p (3.25)
c¢(h)N ifp=o0, 0<i<k<r

Proof. Let Y = CWyP(Ry,RY) and let T > 0. Then, for 1 < p < oo, Proposition 3.2 yields, for all
ve{l,...,N},

1R (A4 () = 55 | rom) < i) Rr Meay [yl ojo.y

3=

5c<)(2HRTy;“>HLp[OT<HRTy,, Mooz + eI Byl | ogo.ry) )
< ()01 + o(mp)? | Rrylownspry  YOSi<k<r—1,
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and hence
. . 1 .
IR2 (A} () = yD)le < c(B)NQ2(L+ o(h)p))? | Rryllcwreory — VO<i<k<r—1.
For p = oo, we have, for all v € {1,..., N},

| R My [y 0| oo o1y = 1Ry )| Lo o)
hence
Ry (A% 1 (y) — YD)l oo po.r) < (RN Reyllowres(or) -

Let ¥ = WyP(Ry,RY) and let v;(h) be given by equation (3.25). By the density of CW?([0,T),RY) in
Wo?([0,T),RY), and since A} ;,, 0" are bounded linear operators from Wy”([0,T),RY) to LP([0,T),RY), it
follows that there exist y,, € CW;P([0,T),RY), n > 1, such that y, — y as n — oo and:

HRT(Ai,h(YJ) - aiy)”LP[O,T)
| R ( 2:,h(y) - z,h(yn))HLP[O,T) + || R ( Z,h(yn) - aiyn)”LP[O,T) + | R (0"yn — aiy)HLP[O,T)

IN

< HAi,hng’P,LpHRT(y - yn)”Lp[o,T) + ’}’i(h)HRTynHWJ’P[O,T) + H8i||Wg‘p,LPHRT(y - yn)HLP[O,T)

l

%(h‘)HRTyHWOT’p[QT) as n — oo,

hence the Euler approximation constants for Y = W are also given by equation (3.25). O

Theorem 3.4 Let 1 < p < 00, 0 < k <r < oco. Let U = LP(Ry,RY) and Y = CWP(R;,RY) or
Y = WyP(R4,RN). If Agyp is defined by (3.5), (3.7), (3.8), (3.9) and table 1, then Agy is an Y Euler

operator and the Fuler approrimation constants are given in table 1.

Proof. Step 1: Let 1 < i <k < r. We first consider Afmh defined by (3.7), (3.8), (3.9) and d, = Dp. Let
t >0 and let y € C{(Ry,RY). By i applications of the Mean Value Theorem, there exist {;- : Rsp — (0,5h]",
for j € {1,...,i}, such that, for all v € {1,..., N},

Alal)0) = 50| = A5 (300 = = 1)) 0 = 0)

= At (D) (¢ = Do) — v (8)]

= | (3 (68 = €00 = () = (€t - 1) ) = 0)
=[5 (¢ = (€Du() — 0 (0)

and by a further application of the Mean Value Theorem, there exist §f+1 : Ryo — (O,ih]N such that, for

all v e {1, N}, [l (8= €)u(0) = 5] = | €ut) - o8V = (€)u ()] < ik |y = (€l )u0)| <
ih M [y V](t). Hence with ¢(h) = ih and o(h) = ih, Lemma 3.3 gives the Euler approximation constant
bound (3.14).
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Step 2: We now consider Ai , defined by (3.7), (3.8), (3.9) and 6, = HYoSY. By applications of the Mean Value
Theorem, there exists &} : R>0 — (0, [t]p—1t=h]n)]N = (0,h)N and & : R>o — (0, [t]n—[t—2R]x)]Y = (0,2R)Y
such that, for all v € {1,..., N},

AL (0) = 3 @ollt)n) = (Lt~ b)) = ([t — (€ ). (3.26)

and

A2 a0 = 3 [ (Lt = (€Du(0)]) — uO (Ut~ LED O — 1) | = o (Lt~ (€h)ul0).
=tlh—1EDv )] n

Then, by the same analysis as in step 1, there exists {fﬂ : Rso — (0, — |t]n +ih]Y € (0, (i +1)h)N such that,
forallv e {1,...,N},
Al =y ()] < @+ DRI = (€)o®)
< (i D)Moy [yS )]

and thus with, c¢(h) = (i + 1)h and o(h) = (i + 1)h, Lemma 3.3 gives the Euler approximation constants (3.15)

as required.

Step 3: We now consider Aﬁc’h defined by (3.7), (3.8), (3.9) and &, = H} o SP. First observe that

A0 = 5 (S il —uite - 1+ (1= S5 ) ite - ma) ol - 2n0))
By an application of the Mean Value Theorem there exists & : R — (0, [¢], — |t — h]u]Y = (0, )™ such that,

forallv e {1,...,N},

Akat)(® = =0 (e @+ (1= )l - (eDte - ).

Then it follows that

8RO =5 (L - 1 = @t )
# (1= e - = @t - )
P01t h (€t — ) )
# (1= TS e = = et = 1) 21)

and hence an application of the Mean Value Theorem yields the existence of & : R — (h, 2h]" such that, for
allve {1,...,N},

A0 = =2 e = hl = €t = 1)+ (1= S5 ) Pl - 2000 €Dote — 2m).
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Following the same analysis as in step 1 it follows that there exists ! : R — ((i — 1)h,ih]" such that, for all
ve{l,...,N},

)0 =001 6 pJs — (€t - )

' (1 - t‘h““) g (Lt — ihn — (€)ult — ih)).

Observe that by the Intermediate Value Theorem there exists (* : R>g — [2(i — 1)h, (2i + 1)) such that, for
all v e {1,..., N}, )

A () (1) =yt = (C)u(8)) - (3.27)
Finally, by another application of the Mean Value Theorem there exists &/, ; : R>g — (0, (2i +1)h]" such that,
forallv € {1,...,N},

AL () (8) =y )] < (26 + DR [y = (€41)0(0)| < (20 + 1)hMgpy 1yl )]

and thus, with ¢(h) = (2¢+1)h and o(h) = (2i+1)h, Lemma 3.3 gives the Euler approximation constants (3.16)

as required.

Step 4: We now consider A};yh defined by (3.7), (3.8), (3.9) and 6, = Hy o S}. Let t > 0. Observe that, for all
ve{l,...,N},

ALu)(H) =1 (2 | Dyutie=nlu s s =3 [*Dyuulle - nja+ s)ds>

_ ;21/02 % (o(ltlh— 5 +9) —w(lt—hln— 5 +s))ds.

By an application of the Mean Value Theorem there exists &} : Rsg — (&, [¢], — [t — h]p, + 21V = (&, 3]V
such that, for all v € {1,..., N},

Aal)O =5 [ 7ol (Lt + 5= (€Do(0) ds.

Then by the Integral Mean Value Theorem, there exists ni :R>g € [0, %]N such that, for all v € {1,..., N},

Ajn () (8) =y ([t = (€D (8) = (D) (1)) - (3.28)

By another application of the Mean Value Theorem and the Integral Mean Value Theorem there exist &} :
R>p — (%, %]N and 75 : R € [0, %]N such that, for all v € {1,...,N},

Al )(0) = (Z 7 (L= ot b= DO + 0L+ 5) s

_2/02 yH (Lt —hlp— g — (DL @) + (D)) |n + 3> ds>

_ 2/021,9 (Lt)n + 5= (€0)u(1)) ds

=y ([t]n = (€5)u(8) — (M) (1)) -
13



Applying the Mean Value Theorem and the Integral Mean Value Theorem another i —2 times gives the existence
of & : Rsg — (@, W] and 7! : R>g € [0, 2]V such that, for all v € {1,..., N},

N () (0) =y ([E]n — (€D)u(t) = () (1))

and thus applying the Mean Value Theorem once again there exists £/, : R — (0, (i + 2)h]" such that, for
ally e {1,...,N},

L) ®) = 5O < G+ 20 o (1 = (€4 ®)| < 6+ 2hMasalyS ™)

and thus, with ¢(h) = (i +2)h and o(h) = (i + 2)h, Lemma 3.3 gives the Euler approximation constants (3.17)

as required.

Step 5: Finally consider the case of the integrally sampled operator, i.e. A};’h defined by (3.7), (3.8), (3.9) and
6p = Hj o S}. Observe that, for all v € {1,...,N},

AL W) =}L<2 7y S il o) = e = 1+ )

2

t— |t
+ <1 - hL Jh) (v ([t = hln+ ) =y ([t — 2h]n + 5))}(15) :
By the Mean Value Theorem there exists &i : R — (%, %]N such that, for all v € {1,..., N},
t—[tlp2 [2
— |t]n ;
Ala)(0) = 2 [Tl (1 + 5 = (€D 1) ds

N <1_ t—thJh> 2/02 ySD ([t + 5 —h— (€)u(t — h)) ds.

Then by the Integral Mean Value Theorem there exists 7! : R — (0, %]N such that, for all v € {1,..., N},
LtJ

O (1t (€D 0) — (rl1)
v (1 =SS D (e1n - €t = 1) = 0 00)

A () (t) =

and thus the Intermediate Value Theorem yields existence of ¢} : R>p — (0,3 such that, for all v €
{1,...,N},
Apn () () =y ([tn = (Dw(®) -
Applying this analysis i — 1 times more it follows that there exists ¢! : R>o — (0, (3i + 1)h]N such that, for all
ve{l,...,N},
Afn () () =y (t = (¢Du (1))

and hence by the Mean Value Theorem there exists §f+1 : R>o — (0, (3i + 1)h]N such that, for all v €
{1,...,N},

Az,h(yu)(t) - yl(/l) (t) < (32 + 1)h )yl(/i+1)(t _ (5;4_1)11(75))‘ < (32 + 1)hM(3i+1)h[yz(/i+1)]

and thus, with ¢(h) = (3i+1)h and o(h) = (3i+1)h, Lemma 3.3 gives the Euler approximation constants (3.18)

as required. O

14



3.2 High gain observers are Euler operators

An Euler operator of a very different nature is that of a high gain observer, which we consider in the SISO
setting (N =1).

3. For the high gain observer construction, we define Ay ;: ), — LE(R4,R), 1 < p < oo as follows:

. aq
y Beply) +od1 = a2t (21-y)
. Qg
Ty = Tg41+ m(ifl —y)
. Of41
Thy1 = hk+1 (.’,171 — y) (329)
z(0) = 0
Ag,h(y) =Yy
W) = m(t), 1<i<k<r—1,
where the polynomial sPHL sk L ags + g1 is Hurwitz. Letting e; = x; — y(ifl), 1<i<k—+1,
e=(e1,...exr1)T, we have
é = Ape + ByF+ D), (3.30)
where
T 10 0 0
%01 :
Ap = : : 0 , B= :
# 00 - 1 0
B 00 - 0

To obtain a bound on the Euler approximation constant, observe that for 1 <i <k <r —1,
1A%, = & lwr2 2 = [|Ciga(sT = Ap) 7' Bl = W17 Ciga (sT — A1) 7' Bl s,

where C; is the row vector with 1 in the ith column, and 0’s elsewhere. Hence the Euler approximation

constant is bounded by:

k+1
y(h) = WM Cipa (s — A1) 7Bl e ifp=2k<r—1,
i=1
k+1 A
y(h) = (2k +3) > hFF|Ciya (sT — A1) ' B e if p=o0, k<r—1,
i=1

where the result for p = oo follows from the fact that || P/ ecw, r) zo®r) < (20 + DI|P| 2, r),L2(R, R)

where n is the minimal state dimension of P, [30].

In all the above examples of Euler operators the Euler approximation constants are defined and approach zero
as h — 0. The results that we will establish place bounds on the required size of h > 0; furthermore, the
role of h as an important parameter in determining trade-offs between the region of stability and sensitivity to

disturbances will be explicit.
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3.3 Regular Euler operators

In order to establish semi-global results, we will require an additional compactness property. This property is
not required for the global results of [11] or for the global result presented later in section 4.2, and arises here

from application of the Schauder fixed point theorem in the underlying robust stability theorem (Theorem 9.1).

Definition 3.5 Let 1 <p <oo and k>0, h >0, 7>0. AY Euler operator Ay, (3.5), is said to be regular
if the operators QT: Y — LP([0,7),RN), 0 <4 < k defined by

Qly =R (A, — )y, yed
are compact for all T > 0.

Here, recall that an operator is said to be compact if it is continuous and maps bounded sets into relatively

compact sets, and where a set is said to be relatively compact if it has compact closure.

We first consider the high gain observer construction from 3. above, where for 1 < p < oo the required

continuity and compactness follows from the properties of linear systems.

Proposition 3.6 Let p = 2 orp = 00, 1 < k <1 < o0, h > 0 and let Y = WiP(RL,RY) or Y =
CWiP(R4,RY). Let Agp, be defined by (3.5), (3.29). Then Ay, is a reqular Y Euler operator.

Proof. Consider equation (3.30). As the map y — e; is bounded and linear on finite intervals for 1 <i <r—1
it follows that Q7 is continuous. Since equation (3.30) forms a strictly proper LTI system, the map y — e;
is compact on finite intervals, and hence the map @7 is also compact. Since Qf = 0 is compact, the result

follows. O

We now consider the numerical derivative based constructions from 1., 2. above. In the setting of continuous

function spaces, the required compactness for 1 < p < oo is established via the Arzela-Ascoli theorem.

Proposition 3.7 Let1 < r < oo and suppose either 1 <p <ocoandl <k <r—2,orp=occandl <k <r—1.
Let h > 0 and suppose rp > 1. Let Y = CWJP(R,RN). Let Ay be defined by (3.5), (3.7), (3.8), (3.9) where
O 1s either given by op = Dy, 0p = H}L o 5’2 or oy = Hé o S}L. Then Ay p, is a reqular Y Euler operator.

Proof. Let 7> 0and 0 <i <7 — 1. In all three cases, where ¢} is either given by 6, = Dy, §p, = H,% o Sg or
op = H }% o S,ll, Q7 is a bounded linear operator, so ()7 is continuous. It remains to show that ()7 maps bounded

sets onto relatively compact sets. This is trivial if ¢ = 0, so suppose ¢ > 1.

Let R >0, let Bry(0) ={y € V| |lyll < R} and let U = Q] (Br,y(0)). By definition of Y it follows that every

element of z € U is bounded and uniformly continuous, hence there exists a unique z* € C([0,7],R") such

that R,z* = 2. Let Q = {z* € C([0,7],RY) | R;z* € U} C C([0,7],RY). By [29, Theorem A4], Q is compact

in C([0,7],RN) if, and only if, Q is totally bounded as a subset of C([0,7],RY). The Arzela-Ascoli theorem

(see for example [29, Theorem A5]) gives that § is totally bounded in C([0, 7], RY) if and only if,  satisfies

two conditions: (i) €2 is pointwise bounded, i.e. for all ¢t € [0, 7], sup{|z(¢)| € R4 |z € Q} < oo, and (ii) Q is
16



equicontinuous on [0, 7].
To establish (i), let y € Bgy(0). Then z = QTy € Q € C([0,7],RY) and for all ¢ € [0, 7],

Q7)) = 1A, w () () — @] < (W) lyllwirroe qo.r1,.5) = Vi Yll i+t o, ) (3.31)

where v;(h) is the appropriate Euler approximation constant, see table 1. By the Sobolev embedding theorem,
there exists M > 0 such that Hy”cwg“’w([o,r},RN) < M|]y||Wg+1,p([O’T],RN), hence [(Q7y)(t)| < M~;(h)|lylly.
Since this holds for all y € Bry(0) this establishes (i). (ii) follows from Proposition 3.8 below.

This establishes that Q is compact as a subset of C([0,7],RY). Let {z;};>1 be a sequence with values in U.
Since R,Q) = U, U = R, Q C R,Q it follows that {z;}j>1 takes values in R,;Q. Hence {l’;}jzl is a sequence
with values in Q. Since Q is compact in C([0, 7], RY), it follows that {27 };>1 has a convergent subsequence in
C([0,7],RY). Then since z; = R:a7, it follows that {z;};>1 has a convergent subsequence in BUC([0,7), RM),
and so U is compact in BUC(]0,7), RY).

We conclude the proof by observing that this also implies the compactness of U as a subset of LP([0,7), RY):
by compactness any sequence in U has a convergent subsequence in BUC([0, 7), RN ), which is also convergent
in U, = LP([0,7),RY) since convergent sequences in BUC([0,7),RY) are also convergent in LP([0,7), RY).

This completes the proof. O

Proposition 3.8 Let 1 <p<oo, 1 <k<r<o0, h>0andlety =CWyP(R:,RN). Let Ay, be defined by
(3.5), (3.7), (3.8), (3.9) and where &y, is given by either 6, = Dy, 6, = H} o S) (if rp > 1), or 6, = H} o S}.
Let 7 >0, R> 0, and let Q@ = QT (Br,y(0)). Then  is equicontinuous on [0, T].

Proof. To establish equicontinuity we have to show that

Ve>0 Vityel0,r] 3T =T,(e) >0 Vtelto—T,to+T] N [0,7]
VzeQ: |z(t) —2(t) <e. (3.32)
So, let 7>0,e>0,t € [0,7] and t € [tg — T,to + 7] N [0,7]. Let y € Bry(0). Then by equation (3.11),
k i

k
> 1QTyto) — QTy®) < D [ ) —y D@0+ £ D ()
=0

i=0 §=0

(67y)(to) — (5]y)(t)

Let % + % =1. Let 0 < i < k. It follows from the fundamental theorem of calculus and the Holder inequality
that:

) ) t . 1 1
[y (1) =y (0)| < 1 03] s < Mg 2% 18 oo 2y S Nl ) N le—tol 5. (3.33)
0

Let 0 < j <. In the case of §, = Dy, as given by (3.13), we have 6iy(t) = Djpy(t), so similarly we have:

. . 1 1
@)t) = GO = Tyt — 1) =yt = W < [ylwraiigsna—sny ey N7l = to] 7

In the case of 6, = H} o S} by equation (3.12), we have:

) = (S ) St + (1= ) St ) 0
17




We consider two cases: a) there exists ay, > 0 such that [t];, = |to]pn for all tg — ay, < t < tg + a,, or b)
to = hi for some i € N. We first consider case a). Since y(|to — jh|n) = y(|t — jh]n) and y(|to — jh — h]p) =
y(|t — jh — h]p), by the fundamental theorem of calculus and the Holder inequality we have:

(59)(t0) — (59)(1)]

(5) llta = 3t = ollto — s~ Bl

1 lto—jh]n
7 [to — t| M (s)| ds
[to—jh—h]n

IN

IN

1-q 1
h™a Nalto —t| H?JHWw([LtO—jh—th,Lto—jhjh},RN) .

We now consider case b). Let ay, = h. If tg — ay, < t < o then since y(|to — jh — h]n) = y([t — jh]n) and
t— [t]n =h — (to —t), similarly to the above we obtain:

o)~ @] = |(1= ) e ) = wile - - 1))

— ’(toh_t> (y(lt — jh]n) — y([t — jh — h]4))

IN

1-g 1
hoa Nalto =t/ |yllwro((t—jh—hip. [t—jh)n]RY) -

If ty + oy, >t > ¢, we obtain

; ; 1-g 1
(F)(to) = F) ()] < 17T NTlto — el 19ll it sl ot 2)
as in case a).

In the case of ¢, = H% ) S,ll, by the interval Mean Value Theorem, we have for v € {1,..., N}:

Sy (t) = <<t —hmh) St—jngn + <1 _t —thJh> Sﬂt_jh_hjh> () (1)
N ((t _th> Shjnjp—nzy + (1 - t—thJh> S(L)tjhhjhng(t)> (y)(t)

where 1Y (t),n5(t) € [0,h/2]. Analogously to the above, we can then show that there exists oy, > 0 such that

for all tg — oy, <t <o+ ouy:

1 1—gq
, , Nah ¢ [tg—1t - bl s in case a
(@)t0) — (1) < o= Ul to—sn—pin—sto—snnl 2 )

1 1-g .
Nah a ’to - t‘ HyHWT’p(W*jh*hJh*h/Q,Ltfjhjh},RN) 1 case b).

Hence in all cases we have established a bound of the form:
k 1
S~ 1Q7u(to) = QTy(B)] < [ylhwrs oy (Cilt = tol + Calt —to]) (3.34)
i=0

for some C1,Cy > 0. Thus inequality (3.32) holds for 7" < min {ato, ( ﬁ )q 7 ﬁ } thus establishing the

required equicontinuity. O

In the setting of the function spaces )Y = Wg’p (Ry,RM), the required compactness for 1 < p < 0o can be
established from [1, Theorem 2.21].
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Proposition 3.9 Let1 <r < oo and suppose either 1 <p<ooandl <k <r—2,orp=occandl <k <r—1.
Let h > 0 and suppose rp > 1. Let Y = WyP(R,RN). Let Ay, be defined by (3.5), (3.7), (3.8), (3.9) where
O 1s given by either 6 = Dy, 0p = H}L o 5’2 or oy = Hé o S}L. Then Ay p, is a reqular Y Euler operator.

Proof. Let7>0and 0 <17 <r—1. As in Proposition 3.7, the continuity of Q] in all three cases follows from
the fact that Q)7 is a bounded linear operator. It remains to show that ()7 maps bounded sets onto relatively

compact sets.

Let € > 0. By [1, Theorem 2.21] it suffices to show that there exists 6 > 0 and 0 < t; < t3 < 7 such that for
all z=QTy, y € Bry(0) and for all 0 <ty <4,
D) Jo! 2P dt + [ |2(t)P dt < P, and
ii) fo |2(t+to) — z(t)|P dt < eP.
We first establish i). Similarly to the proof of Proposition 3.7, we know there exists M > 0 such that for all
0<t< 7, and for all y € Bryw(0), [(QTy)() < M(h)ylly, hence
t1 T
[ or s [P de< -0 0rlly)
0

to

and 1) follows. We now establish ii). By the proof of Proposition 3.8, we know for all £ > 0 there exists § > 0
such that |z(t +tg) — 2(t)| < € for all z € QTBrw(0) N CWyP (R4, RY) and 0 < ¢y < §. Hence,

/ |2(t +to) — 2(¢)|P dt < / el dt < reP
0 0

and this suffices to complete the proof since CWy* (R4, RY) is dense in WP (R, RY). O

4 A high gain nonlinear separation principle

For suitable signal spaces U and ) we consider causal controllers of the form

Crp: Y, — U, : Cp=Fo0
CE"'h: Vo= Uy = CPY" =FolApy, (4.1)
where 0: Y, — yj; denotes the differentiation operator and Ag: YV, — y[; is a regular ) Euler operator,
where recall that V¥ is defined to the Cartesian product of k copies of LP(R,RY). We will additionally

assume that F': yf — U, is causal and satisfies a local Lipschitz condition, namely that there exists a function

Ar: Ry xRy — R4, monotonically increasing in both arguments, such that:
IR F(2) = Re F()lujo,r) < Ar(|Bellyrio oy | Brte = Reyllyrio IRt — Reyllyro.ry @,y € VP72 0. (4.2)

We now investigate the inference of stability of the closed loop [P, CEYer[h]] from the stability of the closed
loop [P, CF].
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4.1 Regional stability

We now give the main result of the paper, which establishes a regional version of the nonlinear separation

principle when the closed loop system starts at rest.

Theorem 4.1 Let 1 <p<oo, 1 <k<r<oo, M|,N >1 and let W :=U x Y where W = LP(R+,RM) X
WiP(R,RYY or W = LRy, RM) x CW (R4, RN). Let R > o > 0. Suppose F: V¥ — U, is causal
and locally Lipschitz with F(0) = 0 and is such that the controller Cr : Yo — U, given by (3.1) applied to
some causal operator P : U, — Y, with P(0) = 0, yields a closed-loop system [P,CF| which is gain stable on
Brw(0). Let 0 < a:= HHCF//P|BR,w(0)Hw,W < 00. Suppose h > 0 is such that

R—o
Ra

Ai=7(h)AF (aR,y(h)aR) < (4.3)

Suppose that [P, CEYT[h]] has the uniqueness property, where CEYT[h]: Y, — U, is given by (3.2) and Ay, is
a regular Y Euler operator. Then the closed-loop system [P, CEY'[h]] is gain stable on B,y (0) and

H - aR(1+4+ )
Bow(0)lww — 0

anguler P . (4.4)

Proof. Since F is locally Lipschitz, F' (y) , F' (Ag,py) € U for all y € ). Hence the graphs of Cr and CIE;)“ler[h]
are of the form
F (0
w = < ( y)>,y€y},
Yy

w— <F(Ak,hy)> ’ yey}.
y

F (0 F(A
@+ Gop 1 {z € W | Retlwiorn < R, 7> 0} = Goguiagy ( “”) - ( ( kﬁ(y”). (45)

y y
F
R, ( (8‘”)) H . Then
Yy wio,7)

RT(q)h - I)‘QcFﬁBaR,W(O) (F (;y)) HW[O ) - Br (F (Ak’h(y)o) - (ay)> HW[O )

= I RAF(Aky) = FO) g
< Ar (IB-9llyepp.ry | Re(Bny = 09)llyvi0.)

R (Akny — 0y)llyrpo,r
< YWARR (AR | Brylypr)

R, (F (ay)> H . (4.6)
y WI0,7)

gCF = {w eWa

gcgulcr [h] == {w S Wa

Consider the causal, surjective mapping

Suppose 7 > 0 and aR >

F (0
m( “”)H > | Reyllyjo.ry and by (3.6),
wWI0,r)

IN

y(h)Ar(aR,y(h)aR)
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We claim R (®;, —

I) ’ch Bor o (0) is compact for all 7 > 0. Let {x,,},>1 be a convergent sequence in G¢,.. Let
2, = (F(0yn),yn)’ and observe that y, — y € ). Since the composition of the continuous operators R,, F,
Ay, — 0 is continuous, it follows that R, F(Ay — 0)yy, converges, and hence R,(® — I)z, converges, hence
R, (®p, — I)|QcFﬂBaR,w(0) ‘ '
of Bary(0) into relatively compact sets of Y¥[0,7). Let Q = (QF,...,Q7_;), where QT = R, (A} — 9%) is

as in Definition 3.5. Let Q@ C Barw(0) be bounded and consider a sequence {z;};>1 where z; € Q. Since

is continuous. It then suffices to show that R,F (A, — 0) maps bounded subsets

Ay p is regular, @ is compact, so there exists a subsequence {x; ; }i>1 such that {Qz; : }j>1 converges to a point

y € Q(). Then by the local Lipschitz condition (4.2),

IR F(Akn = 0) (i) = BrFyllury < Ar(aR, y(h)aR + aR)|Rr(Arn — 0)xi; — Bryllyror)

= Ap(aR,y(h)aR + aR)||Qxi; — ylly»
— 0 asj— oo. (4.7)

Hence R F (A, — 0)(zi;) converges to R.Fy € R.F(App—0)(Q) C Y*[0,7) as j — oo, and we have
established the claim.

Since @), € OVV% it follows from (4.6) that dyy or(Cr, CEUr[h]) < v(h)Ar (aR,y(h)aR) where the gap

CF,C%“ler[h]
distance ¢ is as given by equation (9.1). Since F(0) = 0, Cp(0) = CEUr[1](0) = 0, the result follows from
Theorem 9.1 with € = %, since W is truncation complete. O

We now highlight the important features of the above result.

e In the examples of Euler operators given in section 3, the Euler approximation constants have the property
that (h) — 0 as h — 0. This means that inequality (4.3) can always be met for appropriate choices of
h > 0.

e In the case whereby controllers are specified via a locally Lipschitz memoryless feedback (3.3), (3.4), it is
straightforward to see that Ap = G[f] for 1 < p < oo, where G: ]R%_ — R is the growth function:
G[fl(o,e) = sup |f(z)— f(y)l (4.8)
|z|<o
lz—y|<e
e The above result has a requirement that the Euler operators are regular, this is due to the compactness
requirement in the regional robust stability result, Theorem 9.1. The requirement of regularity will be

removed in the later global result, Theorem 4.5 below.

We now give two corollaries and an example to further illustrate the utility of Theorem 4.1. To highlight the
nature of the results, we only state the qualitative versions of these results, but the analogues of the constructive

bound of Theorem 4.1 can be obtained straightforwardly.

Corollary 4.2 Let 1 < p < oo, 1 < r < oo, M,N > 1 and let W := U x Y where U = LP(R,,RM),
Y =Wy (Ry,RY) or Y = CWy™ (R, RY). Let P be a causal operator P : Uy, — V,, with P(0) = 0 and
Ct + Yo — Uy alocally Lipschitz continuous feedback given by (3.3). Suppose the closed loop system [P,CY] is
both locally gain stable and globally gain-function stable. Then [P, CJIZD‘ﬂer[-H is semi-globally gain stable.
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Example 4.3 Let p =o00,r =1, M = N = 1. Let the plant P: U, — ), and controller Cy: )V, — U, be
given by:

P:x = x
iy = zi4u;, x(0)=0
y = &
Cr:uy = f(y2,82) = =245 + 42 + 3

Suppose || (ug, y0)T || < 7. Since 49 = —z1 —z2— Y2 +4y0y1 — 22 +yo+Yo+uo and —yF +4yoy; < 4y3, we can write
0 1 0

& = Az + By where A = ( i ), B = ( ) ) and [|¢|| L~ < 6r% + 3r. Hence glpy c,)(r) < e(r+ r?),

for some constant ¢ > 0 and the closed loop system [P, C| is both locally gain stable and globally gain-function

stable. The closed loop [P, C’]]Z:uler[h]] for h > 0 has the uniqueness property since the closed loop is an ordinary

differential delay system. Then [P, C}EulerH] is semi-globally gain stable.

Corollary 4.4 Let 1 <p<oo, 1 <r<oc andlet W:=UxY whereUd = LP(R;,RM), Y = WP (Ry,RY) or
Y =CWy™ Ry, RY). Let P be a causal operator P : Uy — Va, with P(0) =0 and {Cypy : Va — Ua}rso be a
one parameter family of locally Lipschitz continuous feedbacks given by (3.3). Suppose [P, Cyy] is semi-globally
gain stable. Then [P, le?[fl}ler[-]] is semi-globally gain stable.

4.2 Global stability

In the special case whereby gain stability holds globally and the controller F' satisfies a global Lipschitz condi-

tion, with Lipschitz constant L satisfying:

IF (@) = F@)llu < Lelle —yllye @,y € YF, (4.9)

then a version of Theorem 4.1 holds globally (R = c0), under a stabilizability assumption, without the require-
ment that the Euler operator is regular and without the restriction to truncation complete signal spaces, see
[11, Th. 3.1] for the particular case of a linear feedback. This is because under global stability assumptions,
it is not necessary to utilize Schauder fixed point theory as in Theorem 9.1, and the result follows from the
simpler robust stability theorem [11, Th. 2.1], which is based on [15, Th. 1]. Here we state a generalisation of
[11, Th. 3.1]. The proof is omitted as it follows similarly to 4.1 above using [11, Th. 2.1] in place of Theorem
9.1.

Theorem 4.5 Let 1 < p < oo, 1 <r < oo, M,N > 1 and let W := U x Y where W = LP(R;,RM) x
WP (R, RY) or W = LP(R,RM) x CWJP(R,,RY). Suppose F: Y% — U, is causal and globally Lipschitz
with F(0) = 0 and is such that the controller Cp : Yo — U, given by (3.1) applied to some causal operator
P : U, — YV,, with P(0) = 0, yields a closed-loop system [P,Cp| which is gain stable on W. Let 0 < « :=
HHCF//PHW’W < oo. Suppose h > 0 is such that CEUer[h] is stabilizable,

1
A:=~v(h)Lp < —,
a
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and that [P, CEY[h]] is either globally or regularly well posed on W, where CEY'[h]: YV, — U, is given by (3.2)
and Ay p, is a regular Y Euler operator. Then the closed-loop system [P, CEYT[h]] is gain stable on W and

a(l+X)
[egielyy < T=ar (4.10)

As regularity is not required, this result holds for both zero and first order hold sampled Euler operators.

5 Output feedback stabilization via state feedback under a relative degree

condition

Let us consider the case of the following nonlinear SISO plant:

Poioi o= f@)+g@u
y1 = h(x), z(0) =0 € R", (5.1)

where f,g € C° and P is of relative degree r < n, that is:

LgL}h(x) = 0, forallzeR", 1<i<r—1,
Lyl 'h(z) # 0, forallz € R™

Here L denotes the Lie derivative. It is well known [19, Prop. 9.1.1] that for any input wg, if 9,_1y1 =
(y1,0'1,...,0" )T, then

(Or—1y1)(t) = (y1(8), Lyh(x(1)), ... Ly~ h(a(t)

and that under appropriate completeness assumptions 0,_1y; forms a partial state. Thus with appropriate
signal domains and co-domains, a plant of the form 9,_; o P can be thought of as an input to (partial) state

operator.

The following result then establishes that a solution to the standard (partial) state feedback disturbance
attenuation problem in an LP sense implies a solution to the derivative output feedback disturbance attenuation
problem in the LP, WP sense, as considered in this paper. In the context of p = 2, this shows that in the case
of full relative degree, the gain stability conditions in Theorem 4.1 are met by solving the standard (partial)

state feedback nonlinear H,, problem.

Proposition 5.1 Let 1 <p<oo, 1 <r <n and let ¥ = LP(RL,R"), U = LP(Ry,R), Y = W"P(R4,R). Let
R > 0. Suppose P: U, — YV, is given by (5.1) and has relative degree r. Suppose further that there exists a
controller C: X, — U, such that [0y o P,C| is U x X gain stable on Bryxx(0). Suppose [P,C o 0y,] has the
uniqueness property. Then [P,C o 0y] isU x Y gain stable on Bryxy(0) and

”HCoan//P’BRMXy(O)H S ‘|HC//anOP|BR1uXx(O)”‘
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Proof. Let (ug,y) € U x Y and suppose ||(uo,%0)|luxy < R. Let xop = Inyo, hence ||(uo,xo0)|luxx =

1(w0, yo)llerxy < R. Let Hy,opyjc(uo, x0)" = ((u1,21)", (u2, 22)"), thus
uy = Czo = C(z0 — 1) = Cx0 — 8 Pur) = C(xg — I Pug — uz)). (5.2)
Any solution ((ug, yo)T, (@1, v1)7, (42, y2)T) of [P, C o 0, satisfies:
g = C o dpy2 = C(Onyo — OnPuy) = C(xg — O P(up — u2)) (5.3)

Therefore by equation (5.2) it follows that equation (5.3) has a solution 4y = ug. Consequently 47 = u; and
hence also 0,y1 = 0, Pty = 0, Pu; = x1 and 9,J2 = x2 is a solution for [P, C'09,]. By the uniqueness property
for [P, C o 0,] it follows that this solution is unique, hence [P,C o 0,] is globally well posed, and g,/ p
is defined. Since [0, o P,C] is U x X' gain stable on Bryxx(0), by letting v = [[Ilg/0,0p|Bry 0l < 00 it

IOl AGLAGLAGLAR)

as required. O

<7

UxX

=7
UxX

Uxy

We remark that since in the case of p < oo the Euler constructions based on numerical differentiation require
k <r—2, it follows that these constructions are applicable to systems of relative degree r > 2 stabilizable by a
function of the partial state (y, y(l), . ,y(r—2)). In the case of p = co the numerical differentiation based Euler
controllers can be applied to feedbacks of a (partial) state (y,y("),...,y"=1) (which in the case of systems
with 7 = n corresponds to full state feedback). Importantly, the high gain observer construction is applicable

to full state feedback case of r =n if p =2 or p = co.

6 Fast sampling theorems

Up to this point we have been concerned with the reconstruction of output derivatives from measurement of the
output only. To avoid the need for infinite dimensional storage as in the case of the standard Euler operator,
we reconstructed the output derivatives via a process of zero or first order hold sampling of the output to give
the perfectly and integrally sampled Euler reconstructions. However, in all our examples of Euler operators to
date, the output measurement has been assumed to be available for feedback in continuous time, that is we
have chosen A%h = I. We will now show that the sampling machinery developed can also be directly applied
to output measurement channel itself, thus giving rise to fast sampling theorems (possibly including derivative

reconstruction). In this case we choose:
A),=HjoS],  ij=0,1 (6.1)

where Ag ,, is given by either the zero order holds ¢ = 0,j = 0,1, or the first order holds ¢« = 1,j = 0,1 (the
case where Ag » = Dy, as in (3.13) corresponds to the insertion of a pure delay in the closed loop, and the main

results thus will establish robustness to delay perturbations). If r > k > 1, then Ay} = (A%h, Allc,hv e ,A?h)
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a1

T By

Figure 2: Sample and hold feedback configuration: §;, = Hy, o Sy.

corresponds to a fully sampled output and output derivative reconstruction from sampled output measurements
based on either perfect samples or integrally reconstructed samples at the sample times {t > 0 | t = nh, n € N}.
Theorems 4.1 and 4.5 apply directly with the Euler approximation constants given in Proposition 6.1 below. Of
special interest is the particular case where r =1, (A}, = Agﬂ» as it corresponds to the sampled data version
of an output feedback controller (without derivative reconstruction), as studied in [2, 4, 8, 24, 25, 26, 27, 28, 32].
We consider causal controllers of the form

C: Yy — U,. (6.2)

The sampled data controller is defined to be:
csampled(p). y oy, o csmeled — o A%h. (6.3)

We summarize the Euler approximation properties in the following result:

Y — A%h(y), Euler approximation constants
y — n(y) for CWP(Ry,RY) and WP (R, RY), r > 1
Ay =0 =HyoS), rp>1 vo(h) = 2hN (2(1 + 2hp))>  (6.4)
Ay =0n=H,08), rm>1 vo(h) = 3hN (2(1 + 3hp))>  (6.5)
A}y =0n=Hy oS, vo(h) = 3hN (2(1 + 3hp))»  (6.6)
A}, = 0n = Hj 08, ~vo(h) = 4hN (2(1 + 4hp))>  (6.7)

Table 2: Sample and hold operators and their Euler approximation constants.

Proposition 6.1 Let 1 <p <oo, 1 <k <r <oo, h >0 and let Ay be defined by (3.5), (3.7), (6.1), (3.9)
and table 2. Then Ay, is an Y Euler operator, and the Euler approximation constants for Y = W"P(Ry, RM)
are given by table 1, equations (3.15), (3.16), (3.17) or (3.18) and table 2, equations (6.4), (6.5), (6.6) or (6.7).
Additionally if 52, Ag’h = H,{ OS}L orifrp>1 and 52, Ag}h = H,lloS}?, then Ay, is an regqular Y Euler operator.

Proof. It is straightforward to establish that p(h) = c¢(h) = 2h, p(h) = c¢(h) = 3h, p(h) = c(h) = 3h,
p(h) = ¢(h) = 4h for A%h = H) oS, Ag,h = H} oS, A%h = H) o S}, A%h = H} o S} respectively and
the Euler approximation constants then follow from Proposition 3.2. Regularity for Ag}h =H }1L o 5’2 (rp > 1),

A% n=H ,1L oS }L follows from the proof of Proposition 3.7 and Proposition 3.9. O
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We now specialize Theorem 4.1 to the important case of sampled data output feedback control as in Figure 2.
Due to the semi-global nature of the result, regularity of the sample and hold operation is required; hence this

result applies to the case of first order holds.

Theorem 6.2 Let 1 < p < 0o, M,N > 1 and let W := U x Y where W = LP(R;,RM) x Wol’p(]RJr,]RN) or
W = L®(R,,RM) XCW&’OO(R+, RN). Let R > o > 0. Suppose P : U, — Y, is a causal operator with P(0) = 0
and C:Y — U is causal and locally Lipschitz, with Lipschitz function A¢ given by (4.2), and with C(0) = 0.
Suppose the closed-loop system [P,C] is gain stable on Bry(0). Let 0 < o« := HHC//P|BR,W(0)HW,W < o0

and suppose h > 0 is such that
R—o

Ra
Suppose [P, Cs*™Ped[p]] has the uniqueness property, where CS*™Pd[R]: Y, — U, is given by (6.3) and where
A%h =HloS) (rp>1) or A%h = H} o S}. Then the closed-loop system [P, C**™Pld[h]] is gain stable on
B,w(0) and

A =0(h)Ac (aR,v0(h)aR) <

(6.8)

_ aR(1+))

B, w(0) HW,W - 0 ' (6.9)

HHC’sampled[h]//P‘
Proof. Follows from Theorem 4.1. O

The global version of the result is equally applicable to either the zero or first order holds.

Theorem 6.3 Let 1 < p < 0o, M,N > 1 and let W := U x Y where W = LP(Ry,RM) x Wy P(R,,RY) or
W = LP(R,,RM) x C'Wol’p(RJr,RN). Let R > p > 0. Suppose P : U, — Y, is a causal operator with P(0) = 0
and C:Y — U is causal and globally Lipschitz, with Lipschitz constant Lo given by (4.9), and with C(0) = 0.
Suppose the closed-loop system [P,C| is gain stable. Let 0 < « := Hﬂc//PHW’W < ©o0. Suppose h > 0 is
such that C5*™Ped[p] s stabilizable,

Ni=A(h)Le < -,

a

and that [P,Cs¥™Pled[p]] s either globally or regularly well posed on W, where CS¥Pld[h]: Y, — U, is given
by (6.3) and where A%h = H) oS} or A%h = H} oS} or A%h = Hpo S}, A%h =H}oS) (rp>1). Then the
closed-loop system [P, CS*™Ped[p]] is gain stable and

Hesampleapn) 7/ p < M (6.10)
w,W 1—al

Proof. Follows from Theorem 4.5. d

7 Initial conditions

Up to this point we have implicitly required zero initial conditions: our analysis has started at time ¢ = 0, and

we have required that P(0) = C(0) =0 (if 0 € Q then gain stability over €2 implies Hp(0) = 0 which in turn

implies P(0) = C(0) = 0). In the case of the Euler controllers, this has been enforced by defining delay and

samples of signals at negative times to be zero or in the case of the observer based controller initial conditions

were set to zero, see equations (3.10), (3.19), (3.20) and (3.29). We now consider the case where non-zero
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initial conditions are present. We specify a non zero plant and controller initial condition by removing the

requirement that C'(0) = P(0) = 0. This includes permitting non-zero initialisations of the Euler controllers.

The key observation is that if the closed loop system is time-invariant then the closed loop generates bounded
signals from any initial condition which corresponds to a closed loop state which is reachable in finite time,
simply by considering an appropriately time shifted version of the system. Since there are disturbances acting
at both the input and output channels, this means that closed loop stability is maintained from any initial
condition corresponding to a controller state and a plant state which are reachable from the open loop controller

input and from the open loop plant input respectively. We formalise this below.

Let wg € W and let desired plant and controller initial conditions x(}g, $% be given. The initial conditions
have the same type as the corresponding state: for the Euler controllers based on numerical differentiation the
state domain involves the delay line; that is if C is defined via the composition of an FEuler operator A and a
memoryless nonlinear operator F', then a controller C: Y, — Uy, uz = Cyo with state a7, € Y[0,7h| at time
T > rh is given by:

(xe)(s) = ya(r —rh+s), se€l0,rh]

For high gain observers based controllers the states are simply the observer states.

wo(t ift<r
Let wg € W. Suppose Wy = wo(zh,zd,wo) satisfies: (1) vo = 0 e W, (i) wy =

wo(t—71) ift>71

a1 + Cio

Y2 + Pty
for the plant P at time 7 given input v and zero initial conditions; and X7y is a state for the controller C at

> for some @ € U, G2 € Y, and (ili) Xpiuy = 2%, XLz = x%, where XFu is a state vector

time 7 given input y and zero initial conditions.

Note that the condition vy € W is a compatibility condition; informally it is the requirement that wg and
wp can be concatenated in the space W, i.e. the concatenated signal is appropriately smooth at the point of
concatenation, e.g. if W = W"P(R,,R) then the requirement is that ﬁ)(()i)(r) = w[()i) (0), 1 <i<r and v(()T) is

uniformly continuous at 7.

Noting that if ((u1,y1)7, (u2,y2)7) = Hpcwy, then u1 = @1, y2 = §2, we can see that the time invariance of P

and C gives:
HHC(m%)//P(w%)”wOHW = H(I_TT)HC//PUOHW
< HHC//PUUHW
< gllgysp] (1R-@ollio ) + lwoly ) (7.1)

We let x be defined as follows:

x = x(x&, 2%, wo) = TlIZlg {7‘ > 0 [ r = |[Ryollyypo > wo satisfies (i), (ii), (iii)}. (7.2)
U1 €U, G2€Y
Then:
[Mowsypayuo, < ooy el (xalsalh,wo) + wolhw) (7.3)
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Hence any gain or gain-function bound for the initial condition free case, e.g. inequalities (4.4), (4.10), (6.9)
or (6.10), (possibly over a finite set 0 < [lwo|[yw < R) implies a similar bound for the case of non-zero initial
conditions (over the finite set 0 < |Jwglyy < R — x if R < 00), thus giving closed loop signal bounds in terms

of initial conditions and output reconstruction initialisation errors.

We also remark that in the case of linear systems, a further coherent approach to non-zero initial conditions in

this context has been given in [11].

8 Conclusions

The results in this paper first establish nonlinear separation principles in the setting of a general nonlinear
input-output theory. The existence of certain closed loop gain properties with a nonlinear plant and a controller
based on measurements of derivatives of the output (for example a state measurement) is used to guarantee
the existence of a controller based on direct measurement of the output only. A variety of constructions of
such a controller is given, based on (sampled) numerical differentiation or high gain observers. The proofs are
fully constructive and the results give conditions under which semi-global and global stability can be attained
in a variety of signal space settings. Stability is achieved in the sense of disturbance attenuation; disturbances
are present at both the input and output channels; consequently robust stability theory [15] gives automatic

guarantees on the robustness to unmodelled dynamics.

The sampling procedures utilized to develop finite dimensional realizations of the derivative reconstructions
based on numerical differentiation are then also applied directly to the output measurement channel itself,
thus establishing fully sampled versions of the results. The results are also specialized to the case where no
derivative construction is required, thus establishing conditions under which measurement feedback controllers
can be replaced by sampled data controllers under a process of zero or first order hold sampling; once again in

the context of disturbance attenuation.

The approach taken in this paper is strongly distinct to previous approaches to nonlinear separation principles
and to classical approaches to fast sampling theorems; we do not use a state space approach or a singular
perturbation analysis at all to generate the core results: state space calculations are used only for specific
computations on explicit examples. One important consequence of this approach is generality: we make no
assumptions on the underlying realisation of the plant or controller; assumptions are only made on key stability
or continuity properties with respect to both input and output disturbances. Therefore, the underlying systems
may be generated from e.g. lumped, distributed or delay models, or even defy any form of model representation,
and the results are applicable to systems with initial conditions. Finally we emphasize that the notions of gain
stability which we consider are natural performance measures in the context of robust stability and guarantee
robustness to unmodelled dynamics. We therefore consider the required conditions (or similar) to be a natural

goal of controller synthesis.
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9 Appendix A

The semi-global robust stability result given below is based on [15, Th. 5], but accounts for technicalities
arising from the choices of signal space considered in this paper (in particular due to the fact that ¥V may not
be closed under the action of T;), and differences arising from the treatment of the concepts of well-posedness.
A key difference between this result and [15, Th. 5] is that no a-priori assumption of existence of solutions is
made on the perturbed closed loop [P;, C], there is just a requirement that solutions are unique where defined;
the gap construction itself is used to guarantee global well posedness. This is much more than a mathematical
nicety; the uniqueness property is a substantively weaker property than well posedness, and can typically be
verified much more easily. We also observe that the proof below is simplified by the application of the Schauder
fixed point theorem [31] as opposed to the treatment in [15, Th. 5] which uses an argument based on the

Leray-Schauder degree (see also [5]).

Observe that we require the signal spaces to be truncation complete spaces, where a space V is said to be

truncation complete if V[0, 7) is complete for all 0 < 7 < 0.
We first define a directed gap distance appropriate for semi-global applications,

<|IRT(‘1>I)|QP1 z{lwio,r)

inf
I1R-z(lwio,r)

. W,r
» SU if Oy
@EO;\;& p z € Gp, \ {0}, > ’ P1,P> 7& 0

IRrzllwio,ry <7, 7>0

o AW,
00, if OPl,;’z =0

Sy (P, Py) := (9.1)

where

® is causal, surjective, ®(0) = 0 and

OW%, = 191 Gp 11 {x €W | [Ryzlhwir <7 7> 0} - G, suective, ©(0) .
’ R, (® —I) is compact for all 7 > 0

We now give the semi-global robust stability result, formulated in the usual setting of perturbations to the

plant P. In the context of this paper, we are interested in perturbations of the controller C, to which the

theorem also applies by interchanging the roles of P and C.

Theorem 9.1 Let U, Y be truncation complete signal spaces, and let W = U x Y. Consider P: U, — V,,
P:U, — Yy and C: Y, — U,. Let R > 0 and suppose [P,C| is gain stable on B C W, and [P1,C] has the
uniqueness property. Let 0 <e < 1. If v = |[Ilp;/c|Bgllww and

1-¢

SwAr(P, P) < 7

then the closed-loop system [Py, C] is gain stable on B.g with

14 8y Ar(P, P1)>
9

IMp, /clBrllww < IpysclBglww <

Proof. Let 0 <7 < oo. Since HHP//C’BRHW w = 1, it follows that S'WWR(P, Py) < oo and hence there exists
a causal mapping ®: Gp N Byr — Gp, such that R, (® — I) is compact and the following inequality holds for
all v € W such that ||R;v|; < vR:

1R-(® = 1ol < Swyr(P. Pr) - || Rl (9-2)
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Suppose w € W, |R;w||; < eR, and consider the equation
RT’LU = R-,—(I -+ ((I) — I)HP//C)i‘ = RT(HC//P + (I)Hp//c)ff (93)

We claim that equation (9.3) has a solution z € W, with x = R, € V where:

R
lell, < ”w’}

V= {.CEEW[O,T) E

By definition of W|0, 7), for every x € V, there exists Z € W such that z = R;Z. Hence since (I — @)Hp//c is

causal, the following operator is well-defined:
Qu:V —=W[0,7) : z+ Rrw+ R (I —-®)p/cT.

Then for all z € V, and for any choice z € W s.t. © = R;Z, it follows that |R,;Z|; = |z|; < M < R.
Since || R p//cZ|- < [[Tlp//clsgllwwl R:Z|l: < yR it follows from (9.2) with v = llp, ;¥ that:

|RA(® — DIlp) o). < dwyr(PP1) - |RAp) 0.
< Swar(P. P - Ipyclsalww| R-2l-
< (-l (9.4
Then:
[Quzllr < [|Rrwl- + [ R ( ) P//C@’HT = P (9.5)

Therefore Q.,(V) C V. Since R, (I —®) is compact and I1p/,¢ is bounded, it follows that @, is compact. Since
W is truncation complete, W[0, 7) is a Banach space. Hence since V' C W[0, 7) is non-empty, closed, bounded
and convex, it follows by Schauder’s fixed point theorem that @, has a fixed point in V. Hence equation (9.3)

has a solution £ € W, with x = R,z € V as claimed.

By the uniqueness property for [P, C], Ilp, sjc: W — W, is defined. Let x € V and suppose z € W be a
solution of (9.3) with x = R,Z. Since w1 = ®llp,/c¥ € Gp,, w2 =l /pT € Go and @, p, /¢, Mp) /0, Heyp
are causal, it follows from equation (9.3) that (w, R;w1, Rrw2) = (w, R;®lp; /0%, R:llg;/pT) is a solution for
[P1,C]. Since this holds for all 7 > 0, it follows that w,, = oo for [P, C]. Consequently domllp, ;/cw = [0, 00)
and thus [P, C] is globally well posed. Since x € V and R:1lp ;,cw = R;®lp, /o7, the following inequality
holds for all 7 > 0, w € W, ||Ryw|| < eR:

||RTHP1//Cw||T = ”RT(PHP//CEHT
|R-1p) /ol - + [[Rr (@ — I)p/)c| -

IN

< (1+gw,vR(PyPl))HHP//C|BRHW,WH$HT
R R
< (1+5w,7R(P,P1>)HHP//OIBRHW,WH TngT

hence [Py, C] is gain stable on B.g and:

1+ gWﬁR(P, P1)>

1Tp, el lww < ey clBglww ( -

as required. O

32



