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Abstract
The sintering model described in Part I, which relates to free-standing plasma-sprayed thermal barrier coatings, is extended here to the
case of a coating attached to a rigid substrate. Through-thickness shrinkage measurements have been carried out for coatings attached to
zirconia substrates, and these experimental data are compared with model predictions. The model is then used to explore the inﬂuence of
the substrate material (zirconia vs. a nickel superalloy), and of the in-plane coating stiﬀness. Both diﬀerential thermal expansion stresses
and tensile stresses arising from the constraint imposed on in-plane shrinkage can be relaxed via two diﬀusional mechanisms: Coble creep
and microcrack opening. This relaxation allows progression towards densiﬁcation, although the process is somewhat inhibited, compared with the case of a free-standing coating. Comparison of the stored elastic strain energy with the critical strain energy release rate
for interfacial cracking allows estimates to be made of whether debonding is energetically favoured.1
Ó 2008 Acta Materialia Inc. Published by Elsevier Ltd. All rights reserved.
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1. Introduction
The model described in Part I of this pair of papers [1]
refers to unconstrained (detached) coatings. Obviously,
under service conditions these coatings will remain
attached to a substrate. At least in most cases, both the
thickness and the stiﬀness of the coating will be signiﬁcantly lower than those of the substrate, so that the inplane dimensions of the coating will be forced to conform
to those of the substrate. This naturally aﬀects the progression of the sintering, and the associated changes in properties. It also tends to create residual stresses within the
coating, although stress relaxation phenomena are likely
to be operative at these elevated temperatures. Of course,
stresses can also arise during sintering in the absence of a
substrate, for example, as a result of diﬀerential shrinkage
*
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A compiled version of the sintering model can be downloaded from
www.msm.cam.ac.uk/mmc/publications/software.html.

between diﬀerent parts, but in general the presence of a
rigid substrate is expected to create larger stresses, plus
there may be diﬀerential thermal contraction eﬀects
between substrate and coating as a consequence of changes
in temperature.
There have been several previous studies of constrained
sintering. For example, Bordia and coworkers published a
series of papers [2–6] in the 1980s and 1990s, concerning
the mechanisms by which constraint from the presence of
a rigid substrate can give rise to stresses and damage, such
as crack formation, and also exploring possible constitutive
relations describing constrained sintering. Garino and
coworkers [7–9] also attempted to quantify the eﬀect of
constraint on sintering rates, using essentially empirical
relationships. Particular attention has been paid [10,11] to
the anisotropic nature of the process and the recent review
of Green et al. [12] also highlights this aspect. These treatments were based on the concept of a viscous Poisson coefﬁcient. However, the handling of anisotropy in this way
appeared to be rather incomplete and unsatisfactory. The
eﬀects of rigid inclusions and heterogeneities on the
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progression of sintering have also been studied [5,13] and
there have been several papers oriented towards multicomponent and multi-layered systems [14,15], or towards
the generation of defects such as cracks [6,14,16].
There have, however, been few attempts to develop sintering models based on the variational principle, in which
the eﬀect of constraint is incorporated. The recent paper
of Hutchinson et al. [17] is aimed in this direction, but it
contains no experimental information, although the modelled microstructure is oriented speciﬁcally towards plasma
vapour deposited coatings. In the present paper, the theoretical framework outlined in Part I, which relates to a
microstructure representative of plasma-sprayed coatings,
is extended to encompass the eﬀect of constraint. Comparisons are presented between predictions and experimental
data, allowing the validity and limitations of the model
to be explored.
2. Experimental procedures
2.1. Production of vacuum plasma-sprayed coatings on
zirconia substrates
Samples for constrained sintering experiments were produced by vacuum plasma spraying (VPS) of yttria stabilized zirconia (YSZ) powder, with the composition given
in Table 1, onto fully dense zirconia substrates. The higher
particle velocities typical of VPS lead to improved coating
adhesion. The spraying conditions are listed in Table 2.
Technox 2000 zirconia tiles (Dynamic-Ceramic Ltd.) were
employed, with dimensions 50  50  5 mm3 and a composition of 3 mol.% YSZ (tetragonal). They were grit blasted
with alumina, in order to increase the surface roughness
and promote coating adhesion. A thermocouple was spot
welded onto a metallic plate, which was cemented to the
back of the tile. The tile was preheated to about 600 °C
immediately prior to spraying. Sintering experiments were
carried out both on specimens cut from the sprayed tile
and also on detached coatings obtained from the same
sprayed material.
2.2. Dilatometry
Dilatometry was carried out in the through-thickness
direction, on specimens attached to zirconia substrates, in
air at 1400 °C. Dimensional changes were monitored using
a DIL 402C Netzsch pushrod dilatometer. The throughthickness shrinkage of free-standing VPS and APS coatings
was also measured. (Spraying conditions are given in Table
2.)

Table 2
VPS and APS spraying conditions.

Chamber pressure (mbar)
Substrate temperature (°C)
Plasma gun type
Nozzle diameter (mm)
Plasma gas ﬂow rates (l min1)
Carrier gas ﬂow rates (l min1)
Arc current (A)
Voltage (V)
Power (kW)
Stand-oﬀ distance (mm)

VPS

APS

200 (Ar)
600
F4 (Plasma
Technik VPS)
8
Ar, 50 H2, 8
Ar, 4
750
50
37.5
400 (preheat)
250 (spraying)

Atmospheric
200
9 MB (Sulzer Metco
Plasma System)
6
N2, 35.4 H2, 8
N2, 5.2
500
78.6
39.3
114

2.3. Microstructural examination
Microstructural examinations were carried out as
detailed in Part I. It should be noted that the microstructure of the VPS coatings was rather diﬀerent from that of
the APS coatings shown in Part I. This is illustrated by
Fig. 1, which shows low and high magniﬁcation views. It
can be seen in Fig. 1b that the splat structure is rather ﬁner
than that of the APS coatings (see Fig. 1 in Part I), both in
terms of the splat thickness and, particularly, in terms of
typical spacing between inter-splat contact points.
3. Constrained sintering model framework
An extension to the nomenclature of Part I is shown in
Table 3.
3.1. Model geometry
The model geometry of Part I is also employed here,
with the additional constraint that the coating is attached
to a ﬂat, rigid substrate of inﬁnite extent in the in-plane
directions (i.e. the in-plane dimensions are much greater
than the coating thickness and there are no edge eﬀects).
In the predictions presented here, the substrate is either zirconia or a nickel superalloy, with the possibility of diﬀerential thermal contraction misﬁt strains being absent in the
ﬁrst case and present in the second. The model concerns
isothermal sintering, with no thermal gradients present
and no externally applied forces or bending moments. It
therefore relates to homogeneous constrained sintering,
with uniform strain and stress ﬁelds through the thickness
of the coating, no strain gradients or specimen curvatures
and no strains or stresses in the substrate (due to its substantially greater stiﬀness and thickness).

Table 1
Chemical composition (wt.%) of powder supplied by Sulzer Metco Inc.
ZrO2

Y2O3

SiO2

Al2O3

CaO

Fe2O3

HfO2

MgO

Th

TiO2

U

Rem.

7.41

0.02

0.07

<0.01

<0.01

1.62

<0.01

<0.002

0.08

<0.002
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Table 3
Nomenclature of additional symbols for the constrained sintering model
(see Part I for other symbols).
Symbol

Units

Meaning

E
Gic
U
a
e
m
r

Pa
J m2
J m3
°C1
–
–
Pa

Young’s modulus
Critical interfacial strain energy release rate
Stored strain energy per unit volume of material
Thermal expansion coeﬃcient
Strain
Poisson’s ratio
Stress

Superscripts
E
S
T
Subscripts
av
coat
subs
k

Elastic
Due to constrained sintering
Due to thermal expansion mismatch
Averaged
Coating
Substrate
Associated with interfaces (free surfaces and grain
boundaries)

G ¼ U E þ Gk
2
3
Stored elastic strain energy
Interfacial free energy
zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{
zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ
ﬄ}|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ
ﬄ{

Z
Z
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7
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6
7
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Fig. 1. SEM micrographs of fracture surfaces of as-sprayed YSZ coatings,
produced by VPS spraying onto a zirconia substrate, with (a) low and (b)
high magniﬁcations.

3.2. Formulation of the variational principle
3.2.1. Free energy of the system
The (rigid) substrate inhibits in-plane dimensional
changes. However, sintering still proceeds and, driven
by free energy reduction, microstructural changes can
take place and can modify the relaxed (stress-free)
dimension in the in-plane direction, as well as in the
through-thickness direction. Relaxed and actual in-plane
coating dimensions can diﬀer, so that in-plane stresses
are present (see Fig. 2), but there are no through-thickness stresses. Moreover, if substrate and coating are of
dissimilar materials, a thermal expansion mismatch strain
may also be generated during temperature change
(Fig. 2). The stored elastic strain energy increases the
free energy of the system. For a coating with fully interconnected porosity, no contribution to the free energy
arises from the pressure acting on free surfaces, and
the free energy per unit volume of material, G, is given
by

ð1Þ
where UE is the stored elastic strain energy per unit volume
of material, Gk is the free energy per unit volume of material, associated with interfaces (free surface and grain
boundaries), and is the same as that for a free-standing
coating [1], V is the volume of the material corresponding
to a modelled domain, AS and Agb are the total free surface
and grain boundary areas, respectively, and cS and cgb are
the surface and grain boundary energies.
The in-plane elastic strain (relative diﬀerence between
stress-free and actual dimensions) is the sum of the (timedependent) strain due to constrained sintering eS(t) (see
Fig. 2b) and the (time-independent) thermal expansion
mismatch strain, eT (see Fig. 2a). This net strain, which
is assumed isotropic (equal biaxial), is given by
eE ðtÞ ¼ eT  eS ðtÞ ¼ ðacoat  asubs ÞðT  T D Þ  eS ðtÞ

ð2aÞ

where acoat and asubs are the thermal expansivities of coating and substrate, respectively, and TD, the deposition temperature, is taken as a reference temperature deﬁning the
stress-free state. A value of 200 °C is assumed here for
TD, although it should be recognized that in reality it is
likely to change with time, since diﬀerential thermal contraction misﬁt stresses can be relaxed, as well as those from
sintering. Expressed in terms of the geometrical parameters
of the model, the in-plane elastic strain can be written
eEip ðtÞ ¼ eT  eS ðtÞ


rs ðtÞ  rs0 aðtÞ  a0
þ
¼  ðacoat  asubs ÞðT  T D Þ þ
rs0
a0
ð2bÞ
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Fig. 2. Schematic representations of elastic strains arising from: (a) thermal expansion misﬁt and (b) constrained sintering.

while the through-thickness shrinkage is given by
 
DL
hðtÞ  h0
¼
L0 tt
h0

ð2cÞ

An averaged uniform stress, rav, is assumed to be present
throughout the coating, so that any local stress variations,
such as those due to the presence of pores and microcracks,
are neglected. There are no in-plane shear stresses or
through-thickness normal stresses. Similarly, an averaged
(macroscopic) value is assumed for the in-plane Young’s
modulus of the coating, Eav. Since the stress state is an equal
biaxial one, the relationship between the in-plane stress and
the associated in-plane strain can be written
Eav E
e ðtÞ
ð3Þ
1m
where m is the Poisson’s ratio of the coating (assumed isotropic). The eﬀect of diﬀerent values of Eav is investigated
here, but its value is assumed to remain constant during
sintering. This is a limitation of the current formulation,
since it is known that the stiﬀness tends to increase during
sintering [18–23].
The averaged in-plane stress and strain are integrated over
the total volume of the system, VT, which includes the volume
of the material, V, and the volume of the voids. The stored
elastic strain energy per unit volume of material is given by
Z
1
Eav
ðeE ðtÞÞ2 dV
U E ðtÞ ¼
V V T ð1  mÞ
rav ðtÞ ¼

¼

1
Eav
ðeE ðtÞÞ2
½1  P ðtÞ ð1  mÞ

where P(t) is the overall porosity.

ð4Þ

3.2.2. Rate of energy dissipation
The rate of energy dissipation per unit volume of material, W, during the microstructural evolution of a coating
on a substrate, is treated in a similar way to the free-standing case [1], so that there are contributions from diﬀusion
along grain boundaries and free surfaces and from grain
boundary migration
2 Grain boundary diffusion
Surface diffusion
zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ
ﬄ}|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{ zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{
Z
Z
6
1
1
1
2
2
ðj Þ dAgb þ
ðjS Þ dAS
W¼ 6
Xd
V 4 Agb 2M gb Xdgb gb
2M
S
S
AS
Grain boundary migration3

zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ
ﬄ}|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{
Z
7
1
2
þ
ðvm Þ dAgb 7
5
2mm

ð5Þ

Agb

where M is the atomic mobility, X is the volume per
lattice site associated with a diﬀusing species, j is the
volumetric ﬂux per unit length (along an interface), d
is the thickness of the layer through which diﬀusion
takes place, mm is the grain boundary mobility and vm
is the grain boundary migration velocity. Calculation
of the diﬀusion ﬂuxes and grain boundary migration
rate is carried out in a similar way to that outlined in
Part I.
One diﬀerence with respect to the free-standing case,
however, is that diﬀusion along grain boundaries can be
reversed in direction, in order to relax the in-plane tensile
stress. This mechanism is essentially Coble creep. Furthermore, if the stress is high enough, the reversed grain boundary diﬀusion can result in opening of the microcracks.
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Lattice diﬀusion and grain deformation by Nabarro–
Herring creep, are, however, omitted from the present
formulation, since it seems likely that they can be
neglected.
3.2.3. Final equations
The system progresses so as to minimize a function P,
_ and
combination of the rate of free energy reduction, G,
the energy dissipation rate, W

 dG 

_ z_ s ; r_ s ; N_ s ; a;
_ z_ s ; r_ s ; N_ s ; a;
_ y_ c ¼
_ y_ c
h;
P h;
dt


_ z_ s ; r_ s ; N_ s ; a;
_ y_ c
þ W h;

Eq. (7) represents a linear system of six ordinary diﬀerential equations, which can be written in matrix form
@ 2 Wð1Þ
_ z_ s
@ h@

@ 2 Wð1Þ
_ r_ s
@ h@

0

0

@ 2 Wð1Þ
ð@ z_ s Þ2

@ 2 Wð1Þ
@ z_ s @ r_ s

0

0

@ 2 Wð1Þ
@ z_ s @ r_ s

@ 2 Wð1Þ
ð@ r_ s Þ2

0

0

0

0

0

0

@

0

0

0

ð1Þ
k
dt



dG

B
B
B
B
B@
B
B
B
B
B@
B
B
¼ B
B
B@
B
B
B
B
B@
B
B
B
B
@@

@ 2 Wð1Þ

ð@ N_ s Þ

@ h_
ð1Þ
k
dt

dG

@ z_ s
ð1Þ
k
dt

dG

@ r_ s
ð1Þ
k
dt

dG

@ N_ s
ð2Þ
k
dt

dG

@ a_
ð2Þ
k
dt

dG

@ y_ c


E

0
1

@

@ 2 Wð2Þ
ð@ a_ Þ2
2

Wð2Þ

@
_ y_ c
@ a@

1

C0 _ 1
C h
0 C
CB z_ C
CB s C
B C
0 C
CB r_ s C
CB C
CB C
0 CB N_ s C
CB C
C@ a_ A
@ 2 Wð2Þ C
@ a@
_ y_ c C
A y_ c
2

@ h_

Stored elastic strain energy
 E
@ dUdt
Eav
¼ 1m
ðeE Þ2 B1
@ h_ E 
@ dUdt
¼0
@ z_ sE 
@ dUdt
Eav
Eav
1
¼ ð1mÞ
ðeE Þ2 B2 þ ð1P
Þ ð1mÞ B4
@ r_ sE 
@ dUdt
¼0
@ N_ sE 
@ dUdt
Eav
Eav
1
¼ ð1mÞ
ðeE Þ2 B3 þ ð1P
Þ ð1mÞ B5
@ a_ E 
dU
@ dt
@ y_ c ¼ 0

ð1Þ

B1 ¼ ð1PV Þ2 r2 h2
s

ð1Þ

2V
B2 ¼ ð1P
Þ2 r 3 h
s
ð2Þ

B3 ¼ ð1P2VÞ2 a2 L

0 zs0

B4 ¼  r2s0 eE
B5 ¼  a20 eE

4. Model predictions and comparisons with experimental
data
The input data relating to the pore geometry are listed in
Table 5. In addition to the material property data used
with the free-standing model (Part I), further data needed
for the constrained sintering model are given in Table 6.
Predictions are presented for coatings attached to zirconia
or nickel-based superalloy substrates and the eﬀect of different (constant) values of the in-plane coating stiﬀness is
investigated.
4.1. Through-thickness shrinkage

Wð2Þ

@
ð@ y_ c Þ2

dU
dt

C
C
C
 E C
C
dU
@
þ @ zdt_ s C
C
C
 E C
C
@ dU
C
þ @ rdt_ s C
C
 E C
C
dU
@
C
þ @ Ndt_ s C
C
 E C
C
C
@ dU
þ @dta_ C
C
 E C
A
@ dUdt
þ @ y_ c
þ

0

2

0

Table 4
Additional terms in Eq. (8) associated with constrained sintering (see Part
I for other terms).

ð6Þ

The minimum occurs at a stationary point of the function
P [17,24–26], such that


dP ¼ d G_ þ W ¼ 0
ð7Þ

0 @ 2 Wð1Þ
_ 2
B ð@ hÞ
B @ 2 Wð1Þ
B _
B @ h@ z_ s
B 2 ð1Þ
B@ W
B @ h@
_
B r_ s
B
B 0
B
B
B
B 0
@
0
0
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ð8Þ

The additional terms due to constrained sintering, related
to UE derivatives, are listed in Table 4. The components
of the matrix and the vector on the right-hand side depend
on the generalized coordinates (h, zs, rs, Ns, a, yc), but not on
_ z_ s ; r_ s ; N_ s ; a;
_ y_ c Þ. The matrix is
the generalized velocities ðh;
symmetric and non-singular, so it can be inverted algebraically. The linear system of ordinary diﬀerential equations
is solved numerically, using the fourth-order Runge–Kutta
method.

Comparisons presented between theory and experiments
are limited for the constrained case to the through-thickness shrinkage of coatings attached to zirconia substrates
(since metallic substrates would tend to melt and/or react
with the coating if heat treated isothermally). Fig. 3 shows
predicted and measured through-thickness shrinkage plots
for detached APS, detached VPS and attached VPS coatings. It can be seen from the plots for the two detached
coatings that the ﬁner microstructure of the VPS coatings
leads to more rapid shrinkage than for APS coatings.
The predicted plots capture this eﬀect. The plots for (identical) VPS coatings, attached and detached, show that the
(in-plane) constraint leads to an acceleration of the
through-thickness shrinkage rate. Again, the predicted
curves show similar trends to those observed experimentally, with the assumed coating stiﬀness of 20 GPa corresponding to typical measured values for these coatings in
the as-sprayed state [23]. While this comparison is necessarily limited, it does suggest that the model is capturing the
main features of the behaviour. The minor discrepancies
between observed and predicted plots can be attributed
to experimental error and the simpliﬁcations incorporated
in the model. (It may be noted that running the constrained
model with Ecoat set to zero is equivalent to the detached
case, since no stresses will be generated in the coating under
these conditions.)
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Table 5
Model input data for pore geometry.
Unit

Monosized (APS)

Bimodal (APS)

Inter-splat pores
zs0
h0
rs0
rb0
g0
b0 = 2(h0  zs0)
(h  zs)1
(Ab/AT)0 1 (rb0/rs0)2
P
S

m
m
m
m
m
m
m1
%
%
m2 m3

1.25  106
1.313  106
3.00  106
1.162  106
5.00  107
125  109
1.6  107
15
4.05
6.88  105

1.25  106
1.275  106
3.00  106
1.162  106
5.00  107
50  109
4.0  107
15
1.67
6.83  105

1.25  106
1.350  106
3.00  106
1.162  106
5.00  107
200  109
1.0  107
15
6.30
6.92  105

1.00  106
1.025  106
2.10  106
8.133  107
5.00  107
50  109
4.0  107
15
2.07
8.56  105

1.00  106
1.100  106
2.10  106
8.133  107
5.00  107
200  109
1.0  107
15
7.73
8.74  105

Intra-splat microcracks
a0
yc0
xb0
L0
b0 = 2 (a0  yc0)
(a  yc)1
(Ab/AT)0 1 (xb0/L0)
P
S

m
m
m
m
m
m1
%
%
m2 m3

3.75  106
3.688  106
1.125  106
3.75  106
125  109
1.6  107
30
2 (1.17)
2 (1.93  105)

3.75  106
3.725  106
1.125  106
3.75  106
50  109
4.0  107
30
2 (0.47)
2 (1.89  105)

3.75  106
3.650  106
1.125  106
3.75  106
200  109
1.0  107
30
2 (1.87)
2 (1.98  105)

3.75  106
3.725  106
1.125  106
3.75  106
50  109
4.0  107
30
2 (0.47)
2 (1.89  105)

3.75  106
3.650  106
1.125  106
3.75  106
200  109
1.0  107
30
2 (1.87)
2 (1.98  105)

Globular voids
rv
P
S

m
%
m2 m3

1.00  106
4
1.25  105

1.00  106
4
1.25  105

1.00  106
4
1.25  105

1.00  106
4
1.25  105

1.00  106
4
1.25  105

Total
P
S

%
m2 m3

10.4
1.20  106

6.6
1.19  106

14.0
1.21  106

7.01
1.36  106

15.46
1.39  106

Table 6
Additional material property input data for the constrained sintering
model (see Part I for other material property data).
Units
Eav
m
acoat
asubs

(Ni)

Pa
–
°C1
°C1

Source
20  109
0.25
9  106
11  106

[22]
[30]
[31]
[31]

4.2. Microstructural changes during sintering
The behaviour is, of course, dependent on the way that
the microstructure evolves, although only the densifying
mechanisms (occurring via grain boundary diﬀusion) contribute to the shrinkage represented in Fig. 3. Some insights
into the way that the microstructure evolves, and the eﬀect
of the presence of a substrate, can be obtained from the
predictions presented in Fig. 4, which refer to a coating
with a stiﬀness of 10 GPa, being heat treated at 1400 °C.
For a free-standing coating, both the radius of the modelled domain, rs, and the microcrack separation, a, decrease
with time (leading to in-plane shrinkage). However, in a
coating attached to a zirconia substrate, splats expand in
the in-plane directions (rs increases) – see Fig. 4a. This
occurs via a reversal of the direction of grain boundary diffusion, allowing through-thickness cracks to rearrange so
as to relax the stress, leading to a reduction of a – see

Bimodal (VPS)

Fig. 4b. With a nickel substrate, on the other hand, both
the radius of the modelled domain, rs and the microcrack
separation, a, initially increase, in order to relax the thermal expansion mismatch strain, but after this has happened
rs continues to expand, allowing a to shrink, in a similar
manner to the zirconia substrate case. This reversal of grain
boundary diﬀusion when a substrate is present results in
enhanced reduction of the height of the modelled domain,
h and to hence faster through-thickness shrinkage – see
Fig. 4c. It can be seen in Fig. 4d that the overall porosity
level initially increases on a Ni substrate, due to this microcrack opening, although in general the changes in porosity
are small and are not strongly aﬀected by attachment to a
substrate (and hence would be very diﬃcult to detect
experimentally).
The initial transients being more rapid with the Ni substrate is due to the presence of relatively high initial (diﬀerential thermal expansion) stresses in that case. However, it
is important to note that, while the presence of the substrate inhibits in-plane shrinkage, it does not inﬂuence
non-densifying sintering mechanisms. These depend on
surface diﬀusion, and they reduce the surface area without
causing densiﬁcation. For these zirconia coatings, under
the conditions of interest, surface diﬀusion plays an important role in controlling many of the microstructural
changes, and those predominantly induced by it take place
in a similar manner for detached and bonded coatings. For
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Fig. 3. Comparison between experimental data and model predictions for the through-thickness coating shrinkage at 1400 °C, for detached (E = 0) APS
and VPS coatings, and for VPS coatings attached to a (dense) zirconia substrate. The model predictions are based on a bimodal distribution (50 and
200 nm) for the initial open dimension of both inter-splat pores and microcracks. Other microstructural parameters are those appropriate for the two types
of coating – see Table 5.

example, the reduction in surface area with time, and the
growth rate of the inter-splat contact area, are predicted
to be very similar for free-standing coatings (see Figs. 5a
and 6a of Part I) and for coatings bonded to zirconia or
nickel substrates.

relaxed (i.e. substantial relaxation in less than an hour) at
these high temperatures.

4.3. Relaxation of in-plane elastic stresses

An issue of practical importance is that of whether
the stored energy associated with (in-plane) elastic
strains is likely to be suﬃcient to cause spallation.
Microstructural features of the interface, including its
roughness, phases present in the vicinity (such as thermally grown oxides and intermetallics), defects such as
porosity, microcracks, etc. are all likely to aﬀect the
ease of interfacial crack growth (i.e. the interfacial fracture energy). However, analysing local stress and strain
ﬁelds in the vicinity of the interface, which has been
the subject of numerous studies, is unlikely to yield a
reliable rationale for the prediction of debonding. A
potentially more fruitful approach is to recognize that
the driving force for debonding will at least largely
come from relaxation of stresses within the coating as
interfacial cracking occurs – this is indeed how most
coating spallation events are driven (and explains why
thicker coatings tend to be more likely to debond). A
necessary (but not suﬃcient) condition for spallation
(at least by unstable propagation of an interfacial crack)
is that the stored elastic strain energy in the coating
(per unit area of interface) should be greater than the
interfacial fracture energy, and this is a potentially fruitful rationale for lifetime prediction.

Fig. 5 shows how in-plane stresses change during sintering, for coatings on zirconia and nickel substrates, and for
two diﬀerent coating stiﬀnesses. It can be seen that, on a
zirconia substrate (zero stress initially), there is actually
an increase in stress level in the early stages, as microstructural changes occur which would have led to shrinkage in a
free-standing coating. However, these stresses subsequently
become relaxed, as the driving force for (densifying) sintering becomes reduced and a quasi-steady state is established, with low levels of in-plane stress. With a nickel
substrate, on the other hand, relatively high (diﬀerential
thermal expansion) stresses are present from the start, so
relaxation occurs from the start and leads to a quasi-steady
state similar to that on the zirconia substrate. These are diffusion-driven stress relaxation phenomena (Coble creep
and microcrack opening), which are a consequence of the
reversal of the diﬀusion along grain boundaries. It is clear
that, at these relatively high temperatures, this occurs quite
rapidly in these coatings. Of course, the pore architecture is
ﬁne, so diﬀusion distances are short. Consequently, these
stresses, both from diﬀerential thermal expansion and from
sintering shrinkage (see Fig. 2), tend to become quickly

4.4. Stored elastic strain energy and interfacial debonding
(coating spallation)
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Fig. 4. Predicted evolution at 1400 °C of values of parameters representing the microstructure, for a stiﬀness of 10 GPa, showing (a) radius of modelled
domain, rs, (b) spacing between intra-splat microcracks, a, (c) domain height, h and (d) porosity, P.

Fig. 6 shows how the stored elastic strain energy per unit
volume in the coating decreases during holding at elevated
temperature, with a Ni substrate and for three diﬀerent
coating stiﬀnesses. The initial stress is due to (prior) diﬀerential thermal expansion, and clearly it is higher when the
coating is stiﬀer. It is worth noting that these values of UE
(in J m3) can be multiplied by the coating thickness (in m)
to give the strain energy release rate for interfacial debonding (in J m2). Since interfacial fracture energies are
thought [27] to be of the order of 10–100 J m2 for these
coatings (although admittedly likely to change with
extended exposure to high temperature, as a result of thickening of the thermally grown oxide, and possibly other
microstructural changes in the vicinity of the interface), it

can be seen that these creep phenomena are likely to reduce
the driving force for debonding below the critical range
quite rapidly, even for relatively stiﬀ coatings.
Of course, overall, the eﬀect of sintering is still likely to be
such as to promote debonding. This is because it leads to substantial stiﬀening of the coating. (The modelling presented
here has not covered this aspect, although it would be possible to devise a model for stiﬀness based on a geometrical representation of the pore architecture similar to that used here.)
While it is clear that stresses do get rapidly relaxed during
sintering, they are regenerated (assuming substrate and coating have diﬀerent expansivities) every time the system is
cooled down – and indeed it is during cooling that spallation
is likely to occur. The plots shown in Fig. 6 conﬁrm that these
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Fig. 5. Predicted changes in coating stress during heat treatment at 1400 °C, for two diﬀerent coating stiﬀnesses, with substrates of (a) zirconia and (b)
nickel.

stresses (and the associated stored elastic strain energy) can
reach dangerously high levels when the coating stiﬀness is relatively high, although of course there is no need to model the
sintering process in order to establish this. (These stresses
will be compressive in the coating after cooling, whereas in
the modelling presented here they are tensile – since the temperature is 1400 °C, while the stress-free temperature was
taken to be 200 °C – but the magnitude of the stored elastic
strain energy will be similar when this temperature change
is reversed.)
The modelling results presented here indicate that
attachment to a rigid substrate does not actually retard

microstructural evolution (inter-splat contact area growth
and surface area reduction) very substantially, since nondensifying (surface diﬀusion) sintering mechanisms are
entirely unaﬀected. Nevertheless, it modiﬁes the material
redistribution (through-thickness shrinkage and in-plane
expansion) so as to relax the thermal stresses. However,
as mentioned above, the increased stiﬀness caused by sintering leads to higher stresses and stored strain energy in
the coating when it is subsequently cooled, increasing the
danger of spallation. Quantiﬁcation of this would require
a linkage between stiﬀness and pore architecture. It may
be noted, however, that such a linkage is already in place
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Fig. 6. Predicted changes, during heat treatment at 1400 °C, in the energy per unit volume associated with the elastic strain, for coatings of diﬀerent
stiﬀness on a Ni substrate.

for thermal conductivity [28]. One outcome of the current
modelling is that increases in conductivity due to sintering
are expected to occur rather similarly for detached and
attached coatings. It would be helpful to explore whether
this can be conﬁrmed experimentally.
There is a further point which may turn out to be of signiﬁcance. The experiments conducted here, and indeed
most such experiments, are based on extended isothermal
heat treatments, whereas service conditions involve thermal
cycling, with rapid heating and cooling (and hence substantial through-thickness thermal gradients). Recent dilatometry experiments (on detached coatings) indicated [29]
that thermal cycling retarded the rate of shrinkage (even
though heating and cooling rates were relatively slow). This
suggests that some form of reversal of the microstructural
changes associated with sintering (e.g. rupturing of ﬁne diffusional bridges) may arise from the stresses created during
(rapid) heating and cooling, which would certainly be more
pronounced under service conditions than during those
experiments. This is an area requiring further work.
5. Conclusions
The following conclusions can be drawn from this work:
(a) YSZ coatings were produced on zirconia substrates
by vacuum plasma spraying. Through-thickness
shrinkage rates of these coatings, while attached to
the substrate, were measured at elevated temperatures and compared with those of the same coatings
when detached. Faster through-thickness shrinkage
was observed for the attached coatings.

(b) A model, based on the variational principle, has been
developed to treat the sintering of plasma-sprayed
coatings, when attached to rigid substrates. In-plane
elastic strains arise due to inhibition of the in-plane
shrinkage associated with sintering, and also from
diﬀerential thermal expansion when there are temperature changes and the substrate has a diﬀerent expansivity from that of the coating. Predictions from the
model are consistent with the experimentally
observed shrinkage behaviour for both free-standing
and attached coatings.
(c) The model has been used to explore predicted
changes in pore architecture during sintering, and
also the build-up and relaxation of global elastic
strains and stresses. Stress relaxation occurs in the
model by Coble creep and microcrack opening, as a
consequence of the reversal of the diﬀusion along
grain boundaries.
(d) Tensile stresses caused by inhibition of the (in-plane)
shrinkage associated with sintering retard the densiﬁcation rate. However, in the temperature range of primary interest, stress relaxation mechanisms operate
relatively quickly, so that this inhibition is not very
pronounced. Moreover, non-densifying (surface diffusion) sintering mechanisms are unaﬀected by
attachment to a substrate, and these mechanisms tend
to play a prominent role in the overall microstructural changes taking place. Rates of increase in thermal conductivity, and probably of stiﬀness, are
therefore expected to occur rather similarly with
free-standing and attached coatings (although it
may be that progression of the microstructural
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changes arising during sintering can be retarded in
gas turbine engines by the stresses generated during
rapid heating and cooling).
(e) While stored elastic strain energy levels in these coatings
arising from (in-plane) inhibition of sintering shrinkage
tend to remain low, those from diﬀerential thermal expansion can be high immediately after a temperature change,
particularly after cooling to a temperature at which stress
relaxation rates are slow. It has been shown that such
strain energies, when converted to strain energy release
rates per unit area for typical coating thicknesses, could
exceed the fracture energy of the interface, and thus make
spallation energetically favourable, particularly if the coating stiﬀness has been raised by sintering.
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