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ABSTRACT
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A mini-thesis submitted for transfer from MPhil to PhD

by Ruben Stranders

Mobile wireless sensors can play a vital role in achieving situational awareness in un-

certain and changing environments by keeping track of environmental phenomena, such

as temperature, gas concentration and radiation, that exhibit spatial and temporal cor-

relations. Examples of such environments are commonly found in disaster response,

where the safety and e�ectiveness of response units critically depends on the accuracy

of estimation of the state of the world. In these environments, mobile sensors operating

in a team can improve situational awareness by o�ering a high sensing resolution in a

timely and e�cient way. In order to do this e�ciently, however, they need to coordinate

their movements. This coordination is a challenging task, since the sensors operate in

an environment that is highly uncertain and dynamic, have a limited perception of their

surroundings, and have limited communication with adjacent sensors. Consequently,

coordination mechanisms need to address the challenges involved in maximising the col-

lective information gain of the entire team, in the presence of uncertainty and di�erent

world views. Previous work in this area has focused on the use mobile and �xed wireless

sensors for environmental monitoring, but fails to provide a principled online, decen-

tralised coordination mechanism for such settings.

In this report, we study the challenge of coordinating teams of mobile sensors for moni-

toring environmental phenomena. In order to do so, we review the literature on wireless

(mobile) sensor networks, information processing, target tracking, and localisation and

mapping. In particular, we focus on the key concept of adaptive sampling, which encom-

passes a set of techniques that aim to maximise information gain subject to movement

constraints and the limited resources at a sensor's disposal. Based on this review, we

present a general architecture for a sensor that makes a clear distinction between infor-

mation processing, information valuing and maximising information gain.
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In more detail, we show that the state of the art in adaptive sampling falls short of pro-

viding robust, scalable, decentralised coordination algorithms. To address these short-

comings, we develop two online, decentralised coordination algorithms for monitoring

spatial phenomena. The �rst algorithm operates in an un-negotiated coordination mode,

in which coordination is achieved exclusively through the exchange of observations; sen-

sors need not coordinate (negotiate) about the actions they are about to take, but base

their decisions solely on the picture of the state of the environment that they compiled

using their own observations and those received from their neighbours. This algorithm

is based on two techniques found in previous work. Firstly, Gaussian process regression

(Rasmussen and Williams, 2006; Osborne et al., 2008), which is used for processing the

raw observations obtained by the sensors and for predicting unobserved measurements.

Secondly, myopic information-theoretic control (as found in Grocholsky (2002)), which

is used for maximising the informativeness of the samples that are obtained by moving

the sensors to locations where the environment is more uncertain.

The second algorithm extends the �rst by adding a negotiation stage, which results

in negotiated coordination. This algorithm is based on the max-sum message passing

algorithm for decentralised control (Farinelli et al., 2008), which allows the sensors to

maximise a team objective function in a decentralised fashion. To make the max-sum

algorithm suitable for solving the mobile sensor coordination problem, we develop two

pruning algorithms that drastically reduce the amount of computation required. These

pruning algorithms are generic in the context of applying the max-sum algorithm, and are

thus not limited to the mobile sensor setting. Finally, we extend the negotiated algorithm

for sensors that are characterised by continuous control parameters (for example their

heading and velocity). To this end, we generalise the discrete max-sum algorithm to the

continuous case in which the interactions between sensors are characterised by continuous

piecewise linear functions.
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Chapter 1

Introduction

In disaster response, and many other applications besides, situational awareness (SA)

is of critical importance. Understanding what is happening and how the situation is

changing allows decision makers to choose the appropriate response to achieve their

mission goals. In our research, we intend to establish or improve situational awareness by

developing coordination algorithms for teams of mobile sensing robots or mobile sensors

(see Figure 1.1 for examples) in order to provide a good coverage of their environment

and to provide high sensing resolution of relevant events. In general, accurate and up-

to-date SA is especially important in uncertain environments that are subject to rapid

change and where the consequences of making decisions based on wrong or incomplete

information can be disastrous.

In more detail, a commonly accepted de�nition of SA is �the perception of elements in

the environment within a volume of time and space, the comprehension of their meaning,

and the projection of their status in the near future� (Endsley, 1995). Focusing on the

italicised words, we can distinguish between three stages of situational awareness: (i)

perception, (ii) comprehension, and (iii) prediction. Let us illustrate these three levels

in terms of a disaster response scenario: sensors achieve the �rst stage by collecting raw

measurements of the temperature, gas concentration, and any other relevant environ-

mental variables. This gives the sensors a low level of awareness of the current state

of the environment, the relevant phenomena within it, and their dynamics. The second

level of SA is achieved when the sensors attempt to comprehend their surroundings by

detecting patterns in their observations, and determining the relevance of these observa-

tions in terms of the goals of the mission of the emergency response units. An example

of a relevant observation is the detection of the presence of �ammable gas, which could

a�ect the mission goals signi�cantly. The third and �nal stage of SA is achieved when

the robots project their current picture of the world into the future. For instance, a

robot that detects an increase in gas concentration is not only capable of determining

that it is �ammable (which is achieved in the comprehension stage), but also that there

is an imminent risk of explosion.

9
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(a) A mobile ground robot (b) The Mars rover

(c) The Predator UAV (Unmanned Aerial Ve-
hicle)

(d) The Hummingbird UAV

Figure 1.1: Examples of mobile sensors.

Given this example, we believe that the use of teams of wireless mobile sensors can con-

tribute to great extent to the improvement of SA in dynamic environments,1 since they

are capable of delivering timely, detailed and relevant information to the decision makers.

Furthermore, since they operate completely autonomously, they require little human in-

tervention, and as such do not claim scarce human resources. Most importantly, though,

the use of mobile sensors reduces the need of exposing humans to hostile environments

(for example, Figure 1.1(b) and (c)), since they not provide vital information to decision

makers, but can also perform dangerous exploration tasks on their behalf. As a result,

the risk of injury and loss of life can be reduced.

Now, the reason for having these sensors operate in a team, instead of just as a collection

of individuals, is twofold. First of all, by coordinating their movements to converge on

the location of important events, the sensors are able to improve sensing resolution of

those events, while preventing redundant coverage of less important events. Second of

all, it allows the sensors to share information about their environment, which improves

their understanding of it, and increases their ability to perform their sensing tasks. So,

1In fact, this vision is shared by both the ALADDIN project (http://www.aladdinproject.org) and
the Centre for Robot Assisted Search & Rescue (http://crasar.csee.usf.edu), whose missions are to
use autonomous robots for information gathering in disaster response scenarios.

http://www.aladdinproject.org
http://crasar.csee.usf.edu
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as a result of the team coordination, the collective resources of the sensors are more

e�ciently exploited than in a non-cooperative, individual mode.

However, coordination within such a team of sensors creates a number of challenges.

In particular, these challenges arise from the fact that each sensor is likely to have a

di�erent perspective of its environment and the actions of the other sensors, since the

observation and communication range is limited in most practical scenarios. Speci�cally,

this means that each sensor needs to be able determine which information to exchange

with its neighbours, and to coordinate with them about when and where to move.

Against this background, the goal of our research is to develop algorithms for coordinating

a team of multiple mobile sensors to improve situational awareness. More speci�cally, we

focus on sensors that monitor environmental conditions in highly dynamic and uncertain

scenarios, such as those found in disaster response. As such, the sensors will provide

decision makers with the information they need to understand what is happening. More

speci�cally, the informal discussion above gives rise to two functional requirements:

Accuracy The picture that is compiled by the sensors should provide accurate situ-

ational awareness. As discussed above, this implies that they should be able to

detect the spatial and temporal patterns of the environmental phenomena in their

environment.

Relevance The sensors should be able to detect the most relevant events in the envi-

ronment. That is to say, the events that have signi�cant in�uence on the success

of the mission should be given more attention.

Apart from these functional requirements, we intend to develop algorithms that give a

team of mobile sensors the following non-functional properties as well:

Adaptiveness The scenarios for which the mobile sensors are intended are charac-

terised by their dynamism and inherent uncertainty. Consequently, the sensors

will have limited knowledge of the prevalent conditions in the mission area before

deployment. They must, therefore, be able to continuously adapt to the changing

environment to provide up-to-date SA, and determine what to do next in order to

improve SA. This involves continuously revising a model of the characteristics of

their environment to best re�ect the observations that have been made so far, and

being able to evaluate the outcomes of possible decisions.

Robustness Clearly, in the hostile scenarios associated with disaster response, physical

robustness of the sensors is essential. For instance, they should be able to withstand

high temperatures and impact from debris. However, and more relevant in the

context of our research, the sensors should also be able to operate under conditions

in which communication is very unreliable, for example due to electromagnetic
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interference or smoke. Moreover, the failure of a limited number of sensors should

have little impact on the operation of the remaining functioning sensors. More

generally, robustness refers to the ability of the sensors to sustain an acceptable

level of performance in the face of unexpected events.

Autonomy The sensors should have control over their own actions, without being gov-

erned by an external system. The reason for this is that in order to e�ectively

control the sensors such a system requires the observations of all sensors in one

place. The amount of communication required to achieve this quickly exceeds the

available bandwidth when increasing the number of sensors. Instead, each sensor

should be capable of making its own decisions, based on the world picture that it

has been able to compile from its own observations and communication with other

sensors. In other words, the sensors should be able to determine which actions will

achieve better situational awareness. Obviously, autonomy is related to robustness,

since autonomy means that there is no central control system that constitutes a

single point of failure. Having such a system would make the sensors highly vul-

nerable to the command link being severed. Moreover, autonomous sensors do

not require human attention, which is often a scarce resource in disaster response

situations.

Scalability It should be possible to scale up the size of a team of sensors in order to

adapt to large environments, such as large warehouses or large sections of airspace.

This property speci�cally refers to the ability of the coordination algorithms to

handle communication with a growing number of neighbouring sensors.

Modularity The composition of the team of sensors should be able to be tailored to

the requirements of the mission. Ensuring that di�erent types of sensors can co-

operate in a single team necessitates that the coordination algorithm does not

impose restrictions on the implementation of the sensors (e.g. whether the control

inputs of the sensors are discrete or continuous, the frequency with which they

take measurements, or whether the sensors are ground robots or unmanned aerial

vehicles).

Thus far, previous work on sensor networks and robotics has fallen short of providing

solutions that exhibit all these properties, and thus of providing an integrated approach

for monitoring environmental phenomena within dynamic environments with mobile sen-

sors (see Chapter 2 for more details). For instance, one branch of research focuses on

the deployment of �xed or mobile sensors under the assumption that the characteristics

of the environment are known beforehand, and that the environment can be considered

static during the time required to sample from it (Singh et al., 2007; Guestrin et al., 2005;

Krause et al., 2006; Zhang and Sukhatme, 2007; Meliou et al., 2007). In more detail,

these algorithms are typically geared towards solving a one-shot optimisation problem

in an o�ine phase and are therefore incapable of adapting to changing circumstances.
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Moreover, these algorithms do not model the temporal dynamics of spatial phenomena;

they consider how relevant phenomena in the environment varies in space, but not in

time. As a result, they cannot project the current state of the world into the future,

since knowledge of temporal dynamics is a sine qua non of prediction, thereby failing to

achieve the third state of SA. Finally, these algorithms are centralised. As mentioned

before, centralisation puts high demands on the communication network between the

sensors, because the observations gathered by the sensors need to be sent to a central

control system. More importantly, centralisation creates a single point of failure, thereby

increasing the vulnerability of the information stream, which is highly undesirable in hos-

tile environments. As a consequence, they violate the requirement that the sensors should

be autonomous, adaptive, and robust. As such, they are less suitable in our domain. We

will discuss these approaches in more detail in Section 2.5.1.

In contrast to these methods, a di�erent set of approaches is concerned with the use of

adaptive wireless sensors for environmental monitoring, in cases where the characteristics

of the environment are not known a priori (Kho et al., 2009; Padhy et al., 2007; Osborne

et al., 2008). However, this work tends to focus exclusively on static sensors, whose

presence is not guaranteed in disaster scenarios. Nevertheless, the techniques employed

in these approaches are useful in the context of our work, and will be discussed further

in Section 2.5.2.

Finally, there is a signi�cant body of research on mobile robotics for target tracking,

event detection and map building (e.g. Grocholsky (2002); Calisi et al. (2007); Murphy

et al. (2000); Ahmadi and Stone (2006)). These approaches are robust, modular, and

treat each robot as an autonomous decision maker. However, this work does not focus

on monitoring environmental parameters, or is exclusively geared towards monitoring

one speci�c type of phenomenon (Kato and Mukai, 2005; Lilienthal et al., 2003). This

in undesirable, because we wish to be able to monitor a wide range of environmental

phenomena. Nevertheless, in Section 2.5.2, we show the usefulness of the coordination

mechanisms employed in these approaches, and how they can be adopted in our work.

In the next section we outline how we will attempt to address these shortcomings in our

research.

1.1 Research Contributions

The ultimate aim of our research is to provide an integrated set of principled techniques

for coordinating multiple sensors for environmental monitoring. To this end, we intend

to develop algorithms that allow these sensors to operate in realistic and complex en-

vironments. Among these are algorithms that accurately model the environment in a

distributed manner, and coordination mechanisms that allow the sensors to exhibit the

aforementioned desirable properties.
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As a starting point, we have focussed on environments in which mobile sensors need to

monitor a single environmental phenomenon. For these environments, we have developed

novel solutions that exhibits the properties of accuracy, adaptiveness, robustness, scala-

bility, and autonomy. More speci�cally, we present the results of the research performed

so far: a set of novel online, decentralised coordination algorithms for teams of mobile

sensors in which path planning and modelling are simultaneously performed online. To

this end, we represent each sensor as an autonomous learning agent. These agents are

capable of making measurements, exchanging observations with other agents, modelling

both the spatial and temporal characteristics of the phenomena without prior knowl-

edge, and negotiating with their neighbours to reposition themselves in order to improve

SA. Moreover, because every agent controls its own movements using information it pos-

sesses locally, there is no central point of control, and the coordination mechanism is

decentralised.

More speci�cally the contributions of this report are as follows:

Un-negotiated Decentralised Coordination (Chapter 4) � An un-negotiated co-

ordination algorithm for online, decentralised path planning, where coordination

between sensors is established exclusively through the exchange of observations;

sensors need not coordinate (negotiate) about the actions they are about to take,

but base their decisions solely on their picture of the state of the environment. This

algorithm is based on two important techniques found in previous work. Firstly,

Gaussian process regression (Rasmussen and Williams, 2006; Osborne et al., 2008),

which is used for processing the raw observations obtained by the sensors and mod-

elling the environmental phenomena. Secondly, myopic information-theoretic con-

trol (as found in Grocholsky (2002); Grocholsky et al. (2005)), which is used for

maximising the informativeness of the samples that are obtained by moving the

sensors to locations where the environment is more uncertain.

Negotiated Decentralised Coordination (Chapter 5) � An extension to the pre-

vious algorithm, resulting in an negotiated coordination algorithm. This algo-

rithm is based on the max-sum message passing algorithm for decentralised control

(Farinelli et al., 2008), which allows the sensors to maximise a team objective func-

tion in a decentralised way. To make this algorithm computationally feasible to

solve the mobile sensor coordination problem, we develop two pruning algorithms

that drastically reduce the amount of computation required. These pruning algo-

rithms are generic in the context of the application of max-sum, and are thus not

limited to the mobile sensor setting.

Negotiated Coordination with Continuously Valued Actions (Chapter 6) �

A further extension to the negotiated algorithm for sensors that are characterised by

continuous control parameters. For example, sensors that are controlled by setting
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a heading and speed, instead of choosing from a �nite, discrete set of possible

actions. To this end, we develop a continuous version of the max-sum algorithm.

The work up till now has led to the publication of three papers, which form the basis of

Chapters 4, 5, and 6 respectively:

1. R. Stranders, A. Rogers, and N. R. Jennings. A Decentralised, Online Coordination

Mechanism for Monitoring Spatial Phenomena with Mobile Sensors. In Proceedings

of the Second International Workshop on Agent Technology for Sensor Networks

(ATSN), Estoril, Portugal, 2008.

2. R. Stranders, A. Farinelli, A. Rogers, and N. R. Jennings. Decentralised Coordi-

nation of Mobile Sensors using the Max-Sum Algorithm. In Proceedings of the 21st

International Joint Conference on AI (IJCAI), Pasadena, USA, 2009.

3. R. Stranders, A. Farinelli, A. Rogers, and N. R. Jennings. Decentralised Coordi-

nation of Continuously Valued Control Parameters using the Max-Sum Algorithm.

In Proceedings of the Eighth International Conference on Autonomous Agents and

Multi-Agent Systems (AAMAS-09), Budapest, Hungary, 2009.

1.2 Report Outline

The remainder of this report is organised as follows:

• In Chapter 2, we discuss related work. The �rst part of this chapter focuses on the

potential application domains in which our research can contribute. In the second

part, we review the techniques that have been employed in related work, determine

their de�ciencies in terms of our requirements, and identify the key techniques that

are adopted in our own work.

• In Chapter 3 we present a formalisation of the mobile sensor monitoring prob-

lem: we de�ne the layout of the environment in which the sensors operate, their

objectives, and the phenomena they monitor.

• In Chapter 4 we describe a greedy, un-negotiated algorithm for coordinating mobile

sensors. This algorithm has the predicate un-negotiated, because it achieves coor-

dination between sensors exclusively by sharing observations, and does not require

the sensors to communicate about the actions they are about to take. Moreover,

it is greedy, because sensors maximise their own immediate performance, and ig-

nore the e�ect of their actions on both the performance of other sensors, and their

own future performance. Despite this, however, we show in simulation that this

algorithm results in coordinated behaviour, and acceptable team performance.
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• In Chapter 5, we extend the algorithm from Chapter 4 to negotiated coordina-

tion mode, in which sensors negotiate about their joint movements through their

environment. In contrast to the un-negotiated algorithm, this algorithm enables

sensors to maximise the performance of the entire team, instead of only their indi-

vidual performance. We show that this results in increased performance compared

to the un-negotiated algorithm. The algorithm is based on the max-sum algo-

rithm (Farinelli et al., 2008) that maximises a team objective function through

local computation and message passing, and is thus fully decentralised.

• In Chapter 6 we investigate a further extension to the algorithm from 5, which

makes it possible to control sensors that are characterised by continuous control

parameters, instead of modelling the action space of the sensors as a �nite, discrete

set of possible moves. To this end, we generalise the discrete max-sum algorithm

to the continuous case.

• Finally, in Chapter 7 we present our conclusions and determine the steps that need

to be undertaken as part of future work.



Chapter 2

Literature Review

In this chapter, we will provide the background against which our research is positioned.

In order to do this, we will discuss previous work on sensor networks from two perspec-

tives: its intended applications and the algorithms and techniques that have been used

within it. In the �rst part of the chapter, we focus on the application dimension, where

we distinguish between the use of �xed and mobile sensors. We will see that, while �xed

sensor networks are suited for di�erent kinds of application scenarios, there is still su�-

cient similarity with the applications of mobile sensors to warrant an investigation into

the usefulness of their techniques for the purposes of our own research. In the second

part of the chapter, we highlight the technical dimension, in which we discuss the impor-

tant concept of adaptive sampling. This involves the maximisation of information gain

subject to the sensors' scarce resources, such as communication bandwidth and battery

power. More speci�cally, we will look at related work in terms of the three essential

questions that an adaptive sampling algorithm needs to address:

1. Information processing: how are individual samples processed to obtain a high-level

representation of the environment? (Section 2.3)

2. Valuing information: how should samples be ranked in terms of their informative-

ness? (Section 2.4)

3. Maximising information gain: how to control the sensors in such a way that the

total information gain of the wireless sensor network is maximised subject to limited

battery life and communication bandwidth? (Section 2.5)

Finally, we summarise the discussion and indicate which of the existing areas of research

will form the point of departure for our work, and the areas where new work is needed

in order to meet the requirements outlined in Chapter 1.

17
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2.1 Applications of Wireless Sensor Networks

The protocols and techniques we use in our approach are more broadly applicable than

to emergency response alone. In this section, we will therefore discuss the most promi-

nent applications scenarios of wireless sensor networks (WSNs). However, this section is

not intended to be an exhaustive overview of all the application domains where wireless

sensing technology is used. Instead, we will cover those applications that bear a simi-

larity to our work, or to which our work can contribute. In particular, we will focus on

sensing spatial phenomena (such as temperature, humidity and pressure), and on areas

related to disaster management (such as military surveillance and mapping of unknown

environments). The section is split up into three parts. In the �rst, we review the liter-

ature on applications of �xed wireless sensor networks. Next, we shift our attention to

robot-mounted or mobile sensors. Finally, we look at hybrid approaches, that use both

�xed and mobile sensors. This is a natural distinction to make, because the properties

of the applications of �xed sensor networks are inherently di�erent from those in which

mobile sensors are used. Nevertheless, we will explain why we believe that mobile sensors

could�under certain circumstances�prove to be worthwhile in the application domains

of �xed sensor networks, and how presence of a �xed WSNs can be exploited by a mobile

sensor network.

2.1.1 Fixed Wireless Sensor Networks

Fixed WSNs consist of small, energy e�cient and relatively cheap sensor nodes. These

nodes can sense a wide range of phenomena, from light intensity and temperature, to

biological agents and gas concentration. They can be easily deployed at low cost without

the need of an existing (wired) communication infrastructure, can perform their tasks

largely unsupervised, and can provide �ne grained monitoring. These properties have

led to their application in a wide range of domains.

For example, WSNs have been successfully exploited in agriculture, climate change re-

search, military surveillance, and environmental control. In more detail, the application

of wireless sensing in agriculture has led to better insights into various agricultural pro-

cesses on a micro-scale (Zhang, 2004; Edordu and Sacks, 2006; Galmes, 2006; Langendoen

et al., 2006; Wark et al., 2007) (see Figure 2.1(c)). In crop cultivation, for example, the

availability of detailed and localised information about humidity, temperature and sun-

light allows farmers to administer insecticides more e�ectively, to irrigate crops more

evenly, prevent the spreading of diseases, and better predict crop yields, thus saving

time, money, and environmental damage.

Related to agriculture, environmental monitoring has also seen the successful application

of WSNs. Here, WSNs are used to deliver data about highly localised environmental

phenomena to ecologists, climatologists and geologists. For instance, WSNs have been
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used in climatic change studies, for example by monitoring the climate on a micro-scale,

such as the dynamics of glaciers over a long period of time (Padhy et al., 2007; Hart et al.,

2006) (see Figure 2.1(a)), monitoring and detecting �oods (Kho et al., 2009) (Figure

2.1(a)), monitoring animals and the micro-climates within their habitats (Szewczyk et al.,

2004), and local weather and tide predictions (Osborne et al., 2008). For a general

overview of the use and bene�ts of sensor networks for environmental monitoring, refer

to Hart and Martinez (2006) and Rogers et al. (2009).

On an even smaller scale, wireless sensor networks have been applied in environmental

control of �intelligent buildings�. At the Intel Berkeley Research Lab, for example, a

network of sensor nodes has been deployed that measures the light intensity, humidity,

and temperature within the building at regular intervals.1 This data can be subsequently

used as input for sophisticated control systems for heating, ventilation, air conditioning

(HVAC) that allow �ne-grained adjustments of the building's climate (Deshpande et al.,

2005a). In doing so, the consumption of electricity can be reduced, with the same or

higher comfort level for the building's inhabitants.

The use of �xed wireless sensors has also been suggested for detecting moving targets in

military and security domains (e.g. Dash et al., 2005; Vargas et al., 2003). In such cases,

the nodes of the WSNs are equipped with range and bearing sensors that allow them to

localise a moving target. Measurements from multiple sensors are then combined (fused)

together to improve the accuracy of the resulting position estimate.

Finally, in disaster response, WSNs are used in various ways. For example, wireless

sensors can be used to gather data as input for �ood prediction models (Mandal et al.,

2005), localise victims after a building collapse by triangulating mobile transmissions

emanating from their location (e.g., from mobile phones), detect seismic activity, and

determine the structural integrity of a building (Fujiwara et al., 2004; Kurata et al.,

2006). There is also a branch of research that investigates the use of wireless sensor net-

works to improve situational awareness to emergency services. For example, Sha et al.

(2006) propose a wireless sensor network architecture, in which �re�ghters are equipped

with wireless sensing equipment. The sensors continuously track the location of the �re-

�ghters, monitor their actions and keep track of the environmental conditions within

the disaster area. The obtained data is then transferred to a command centre, where

centralised resource allocation and scheduling take place. With similar requirements in

mind, Klapwijk (2005) developed a distributed communication and task allocation archi-

tecture for assisting �re�ghters with collecting and disseminating relevant information

through a network of devices that are carried by emergency response personnel. Finally,

we would like to refer the interested reader to an entertaining perspective on the future

potential of WSNs in disaster response and prevention by Elson and Estrin (2004).

1See http://db.csail.mit.edu/labdata/labdata.html

http://db.csail.mit.edu/labdata/labdata.html
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(a) A sensor node for detecting �oods
(source: http://envisense.org/floodnet/

deployment.htm)

(b) The Briksdalsbreen glacier in Norway
that is monitored by a large-scale WSN
(source: http://envisense.org/glacsweb/

photos/briks-panos/index.html

(c) A sensor for measuring moisture levels in
soil (source: http://images.businessweek.

com/ss/08/12/1205_sb_drought/8.htm)

Figure 2.1: Examples of deployment scenarios for WSNs

http://envisense.org/floodnet/deployment.htm
http://envisense.org/floodnet/deployment.htm
http://envisense.org/glacsweb/photos/briks-panos/index.html
http://envisense.org/glacsweb/photos/briks-panos/index.html
http://images.businessweek.com/ss/08/12/1205_sb_drought/8.htm
http://images.businessweek.com/ss/08/12/1205_sb_drought/8.htm
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In this section, we have reviewed the applications of WSNs, with an emphasis on envi-

ronmental monitoring and disaster response. The fact that these WSNs serve multiple

purposes in this area shows the relevance of �xed WSNs in our intended application area,

and a range of application scenarios for our own work. However, it cannot always be

assumed that a �xed WSN is present in the scenarios where they could play a vital role.

In such cases, the use of mobile sensors could present a more �tting solution. This will

be discussed in the next section.

2.1.2 Mobile Wireless Sensor Networks

Mobile wireless sensor networks consist of sensors mounted on mobile autonomous robots.

These robots can range from mobile ground robots, to small helicopters or �xed wing

aircraft; where the latter two are usually referred as Unmanned Aerial Vehicles (UAVs)

(for examples, see Figure 1.1). The bene�ts of having mobile sensors in patrolling in a

dynamic environment are clear: they can be the eyes and ears of decision makers, and

provide them with the tools to make more informed decisions. In a sense, they perform

the tasks of a �xed WSN where none is available. More importantly, by patrolling the

area and taking measurements at di�erent locations, a small number of mobile sensors

are able to achieve an equivalent spatial resolution to a large �xed WSN. Moreover,

they can autonomously deploy themselves in a timely manner, which is very desirable

property when time is of the essence, such as in disaster response.

For example, in reconnaissance and surveillance, mobile robots equipped with sensors are

used for target tracking, exploration, and localisation. In particular, Grocholsky (2002)

and Grocholsky et al. (2003, 2006) have shown the e�ectiveness of using teams of mo-

bile robots for tracking targets. These teams consist of autonomous ground robots and

unmanned aerial vehicles, that coordinate their actions to improve tracking accuracy.

Within this context, Makarenko and Durrant-Whyte (2006) present a generic framework

for the overarching task of information gathering. This framework allows di�erent types

of robots, equipped with various kinds of sensors, to work together to collect information

about multiple entities within the environment. They show how the framework can be

instantiated for the task of multi-robot target tracking and demonstrate its e�ectiveness

in an example tracking scenario. Ahmadi and Stone (2006) also develop an approach

for multi-robot patrolling to maximise event detection, such as intrusions or �res. Fi-

nally, Agmon et al. (2008) present an centralised control algorithm for multiple sensors

for perimeter control in the presence of di�erent types of adversaries. Their problem

formulation is interesting, because unlike our model, it assumes that the environment

reacts strategically to the actions of the sensors. In future work, we intend to adapt the

algorithms developed in this report to provide a decentralised solution to this problem.

Somewhat similar to patrolling, simultaneous localisation and mapping (SLAM) is an-

other application of mobile robotics. In the intended scenarios, mobile robots equipped
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with laser range �nders are introduced into an uncharted environment. Working in co-

operation, the robots create a map of the environment, while at the same time keeping

track of their location relative to the environment (Stachniss et al., 2005). In a similar

vein, Roy et al. (1999) use a mobile robot as a tour guide in a museum, that, in or-

der to perform its task, must avoid the visitors, and keep track of its location. Mobile

robots have also been used for patrolling through an environment, and detecting poten-

tial intruders (Grace and Baillieul, 2005). Clearly, these techniques are relevant to our

work, since mobile sensors in dynamic environments are often not only uncertain about

the environmental variables within them, but are also faced with uncertainty about the

physical layout of their environment.

In disaster management itself, which is our running example of these dynamic environ-

ments, the use of mobile robots can reduce the need for exposing humans to hostile

environments. For instance, mobile robots can be employed to trace the source of a gas

leak (Kato and Mukai, 2005; Lilienthal et al., 2003), and on a longer term, researchers

even intend to perform search and rescue tasks with robots (Calisi et al., 2007; Murphy

et al., 2000).

Clearly, in all these previous examples, mobility is a requirement of the tasks the sen-

sors are performing. In all of the aforementioned applications, no existing �xed wireless

sensor network is available, and the inherent time constraints, uncertainty and possible

hostility associated with the environment make a manual deployment of a WSN impos-

sible. However, the use of mobile sensors is not limited to dynamic and time constrained

scenarios such as disaster management. Their use has also been suggested in areas that

are too large to be able to obtain su�cient resolution with �xed sensor nodes in a cost-

e�ective manner, or where the terrain makes deployment of mobile sensors easier than

the deployment of �xed WSNs.

A good example that combines the former and the latter is the Networked Infomechan-

ical System (NIMS) (Rahimi et al., 2004; Pon et al., 2005a,b). NIMS is a single sensor

suspended on a wire, that can move horizontally and vertically to sense within a vertical

plane. It has been used to measure wind speeds and other micro-climate dynamics in

forests, and take pH measurements in a cross-section of a river (Krause and Guestrin,

2007). In a similar fashion, autonomous sensing boats have been used to collect mea-

surements to monitor a wide range of pertinent biological phenomena (Dhariwal et al.,

2006; Zhang and Sukhatme, 2007; Singh et al., 2007; Meliou et al., 2007). The main

bene�t of both NIMS and these boats is that they can provide a theoretically in�nite

spatial resolution even with only a single sensor. Moreover, their deployment in these

environments is much less cumbersome than that of a WSN with similar sensing resolu-

tion (speci�cally in a body of water). However, as we will see in Section 2.5, controlling

these sensors such that they achieve the desired resolution, particularly in a decentralised

fashion, is far from trivial.
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2.1.3 Hybrid Approaches

In some application domains, mobile sensing robots can bene�t from the presence of a

�xed WSN, and vice versa. To illustrate this within the context of the example given in

the introduction, suppose that a sophisticated environmental control system has been in-

stalled in the building that uses a WSN to monitor the environmental conditions. Mobile

robots deployed within the building can connect to this WSN to receive its observations.

As a result, the coverage and spatial resolution obtained by the collection of sensors is

increased.

Zhang et al. (2005) propose a solution for city-wide monitoring based on this idea. It

involves a combination of �xed and wireless sensor nodes for creating a city-wide sensor

network to detect nuclear, biological and chemical attacks. In order to enhance resolution,

their solution aims to complement a network of �xed sensors (which are already present

in some cities) with sensors that are mounted on taxis, ambulances, and autonomous

helicopters, or that are worn by patrolling police o�cers. Using wireless LANs that are

available throughout the city, the sensors periodically send their data to a command

centre, from which further action can be taken.

The converse, in which mobile robots are utilised to enhance �xed wireless sensor net-

works, has also been studied in the literature. For example, Pereira et al. (2004) propose

the use of a mobile robot for collecting measurements from sensors with a very limited

communication range. This robot visits each sensor in turn, downloading the measure-

ments from the sensors to its own memory for later use. LaMarca et al. (2002) also use

a mobile robot to provide various services to a WSN, such as recharging their batteries,

redeploying them based on the changed requirements of the environment, and recalibrat-

ing them. This last service is especially important in WSNs, because without frequent

calibration, the measurement error of the nodes will increase (or drift), making their

measurements increasingly unreliable and even unusable. However, manual calibration

is often found to be a labour-intensive task, which the use of this mobile robot can

alleviate.

We can relax the requirement that mobile robots are purely used as �maintenance men�

for redeploying �xed WSNs, as proposed by LaMarca et al., by equipping the robots

themselves with sensors, and allowing them to build their own �xed WSN. This WSN

can ensure a more permanent coverage of important areas of the environment, while

the mobile robots continue their exploration. A similar idea is exploited by Nguyen

et al. (2004), who propose the use of small wireless relay nodes that are deployed by

a mobile robot. These relay nodes are used to maintain a command link between the

mobile robot and a base station outside the environment. Similarly, augmenting these

nodes with the capability of sensing their environment could improve sensing resolution

as well as communication reliability. We believe this could be an interesting extension

that deserves further investigation in future work.
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This concludes our overview of the applications of WSNs. There are a few important

conclusions that should be drawn from this discussion. First of all, WSNs serve in a wide

spectrum of applications within environmental monitoring, demonstrating the relevance

of our �eld of interest. Second of all, and, more importantly, mobile sensors can play a

vital role in time constrained scenarios where no �xed WSN is available, or where the

environment is simply too large to be e�ectively covered by a permanent deployment of

a �xed WSN.

In light of the requirements laid down in the introduction, mobile WSNs are decidedly

more adaptive and robust than their �xed counterparts. Especially in hazardous and

dynamic environments, mobile WSNs can increase situational awareness, where the de-

ployment of �xed sensors networks would not be possible or would be too dangerous.

2.2 Adaptive Sampling

In the previous section, we focused on the applications of WSNs. In other words, we

reviewed what these networks are used for. In the second part of this chapter, we move

on to how these WSNs perform their tasks. Thus, we review several technical aspects of

wireless sensor networks, and analyse them from the perspective of the requirements in

Chapter 1.

As explained in Chapter 1, the research proposed in this work falls within the �eld of

adaptive sampling (Kho et al., 2009; Zhang and Sukhatme, 2007; Zhou et al., 2006).

Informally, adaptive sampling can be thought of as �intelligent sampling�. Generally

speaking, it is not su�cient to simply deploy a set of sensors and let them sample at a

�xed rate. In most dynamic environments, the rate of change varies with time. In such

cases, �xed rate sampling will allocate an equal amount of samples to the intervals in

which the environment is changing rapidly, as to the intervals in which the environment

is fairly static. In so doing, the number of informative samples that can be collected is

suboptimal. So, instead, each sensor needs to carefully decide when and where to sample

in order to best allocate its resources. Given this, we de�ne adaptive sampling as:

De�nition 2.1 (Adaptive Sampling). Selecting observations in space, time or both, as

to maximise information gain by the entire WSN, subject to movement constraints and

scarce resources such as communication bandwidth and battery power.

In the introduction, we decomposed the problem of adaptive sampling into three sub-

challenges: information processing, valuing information, and maximising information

gain. Figure 2.2 shows how these three sub-challenges are addressed by di�erent compo-

nents inside a sensor node:
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Figure 2.2: A general architecture for a sensor node.

1. Information processing. Samples collected by the sensor, either through sensing or

communication with others, are processed into a model of the phenomenon.

2. Valuing samples. Samples that are considered for collection are valued (ranked) in

terms of their potential to increase situational awareness.

3. Maximising information gain. The sensor decides which action to take next to max-

imise the value of collected samples. Here, the sensor is not necessarily concerned

with maximising the value of the sample it collects itself, but rather with max-

imising the values of those samples that the team decides to collect. To identify

the optimal action, the sensor uses the value of potential samples, and (option-

ally) negotiation with other sensors. The question of whether or not the sensors

should negotiate (i.e. explicitly coordinate) and the challenges involved with such

negotiation are the subject of Section 2.5.3.

The next three sections highlight each component in turn. However, in the remainder of

this section we classify related work based on the dimension along which is sampled. In

more detail, algorithms can take samples over time (temporal sampling), space (spatial

sampling), or both (spatio-temporal sampling). The dimensions along which samples

are taken determines to a great extent the techniques that are used, and it is therefore

important to make this distinction. Moreover, as we have discussed in the introduction,

the degree of situational awareness is highly dependent on the availability of both spatial

and, especially, the temporal dynamics. Speci�cally, in order to achieve the third stage

of situational awareness�prediction�the temporal dynamics are required to project the

current state of the world into the future. Therefore, a good model of the temporal

dynamics of phenomena is of vital importance.
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2.2.1 Spatial Adaptive Sampling

Generally speaking, spatial adaptive sampling includes two distinct sets of approaches.

The �rst consists of algorithms for calculating informative placements for �xed sensors.

The second contains approaches that use mobile robots to sample from a static environ-

ment, or environments that are changing so slowly that they can be considered static

whilst the samples are collected.

In the �rst set of approaches, concerning �xed sensor placement, the challenge of calcu-

lating informative locations has been thoroughly researched by Guestrin et al. (2005). In

this approach, the spatial correlations within an environment are assumed to be known.

These correlations describe the relations between measurements taken in space, and de-

termine the way in which the environment varies over space. For example, the spatial

correlations between temperature measurements in a pond will be smaller on the sur-

face, where the water is exposed to the air, than at the bottom. Now, the algorithm by

Guestrin et al. uses correlations that are learnt during an initial deployment of a large

number of sensors. Next, their algorithm selects an informative subset of these sensors,

after which the rest are removed to reduce cost. Krause and Guestrin (2005) study sev-

eral budget-restricted cases of the problem, in which a certain cost is associated with the

deployment of a sensor. In particular, Krause et al. (2006) extend this work by taking

communication cost into account, thereby making an explicit trade-o� between the infor-

mativeness of a potential sensor location, and the expected cost of sending measurements

to a base station.

Now, while these techniques fail to give proper attention to the temporal dynamics of

the environment from which they sample, the challenge of placing �xed sensors in space

is similar to positioning mobile sensors in space-time, without considering the move-

ment constraints of the sensors. In fact, in Chapter 4, we adapt these sensor placement

algorithms for controlling the mobile sensors' movements.

The second set of approaches tackles the challenge of sampling static environments with

mobile robots. Since these environments change very little or not at all, the temporal

correlations between measurements can be ignored. For instance, Rahimi et al. (2004);

Pon et al. (2005a,b) and Krause and Guestrin (2007) have used the NIMS architecture

(see Section 2.1.2) to collect samples in forests and rivers. Since the environmental

conditions within these environments vary slowly relative to the time needed to take the

required samples, the environment is considered to be static during sampling. Along

the same lines, Singh et al. (2007) and Zhang and Sukhatme (2007) use robotic boats

to sample in bodies of water with prior knowledge of the spatial correlations of those

environments. As we will see later in Section 2.5.2, this knowledge allows them to pre-

compute paths along which informative samples are likely to be taken.
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Since the environment is not changing, or negligibly so, all these approaches attempt

to avoid visiting the same (general) location twice, because no new information can be

obtained by doing so. It is important to note that this is not necessarily a good strategy

in the dynamic environments we are concerned with in our research, since the conditions

within these environments are likely to change after a sensor has moved through it.

Consequently, in our work, we do not prevent sensors from revisiting previously sampled

locations; on the contrary, we explicitly encourage sensors to do this once su�cient time

has passed and the environment is expected to have been changed signi�cantly. These

considerations lead to the necessity of taking into account the temporal dimension of

sampling.

2.2.2 Temporal Adaptive Sampling

As suggested before, many environments do change over time, and thus the assumption

that the environment is static does not hold. This is either caused by the fact that sensors

are deployed for a longer time in moderately changing environments, or in environments

where the phenomena are changing at a high rate. Examples of the former case are found

in environmental monitoring when the mission time is su�ciently long to detect the e�ect

of the day-night cycles or, on a longer time-scale, a seasonal change. Notable examples

of the latter case include military surveillance and disaster scenarios. However, in both

cases, samples must be carefully scheduled over time in order to sample e�ciently from

them; sampling at a constant rate wastes resources in periods where the relevant variables

are changing slowly, and result in less-than-optimal sampling resolution at times when

they are changing rapidly.

In tide prediction, for example, Kho et al. (2009) take this rate of change within the

environment into account when creating a sampling schedule at the beginning of the day.

Their planning algorithm considers the amount of energy left in the sensor's battery, and

the amount of information that can be collected at di�erent times of the day, based on

past experience. At intervals when the tide is expected to come in, the water height

will change quickly, and the sampling frequency is increased. In contrast, Osborne et al.

(2008) do not explicitly schedule sampling times, but instead only decide when the next

sample should to be taken. This decision is based on the rate of change that has been

detected from samples taken by both the sensor itself, and the other sensors with which

it communicates. Padhy et al. (2007) take a similar approach, and have each sensor

schedule a new measurement at times when its information value is expected to exceed

the average information value of the last few measurements.

The key lesson that should be learnt from these approaches, is that the sample rate

should be adjusted to the rate at which the environment is changing. Translated to a

mobile sensor setting, this implies that the robots should take more samples when or



Chapter 2 Literature Review 28

where the environment is changing rapidly (for example in the parts of a building that

are on �re), and take less samples when or where it is not.

2.2.3 Spatio-temporal Adaptive Sampling

Thus far, we have considered sensors that model either the spatial or temporal dynamics

of their environment, but not both. However, recall the de�nition of situational awareness

given at the start of the Chapter 1. This de�nition stresses the importance of perceiving

elements in space and time. So, unlike the applications of mobile sensors discussed in

Section 2.2.1, it is not always justi�ed or prudent to consider the environment to be

static during the time it takes for sensors to sample from it. This is either caused by

the fact that an environment is highly dynamic, and thus changes rapidly, or by the

fact that the sensors can only cover cover a small fraction of the environment at a given

time, and consequently require a long time to traverse it. In the latter case, even if the

environment changes slowly, conditions might have changed signi�cantly by the time the

sensors have performed a single sweep through it. In other words, in these environments,

time is a variable that simply cannot be neglected. This means that mobile sensors need

to be able to determine how to sample in space-time in order to be able to reconstruct

the dynamics of the underlying phenomenon. As a result, it might be necessary to revisit

locations in order to keep track of these dynamics.

Our contributions presented in this report fall within this category of spatio-temporal

sampling. The disaster scenarios that provide the motivating examples for this work are

characterised by both uncertainty and dynamism. Consequently, the sensors are aware

of the fact that the environment around them is changing and thus they need to keep

track of these changes. We will discuss the way in which these dynamics are modelled

and how this in�uences the scheduling of future sampling locations in Sections 2.3 and

2.5.

Apart from our own work, we are aware of the application of spatio-temporal sampling in

gas source tracking (Kato and Mukai, 2005; Lilienthal et al., 2003; Zhang et al., 2005) and

target tracking (Grocholsky, 2002; Grocholsky et al., 2006). Whereas these approaches

are very relevant to our own objectives, and our work is even inspired by them, they

are fairly speci�c to their application domain. We intend to develop techniques for

monitoring and reconstruction environmental phenomena in general, and not focus on

just a single one. Therefore, the work by Osborne et al. (2008) is highly relevant to our

work, because they model both the spatial covariance between measurement taken by

multiple �xed weather sensors as well as the temporal covariance that exists between

measurements taken by a single sensor. In order to do so, they utilise the versatile

Gaussian process (GP) (see Section 2.3.2), which allows for a wide range of phenomena

to be modelled. We come back to the GP in Section 2.3.2.
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Meliou et al. (2007) approach the problem from a more generic point of view, in which

no assumptions are made about the type of the phenomenon. In their work, time is

discretised into time slices (or epochs), during which the phenomenon is assumed static.

Samples gathered during previous time slices are used to improve prediction accuracy for

current and future time slices. However, for the assumption to hold that the phenomenon

is static during a single time slice in very dynamic environments, the length of each time

slice has to be short. As a result, mobile sensors need to traverse the environment very

quickly to prevent low prediction quality. Clearly, this is not always possible. This is

especially true since the authors impose the requirement that the robots need to return

to a base station at the end of every time slice. While this approach is attractive and

bears similarity to our own, we believe that this assumption is too strong.

To sum up, in order to achieve situational awareness in a dynamic environment, we

strongly believe that neither the temporal, nor the spatial dynamics that govern the

monitored phenomena can be neglected. On the one hand, focusing solely on the spatial

correlations might give an accurate picture of the current state of the world, but not of

what will happen in the near future. On the other hand, being able to predict what will

happen in only a small area of the environment results in an incomplete spatial picture

of the world. Clearly, making decisions based on either spatially or temporally de�cient

situational awareness exposes the decision maker to risks.

2.3 Information Processing

In the previous section, we o�ered a classi�cation of existing work in terms the types of

dynamics that are taken into consideration by di�erent methods of adaptive sampling.

However, the question of how sampling points are selected still remains unaddressed.

In the introduction, we decomposed the problem of adaptive sampling into three com-

ponents: information processing, valuing information, and information maximisation

(see Figure 2.2). In this section, we will address the �rst component�information

processing�by looking at how the obtained samples are aggregated and transformed

into a high-level representation of the phenomenon.

Speci�cally, we will �rst focus on the use of regression to detect patterns in the raw

sensor measurements. As discussed in the previous section, these patterns are required

to predict (or extrapolate) the future state of the world. More speci�cally, we discuss the

two types of regression that are commonly found in adaptive sensing: linear regression,

and the more powerful Gaussian process regression. The latter will receive some more in-

depth coverage, because of the relevance to our own work. Finally, we discuss techniques

that do not fall in either category, but which are, nevertheless, relevant to our work.



Chapter 2 Literature Review 30

2.3.1 Linear Regression

Linear regression models a phenomenon by a collection of linear relations between the

explanatory variables (such as time and location) and the variable of interest (such

as temperature or gas concentration). Its attractiveness stems from its simplicity and

computational e�ciency. For this reason, Kho et al. (2009) employ linear regression to

obtain a piecewise linear approximation of the relation between time and water height

in their �ood monitoring system. Linear regression is also employed in environmental

monitoring by Padhy et al. (2007). However, the environmental variables in their setting

(i.e. temperature and pressure) are characterised by their non-linear relation with time.

Consequently, Padhy et al. model these variables with piecewise linear functions, whereby

Bayesian inference is used to decide whether the newly obtained sample can be su�ciently

explained by the current regression model, or whether the sample represents a change

point and the model needs to be discarded in favour of a new one. In the latter case, a new

line segment is added to model the phenomenon. In the two-dimensional (spatial) case,

Zhang and Sukhatme (2007) employ linear regression to model temperature variations in

a body of water, where temperature measurements are expected to be inversely correlated

to the distance between the locations at which they were taken. As we will see, this

is equivalent to using a Gaussian process with a linear regression covariance function

(Rasmussen and Williams, 2006, Sections 2.1.1 and 4.2.2).

Although linear regression is attractive due to its simplicity and its low computational

cost, it lacks universal applicability; many real-life phenomena are governed by (strongly)

non-linear relations. Moreover, in light of the requirements de�ned in Chapter 1, we do

not wish a regression method to restrict the class of phenomena our research is applicable

to, even if this results in less e�cient algorithms. That said, we believe that we should

allow for a more �exible type of regression, and, if necessary, re-evaluate our choice at

a later stage. With this in mind, we will see that the Gaussian process described in the

next section provides a more suitable alternative.

2.3.2 Gaussian Processes

Gaussian processes (GPs) provide a more �exible way of performing regression than

linear regression, because they are capable of performing regression over large classes

of functions, and are therefore not limited to (piecewise) linear functions alone. In this

section we will o�er a basic introduction to the Gaussian process. First, we will explain

its basic properties, and describe the important role played by the covariance function.

Then, in Section 2.3.2.1, we explain how a GP is �tted to observations made by a sensor

when the parameters of the covariance function are known. Next, in Section 2.3.2.2

we relax this assumption, and discuss techniques that are capable of inferring these

parameters from data. Finally, in Section 2.3.2.3, we discuss the use of the GP in related

work, and we explain how its adoption impacts our own work.
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Before we continue with the speci�cs of the GP, however, we will de�ne some of the

notation that will be used throughout this report. Let the process y = f(x) denote the
relation between a D-dimensional input-vector x ∈ RD, and an output variable y ∈ R.
Moreover, let {(xi, yi)|i = 1 . . . n} denote a set of input-output pairs, which represent

the observations of this process f . This set is commonly referred to as the training set.

Furthermore, variables subscripted with a ∗ (such as x∗) relate to predictions (or test

data): y∗ denotes the predicted function value for (possibly unobserved) input-vector x∗.

Finally, we denote the n-dimensional vector of all collected outputs yi as y, and collect

the n inputs xi in a D × n matrix X.

Now, Rasmussen and Williams (2006) de�ne the GP as:

De�nition 2.2 (Gaussian process). A Gaussian process is a collection of random vari-

ables, any �nite number of which have a joint Gaussian distribution.

It is well-known that a �nite set of jointly Gaussian random variables is fully determined

by their mean µ and covariance matrix Σ.2 Now, given this fact, we can generalise these

de�nitions of mean and (co)variance to an in�nite set of variables, and fully determine

a Gaussian process by a mean function m(x) and covariance function k(x,x′):

m(x) = E[f(x)]

k(x,x′) = E[(f(x)−m(x))(f(x′)−m(x′))]

where E[X] is the expectation of random variable X. Note that the covariance function

k determines the covariance between two outputs of f as a function of their associated

inputs x and x′. Now, if both m(x) and k(x,x′) are given, we have a prior over the

function f . This prior de�nes a probability distribution over possible functions, when no

knowledge about input-output pairs of the function are available. However, if we also

have access to input-output pairs {(xi, yi)|i = 1 . . . n} of the function f (the training

data), we are able to incorporate this additional knowledge into the Gaussian process,

and improve the accuracy of predictions about the function values y∗ (the test data)

at unobserved locations. Here, we exploit the fact that the prior joint distribution of

[y,y∗]> is multivariate Gaussian:

[
y

y∗

]
∼ N

(
0,

[
K(X,X) K(X,X∗)
K(X∗, X) K(X∗, X∗)

])

where the matrices K(X,Y ) are obtained by evaluating the covariance function k for all

pairs of columns from the matrices X and Y . So, K(X,X) is the covariance matrix for

all pairs of training points, and the matrix K(X,X∗) contains entries that specify the

2Refer to Appendix A.1 for the mathematical background on the Gaussian distribution that is used
throughout this section.
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correlation between all pairs of training and test points. The posterior distribution of

y∗ given y can now be easily obtained from Bayes' theorem, using the properties of the

Gaussian distribution (see Appendix A):

P (y∗|X∗, X,y) = N (µ,Σ)

where mean vector µ, and covariance matrix Σ are obtained by:

µ = K(X∗, X)K(X,X)−1y (2.1)

Σ = K(X∗, X∗)−K(X∗, X)K(X,X)−1K(X,X∗) (2.2)

Note that the predictive mean of y∗ is a linear combination of training inputs y, and its

covariance has been decreased. Also, it is important to note that the covariance of y∗
does not depend on the actual observations y, but only on their input vectors X. Put

di�erently, if the covariance function is known, the covariance of the predictions depends

only on the locations where the samples y have been obtained, not on the values of the

samples themselves. As we will see later, this is a property of GPs that is exploited by

algorithms that calculate informative placements of �xed sensors, without the need for

actual sampling.

In the Gaussian process, the covariance function k(·, ·) plays a critical role; it determines

the covariance between two sample points of the process f and thus it restricts the class

of functions over which the Gaussian process performs regression. To demonstrate this

with an example, and show the versatility of the Gaussian process, a simple version of the

local linear regression model discussed earlier can be obtained by using the covariance

function:

k(x,x′) = σ2
0 + x · x′ (2.3)

This corresponds to putting a N (0, 1) prior on the weights of the elements of x, and a

prior of N (0, σ2
0) on the intercept of the linear function (Rasmussen and Williams, 2006,

Section 4.1). Put di�erently, local (linear) regression is a special case of the Gaussian

process.

However, for non-linear relations, the squared exponential covariance function is a more

typical choice; it models the correlations between two sample points for a large class

of smooth, non-linear functions. Here, the covariance between outputs is inversely pro-

portional to the distance between their corresponding inputs. In its simplest form, the

function is de�ned as:
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(a) A function drawn from a process with equal length-
scales along both dimensions.
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(b) A function drawn from a process with a longer
length-scale along the y dimension than along the x di-
mension. Note that the process now varies less rapidly
along the y dimension.

Figure 2.3: Two bi-variate functions drawn from GPs with a squared exponential
covariance function, showing the e�ect of varying the lengthscales.

k(x,x′) = exp
(
−1

2

∣∣x− x′
∣∣2) (2.4)

The use of this covariance function leads to very smooth processes. This is due to the

fact that it is in�nitely di�erentiable, resulting in in�nitely mean-square di�erentiability

of the process (Rasmussen and Williams, 2006, Section 4.2.1). Moreover, the process will

exhibit the same characteristics over each of its input dimensions. That is, the process

is insensitive to translation and rotation. Such a process is called stationary. For many

processes encountered in reality this might not apply, in which case a transformation ma-

trix P = diag(l21, . . . , l
2
D) is introduced, and |x− x′| is replaced by (x−x′)>P−1(x−x′).

The entries l21,. . . ,l
2
D, scale the dimensions of the input vector x independently.3 De-

pending on the type of dimension to which they apply, these entries are more commonly

referred to as length-scales or time-scales. Generally, the more gradually the modelled

phenomenon varies over an input dimension, the longer length-scale for that dimension,

and vice versa. To put this in the context of sensor networks, the individual scales al-

low us to model processes that are strongly correlated along one input dimension, while

weakly correlated along another. To illustrate this, Figure 2.3 shows an example of the

e�ect of varying the lengthscales in a two-dimensional process.

A third often-encountered class of covariance functions is the Matérn. Whereas the use

of Squared Exponential leads to in�nitely mean-square di�erentiability of the process,

the Matérn class makes it possible to explicitly control the di�erentiability of the process

3Note that for li = 1 for 1 ≤ i ≤ D, the numerator of the exponent becomes the square of the Eu-
clidean distance between the two vectors, in which case the resulting GP exhibits the same characteristics
over all input dimensions.
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through the variable v. In fact, the process is k times mean-square di�erentiable i�

v > k:

k(r) = σ2
f

21−v

Γ(v)

(√
2vr
)v
Kv

(√
2vr
)

(2.5)

where Kv is a modi�ed Bessel function, σ2
f is the signal variance, and r is de�ned as:

r ≡
√

(x− x′)>P−1(x− x′) (2.6)

Here, P is a diagonal matrix with lengthscales, as de�ned before. Now, for v = 3/2,

Equation 2.5 reduces to:

k(x,x′) = σ2
f

(
1 +
√

3r
)

exp
(
−
√

3r
)

(2.7)

The Matérn class in general, and the special case in Equation 2.7 in particular, are found

to be very suitable for modelling less smooth functions that are commonly found in envi-

ronmental monitoring (Stein, 1999). More speci�cally, the Matérn is able to accurately

model certain aspects of environmental phenomena, making it attractive from the per-

spective of the requirements laid down in the Chapter 1. We will therefore encounter it

again in Chapter 4, where we introduce our own work.

Thus far, we have assumed noise-free observations. However, in many practical sensor

deployments observation noise cannot be neglected. In this case, the sensors do not

observe the process f(x) itself, but a noisy version of it: f(x) + ε. Assuming that ε has

a Gaussian distribution with variance σ2
n and is independent of the input x, we add an

extra term σnδxx′ to the covariance function, where δxx′ is the Kronecker delta which

equals one i� x = x′. To see why this models noise, note that this term adds σ2
n to the

diagonal of the covariance matrix, e�ectively increasing the variance of the associated

output-variable. For example, extending the Matérn covariance function in Equation 2.7

for noisy observations, we obtain:

k(x,x′) = σ2
f

(
1 +
√

3r
)

exp
(
−
√

3r
)

+ σ2
nδxx′ (2.8)

Now, in Section 2.2.3 we argued that modelling both both spatial and temporal corre-

lations of a phenomenon is crucial for achieving good situational awareness. The GP

allows us to create processes that have di�erent correlation structures along di�erent

dimensions. In its most general form, a process with two spatial and one temporal di-

mension, where input vector x =
[
x y t

]>
, has a covariance function k(·, ·) that is a

product of a spatial covariance function ks, and a temporal covariance function kt:
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k


xy
t

 ,
x
′

y′

t′


 = ks

([
x

y

]
,

[
x′

y′

])
· kt
(
t, t′
)

(2.9)

For example, a spatial phenomenon that exhibits smooth change over space, but less-

smooth change over time, can be modelled by a Squared Exponential spatial covariance

function, and a Matérn temporal covariance function. The input-scales of this process

are modelled by the P matrices of the two covariance functions that compose it: for the

spatial covariance function P = diag(l2s , l
2
s), with entries that determine the length-scale

of the process, and for the temporal covariance function P = l2t , containing a single entry

encoding the time-scale of the process. For example, a spatial phenomena that varies

slowly over space, but very quickly over time has a long length-scale l2s , but a short

time-scale l2t .
4

2.3.2.1 Calculating GP regression with known Covariance function

When the covariance function of the GP is known, calculating predictions for arbitrary

test inputs y∗ using Equations 2.1 and 2.2 is fairly straightforward. However, explicitly

inverting the covariance matrix of the training set K(X,X) as suggested by these equa-

tions is very ine�cient (especially if the training set is very large). Instead, we use a

more e�cient method that exploits the fact that the covariance matrix Σ is symmetric

and positive de�nite. This allows for the matrix to be decomposed into a product of a

lower triangular matrix L and its transpose: Σ = LL>, called a Cholesky decomposition.

Given this decomposition, Algorithm 1 shows how the mean and variance of a set of test

inputs can be e�ciently computed.5 However, when sequentially updating the GP re-

gression with new training points (e.g. sensor observations), recalculating the Cholesky

decomposition from scratch can become a computational bottleneck. In order to over-

come this potential bottleneck, Osborne et al. (2008) present a number of numerical

techniques for e�ciently updating the Cholesky decomposition with newly acquired data

points, as well as downdating it in order to discard old data points and to ensure that

the size of the matrix L stays within reasonable bounds. This not only saves memory

and computational resources, but also ensures that predictions are based on the most

recent (and relevant) part of the observation history.

4Note that the smoothness of the function along a dimension is distinct from the speed at which it
varies along that dimension.

5For a n × n matrix K(X,X), the Cholesky decomposition in line 3 takes n3/6 operations, while
solving the linear systems in steps 4 and 6 with triangular matrix L takes n2/2 operations. This is
of signi�cantly lower complexity than explicitly calculating K(X,X)−1, which takes n3/3 with Gauss-
Jordan elimination.
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Algorithm 1 Prediction of values at coordinates X∗ given training data X, y and
covariance function k using the Gaussian process.

1: Input: matrix with training inputs X, training outputs y, covariance function k, noise σ2
n,

X∗ test inputs. K(X,X ′) denotes the matrix obtained by evaluating the covariance function
k for every pair of columns of X and X ′.

2: Output: (µ,Σ) such that y∗ ∼ N (µ,Σ)
3: L← cholesky(K(X,X) + σ2

nI)
4: α← L> \ (L \ y)
5: µ← K(X∗, X∗)>α
6: V ← L \K(X,X)
7: Σ← K(X∗, X∗)− V >V

2.3.2.2 Learning Covariance Functions from Data

In the previous section, we presented an algorithm for GP regression when the covari-

ance function is completely known. This implies that the properties of the modelled

phenomenon are completely known as well. In most realistic scenarios, however, the

covariance function has to be learnt from data. In these cases, the use of GPs can be

regarded as a three-level model selection problem. On the top level, the shape of the

covariance function determines the high-level properties of the process. More speci�-

cally, it determines its smoothness (or di�erentiability), whether the process is periodic

or isotropic. On the second level, the variables of the particular covariance function

determine the extent to which these properties manifest themselves in the process. To

illustrate this, consider again the noisy version of the Matèrn covariance function in

Equation 2.8. In two spatial and one temporal dimensions, this covariance function has

four free variables: the signal variance σf , the noise variance σn, the length-scale ls and

the time-scale lt. These variables are usually referred to as hyperparameters, since they

determine the distribution of weights of an underlying parametric model (Rasmussen

and Williams, 2006, Section 2.1). This parametric model constitutes the bottom level

of the model selection problem, and is �tted to the data with Equations 2.1 and 2.2. In

other words, we need only concern ourselves with the upper two levels of the selection

problem, since the GP equations take care of the bottom level.

Now, in practise, the type of covariance function is usually chosen by an expert based

on the most distinctive properties of the process. For example, as discussed earlier,

we know that the Matèrn covariance function is an appropriate choice for modelling

several environmental phenomena. However, the values of the hyperparameters are not

known a priori, but have to be inferred from a set of observations. In practical terms,

this involves the marginalisation of the hyperparameters φ, a process captured in the

following integral:

p (y∗|X∗, X,y) =
´
p (y∗|X∗, X,y, φ) p (y|X,φ) p(φ)dφ´

p (y|X,φ) p(φ)dφ
(2.10)
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In our case, the parameter space φ is the Cartesian product of the parameter spaces,

i.e. σf × σn × ls × lt ⊂ R4. Needless to say, in general, this space grows very large as

the number of parameters increases; a phenomenon known as the curse of dimensional-

ity. Furthermore, the non-trivial dependence between the likelihood of the parameters

p (y|X,φ) and the prediction p (y∗|X∗, X,y, φ) on φ, causes this integral to become non-

analytic. However, Osborne et al. (2008) show how sophisticated quadrature can be

used to obtain a good approximation to Equation 2.10. In general, quadrature involves

evaluating both p (y|X,φ) and p (y∗|X∗, X,y, φ), for multiple samples of φ, which is

a computationally intensive operation.6 Moreover, the size of the parameter space φ

precludes exhaustive sampling from these functions. Therefore, Bayesian Monte Carlo

(BMC) (Rasmussen and Ghahramani, 2003) has been proposed to reduce the number

of samples. Unlike many frequentist approaches, BMC uses as much information about

the sample functions as possible. So, instead of taking into account only the sample

values, BMC also uses the sample locations and the smoothness of the integrand. As a

result, BMC needs signi�cantly fewer samples to produce an accurate approximation of

p (y∗|X∗, X,y). The result of applying BMC is a weighted sum of GPs:

p (y∗|X∗, X,y) ≈
∑
φ

wφp (y∗|X∗, X,y, φ) (2.11)

Note that p (y∗|X∗, X,y, φ) denotes a GP �tted to training data y, X for hyperparameter

sample φ, and wφ denotes the weight assigned to the GP with hyperparameters φ. In

other words, the prediction of y is a weighted sum of predictions from GPs with the

hyperparameters from the sample set. For a full treatment of BMC refer to Osborne

et al. (2008) and Rasmussen and Ghahramani (2003). In this context, it su�ces to say

that by using algorithms for re-using the major part of the computations when new

data points are collected, BMC is a suitable and e�cient algorithm for learning the

hyperparameters, while at the same time providing a principled means of performing

regression and prediction.7

Thus far, in the GPs we have discussed, the covariance is a function of the di�erence of the

input-vectors |x−x′|. These processes are referred to as stationary. Stationary processes

are insensitive to translation. Consequently, these processes exhibit the same properties

in di�erent subsets of their input space. In many realistic scenarios, however, processes

are sensitive to translation. For example, the temperature in a building will vary less

rapidly in areas that are not exposed to sunlight than in areas that are. To deal with this

challenge, several methods to model these non-stationary processes have been proposed,

such as deforming the input-space (Guttorp and Sampson, 1994) and approximating

6Calculating p (y∗|X∗, X,y, φ) alone involves �tting a GP with parameters φ on the training set y, X
using Equations 2.1 and 2.2.

7Simpler alternatives for BMC exist for estimating hyperparameters φ, such as Marginal Likelihood
(ML) (Rasmussen and Williams, 2006, Section 5.4). However, our experiments showed that ML too
often ends up in local maxima, resulting in very poor predictions.
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the non-stationary GP with a mixture of one or more stationary processes (Nott and

Dunsmuir, 2002). Unfortunately, non-stationary GPs involve more hyperparameters than

a stationary GP, making them computationally more demanding. Nevertheless, the

prevalence of non-stationary processes in realistic scenarios make them highly relevant

in terms of our requirement of accuracy, since a non-stationary GP is more capable

of modelling these phenomena more accurately. These challenges should therefore be

addressed in future work. However, in the meantime, and in the remainder of this report,

we will use stationary processes to model the environmental phenomena, in particular

those that are governed by the Matèrn covariance function.

2.3.2.3 Gaussian Processes in Related Work

Due to their versatility for modelling various kinds of processes, the use of GPs in sen-

sor networks is reasonably widespread (e.g. Low et al. (2008)). Speci�cally, Guestrin

et al. (2005) and Krause and Guestrin (2005) use the GP for modelling environmental

phenomena with non-stationary covariance functions (using the techniques of (Nott and

Dunsmuir, 2002)), with the aim of calculating highly informative placements for �xed

wireless sensors. In order to do this, an initial deployment of a large number of sensors

is required to collect a dataset of samples, from which the covariance function can be

inferred. As an extension to this, Krause et al. (2006) also model the quality of the com-

munication links between the sensors with a GP, to ensure a good trade-o� between the

informativeness of the sensor placement, and the expected communication cost between

the sensors in the proposed deployment. However, both of these algorithms learn these

models o�ine, and assume a dataset of samples is available prior to the deployment of

the sensor nodes. In uncertain scenarios where time is of the essence, though, this as-

sumption is too limiting. For instance, in our intended application scenarios, the mobile

sensors will not be aware of the characteristics of their environment prior to the moment

that they are introduced to it, let alone have access to a detailed set of samples.

So, in more time constrained and uncertain scenarios, such as those that are found in our

intended application domains, the covariance function cannot be assumed to be known

in advance. More speci�cally, for our solution to be adaptive (one of the requirements

established in the introduction), sensors need to be able to learn the features of their sur-

rounding environment during deployment. In GP terms, this implies that sensors need

to be able to learn the covariance function online. To address this issue, Krause and

Guestrin (2007) present an exploration-exploitation approach that learns the covariance

function in an online fashion, while moving a mobile sensor towards more informative

locations. In a similar vein, Osborne et al. (2008) perform online information processing

on data streams from weather sensors using the techniques outlined in Section 2.3.2.2.

Moreover, using a special kind of covariance function, they construct a GP with multiple

correlated outputs, one for each sensor. With this GP, it is possible to predict missing
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sensor data from a faulty sensor based on both readings obtained from the other (func-

tional) sensors. This last property is especially attractive from the perspective of the

requirement of robustness. As outlined in the introduction, robustness means that the

operation of the mobile sensor network should not be interrupted when a single sensor

fails. This technique allows the performance of the sensors to degrade gracefully, since

the failure of sensors increases prediction error, but not catastrophically so.

2.3.3 Other Approaches

Besides the two regression methods discussed in the two previous sections, other tech-

niques for information processing have been adopted in previous work. In what follows,

these techniques are brie�y covered.

As opposed to performing explicit regression, such as the techniques we covered earlier,

Rahimi et al. (2004) subdivide the sensed area into strata of di�erent sizes, such that the

variance of the measurements taken within each stratum is below a certain threshold.

When the variance within a stratum is found to be too large, it is divided into four

substrata, and the same sampling method is recursively applied on each of them. As

a result, the spatial resolution is adapted to the rate of change in di�erent areas. The

measurements obtained in this fashion constitute the reconstruction of the measured

phenomenon. While this is an elegant and simple solution, it does not recover the

spatial and temporal patterns that are present in the environment. As such, although it

presents an accurate snapshot of the environment, it is not capable of extrapolating this

snapshot in time or space, making it less suitable for the purpose of providing situational

awareness.

In contrast, a common technique that does do justice to the underlying temporal dy-

namics of a phenomena is the Kalman �lter. Thus far, we have considered information

processing techniques for modelling phenomena when the underlying dynamics are un-

known or highly uncertain. In many cases, however, these dynamics are known, and it

is possible to predict how the current state of the system will transition into the next.

For estimating the state of these types of dynamic processes from noisy observations, the

Kalman �lter has been found to be a suitable tool (Julier and Uhlmann, 1997; Durrant-

Whyte et al., 1990; Deshpande et al., 2005b; Dash et al., 2005; Grocholsky et al., 2006).

As opposed to the regression methods discussed in Sections 2.3.1 and 2.3.2, the Kalman

�lter is capable of explicitly taking into account the system dynamics. In target tracking,

for example, it is known that the motion of a target is subject to the laws of Newtonian

mechanics. Thus, based on a target's previous location, velocity and acceleration, it is

possible to predict its current state. The Kalman �lter combines this prediction with

noisy range and bearing observations (for example from a radar) in order to re�ne the

target's state estimation (a process that is called �ltering). Consequently, when the dy-

namics of the system are known, the Kalman �lter will be able to make more accurate
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predictions than the GP, since it uses the known state transition model of the system,

together with noisy observations obtained from the sensor.

Another attractive property of the Kalman �lter is that it enables sensors to exchange

and fuse beliefs about the state of their environment in a very communication e�cient

manner; sensors simply need to exchange their current state vectors, which are subse-

quently easily fused with other sensors' states to increase tracking accuracy. A drawback

of the standard GP formulation, however, is that, unlike the Kalman �lter, belief sharing

involves exchange of observations.

In the environments that we aim to deploy our approach in, however, sensors are dealing

with a possibly wide variety of environmental phenomena for which the temporal dy-

namics are either unknown, or highly complex. For this reason, we believe the Kalman

�lter is less suitable for modelling these phenomena. Instead, using the GP allows us to

recover and approximate the intricate and complex dependencies between measurements

in time and space with limited prior knowledge of the system dynamics.

In light of the above, a GP/Kalman �lter hybrid, which combines the versatility of the

GP and the communication e�ciency of the Kalman �lter would be desirable. Indeed,

Reece and Roberts (2008) propose exactly such an approach, by showing the equivalence

of the Kalman �lter and GP. Further developments in this line of research could therefore

be relevant a basis for a more �exible method of processing information.

2.4 Measuring Information Value

The information processing algorithms discussed in the previous section provide a high-

level representation of the raw data, which enables sensors to reconstruct the dynamics

of their environment. The quality of this reconstruction critically depends on the mea-

surements that have been taken. To illustrate this with an example, consider a single

sensor with a limited battery life. Suppose that this sensor starts sampling the temper-

ature from its environment at its maximum rate. It will deplete its battery before the

end of the day. Should we want to reconstruct the temperature during that day, the

measurements collected by this sensor are less valuable than the samples collected by

sensor that spaced its samples over the entire day. Put di�erently, the information that

the sensor has collected is of little value.

Against this background, in the area of adaptive sampling, the concept of the value of

information is of critical importance. This value is proportional to the extent to which it

enables a sensor to provide a more accurate reconstruction of the monitored phenomenon.

When the true value of the measurements that can be potentially collected in time or

space is known, an adaptive sampling algorithm can decide where and when to sample.

In making this choice, it has to make a trade-o� between communication, movement and
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sampling (e.g. excessive communication and movement will leave little battery power for

sampling, and vice versa). However, the only way in which the true value of a sample

can be known, is to collect it. Not surprisingly, this paradox presents a challenge. To

address this challenge, we resort to an approximation of the value of a sample, based on

the values of measurements taken in the past. The information processing techniques

discussed earlier play an important role in this.

To this end, in this section, we will �rst give some background of how the challenge of

measuring information value is addressed in previous work, and then show this a�ects the

choices we made in our own work. In more detail, we demonstrate that all these di�erent

approaches are in some way based on a mathematical formalisation of the notion of

expected �surprise� of a newly acquired measurement.8 Equivalently, this can be thought

of as the inverse of the con�dence in the current model. The less con�dent an adaptive

sampling algorithm is about its current model, the greater the potential surprise of a

new sample, and the greater the value of that sample will be.

For example, Kho et al. (2009) use the distance of the con�dence bands to the mean

of the linear regression as a measure that is proportional to the value of information.

As a result, when the environment changes at a higher rate, the linear model will start

to deviate from the true dynamics of that environment. Consequently, new data points

cannot be explained with the current model, and the sensor will be �surprised�. The value

of information will therefore be greater in dynamic situations than in those that are better

characterised as static. In a similar vein, Padhy et al. (2007) model information value

or surprise in terms of the Kullback-Leibler (KL) divergence between the prior and the

posterior probability distribution of the linear model, i.e. the distribution over possible

measurements before and after a new data point has been received, respectively. The

larger this measure, the less capable the previous model was of explaining the new data

point, and thus the more it has to be revised.

The same theme is found in approaches based on the GP. These generally exploit the

fact that the covariance can be analytically evaluated (see Equation 2.2 for more details)

to obtain a measure of information value.9 For example, Osborne et al. (2008) use the

predictive variance of a single future sample (see Equation 2.11) as an indicator of its

information value. Not strictly related to sensor networks, but to observation selection in

general, Ko et al. (1995) take the di�erential entropy of the observation as its information

value (see appendix, Equation A.7). More formally, if we model a set of observations

as a D dimensional random vector y∗ with a multivariate normal distribution (as is the

case in the GP), the di�erential entropy H is a function of its covariance matrix Σ only:

8For the mathematical details of the information measures described in this Section, refer to Appendix
A.2.

9If there exists uncertainty about the hyperparameters, the covariance is approximated using Equation
2.11.
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H(y∗) =
1
2
D ln (2π e) +

1
2

ln (|Σ|) (2.12)

Informally, entropy is a measure of the peakedness of the probability distribution of

a random variable: the more peaked the distribution, the less uncertainty is present

in the variable, and the smaller the entropy will be, and the smaller the probability

that we will be surprised by a new measurement. As shown by Guestrin et al. (2005),

however, maximising entropy in a greedy way (i.e. by placing sensors one at a time at

those locations with maximal entropy) leads to a �xed sensor deployment in which a

large proportion of the sensors are placed along the border of the environment. Here,

they are maximally uncertain about each others' measurements. Consequently, these

sensors waste a large part of their sensor range. As an alternative, Guestrin et al.

(2005) propose the mutual information (MI) criterion, which is a measure of uncertainty

reduction: instead of measuring the entropy reduction at the location of the sensor alone,

MI takes into account the reduction of the uncertainty in the rest of the environment:

MI(V \ L;L) = H(V \ L)−H(V \ L |L) (2.13)

which they show leads to a more central placement of the sensors. Refer to Appendix A

for more details on mutual information.

The implications to our research of the choices in previous work are twofold. First of

all, in the context of situational awareness, �surprise� has a negative connotation, since

it implies that there exist discrepancies between the decision maker's world picture and

the real world. As a result, the decision maker risks basing his decisions on incomplete

or wrong information. With this in mind, an adaptive sampling algorithm should be

designed to minimise potential surprise as much as possible. This means that the way in

which sensors value information should re�ect this. Consequently, we adhere to the same

rule found in the literature, stating that observations that are expected to maximally

decrease uncertainty (and thereby potential surprise) should be valued the most.

Secondly�and in light of the previous point�it is attractive to adopt the Mutual Infor-

mation measure used by Guestrin et al. However, our experiments with greedy algorithms

for mobile sensors showed that the calculation of MI is a computationally costlier process

than calculating the entropy (see Section 4.3). The reason for this is that it requires the

calculation of the entropy reduction in the entire environment for every possible move-

ment, instead of only the entropy reduction obtained at the new position of the sensor.

More importantly, however, these experiments showed no signi�cant improvements in

performance when using MI instead of entropy. We are not entirely certain why our

�ndings di�er from those made by Guestrin et al., who showed that the entropy criterion

leads to suboptimal use of the sensors' range. However, we hypothesise that this results

from the fact that we not only consider the spatial dimension of the observation selection
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problem, but also the temporal dimension (see Section 2.2.1). As a result, the mobile

sensors are positioned in a three-dimensional continuum, in which they only control their

movements along the two spatial dimensions. These two considerations (i.e. less com-

putation with equivalent accuracy) have led to our adoption of the entropy criterion in

favour of the MI criterion.

Having reviewed several information processing methods used in previous work, and the

value of information derived from these methods, we can now turn to the third and �nal

aspect of an adaptive sampling algorithm: maximising the sample value from a collection

of sensors.

2.5 Maximising Information Value

In the previous two sections we looked at information processing and valuing informa-

tion. In this section, we address the third and �nal challenge of an adaptive sampling

algorithm: maximising sample value. Here, the information processing and information

valuing methods are exploited to determine where and when the sensors should sample.

Reviewing the state of the art, we can distinguish between two di�erent approaches:

o�ine adaptive sampling and online adaptive sampling. The former algorithms plan in

advance when and where sensors should take measurements. In contrast, the latter do

not perform explicit planning, but instead base their next decision on the data that has

been gathered so far. Clearly, the former is more suitable when prior knowledge of the

environment is available, such as physical layout, and, for example, the spatio-temporal

correlations between the measurements that are taken by the di�erent sensors, allowing

sensors to pre-plan their paths. Online adaptive sampling algorithms are more suit-

able when there exists uncertainty about the environment, or where unexpected events

are likely to in�uence the operation of the sensor network, since they can adapt to the

prevailing circumstances.

In this section, we �rst discuss both approaches in more detail from the point of view

of a single sensor. Then, we will speci�cally highlight the challenge of coordinating the

actions of multiple sensors, which is a key issue in our work.

2.5.1 O�ine Sensing Algorithms

O�ine sensing algorithms based on GPs are commonly applied in scenarios when the

covariance function and the value of the hyperparameters are known before deployment

of the sensors. To this end, several authors propose o�ine algorithms for calculating

informative sensor placements (see Section 2.3.2.3). More speci�cally, these algorithms

greedily maximise a placement criterion, such as mutual information. The reason for

doing this in a greedy fashion is because the problem of calculating a sensor placement
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that maximises mutual information (or entropy, for that matter) is NP-hard (Ko et al.,

1995). So instead of solving this problem optimally, an approximate greedy algorithm

is used to deploy sensors one at a time, whereby the location v of each sensor is chosen

so as to maximise MI in the rest of the environment V = {v1 . . . vn} given the set of

locations of the previously deployed sensors S ⊂ V :

v = arg max
v∈V \S

MI(V \ (S ∪ {v};S ∪ {v}) (2.14)

In this context, Guestrin et al. (2005) show that this greedy algorithm leads to a lower

bound on the solution quality of (1 − 1/e) of the optimal solution, due to the submod-

ularity of MI.10 Moreover, whereas �nding the optimal solution is an NP-hard problem,

this greedy algorithm has polynomial complexity. In addition to maximising informa-

tion gain, Krause et al. (2006) simultaneously attempts to minimise communication cost

between the deployed nodes. In order to do this, their algorithm exploits the locality

property of the environment. This means that the correlation between measurements

taken at two distant locations is small enough to assume they are independent.11 Using

this property, the problem is �rst decomposed to calculate sensor placements for di�erent

subspaces of the environment. Next, these individual placements are connected whilst

ensuring the communication costs do not exceed a given threshold (in the budgeted case),

or the sensing quality exceeds a given threshold (the quota problem).

Singh et al. (2007) and Meliou et al. (2007) both extend the work of Krause et al. by

exploiting the same properties of submodularity and locality for pre-planning informa-

tive paths for mobile robots. A similar decomposition strategy is used as in the sensor

placement algorithm, whereby the environment is divided into grid cells that can be con-

sidered independent because of the locality assumption. Their algorithms then perform

a search over paths by connecting grid cells that contain as much information as possi-

ble, and return the robot to its original location. Relatedly, the approach by Zhang and

Sukhatme (2007) also uses mobile robots for sensing, and performs a breadth-�rst search

through the space of all feasible paths. In their case, a path is feasible if the boat has

su�cient energy to follow it, and does not not return to previously visited locations. The

path that maximises the cumulative information gain obtained at the locations visited

along that path is returned.

As already hinted at in Section 2.3.2.3, these o�ine algorithms for both �xed and mobile

sensors su�er from the same drawback: they assume that the hyperparameters of the

10A set function f is called submodular, if f(B ∪ Y ) − f(Y ) ≤ f(A ∪ Y ) − f(Y ) for A ⊂ B, i.e.
adding an element to a smaller set increases the value of f more than adding the same element to a
larger set. Applied to the problem of sensor deployment, this means that adding a sensor to a small
deployment of sensors increases the quality of that deployment more than adding it to a large deployment
of sensors. Nemhauser andWolsey (1978) determine several lower bounds on the solution found by greedy
maximisation of submodular functions, on which the work by Guestrin et al. (2005) is based.

11For example, with the Squared Exponential covariance function in Section 2.3.2, the covariance
between the outputs drops exponentially fast as the distance between their input-vectors increases.
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process they are modelling are known in advance. While this is not necessarily a problem

for �xed wireless sensor networks, we believe that this is a somewhat contradictory

assumption when taking one-o� measurements with mobile robots. After all, from a

practical point of view, when the covariance structure of the environment is known in

advance, it is unclear why these measurements should be taken in the �rst place.

Furthermore, from the point of view of adaptiveness and autonomy, pre-planning paths

through the environment does not allow sensors to adjust their paths based on unexpected

events. Moreover, these algorithms compute these paths in a centralised way, after which

the solution is distributed over the mobile robots, increasing their vulnerability to failure

of the central controller, thus which in turn decreases their robustness. In light of the

requirements de�ned in the introduction, these properties make them less suitable for

our purposes, especially given the robustness requirement; should one sensor fail, the

algorithm is unable to adapt, resulting in unforeseen degradation of performance. Given

this, we will examine online approaches in the next section, that are better able to

maximise information gain in the presence of more uncertain and dynamic phenomena.

More speci�cally, we will see how the greedy o�ine algorithms discussed in this section

can be modi�ed to better suit these circumstances, and how they form the basis of our

greedy algorithm presented in Chapter 4, and the negotiated coordination algorithm

presented in Chapter 5.

2.5.2 Online Sensing Algorithms

In contrast to o�ine algorithms, their online counterparts do not plan (sensing) actions

before the sensor network has been deployed. Instead, they adapt their sampling to the

prevalent conditions within the environment. Sampling is constantly revised to re�ect

the lessons learnt from the sampling history. For example, the expected information

value from the next sample moment is determined from the information value associated

with actual samples taken in the past.

The adaptive sampling algorithm by Padhy et al. (2007) is a good example of this idea.

In their algorithm, each sensor extrapolates the value of the information it has obtained

so far to estimate when it is worthwhile to take a new sample. Furthermore, the decision

about whether to send a particular datum to the WSN's base station is based on the

opportunity cost of communicating. Here, opportunity cost is expressed as the amount of

information value that could have been obtained if the sensor decides not to communicate,

i.e., if the sensor spends the energy required for communication on collecting additional

samples. This applies not only to sensors where the data has originated, but also to

sensors that act as a relay station for multi-hop communication with the base station.

When the opportunity cost of sending a datum is low compared to the value associated

with that datum, a decision is made in favour of communicating. The resulting behaviour
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of this algorithm can be characterised as emergent: the simple local rules give rise to

more complex and desired behaviour.

Emergent behaviour is also found in the work of Kerr and Spears (2005). Their work

is aimed at covering an environment with a large number of mobile robots (called a

swarm), without an explicit measure of information. These robots have very limited

global knowledge, and are only aware of their neighbours' locations. This is achieved by

localising them through emitting RF and acoustic pulses. Inspired by gas and �uid mod-

els, the robots can determine their speeds and headings after a robot-robot or robot-wall

collision, thereby e�ectively emulating the way gas particles disperse in an environment.

It is shown that from the properties of gasses, the mobile robots proceed to scatter and

position themselves evenly throughout the environment. Consequently, this method is

especially attractive when a large number of robots is available. Moreover, this approach

is strong in terms of robustness, because a single robot failure, will not cause the perfor-

mance of the remaining robots to su�er. However, when only a few robots are present in

the environment, its performance might degrade rapidly, since the collisions with other

robots will become less likely. The resulting coverage will be less-than-optimal, and be-

cause the sensors do have no measure of information that is related to the rate at which

their environment is changing, the world model that results from their movements will

not be able provide good situational awareness.

As mentioned in Section 2.5.1, the o�ine algorithms for path-planning su�er from the

lack of adaptiveness, since plans are precomputed and thus unable to react to unforeseen

circumstances. To address this shortcoming, Low et al. (2008) combine the use of Gaus-

sian processes to represent the environment, with the use of Markov decision processes

to compute non-myopic paths for multiple mobile sensors in an online fashion. Whilst

such a non-myopic approach avoids the problem of local minima (and thus computes

high quality solutions), it incurs signi�cant computational cost (it is only empirically

evaluated for systems containing just two sensors), and is a centralised solution, thereby

failing to provide a scalable and robust coordination algorithm.

Instead, our work is inspired by two related branches of research, the �rst of which is

arti�cial potential �elds. As described in the work of Kerr and Spears (2005), arti�cial

potential �elds do not require planning, and can be considered reactive. However, unlike

their work, a potential �eld does have a notion of information value. Originally pro-

posed for motion planning of robots (e.g. Dunias (1996)), these potential �elds can be

used to attract mobile sensors to informative areas, while repelling them from areas that

are highly certain. For example, Pereira et al. (2004) uses this technique for control-

ling a mobile robot that collects data from �xed sensors. The robot is attracted to the

�xed sensors that collect samples at a high rate, and consequently have collected a large

amount of data. Once the data has been downloaded, the potential �eld disappears,

and the robots sets its heading toward the sensor that emits the next strongest potential

�eld. The techniques used in the work of Grocholsky (2002) and Grocholsky et al. (2005,
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2006) also bear some resemblance to potential �elds. Speci�cally, the sensor platforms

continuously update the amount of information that is associated with observing the tar-

get from di�erent locations. When locations of equal information content are connected

with contour lines, it becomes possible to determine the direction in which the amount

of information increases the most. This is done each time a new localisation of the target

has been made. Grocholsky refers to this technique as information sur�ng.

The second branch of research that inspired the work in this report is based on GPs. In

more detail, Krause and Guestrin (2007), develop a myopic control algorithm with strong

theoretical bounds by extending their earlier work on �xed sensor placement (Guestrin

et al., 2005; Krause and Guestrin, 2005; Krause et al., 2006). More speci�cally, they

develop a strategy in which a single mobile sensor is capable of learning the hyperpa-

rameters online. Recall from the previous section that their sensor placement algorithms

assume that the hyperparameters of the GP modelling the environmental phenomena are

known beforehand. In many scenarios, this assumption does not hold. In these cases,

the hyperparameters need to be learnt online, while at the same time repositioning the

sensor to increase the information gain. Moreover, as discussed in Section 2.3.2.1, the

(co)variance of a GP is only independent of the actual observations if the covariance

function is known. However, when hyperparameters need to be learnt from actual data,

this independency no longer holds, because the variance depends on the values of hyper-

parameters through the covariance function. These considerations have led to a greedy,

online policy that is the focus of Chapter 4.

2.5.3 Coordination of Multiple Sensors

So far, we have discussed information maximisation algorithms for teams of sensors

without explicitly focussing on coordination. In this section, we will address the challenge

of coordinating multiple sensors, in order to ensure that their collective action results

in a signi�cant collective information gain. The importance hereof is mostly evident

in online algorithms that do not calculate sensing schedules or motion paths at design

time. Consequently, the sensors need to be able to collectively determine when and

where to sample at run time, in order to maximise the use of the resources at their

disposal. Now, in many cases, a centralised view of the environment is not available,

or the costs associated with obtaining such a view are prohibitive (see the discussion

of the autonomy property in Section 1.1). In these situations, there is a necessity for

decentralised algorithms. These algorithms are characterised by the fact that each sensor

makes individual decisions from information that is available locally, or through message

passing with direct neighbours. As a result, the team is robust against failures (since no

central point of failure exists), each sensor controls its own actions (and is autonomous),

and the amount of computation that an individual sensor needs to perform scales with the

number of its neighbours�not with the size of the team�thus ensuring the scalability
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Figure 2.4: A general architecture for a sensor node.

of the solution. Clearly, all these properties are desirable in terms of the requirements

stated in the introduction.

Now, in the literature, three levels of coordination are distinguished (Grocholsky, 2002).

Ordered by a decreasing amount of shared belief, these are:

1. Cooperation or Negotiated Coordination � sensors share a common world view,

and negotiate about their actions.

2. Un-negotiated Coordination � sensors have a shared world view, but individually

decide how to optimise their utility, without negotiating with their neighbours.

3. Passive Coordination � sensors do not communicate, but coordinate through pas-

sive coordination mechanisms, for example by observing each other's position or

behaviour.

Returning to the architecture of the general sensor node introduced at the start of this

chapter, which we repeat in Figure 2.4, we can identify how the three levels of coordina-

tion impact on it. Starting with the lowest level of coordination, Passive Coordination

neither requires belief sharing, nor the exchange of negotiation messages. Consequently,

arrows A and B are not present in the architecture of a sensor operating in this mode.

Moving up one coordination level, Un-negotiated Coordination shares beliefs, but does

not explicitly negotiate about actions. So, while arrows A are present for Un-negotiated

Coordination, arrows B are not. Finally, in Negotiated Coordination mode, sensors both

share beliefs, and negotiate about actions. As a result, both arrows A and B are present.

In the negotiated cooperation and the un-negotiated coordination modes, sensors share

a common world view through the exchange of messages. These messages are related to
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the observations that they have made. However, these messages do not need to contain

only raw samples obtained from the environment, but can also contain a summary or

aggregation of the samples made so far. In particular, it is desirable to make the mes-

sage size independent of the amount of samples its contents are based on. For example,

the use of the information variant of the Kalman �lter lends itself to e�cient commu-

nication, since only the sensor's current belief needs to be communicated with others

(Grocholsky et al., 2006; Reece and Roberts, 2005). To the best of our knowledge, there

does not exist any work that achieves a similar e�ciency for the distributed use of the

GP.12 For instance, Krause and Guestrin (2007) do not consider the multi-sensor case,

and, consequently, do not address how their methods could be distributed over multiple

sensors.

The crucial di�erence between cooperation in negotiated or un-negotiated mode is the

fact that each sensor unilaterally decides their best action in the latter mode, without

informing the other sensors of its intentions. As a result, the sensors will only be aware

of the impact of the collective decision after these have been made. In negotiated cooper-

ation, however, sensors will only execute their preferred action after a negotiation phase

with their neighbours. This negotiation is aimed at maximising the collective utility of

the sensors, which is commonly expressed in terms of the trade-o� between information

gain and the cost associated with the action. For instance Ahmadi and Stone (2006) use

negotiation to assign partitions of their environment to mobile sensors in the context of

event detection. Once a sensor has swept the partition it was allocated to, it negotiates

with sensors in adjacent partitions to see whether a repartitioning of the environment

results in a better distribution of tasks, and thus in an increase of the probability of de-

tecting an event. Whilst being an attractive approach, it assumes an initial partitioning

of the environment is present, and it is unclear how the algorithm would adjust to a

change in the layout of the environment (for example, caused by the sudden obstruction

of a doorway). Additional work on coordination between multiple distributed entities

is abundant, and includes several game theoretic formulations of the problem (Arslan

et al., 2007), or the application of algorithms based on the Generalised Distributive Law

(Aji and McEliece, 2000). Because of the importance of the latter in the context of our

work, the next section will provide a more in-depth discussion of these algorithms.

2.5.3.1 The Max-Sum Algorithm

In the negotiated cooperation mode mentioned above, a team of sensors collaboratively

attempt to maximise team performance through a process that involves the exchange of

messages, before a decision is reached. Depending on how team utility is derived from

the actions of individual sensors, various existing algorithms can be selected to maximise

team utility in a distributed fashion.

12Although the methods proposed by Reece and Roberts (2008) seem very promising. As mentioned
before, an investigation into the applicability of these methods is part of future work.
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In particular, it is often the case that team utility can be factorised into a sum of

individual sensors' utilities. This is commonly referred to as social welfare within the

multi-agent systems literature.13 Within this setting, we wish to �nd the value of each

sensor's control parameter, p∗, such that the sum of the individual sensors' utilities is

maximised:

p∗ = arg max
p

M∑
i=1

Ui(xi) (2.15)

Furthermore, in order to enforce a decentralised solution, we assume that a sensor only

has knowledge of, and can directly communicate with the few neighbouring agents that

in�uence its utility directly. As a result, the complexity of the computation that an

agent has to perform depends on the number of neighbours it has, and not on the total

number of sensors in the team. Consequently, we can achieve solutions that scale well.

Clearly, these properties are highly desirable in light of the requirements of scalability,

robustness and autonomy.

With these considerations in mind, we can treat Equation 2.15 as a Distributed Con-

straint Optimisation Problem (DCOP) (Modi et al., 2003), in which �multiple cooperative

agents control one or more variables and work together to optimise a set of constraints

that exists upon these variables�14. In recent years, this type of problem has been stud-

ied extensively, which has led to a wide range of algorithms that can be readily applied

to solve them. Such algorithms can be broadly divided in two main classes: complete

algorithms that generate optimal solutions such as ADOPT (Modi et al., 2005), OptAPO

(Mailler and Lesser, 2004), and DPOP (Petcu and Faltings, 2005); and approximate algo-

rithms such as the Distributed Stochastic Algorithm (DSA) (Fitzpatrick and Meertens,

2003) or Maximum Gain Message (Maheswaran et al., 2005).

Now, while complete algorithms provide guarantees on the solution quality, they also ex-

hibit an exponentially increasing coordination overhead (either through the size and/or

number of messages exchanged, or in the computation required by each sensor) as the

number of sensors in the network increases. Conversely, approximate algorithms require

very little local computation or communication, but often converge to poor quality so-

lutions because the sensors within the network do not propagate information across the

whole network. Rather, local information is only used by neighbouring sensors. For

example, in DSA each sensor communicates its preferred action (e.g., the one that will

maximise its own utility) based on the current preferred actions of its neighbours only.

However, there exists a class of algorithms usually referred to under the framework of the

Generalised Distributive Law (Aji and McEliece, 2000), that constitute a compromise

13The same problem is also referred to as the optimal control problem in control theory (Paskin et al.,
2005).

14http://teamcore.usc.edu/dcop/

http://teamcore.usc.edu/dcop/
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Figure 2.5: Diagram showing (a) the interactions of sensors, S1, S2 and S3, (b) factor
graph representing the sensors' utility.

between the extremes represented by these two classes, and can be used to obtain good

approximate solutions. These algorithms have been widely used in the �eld of informa-

tion theory and probabilistic inference to decompose complex computations on single

processors (MacKay, 2003), and more recently both complete and approximate algo-

rithms from this framework have been applied to the coordination of networked sensing

devices within the domain of discrete control parameters (Paskin et al., 2005; Farinelli

et al., 2008). In particular, one of the approximate algorithms, based upon the max-sum

algorithm, has been shown to generate solutions closer to the optimum than previous

approximate stochastic DCOP algorithms (Farinelli et al., 2008). It does so with an

acceptable computation and communication overhead when benchmarked against repre-

sentative complete algorithms (speci�cally DPOP), and it has been shown to be robust

to message loss. Due to the fact that this algorithm exhibits these properties, it has been

deployed and validated on low-power embedded devices.

In more detail, the max-sum algorithm operates on a factor graph that represents opti-

misation problem described in Equation 2.15. A factor graph is an undirected bipartite

graph in which vertices represent variables pi and utility functions Uj(pj). In such factor

graphs, an edge exists between a variable pi and a function Uj i� pi ∈ pj , (i.e., pi is a

parameter of Uj). For example, Figure 2.5(a) shows three interacting sensors, S1, S2 and

S3, and the resulting factor graph consisting of variable and function nodes representing

each sensor's control parameter and utility is shown in Figure 2.5(b). In order to have

a truly decentralised computation, the function that represents a sensor's utility, as well

as the variable that represents the sensor's control variable are assigned to the physical

computational unit associated with that sensor.

Now, in a team of M sensors, sensor Si �rst computes:

Ũi(pi) = max
p\pi

M∑
i=1

Ui(pi) (2.16)
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in a distributed way (i.e. based on local information and communication with direct

neighbours), after which the optimal decision p∗i is obtained as follows:

p∗i = arg max
pi

Ũi(pi) (2.17)

Function Ũi(pi) is computed by message passing between the functions Ui and the vari-

ables in pi as follows:15

• From variable to function:

Qpn→Um(pn) =
∑

Um′∈adj(pn)
Um′ 6=Um

RUm′→pn(pn) (2.18)

• From function to variable:

RUm→pn(pn) = max
pm\pn

[
Um(pm) +

∑
pn′∈adj(Um)
pn′ 6=pn

Qpn′→Um(pn′)

]
(2.19)

The messages �owing into and out of the variable nodes within the factor graph are

functions of a single variable that represent the total utility of the factor graph for each

possible value of that variable. To interpret the meaning of these messages, note that

variables summarise the utility that is obtained in adjacent parts of the factor graph using

the Σ operator. Functions have to perform more intricate computation; the expression

that is maximised between brackets is the sum of a local component (the utility function)

and a component that pertains to the utility obtained in adjacent parts of the factor graph

(i.e. the messages from variables). The function node then �nds the maximum possible

value after �xing a single variable (i.e. pn).

At any time during the propagation of these messages, sensor i is able to determine which

action it should take such that the sum over all the sensors' utilities is maximised. This

is done by locally calculating the function, Ũi(pi) from Equation 2.16, from the messages

�owing into sensor i's variable node:

Ũi(pi) =
∑

Um∈adj(pn)

RUm→pn(pn) (2.20)

and hence �nding:

p∗i = arg max
pi

Ũi(pi) (2.21)

15In what follows, we use adj(Um) to denote adjacent vertices of function Um in the factor graph, i.e.,
the set of variables in the domain pm of Um. Similarly, adj(pn) denotes the set of functions in which pn

occurs in the domain.
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Now, when the factor graph is cycle free, the algorithm is guaranteed to converge to the

global optimal solution such that it �nds the combination of actions that maximises the

sum of the sensors' utilities (MacKay, 2003). When applied to cyclic graphs, there is no

guarantee of convergence, but extensive empirical evidence demonstrates that this family

of algorithms generate good approximate solutions (Kschischang et al., 2001; Frey and

Dueck, 2007).

In more detail, when max-sum is applied to a cyclic factor graph, it becomes necessary to

normalise the messages in Equation 2.18 to prevent values from growing arbitrarily large.

More speci�cally, a constant αnm is added that is chosen such that
∑

pn
Qn→m(pn) = 0.

Whilst normalisation breaks equality in Equation 2.16 and 2.20, it does not in�uence

the preference ordering encoded by Ũi(pi), and the solution obtained from Equation 2.21

remains unchanged.

The messages described above may be randomly initialised, and then updated whenever

a sensor receives an updated message from a neighbouring sensor; there is no need for

a strict ordering or synchronisation of the messages. In addition, the calculation of the

marginal function shown in Equation 2.20 can be performed at any time (using the most

recent messages received), and thus, sensors have a continuously updated estimate of

their optimum action.

The �nal result of the algorithm depends on the structure of the sensors' utility functions,

and, in general, three behaviours can be observed:

1. The preferred actions of all sensors converge to �xed actions that represent either

the optimal solution, or a solution close to the optimal, and the messages also

converge (i.e. the updated message is equal to the previous message sent on that

edge), and thus, the propagation of messages ceases.

2. The sensors' preferred actions converge as above, but the messages continue to

change slightly at each update, and thus continue to be propagated around the

network.

3. Neither the sensors' preferred actions, nor the messages converge and both display

cyclic behaviour.

Thus, depending on the problem being addressed, and the convergence properties ob-

served, the algorithm may be used with di�erent termination rules:

1. Continue to propagate messages until they converge, either changing the action of

the sensors continuously to match the optimum indicated, or only after convergence

has occurred.
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2. Propagate messages for a �xed number of iterations per sensor (again either chang-

ing the action of the sensor continuously or only at termination).

The �rst termination rule favours the quality of the solution. When the algorithm con-

verges, it does not converge to a simple local maximum, but to a neighbourhood max-

imum that is guaranteed to be greater than all other maxima within a particular large

region of the search space (Weiss and Freeman, 2001). Depending on the structure of

the factor graph, this neighbourhood can be exponentially large. However, only limited

guarantees for convergence of the max-sum algorithm exist, and for general factor graphs

the algorithm might not converge. For practical applications, therefore, the second ter-

mination rule is often preferred. In fact, empirical evidence shows that the max-sum

algorithm reaches good approximate solutions in few iterations. In addition, in dynamic

scenarios where the utilities of the sensors or the interactions between them change over

time, the max-sum algorithm can run inde�nitely without any termination rule; each

sensor can decide at every cycle which action to choose based on Equation 2.20, and

operates on a continuously changing coordination problem.

In sum, due to its robustness to message loss, the fact that it is fully decentralised,

and that it has an acceptable computation and communication overhead, the max-sum

algorithm is an attractive option to serve as a basis for a coordination algorithm to control

mobile sensors. In Chapter 5, we will therefore show how max-sum can be applied to

the sensor monitoring problem, resulting in a decentralised coordination algorithm that

has many of the required properties stated in Chapter 1.

2.6 Summary

Let us recapitulate what we have discussed in this chapter. We have reviewed the litera-

ture along two dimensions. In terms of the application dimension, we have seen that the

practical use of WSNs spans a large set of applications. Along the technical dimension,

we reviewed previous work on adaptive sampling in terms of the three central challenges

that need to be addressed: information processing, information valuing, maximising in-

formation value.

Although these challenges are addressed in previous work in di�erent ways, we have

shown that several patterns and similarities between di�erent approaches can be distin-

guished. More importantly, this review has allowed us to identify the techniques that

can be adopted in our own work.

In particular, we will use the same break-down into the three constituent components

of an adaptive sampling algorithm�information processing, information valuing, and

information maximisation�to give a brief overview of the choices made in this chap-

ter. Firstly, for information processing, we have seen that the GP is a very versatile
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and powerful technique for accurately modelling the spatial and temporal dynamics of

various environmental phenomena. Speci�cally, from the perspective of our requirement

of accuracy, insight on these dynamics for achieving situational awareness is important,

and the GP allows us to recover them in a straightforward way. Moreover, the tech-

niques proposed by Osborne et al. (2008) make it possible to do this in an online fashion

by updating the existing GP models with newly obtained observations in an e�cient

way. In so doing, the GP satis�es the requirement of adaptiveness as laid down in the

introduction. However, the versatility of the GP comes at a higher computational cost

than, say, linear regression. Moreover, future work will need to address the challenge

of distributing the use of the GP over multiple sensors. Nevertheless, we believe the

GP remains an attractive technique, since it does not put restrictions on the class of

phenomena that can be modelled, which is an especially desirable property at this stage

of our work.

Secondly, we showed that the value of information is connected to the notion of surprise.

Moreover, since surprise in situational awareness is something that needs to be avoided,

the value of information should be chosen to favour observations that minimise surprise,

and maximise the accuracy of the world picture of the sensors. We believe that entropy

is a �tting choice at this stage, since it is cheap to compute. Moreover, initial exper-

iments showed favourable performance of the entropy criterion in comparison with the

MI criterion, which has been extensively evaluated in the literature.

Thirdly, we have expressed our preference for myopic information maximisation algo-

rithms, since they are highly adaptive, which makes them very suitable for situational

awareness in dynamic environments. Moreover, they are governed by simple rules, that

instruct sensors to choose their actions myopically to maximise entropy. This makes a

simple decentralised implementation on a multi-sensor platform possible, while ensur-

ing that the individual sensors are autonomous, and that the overall performance of

the collective is robust against failure of single sensors. Put di�erently, these are at-

tractive properties in terms of our requirements. Given this, in Chapter 4 we discuss a

un-negotiated (see Section 2.5.3) algorithm based on these ideas.

Finally, we discussed various coordination mechanisms. In particular, we focussed on the

max-sum algorithm for decentralised coordination and argued that it exhibits desirable

properties such as explicit coordination, robustness, and autonomy. In Chapter 5 we

extend the un-negotiated coordination algorithm from Chapter 4 by applying the max-

sum algorithm to obtain a negotiated coordination algorithm, and show that this leads

to improved performance. In Chapter 6, we extend this algorithm to the case where the

sensors are characterised by continuous control parameters, by generalising the max-sum

algorithm from discrete to continuous action spaces.



Chapter 3

The Mobile Sensor Monitoring

Problem

.

In this section we present a formalisation of the environmental monitoring problem for

multiple mobile sensors, and the assumptions on which this formalisation is based. This

formalisation is inspired by Meliou et al. (2007), and has been extended for multiple sen-

sors with limited local knowledge. In Chapters 4, 5 and 6 we develop several algorithms

that enable a team of sensors to solve this problem in a decentralised fashion.

Intuitively, an environment is de�ned by its physical layout, and by the phenomena (tem-

perature, humidity, etc.) that exist within. More formally, we can denote an environment

and the mobile sensors within it by a tuple E = (S,G,P, T ), where:

• S = {Si|i = 1 . . .M} is the set of M mobile sensors;

• G = (V,E) encodes the layout of the physical environment, where E denotes the

possible movements between locations V . To each location v ∈ V we assign two

spatial coordinates: (xv, yv). Thus, with some abuse of notation, we can denote

the distance between two locations v, v′ as |v − v′|;

• P is a spatial phenomena that is monitored by the sensors in S. Here, we model

phenomenon P as a scalar �eld de�ned on one temporal and two spatial dimensions:

P : V × T → R.

• T = {t1, t2, . . . } models time as a sequence of discrete timesteps of unknown

length.1

1In uncertain and dynamic scenarios, the mission time is often not known beforehand.
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Furthermore, we denote the sensors' locations at time t ∈ T by the M -tuple Lt =(
l1t , . . . , l

M
t

)
, where lit ∈ V. At every timestep t ∈ T , the sensors take measurements

Ot =
(
o1
t , . . . , o

M
t

)
at locations Lt by sampling from P: oit ← P(lit, t), and move to a new

location that is adjacent to the current location in V : lit+1 ∈ adjG(lit). To illustrate this

formal model with an example, Figure 3.1 shows the �rst few timesteps of a team of four

sensors moving an example environment.

Given this model, the sensors' challenge is to monitor P at all locations V at time t. Since

the number of sensors M is generally much smaller than |V | (the number of locations

that are monitored), the sensors need to not only take measurements at locations Lt,
but also predict the value of P at time t for every location V , based on observations

made earlier. In order to do this, we associate to the measurement at location v ∈ V at

time t a continuous random variable Xv,t, and use a statistical model to predict values at

locations V . As we discussed in the previous Chapter, we will model the phenomenon P
with a GP (see Section 2.3.2), that encodes both its spatial and temporal correlations.

Now, in order to select their movements, sensors need to be able to predict the infor-

mativeness (or value) of the samples that are collected along their paths with respect

to the accuracy with which measurements at unobserved locations can be predicted.

Here, the informativeness of a set of samples that correspond to the random variables

X = {X1,X2, . . . } is quanti�ed by a function f(X ), that, depending on the context, can

take on di�erent forms (Meliou et al., 2007). As discussed in Section 2.4, we expressed

our preference for the entropy as a metric of informativeness. However, the algorithms

presented in the upcoming chapters are not limited to this choice.

To measure the performance of the sensors, we utilise the root mean squared error

(RMSE) of their predictions. In order to do this we denote the predictions that the

sensors make at time t by Pt = {pvt |v ∈ V }. Suppose the actual measurements made at

those locations are At = {avt |v ∈ V }, then the objective of the sensors is to coordinate

their movements so as to minimise for all timesteps t ∈ T :

RMSE(Pt, At) =

√∑
v∈V (avt − pvt )2

|V |
(3.1)

Informally, the RMSE can be thought of as a quality measure of the situational awareness

the mobile sensors achieve, since it measures the di�erence between the measurements

of the sensors, and the actual values of the phenomena in the environment. We chose

this measure because it has been used in related work to ascertain the accuracy of sensor

predictions (Guestrin et al., 2005; Krause and Guestrin, 2007).

At this stage of our research, the above formalisation is based on a number of assump-

tions. As we will discuss later on, the relaxation of these assumptions will be investigated

in future work.
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Figure 3.1: Four timesteps of a team of sensors S = {S1, S2, S3, S4} moving in an
environment whose layout is de�ned by a graph G = (V,E), pictured in grey. E
contains a pair of locations (vi, vj) when they are less than 7.4 meters apart. The
initial deployment of the sensors is L1 = (v1, v1, v1, v1), where v1 = (0.5, 17) ∈ V (if
sensors occupy the same location, only one of them is shown). Phenomenon P is not

shown.
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1. There is no cost associated with movement, communication or sensing. E�ectively,

this implies that sensors have an unlimited power supply.

2. The environment contains a single phenomenon of interest.

3. The team of mobile sensors is homogeneous. Consequently, they have the same

movement restrictions, and carry the same type of sensor equipment.

Now that we have a formal de�nition of the problem, we show in the next section how

an un-negotiated coordination (see Section 2.5.3) algorithm is capable of tackling it in a

distributed way.



Chapter 4

Un-negotiated Decentralised

Coordination

In the previous chapter, we formalised the mobile sensor monitoring problem and ex-

plained its underlying assumptions. In this chapter,1 we develop a basic decentralised

coordination algorithm for a team of mobile sensors. In particular, this algorithm allows

the sensors to operate in un-negotiated coordination mode. Recall from Section 2.5.3 that

this implies that sensors share observations of their environment (belief sharing), but do

not explicitly negotiate about their actions; coordination is established exclusively by

observing each other's location, and sharing observations from their environment.

Moreover, the algorithm is greedy, because at each timestep sensors move to the location

with the highest entropy, without considering subsequent moves. This is computation-

ally less demanding than considering the (discounted) information gain of entire paths,

because the action space is much smaller when only the next move is considered. Fur-

thermore, the policy is online, because the entropy is constantly being updated based on

newly acquired observations made by the sensor itself and the other sensors.

This algorithm is inspired by approaches based on techniques found in the literature,

such as potential �elds, information sur�ng and myopic information maximisation. The

attractiveness of these techniques stems from the fact that they allow sensors to be

highly adaptive to their environments: they alternate between updating the model of

their environment, and deciding on the next action that maximises information. This

is in stark contrast with the o�ine approaches discussed in Chapter 2 that essentially

perform a one-shot optimisation, instead of continuously maximising information during

deployment (see Section 2.5.1). Moreover, these approaches are decentralised and enable

sensors to make their own decisions, thereby making them autonomous.

1The contributions presented in this chapter have been published in Stranders et al. (2008).
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However, these methods also have potential drawbacks, originating from the fact that

they myopically maximise information. This might result in them getting caught in

local maxima, as we will see in Section 4.3, where we empirically evaluate the greedy

algorithm. In practical terms, this could seriously impact their ability to tackle complex

environments, in which their movement is restricted by obstacles. Finally, these methods

are restricted to reasoning about the next move only. In the next chapter, we address

this shortcoming and extend the sensors' deliberation cycle to reason about paths.

The remainder of this chapter is organised as follows. In Section 4.1 we present our

algorithm in detail, where special attention is paid to its emergent properties. Then,

to illustrate these emergent properties, we will show their operation in two example

scenarios in Section 4.2. Next, in Section 4.3 we empirically evaluate the coordination

algorithm using a real-life dataset. We end the chapter with an overall evaluation of the

algorithm in terms of the requirements outlined in Chapter 1, and identify the de�ciencies

that need to be addressed in future work.

4.1 The Coordination Algorithm

In this section, we will present the coordination algorithm based on the problem formal-

ism de�ned in the previous chapter. Recall from the introduction of Chapter 2, that in

order to do adaptive sampling, three challenges have to be addressed. In the remainder

of this section, we will highlight each of these challenges in turn. First, we show how we

use the GP for information processing. Second, we describe our measure of information.

Third, we present the full algorithm for maximising information gain, and minimising

the RMSE of the sensor's predictions.

4.1.1 Information Processing

In this section, we will explain how phenomena P is modelled in our approach by a

GP. Since P is a function of time and (two-dimensional) space, we use a GP with three

dimensional input vectors: x = [ x y t ]>. Now, recall from Section 2.3.2, that a GP

with a Matérn covariance function is capable of accurately modelling the properties of

the phenomena found in our application domain. For convenience, we repeat it here:

k(x,x′) = σ2
f

(
1 +
√

3r
)

exp
(
−
√

3r
)

+ σnδxx′ (4.1)

where r ≡
√

(x− x′)>P−1(x− x′), and P is a diagonal matrix with P = diag(l2s , l
2
s , l

2
t ).

The diagonal entries of P are the lengthscales and timescales of phenomena P, and have

to be learnt from observations O. In order to do this, we employ the techniques outlined

in Section 2.3.2.2. More speci�cally, these techniques allow each sensor to update its GP
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model based on the observations Ot that are obtained at each timestep t, while at the

same time re�ning the previous estimates of l2s and l2t . In doing so, the GP is able to

recover both the temporal and spatial dynamics of the phenomenon. Put di�erently, it

allows the sensors to determine not only the correlation between two measurements over

space, but also over time. The signi�cance of this will become clear in the upcoming

sections.

4.1.2 Value of Information

Based on this GP formulation, we are able to de�ne a value of information in terms of

entropic information content of a location. More speci�cally, if we model a measurement

taken at location v as a random variable Xv, we can de�ne the entropy of this random

variable as the amount of information that can be obtained at location v. Now, if we

know the realisation ot′<t of set of observation variables Ot′<t taken in the past, we can

determine the expected value of information VI(v) that can be at v as follows:

VI(v) = H(Xv|Ot′<t = ot′<t) (4.2)

4.1.3 Maximising Information Gain

Given this formulation of information value, the sensors' objective is to choose their

movements so as to maximise this information value collectively. Our algorithm that is

intended to achieve this is outlined in pseudo code in Algorithm 2. At the beginning of

each time step, the sensors take measurements (line 1), and send these to their peers (line

2). Their own measurements, combined with those received from the other sensors in line

3, are used to update the GP model (line 4). Next, each sensor predicts measurements

at every location in graph G for which it is closest (line 6). Finally, in line 8, each

sensor chooses the next location lt+1 with certain probability p(lt+1) proportional to the
information value associated with location lt+1. More speci�cally, we use the Boltzmann

equation to determine this probability as follows:

p(lt+1) =
exp(VI(lt+1)/τ)∑

lt+1∈adj(lt)

exp(VI(lt+1)/τ)
(4.3)

Here, τ is referred to as the temperature variable. It controls the trade-o� between

maximising utility, and choosing a random action; the higher temperature, the more will

the available moves become equally desirable, regardless of their associated utility. When

the temperature approaches zero, the selection rule approximates the arg max function.

There are two reasons for using this selection rule. The �rst is that it breaks the symmetry
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Algorithm 2 The coordination algorithm instantiated for sensor si at time t.

1: Take measurement oi
t ← P(t, lit)

2: Send measurement oi
t and current position lit to sensors S \ si

3: Receive measurements O
S\si

t and positions L
S\si

t from other sensors
4: Update GP using newly acquired measurements

5: for all {v ∈ V|
∣∣lit − v∣∣ ≤ ∣∣∣ljt − v∣∣∣∀j 6= i} do

6: Calculate prediction pv
i

7: end for

8: Move to adjacent vertex l∗t+1 with probability p(l∗t+1) obtained from Equation 4.3.

between the sensors, who would otherwise be inclined to select the same move, since they

share the same world view through the exchange of observations. The second reason is

that with a su�ciently high temperature, the sensors will move in directions that do not

necessarily maximise the information value. Instead, they will move towards areas that

might otherwise be left unexplored.

Now, this algorithm has two important emergent properties. The �rst is the patrolling

behaviour of the individual sensors. Using the greedy online entropy policy, sensors will

tend to move towards locations with high entropy. Recall that the covariance function

we use not only takes into account the spatial correlations in the environment, but

also the temporal correlations. As a result, observations made in the past will have

increasingly less relevance for predicting the current state of the environment. The

entropy at locations that remain unvisited will therefore increase automatically, and those

locations consequently become increasingly attractive to visit again. This e�ectively

incentivises the sensors to be in a constant state of hill climbing in the direction of

the steepest entropy gradient (cf. information sur�ng, and the potential �eld technique

discussed in Section 2.5.2). So, it is crucial for the mobile sensors to model the temporal

dynamics of the spatial phenomena, because the problem they face is not a one-o�

optimisation problem; the sensors need to determine the next informative placement

given newly acquired observations, while the relevance of older observations declines

over time. Consequently, they will have to keep patrolling the environment by revisiting

previously visited locations.

The second emergent property is the coordination between the sensors. The exchange

of observations in step 2 of the algorithm allows the sensors to share the same world

view. It enables them to calculate the entropy for every possible move, based on their

neighbours' locations and observations. Sensors will therefore tend to avoid each other,

and spread out, because moving in the direction of another sensor will generally decrease

the entropy. As a result, the sensors are capable of implicitly coordinating their actions

through the exchange of simple observations, and need not also exchange their plans or

intentions.

In the next section, we illustrate the operation of this algorithm with a number of example

scenarios.
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4.2 Example Scenarios

In this section we will present two example scenarios that illustrate the emergent prop-

erties discussed above. First, however, we will brie�y discuss the simulator that we have

developed for the purpose of evaluating di�erent sensor strategies. Next, we present the

�rst scenario, which features a single sensor that is given the task of monitoring an envi-

ronment. This scenario is intended to illustrate the sensor's tendency to be attracted to

areas of higher uncertainty. In the second scenario, two sensors are monitoring a slightly

more complex environment. In this scenario, we will see an example of emergent coordi-

nation between two mobile sensors. At the end of the section, we will give a link to the

videos we have created of some of our simulations, in order to give a more dynamic view

of the operation of the algorithm.

4.2.1 The Simulator

In order to empirically evaluate our coordination algorithm, we have built a simulator

for mobile sensors in Java. This simulator contains an implementation of the GP, the

learning algorithms presented in Section 2.3.2.2 and the problem formalisation that we

developed in Chapter 3. As such, it has enabled us to test the e�ect of di�erent param-

eter settings and visualise the behaviour of our mobile sensors in di�erent environments.

Moreover, its architecture has been speci�cally designed with future requirements in

mind, and it is therefore expected that future extensions are straightforward to imple-

ment.

4.2.2 Scenario 1: A Single Sensor

This scenario features a single sensor moving through a simulated version of the Intel

Berkeley Lab. This lab contains a �xed WSN of 54 sensors, and a dataset collected by

this WSN is publicly available on the Internet.2 This dataset has been used extensively

in related work to evaluate adaptive sampling algorithms (e.g. Guestrin et al. (2005)),

as well as in our empirical evaluation.

Now, Figure 4.1 shows a snapshot of the algorithm in action. It shows the approximate

path of single sensor, and the variance with which the sensor is able to predict measure-

ments throughout the environment at time t = 25. As can be seen, the sensor is moving

in the direction of higher variance (and thus entropy). Note how the variance behind

the sensor increases along the travelled path. This illustrates the e�ect of modelling the

phenomenon's time dynamics: the older the measurement at a certain location, the less

useful it is to predict the current measurement.

2Refer to http://db.csail.mit.edu/labdata/labdata.html for more details.

http://db.csail.mit.edu/labdata/labdata.html
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Figure 4.1: The world view of a single sensor moving through the Intel Berkeley
Research Lab at timestep t = 25. The blue dots represent the locations V the sensor
can move between, and the arrows indicate the approximate path of the sensor. Super-
imposed is a contour plot of the predictive variance with which the sensor can predict
measurements throughout the environment (the numbers on the contour lines indicate
the variance). The lower the predictive variance, the better the measurements at those
locations can be predicted. These predictions are made using the sensor's GP, that is
trained with the measurements collected along the sensor's path. Times are in minutes.

4.2.3 Scenario 2: Coordination between Two Sensors

In this scenario, two sensors are exploring an environment that consists of a long corridor

that is connected to a large room. Figure 4.2 shows four snapshots of this scenario, taken

at timesteps 100, 200, 300, and 400. That is to say, the sensors have made 100 moves

and observations in the interval between two snapshots. From this �gure, we can observe

that in the �rst 200 timesteps, the coordination algorithm allocates the green sensor to

the corridor, and the blue sensor to the large room. In doing so, the sensors are capable

of monitoring both the corridor and the room at the same time. Even more interesting is

the green sensor's behaviour between timesteps 200 and 300. Having su�ciently reduced

the uncertainty in the corridor, it decides to move into the large room to assist the

blue sensor. A comparison of the predictive variance (or uncertainty) of the snapshot

at timesteps 200 and 300 shows the e�ectiveness of this strategy; the uncertainty in the

room is reduced. Also, we can see that the uncertainty in the corridor has increased, as a

result of the fact that it is no longer covered by the green sensor. By the end of timestep
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400, the environmental conditions within the corridor are again maximally uncertain, as

if no sensor has patrolled it before. However, this uncertainty attracts the green sensor,

which is about to enter the corridor once again. In sum, the behaviour that the sensors

exhibit in this scenario shows the e�ectiveness of the emergent coordination between the

sensors.

4.2.4 Simulation Videos

We created two videos of these two simulations, which can be found at http://users.

ecs.soton.ac.uk/rs06r/videos/. Unlike the static snapshots in Figures 4.1 and 4.2,

these videos o�er a more dynamic view of the operation of the algorithm.

4.3 Empirical Evaluation

The scenarios discussed in the previous section give a feel of the way in which the

sensors behave with our algorithm. However, this provides only a qualitative analysis

of the algorithm, and does not give an indication of its performance in terms of the

quantitative measures de�ned in Chapter 3. This section is therefore dedicated to a

more thorough empirical evaluation. This section is organised as follows. First, we will

explain the experimental setup we used. Next, we present and analyse the results.

4.3.1 Experimental Setup

To empirically evaluate our approach, we used our simulator to compare the performance

of di�erent teams of 5 sensors using a dataset from the Intel Berkeley Research Lab. The

dataset contains temperature, humidity and light intensity measurements collected by

54 �xed wireless sensors between 28 February and 5 April 2004. Figure 4.3 shows the

layout of the lab, and the location of the sensors.

We compared our approach with �ve benchmark policies using this dataset. To do this,

we �rst instantiate our formal model introduced earlier for this environment. More

speci�cally, the graph G is populated with vertices V that correspond to the 54 sensor

locations, and edges E that restrict movement between any pair of locations vi, vj ∈ V no

further than 8 meters apart. At every 5 minute interval, each deployed sensor si makes a

temperature reading oit by querying the Berkeley dataset for the sensor's present location

lit and the current simulation time t. After the sensors have updated their GP models

(Algorithm 2, step 4), the sensors collectively make temperature predictions Pt for all of

the 54 sensor locations V (step 6). Next, we determine the accuracy of these predictions

in terms of the RMSE by comparing them to the actual readings At. Finally, the policies

that use mobile sensors decide where to move next.

http://users.ecs.soton.ac.uk/rs06r/videos/
http://users.ecs.soton.ac.uk/rs06r/videos/
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(a) Timestep 1-100
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(b) Timestep 101-200

0 10 20 30 40 50
0

10

20

30

40

50

60

70

0.
2

0.2

0.2

0.2

0.2

0.2

0.2

0.4

0.4

0.4

0.6

0.6

0.
6

0.8

0.8

0.
8

X

Y

 

 

(c) Timestep 201-300
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(d) Timestep 301-400

Figure 4.2: Snapshots at timesteps 100, 200, 300 and 400 of two sensors moving
through an environment with a corridor connected to a large room. The grid points
represent the locations the sensors can move between, and the arrows indicate the ap-
proximate paths of the sensors in the 100 timesteps between two subsequent snapshots.
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Figure 4.3: Sensor deployment at the Intel Berkeley Research Lab. In our simulation,
the sensors can move between the 54 real sensor-locations every 5 minutes to a location
within 8 meters of their previous position. The lab itself measures 30 by 40 meters.

(Copied from http://db.csail.mit.edu/labdata/labdata.html).

Now, the six policies used in this experiment can be seen as points in three-dimensional

policy space: the �rst dimension speci�es the movement: mobile (M), jumping (J), and

�xed (F). The second dimension describes learning: knowing (K) the hyperparameters

in advance3, or having to learn (L) them. The last dimension speci�es the type of

policy: greedy (G) or random (R). In case of greedy, it is also speci�ed what is greedily

maximised: entropy (e) or mutual information (mi).

MLGe Our algorithm as detailed in the previous section: mobile sensors that are capa-

ble of learning the values of the hyperparameters using BMC, and employ a greedy

online movement policy for entropy maximisation.

MLR The same mobile sensors as MLGe, except that they move randomly. This policy

was included to determine the e�ect of the greedy entropy policy.

MKGe The same sensors as MLGe, except that they have prior knowledge of the all

hyperparameters. This policy evaluates the e�ect of having to learn the hyperpa-

rameters.

JKGe The same as MKGe, except that these sensors can instantaneously jump to a

desired location without visiting intermediate locations. This policy acts as an

upper bound for achievable performance.

3Using an o�ine learning algorithm, we determined the values of the hyperparameters of the tem-
perature in the lab.

http://db.csail.mit.edu/labdata/labdata.html
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FKGmi Fixed sensors that are placed using a greedy mutual information maximisation

algorithm that has prior knowledge of all the hyperparameters (Guestrin et al.,

2005).

FKGe Fixed sensors that are placed using a greedy entropy maximisation algorithm

that has prior knowledge of the hyperparameters.

Given the characteristics of these policies, we formulate the following experimental hy-

pothesis:

Hypothesis 1. The prediction accuracy of our algorithm (MLGe) will be

higher than that of both �xed sensor networks, as well as that of the random

policy. The former is a result of the fact that the mobile sensors controlled by

our algorithm are able to collect observations from the entire environment,

and are not restricted to sampling at locations that have been determined

at design time. The latter is caused by the fact that a random policy will

not select observations based on their information value, and will therefore

be less successful in reducing the uncertainty in the sensors' models. As a

result, the predictions of these models are less accurate.

Hypothesis 2. Our algorithm will closely approximate the performance of

benchmarks MKGe and JKGe that possess prior knowledge of all the hy-

perparameters, that our algorithm has to learn online. This is due to the

e�ciency of the learning algorithm.

4.3.2 Results

Figure 4.4 shows the accuracy of the predictions in terms of RMSE of a single run through

the dataset, averaged over the days on which the measurements were made. It clearly

shows that our mobile sensors outperform both �xed placements, and the randomly

moving sensors, con�rming Hypothesis 1. Furthermore, the fact that the randomly

moving sensors perform worse clearly shows that the greedy entropy policy is indeed

e�ective. Finally, the prediction accuracy of our mobile sensors is comparable to those

sensors that can instantaneously jump to their desired location, and the mobile sensors

that have prior knowledge of the hyperparameters (i.e. the two policies used to put an

upper bound on achievable performance), con�rming Hypothesis 2.

Figure 4.5 shows the e�ect of varying the number of sensors in the environment. The

mobile sensors start o� with a signi�cantly higher performance than the �xed sensor

network; around 15 �xed sensors with prior knowledge of the hyperparameters are needed

to attain the same performance as a team of 5 mobile sensors. However, when the

number of sensors increases to around 15 (30% of the number of sensors in the Berkeley

Lab), the two solutions become equivalent. At this point, increasing the number of
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Figure 4.4: Average RMSE for the di�erent types of sensor policies. Each simulation
was performed with 5 sensors. The error bars indicate the standard error of the mean.
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Figure 4.5: Graph showing the e�ect of varying the number of sensors in the envi-
ronment. Around 15 �xed sensors are needed to attain a similar performance to the 5
mobile sensors. Additionally, the graph shows that adding additional moving sensors to
the environment does not bring about a signi�cant increase in prediction quality. The

error bars indicate the standard error of the mean.
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�xed sensors has a greater e�ect on the performance than introducing additional mobile

sensors. This is caused by the fact that as the number of mobile sensors increases, the

freedom of movement of the sensors is reduced, thereby making it more di�cult for them

to reach locations of high entropy. As a result, the performance of the mobile sensors

increases more slowly. We believe that this can be prevented by introducing more explicit

coordination between the sensors, which is considered in future work.

4.4 Summary

In this chapter, we showed our �rst contribution to the �eld of mobile sensing. Speci�-

cally, we introduced a decentralised algorithm for coordinating teams of mobile robots for

monitoring environmental phenomena in dynamic environments. With this algorithm,

sensors are able to learn the hyperparameters of the GP that models these phenomena

online, and coordinate their actions to maximise the collective information gain. At this

point, we will review this algorithm in terms of the requirements laid down in Chapter

1, and identify the de�ciencies that will be addressed in future work.

Accuracy: The GP regression techniques used within the algorithm are able to recover

the spatial and temporal dynamics of an uncertain environment. However, so far,

we have modelled these dynamics with a stationary covariance function, which

exhibits the same properties at each spatio-temporal coordinate within the envi-

ronment. In practical settings, however, some areas of the environment might be

more dynamic than others, necessitating the use of a non-stationary covariance

function. We intend to identify e�cient and practical techniques in future work.

Relevance: Our current value of information does not distinguish between relevant or

irrelevant events. It places value on an observation solely based on the grounds of

its potential to reduce uncertainty in the sensor's model. The notion of relevance

should therefore be incorporated in the measure of information. This way, sensors

will be incentivised to reduce uncertainty in the environment and at the same time

collect those observations that are relevant in terms of the decision maker's goals.

Adaptiveness: The GP regression techniques combined with the potential to learn the

hyperparameters of the covariance function make the sensors highly adaptive to

their environment. However, there is still an open question of how adaptive GP

regression for non-stationary processes should be performed.

Robustness: The current algorithm is robust against the failure of a single sensors,

since it does not contain any centralised elements. Moreover, we can conclude from

Figure 4.5 that its performance will degrade gracefully in the face of multiple sensor

failures. However, the robustness of the algorithm in the presence of unreliable

communication links needs still to be investigated.
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Autonomy: With this algorithm, the sensors are in full control of their own actions.

However, in the current approach, each sensor has access to all observations from all

sensors, resulting in identical world views. In contrast, in more realistic scenarios,

where the communication bandwidth and range are limited, this will no longer be

feasible. As a result, the sensors' world models will start to diverge. We will need

to investigate how sensors should cope with this, by making decisions based only

on information that is available through their immediate neighbours and their own

observations.

Scalability: The current communication protocol requires the sensors to exchange all

their observations with each other. E�ectively, this means that when adding an

additional sensor to an existing team of n sensors, 2(n + 1) additional messages

need to be sent. As a result, the number of communicated messages will increase

quadratically with the number of sensors. While this problem might be alleviated

if we allow for broadcasts, we believe that the this property should be further in-

vestigated. Potential solutions include restricting the communication to immediate

neighbours only, or increasing the level of abstraction of the contents of the mes-

sages by aggregating multiple observations into a single high-level representation.

Modularity: In the experiments, we have modelled the sensors as being identical. How-

ever, the formalism in Chapter 3 can easily be adapted to allow for di�erent move-

ment capabilities of the sensors. Moreover, the communication protocol requires

that the sensors exchange raw observations, which does not impose many restric-

tions on the implementation of the types of sensors used.

The algorithm presented in this chapter allows mobile sensors to operate in un-negotiated

cooperation mode. Thus, the sensors share the same world-view through the exchange

of observations, but do not negotiate about their collective action. In the next chapter,

we investigate and evaluate the a negotiated coordination algorithm (see Section 2.5.3).

As will become evident, this algorithm has the potential of making the mobile sensors

more robust in complex environments, by preventing the sensors from getting trapped

in local minima.



Chapter 5

Negotiated Decentralised

Coordination

In the previous chapter, we developed a decentralised coordination algorithm that oper-

ates in un-negotiated mode; it allows mobile sensors to coordinate exclusively by sharing

observations of their environment. No explicit negotiation is required to determine their

next moves; sensors move according to what they believe obtains the most valuable sam-

ples, regardless of how their neighbours decide to reposition themselves. Put di�erently,

sensors attempt to maximise their own immediate utility, without taking into considera-

tion the impact their decision might have on other sensors' utility. As we will see in this

chapter,1 a more coordinated approach, in which the sensors explicitly negotiate about

their next joint move prior to executing it, can lead to signi�cantly improved perfor-

mance. More speci�cally, the algorithm that we develop in this chapter uses negotiated

coordination (see Section 2.5.3). In order to accomplish this, we will drop the rather in-

dividualistic approach of the previous chapter in favour of a more collective perspective

on the behaviour of the sensors. Most importantly, we shall do this without losing the

desirable properties of scalability, robustness, modularity, and autonomy.

In more detail, the negotiated coordination algorithm we present in this chapter attempts

to maximise the information gain obtained by the team as a whole. To see why this can

lead to improved performance compared to the un-negotiated coordination algorithm,

note that the latter controls sensors individually to make locally greedy decisions. These

decisions create constraints for other sensors to deal with, which are likely to force the

algorithm into a local maximum. As a result, their behaviour can result in strongly

sub-optimal paths through their environment. In contrast, a negotiated coordination

algorithm can avoid these local maxima, by resolving con�icts of interests between the

sensors before any decision is made.

1This chapter is based on Stranders et al. (2009b).

73
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Additionally, instead of planning just a single move, the negotiated algorithm consid-

ers the action space of the entire team, which makes it possible to extend the planning

horizon and consider paths of longer length. This leads to increased performance, since

a more distant planning horizon allows sensors to take into account the e�ects of their

moves further into the future.2 The un-negotiated algorithm was not capable of doing

this, because it required sensors to observe their neighbours' positions in order to de-

termine their next move. Planning ahead further than a single move would cause the

sensors to lose synchronisation, causing them to base their decisions on stale information,

which would further decrease their performance.

Given this background, the remainder of this chapter is organised as follows. First,

we present the negotiated coordination algorithm. Second, we illustrate the operation

of the algorithm with an example scenario. Third, we empirically evaluate the new

algorithm, and demonstrate its e�ectiveness. In particular, we show that the algorithm

substantially outperforms the greedy un-negotiated algorithm that was developed in the

previous chapter.

5.1 The Coordination Algorithm

Similar to the un-negotiated coordination algorithm from the previous chapter, the algo-

rithm we develop in this chapter addresses the three challenges of adaptive sampling (see

Chapter 2): information processing, information valuing, and maximising information.

Now, since this algorithm makes use of the Gaussian process in the same way as the

algorithm from previous chapter, we do not address the information processing aspect of

this algorithm. Instead, we focus on the two remaining challenges. In more detail, we �rst

de�ne the value of information that a single sensor receives in terms of its contribution to

the collective information gain of the team. Second, we show how the joint action space

is de�ned for multiple sensors and how this enables the sensors to plan paths of arbitrary

length. Also, we show how the max-sum message passing algorithm for decentralised

coordination can be applied to compute the joint action that maximises the information

gain for the team as a whole.

5.1.1 Value of Information

As mentioned earlier, the algorithm that we develop in this chapter considers the per-

formance of monitoring the spatial phenomenon of the entire team, instead of the per-

formance of single individual sensors. Recall from Section 4.1.2 that performance is

2However, unlike the o�ine algorithms discussed in Chapter 2, this online decentralised algorithm
allows for paths to be changed whenever unexpected events occur, such as the failure of a sensor, or the
discovery of a rapidly changing phenomenon in the environment.
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measured in terms of entropy reduction. Now, instead of determining the entropy re-

duction caused by a single observation, as was done in the un-negotiated case, we now

have to determine the entropy reduction caused by a set of observations collected by the

team of sensors. More formally, the M sensors need to determine the value of collecting

observation sets A1, . . . , AM , where Ai is collected by sensor i, relative to the observa-

tions B that were collected previously. This value is equal to H(A1∪ . . .∪AM |B), or the
conditional entropy of the random variables corresponding to the observations Ai, con-

ditioned on the observations B. Trivially, this value can be computed by each sensor if it

knows all observation sets A1, . . . , AM . This, however, would imply that each sensor has

to consider (and thus have knowledge of) all observations of all sensors. Needless to say,

this would lead to a large communication overhead. What is needed is a more localised

and decentralised algorithm for computing the value of observations A1, . . . , AM .

A naïve approach�that, as it turns out, is incorrect�would be to sum the entropies of

the samples each individual sensor collects. In this way, sensors do not need to share their

observations, and only need to maximise the value of the observations they themselves

decide to collect. Note however, that this method overestimates the true global utility.

In more detail, H(Ai) + H(Aj) ≥ H(Ai ∪ Aj), with equality only if the sets of random

variables Ai and Aj are independent.3 So, in general,
∑M

i=1H(Ai) 6= H(A1, . . . , AM ).
Consequently, if each sensor individually attempts to maximise its utility by collecting

samples of high value, the sensors collectively will generally not maximise the team utility.

However, the following theorem gives rise to a more sophisticated way of de�ning team

utility. First, we de�ne the key concept of incremental value ρ:

De�nition 5.1. The incremental value of adding a set of observations A = {X1,X2, . . . }
to another set of observations B = {X ′1,X ′2, . . . } is the information gain obtained by

collecting A, and is denoted as ρA(B) = H(A ∪B)−H(B).

Theorem 5.2. Let {A1, . . . , An} be a partition of A. Then,

H(A|B) =
n∑
i=1

ρAi

i−1⋃
j=1

Aj ∪B


3In most environments, and through the property of locality, two sets of observations can be considered

independent if they have been collected �far� apart. The exact de�nition of �far� depends on the length
scales of the spatial phenomenon that is monitored (see Section 2.3.2).
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Proof.

H(A|B) = H(A1|B) +H(A2|A1, B) + . . .+H(An|A1, . . . , An−1, B)

= [H(A1 ∪B)−H(B)] + [H(A1 ∪A2 ∪B)−H(A1 ∪B)] + . . .+

[H(A1 ∪ . . . ∪An ∪B)−H(A1 ∪ . . . ∪An−1 ∪B)]

= ρA1(B) + ρA2(A1 ∪B) + . . .+ ρAn(A1 ∪ . . . ∪An−1 ∪B)

=
n∑
i=1

ρAi

i−1⋃
j=1

Aj ∪B



Here, the �rst equality is obtained by repeatedly applying the chain rule of entropies:

H(X,Y ) = H(X|Y ) +H(Y ).

Informally, Theorem 5.2 tells us that the team utility is a sum of the incremental values

by adding samples Ai to the samples collected by sensors j < i. We will call the individual

factors of this sum the sensor contributions, or sensor utility.

De�nition 5.3 (Sensor Contribution/Utility). Sensor i's contribution to the team utility

is:

Ui(A1, . . . , Ai) = ρAi

i−1⋃
j=1

Aj ∪B



In order to calculate its contribution, a sensor need only be aware of the samples collected

by sensors with a lower ID. Moreover, by summing the contributions by individual sen-

sors, we obtain H(A|B) = H(A1 ∪ . . .∪AM |B), which is the team utility. As we will see

in the upcoming sections, these two properties are necessary requirements for applying

the max-sum algorithm, and can be exploited to obtain an intuitive and e�cient model

of computation and communication.

Further simpli�cations to the result of Theorem 5.2 can be made if we take into account

that certain sets of variables are independent. For example, if the variables in the set Ak

are independent from the variables in the sets {A1, . . . , Ai} \Ak, then:

ρAi

i−1⋃
j=1

Aj ∪B

 = H(A1 ∪ . . . ∪Ai ∪B)−H(A1 ∪ . . . ∪Ai−1 ∪B)

= [H(A1 ∪ . . . ∪Ak−1 ∪Ak+1 ∪ . . . ∪Ai ∪B) +H(Ak)]−

[H(A1 ∪ . . . ∪Ak−1 ∪Ak+1 ∪ . . . ∪Ai−1 ∪B) +H(Ak)]

= ρAi

 i−1⋃
j=1,j 6=k

Aj ∪B

 (5.1)
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(b) An example scenario with 5 sensors.

Figure 5.1: The in�uence circles of mobile sensors.

When applying the Gaussian process in the way we discussed in Section 2.3.2, two sets

of observations are never fully independent. This results from the fact that the covari-

ance functions we chose to use assign non-zero covariance to every pair of observations

(random variables). However, if X and Y are almost independent, meaning that collect-

ing observations X gives only very little information about (potential) observations Y ,

then H(X,Y ) = H(X) +H(Y )− ε (with ε very small), in which case independence is a

reasonable approximation.

For most spatial phenomena encountered in reality, there exists a maximum distance d

over which the act of collecting a sample reduces the entropy by more than ε. If l is the

length of the path over which negotiation is taking place, then samples collected outside

their in�uence circle with radius d + l centred at the sensor's current location can be

considered independent of a sample collected within the circle with radius l (see Figure

5.1(a)).

To clarify this issue further, the following example illustrates the ideas developed in this

section.

Example 5.1. Depicted in Figure 5.1(b) are 5 sensors with their respective in�uence

circles. Table 5.1 summarises the contribution functions Ui of each sensor to the team

utility. Using Equation 5.1, the expression for their contribution functions can be further

simpli�ed, based on whether the sensors' in�uence circles overlap.

So far, we have de�ned how team utility is factored into the individual sensors' con-

tributions. For sensor i, this contribution is calculated by determining the incremental

value of adding observations Ai to the set of observations collected by sensors j < i,

and the observations that were collected previously. However, the observations in Ai

are subject to various constraints, that we have not yet considered. Most importantly,
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Sensor Ui Simpli�ed Ui
S1 ρA1 (B) Simpli�cation not possible
S2 ρA2 (A1 ∪B) Simpli�cation not possible
S3 ρA3 (A1 ∪A2 ∪B) ρA3 (A2 ∪B)
S4 ρA4 (A1 ∪A2 ∪A3 ∪B) ρA4 (A2 ∪A3 ∪B)
S5 ρA5 (A1 ∪A2 ∪A3 ∪A4 ∪B) ρA5 (B)

Table 5.1: Contribution functions for the scenario in Figure 5.1(b).

Ai can only contain those observations that are collected along a path from sensor i's

current location. These constraints are the focus of the next section, where we de�ne

the action space of individual sensors, the joint action space of the team as a whole, and

the decentralised coordination algorithm to maximise information value in the presence

of these constraints.

5.1.2 Maximising Information Gain

Having formulated the value of information contributed by a single sensor, we now turn

to the challenge of maximising it in the presence of the movement constraints that were

de�ned in Chapter 3. In more detail, we �rst discuss the movement constraints of the

sensor team, and the joint action space of the team. Second, we de�ne the objective

function that the team should maximise. Third, we show that the max-sum algorithm

for decentralised coordination (Farinelli et al., 2008) can be used to achieve this in a

decentralised fashion. Fourth, we present two novel generic pruning algorithms that

are aimed at speeding up the max-sum algorithm in order to reduce the computational

overhead incurred by this algorithm computationally and to make it possible to solve

the mobile sensor monitoring problem in a timely fashion. Fifth and �nally, we develop

a technique for incentivising the team of sensors to maintain network connectivity.

5.1.2.1 The Action Model

Recall from the problem formulation in Chapter 3 that the motion of the mobile sensors

is constrained by a graph G that de�nes the layout of the sensors' environment. Ob-

servations can only be collected at the vertices of G, and moves between two vertices

are only allowed if this graph contains an edge between them. As a result, the obser-

vations Ai that sensor i can collect are restricted by its current location, the layout of

the environment, and the maximum length l of the path over which coordination takes

place.

So, given a sensor's current location vi, and path length l, the set of all possible paths that

the sensor can currently consider is a set which we will denote by Ai. The cardinality of

this set depends on G and vi, and is a non-decreasing function of l. The joint action space
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Sensor 1

Sensor 2

Sensor 3

Figure 5.2: A joint move of length 5 for sensors on a lattice graph.

A of the team of sensors is then the Cartesian product of all individual action spaces:

A = ×Mi=1Ai. Note that this grows exponentially with the number of sensors M , as well

as with the average cardinality of the action spaces of individual sensors. Therefore, it is

prudent to make the individual action spaces Ai as small as possible, since computation

scales proportionally to the number of possible joint actions. Moreover, many actions in

Ai are unlikely to result to an optimal solution (for instance, a move that makes a sensor

visit the same location twice in a short period of time). Furthermore, the sensors might

only consider those moves that keep them within their own partition of the environment,

or those moves that keep them within communication range of one another.

Now, each element p ∈ A is a collection of M paths of length l; one for each sensor.

An example of such a joint move for three sensors, consisting of a path of length 5 for

each of them, is shown in Figure 5.2. A joint move is an ordered list of vertices of G, at
each of which the sensor makes an observation of the spatial phenomenon. Thus, there

exists a correspondence between a path and a collection of observations. Therefore,

with some abuse of notation, we can treat every element in Ai as both a path and

a set of observations. We have now established a correspondence between an element

p = {v(1), v(2), . . . } ∈ Ai, and a set of observations Ai, as de�ned in the previous section.

More formally, we assign to each sensor i a decision variable pi, which takes values in the

set Ai, representing all moves that sensor i is currently considering. Applying de�nition

5.3, we know that the contribution of sensor i to the team utility is equal to Ui(p1, . . . , pi).

At this point, we have de�ned the action space of the team of sensors, and the contribu-

tion functions that assign a value to each of these actions. What remains is an algorithm

that attempts to �nd the joint action that maximises team utility.

5.1.2.2 The Objective Function

The central problem is now to �nd observation sets A∗1, . . . , A
∗
M that maximise the con-

ditional entropy given observations B that were made previously:

{A∗1, . . . , A∗M} = arg max
A1,...,AM

H(A1 ∪ . . . ∪AM |B) (5.2)
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Using Theorem 5.2, and De�nition 5.3, we can transform Equation 5.2 into a sum of

sensor contributions:

{A∗1, . . . , A∗M} = arg max
A1,...,AM

M∑
i=1

Ui(A1, . . . , Ai) (5.3)

or, by applying the movement constraints imposed by G, and using the correspondence

between decision variables pi and observation sets Ai established in the previous section:

p∗ = [p∗1, . . . , p
∗
M ] = arg max

p1∈Ai,...,pM∈AM

M∑
i=1

Ui(p1, . . . , pi) (5.4)

In other words, the sensors attempt to �nd joint move p∗ that maximises the team utility

by maximising the sum of their contributions as de�ned in De�nition 5.3.

Now, it is important to note that we can simplify this equation by exploiting the fact

that some observations are (almost) independent, by applying Equation 5.1. As a result,

the number of parameters of the utility functions Ui can be reduced; that is, some of the

parameters p1, . . . , pi can be discarded, because the corresponding sensors' observations

cannot in�uence sensor i's contribution to the team utility. In what follows, we will

therefore use the notation pi to indicate the vector of parameters to function Ui. This

vector pi contains only those decision variables on which sensor i's utility depends. Since

a sensor's contribution necessarily depends on the observations it collects itself, pi ∈ pi
will always hold.

5.1.2.3 Applying the Max-Sum Algorithm

As mentioned before, the fact that a sensor's utility depends only on a subset of other

sensors' decision variables (as a result of Theorem 5.2 and Equation 5.1), and that the

team utility is the sum of each sensor's utility (Equation 5.4), allows us to apply the max-

sum algorithm to solve Equation 5.4 in a distributed fashion. The attractive properties

of the max-sum discussed in Section 2.5.3.1 make this algorithm an ideal candidate, since

it scales well with the number of sensors and exploits the fact that the interdependencies

between sensors are sparse.

Now, Equation 5.4 is easily translated into a factor graph, on which the max-sum al-

gorithm can be directly applied. In this factor graph, the utility functions Um(pm) are
represented by function-nodes, while the decision variables pj are represented by variable

nodes; an edge exists between a function Um(pm), and a variable pn if pn ∈ pm.

The following example shows how Equation 5.4 is encoded as a factor graph for the

coordination problem in Example 5.1.
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Figure 5.3: Factor graph encoding the coordination problem from Example 5.1.

Algorithm 3 Algorithm for computing pruning message from function Um to variable
pn

1: Um(pn) ≤ min
pm\pn

Um(pm)

2: Um(pn) ≥ max
pm\pn

Um(pm)

3: send 〈Um(pn), Um(pn)〉 to pn

Example 5.2. Figure 5.3 shows an example factor graph that encodes Equation 5.4 for

the coordination problem of Example 5.1. In this example, the utility of sensor 1 depends

solely on its own action, so p1 = {p1}; the the utility of sensor 2 depends on its own

action, and that of sensor 1, so p2 = {p1, p2}. Similarly, p3 = {p2, p3}, p4 = {p2, p3, p4},
and p5 = {p5}.

5.1.2.4 Speeding up Message Computation

Unfortunately, the straightforward application of max-sum to solve Equation 5.4 is not

practical, because the computation of the messages from function to variable (Equation

2.19) is a major bottleneck. A naïve way of computing these messages for a given variable

pn is to enumerate all joint moves (i.e. the domain of pm), and evaluate Um for each

of these moves. Since the size of this joint action space grows exponentially with both

the number of sensors, and the number of available moves for each sensor, the amount

of computation quickly becomes prohibitive. This is especially true when evaluating Um

is costly, as is the case in the mobile sensors domain.4 Therefore, we introduce two

generic pruning algorithms to reduce the size of the joint action space that needs to be

considered. These algorithms are then applied to our mobile sensor domain, but they

can just as easily be applied within other settings.

The Action Pruning Algorithm The �rst algorithm attempts to reduce the number

of moves each sensor needs to consider before running the max-sum algorithm. This

algorithm prunes the dominated actions that can never maximise Equation 5.4, regardless

of the actions of other sensors. More formally, a move a′ ∈ An is dominated if there exists

4Speci�cally, determining the value of a sample involves the inversion of a potentially very large
matrix K(X,X) (see Equation 2.2).
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Algorithm 4 Algorithm for computing pruning messages from variable pn to all func-
tions Um ∈ adj(pn)
1: if a new message has been received from all Um ∈ adj(pn) then
2: ⊥(pn) =

∑
Um∈adj(pn)

Um(pn)

3: >(pn) =
∑

Um∈adj(pn)

Um(pn)

4: while ∃a ∈ An : >(a) < max
pn

⊥(pn) do

5: An ← An \ {a}
6: end while

7: send updated domain An to each Um ∈ adj(pn)
8: end if

a move a∗ such that:

∀a−n
∑

Um∈adj(pn)

Um(a′,a−n) ≤
∑

Um∈adj(pn)

Um(a∗,a−n) (5.5)

Just as with the max-sum algorithm itself, this algorithm is implemented by message

passing, and operates directly on the variable and function nodes of the factor graph,

making it fully decentralised:

• From function to variable: Function Um sends a message to pn, containing the

minimum and maximum values of Um with respect to pn = an, for all an ∈ An.
(see Algorithm 3).

• From variable to function: Variable pn sums the minimum and maximum values

from each of its adjacent functions, and prunes dominated actions. It then informs

neighbouring functions of its updated domain (see Algorithm 4).

Using this distributed algorithm, functions continually re�ne the bounds on the utility

for a given state of a variable, which potentially causes more actions to be pruned.

Therefore, it is possible that action pruning starts with a single move at a single sensor,

and subsequently propagates through the entire factor graph. This algorithm terminates

once the messages exchanged between the functions and variables converge. That is,

when all messages along all edges in the factor graph equal the previously received

messages. Also note that termination is guaranteed because of the fact that every variable

has a �nite number of states: during each iteration either at least one variable state is

pruned or the algorithm has converged. To see why this is true, note that for the

bounds on Um for a certain action a to change, at least one variable state needs to get

pruned. Otherwise, the messages sent from variables to functions will be identical, and

all variables receive the same message twice, which results in the termination of the

algorithm.
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Algorithm 5 Greedy algorithm for approximating the lower bound of Um(pn)
1: p′m = pm

2: U ′m = Um

3: for all pi ∈ p′m \ {pn} do
4: U ′m(p′m \ {pi}) = min

pi

U ′m(p′m)

5: p′m = p′m \ {pi}
6: end for

7: return U ′m(p′m) {= U ′m(pn) = Um(pn)}

Given the highly non-linear relations expressed in Equation 2.2, on which the sensors'

utility functions Um are based, it is very di�cult to calculate these bounds exactly,

without exhaustively searching the domain of pm for utility function Um. Needless to say,

this would defeat the purpose of this pruning technique. Nonetheless, experimentation

showed that by computing these bounds in a greedy fashion, a very good approximation

is obtained. Thus, the lower bound Um(an) on a move an is approximated by selecting

the neighbouring sensors one at a time, and �nding the move that reduces the utility

of sensor m's move the most. This idea is formalised in Algorithm 5; in lines 3�6 the

algorithm iterates through the variables, and in line 4 the current variable is �minimised

out�. This process continues until only pn is left. The resulting function U ′m(p′m)
equals the desired bounds Um(pn), which encodes the lower bounds of all moves in the

domain of pn. Now, in a similar vein, the upper bound Um(an) on a single move an

is obtained by selecting those moves of other sensors that reduce the utility the least.

Thus, by substituting max for min in line 4 of Algorithm 5, we obtain an algorithm for

approximating Um(pn)

The Joint Action Pruning Algorithm Whereas the �rst algorithm runs as a pre-

processing phase to max-sum, the second algorithm is geared towards speeding up the

computation of the messages from function to variable (Equation 2.19), while max-sum

is running. A naïve way of computing this message to a single variable pi is to determine

the maximum utility for each of sensor i's actions by exhaustively enumerating the joint

domain of the variables in pm\{pi} (i.e. the Cartesian product of the domains of these

variables), and evaluating the expression between brackets in Equation 2.19, which we

denote by:

R̃Um→pn(pm) = Um(pm) +
∑

pn′∈adj(Um)
pn′ 6=pn

Qpn′→Um(pn′) (5.6)

However, instead of just considering joint moves, we now allow some actions to be un-

determined, and thus, consider partial joint moves, denoted by â. By doing so, we can

create a search tree on which we can employ branch and bound to signi�cantly reduce the

size of the domain that needs to be searched. In more detail, to compute RUm→pn(ain)
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Figure 5.4: Search-tree for computing RUm→x3(a1
3) showing lower and upper bounds

on the maximum value in the subtree.

(a single element of the message from Um to variable pn) for a single action ain ∈ Ai in
the domain of pn, we create a search tree T (ain) as follows:

• The root of T (ain) is a partial joint move âr =
〈
∅, . . . ,∅, ain,∅, . . . ,∅

〉
, which

indicates that ain is assigned to pn, and the remaining variables are unassigned

(denoted by ∅).

• The children of a vertex
〈
a

(1)
1 , . . . , a

(k)
k , ∅, . . . ,∅, ain,∅, . . . ,∅

〉
are obtained by

setting the �rst unassigned variable pk+1 to each of its |Ak+1| moves.

• The leafs of the tree represent a (fully determined) joint move am (i.e. ∀i : pi 6= ∅).

In the tree, only leafs are assigned a value, which is equal to R̃Um→pn(am).

The maximum value found in T (ain) is the desired value. Now, in order to use branch

and bound to �nd this value, we need to put bounds on the maximum value found in a

subtree of T (ain). These bounds depend on Um and the received messages Q. Now, in

many cases we can put bounds on the maximum of the former, that is obtained by further

completing a partial joint move â′ in a subtree of T (ain). The bounds on Um, combined
with the minimum and maximum values of Q for â′ (again, by further completing the

partial joint move), gives us the desired bounds.

In more detail, Figure 5.4 shows an example of a partially expanded search tree for

computing a single element RUm→x3(a1
3) of a message from function Um to variable p3.

Given the lower and upper bounds on the maximum (denoted between brackets) sub-

tree
〈
a1

1,∅, a1
3

〉
can be pruned immediately after expanding the root. Similarly, subtree〈

a3
1,∅, a1

3

〉
is pruned after expanding leaf

〈
a2

1, a
2
2, a

1
3

〉
, which has the desired maximum

value.

Since the utility functions Um are domain dependent in the context of the max-sum

algorithm, there is no general way of computing these bounds. However, in most domains,

such as the mobile sensor domain, a partial joint move has a meaningful interpretation

that can lead to an intuitive way of computing the bounds on Um in any subtree of T :
a partial joint move â represents a situation in which only a subset of the sensors have

determined their move (Figure 5.5(a)). With this interpretation, we can obtain bounds
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as follows. The upper bound on this value is obtained by disregarding the sensors that

have not determined their action (i.e. sensors i for which pi = ∅). Since the act of

collecting a sample always reduces the value of other samples, disregarding the samples

of these `undecided' sensors will give an upper bound on the maximum (Figure 5.5(b)).

To obtain a lower bound on the maximum, we use the locality property of the utility

functions, which tells us that the interdependency between values of samples weakens

as their distance increases. So, in order to obtain a lower bounds on the maximum, we

move the undecided sensors away from sensor i's destination (Figure 5.5(c)).

5.1.3 Ensuring Network Connectivity

In many situations, it is also important that the sensors maintain network connectivity

in order to transmit their measurements to a base station. More importantly in the

context of our algorithm, sensors need to be able to communicate in order coordinate

their actions. Not surprisingly, we can use the algorithm to accomplish this, by penalising

disconnection from the network in the utility function Ui. To this end, we assume that

every sensor maintains a routing table that speci�es which sensors can be reached through

each immediate neighbour. Thus, a move is allowed if all sensors are still be reachable

through the remaining links. Otherwise, the sensor risks disconnection from the network,

in which case a large penalty is added to its utility function Ui.

It is important to note, however, that although maintaining network connectivity is

incentivised, the sensors are not guaranteed to remain connected. This is due to the fact

that max-sum is not guaranteed to converge in cyclic graphs (see Section 2.5.3.1), and

solutions can be arbitrarily bad when it does not. So, the solution computed by max-

sum can disconnect the network, even though this results in a strong negative utility. We

intend to address this problem in future work. Currently, we are investigating the use

of a bounded version of max-sum (Farinelli et al., 2009) that operates on a non-cyclic

subgraph of the factor graph. In so doing, it guarantees convergence and gives bounds

on the computed solution, at the cost of no longer being able to compute the optimal

solution. However, by utilising this extension to the max-sum algorithm, it might be

possible to guarantee network connectivity by sacri�cing a small amount of information

value.

Now, more formally, let RCi : S → 2S be the routing table for sensor i in the commu-

nication network represented by graph C, that maps a sensor to a set of sensors can be

reached through it. If j is not a neighbour of i (i.e. no direct communication link exists),

then RCi (j) = ∅. Also, we de�ne RCi (i) = {i}. Given this routing table, a sensor can

detect whether the communications network is connected by checking if
⋃M
j=1RCi (j) = S.

When clear from the context, we will omit the superscript referring to the communication

graph C.



Chapter 5 Negotiated Decentralised Coordination 86

a2
1

S1 S4 S3

S2a4
2

a4
1 a4

3a2
4

a2
2

a3
4 a3

3a3
1

a3
2

a1
1 a1

4 a1
3

a2
3

a1
2

a4
4

(a) A partial joint move
˙
a1
1,∅,∅, a1

4,
¸
, in which sensors S1 and S4

move upwards, while sensors S2 and S3 have not determined their
moves yet. (Arrows indicate chosen moves; dotted arrows represent
moves that have not been chosen; dashed arrows are moves that
can still be chosen.)

S4 S3

S2

S1

(b) For the joint move in (a), an upper bound is computed by
ignoring (the moves of) sensors S2 and S3. In so doing, the entropy
of the observations S4 collects is not decreased by the observations
of S2 and S3. As a result, this scenario puts an upper bound on
the maximum obtainable utility of S4.

S1 S4 S3

S2

(c) A lower bound on the maximum utility of sensor S4 is obtained
by moving sensors S2 and S3 away from the destination of S4,
thereby minimising the dependence between the observations of S2

and S3 and the observations S4 collects.

Figure 5.5: Computing lower and upper bounds on the utility of a partial joint move.
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Figure 5.6: A communications network between sensors.

Example 5.3 (Network Connectivity). Figure 5.6 shows a communications network

among 6 sensors. The routing table for sensor 6 in this scenario is: R6(1) = {1, 2, 3},
R6(2) = ∅ , R6(3) = ∅, R6(4) = {4, 5}, R6(5) = {4, 5}, R6(6) = {6}. Now, since

{1, 2, 3} ∪ {4, 5} ∪ {6} = S, the network is connected.

Now, given the routing function R, a sensor is able to determine if a move will discon-

nect it from the network. In particular, if a move results in the disconnection of one

of its neighbours j, the network is still connected if
⋃M
i=1,i 6=j R(i) = S. If, however,

this condition does not hold, the sensor risks disconnecting itself from (a part of) the

communications network.

Example 5.4 (Network Connectivity, Continued). Suppose sensor 6 repositions itself,

causing connection loss with sensor 4. Now,
⋃6
i=1,i 6=4R6(i) = {1, 2, 3, 4, 5, 6} = S so sen-

sor 6 is still connected to all other sensors. Thus, any move by sensor 6 that disconnects

it from sensor 4 only, does not disconnect the network. If, however, it loses connection

with sensor 1,
⋃M
i=1,i 6=1R6(i) = {4, 5, 6} 6= S, and sensor 6 is no longer connected to

sensors 1, 2, and 3.

In more detail, let C(p1, . . . , pM ) be the communication network after the sensors have

moved according to their decision variables p1, . . . , pM . We can now de�ne a Network

Connection Penalty that penalises moves that disconnect the communication network:

De�nition 5.4. (Network Disconnection Penalty)

PConni (p1, . . . , pM ) =

0 if
⋃M
j=1R

C(p1,...,pM )
i (j) = S

−∞ otherwise

Of course, since only neighbours in�uence the result of
⋃M
j=1Ri(j), only the variables pj

of the sensors that are adjacent in the communications network need to be included in

the set of parameters to PConni .

The penalty function is used by augmenting it to the original utility functions of the

sensors.
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Algorithm 6 A decentralised algorithm for determining whether a communication net-
work is fault tolerant.

Require: RCi : routing table for sensor i
Ensure: Returns true i� failure of sensor i does not disconnect the communications

network
Initialisation:

1: for all j ∈ S \ {i} do
2: C← C ∪ {Ri(j) ∪ {j}}
3: end for

Closure:
4: while ∃C1, C2 ∈ C : C1 ∩ C2 6= ∅ do
5: C← C \ {C1, C2}
6: C← C ∪ {C1 ∪ C2}
7: end while

8: return true if |C| = 1, false otherwise

De�nition 5.5 (Augmented Sensor Utility).

Ũi(pi) = Ui(pi) + PConni (pi)

In conjunction with max-sum, the augmented utility function incentivises the sensors

to avoid moves that result in the disconnection of a sensor, since the team utility (see

Equation 5.4) of such a move is −∞.

More sophisticated forms of connectivity can also be incentivised with the same tech-

nique. In particular, fault tolerance is one of these. A communications network is said

to be fault tolerant if it has at least two alternative paths between any pair of sensors,

making it more robust against sensor failures. This coincides with the concept of 2-

connected graphs, as established by Whitney's Theorem (Gross and Yellen, 1999). In

more detail, 2-Connectivity implies that at least two sensors need to fail simultaneously

before the network becomes disconnected (or is reduced to a single sensor). Clearly, the

communications network from Example 5.3 is not 2-connected; the failure of sensor 6

breaks the network into two components: {1, 2, 3} and {4, 5}

By inspecting its routing table, a sensor can easily determine if it satis�es the necessary

condition for 2-connectivity: its failure should leave the communications network con-

nected. In order to do this, Algorithm 6 is used to count the number of components the

network is divided into should the sensor fail.

Now, the following penalty function can be used to augment the utility function of the

sensor in order to enforce fault tolerance in a decentralised fashion.
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De�nition 5.6 (2-Connectedness Violation Penalty).

P 2-Conn
i (p1, . . . , pM ) =

0 if isFaultTolerant(i, C(p1, . . . , pM ))

−∞ otherwise
(5.7)

In general, the technique of augmenting the utility function with a penalty function is

applicable to enforce various constraints on the sensors' collective movement. The only

requirement on such a constraint is that its violation should be locally detectable. That

is, one or more sensors should be able to determine if the constraint is satis�ed based on

information received from direct neighbours or from its own observations. If this is the

case, a penalty function can be e�ectively used to �lter out solutions that do not satisfy

the constraint. Other examples, besides the ones given above, include the assignment of

roles to sensors (i.e. some sensors function as communication relays, others as explorers,

etc.), and to ensure certain events or locations are monitored by sensors.

5.2 An Example Scenario

In this section we describe an example scenario that illustrates the operation of the algo-

rithm. In order to do so, we used the same simulator that was used to empirically evaluate

the un-negotiated algorithm presented in the previous Chapter. Now, in this scenario, a

team of four sensors are monitoring an environmental phenomenon in a rectangular envi-

ronment. The sensors coordinate their movements to maximise information gain, while

at the same time attempting to maintain network connection using the techniques de-

scribed in the previous section. Figure 5.7 shows four snapshots of this simulation, taken

at timesteps 50, 100, 150 and 200. Note how the team makes a sweeping motion through

its environment, in order to maintain low uncertainty throughout the environment, and

thus reducing the predictive variance with which the environmental phenomenon can be

predicted. It is also worth noting that the team maintains connectivity throughout the

simulation, and that the structure of the communication network changes over time. A

video of this simulation that o�ers a more dynamic view of the motion of the sensors can

be found at http://users.ecs.soton.ac.uk/rs06r/videos/.

5.3 Empirical Evaluation

In this section we empirically evaluate the algorithm developed in this chapter. First, we

explain the experimental setup used to test the algorithm; we detail the simulated envi-

ronment in which the sensors operate, and the benchmark strategies against which the

algorithm was compared. Next, we present and analyse the results of these experiments.

http://users.ecs.soton.ac.uk/rs06r/videos/
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(a) Timestep 1�50 (b) Timestep 51�100

(c) Timestep 101�150 (d) Timestep 151�200

Figure 5.7: Snapshots at timesteps 50, 100, 150 and 200 of a team of four sensors
in coordinated negotiation mode. The grid points represent the locations the sensors
can move between, and the arrows indicate the approximate path of the team in the 50
timesteps between two subsequent snapshots. The lines between the sensors indicate

the communication network between them.
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5.3.1 Experimental Setup

To empirically evaluate the algorithm, we simulated �ve sensors on a lattice graph mea-

suring 26 by 26 vertices. The data was generated by a GP with a squared exponential

covariance function (see Equation 2.4) with a spatial length-scale of 10 and a temporal

length-scale of 150. This means that the spatial phenomenon has a strong correlation

along the temporal dimension, and therefore changes slowly over time. At every m time

steps, the sensors plan their motion for the next l time steps (l ≥ m). In what follows,

this strategy is referred to as MSm-l. Now, instead of considering all possible paths of

length l from a sensor's current position, which would result in a very high computational

overhead, the action space is limited to the locations in G that can be reached in l time

steps in 8 di�erent directions, corresponding to the major directions on the compass rose.

In the �rst experiment, we benchmarked MS1-1 and MS1-5 against four strategies:

• Random: Randomly moving sensors.

• Greedy: Sensors that utilise the un-negotiated coordination algorithm presented

in the previous chapter.

• J(umping) Greedy: The same as Greedy, except that these sensors can instan-

taneously jump to any location.

• Fixed: Fixed sensors that are placed using the algorithm proposed in Guestrin

et al. (2005).

5.3.2 Results

The averaged root mean squared error (RMSE) for 100 time steps is plotted in Figure

5.8(a). From this, it is clear that both MS strategies outperform the Greedy, Random,

and Fixed strategies. Furthermore, the prediction accuracy of MS1-5 is comparable to

that of JGreedy, whose movement is not restricted by graph G. Moreover, it shows

that increasing the length of the considered paths from 1 to 5, reduces the RMSE by

approximately 30%.

In the second set of experiments, we analysed the speed-up achieved by applying the two

pruning techniques described in Section 5.1.2.4. To this end, Figure 5.8(b) shows the

percentage of joint actions pruned plotted against the number of neighbouring sensors.

With 5 neighbours, the two pruning techniques combined prune around 92% of the joint

moves. With such a number of neighbouring sensors, the sensors are strongly clustered,

which occurs rarely in a large environment. However, should this happen, the utility

function needs to be evaluated for only 8% of roughly 85 joint actions, thus greatly

improving the algorithm's e�ciency.
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Figure 5.8: The Experimental Results. Errorbars indicate the standard error in the
mean.
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In the third experiment, we performed a cost/bene�t analysis of various MSm-l strategies.

More speci�cally, we examined the e�ect of varyingm and l on both the number of utility

function evaluations, and the resulting RMSE. In more detail, Figure 5.8(c) shows the

results. The results of MS1-1, MS2-2, MS4-4, MS5-5, and MS8-8 show an interesting

pattern. Up to and including m = l = 4, both the number of function evaluations and

the average RMSE decrease. This is due to the fact that planning longer paths is more

expensive, but results in lower RMSE. However, for m, l > 4, the action space becomes

too coarse (since only 8 directions are considered) to maintain a low RMSE. At the same

time, the number of times the sensors coordinate reduces signi�cantly, resulting in a lower

number of function evaluations. Finally, MS1-5 and MS4-8 provide a compromise; they

compute longer paths, but coordinate more frequently. This leads to more computation

compared to MS5-5 and MS8-8, but results in signi�cantly lower RMSE, because sensors

are able to `reconsider' their paths.

5.4 Summary

In this chapter, we presented an algorithm for maximising the joint utility of the sensors

as a team. This algorithm operates in negotiated coordination mode, in which sensors

negotiate about their moves prior to executing them. We showed that this leads to sig-

ni�cant improvement over the greedy un-negotiated algorithm presented in the previous

chapter. Moreover, we have shown that the max-sum algorithm can be used to facilitate

this negotiation.

More speci�cally, the algorithm presented in this chapter results in several improvements

in terms of some the requirements stated in the introduction:

Accuracy: The empirical results from 5.3 show that the algorithm outperforms the

greedy un-negotiated algorithm in terms of prediction error, and is therefore more

accurate.

Relevance: The improvements made in this chapter have not addressed the requirement

of relevance.

Adaptiveness: Since the algorithm developed in this chapter makes it possible to plan

multiple timestep ahead, instead of being limited to single steps, the team of sensors

is capable of adapting better to its environment.

Robustness: The max-sum algorithm�on which the coordination algorithm presented

in this chapter is based�is robust to message loss and the failure of sensors. More-

over, we have extended the algorithm from previous chapter with the possibility of

incentivising network connectivity between the sensors. As a result, the probabil-

ity of successful communication between sensors and a base station has increased,

thereby increasing the robustness of the information stream.
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Autonomy: The algorithm maintains the autonomy of the sensors.

Scalability: The use of the max-sum algorithm scales well with the size of the team,

since computation and communication scale with the number of neighbours, not

with the size of the team. This algorithm is therefore scalable to the same extent

as the un-negotiated algorithm.

Modularity: The improvements made in this chapter have not addressed this require-

ment.

Thus far, we have considered algorithms that impose a discrete structure on the layout of

the environment, and as a result, a discrete action model for the sensors. In this model,

sensors have a (�nite) discrete number of ways to reposition themselves (as de�ned by

movement graph G). In reality, however, this motion model might be too restrictive,

and could result in sub-optimal solutions (in terms of accuracy). To prevent this, a

more natural motion model in which the sensors set their heading and speed is more

appropriate. This model does more justice to the freedom of motion they possess in

reality. To this end, in the next chapter, we develop an extension to the max-sum

algorithm that allows for continuously valued actions.



Chapter 6

Negotiated Coordination with

Continuously Valued Actions

Thus far, we have considered mobile sensors whose motion is restricted by a discrete

structure; a graph G that encodes the environment. Naturally, such a structure may

be used as an abstract representation of the sensors' environment, and�as we have

shown in previous chapters�discrete algorithms can be successfully applied it. However,

there are many scenarios in which the motion of the sensors is governed by continuous

control parameters, and thus, a discrete structure is lacking. A relevant example of this

is the deployment of UAVs: the space in which they move is not characterised by a

discrete layout, and their motion is controlled by adjusting pitch, roll, yaw, and trust,

all of which are continuous control parameters. Now, in these cases, actions that are

computed by a negotiation algorithm that operates in a discrete action space need to be

post-processed in order provide valid input to the interface of the sensor's hardware. In

other words, discrete signals need to be converted to analogue control inputs. However,

a negotiation algorithm that directly operates in the native (continuous) action spaces of

the underlying platform can avoid such a translation step, and select an optimal action

from a continuous set. This can potentially lead to increased accuracy, since the range

of actions that is considered equals the range of possible inputs, instead of only a �nite

set.

Moreover, in terms of the requirement of accuracy stated in the introduction, we note

that whilst these continuous control parameters may be discretised in order to apply ex-

isting DCOP algorithms, such discretisation results in sub-optimal solutions even when

complete DCOP algorithms are used (see Section 2.5.3.1). Furthermore, in terms of

the scalability requirement, increasing the discretisation in order to improve the solution

quality rapidly increases the computation and communication overhead of the coordina-

tion.

95
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Thus, against this background, there is a clear need for a distributed constraint opti-

misation algorithm that can be applied within these applications to make coordinated

decisions regarding continuous valued control parameters. It is this requirement that

we address in this chapter,1 and to this end, we present a novel distributed constraint

optimisation algorithm for continuous control parameters that can be applied to any

setting where the interaction between the devices can be described by piecewise lin-

ear utility functions. We choose this particular class of utility function because it can

be manipulated using standard techniques from computational geometry, resulting in a

computationally e�cient algorithm, but at the same time it is a general class of function

that can be used to approximate any arbitrary continuous function.

As in the previous chapter, the max-sum algorithm will be the starting point for de-

veloping this algorithm. Despite the attractive properties of the max-sum algorithm

discussed in Section 2.5.3.1, and the fact that the GDL framework on which it is based is

very general, it has never before been used in the context of distributed optimisation to

solve problems involving variables with continuous domains. It is this speci�c challenge

that we address in this chapter, and to do so requires that we rede�ne the fundamental

operations of the max-sum algorithm (i.e. addition of two utility functions and marginal

maximisation) for the continuous space in which they now operate.

After doing so, we will demonstrate and empirically evaluate this algorithm by applying

it to the problem of coordinating the sense/sleep cycle of energy constrained sensors de-

ployed within a network for wide-area surveillance. We chose to empirically evaluate the

algorithm in the wide-area surveillance setting, rather than apply it to the mobile sensor

domain, because the interactions between the mobile sensors are not piecewise linear.

Instead, they are determined by the Gaussian process equations, which are determined

by strongly non-linear covariance functions. In contrast, the interactions between the

sensors in the wide-area surveillance setting can be exactly represented by piece wise lin-

ear functions. Moreover, this setting has been extensively used to evaluate the max-sum

algorithm for discrete action spaces (Farinelli et al., 2008). Hence, empirical evaluation

within this setting facilitates comparison of our approach with this algorithm.

Thus, in more in detail, we make the following contributions:

1. We derive a representation that uses simplexes to describe the utility interactions

of continuous valued control parameters (or variables). We then derive exact algo-

rithmic solutions for the fundamental operations required to apply the max-sum

algorithm in the domain of continuous control parameters and piecewise linear

utility functions; speci�cally, addition and marginal maximisation of general n-ary

piecewise linear functions.

1This chapter is based on Stranders et al. (2009a).
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2. We demonstrate the applicability of this algorithm by applying it to the problem

of coordinating the sense/sleep cycles of energy constrained sensors such that the

system-wide probability of detecting an event is maximised.

3. We empirically evaluate the performance of our continuous max-sum algorithm in

this setting by comparing it against the conventional discrete version in which the

continuous valued control parameter is arti�cially discretised. We show that the

continuous max-sum algorithm is able to provide a more accurate solution (with up

to a 10% increase in solution quality), while allowing a more compact representation

of the utility functions. This, in turn, results in a lower coordination overhead in

terms of message size (the continuous max-sum algorithm shows a reduction of up

to half the total message size).

The remainder of this chapter is structured as follows: in Section 6.1 we formally describe

the social welfare maximisation problem that we face. In Section 6.2 we present our

representation of the utility as piecewise linear functions, and the way we perform the

operations needed by the max-sum algorithm. In Section 6.3 we describe our test-bed

and present our experimental results, before concluding in Section 6.4.

6.1 Problem Description

We now formally describe the decentralised coordination problem that we address in this

report. In Section 6.3 we instantiate this general problem to the speci�c case of a sensor

network composed of energy constrained sensors performing a wide-area surveillance

task. We consider a set of M sensors, each of which has a single2 continuously valued

control parameter pm whose domain is a closed and bounded interval in R. Each sensor

interacts directly with a set of other sensors, such that the utility of a sensor m, Um(pm),
is dependent on the value of its own control parameter and that of those other sensors

with which it interacts (de�ned by the vector pm). For example, in the speci�c wide area

surveillance problem that we will detail in Section 6.3.1, the control parameter of each

sensor represents the time at which it decides to activate its sensor, the interactions that

arise through its sensor's sensing �eld overlapping with those of other nearby sensors,

and the utility describes the probability that any sensor will detect an event. As stated

previously, we focus on utility functions that can be represented as piecewise linear

functions. Therefore, Um(pm) is a multivariate piecewise linear function for every sensor

m.

As discussed in Section 2.5.3.1, we wish to �nd the value of each sensor's control pa-

rameter, p∗, such that the sum of the individual sensors' utilities (or social welfare) is

maximised:
2Note that our representation allows multiple control parameters per sensor, with possibly di�erent

domains, but for ease of exposition we present just the single case here.
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p∗ = arg max
p

M∑
i=1

Ui(pi) (6.1)

As before, in order to enforce a truly decentralised solution, we assume that each sensor

only has knowledge of, and can directly communicate with, the few neighbouring sensors

that in�uence its own utility directly.

As mentioned earlier, the point of departure for developing a new algorithm that allows

sensors to negotiate about continuously valued actions is the max-sum algorithm, which

was detailed in Section 2.5.3.1. For convenience, we repeat the equations for computing

the messages that are exchanged between functions and variables below:

• From variable to function:

Qpn→Um(pn) =
∑

Um′∈adj(pn)
Um′ 6=Um

RUm′→pn(pn) (6.2)

• From function to variable:

RUm→pn(pn) = max
pm\pn

[
Um(pm) +

∑
pn′∈adj(Um)
pn′ 6=pn

Qpn′→Um(pn′)

]
(6.3)

Note these equations apply equally well to both continuously valued and discrete vari-

ables. However, the summation and marginal maximisation operations required in Equa-

tions 6.2 and 6.3 are much more readily implemented in the case of discrete variables.

In the next section, we describe an e�cient representation that uses computational ge-

ometry to describe the utility interactions over continuous valued variables, where these

interactions can be represented by continuous piecewise linear functions. This then allows

us to derive exact algorithmic solutions for these operations.

6.2 Max-Sum in Continuous Action Spaces

As described above, in order to apply the max-sum algorithm to cases in which the

variables can take on continuous values, we need to be able to express each individ-

ual sensor's utility Ui(pi) as a function of these continuous variables, and perform the

fundamental operations of the max-sum algorithm on these functions. As mentioned

earlier, we restrict our attention to cases in which this function Ui(pi) is a multivariate

continuous piecewise linear function (CPLF). We choose this particular class of utility
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function because they represent a general class that can be used to approximate any ar-

bitrary continuous function. Furthermore, under this restriction, the two aforementioned

operations have an attractive geometric interpretation that makes it possible to de�ne

and manipulate them using standard techniques from computational geometry, hence al-

lowing the continuous versions of the operations required by max-sum to be performed.

Thus, more speci�cally, in this section we show how to:

1. Represent each sensors' utility function as a continuous piecewise linear function

(CPLF).

2. Perform the summation of two continuous piecewise linear functions. This is in

order to perform the necessary summation of the utility function, Uj(pj), and the

summation of incoming messages,∑
pn′∈adj(Um)
pn′ 6=pn

Qpn′→Um(pn′)

shown in Equation 6.3.

3. Calculate the marginal maximisation of a continuous piecewise linear function with

respect to a single variable. This is in order to perform the necessary max operation

in Equation 6.3.

We next present a formal de�nition of a CPLF, before going on to derive exact algorithmic

solutions for computing the sum of two CPLFs, and the marginal maximisation of a CPLF

with respect to a single variable. Finally, we connect the formalism developed here to

the max-sum algorithm as described in the previous section.

6.2.1 Representing CPLFs with Simplexes

A continuous piecewise linear function is a function whose domain can be partitioned

into a set of convex polytopes,3 such that it is linear on each of these polytopes. For

one variable, a CPLF is a function that can be represented with a �nite number of line

segments, while a CPLF of two variables can be represented by a �nite number of two-

dimensional polygons. An example of the latter is given in Figure 6.1. The domain of

the function in this �gure is partitioned into triangles (shown on the (x1, x2) plane) on
which the function is linear.

3A convex polytope is a multi-dimensional generalisation of the two-dimensional convex polygon. In
n dimensions, it is a convex hull of at least n+ 1 points.
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Figure 6.1: An example of a CPLF in two dimensions. This CPLF encodes the
utility of two sensors S1 and S2 in the wide area surveillance scenario described in
Section 6.3.1. Sensor S1 can be active for l1 = 2 out of every L = 10 time units, while

S2 can be active for l2 = 5 out of every 10 time units.

In our formalism, we use n-dimensional simplexes, or n-simplexes, to partition the do-

main of an n-ary CPLF. The reason for this is that an n-simplex is the simplest n-

dimensional polytope and it is therefore easy to manipulate. More speci�cally, an n-

simplex is constructed by taking the convex hull of a set of n + 1 a�nely independent

vertexes {p1, . . . ,pn+1} ∈ Rm (m ≥ n), and is denoted by ∆n. We will omit the super-

script n when its value is clear from the context. The set of points enclosed by a simplex

is given by the following equation:

∆n =

{
x ∈ Rm|

n∑
i=1

aipi = x,
∑
i

ai = 1,∀i : ai ≥ 0

}
(6.4)

Now, an n-ary CPLF f : D → R is de�ned by a set of n-simplexes in Rn+1: {∆1, . . . ,∆m} ⊂
Rn+1. Here, domainD is the Cartesian product of the domains of its variables (x1, . . . , xn):4

D = Dx1×· · ·×Dxn . Since each xi is a scalar, Dxi is a closed interval in R. Consequently,
D is an interval in Rn, or an n-cube. From the de�nition of a CPLF, we require that the

projection of the simplexes that make up f is a partition PD of D. More formally,

PD =

{
∆̃i|1 ≤ i ≤ m,

⋃
i

∆̃i = D, ∆̃i

⋂
∆̃j = ∅, 1 ≤ i < j ≤ m

}
(6.5)

where ∆̃i is the projection of ∆i onto the x hyperplane.

4In what follows, (x1, . . . , xn) and x are used interchangeably.
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Furthermore, in order to guarantee that f is continuous, we must ensure that simplexes

whose projection onto the x hyperplane share the same coordinates in Rn, also share the

same coordinates in Rn+1.

Given this representation, we can now derive exact algorithmic solutions for comput-

ing the two fundamental operations required for implementing our continuous max-sum

algorithm.

6.2.2 Summation of Two CPLFs

In order to perform the summation of two CPLFs g and h with identical domains, we need

to compute the simplexes that make up function f such that ∀x ∈ D : f(x) = g(x)+h(x)
holds. We denote the operator that adds two CPLFs as ⊕, which works in two steps.

First, we need to compute a domain partition Pf of f , such that Pf contains a corner
5 at

every corner in g and h. Second, we need to compute the values of f at each vertex p of

the simplexes that partition f . The latter step is trivial; for each vertex p, evaluate g(p)
and h(p) and add them together. However, the former step is a little more involved, since

computing the domain partition of f involves overlaying or merging the partitions Pg

and Ph in order to determine where the sum of g and h might have a corner. Algorithm

7 details how to perform this partition and it proceeds in two main steps:

1. Copy partition Pg to the variable Pf that contains the result while it is constructed

(line 1).

2. Merge every simplex in Ph with Pf by overlaying it on Pf :

(a) Add the vertexes of all simplexes in Ph to Pf (lines 2 to 6).

(b) Add the edges of the simplexes in Ph to Pf (lines 7 to 13). These edges are

the corners of h, and therefore need to be present in Pf .

As an example, Figures 6.2(c) shows the output of Algorithm 7 on the partitions shown

in Figures 6.2(a) and 6.2(b). Note that the partition of f shown in Figure 6.2(c) indeed

has corners at every location where function g and h have corners.

To complete the speci�cation of Algorithm 7, we need to de�ne the split operator S
that is essential in the merge process (lines 4 and 10). Speci�cally, the split operator

S partitions a simplex ∆n around a point x: S(∆n,x) = {∆n
1 , . . .∆

n
m}. Thus, each

∆n
i ∈ S(∆n,x) is obtained by creating a simplex with vertexes {x,p1, . . . ,pn+1} \ {pi}.

Depending on the location of x in ∆n, the split operator creates a di�erent number of

5A corner is the location at which two simplexes meet at a factor graph is an an angle.
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Algorithm 7 An algorithm for merging two partitions

Require: Partitions Pg and Ph

Ensure: Partition Pf = Pg ⊕ Ph

1: Pf ← Pg

2: for all ∆ ∈ Ph do

3: for all p ∈ {p∆
1 , . . . ,p

∆
n+1} do

4: Pf ← S(Pf ,p)
5: end for

6: end for

7: for all ∆h ∈ Ph do

8: for all ∆f ∈ Pf do

9: for all intersections p of the edges of ∆h with the (n− 1)-faces of ∆f do

10: Pf ← S(Pf ,p)
11: end for

12: end for

13: end for

14: return Pf

x2

x1

x2

x1

x2

x1

Figure 6.2: (a) Domain partition Pg of function g. (b) Domain partition Ph of
function h. (c) Merged partition Pf of function f = g ⊕ h.

simplexes. In more detail, depending on the complexity of the face6 of ∆n on which x

lies, S splits ∆n into at least 1, and at most n simplexes. Figures 6.3(b) and 6.3(c) show

how the 2-simplex in 6.3(a) is split on points on a 2-face (body) and a 1-face (edge)

respectively. Note that, in the latter case, the simplex is split in two, since vertexes

{p1,p2,x} are not a�nely independent, and therefore do not form a simplex. Splitting

on a 0-face (or vertex) does not split the simplex, neither does splitting on a point outside

the simplex. To avoid cluttering the notation in Algorithm 7, we denote the operation

of splitting all simplexes in a partition P on a point as S(P,x), which is shorthand for

∪∆∈PS(∆,x).

6.2.3 Marginal Maximisation of a CPLF

Marginal maximisation is the second operator that is needed in max-sum. It takes as

input a function y = f(x1, . . . , xn), and computes a single-dimensional CPLF f(xi) =
6The faces of a simplex are simplexes that make up its boundaries. The complexity of a face of an

n-simplex is its dimensionality, which ranges from 1 to n. A face of complexity i is called an i-face. A
0-face is a vertex of the simplex, a 1-face is an edge, a 2-face is a triangle, etc. The n-face of the simplex
is the simplex itself, which is also referred to as the body.
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Figure 6.3: (a) A 2-simplex. (b) Splitting a 2-simplex on point x on a 2-face. (c)
Splitting a 2-simplex on point x on a 1-face (edge)
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Figure 6.4: A CPLF y = g(x1, x2) projected onto the (x1, y) plane. The dotted line
indicates the upper envelope of these simplexes, and equals g(x1) = maxx2 g(x1, x2).

maxx\xi
f(x1, . . . , xn). The computation of the marginal maximisation of a CPLF pro-

ceeds in two steps:

1. Project all simplexes of f onto the (xi, y) plane. An n-simplex ∆ is projected

by projecting each of its m =
(
n
2

)
edges to obtain a set of line segments S∆ =

{s1, . . . , sm}.

2. Extract the upper envelope of the line segments in S∆. The upper envelope is a

function ÛS of the set S of all projected line segments of all simplexes that make

up f is then a function:

ÛS(x) = max{s(x)|s ∈ S ∧ x ∈ [ss, se]}

where [ss, se] is the closed interval on which line segment s is de�ned. The upper

envelope of a set of n line segments can be computed in O(n log n) operations

(Hershberger, 1989).
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Figure 6.4 shows an example of this operation. In this �gure the function y = g(x1, x2)
is projected onto the (x1, y) plane. This function g(x1, x2) is the sum of the function

from Figure 6.1 and the function h(x1, x2) = 0.1x2 that slightly shears it along the x2

axis.7 The �gure also shows the upper envelope of this projection that is the result of

applying the marginal maximisation operator on this function g with respect to variable

x1.

6.2.4 Instantiating the Continuous Max-Sum Algorithm

Now that we have de�ned the CPLF and the two required operations, we can instantiate

the max-sum algorithm for continuous variables, by de�ning the processes through which

messages between the variables and functions are computed:

• From variable to function (Equation 6.2). Since the messages RUk→Ui(xi) are real-
valued functions of a single continuous variable xi, computing QUi→Uj involves

summing over single-dimensional CPLFs using the ⊕ operator of Section 6.2.2.

The addition of scalar aij is then a trivial operation.

• From function to variable (Equation 6.3). The computation of the messageRk→i(xi)
proceeds in two steps. First, the expression between the brackets is evaluated. The

�rst term in this expression is the utility of sensor j, which is a CPLF. The second

term is the sum of multiple single-dimensional CPLFs of di�erent variables, which

is a multi-dimensional CPLF. So, to evaluate this expression, we add the �rst and

second term using the ⊕ operator, which, again, results in a CPLF. Second, we

use the marginal maximisation operator on this CPLF to obtain the message as

required.

Now that we have performed the necessary steps to instantiate the continuous max-sum

algorithm, we will compare its performance with that of the discrete max-sum algorithm

next.

6.3 Empirical Evaluation

To empirically validate the performance of our continuous max-sum algorithm, we fo-

cus on its application for coordinating a network of energy constrained wireless sensors

deployed for a wide area surveillance task. As noted earlier, we choose this application

domain since it represents a challenging real world coordination problem which involves

continuously valued control parameters, and also allows us to empirically compare the

performance of our novel continuous max-sum algorithm against the conventional discrete

7This is equivalent to receiving a message Qx2→f (x2) = 0.1x2 from variable x2.
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one. We note that the discrete max-sum algorithm has previously been benchmarked

against approximate (DSA) and complete (DPOP) techniques for DCOPs in a graph

k-colouring test-bed (Farinelli et al., 2008), and was shown to obtain better solutions

than DSA while scaling very well with the number of sensors, in terms of total message

size as opposed to the exponential increment exhibited by DPOP (see Section 2.5.3.1).

Therefore, such comparisons are not undertaken here.

In the following, we �rst describe the problem scenario in detail and then instantiate the

sensors' utilities in this setting. We then describe the application of both the conven-

tional discrete max-sum algorithm and our novel continuous max-sum algorithm to this

problem, and empirically compare their properties.

6.3.1 The Wide Area Surveillance Scenario

We consider a network of wireless sensors that are randomly deployed within some area

to detect events (e.g. vehicle and pedestrian activity in an urban setting). We assume

that these sensors are able to harvest energy from the environment (e.g. using a pho-

tovoltaic cell or vibration-harvesting microgenerators), but at a rate that is insu�cient

to allow them to be powered continually. Thus at any time a sensor can be in one of

two states: either sensing or sleeping. In the former state, the sensor consumes energy

at a constant rate, and is able to interact with the surrounding environment (e.g. it can

detect events within its sensing �eld and communicate with other sensors). In the latter

state, the sensor cannot interact with the environment but it consumes negligible energy.

To maintain energy-neutral operation (Kansal et al., 2007), and thus exhibit an inde�nite

lifetime, sensors adopt a repeated schedule of length L, during which each sensor can be

active for only a given time li. This amount of time depends on speci�c characteristics

of the environment surrounding the sensor, and the means by which energy is harvested.

For example, if a sensor is using solar panels to harvest energy, sensors that are in shaded

regions will have shorter duty cycles compared to those located in spots with a greater

exposure to sunlight.

The sensing ranges of multiple sensors will typically overlap. However, just a single

sensor is required to be active in order to detect an event. Thus, there is no gain for the

system in having more than one sensor actively sensing the same region (i.e. we have a

sub-additive utility function), and hence, to maximise the probability of detecting events

while maintaining energy neutral operations, sensors whose sensing �elds overlap should

coordinate the start times of their duty cycles. Therefore, in this setting, the continuously

valued control parameter, xi, represents the time at which sensor i will start sensing,

while the domain over which this variable can take values is the interval [0, L]. Once

the sensors have decided on the value of this parameter, they will repeat this schedule

inde�nitely.
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Figure 6.5: (a) Example coordination problem in which three sensors, {S1, S2, S3},
have sensing �elds that overlap (b) An optimal solution

6.3.2 Applying the Max-Sum Algorithm

In order to apply the max-sum algorithm, in either its continuous or discrete forms, it

is �rst necessary to instantiate the sensors' utility functions for this problem. Thus, we

de�ne Ni to be a set of indexes indicating which other sensors' sensing �elds overlap with

that of sensor i and k is any subset of Ni (including the empty set). A{i}∪k is the area

that is overlapped only by sensor i and those sensors in k. For example, with respect

to Figure 6.5(a), which shows the three overlapping sensors, the area A{1,2} is the area

that is sensed only by sensors 1 and 2.8 With a slight abuse of notation, we represent

the entire sensing area of sensor S1 as S1, and thus, note that the area A{1,2} is di�erent

from S1 ∩ S2 because the area S1 ∩ S2 would include also the sub area S1 ∩ S2 ∩ S3. In

general, we have:

A{i}∪k =
⋂

j∈({i}∪k)

Sj \
⋃

l 6∈({i}∪k)

Sl (6.6)

The utility of sensor i is then simply given by the weighted sum of the probability of

detecting an event in any particular sub area:

Ui(xi) =
∑

k⊆Ni

A{i}∪k

|{i} ∪ k|
× P (x{i}∪k) (6.7)

where P (x{i}∪k) is the probability of detecting an event per unit area given the combined
sensing schedules of sensors {i} ∪ k. In our experiments, we assume that this is simply

given by the fraction of the time during which at least one sensor is actively sensing during

8Here, we assume that sensors have knowledge of the overlaps they have with their neighbours. While
this may not hold in all applications, we use this simpli�ed model here to focus on the coordination
aspects of this application scenario.
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the interval of length L, and hence, we are assuming that events are instantaneous in time

and have no duration. Note, that we divide each sub area by the number of sensors that

can sense it to avoid double-counting areas that are represented by multiple sensors. In

addition, when the set k is empty we consider the area covered only by the single sensor.

For example, the utility of sensor S2 shown in Figure 6.5(a), is calculated by considering

the areas A{2}, A{1,2}, A{2,3} and A{1,2,3}.

Given this utility function we can now decompose it into a factor graph on which we

run the max-sum algorithm. As discussed in Section 2.5.3.1, there are several ways of

doing this. Here, we use a separate function to represent the utility of each sub area

and connect this function to all variable nodes that represent sensors whose sensing �eld

overlaps with this sub area. We then remove the functions that model areas where more

than two sensors overlap, which is equivalent to only considering pairwise interactions

between sensors. This is a very common approach in the DCOP literature, and one that

reduces the computational complexity of the coordination, while still providing good

solutions in this particular scenario. However, we note that our formalism supports

modelling higher order interactions. We can now apply both the discrete and continuous

versions of the max-sum algorithm directly to this factor graph.

6.3.2.1 The Discrete Version

To apply the discrete max-sum algorithm, we arti�cially discretise the continuously val-

ued control parameter and only allow the sensors to select xi from a set of d discrete

values in the range [0, L]. The summation and marginal maximisation operators of the

max-sum algorithm are performed over this discrete sample space, and the messages ex-

changed by the sensors are represented by single-dimensional functions evaluated at the

d possible sample points.

6.3.2.2 The Continuous Version

To apply the continuous max-sum algorithm, we use the results derived in Section 6.2 to

represent the utility functions of the factor graph as continuous piecewise linear functions.

For example, the function in Figure 6.1 encodes the utility for two sensors overlapping in

a sub area, with l1 = 2, and l2 = 5. The function has a minimum plateau when the active

sensing periods of both sensors completely overlap in time (e.g. when x1 = x2 = 0), and
a maximum plateau when sensors do not (e.g. when x1 = 0 and x2 ∈ [2, 5]).

Notice that if we �x x1 = 0 while increasing x2, the utility increases as well. This is

because the length of the interval in which at least one of the two sensor is sensing,

increases. When x2 = 2, the function assumes the maximum value and then remains

constant until x2 = 5. At this point the function starts decreasing again. This is because
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we assume that the sensors compute a schedule for interval [0, L] once, and then use

this schedule for intervals [kL, (k + 1)L]. As a result, when x2 > 5, sensor S2 is sensing

during the intervals [x2, 10] and [0, 10−x2], the latter of which overlaps with the sensing

interval of S1, thus decreasing the utility.

Consider the following example that illustrates the di�erence between the discrete and

continuous max-sum algorithms. Suppose that sensors are deployed as in Figure 6.5(a),

and suppose that to maintain energy neutral operations, the three sensors can be active

for l1, l2, and l3 time units out of L (with l1 + l2 + l3 = L). In this case, an optimal

solution9 is the one reported in Figure 6.5(b) where x1 = 0, x2 = l1 and x3 = l1 + l2.

Notice that, while continuous max-sum is able to assign any value in the interval [0, L]
to the sensors' variables, discrete max-sum will be able to �nd the optimal solution only

if the chosen discretisation includes the points l1 and l1 + l2. However, as previously

mentioned, the sensors' duty cycles depend on the sensor deployment and on the en-

vironment con�guration, and thus they are not known before-hand. Hence, it is not

possible to always choose a discretisation that includes the optimal solution and thus

discrete max-sum will result in suboptimal solutions.

Given these two algorithm descriptions, we now empirically compare their performance.

6.3.3 Experimental Results

As described above, we performed experiments comparing the performance of discrete

and continuous max-sum algorithms to assess the bene�ts and limitations of our ap-

proach. In particular, we compare the two algorithms by considering the quality of the

solution and the communication overhead in terms of the size of messages that the sen-

sors must exchange. We performed experiments on deployments of 10 sensors, that are

randomly scattered across a unit square. These sensors have a circular shaped sensing

area with a radius of 0.2. The sensors' duty cycles li are drawn from a uniform distribu-

tion over [0.3, 0.6]. These values were chosen after initial calibration showed that they

produced particularly challenging coordination problems.

During the experiments we ran both versions of the max-sum algorithm for 20 itera-

tions. Each experiment consisted of a single run of our continuous max-sum algorithm,

and multiple runs of the discrete max-sum algorithm with increasing levels of discreti-

sation. Figure 6.6 shows the aggregated results of 100 runs, where the solution quality

is expressed in terms of the optimal solution computed with a centralised simulated

annealing algorithm.

Speci�cally, Figure 6.6(a) reports the quality of the �nal solution (e.g., after the 20

iterations), while Figure 6.6(b) reports the average quality of the solutions obtained after

9Note that, in this case, there is an in�nite number of optimal solutions, which can be generated by
shifting the starting times of all sensors by an equal amount.



Chapter 6 Negotiated Coordination with Continuously Valued Actions 109

0 5 10 15 20 25 30 35
0.75

0.8

0.85

0.9

0.95

Discretisation

So
lu

tio
n 

Q
ua

lit
y

 

 

Continuous
Discrete

(a) Solution quality after 20 iterations
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(b) Averaged solution quality over 20 iterations

Figure 6.6: Solution quality as a fraction of the optimal solution. Error bars are the
standard error in the mean.
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Figure 6.7: Total number of values exchanged between the sensors. Error bars are
the standard error in the mean.

each iteration. The latter metric incorporates information on how the algorithms behave

over time; the quicker the algorithms converge towards better solutions, the higher the

average.

Figure 6.6(a) shows that the �nal solutions produced by continuous max-sum are better

than those produced by the discrete version. In particular, continuous max-sum exhibits
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up to a 10% increase in the solution quality for low discretisation levels.

Moreover, Figure 6.6(b) shows that, when considering the average quality of solution,

the di�erence is more pronounced also for higher discretisation levels, thus showing that

continuous max-sum is able to reach good, stable solutions quicker than the discrete

version. This increased performance for the average solution can partially be explained

by the faster convergence speed of continuous max-sum: since it takes discrete max-sum

longer to converge to a good solution, its solution quality averaged over all 20 iterations

is lower than that of continuous max-sum.

In terms of total message size, we can conclude from Figure 6.7 that, as expected, the

communication overhead of discrete max-sum increases proportionally to the level of

discretisation. Signi�cantly, the continuous max-sum algorithm achieves a better solution

quality over the entire range of discretisations, even when the message size of the discrete

max-sum algorithm is greater than the continuous version. Thus the continuous version

generates better solutions, and also requires less communication overhead.

6.4 Conclusions

In this chapter, we presented a novel decentralised algorithm for social welfare maximisa-

tion in multi-agent systems, where the agents' control parameters are continuous, and the

interactions between the agents is expressible as piecewise linear functions. We extended

the existing max-sum algorithm to operate in the domain of continuous variables by us-

ing techniques from computational geometry. We empirically evaluated our approach by

applying it to a wide area surveillance scenario where energy constrained sensors need

to coordinate their sense/sleep schedules to maximise the probability of event detection

in a decentralised fashion. We compared the continuous max-sum algorithm with its

conventional discrete counterpart, and showed that our continuous algorithm is able to

achieve solutions of better quality while exhibiting a lower communication overhead.

Clearly, these properties contribute to satisfying the requirements of accuracy, and scal-

ability that were stated in Section 1.1. Furthermore, since problems that are inherently

continuous need no longer be discretised in order to apply a coordination algorithm, this

could improve the modularity of the system: a larger variety of sensor platforms will be

enabled to inter-operate.

Our future work in this area is to extend the proposed approach by considering arbitrary

functions that describe the agents' interactions. A promising direction to do this is

to investigate the use of techniques such as GPs (Section 2.3.2). Since GPs provide a

powerful mathematical tool to approximate arbitrary continuous functions, they could

be extremely useful to describe the non-linear interactions between agents. Of course,

the key application of such an extension is the mobile sensor problem we have studied

throughout this report. We will give more details about future work in Section 7.1.
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Conclusions and Future Work

In this report, we have studied the challenge of monitoring environmental phenomena

with mobile sensors. In particular, we have looked at previous work on both �xed and

mobile wireless sensor networks, both from the perspective of the applications in which

they are used, as well as from a more theoretical perspective. Furthermore, we discussed

the key concept of adaptive sampling. In particular, adaptive sampling encompasses a

set of techniques that aim to maximise the information gain of a sensor network subject

to movement constraints, and to the limited resources at the sensors' disposal. We

also provided a framework for analysing previous work on adaptive sampling, in which

we made a clear distinction between information processing, information valuing, and

control algorithms for information maximisation.

In more detail, we showed that the state of the art in adaptive sampling does not meet

our requirements of coordinating multiple sensors for environmental monitoring in a ro-

bust, scalable, decentralised and modular way. To address these shortcomings, we devel-

oped two online decentralised coordination algorithms for monitoring spatial phenomena

with mobile sensors. The �rst operates in un-negotiated mode, in which coordination is

achieved exclusively through the exchange of observations. The second algorithm extends

the �rst by adding a principled negotiation stage, based on the max-sum algorithm, in

which the sensors negotiate about their moves prior to executing them, which results in

negotiated coordination. Both coordination algorithms allow multiple sensors to coor-

dinate their movements and collect highly informative samples from their environment,

while at the same time learning the characteristics of that environment. Using di�erent

benchmarks, we demonstrated that not only do our algorithms monitor the phenomena

better than a network of �xed sensors, but also that they do so with a reduced number

of sensors. Also, in contrast to the �xed sensor placement algorithms, our algorithm is

capable of learning the characteristics of the environment while monitoring it, without

the need for an o�ine learning phase. Moreover, we showed that the negotiated coor-

dination algorithm outperforms the un-negotiated coordination one, thus showing the

e�ectiveness of explicit coordination between sensors.

111
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Finally, we have demonstrated that our algorithms live up to some, but not all, of the

expectations established in the introduction of the report. In particular, we showed that

the algorithms are capable of reconstructing the dynamics of the environmental phenom-

ena with reasonable accuracy, that are robust against failures of the sensors, capable of

adapting to the environment, and allow the sensors to be autonomous. However, we

also concluded that there is still work to be done to put more emphasis on the relevance

of observations in terms of the mission goals, tackling more complex environments, and

extending the planning horizon of the sensors to consider longer paths. The future work

that will aim to address these (and other) issues is discussed in the next section.

7.1 Future work

The work described in this report attempts to advance research on coordinating multiple

mobile sensors for environmental monitoring, and forms the basis for future work. In

particular, we have identi�ed several directions for this future work, ranging from the

short-term goals that we will pursue in the upcoming months, to the more general ideas

that are considered for the remainder of the time allocated for the PhD. Speci�cally, the

general areas of research that we intend to investigate are:

Supporting Realistic Environments: The environments we have considered in the

empirical evaluation are relatively easy for the mobile sensors to navigate through.

In order to be able to use our work in more realistic scenarios, though, it will

be necessary to investigate a way to tackle more complex environmental layouts,

in which the sensors' movements are restricted by the type of obstacles that are

encountered in realistic scenarios, such as walls, furniture and debris. Moreover,

besides physical obstacles, their movement will also be constrained by limited re-

sources, the most important among those being remaining battery life. We believe

that individual, greedy control will no longer su�ce in these settings, and sensors

need to be able to reason about longer (or even in�nite) paths (see next item).

Furthermore, we want model the sensors in a more realistic way, for instance by

de�ning their action spaces in terms of heading and speed, instead of a discrete

movement graph. This will involve extending the continuous max-sum algorithm

developed in Chapter 6 for arbitrary continuous utility functions. As mentioned

in that chapter, we believe the application of the GP might be a fruitful line of

research. Finally, we would like to investigate the applicability of the algorithms

developed in this report to the problem of multi-sensor perimeter patrol (e.g. Ag-

mon et al. (2008)), in which strategically acting adversaries try to maximise their

intrusion probability.

Non-Myopic Planning: In order to tackle these more challenging environments, we

need to improve the way in which sensors coordinate. In our current work, the
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sensors coordinate by maximising sample value in a myopic fashion (i.e. by con-

sidering paths of �nite length). We would like to extend our work in this area

by applying techniques from sequential decision making (i.e Markov Decision Pro-

cesses or MDPs), or optimal-control in order to extend the planning horizon of the

sensors. In this setting, sensors no longer negotiate over �nite plans, but try to

maximise the total (discounted) payo� that is obtained over the remaining mission

time.

To this end, there are two di�erent solution concepts that we are currently consid-

ering. The �rst involves the approximation of non-myopic planning by combining

myopic planning with some (approximate) measure of the advantageousness of the

resulting placement. As a result, sensors will not only be incentivised by the im-

mediate reward associated with their �nite-length path, but also by the reward

obtained by the reduction of uncertainty that is obtained over a longer time. The

second solution concept pertains to the notion of stable policies. These are col-

lections of �xed patrolling paths that the sensors follow periodically and whose

quality is theoretically bounded. This idea is still in a preliminary stage, but we

are interested in the application of the max-sum algorithm on factorised MDPs as

put forward by Kok and Vlassis (2005).

Guaranteeing Network Connectivity The technique of penalising network discon-

nection, introduced in Section 5.1.3, is only able to incentivise sensors to maintain

network connection, not guarantee it. The reason for this is that max-sum is not

guaranteed to converge on cyclic factor graphs, and consequently, the solution it

produces can be of arbitrarily bad quality. For example, such a solution might

result in network disconnection, after which the sensors currently have no means of

re-establishing communication, since this requires coordination. We wish to inves-

tigate techniques that prevent the violation of hard constraints (such as this one),

without sacri�cing the attractive properties of the max-sum algorithm: scalability,

and local computation and communication. As mentioned in Section 5.1.3, we are

currently investigating the use of a bounded version of max-sum (Farinelli et al.,

2009) that operates on a non-cyclic subgraph of the factor graph. In so doing, it

guarantees convergence and gives bounds on the computed solution, at the cost of

no longer being able to compute the optimal solution. However, by utilising this

extension to the max-sum algorithm, it might be possible to guarantee network

connectivity by sacri�cing a small amount of information value.

Figure 7.1 summarises our planning of the research activities until the end of the project.
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Figure 7.1: Gantt chart outlining the planning for the remainder of the project



Appendix A

Some Mathematical Background

This appendix brie�y covers the mathematical background of the Multivariate Gaussian

distribution on which the theory of the GP is based and some of the information metrics

that are commonly used in adaptive sampling.

A.1 Multivariate Gaussian distribution

This appendix summarises the main properties of the multivariate Gaussian distribution,

which are used in Section 2.3.2.

Probability distribution If elements y1, . . . , yD of a D dimensional column vector y

are jointly Gaussian with mean µ, and covariance Σ their pdf is given by:

p(y|µ,Σ) =
1

(2π)D/2 |Σ|1/2
exp

(
−1

2
(y − µ)>Σ−1(y − µ)

)
(A.1)

This notation is commonly abbreviated by p(y|µ,Σ) = N (µ,Σ), or y ∼ N (µ,Σ).

Marginal distribution If the joint probability distribution of the vector
[
y1 y2

]>
is given by:

[
y1

y2

]
∼ N

([
µ1

µ2

]
,

[
A C

C> B

])
, (A.2)

y1 has a Gaussian distribution with parameters µ1 and A: p(y1) = N (µ1, A). In other

words, both the marginal probability distributions of y1 and y2 are Gaussian.
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Conditional distribution In general the conditional distribution of y1 given y2 is:

P (y1|y2) =
P (y1,y2)
P (y2)

(A.3)

When y1 given y2 are jointly Gaussian as in Equation their joint probability distribution

is given by Equation A.2, the distribution of y1 conditioned on y2 is:

y1|y2 ∼ N
(
µ1 + CB−1(y2 − µ2), A− CB−1C>

)
(A.4)

A.2 Information metrics

This appendix gives a brief overview of the mathematical details of the information

metrics described in Section 2.4.

The surprise or self-information I(ωn) of an outcome ωn of a discrete random variable

X is de�ned as:

I(ωn) = − log p(X = ωn) (A.5)

The Shannon information content h(ωn) of an outcome ωn is similar to self-information,

but is measured in base-2, and the units are referred to as bits:

h(ωn) = − log2 p(X = ωn) (A.6)

Now, di�erential entropy H(X) is the expected value of the self-information of X:

H(X) = E[I(ωn)] = −
ˆ ∞
−∞

log(p(x))p(x)dx (A.7)

Mutual information MI(X;Y ) is the decrease in entropy in random variable X, given

Y , and vice versa:

MI(X;Y ) = H(X)−H(X|Y ) = H(Y )−H(Y |X) (A.8)

Informally, this can be thought of as the information X and Y have in common.

Finally, Kullback-Leibler divergence (or relative entropy) measures the di�erence between

two probability distributions P and Q:

DKL(P‖Q) =
ˆ ∞
−∞

p(x) log
p(x)
q(x)

dx (A.9)
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