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Abstract When autonomous agents decide on their bidding strategies in real world auc-
tions, they have a number of concerns that go beyond the models that are normally analyzed
in traditional auction theory. Oftentimes, the agents have budget constraints and the auc-
tions have a reserve price, both of which restrict the bids the agents can place. In addition,
their attitude need not be risk-neutral and they may have uncertainty about the value of the
goods they are buying. Some of these issues have been examined individually for single-unit
sealed-bid auctions. However, in this paper, we extend this analysis to the multi-unit case,
and also analyze the multi-unit sealed-bid auctions in which a combination of these issues
are present, for unit-demand bidders. This analysis constitutes the main contribution of this
paper. We then demonstrate the usefulness in practice of this analysis; we show in simula-
tions that taking into account all these issues allows the bidders to maximize their utility.
Furthermore, using this analysis allows a seller to improve her revenue, i.e. by selecting the
optimal reserve price and auction format.

Keywords Game Theory Bidding Strategies Agent-Mediated e-CommerceBudget
Constraints Risk Attitudes- Reserve PriceValuation Uncertainty

1 Introduction

Auctions have become commonplace; they are used to trade all kinds of commodity, from
flowers and food to industrial commodities and keyword targeted advertisement slots, from
bonds and securities to spectrum rights and gold bullion. Once the preserve of governments
and large companies, the advent of online auctions has opened up auctions to millions of
private individuals and small commercial ventures. Given this, it is desirable to develop
autonomous agents that will let the masses participate effectively in such settings, even
though they do not possess professional expertise in this area. To achieve this, however,
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we believe these agents should account for the features of real-world auctions that expert
bidders take into consideration when determining their bidding strategies.

While game theory is widely used in multi-agent systems as a way to model and pre-
dict the interactions between rational agents in auctions, the models that are canonically
analyzed are rather limited. As discussed below, some work has been done towards extend-
ing these models to incorporate features that are important in real auctions, but this work
invariably looks at each feature separately; additionally the cases examined are almost all
instances of single-unit auctions. Now, while this is useful for economists and perhaps ex-
pert bidders, who can integrate the lessons learned using human intuition and imagination,
an automated agent cannot immediately benefit. In order to be able to design autonomous
agents that would be able to represent non-expert humans in real auctions, it is therefore nec-
essary to analyze the strategic behavior of agents in multi-utift @nd (m + 1)** price)
auction models that incorporate all the relevant features. To identify these relevant features,
we have looked at a number of auctions, ranging in scope from the eBay auctions (held
mainly between individuals) to B2B auctions (used by businesses to procure materials and
commodities), with various different rules, ranging from the traditional English auction to
the position auction used by Google Adwords. Despite their differences, a number of com-
mon features are present. We list the most important of these below and highlight what is
already known about each of them in the literature.

First,budget constraintare very important, whenever businesses and individuals place
bids. This is because, in every practical setting, these bidders have a certain pot of money that
they can spend in order to purchase the item. Thus, even though they might wish to spend
more in order to acquire the desired good or service, they are limited by their available
budget. Thus, these budget constraints limit the upper range of these bids. Here, we will
assume that the available budget constitutes an absolute spending limit. Now, this case has
been examined for single-unit auctions [4,5], but not for multi-unit dnigdias also been
proven that the revenue generated by*aprice auction is always higher than that of the
equivalen2™? price one.

Second, bidders may adopt differeattitudes towards riskEssentially, this indicates
whether bidders are conservative or not, and their willingness to take risk in order to gain
additional profit. Normally bidders are assumed to be “risk-neutral”, meaning their utility
equals their profit, and thus they bid in such a way as to maximize their expected profit.
However, they can also be “risk-averse”, “risk-seeking”, or even have a more complicated
risk attitude; for example, the bidding behavior of bidders on eBay suggests a complicated
attitude towards risk. In related work, e.g. in [10], we find the computation of the equilibrium
strategy for a risk-averse agent participating irf aprice auction. Byde[3] also uses agent-
based simulations to compute the strategies for a range of sealed-bid auction scenarios in
which the participating bidders have a variety of risk attitudes.

Third, setting an appropriateserve price(i.e. a minimum transaction price) in the
auction is a way that allows the seller to increase her expected revenue in a humber of
auction scenarios. By setting this minimum price the seller guarantees that the item will
not sell for a very low price, which could happen in cases where all the bidders have low
valuations and also it forces the bidders to increase their bids compared to the case where
there is no reserve price. Auctions taking place in traditional auction houses typically have a
reserve price and this is also the case for many eBay auctions. This case has been examined

1 The “dual” problem of designing a truthful mechanism for budget constrained bidders has been examined
in [1].



for single-unit sealed-bid auctions in [13,16]. In [11], this problem is examined for risk-
averse bidders.

Fourth, there may bancertainty in the bidders’ valuatioof the offered commodity.
This is an issue that has received comparatively little attention in the literature and yet it is
very important in real scenarios. In particular, in many settings, the value of a commodity
is not known precisely a priori. This could be due to a number of factors. For example,
when businesses bid in the Google Adwords keyword auction, they can't precisely know
the additional revenue that advertising in this way will bring them, and therefore they can't
evaluate the actual economic value of the?ahother example is in an electricity market,
where a customer or a supplier does not always know precisely the price of energy in the next
day as this depends both on the customer demand as well as more unpredictable factors such
as the energy production from renewable sources. A final example, in a traditional auction,
is that of resale; the buyer may want to resell the item later in order to gain additional profit,
however there is uncertainty as to the actual price that it would fetch. Nevertheless, it can
be assumed that the agent has some idea about his own value and this can be represented
by a probability distribution. In the literature, this problem has been mostly looked at from
the point of view of having a cost for introspection, which allows the agent to determine
his valuation more precisely [8,17]However, in many practical settings, introspection is
simply not possible, because of the lack of further relevant data, or excessive costs that
cannot be justified by the increased accuracy. To this effect, this paper introduces models of
valuation uncertainty and presents equilibria that account for this uncertainty, when there is
no possibility for introspection.

The last important feature is considering a bidder's desingutchase multiple items
with a different valuation for each. In this case, it is known that bidders should shade their
bids, compared to the case when only one item is desired, even to the point of bidding for
less items than desired, in order to gain more profit (strategic demand reduction) [21]. To
date, however, an optimal strategy is not known for this feature; it is open problem. This is
the reason why we make the usual assumption that each agent wishes to buy only one unit
(unit-demand biddejslike e.g. in [18].

Given this background, in this paper we make the following contributfons:

— After presenting the model of the problem in section 2, we derive novel equilibria for
the multi-unitm'" price sealed-bid auction case, when these features are looked at sep-
arately. We examine reserve prices in section 3, varying risk attitudes in section 4 and
budget constraints in section 5.

— We then combine, for the first time, two of the features that we look at, in section 6.
Specifically, we derive the equilibrium strategy for the case of uncertainty in the val-
uation that bidders have, when the bidders are not risk-neutral, in the settings of the

2 While some aspect of interdependent valuations is present in some cases of ad auctions, this is not
always the case; companies competing for the same ad space sometimes sell different products and/or target
different market segments. Thus, the uncertainty in the valuation would often not be removed, even if all the
participants private values were known.

3 There are few notable exceptions where no introspection is assumed, such as [14], which examines how
to select the auction that yields the highest revenue and/or efficiency, when bidders have uncertainty in their
valuations.

4 Some of this work has been presented in the conference paper [19]. That paper presented the main result
of what happens when all four issues are present together only for the easier casérof-the)*” price
auction. Here, we extend the work and give the equilibrium strategy when all issues are present also for the
more complicated case of thet” price auction setting. We also discuss several issues that arise from our
analysis, e.g. concerning the various models of valuation uncertainty, and we give unabridged versions of the
proofs. Thus in this paper, we give a complete and unified picture of our work.



m*" price auction. For thém + 1) price setting we derive a dominant strategy when
examining the same two issues.

— After doing this, we combine all the issues in section 7. We derive the equilibrium strate-
gies both for then!” and (m + 1) price auction settings, in the presence of all four
issues that we examine: budget constraints, reserve prices, any bidder risk attitude and
uncertainty of bidders’ valuation. In the case of the+ 1)*" price auction the solution
is even stronger in that it is a dominant strategy.

— Finally, we demonstrate the usefulness in practice of this analysis; we show, using sim-
ulations, that taking into account all these features allows the bidders to improve their
utility, as opposed to using a strategy which doesn’t account for all of them. Further-
more, a seller can maximize her revenue by selecting the optimal reserve price and
auction formaP. We also examine theoretically and empirically how the valuation un-
certainty impacts the bidding strategy of non risk-neutral bidders and discuss various
models of valuation uncertainty.

2 The Multi-Unit Auction Setting

In this section we formally describe the auction setting to be analyzed and define the objec-
tive function that the agents wish to maximize. We also give the notation that we use. In the
end of this section, we give the equilibrium strategies for single-unit cases, when only one
issue is present (i.e. reserve price, risk-attitudes and budget constraints).

In particular, we will compute and analyze the symmetric Bayes-Nash equfilitoria
sealed-bid auctions where > 1 identical items are being sold; these equilibria are defined
by a strategy, which maps the agents’ valuatigrs bidsb;. The two most common settings
in this context are thex!" and(m +1)*" price auctions, in which the tap bidders win one
item each at a price equal to thé” and(m +1)*" highest bid respectively. We assume that
there is a reserve priee> 0 in our setting; this means that bidders, who wish to participate
in the auction, must place bids > r.

We assume thaV indistinguishable bidders (wher€ > m) participate in the auction
and they have a private valuation (utility) for acquiring any one of the traded items; these
valuations are assumed to be i.i.d. drawn from a distribution with cumulative distribution
function (cdf) F'(v), which is the same for all bidders. In the case that there is uncertainty
about the valuation;, then we need to extend this model. For the+ 1)*" price multi-
unit auction case, we can use the most general model possible: the agent knows that his
valuationv; is drawn from distributionz; (), but not the precise value. As the valuations
v; are independent, we can assume that any uncertainty that a bidder has about his own
valuation is independent of the uncertainty he has about other agents’ valuations. For the
m'" price multi-unit auction case, we use a simpler model, because unlike the previous
case, no dominant strategies exist in these cases, therefore the strategy used by opponent
bidders affects the strategy used by any specific bidder. Therefore we assume that the true
valuationw;, which is not known to biddet, is drawn from distributiorG,, (), wherev; is
known as being the mean value of distributi@p, (); so each bidderknows approximately

5 The use of equilibrium analysis in order to design autonomous, intelligent agents has been done before,
e.g.in [10] and [18].

6 The Bayes-Nash equilibrium is the standard solution used in game theory to analyze auctions. The equi-
libria being symmetric means that all agents use the same bidding strategy. This is a common assumption
made in game theory, in order to restrict the space of strategies that we examine. It is likely that in addition
to the symmetric equilibria we compute there are also asymmetric ones.



his own value as being drawn from distributié®, () around the value;, which is known to
bidderi. We also consider a more general model of valuation uncertainty, in which there can
be many more types of uncertainty, so that the distribution from which the true valuation
v; is drawn depends on more parameters than«ustVe discuss this avenue of work in
section 7.3.

We also assume that each bidder has a certain buggetich is known only to himself
and which limits the maximum bid that he can place in the auction. The available budgets
of the agents are i.i.d. drawn from a known distribution with £df).

According to utility theory, every rational agent has a strictly monotonically increasing
utility function «() that maps profit into utility; the alternative with the highest expected
utility is the preferred outcome. This function determines the agent’s risk attitude. Some
functionsu(z) used widely in economics are(z) = z“, «a € (0,1) (constant relative risk
aversion - CRRA)u(z) = 1 — exp(—azx), « > 0 (constant absolute risk aversion - CARA),
andu(z) = —*,~ € [0,1], all of which indicate risk-averse bidders. We will also use the
function used in [10], which is(x) = —y®,~ € [0, 1]; this function is used to indicate
risk-averse agents, but here we extend it to also indicate risk-seeking bidders:

u(@) = sign(y— 1) 7%,y > 0 (@)

wheresign(z) is the sign function, which returns1, whenz > 0, —1 whenz < 0 and0
whenz = 0. These functions indicate risk-neutral bidders for the specific valuesl for
CRRA and asy — 1 for equation 1.

In most scenarios analyzed in auction theory deéault settingsare, that bidders are
risk neutral, and thus the utility function i§z) = =, that there is no reserve price, thus
r = 0, that there are no budget constraints, thus- co and that the valuation for the item
is known precisely, therefor@., (z) = 0, whenz < v; andGy, (z) = 1, whenz > v;. We

will also use these values unless explicitly stated to the contrary.
We also use the following additional notation in the proctgz) is the probability

distribution (cdf) of any opponent’s bit}. ThusZ(z) = Problb; < z], andB*) is thek!"
order statistic of these bids of the opponents. Since theréMare 1) opponents for each
agent, the distributiob;, () of B(*) can be computed as [15]:

k—1
bp(z) =Y C(N = 1L,i)(Z(2))N 71 (1 - Z(x))’ @

where the notatioi®’'(n, k) is the total number of possible combinationskatems chosen
from n. As shown in [18]¥N > m the following holds:

Z'(x)
Z(a)

Py, (2) = (N = m)(Pm(z) — Prm—1(x)) ®

Now that we presented the model and the notation used, we give the Bayes-Nash equi-
librium strategies for the case when each issue is examined separately for the case of a
price auction. (see e.g. [7]) These results are being extended by this paper.

— The presence of a Reserve Price

g(v) = v — (F(v))~ D). / (PN d

— Varying Risk-AttitudesWhen the utility function is.(), the equilibrium is the solution
of the differential equation:
u(v; — g(v;)) — u(0) F'(vy)
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— The presence of Budget Constrainits this case the equilibrium strategy is to bid the
minimum of the budget constraint and the solution of the differential equation

J () = (1= H(g)F" ()
UGS — (1 - F(v) H (g(vy)

3 Equilibria in the Presence of Reserve Prices

In this section we examine the equilibria that exist in the case that the reserve price of the
auction isr > 0. For the remaining issues, we use the default settings; thus, we assume the
bidders have no budget constraints, they are risk-neutral and there is no uncertainty about
their valuations.

Theorem 1 In the case of amn® price sealed-bid auction, with reserve price> 0, with

N participating risk-neutral bidders, in which each biddeis interested in purchasing one
unit of the good for sale with inherent utility (valuation) for that item equadtovhere the
valuationsy; are i.i.d. variables drawn fronk'(v), the following bidding strategy constitutes
a symmetric Bayes-Nash equilibrium:

v
gv) =v— ()~ [EEN s @
T

PROOF. Because the main elements of this proof are also used in the proof of theorem 9
we omit it herel

From equation 4, it is evident that, for the same valuatigrthe bidb; increases with
each increase of the reserve price.

In the case of arim + 1)*" price auction, the optimal strategy is [7]:

Theorem 2 In an (m + 1) price auction, with reserve price, where the bidders are
risk-neutral, have valuations; and no budget constraints, it is a dominant strategy to bid
truthfully: b; = v;, if v; > r, and not to participate otherwise.

4 Equilibria in the Case of Varying Risk Attitudes

In this section we examine the equilibria that exist in the case that agents are not risk-neutral,
but rather have a utility function() that maps profit into utility. If this function is concave,

the agents are risk-averse; if it is convex, they are risk-seeking. For the remaining issues, we
use the default settings.

Theorem 3 In the case of am!” price sealed-bid auction witlv participating bidders, in
which each biddet is interested in purchasing one unit of the good for sale with inherent
utility (valuation) for that item equal te,;, wherev; are i.i.d. drawn fromF(v), the bidders

have no budget constraints and they have a risk attitude which is described by utility function

7 Actually the case examined in [4] is more complex in the sense that the budget constraints need not be
hard, meaning that the utility loss for overspending is&gtand is characterized by a penalty function.



u(), the bidding strategy(v), which constitutes a symmetric Bayes-Nash equilibrium, is the
solution of the differential equation:
_ u(v; —g(vi)) —u(0) F'(v;)

§o) = w(vi—gvi) (N —m)-

®)
with boundary conditiorg(0) = 0.

PROOF. Let us assume that the equilibrium strategy is described by a fungtjomhich
maps valuations to bids. We consider any bidievho places a bid; in the auction. The
distributionZ(z) of the bidb;, that any opponent (;j # 4) of agent: places, is:

Z(z) = F(g~ ' (x)) (6)

The k" order statistic of these bidg(*) is drawn from distributiondy (z), described by
equation 2.
Depending on the value &f, the following three cases are possible:

— If b; < B then bidder is outbid and doesn’t win any items, therefore his utility is
u; = u(0).2 The probability of this case happening Brob[b; < B™] = 1 — &, (b;).

—1f B™ < b; < B(™=1 then bidder has placed the last winning bid. Thus the payment
equals his bid, his profit iv; — b;), and his utility isu; = u(v; — b;). The probability
of this case happening i®rob[B"™) < b; < B = &, (b;) — Ppu—1(b;).

— If B{™=1) < b;, then bidderi is a winner, the payment is equal to hizi™ ), his
profit is equal to(v; — B 1) and his utility isu; = u(v; — B~ ). Note that the
probability: Prob[B™ 1) < w] = &, (w).

The expected utility of bidder, who places bid,, is:

Eui(b;) =u(0)(1 — @m (b;)) + u(v; — b)(Pm (b;) — Prn—1(bi))

b; d
+/0 u(vifw)-dwq5m,1(w)-dw @)

The bid which maximizes this expected utility, is found by settiﬁ%’;‘—i = 0. This becomes:

(u(vi = bi) = w(0)) - Bro (bi) = u' (v; = bg) - (P (bi) — Prn—1(bi))
Using equation 3, to simplify this equation, we derive:

R O ()
¢ (g (b:)) - Flg~1(b0))

This valueb; is equal tob; = g(v;), since it maximizes the expected utiliBju; (b;). Using
this substitution, we derive differential equation 5.

The boundary condition ig(0) = 0, because an agent with valuation= 0 will bid
b;=0.1

If we use the function(z) from equation 1, we can solve equation 5, to get the following
equilibrium strategy:

(w(vi = b;) —u(0)) - (N —m)

=u'(v; — by)

1 vi —m Vi —WwW
g(v;) = v; — log, [1 + F’(’UI;% g F(w)N Syt ~dw] (8)

8 Note that profitd does not necessarily mean that the utilityjsit depends on the form of the utility
functionu().



In [10], the authors take the limits @f(v;) as~ approachesg and0, which represent the

cases when the agent becomes risk-neutral and very risk-averse respectively. Here, we do
the same, and also compute the limitxaapproacheso, which represents the case when

the agent becomes very risk-seeking:

lim g(’l)i) =v; (9)
v—0

] VPN T™ . dw
Whinl g(vy) =v; — 0 F(,Ul_)me (10)
lim g(v;) =0 (11)

y—00

We observe that, when — 1, i.e. the agents tend to become risk-neutral, equation 8 gives
the same solution as the one known from the literature, for the case when agents just max-
imize their profit (risk-neutral agents) [7]. When— 0, i.e. the agents become very risk-
averse, they bid truthfully, because they are worried too much about losing no matter how
small this possibility iS. Wheny — oo, i.e. the agents become very risk-seeking, they
bid 0 (or e > 0, if zero bids are not allowed), gambling on the unlikely chance that there
is no competition and they receive the item for free. This reasoning as to why very risk-
averse and very risk-seeking agents would bid in this way holds for any family of util-
ity functions, and it is not important to give a formal proof for this fact. As for the case
when an agent becomes risk-neutral, we can see that in this case equation 5, becomes:
g (v;) = (v; — g(v;)) (N —m) 1:((:;)) , Whose solution is equation 10. Thus, these results can
be generalized to any family of utility functions; the agents bid according to equations 9, 10
and 11, when they are respectively very risk-averse, risk-neutral and very risk-seeking.

In the case of aKim + 1) price auction, the agents submit truthful bids [7]:

Theorem 4 In an (m + 1)** price auction, where the bidders have valuatiensthey have
no budget constraints and they have a risk attitude described by utility funetjorit is a
dominant strategy to bid truthfully; = v;

5 Equilibria in the Case of Budget Constraints

In this section we examine the equilibria for the case when agents have budget constraints
only. For the remaining issues, we use the default settings.

Theorem 5 In the case of am!" price sealed-bid auction withv participating risk-neutral
bidders, in which each biddéiis interested in purchasing one unit of the good for sale with
inherent utility (valuation) for that item equal t@, and has a budget constraint, where

v; and¢; are i.i.d. drawn fromF'(v) and H (c) respectively, the following bidding strategy
constitutes a symmetric Bayes-Nash equilibrium:

bi = min{g(vi), ci} 12)
whereg(v) is the solution of the differential equation:
(1 = H(g(vi))F" (vi) (13)

/
9 (%) = T H G = o,
= ORale UL (1= F(v,)) H' (g(vs)

with boundary conditiorg(0) = 0.

9 Both these results are consistent with those reported in [10] for the case of single-unit auctions.



PROOF. Consider any biddet. We assume that each oppongn{; # i) bidsb; =
min{g(v;),c;}. As the variables); andc; are independent of each other and are drawn
from distributionsF'(v) and H(c) respectively, the distributio& (z) of the opponent’s bid

b; can be computed as follows:

Z(x) =1 — Problmin{g(v;),c;} > x]
=1— Problg(vj) > x A¢j > ]

=1-(1-F(g '(x) 1-H(z)) (14)

The k*" order statistic of these bidg(*) is drawn from distributiond;, (z), described by
equation 2.

We can now analyze the expected profit of biddémetb; be the bid that he places in the
auction. We are going to assume at first that histbid not limited by the budget constraint
¢; and impose this restriction later on. We distinguish the following cases:

— If b; < B, then bidder is outbid and doesn’t win any items, therefore his utility is
U; = 0.

—1f B < b; < B™=1 then biddet has placed the last winning bid. Thus the payment
equals his bid and his utility is; = v; — b;. The probability of this case happening is:
Prob[B™) < b; < B D] = &,,,(b;) — Bpu_1(b;).

— If B™=1 <, then bidder is a winner, the payment is equal to bii™ 1) and his
utility is u; = v; — B~V Note that:Prob[B™ 1 < w] = &, _1 (w).

The expected utility of bidder, who places bid,, is:

b; d
Euz(bl) = (’Ui - bl) . (@m(bl) - ém—l(bi)) -|—/0 (Ui — UJ) . @457”_1((.«1) - dw (15)

The bidb; which maximizes this utility is found by setting:

UG s @(bi) — B2 (60) + (05— ) - () = 0
Using equation 3, we get:
P (b;) — Prm—1(b;) = (vi —b;) - (N —m) - (Pm(bi) — Prm—1(bi)) - %

Since this bid maximizes the agent’s utility, it must be equal;te= g(v;). Using this
fact and equation 14 we get differential equation 13.

The boundary condition ig(0) = 0, no matter the value ef, because when the bidder’s
valuationv; = 0, he must bidh; = 0.

Now it is time to consider how the available budggthanges the bid;. If g(v;) < ¢;,
then the agent needs to ig= g(v;), as this maximizes the expected prdfit; (b;). In the
case thay(v;) > ¢;, we need to select a big < ¢;. Since the only point at whicﬁfb—?i =0

is whenb; = g(v;) and %% > 0 for small values ob;, while &1 < o for large values of

b;, this means that for valueh@ < g(vy), itis dE“l > 0. Therefore the value df; < ¢; that
maximizesEu; is b; = ¢;. This means that the bid is always = min{g(v;), ¢; }, which
was our initial assumption (about how the agents Hiltl).

In order to discuss features of the equilibrium strategy, we examine the special case when
both the valuations; and the budget constraints are drawn from a uniform distribution
on|0,1] (i.e. F = H = U|0, 1]). This distribution is the canonical one used in auction theory
for this purpose:
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Fig. 1 Equilibrium strategyg(v) for the case when the valuationsand the budget constraintsare both
drawn from the uniform distributio@/[0, 1]; the equilibrium bid isb = min{g(v),c}. The number of
bidders,NV, and the number of items being soid, take valuesV — m = 1, 4, 20. The equilibrium strategy

N —1 . .
oo (V) = Wﬂl when there are no budget constraints is also presented.

Corollary 1 In the case thaf'(v) and H(c) are uniform distributions’/|0, 1], the equilib-
rium strategy isb; = min{g(v;), ¢; }, whereg(v) is the solution of the d.e.:

1—g(vi)
vit+g(vi)—vig(vi) _ (1
(N—m)(v;—g(vi))

g'(vi) = (16)

_'Ui)

In figure 1, we present the solution of this equation for different numbers of bidders,
N, and items being soldn. Because of the presence of the budget constraints, it is easier
for bidder: to win the auction now; this happens, because an oppgnevith valuationv;
higher than biddet, might not be able to outbid him, due to having a low budget constraint
¢;. Itis therefore expected that strategly) would suggest bidding less than the equilibrium
strategyy- (v), when there is infinite budget (i.e. no constraints); this strategy.igv) =
o (see [7)).

Itis also interesting to note that functigit) deviates fromy.. () most in the case when
N —m = 4. This is due to two facts, which would also affect to some degree the bidding
strategy in the case of any other distributionsgb) and H (c). First, whenN — m = 20,
there is a large number of opponents, and therefore a higher probability that one of them
has a large budget. Second, when- m = 1, the bids according to botf() andg- () are
usually smaller than the budget constraintsvhich are drawn frond/[0, 1]; as the bids are
less constrained, the deviation is therefore sm&ler.

In the case of artm + 1) price auction, the agents submit truthful bids, if these are
higher than the budget constraint7]:

Theorem 6 In an (m+1)*" price auction, where the bidders have valuatiepand budget
constraintse;, it is a dominant strategy to bidi;; = min{v;, ¢; }.

10 We would like to point out that, a8 — m grows, the deviation does not approach zero, i.e. the budget
constraints always lead to some reduction of the bids, even if it's a very small one.
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6 Equilibria in the Case of Uncertainty in Agents’ Valuations

In this section we examine the equilibria for the case when the bidders do not precisely know
their own valuations. In the case that bidders are risk-neutral, it is an equilibrium strategy to
bid as if they had value; = u¢; and the valuation uncertainty does not mattérhis is the

reason why we choose to examine this issue when the agents are not necessarily risk-neutral.
For the remaining issues, we use the default settings.

6.1 The(m + 1)*"-price Auction Case

In this section, we examine the case when the bidders do not precisely know their own
valuations in ar(m + 1)*"-price auction. Specifically, we assume that each bid#eows

that his own valuation; is drawn from some distributio@; (v;). The mean ofZ() is uq, =
EG,(v;). Therefore the bidder knows that his own valuation is centered around yalye

but he doesn’t know it precisely. His uncertainty is thus represented by the distribution
Gi(v;). We examine this case for thig. + 1) price auction in this section.

Theorem 7 In an (m + 1) price auction, if a bidder knows only imprecisely his own
valuationv;, in that it is drawn from distributiorG; (v;), and his risk attitude is described
by utility functionu; (), it is a dominant strategy to bitl, which is the solution of equation:

/oo u(z — b)G(2)dz = u(0) an

—o0

PROOF. From the point of view of each biddeéy he knows that his opponents are going
to be placing bid$;. Let us assume that the highest of the opponents bidsis drawn

from distribution2;(z) (i.e. thatProblb_; < z] = £2;(x)). This distribution depends on

the opponents’ bidding strategies, valuations and risk attitudes. We assume that this can be
any function, provided that it is differentiable and increasing. The probability of winning by
placing bidb; is £2;(b;), and in that case the utility of the bidderisv;, — b_;), whereas his

utility is «(0), if he doesn’t win, which happens with probability— 2;(b;)). Therefore the
expected utility of biddef, when he has a known valuatiop = > and places bid,, is:

b;
Bus(z,by) = / u(z — @) Q@) de + (1 — 24(b:))u(0)

— o0

Using Bayes' rule, we calculate the expected utility; (b;) of bidder:, when his valuation
is unknown:

Bus (b)) :/_b;(/j:g(z — )G (2)dz) Q) + (1 — 2:(b:))u(0)

The bidb; which maximizes the expected revenue is found by setﬁﬁ?g# = 0, which
leads to equation 17. The solution of this equation is thebpihich maximizes the ex-
pected utility of biddet. l

From equation 17, it follows that risk-averse agents bid less than the mgaof their
valuation distributionG; (), while risk-seeking agents do the opposite. Furthermore, risk-
averse bidders will bid even less as the variance of distributignincreases, i.e. the more
uncertain they get about their valuation, and the opposite happens to risk-seeking bidders.
We made these observations empirically for various functions of valuation uncertainty and

11 The fact that risk-neutral agents participating in a second price auction bid the meap yaibat they
have for their valuation has been observed in some of the related work, e.g. in [8,17,14].
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risk attitude functions. However, we can prove theoretically these statements for the spe-
cial case when the distributiofi;() is symmetric. More specifically, we prove that these
statements always hold, in the following two propositions:

Proposition 1 In an (m + 1)*" price auction, if a bidder knows only imprecisely his own
valuationsv;, in that it is drawn from symmetric distributia®; (v;), and his risk attitude is
described by utility functiom;(), it is a dominant strategy to bid:

b; < pg,, if the bidder is risk-averse (i.e.;() is concave),

b; = ug,, if the bidder is risk-neutral (i.eu;() is a linear function), and

b; > pg,, if the bidder is risk-seeking (i.e; () is convex).

PROOF. Equation 17 becomés — n, = 0, for linear functionu; (x), which is the case of
risk-neutral bidders.
Let us now examine what happens for risk-averse bidders:

[t (z 16, )Gi()dz = [, u(@) G + p,)de

—f )Gz + pe,)dz + [° u(@)Gi(x + pe, )dx

SlnceG() is symmetrlc itisG, (g, — x) Gi(pg, + ), Vo and

itis: fo z)Gi(z + pg,)dr = fo —2)Gi(— + pg,)dz, thus:

S22 <z - MG )Gi(2)dz = [5° u(~ >Gl< z+ pg,)dz + 50 u(@)Gi(x + p, )da
= fo + u( ))Gz( + I’LG'L)dI

Becausm() is concave, as the bidders are risk-averse,i{isz) + u(z) < 2u(0),Vz # 0.
Thus:

[0z = 56, )Gi2)dz < [3° 2u(0)Gh(a + pe, )de = 2u(0) - § =

Nl

oo
[ ue = na)Gi)dz < )
— 00

This means that if we sét = 1¢,, the left hand side of equation 17 is less than the
right hand side, and cannot be the solution; the solution must increase the left hand side of
the equation, so it must be smalléy:< pg,.

When the bidders are risk-seeking) is convex, so itisi(—z) +u(z) > 2u(0),Vz # 0
and therefore we prove in the same way that:

o0
[ ue= a6l > )
— o0

This implies that it should bé; > p,. B

One other issue that should be noted from this proof is the fact that the difference be-
tweenu(—z) + u(z) and2«(0) increases with the concavity (resp. convexity:0f, which
occurs as the bidders become more risk averse (resp. risk seeking). This however implies
that we need to decrease (resp. increase) thé;béven further in order to satisfy equa-
tion 17. This implies thathe more risk-averse bidders are, the lower they will, bidhile
the more risk-seeking bidders are, the higher they will bicettings with exactly the same
valuation uncertainty.

Proposition 2 Assume two bidders with valuations and v;, which are drawn from the
symmetric distributions;(v;) and G;(v;); these distributions belong to the same class
of distributions (i.e. they are both uniform) and they have the same mgelhnt they have
different variances; < ¢;. The bidders have the same risk attitude, which is described by
utility functionw(): if w() is concave (i.e. risk-averse bidders), then the bidders’ bids are:
b; > b;, and ifu() is convex (i.e. risk-seeking bidders), then the bidders’ bidstare: b;.
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PROOF. We give the proof for concave functiar). Let
Fi(z) = ffooo u(z — ‘IJ)G;(Z)dZ &

Fy(@) = o w(Gi () — 2)dp &
Fi(z) = [ u(G; ' (0) = w)dp + [1 u(G] ' (p) — 2)dp &
Fi(e) = f (WG ) — o) + (G (1~ p) — ) )dp

and defineF;(z) in the same way. It is then;(b;) = u(0) = Fj;(b;). SinceG;() and
G() are symmetric, belong to the same class of distributions, have the sameueaaoh
furthermores; < o, the following formulas hold:

Wp € [0,5) G )~ G p) = G H(1-p) - G (1)
Gilp) <G M) <G (1-p) < G (1-p)

Subtractingp; from all terms in these equations, and using the factdfiats concave, we
get:

u(G; Y (p)—b;) — u(G]fl(p)— b;) > u(GJfl(l—p)— b)) —u(G (1—-p)— b)) &
w(G5H(p)— bi) + (G (1—p)— bi) < u(G; (p)— bi) + u(G; (1—p)— bi)
From this equation, given how we definégl(), we get that:F;(b;) < F;(b;). And since,
F;(b;) = u(0) = F;(b;) this means thak; (b;) < F;(b;) and thereforé; > b;.
For convexu() the proof is similar; we show in the same way tiatb;) > F;(b;) and
thereforeb; < b;. W

6.2 Them!"-price Auction Case

In this section, we examine the case when the bidders do not precisely know their own val-
uations in annt"-price auction. Like in the previous setting, the agents are not risk-neutral,
but rather have a utility function(),*? there are no budget constraints and the reserve price
of the auction is" = 0.

The model that we assume is slightly different (somewhat more restricted) from that
used in the(m + 1)*"-price auction cas®& More specifically, the bidders have uncertainty
about their true valuation, which we will denatg Each agent knows that this valuation is
drawn from distribution,, (), wherew; is a known value (which we will call “the agent’s
uncertain valuation”) around which the agent's uncertainty is distributeid. drawn from
distribution£'() and is known to each agent. The equilibrium strategy of each agent depends
onwv; and gives the bid; = g(v;) of each agent.

Itis appropriate to give an example of what the practical meaning of having a distribution
G, () is in conjunction to variables; andw;. v; is known to bidder, because each bidder
has an idea of what his true value is. For example, a bidder knows that the value of the item
is approximatelyl0$, sov; = 10, but also that his actual true valuation is, for example,
somewhere withir20% of this value, saG., () is a uniform distributiori/[8, 12], and thus
v; is drawn from this distribution, but is not precisely known at the time of bidding. If
another bidder has; = 7, thenG,, () is U[5.6, 8.4] etc. It might also be the case that the
uncertainty is the same for everyone, for example that the true value is Within] of

12 Note that since the model used could allow for negative profit as w@lishould be such (or extended)
that it allows for negative profit as well.

13 We do this because a bidder’s best strategy depends on the strategies of his opponents, unlike in the
(m + 1)*h-price auction case. We discuss how to extend this model in section 7.3.
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the mean value;, S0G., () is U[v; — 1,v; + 1], or, more generally, the distribution could

be any function (not necessarily a uniform distribution). The model we use allows that the
distribution from which the true valuation is drawn should depend only on one parameter,
the agent’s “uncertain valuation’;, which is known to the agent a priori, even though the
true valuation is not.

Theorem 8 In the case of am!” price sealed-bid auction witlv participating bidders, in
which each biddet is interested in purchasing one unit of the good for sale with inherent
utility (valuation) for that item equal t@; (wherew; is not precisely known and is drawn
from a distributionG,, () and the parameters; are i.i.d. drawn from a known distribu-
tion F(v)), the bidders have no budget constraints and they have a risk attitude which is
described by utility functiom(), the bidding strategy(v), which constitutes a symmetric
Bayes-Nash equilibrium, is the solution of the differential equation:

1oy A0 = 9()) G, @)z —u(0) ()
S0 = e — o) Gamde ™

with boundary conditiorg(0) = 0.

(18)

PROOF. Using the same reasoning as in the case when the valuation is known precisely
(see derivation of equation 7), we compute the expected utility of bigdeno places bid
b;, when his true valuation is;, to be:

Eui(bi,@;) ZU(O)'(l — @m(bz)) + u(@i — bq)(@m(bz)*d%n,l(b,))

bi
+ /O w(®; — w)~%¢m_1(w)~dw (19)
The distribution of the opponent bid is given by equation 2, whete) = F(g~'(z)),
because the bids of each biddedepends on his “uncertain valuation;, which is known
to each bidder.

However, the true valuatios is not known. Biddet knows that; is drawn fromG., ().
Therefore it is necessary to use Bayes rule to compute the expected utility of bidden
he places bid; given thaty; is unknown, but the “uncertain valuation; is. Therefore, the
expected utility is:

Eu;(b) = [72_ FEug(b;, x) - Gy (2) - dz =

7

Bus(b) =u(0) - (1 = Ba(b0)) + (@ (0) = -1 () | " (e~ b)G, (a)de
bi 00 , d
+/o (/_OO w(x — w)Gy, (x)dx) %qﬁm,l(w)dw (20)

The bid which maximizes this expected utility, is found by settiﬁgﬁi = 0. This
becomes:
e ’
(/ u(w = b5) G, ()do — u(0)) @ (b;) =

oo ,

(B (bs) — qﬁm_l(bi))/ u' (x — b;) G, (x)dx

Using equation 3, to simplify this equation, we derive:
(N —m)F'(g~"(bi))
9’ (g7 (b:))F (g~ (bs))

(/:: ule — bi)C,, (@)de — u(0)) - /:: W (@ — )Gy (2)dz
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This valueb; is equal tob; = g(v;), since it maximizes the expected utilifyu; (b;). Using
this substitution, we derive the differential equation 18.

The boundary condition ig(0) = 0, because an agent with valuation= 0 will bid
b; = 0. This is actually also a result of the fact thgtare assumed to have non negative
values. For a more general boundary condition see the result of the general thelrem 9.

Now that we have computed the equilibrium strategy for & price auction, we
examine how the bidding strategy is affected by the valuation uncertainty. (nihe1)!"
price auction, we proved that that risk-averse (resp. risk-seeking) agents bid less (resp. more)
than the meang of their valuation distributionG() and that this effect increases as the
variance of distributiortz() increases, i.e. the more uncertain they get about their valuation
and also as the bidders become more risk-averse (resp. risk-seeking). However, in section 4,
we showed that as bidders become more risk-averse (resp. risk-seeking), when there is no
valuation uncertainty, they bid more (resp. less). Therefore we have two opposite effects. For
this reason, in section 8.1, we present an experiment where we explore these effects. What
we find out is that, when the valuation uncertainty becomes significant, then risk-averse
bidders will bid much less, even to the point of bidding like risk seeking bidders would
(when the latter don’t have valuation uncertainty).

7 Equilibria in the Presence of All Issues

In the previous sections, we considered each issue independently of the others, in order
to examine the behavior of the bidders in the presence of each one; this makes it easier
to understand the behavior when all issue are considered. This is exactly what is done in
this section. In particular, we examine the general setting where all the issues are taken
into account. Thus, the agents have budget constraintseir risk attitude is described by
function«() (not necessarily risk neutral) and the auction has a reservespriceaddition

to these issues, we also consider that the valuatipase not known precisely, and we use

the models of valuation uncertainty that we utilized in the previous section.

7.1 Them!"-price Auction Case

Here, we derive the equilibria in the setting ofaf* price auction.

Theorem 9 In the case of am!” price sealed-bid auction, with reserve priee> 0, with N
participating bidders, in which each biddérs interested in purchasing one unit of the good
for sale with inherent utility (valuation) for that item equalip(the exact value unknown to
the bidder, and drawn from distributio, ()), which is approximated by a known variable
v;, the agent’s “uncertain valuation”, and has a budget constraiptwherev; andc; are
i.i.d. drawn fromF(v) and H(c) respectively, and the bidders have a risk attitude which
is described by utility functiom(), the following bidding strategy constitutes a symmetric
Bayes-Nash equilibrium:

b; = min{g(vi),c;} (21)
whereg(v) is the solution of the differential equation:

(1 = H(g(vi)))F’ (vs)
(1—(1—F(2:))(1—H(g(v:)))) [, u' (2—g(v;))G),. (z)da
(N=m)( [, u(z—g(v:))G,, (z)dz—u(0))

g (vi) =

(22)

— (1=F(vi))H' (g(v:))

with boundary conditioy(7) = r, wherer satisfies the equatiofi>_ u(z — T)G/?(w)dx =
u(0).
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PROOF. Using the same reasoning as that presented in the proof of theorem 5, we assume
thatb; = min{g(v;), c;} are the bids placed by the agents.

Because of the reserve priegthere is a chance that an agent will not be able to par-
ticipate in the auction, either because his budgef is r, or because his valuation for the
item isv; < 7, wherer is the solution of equatiofi ™ _ u(z — r)G;(z)dx = u(0). Therefore
7 is the smallest valuation for which a bidder would participate in this auction. If a bidder
has uncertain valuatiosy smaller than this price then since he needs to bid at festhe

auction, we would make negative expected utfty.

We therefore begin by analyzing the case when exactly N agents can participate
in the auction; these agents haye> r andv; > 7. The probability that a particular agent
participates in the auction is equal to:

m(r) = Proble; > rAv; >TF] = (1—F(T)(1— H(r))
The probability that exactly. (out of the NV total) agents participate in this auction is thus:
7w =C(N —1,n— 1)(7r(7"))"71 -(1- 7r(7“))N7" (23)

The distributiongd - (¢) and F-(v) from which the participating agents; andv; are drawn,
are the initial distributiong? () and F'() respectively, conditional on the fact that> » and
v; > 7. Thusitis:

Hr(c):%gg”, ifc>r& Hr(c) =0, if ¢c<rand

Fr(v):%g()a, ifv>T& Fr(v) =0, if v <T.

The distribution, from which the opponents’ bitlsare drawn, is:
Zr(z) = Problb; <z] =1— (1 — Fr(g” ' (z))) - (1 — Hy(x))
(

z)

1-F(g'(x) 1-H
=1 1— F(7) 1— H(r) (24)
The distribution of the:!”” highest opponent big*) is
k-1 _ _
() =Y Cln—1,i)- (Zr(x)" 17" (1 = Zp(2))’ (25)
i=0

To analyze the expected profit of a bidder who places ainl the auction, we distin-
guish the following cases:

— If b; < B, then bidder is outbid and doesn’t win any items, therefore his utility is
u; = u(0). This happens with probability?robb; < BU™] =1 — &14" (b;).

—1If B < b; < B~V then bidder has placed the last winning bid. Thus the pay-
ment equals his bid and his utility i5;, = w(v; — b;). This happens with probability:
Prob| BT < b; < BM=Y] = " (b;) — d7" | (by).

— If B™=1) < ,, then bidder is a winner, the payment is equal to k™ ~!) and his
utility is u; = u(z; — B™~Y). Note that:Prob[B{™ Y < w] = ™" | (w).

Therefore the expected utility of bidderwho has true valuationi;, when he places a bid
equal tob;, is equal to:

Eu" (b3, 5;) =u(0) - (1 — D3" (b)) + w(v; — b) - D" (bs)

b;
+ / (@ — w) T () - dw (26)

14 Note that when there is no uncertainty in the valuation, or the bidders are risk neutral,then
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Note that even ifv < m, this equation holds, as it &"" | (z) = ¢;" (z) = 1.
From Bayes’ rule, we know that the expected utility that biddgets, by placing bid
b;, for any possible numbers of total participating agentsAs;(b;,v;) = 25:1 T -

Eu.""(b;,v;). Then using equations 23, 24, 25 and 26, this becomes:
Eu;(b;,0;) =u(0) - (1 — @ (b;)) + u(@; — b;) - Pm(b;) (27)

b;
+/ W (T — w) Py 1 (W) - dw
T

The termsd,, (z) and®,,, _(z) after a number of mathematical transformatiSnsan be
shown to be equal to:

—

3

D () C(N —1,i)-(Z())N 17" (1 - Z () (28)

Il
=]

Prr(@) = 3 CN = 1,0)-(Z(@)V "0 (1 = Z(a))! (29)
0

3
N

g

whereZ(z) =1— (1 — F(g~(x))) - (1 — H(x)).

As the true valuatiom; is not known and bidder knows thatv; is drawn fromG., (),
we use Bayes rule to compute the expected utility of biddehen he places bid; given
thatw; is unknown, but the “uncertain valuation; is. Therefore, the expected utility is:
Bui(b;) = [, Eui(bi,x) - Gy, (z) - dz =

B (bs) =u(0)(1 — B (b)) + B (b;) /j:o w(x — bi)G’/Ui (z)dx (30)
T /b (/,0; (2 = )G (@) 1 ()

To find the bid which maximizes the expected utility, we ggg“— = 0. Using equa-
tion 3, to simplify this equation, we get to the following equation:

(N=m)- (%, w(z—b)G, (2)de—u(0))- (1= F(g™(b:))) - H' (br) + (1= H (b;))- S QD)) =
25w (@ = )G, (@)da - (1= (1= F(g= (6:))) - (1 = H(b:))

Since the bidh; that maximizes the expected utility b = g(v;), we substitute this in the
equation to get equation 22.

When the bidder’s valuation is = 7, he bidsb; = r, provided the:; > r is, hence the
boundary conditions

We would like to point out that the boundary condition changes because of the valuation
uncertainty. More specifically, it is no longer necessarily the case that a bidder will only
participate if his valuation is higher than Since they are not risk neutral and they don’t
know their true valuation, we need to compute vatuevhich is the lowest valuation that

15 We explain briefly how to simplify the term fab,, (b;):
B (x) = X0 C(N=1,n—1)- (1= FF)-(1—H@)"-(1—(1-F(F)-(1—H(r))N -

-1 . 1-F(g~ Y= 1-H(z)\n—1—i (1—-F(g~'(z 1—H(x)\;
(sz:o Cln—1,79)-(1— 1£gF(?§ . I—HET;) P 1£gF(?) D l—H((r)>) ) A

Bm(z) = X1 C(N=1,0)- (1= F(97(2))) - (1= H(2)))" - (T3 C(N —=1—4, N —n)- (1 -

(L= F(F) - (L= @)Y " (1= F(F) - (L~ H() = (1= F(g~}(x))) - (1 = H()))"~*7)
This gives us the desired formula. A similar proof simplifies tarm_1 .
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Bidder Valuation : v
Fig. 2 Equilibrium strategyy(v) for the cases when bidders are risk-neuteakf 1), and risk-averseo{ =
0.5). The valuation® and the budget constraintsire both drawn from the uniform distributi@dn[0, 1]. The
auction has a reserve price, which takes vatues0, 0.25, 0.5. The number of biddersy, and the number
of items being solds, have valuesV — m = 1. The dotted lines represent the valuations for which no bids
are placed due to the reserve price.

gives expected utility equal to(0), i.e. what the agent makes by not participating in the
auction, when he is forced to make a payment equal &y agent with uncertain valuation
v; > 7 Will participate in the auction since he will make a higher expected utility if he pays
r and any agent with,; < 7 will not, since he makes less tha0).

To illustrate the optimal bidding function, we again consider the special case when the
valuationsv; and budget constraints are drawn from uniform distributio& [0, 1] and there
is no uncertainty about the valuatidh:

Corollary 2 In the case that(v) and H(c) are uniform distributiond’/[0, 1], and there
is no uncertainty about the valuation (i.e. v; = v;), the equilibrium strategy isb; =
min{g(v;), c;} whereg(v) is the solution of d.e.:

1—g(v)
w(vi—=g(vi))(vitg(vi)=vig(vi)) _ (1 _ .
(N —m)(u(oi g (o)) —u(o)) (L= i)

with boundary conditiog(r) = r.

g (vi) = (31)

We choose to use the CRRA utility functiafiz) = =%, « € (0, 1), as this is a standard

utility function used in the literature. By substituting it into equation 31, we get:
1 —g(vi)
a(vit+g(wi)—vig(vi)) )
& -m(i—gv) (L)

Comparing this equation with equation 16, we observe that they are almost identical. Indeed,
the fact that the agent is now risk-averse is strategically equivalent to having more oppo-
nents In particular, a risk-averse agent using the CRRA utility function with parameter

gl(Uz‘) =

16 As we have already examined, in the previous section, how valuation uncertainty affects the bidding
strategy, we decided to simplify the example in this section, so as to be able to concentrate on the other three
issues and how those, in turn, affect the bidding strategy.
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who enters an auction witN participating bidders in total, will bid in exactly the same way
as a risk-neutral agent, who enters an auction with= N’(lai’“)m participating bidders.

Now that we are aware of the effect that varying risk attitudes produce in relation to
the number of participating bidders, we examine the effect that reserve prices have in this
setting. In figure 2, we vary the reserve pricbetween values, 0.25 and0.5, as well as
the parametes of the utility functionu(z) = =, which takes valuea = 0.5 (risk-averse
bidder) andx = 1 (risk-neutral bidder). We fix the number of participating biddé¥s and
items soldyn, so thatV — m = 1. We observe that for relatively small values of the reserve
price (whenr = 0.25), the effect that it has on increasing the bids of the agents, is smaller
than the effect of the varying risk attitude. Howeverrascreases, and it becomes equal to
r = 0.5, this effect is strengthened; in fact, for all possible valuations, the risk-neutral bidder
will bid more when the reserve pricerns= 0.5, than the risk-averse bidder when the reserve
price isr = 0.25. This can potentially generate much more revenue for the seller, but there
is a higher risk, now, of items not being sold.

7.2 The(m + 1)*"-price Auction Case

Here, we examine the same problem for the setting dfan- 1)" price auction.
We start by examining the case, where all the issues except valuation uncertainty are
present; we can prove the following theorem:

Theorem 10 In an (m + 1) price auction, with reserve price, where the bidders have
valuationsv; and budget constraints;, and they have a risk attitude described by utility
function «(), it is a dominant strategy to bidy;, = min{v;,¢;}, if b; > r, and not to
participate otherwise.

PROOF. We know that truthful bidding is the dominant strategy when bidders have any risk
attitude. The presence of the budget constraiserves to restrict this bid to be less that
and the reserve pricemeans that the bidder will only participate if it would be higher than
r.

We now extend this theorem to the case when the bidders do not precisely know their
own valuations. The following theorem is a generalization of theorems 7 and 10:

Theorem 11 In an (m + 1) price auction, with reserve price, if a bidder has budget
constraintc;, he knows only imprecisely his own valuatign in that it is drawn from dis-
tribution G;(v;), and his risk attitude is described by utility functiog), it is a dominant
strategy to bidb; = min{g;,c;}, if b; > r, and not to participate otherwise. The variable
3; is the solution of equation:

/00 u(z — B,)G;(z)dz = u(0) (32)

— 00

PROOF. Using the exact same reasoning as in theorem 7, the expected utility of an agent
bidding 3; is:

Bi o0
Eu; = /_Oo (/_oo u(z — x)G;(z)dz)Q;(x)dm + (1 = £2;(5;))u(0)

Note that this formula does not change as a result of the reserve price, nor the bud-
get constraint, because these two parameters limit the;hbidat the agent is allowed to
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place. The unconstrained bitd which maximizes the expected revenue is found by setting:
474 — 0, which leads to equation 32. ARu(2) 0 vz < 3, the agent should try to

pla&e a bidh; as close as possible ) from below, as the budget constrainptwill allow,
sob; = min{g;, ¢;}. He also should never bid aboye, because theu; < u(0); thus if
b; < r, he should not participat@

Let us now examine briefly how the strategy is affected by the four issues. We have
already examined this, in section 6, for the issues of risk attitudes and valuation uncertainty.
In this section we also considered reserve pricaad budget constraints. However, the
only way that these two parameters affect the strategy is that they restrict the bid to be less
thanc; and more tham. Therefore, it is the risk attitudes and the valuation uncertainty that
really determine the agent’s bid and as we have already examined these we will not discuss
this issue further.

7.3 Discussion: Unifying the Models of Valuation Uncertainty

The model of valuation uncertainty that we considered in(the- 1)*" price auction is the

most general form of valuation uncertainty possible. That is because each bidder can have
his own distribution from which his true valuation is drawn. On the other hand, the model we
used for then!” price auction is more restricted; essentially all bidders have the same model
of uncertainty in the sense that the distributi@() from which the true valuation is drawn
depends on the parametgr the approximate (or uncertain) valuation of the bidder. Now,
there is a way to extend this setting so that bidders can have different models of uncertainty.
Specifically, we can parameterize the distributi®f) of each bidder by a second parameter

a. LetGa, v, () be this distribution. For example, a bidder knows approximately that his value
is v; = 10, and that his true valuation is within% of that value, so that his true valuation

is drawn betweeiw; (1 — a),v;(1 + «)]. We could have a whole family of functior@,, ()
parameterized by. If we do this then essentially the'” price model becomes identical to
the (m + 1)*" price model we used.

Now, this setting is similar to the settings examined in [12,9], where the bidders are
asymmetric in the sense that their valuations are drawn from different prior distributions.
However, there is still a small difference between the two models because there is no uncer-
tainty about what models the other bidders are using. In [20], we have looked at asymmetric
bidder models under uncertainty (i.e. where the bidders don’t know their opponent models,
unlike in [9]), where we examine bidders with different risk attitudes and competitiveness.
From these papers, we can observe that in all cases (both in the settings without and with
uncertainty) where there are a number of possible different models for the asymmetric bid-
ders, the equilibria are computed by solving a system of differential equations of the type
described in [20], and we have given in that paper an algorithm for solving these systems
of differential equations. Therefore unifying the uncertainty models requires to consider
asymmetric bidder models, which is a novel direction of research that we are currently un-
dertaking.

8 Experimental Evaluation

In this section, we present three different examples of experiments that we performed. The
first one examines how the bidding strategy changes in&rprice auction in the presence
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Fig. 3 Bidding strategies for the case of a#f" price auction, in the presence of valuation uncertainty and
risk averse biddersn = 2 items are auctioned t& = 3 participating bidders with uncertain valuations
v; drawn from uniform distributior/ [0, 1]. The utility function used is(z) = (z + 1) with o = 0.01.
The bidders true valuation are within of the uncertain valuatiom;, so they are drawn uniformly from

[vi(1 =), vi(1+ 7).

of valuation uncertainty. This complements the theoretical results about how valuation un-
certainty affects the bidding in then + 1)*" price auction, by showing similar behavior for
them!” price auction setting. The remaining two experiments are intended to demonstrate
the usefulness of our theoretical analysis in practice, by showing the potential benefits for
both bidders and seller obtained by using our analysis. It should be noted that we examine
cases where there is no valuation uncertainty in these two experiments so as to be able to
concentrate on the other issues and not overly complicate our explanations, especially given
that the first experiment already accounted for how valuation uncertainty affects the bidding
in conjunction with varying risk attitudes.

8.1 Effect of Valuation Uncertainty on Bidding

This example is designed to examine how the presence of valuation uncertainty affects the
equilibrium bidding strategy in the:*" price auction. We have already proven theoreti-
cally that the more risk averse (resp. risk seeking) the bidders become and the higher the
uncertainty (i.e. variance) of the valuation uncertainty, the less (resp. more) they will bid
in the case of thém + 1)*" price auction. This example shows that a similar result will
hold in general. We graph in figure 3 the bidding strategies of risk averse bidders, for differ-
ent degrees of valuation uncertainty. To be more precise, we assume all bidders use utility
functionu(z) = (z + 1)°°1,17 and also that if they have uncertain valuatignthen their

true valuation for the good sold (which is unknown to them) is uniformly distributed in

17 This is a modified CRRA utility function witlx = 0.01, but we add+1 to = so as to make sure that
a utility is assigned to cases where the profit is negative as well, which is not covered by the original CRRA
utility function. The reason for using = 0.01, is so that the difference becomes sufficient to be visible on
the graph; smaller values efgive similar results, but the bidding strategies for the different valugssbow
smaller differences.
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Fig. 4 Experimental comparison of the equilibrium strat&®ggainst strategieldB (budget constraints are

ignored) and\IR (risk attitudes are ignored). In all experiments some agents used st&eglall the rest
use the same strategy (eitiéB or RN).

[wi(1 = 7),v;(1 +7)], thusGy, () = ﬁ, forz € [v;(1 — %), vi(1 +v)] andG,, (z) = 0,
otherwise. Whenry = 0, there is no valuation uncertainty, and~ascreases so does the
uncertainty. From figure 3, we verify that adncreases, the bidders will indeed bid lower
(for any valuatiorw;).

The same will happen as the bidders’ risk averseness increases. However, since for an
m'" price auction, when there is no valuation uncertainty, as bidders become more risk
averse, they increase their bids, the valuation uncertainty produces the opposite effect from
just the risk averseness when there is no valuation uncertainty. As can been seen in the
graph, while for small values of the parametethe bidders bid higher thag(v) =

)

which is what a risk neutral bidder would bid, on the other hand, for large valugstb%y

bid less than that. Therefore, when the valuation uncertainty is significant, the risk averse
bidders bid in the same way as risk seeking bidders would (when the latter have no valuation
uncertainty). Without our complete analysis, it would not be possible to figure out how these

two effects factor in the final equilibrium strategy.

8.2 Out of Equilibrium Play : Validating Our Analysis

Using this example, we further validate experimentally the usefulness in practice of our
theoretical analysis. The strategy computed for the case when valuation uncertainty exists
in an (m + 1)*" price auction, is a (weakly) dominant strategy, and therefore we know for
certain, without the need of simulations, that this is always going to yield the highest utility.
However, the strategy given by equation 22 is an equilibrium strategy and therefore there
are no theoretical guarantees that this one will always yield the highest revenue, especially
if the opponents don’t bid according to the equilibrium strategy.

To this end, we simulated the case wh&n= 3 bidders participate in am*" price
auction, wheren = 2 items are sold; this is a simple, yet representative case of a multi-unit
auction. The bidders are all risk-averse (using the CRRA utility function with0.5) and
they have budget constraintsand valuations; drawn from uniform distributior/ [0, 1].
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We denote this standard equilibrium strategy (given by equation 23)aasl compare it
against the following two strategies: (§B is the strategy when the agent does not take
the budget constraint into account, and Ri) is the strategy when the agent does not take
the risk attitudes into account (and assumes that everyone is risk nédives). compare

S against each of these two strategies by running experiments in which some agents bid
according toS and some according tdB (according toRN in the second comparison we
did), for various values of the reserve pricelhe results are presented in figure 4; they are
presented as the ratio of the corresponding utility divided by the utility of the case when all
agents use stratedy(experiment “3xS")° From this figure we can observe that, in every
single instance, an agent using stratéiiy(or RN) would always obtain a higher utility by
switching to strategys. For example, in the case that all agents Rd& any one of them
would get a higher expected utility by switching to strat&yyand this is true for all other
possible cases, in which some agent uses a strategy otheR tihis means that strategies
NB andRN aredominatedby S, when we consider agents who play eithéd8/RN or S, and
thereforethe use of our novel analysis does lead to higher bidder utility compared to cases
where some feature is not taken into account

18 The reason why these two strategies were selected, is because they look at less features than strategy
S In this sense, they are strategies which don’t take advantage of the full analysis presented in this paper,
and yet are reasonable, because they do consider some of the desired features. It should be pointed that the
pre-existing state-of-the-art equilibrium strategies are less advanced than even these siBegidR(\).

19 We have used a sufficiently large number of samples spanning all possible combinations of valuations
when we computed the expected revenue in each case, therefore the error is very small (les$1f¥an
and this is the reason why we don't put error bars in the graph. Additionally, the notation “2xS + 1xNB”
means that two agents using strat&pnd one using stratedyB participate in the experiment, etc.
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8.3 Examining the Seller Revenue

Given the fact that bidders will use this new equilibrium strategy (as shown by the previous
experiment), it makes sense for the seller to also use the theoretical results of this paper, in
order to maximize her revenue, by selecting the best reserve price and the correct auction
type (n'" or (m + 1)1").2° The expected revenue of the seller;, in ak'™ (k = m, m +1)

price auction, when the bidders bid according to funcfor), is: ER, = m [>° w - d¥,(w),
wherew, (z) = -1 C(N, i) (Z(2) Y (1-Z(2)) andZ(z) = 1-(1-F(g~(x)))(1— H(x)).

We assume the same values as in the previous experiment, €3, m = 2 and the bidders

are risk-averse witle = 0.5. In figure 5, we graph the seller’s revenue, when she sets a
reserve price € [0, 1]. The correct reserve priceis= 0, for the case whea = 0.5 (in this

case the bidders actually use strat&yyHowever, if the seller assumes (erroneously) that
the bidders are risk-neutral (= 1), and thus they use strateBy\, she would seleat = 0.13

which would lead to &.95% loss of revenue; if she assumes (again erroneously) that the
bidders havex budget, and thus they use stratédB, she would select = 0.02 which

would lead to @.02% loss of revenué® Once more we see thatir analysis is necessary to
determine the correct reserve price that maximizes the seller’s revamfigure 5, we also

graph two additional cases: when the bidders are risk-averse to the extrteme)j, and

when an(m + 1)*" price auction is used (the revenue doesn't depend wrthis case). As

was expected, whem — 0, the expected revenue is maximized. Here for risk-neutral and
risk-averse bidders, then + 1) price auction yields a lower revenue than th#&" price

one. This is not the case though for risk-seeking bidders. Our analysis allows to compute the
optimal reserve price for both auctions and then we can select the correct auction type.

9 Conclusions

In this paper, we examined the behavior of agents participating in multi-unit sealed-bid
auctions, when budget constraints, reserve prices, varying risk attitudes and valuation un-
certainty exist. We provided a number of novel equilibria. First, we derived equilibria for
each case separately. Second, we derived them for the case of uncertainty in the valuation
that bidders have, when the bidders are not risk-neutral, for botvthend the(m + 1)

price auction settings. We also showed theoretically and experimentally that the variance in
this uncertainty and the risk attitude of a bidder determine the deviation of the equilibrium
bidding strategy from bidding the expected value of his valuation. Third, we combined all
the features in our analysis. We derived the equilibrium strategies for both’thand the

(m + 1)*" price auction, in the presence of budget constraints, reserve prices and any possi-
ble bidder risk attitude and we also included the uncertainty of bidders’ valuation. We then
discussed about extending these results for various models of valuation uncertainty. Fourth,
we used simulations to show that this analysis is useful both for the bidding agents in order
to maximize their utility, and also for the seller in order to select the correct reserve price
and auction format and thus maximize her revenue.

20 Note that the auctions no longer assign the items to the bidders with the tmduations, due to the
budget constraints, and furthermore, the winner can be different between*thand the corresponding
(m + 1)* price auction. Thus, the revenue equivalence theorem does not apply here.

21 This difference is small in this case, but if a differenthad been selected, this error could be more
significant. E.g. forx = % the seller would seleat = 0.07, for a0.26% loss of revenue, if the budget is
ignored, and she would select= 0.13, for a2.19% loss of revenue, if the risk attitudes are ignored.
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As future work, we would like to examine the case of identical items being sold in
multiple concurrent auctionf§]; in this case it is necessary to place bids in all the auctions.
Furthermore, there are settings in which competition between agents negates the traditional
assumption that agents are self-interested, i.e. maximizing their profit, which leads to more
aggressive bidding [18, 2]; we intend to incorporate this issue into our results. Finally, as we
discussed in section 7.3, we are currently looking at asymmetric bidder models, a setting
which extends and unifies our models of valuation uncertainty.
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