e—First Policies for Budget—Limited Multi-Armed Bandits

Long Tran-Thanh
Archie Chapman
Enriqgue Munoz de Cote
Alex Rogers
Nicholas R. Jennings
School of Electronics and Computer Science,
University of Southampton,
Southampton, SO17 1BJ, UK.
{Itt08r,acc,jemc,acr,nif@ecs.soton.ac.uk

Abstract

We introduce the budget—limited multi—armed bandit (MAB),
which captures situations where a learner’s actions angycos
and constrained by a fixed budget that is incommensurable
with the rewards earned from the bandit machine, and then
describe a first algorithm for solving it. Since the learnas h

a budget, the problem’s duration is finite. Consequently an
optimal exploitation policy is not to pull the optimal arm-re
peatedly, but to pull the combination of arms that maximises
the agent’s total reward within the budget. As such, the re-
wards forall arms must be estimated, because any of them
may appear in the optimal combination. Thifelience from
existing MABs means that new approaches to maximising the
total reward are required. To this end, we propose-dinst
algorithm, in which the first of the budget is used solely
to learn the arms’ rewards (exploration), while the renraini

1 - e is used to maximise the received reward based on those
estimates (exploitation). We derive bounds on the algarigh
loss for generic and uniform exploration methods, and com-
pare its performance with traditional MAB algorithms under
various distributions of rewards and costs, showing thaitit
performs the others by up to 50%.

1 Introduction

The multi-armed bandit (MAB) is a classical problem in de-
cision theory (Robbins 1952), and presents one of the clear-
est examples of the tradeffdetweenexplorationand ex-
ploitation in reinforcement learning. It models a machine
with k arms, each of which has aftéirent and unknown ex-
pected reward. The goal of the agent (player) is to repeated|
pull the optimal arm (i.e. the arm with the highest expected
reward) to maximise the expected total reward. However,
the agent does not know the rewards for each arm, so it must
sample them in order to learn which is the optimal one. In
other words, in order to choose the optimal arm (exploita-
tion) the agent first has to estimate the mean rewards of all
of the arms (exploration). In the standard MAB, this trade—
off has been féectively balanced by decision—-making poli-
cies such asipper confidence boun@CB) ande,-greedy
(Auer, Cesa-Bianchi, and Fischer 2002).

However, this standard MAB gives an incomplete de-
scription of the sequential decision—making problem fac-
ing an agent in many real-world scenarios. To this end, a
variety of other related models have been studied recently,
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and, in particular, a number of researchers have focussed on
MABSs with a limited exploration budget. Specifically, they
consider cases where pulling an arm incurs a pulling cost,
whose currency is not commensurable with that of their re-
wards. The agent’s exploration budget then limits the num-
ber of times it can sample the arms, thus defining an ini-
tial exploration phase, during which the agent’s sole goal i
to determine the optimal arm to pull during the subsequent
cost—free exploitation phase. As for the standard MAB, sev-
eral exploration policies have been developed that maeimis
the long-run expected reward of an agent faced with this
type of limit on its exploration, namely: (i) MAB with pure
exploration (Bubeck, Munos, and Stoltz 2009); (ii) budgete
MAB (Guha and Munagala 2007); and (iii)) MAB with max—
loss value—estimation (Antos, Grover, and SzepesvaBR00

Building on these works, in this paper, we consider a fur-
ther extension of the MAB problem, in which pulling an arm
is costly, andboththe exploration and exploitation phases
are limited by a single budget. This type of limitation is
well motivated by several real-world applications. For ex-
ample, consider a company that aimes to advertise itself
online. 1 so doing, it has a limited budget for renting on-
line advertising banners on any of a number of web sites,
each of which charges aftirent rental price. The com-
pany wishes to maximise the number visitors who click on
its banners, however, it does not know the click—through rat
for banners on each site. As such the company needs to es-
timate the click—through rate for each banner (exploration
and then to choose the combination of banners that max-
imises the sum of clicks (exploitation). In terms of the mlode
described above, the price of renting an advertising banner
from a website is the pulling cost of an arm, and the click—
through rate of a banner on a particular website is the true
reward for pulling that arm, which is unknown at the out-
set of the problem. Now, because the budget is limited, both
the exploration and exploitation phases are budget lingited
well. This means previous MAB models canndi@ently
deal with this problem.

In order to address this gap, in this paper we introduce
a new version of the MAB, &dudget-limited MAB with an
overall budget(i.e. pulling an arm is costly, and both ex-
ploration and exploitation phases are budget—limited)e Th
overall budget limit diferentiates it from previous models
in that the overall number of arms pulledfinite. Conse-
quently, the optimal solution is not to repeatedly pull tipe 0



timal armad infinitum but to pull the combination of arms
that maximises the reward and fully exploits the budget. To

of €, which gives us a method of choosing an optimébr
a given scenario. Furthermore, it also gives us a bound on

see this, first suppose the expected rewards for pulling the the performance of thefirst approach to the MAB problem

arms are known. In this case, a MAB with an overall bud-
get limit reduces to an unbounded knapsack problem (An-
donov, Poirriez, and Rajopadhye 2000), as follows. Pulling
an arm corresponds to placing an item into the knapsack,
with the arm’s expected reward equal to the item’s value and
the pulling cost the item’s weight. The overall budget igthe
the weight capacity of the knapsack. Given this, the optimal
combination of items for the knapsack problem is also the
optimal combination of pulls for our MAB problem. This
difference in desired optimal solution from existing MAB
problems means that (now faced with unknown rewards),
when defining a decision—making policy for our problem,
we must be cognizant of the fact that an optimal policy will
involve pulling a combination of arms. As such, itis not suf-
ficient to learn the expected reward of only the highest-evalu

with an overall budget.
Given this, the main contributions of this paper are:

e We introduce a new version of MAB, in which each arm
has diferent pulling cost, and both exploration and ex-
ploitation phases are limited by a single overall budget.

e We devise the first, theoretically proven upper bound for
the loss of a budgeteefirst algorithm that uses any
generic exploration method for this problem.

e We improve this upper bound for the case of budgeted
first approach with uniform pull exploration, in which all
of the arms are uniformly pulled in the exploration phase.

The paper is organised as follows: Next we describe the
multi-armed bandit with an overall budget limit. We then
introduce oure—first algorithm in Section 3. In Section 4

arm; we must also learn the other arms’ rewards, because \ye derive an upper bound on the loss of the algorithm when

they may appear in the optimal combination. Importantly,
we cannot simply import existing policies that are based on
upper confidence bound ef—greedy arguments, because
they concentrate on learning only the value of the highest
expected reward arm, and so will not work in this setting.
For example, consider a three—armed bandit, with 2&(ms
Y andZ that have true expected reward—pulling cost value
pairs{9, 4}, {1.5, 1 and{2, 1}. Suppose the remaining bud-
getis 15. At this point, the optimal solution is to pull arms
X andZ three times each, giving an expected total reward of

any generic method is used in the exploration phase, and a
refined bound for uniform pull exploration. Then Section 5
presents an empirical comparison of aufirst algorithm
using the uniform pull and the UCB—based sampling meth-
ods with ang,—greedy algorithm. Section 6 concludes.

2 Model Description

In this section, we describe the MAB with an overall budget
limit. In more detail, we considerla-armed bandit problem,
in which only one arm can be pulled at any time by the agent.

33. Now consider the case where the estimates of expectedUpon pulling armi of the machine, the agent pays a pulling

reward for armsy andZ have been generated using a less
efficient exploration policy, and as such are not particularly
accurate (whereas the estimatexXas considerably more re-
fined). Specifically, imagine a situation where the estimate
are 1.76 and 1.74 for arm¥ and Z, respectively. In this
case, the proposed best solution would be to pull 2frasd

cost, denoted;, and receives a hon—negative reward drawn
from a distribution associated with that specific arm. Note
that in our model, the only restriction on the distributidn o
these rewards is that they have bounded supports. This as-
sumption is reasonable, since in real-world applicatices,
ward values are typically bounded. Given this, the agent's

Y three times each, which on average returns a suboptimal goal is to maximise the sum of rewards it earns from pulling

payment with real expected total reward of 31.5. It is clear
from this example that better estimates of the mean reward
of all arms would allow the agent to determine the optimal
combination of pulls. It is also evident that new techniques
must be developed for this new problem, which do consider
the combinatorial aspect of the optimal solution to the MAB
problem investigated in this paper.

Against this background, we proposkwdgeted-first al-
gorithmfor our MAB, in which the firste of the overall bud-
getB is dedicated to exploration, and the remaining portion
is dedicated to exploitation. In more detail, we split the-bu
get into two partseB reserved exclusively for exploration,
and (1- €)B for exploitation. In the exploration phase, the
agent estimates the expected rewardatijormlysampling

the arms (i.e. the arms are sequentially pulled one after the

other). Then, in the exploitation phase, it calculates the o

timal combination of pulls based on the estimates generated

during the exploration phase. The key benefit of this ap-

proach is that we can easily measure the accuracy of the es-

timates associated with a particular value gdbecause all of

the arms are sampled the same number of times. Hence, we

can control the expectddss(i.e. the diterence between the
optimal and the proposed combination of pulls) as a function

the arms of the machine. However, initially, the agent has
no knowledge about the mean valueof each armi, so
must learn these values in order to deduce a policy that max-
imises its sum of rewards. Furthermore, in our model, the
agent has a cost budg@twhich it cannot exceed during its
operation time. That is, the total cost of pulling arms canno
exceed this budget limit. Given this, the agent’s objedtve
to find the optimal sequence of pulls, that maximises the ex-
pectation of the total reward the agent can achieve, without
exceeding the cost budgBt

Formally, letA = {i (1),i (2),...} be a finite sequence of
pulls, wherei (t) denotes the arm pulled at tinte The set
of possible sequences is limited by the budget. That is, the
total cost of the sequendecannot exceed budgBt

Z Ciy < B

i(heA
Let R(A) denote the total reward the agent receives by
pulling the sequencA. The expectation dR(A) is:

E[R(A)] = Z Higy
i(t)eA

Then, letA* denote the optimal sequence that maximises the
expected total reward, which can be formulated as follows:



A" = arg maxE [R(A)] = arg npﬁéuim ®
Note that in order to determin&*, we have to know the
value of y; in advance, which does not hold in our case.
Thus, A* represents a theoretical optimum value, which is
unachievable in general.

However, for any sequendg we can define the loss (or
regret) forA as the diference between the expected cumu-
lative reward forA and the theoretical optimu*. More
precisely, lettind_ (A) denote the loss function, we have:

L(A) = E[R(A)] - E[R(A)] (2
Given this, our objective is to derive a method of generating
a sequencel, that minimises this loss function for the class
of MAB problems defined above.
3 Budgetede—first Approach

In this section we introduce owfirst approach for the
MAB with budget limits problem. The structure of tle
first approach is such that the exploration and exploitation

phases are independent of each other, so in what follows, the
methods used in each phase are discussed separately. Now)|

several combinations of methods can be used for both explo-
ration and exploitation. However, due to space constraints
in this work we investigate only one exploration and one ex-
ploitation method. For the former, we useuniform pull
sampling methodin which all of the arms are uniformly
pulled until the exploration budget is exceeded, because we
can put a higher bound for the loss of aHfirst algorithm
using this exploration method than for other methods. In the
exploitation phase, due to the similarities of our MAB to un-
bounded knapsack problems when the rewards are known,
we use theeward—cost ratio ordered greedyethod, a vari-

ant of an dicient greedy approximation algorithm for knap-
sack problems.

3.1 Uniform Pull Exploration

In this phase, we uniformly pull the arms, with respect to
the exploration budgetB. That is, we sequentially pull all
of the arms, one after the other, until the budget is exceeded
Letting n; denote the number of pulls of arywe have:

eB

—_ +1
{le(—l Cj le(:l Cj J
The reason of choosing this method is that, in order to bound
the loss of the algorithm, since we do not know which arms
will be pulled in the exploitation phase, we need to treat the
arms equally in the exploration phase. Hereafter we refer to
the sequence sampled by the uniform algorithmas

3.2 Reward—Cost Ratio Ordered Exploitation

We first introduce the foundation of the method used in
this phase of our algorithm, the unbounded knapsack prob-
lem. We then describe arffieient approximation method
for solving this knapsack problem, which we subsequently
use in the second phase of our budgetdidst algorithm.

The unbounded knapsack problem is formulated as fol-
lows. Givenk types of items, each typéas a corresponding
valuev;, and weight;. In addition, there is also a knapsack
with weight capacityB. The unbounded knapsack problem

©)
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selects integer units of those types that maximise the total
value of items in the knapsack, such that the total weight

of the items does not exceed the knapsack weight capac-
ity. That is, the goal is to find the non—negative integers

X1, X2, ..., Xk that

k k
maxz XV, St Z xw; <C
i=1 i=1

This problem isNP-hard, however, near—optimal approxi-
mation methods have been proposed to solve this problem.

In particular, here we make use of a simple, bfit-e
cient approximation method, tttensity ordered greedyl-
gorithm, which hasO (klogk) computational complexity,
wherek is the number of item types (Kohli, Krishnamurti,
and Mirchandani 2004). This algorithm works as follows:
Let vi/w denote thelensityof typei. At the beginning, we
sort the item types in order of the value of their density.sThi
need< (klog k) computational complexity. Then in the first
round of this algorithm, we identify the item type with the
highest density and select as many units of this item as are
feasible, without exceeding the knapsack capacity. Then,
jin the second round, we identify the densest item among
the remaining feasible items (i.e. items that still fit inbe t
residual capacity of the knapsack), and again select as many
units as are feasible. We repeat this step in each subsequent
round, until there is no feasible item left. Clearly, the max
mal number of rounds ik.

Now, we reduce the problem faced by an agent in the ex-
ploitation phase to the unbounded knapsack problem. Recall
that in the exploitation phase, the agent makes use of the ex-
pected reward estimates from the exploration phaseyLet ~
denote the estimate pf after the first phase. Given this we
aim to solve the following integer program:

k k
maxz Xl St Z xc<(1l-¢B
i=1 i=1

wherex; is the number of pulls of armin the exploitation
phase. In this case, the ratio of an arm’s reward estimate to
its pulling cost/i/c, is analogous to the “density” of an item,
because it represents the reward for consuming one unit of
the budget, or one unit of the carrying capacity of the knap-
sack. As such, the problem is equivalent to the knapsack
problem above, and in order to solve it, we can uss\ard—

cost ratio(density) ordered greedy algorithm. Hereafter we
refer to the sequence pulled by this algorithmAggedy

Now, letx?**”denote the solution for aringiven by the
value density ordered algorithm. The expected total reward

k

E[R(A—firsd)] = Z (ni + Xl_greedy)‘ui

i=1
whereA st = Auni + Agreedydenotes the sequence of pulls
resulted by our proposed algorithm.
4 An Upper Bound for the Loss Function

In this section, we first derive an upper bound &y ex-
ploration policy and the reward—cost ratio ordered greedy

1A detailed survey of these algorithms can be found in An-
donov, Poirriez, and Rajopadhye (2000).



exploitation algorithm (i.e. the upper bound is indeperiden
of the choice of the exploration algorithm). We then refine
this bound for the specific case of uniform pull exploration,
in order to have a more practical anigient bound.

Recall that bothAy, and Agreeqy together form sequence
Ac_sirst, Which is the policy generated by oufirst algo-
rithm. The expected reward for this policy is then:

E[R(Acsis)] = E[R(Au)] + E |R(Agreeay)| @)
which is the expected reward of the exploration phase plus
the expected reward of the exploitation phase.

In what follows, we derive lower bounds fii [R (Auni)]
and]E[R(Agreedy)] independently. Then, putting these to-
gether, we have a lower bound for the expected reward of
Ac_iirst. Following this, we derive an upper bound for the ex-
pected reward of the optimal sequen®e The diference
between the lower bound d [R(A._first)] and the upper
bound ofE [R(A*)] then gives us the upper bound of the loss
function of our proposed algorithm. However, this bound
is constructed using Hdé@ing's inequality, so it is correct
only with a certain probability. Specifically, it is corregith
probability (1 — B)%, whereg € (0,1) is a predefined confi-
dence parameter (i.e. the confidence with which we want the
upper bound to hold) arklis the number of arms.

Given this, without loss of generality, for ease of expo-
sition we assume that the reward distribution of each arm
has support in [Q1], and the pulling cost; > 1 for each
i (our result can be scaled forftirent size supports and
costs as appropriate). We now define some terms. Let

M3 = arg max% denote the arm with the highest mean

value density estimate. Similarly, 182 andi™" denote
the arm with the highest and the lowest real mean value den-
sities, respectively. Then, I&,.x denote the dierence be-
tween the highest and the lowest mean value densities, i.e.

M . .
max = ’é;:x - Km" Finally, let Aqp be an arbitrary explo-

ration sequence of pulls. We say thg}, exploits the bud-
get dedicated to the exploration if and only if affef, stops,
none of the arms can be additionally pulled without exceed-
ing the exploration budget. Given this, we now state the
main contribution of the paper.

Theorem 1 Suppose that 4, is an arbitrary exploration
sequence, that exploits the given exploration budget, and
that within this sequence, each arm i is pulledimes. Let

A denote the joint sequence affand Ayeedy Where Ayeedy

is as defined in Section 3.2. Then, for any &, B > 0, and

0 < €, < 1, with probability (1 — B)%, the loss function of

sequence A is at most:
-Ing N [—Ing
Njmax Nymax

2+ eBDpax+ B
where finax and nNmax are the number of pulls of arm%% and
|MaX respectively.

A sketch of the proof is provided in the Appendix. Note that
this theorem is of no practical use, since it assumes knowl-
edge ofim* andi™", which is unlikely in real applications.
However, it gives us a generic upper bound for the loss func-
tion that can be refined for specific exploration methods.

In particular, we now refine this upper bound for the case
of uniform pull explorationA,,;. Since we uniformly pull

the arms,Ayn exploits the exploration budget. Further-
more, according to Equation 3, each arm is pulled at least
LB/s*, ¢;] times. Thus, we can state the following:

Corollary 2 Let A_sist denote the pulling sequence of the
e-first algorithm with uniform pull exploration and density
value—ordered greedy exploitation. For any>k1, B > 0,
andO < €, < 1, with probability(1 — B), loss function of
A_first IS at most

LB/xk cl ]

L (Acfirs) < 2+ €BDpax + 28[
Apart from the uniform pull algorithm, other exploration
policies, such as UCB, or Boltzmann exploration (Cicirello
and Smith 2005), can be applied within aufirst approach.
The upper bound given in Theorem 1 also holds for those
policies. However, refining this upper bound, as we did in
the case of the uniform pull algorithm, is a challenge. It par
ticular, estimating the number of times each arm is pulled is
difficult in both UCB and Boltzmann explorations. Thus,
refined upper bounds cannot be derived for these policies
using the same technique as for the uniform pull policy. As
such, we must rely on empirical comparisong-first with
uniform and non—uniform exploration policies.

5 Performance Evaluation

In this section, we evaluate outfirst algorithm with uni-
form exploration and with UCB-based exploration, and
compare them to a modified version of the-greedyalgo-
rithm. The latter was originally proposed to solve the stan-
dard MAB problem, while UCB-exploration was developed
to solve the MAB with pure exploration. We compare these
algorithms in three scenarios, which highlight the benefits
of using an algorithm that is tailored to the budget—limited
MAB. However, before discussing the experiments, we first
describe the benchmark algorithms and explain why they
were chosen.

The ,—greedy algorithm is designed for standard MABs.
It learns the values of all arms while still selecting the arm
with the highest reward infinitely more frequently than any
other, and can be described as follows: At each time-rgtep
the arm with thehighest expected reward estimadepulled
with probability 1- e,, otherwise a randomly selected arm is
pulled. The value 0§, is decreased over time, proportional
to O (Yn), starting from an initial valug,. However, since
en—greedy does not take pulling cost into account, we mod-
ify it to fit our model’s cost constraints. Specifically, thema
with the highest reward value—cost ratio is pulled with prob
ability 1 — &,, with any other randomly chosen arm pulled
with probability e. Now, consider the case of a budget—
limited MAB when the budgeB is considerably larger than
the pulling cost of each arm (e.d — ). In this situa-
tion, the diference between the pulling cost of the arms are
not significant, and thus, this version of our problem could
be approximated by a standard MAB (without pulling cost).
However, wherB is comparable to the arms’ pulling costs,
it is not obvious how traditional MAB algorithms, such as
e-greedy, behave.

Conversely, since our proposedirst approach relies sig-
nificantly on the @iciency of the exploration phase, it is not
obvious that uniformly pulling the arms is the best choiae fo

(=InB)
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Figure 1. Total loss of the algorithms
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(A) homogeneous
(B) diverse arms with pa-
(C) extremely diverse arms with with parameter pairs

exploration. Thus, there is a need to compare our proposed ent budget values, from 400 to 4000. The numerical results

algorithm with e-first approaches that usefigirent explo-
ration technigues. Given this, we choosecdirst approach
with UCB-based exploratioas the second benchmark al-
gorithm. The UCB exploration phase pulls the arm with the

are depicted in Figure 1. Within this figure, the error bars
represent the 95% confidence intervals.

From Figure 1, we can see that in the homogeneous case,
both e,-greedy and the-first with uniform exploration ap-

highest upper confidence bound on the arm’s expected value, proach achieve similarfigciency. However, our algorithm

in order to determine the arm with the highest expected re-
ward. Since UCB was proposed for MAB with non—costly
arms, we also have to modify its goal, similarly to the case
of e,-greedy. Note that, according to Bubeck, Munos, and
Stoltz (2009), UCB typically results in better performance
in exploration than the uniform pull approach.

Now, recall that due to the limited budget, the optimal
solution of our MAB problem is not to repeatedly pull the
optimal arm, but to pull the optimal combination of arms.
However, our proposed exploitation algorithm, the reward—

results in better performance when the arms are more di-
verse. In particular, the total loss of our algorithm is 50%
less in the diverse case, and 80% less in the extremely di-
verse case, than that of thegreedy. In addition, despite the
better performance of UCB in exploration, the performance
of our algorithm surprisingly does not significantlyffer
from that of thee-first with UCB-based exploration, since
both uniform and UCB-based explorations cdficently
determine those arms which are pulled in the reward—cost
ratio ordered greedy algorithm. In order to show this, and

cost ratio ordered greedy method, does not always return to highlight the diterences of each algorithm’s behaviour as

an optimal combination, because it is an approximate algo-
rithm. Specifically, if the arms are homogeneous, that is,
the pulling costs do not significantlyfér from each other,
then the reward—cost ratio ordered greedy typically result
in solely pulling the arm with highest reward estimate—cost
ratio. Consequently, it shows similarities to the-greedy
policy in this case. On the other hand, when the arms are
more diverse, that is, the pulling costs are significantfy di
ferent, the algorithm pulls more arms (for more details see
Kohli, Krishnamurti, and Mirchandani (2004)).

Given this, in order to measure thdhieiency of the
reward—cost ratio ordered greedy infdrent situations, we

well, consider a single run of the case of extremely diverse
arms, with budgeB = 3500. Figure 2 depicts the number of
pulls of each particular arm. Here, the optimal solutiorois t
pull arm 2 twelve times, arm 4 two times, and arm 6 twenty—
three times. We can see that betfirst with uniform and
with UCB-based exploration show similar behaviour to the
optimal solution, howeveg,-greedy focuses on arms 2 and
5 instead, while arm 6 is not sampled at all. The reason is,
due to its nature, ik,-greedy starts with a wrong arm (i.e.
not the best arm), it will stick with it for a while. Therefqre

in order to learn the best combination, it needs more time.
However, due to the limited budget, it does not have enough

set three test cases, each of which considers a 6-armed bantime to do this.

dit machine which has: (i) homogenous arms; (ii) moder-
ately diverse arms; and (iii) extremely diverse arms. In the
moderately and extremely cases, two out of six arms have
moderatelyextremely more expensive pulling cost than the

6 Conclusions and Future Work

In this paper, we have introduced a new MAB model, the
budget-limited MAB with an overall budget, in which the

others. Given this, the expected reward and cost values were number of pulls is limited. Thus, fierent pulling behaviour

randomly chosen, with regard to these diversity properties
Specifically, the distribution of the rewards are Gaussian,

is needed within this model, in order to achieve maximal
expected total reward. Given this, we have proposee-an

with means given as the first element of the expected reward first based approach that splits the overall budget intocexpl

value—cost pairs in the caption of Figure 1, with 0.1 vareanc
value , and supports [@0]. The cost of each armis given as

ration and exploitation budgets. Our algorithm uses a uni-
form pull policy for exploration, and the reward—cost ratio

the second element of the expected reward value—cost pairs.ordered greedy algorithm for exploitation. Beside this, we

Finally, for all test cases, we run our simulation witlfeli-

have devised a theoretical upper bound for the loss func-
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Figure 2: Number of pulls of each arm in the case of 6—armed
bandit with extremely diverse arms, and budget B50Q

tion of generice-first approaches with arbitrary exploration

policies. We also have refined this upper bound to the spe-

cific case of uniform pull exploration. Finally, through sim
ulation, we have demonstrated that théirst approaches
outperform thes,-greedy method, anfigcient algorithm for
standard MAB problems.

However, since it is diicult to estimate the number of

pulls of each arm, it is not trivial to refine the proposed
generic upper bound to other non—uniform exploration poli-

Lemma 4 If AgecqyiS the density-ordered greedy exploitation al-
gorithm, thenE [R(Agreea)| > (1 - €) B (may/cima) -

Lemmab5 If A* is the optimal sequence defined in equation (1),
thenE [R(A")] < B (1imax/gmax)

Lemma6 If la—b| <61, lc—d <6z, a>c, thend<b+6d,+ 62
Proof of lemma 3 If Agp exploits the budget for exploration, it is

true that for any;, Zikzl nic; > eB — ¢;j, since none of the arms can
be pulled after the stop &, without exceedingB. Furthermore,

i = G (9/s) = G (Himm/cimin). Sincey > 1, we have:
k
jmin min EB/Jimin
N > NG I > (eB - Cimin Ei >—-1
; I I [Iz]; I ) mln ( ! ) min Cimln
Proof of lemma 4. By just pulling armlmax in the exploitation
phase, which is the first round @&eeqy the expected reward we

can get there |S(§nfa)f]m SlnceL(gmifJ >((01|’T?XB— ) we have:
1 € B B max
E[R(Aweo)] > (F22 - 2z (1m0 2
Clmax mﬁX

Proof of lemma 5 Suppose that in the optimal sequenbk,is
the total number of pulls of arin Thus, the cost constraint can be
formulated aS;ik 1Nici < B. Given this, we have:

* Himax Bﬂlmﬁx
E[R(A)] = ZN.,;. ZNC,—i <(Z NiG ]QW <

Cjmax

cies. Thus, new techniques are needed to provide boundspqgof of |emma 6 Sincela—b| < 6;, we havea < b+ 5;. Sim-
for those methods. Therefore, as future work, we intend to jjarly, we haved < ¢ + &,. Sincea > c, we have the following:

extend the analysis to otheifirst approaches with fierent
exploration and exploitation algorithms.
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Appendix: Proof of Theorem 1
Before we prove it, let us prove the following auxiliary lerag

Lemma 3 Let Ay, denote an arbitrary exploration sequence that
exploits its exploration budget. Within this sequenceheam i is

pulled n times. Thus, we ha\@i‘;1 N > GB(“im'"/Clm,n) -1

d<c+dé<a+d, <b+8 +0.

Proof sketch of theorem 1 Let n; denote the number of pulls of
armi in the exploration phase. Using Hé#ing’'s inequality for
each arm, and for any positivé;, we have:

A : 52
P ‘a- a‘ z&.)sexp{ N 67c?} ®)

By settings; = /=%, it is easy to prove, that with probability

@-p)»~ |"' - ’;—:| < 6; holds for each arn. Hereafter, we stricly

focus on this case. Given this, the reward collected in thmoex
ration phase can be calculated as follows:

E[R(Au)] = Z > S

The right side of equation (6) holds, due to lemma 3. Usingtem
4 and equation (6), we get the following:
E[R(A)] E[R(Aan)] + E|R(Agreeay)]
EB,uimln
/s (1-€
Cimin ( ) | max
By denifition, we haveuma/cmax > Hima/cmax, aNd Aimax/cmax >
Aymax /e may, Furthermore‘% - ‘;—I'| < §; holds for each arnh. Thus,

according to lemma 6, we havea/cmax > Himax/gmax — Gjmax — &) max.
Substituting this into equation (7), we have:

-1 (6)

B‘U| max

-2 7

ERM) > Do ghire B
Gjrmin Cimax Cjmax
— (1 - 6) B((simax + 5|max) -2 (8)
According to lemma SE[R(AY)] < %2 Thus, by substitut-

ing it into equation (8), and using the definition of loss ftioe in
equation (2), we have:
L(A) < 2+ €BDmax + B(&imax + (5|max)

whereDpmay = (#m2/cmax) — (l‘.mln/clm,n). Note that here we used the
fact that(1 - €) < 1. Thus, by replacing; =

andi = i and using the fact that > 1 for eachl we get the
requested formula.

'”ﬁ fori = |ma



