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Abstract. In this paper we present a novel option pricing mechanism for reduc-
ing the exposure problem encountered by bidders with complementary valuations
when participating in sequential, second-price auction markets. Existing option
pricing models have two main drawbacks: they either apply a fixed exercise price,
which may deter bidders with low valuations, thereby decreasing allocativeeffi-
ciency, or options are offered for free, in which case bidders are less likely to
exercise them, thereby reducing seller revenues. Our novel mechanism with flex-
ibly priced optionsaddresses these problems by calculating the exercise price as
well as the option price based on the bids in an auction. For this novel setting
we derive the optimal strategies for a bidding agent with complementary pref-
erences. Furthermore, to compare our approach to existing ones, wederive, for
the first time, the bidding strategies for a fixed price mechanism, in which ex-
ercise prices for options are fixed by the seller. Finally, we use these strategies
to empirically evaluate the proposed option mechanism and compare it to exist-
ing ones, both in terms of the seller revenue and the social welfare. We show that
our new mechanism achieves higher market efficiency, while still ensuring higher
revenues for the seller than direct sale auctions (without options).

1 Introduction

Auctions are an efficient method for allocating resources ortasks between self-interested
agents and, as a result, have been an important area of research in the multi-agent com-
munity. In recent years, research has focused on complex auctions where agents have
combinatorial preferences and are interested in purchasing bundles of resources. Most
of the solutions designed to address this problem involve one-shot, combinatorial auc-
tions, where all parties declare their preferences to a center, which then computes the
optimal allocation and corresponding payments [2]. Although such auctions have many
desirable properties, such as incentive compatibility or efficiency of the allocation, in
practice many settings are inherently decentralized and sequential. Often, the resources
to be allocated are offered by different sellers, sometimesin different markets, or in
auctions with different closing times. In such settings, however, a buyer of a bundle is
faced with the so-calledexposureproblem when it has purchased a number of items
from the bundle, but is unable to obtain the remaining items.In order to address this
important problem, this paper proposes a novel option pricing mechanism, and shows
its superiority over existing approaches.
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In detail, sequential auctions form an important part of many application settings in
which agents could be realistically applied, and such settings cannot usually be mapped
to one-shot, combinatorial mechanisms. Examples include inter-related items sold on
eBay by different sellers in auctions with different closing times [6], or decentralised
transportation logistics, in which part-capacity loads are offered throughout a day by
different shippers [10]. In these examples, a buyer is oftenfaced with complementary
preferences, i.e., where bundles of resources have more value than the sum of individual
resources through synergies between these goods. In sequential auctions, this can result
in the exposure problem. This occurs whenever an agent is faced with placing a bid
for an item which is higher than its immediate marginal value, in the expectation of
obtaining extra value through a synergy with another item sold later. However, if she
fails to get the other item for a profitable price, she risks making a loss. In this paper,
we refer to such a bidder as asynergy bidder. Due to the exposure problem, synergy
bidders will shade their bids when entering a sequential auction market, bidding less
than their bundle valuation for the items they desire [1, 3].This reduces not only their
own expected profits, but also seller revenues and the allocative efficiency of the market.

Although the exposure problem is well known, it has mostly been studied from
the perspective of designing efficient bidding strategies that would help agents act in
such market settings (e.g. [1, 3, 9, 11]). In this paper, we consider a different approach,
that preserves the sequential nature of the allocation problem, and we propose a novel
mechanism which involves auctioningoptionsfor the goods, instead of the goods them-
selves. An option is essentially a contract between the buyer and the seller of a good,
where (1) the writer or seller of the option has theobligation to sell the good for the
exercise price, but not the right, and (2) the buyer of the option has theright to buy the
good for a pre-agreedexercise price, but not the obligation. Since the buyer gains the
right to choose in the future whether or not she wants to buy the good, she pays for this
right through anoption pricewhich she has to pay in advance, regardless of whether
she chooses to exercise the option or not.

Options can help a synergy buyer reduce the exposure problemshe faces since, even
though she has to pay the option price, if she fails to complete her desired bundle, she
does not have to pay the exercise price as well and thereby is able to limit her loss.
Part of the uncertainty of not winning subsequent auctions is transferred to the seller,
who may now miss out on the exercise price if the buyer fails toacquire the desired
bundle. At the same time, the seller can also benefit indirectly from the participation in
the market by additional synergy buyers, who would otherwise have stayed away, due
to the risk of exposure to a potential loss.

1.1 Related Work

Options have a long history of research in finance (see [4] foran overview). However,
the underlying assumption for all financial option pricing models is their dependence
on an underlying asset, which has a known, public value that moves independently of
the actions of individual agents This type of assumption does not hold for the online,
sequential auctions setting we consider, as each individual synergy buyer has its own,
private value for the goods/bundles on offer.
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When applying options to the problem of reducing the exposureproblem in sequen-
tial auctions, previous literature considers two main types of pricing mechanisms. One
approach, proposed by Juda & Parkes [5, 6]) is to offer options for free (i.e., without an
option price or an advance payment), and then let the exercise price be determined by
the submitted bids in the market. However, this approach enables self-interested agents
to hoard those options, even if they are highly unlikely to exercise them, thus consid-
erably reducing both the allocative efficiency of the marketand seller revenue. The
second main approach (proposed by Mous et. al. [8]) is to havea fixed exercise price
set by the seller, and then have the market determine the option price through an open
auction. In this case, however, this preset exercise price can be perceived as a reserve
value, since no bidder with a valuation below that price has an incentive to participate.
This negatively effects the market efficiency, and may also affect the seller’s profits by
excluding some bidders from the market.

1.2 Contributions

To address the shortcomings of existing option models, in this paper we introduce a
novel pricing mechanism in which the exercise price, as wellas the option price are
determined by the open market, and we compare this model to existing options models.
In more detail, we extend the state-of-the-art in the following ways:

– To compare our new approach with existing ones, we derive, for the first time,
the optimal bidding strategy for a synergy bidder in an options model with fixed
exercise price (Section 3).

– We introduce a novel option pricing mechanism where the exercise price, as well as
the options price are determined by the bids in an auction, and we show that both
direct auctions (without options), and offering free options to the bidders appear
in this model as particular subcases. Furthermore, we derive the optimal bidding
strategy for the synergy bidder in this new model (Section 4).

– We empirically compare our new pricing model to existing option models from the
literature, as well as to using direct auctions. We show thatour flexible options ap-
proach achieves much better market allocation efficiency (measured in terms of the
social welfare of all participating agents) than the state of the art fixed price options
model. Furthermore, we show that sellers do not stand to loseany revenue by using
this option model, by comparison to auctioning their items directly, without using
options (Section 5).

The remainder of the paper is structured as follows. Section2 formally defines our
sequential auction setting, while Section 3 presents the bidding solution for the option
model using fixed exercise price options. Section 4 introduces our new, flexible options
approach, together with the optimal bidding strategies forthis case. Section 5 empiri-
cally compares the two approaches, and Section 6 concludes.

2 The Problem Setting

In this section we formally describe the auction setting andintroduce the notation used.
We consider a setting withm second-price, sealed-bid auctions, each selling an option
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to buy a single item. We choose these auctions because bidders without synergies have
a simple, dominant bidding strategy and, furthermore, theyare strategically equivalent
to the widely-used English auction. We assume that there exists a singlesynergybidder
who is interested in purchasing all of the items and receivesa value ofv if it succeeds,
and 0 otherwise. Furthermore, every auctionj ∈ {1, . . . ,m} hasNj local bidders.
These bidders only participate in their own auction, and areonly interested in acquiring
a single item. The values of this item for local bidders in auction j are i.i.d. drawn from
a cumulative distribution functionFj . Finally, we assume that all bidders are expected
utility maximisers.

Given this setting, we are interested in finding theBayes-Nashequilibrium strategies
for all of the bidders for different option pricing mechanisms.1 However, even with
options, due to the second-price auction, the local biddershave a dominant bidding
strategy. Therefore, the main problem is finding the optimalstrategy for the synergy
bidder and this is largely decision-theoretic in nature.

We furthermore note that, although we focus largely on a single participating syn-
ergy bidder when presenting the strategies and results, this analysis can be easily ex-
tended to multiple synergy bidders. This is because synergybidders are assumed to only
be interested in either winning all of the auctions or none atall, and therefore, after the
first auction all but one synergy bidder (with the highest valuation) will leave the mar-
ket. Therefore, having multiple synergy bidders only affects the bid distribution in the
first auction. We address this setting in more detail in Section 4.1.

3 Optimal Bidding Strategies for Fixed Exercise Price Options

To compare our new approach with existing option pricing mechanisms, we first derive
the optimal bidding strategies for a synergy bidder in a fixedexercise price setting,
where the exercise price for the options to be acquired is setby the seller before the
start of the auctions.2 While the different exercise prices for the auctions are fixedin
advance, the option prices are determined by the second-highest bid in the auction. In
the following, we let

−→
K denote the vector of fixed exercise prices, whereKj is the

exercise price of thejth auction, i.e. the price that the winner will have to pay in order
to purchase the item in question. Note that, ifKj = 0, this is equivalent to adirect sale
auction, i.e., without any options. Furthermore, note thatlocal bidders have a dominant
strategy to bid their value minus the exercise price if this is positive, and zero otherwise.
We denote byb∗1 . . . b∗m denote the optimal bids of the synergy bidder in them auctions,
and byp1 . . . pm the prices paid in these auctions. The expiry time for the options is
set after the auctions for allm items close. The following theorem then specifies the
optimal bidding strategy of the synergy bidder:

1 The Bayes-Nash equilibrium is the standard solution concept used in gametheory to analyze
games with imperfect information, such as auctions.

2 This option protocol is similar to the one proposed by Mous et al. [8], but that work relies
on using a heuristic bidding strategies, and they do not derive analytical expressions for the
equilibrium strategies w.r.t. the local bidders.
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Theorem 1. Consider the setting from Section 2, with a pre-specified exercise price
vector

−→
K . If v ≤

∑m

j=1
Kj , thenb∗r = 0, r ∈ {1, . . . ,m} constitutes a Bayes-Nash

equilibrium for the synergy bidder. Otherwise, the equilibrium is given by:

b∗r =











v −
∑m

j=1
Kj , if r = m

∫ b∗r+1+Kr+1

Kr+1
H(ω)dω, if 1 ≤ r < m

(1)

whereHj(x) = (Fj(x))Nj .

Proof. The synergy bidder cares about the value of the highest bid among theNj local
bidders which participate in thejth auction. The latter would place bids which would
be truthful (see [7] for2nd price auctions), if it were not for the existence of the exercise
priceKj of each auction; given thatKj is an additional cost for the winner, the actual
bid placed by a non-synergy bidder is equal to his valuation minusKj . Given that each
valuation is drawn from a distribution with c.d.f.Fj(x), the corresponding bid is drawn
from Fj(x + Kj), and therefore the c.d.f. of the highest bid among local bidders is the
highest order statistic,(Fj(x + Kj))

Nj .
We now compute the bidding strategy of the synergy bidder using backward in-

duction, starting from the last (mth) auction. If the synergy bidder has not won all the
auctions up to the last one, then it will bidb∗m = 0, as it needs to obtain all items in order
to make a profit. On the other hand, assuming that the synergy bidder has won the first
round, it will make a profit equal tov−

∑m

j=1
Kj −pm if it wins the last item at a price

equal topm. This pricepm is equal to the highest opponent bid, which is drawn from
(Fm(x + Km))Nm when the synergy bidder is the winner. LetHj(x) = (Fj(x))Nj .
Then the expected utility of the synergy bidder when biddingbm is:

EPm(v, bm,
−→
K) =



v −
m
∑

j=1

Kj



Hm(Km)+

∫ bm

0



v −
m
∑

j=1

Kj − ω



H
′

m(ω+Km)dω

(2)

The bid which maximizes this utility is found by setting:

dEPm(v, bm,
−→
K)

dbm

= 0 ⇔ v −
m
∑

j=1

Kj − bm = 0,

which gives Equation 1, for the case ofr = m. We can furthermore compute the optimal
expected utility of the synergy bidder in this round by usingEquation 2.

Now, we can compute the bidbr placed in auction roundr, assuming that the bid
and expected utility for the next (r + 1) round has been computed. The synergy bidder
will make expected profit equal toEP ∗

r+1(v,
−→
K) − pr if it wins the rth item at a price

equal topr and it has won all auctions up to that point, whereEP ∗
j (v,

−→
K) denotes the

expected profit of the synergy bidder by bidding optimally from roundj onwards. The
pricepr is equal to the highest opponent bid, which is again drawn from (Fr(x+Kr))

Nr
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when the synergy bidder is the winner. The expected utility of the synergy bidder from
biddingbr is thus:

EPr(v, br,
−→
K) = EP ∗

r+1(v,
−→
K)Hr(Kr)+

∫ br

0

(

EP ∗
r+1(v,

−→
K) − ω

)

H
′

r(ω+Kr)dω

(3)

The bid which maximizes this utility is found by setting:

dEPr(v, br,
−→
K)

dbr

= 0 ⇔ EP ∗
r+1(v,

−→
K) − br = 0. (4)

Now, we need to compute the optimal expected profitEP ∗
r . The expected utility of

the synergy bidder when biddingbr is given by Equation 3. Replacing the solution
b∗r = EP ∗

r+1(v,
−→
K) from Equation 4, this gives the optimal utility:

EP ∗
r (v,

−→
K) = b∗rHr(Kr) +

∫ b∗r

0

(b∗r − ω)H
′

r(ω + Kr)dω (5)

We can then substitute the subscriptsr in Equation 5 byr + 1, and then since
EP ∗

r+1(v,
−→
K) = b∗r we get:

b∗r = b∗r+1Hr+1(Kr+1) +

∫ b∗r+1

0

(b∗r+1 − ω)H
′

r+1(ω + Kr+1)dω

Which, after integration by parts and substitution gives Equation 1:

b∗r =

∫ b∗r+1+Kr+1

Kr+1

H(ω)dω

⊓⊔

4 Optimal Bidding Strategies for Flexibly Priced Options

In the fixed exercise price options model from the previous section, the existence of
the exercise prices created a secondary effect similar to having a reserve price in the
auction.3 This is because any bidder with a private valuation lower than Kj will not
participate in the auction and the same will happen if the synergy bidder has a valuation
lower than the sum of the exercise prices.Although this reduces the exposure problem
of the synergy bidder, at the same time it may significantly reduce the market efficiency,
and also negatively effects seller revenue if this value is set too high.

In order to remove this effect, in this section we introduce anovel model with flexi-
bly priced options, i.e., that have a flexible exercise price. In more detail, in this model,
we set amaximumexercise priceKH

j for the auction, but the actual exercise priceKj

depends on the bids placed by the bidders so as to eliminate the reserve price effect.
Specifically:

3 Note, however, that there is a subtle but important difference between having a reserve price
and selling options with a fixed exercise price; whereas the two auctions areequivalent from
the perspective of a local bidder, the same is clearly not true for a synergy bidder.
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KH = 0 KHKH = b2nd b1st

direct sale auctions free options

K = KH , p = b2nd - KH K = b2nd, p = 0

Fig. 1. The relationship between the maximum exercise price parameter,KH , and the second-
highest bid,b2nd, and its effect in determining the option price,p, and actual exercise price,K,
for the mechanism with flexibly priced options.

Definition 1. Flexible Exercise Price Options Mechanism Let each seller in a se-
quence ofm second-price auctions select a parameterKH

j , which is the maximum
exercise price she is willing to offer for the item sold in auction j. Let b2nd

j denote the
second highest bid placed in this auction by the participating bidders. Then, the actual
exercise price of the auction is given by:

Kj = min{KH
j , b2nd

j }

Furthermore, the price paid by the winning bidder in order topurchase the option is set
to:

pj = b2nd
j − Kj

Figure 1 illustrates the features of this mechanism and how it compares to some
existing approaches. As shown, depending on the values ofKH

j andb2nd, one of two
situations can occur. EitherKH

j < b2nd, in which case the actual exercise price is set
to KH

j , and the winner paysb2nd − KH
j . Otherwise, ifKH

j ≥ b2nd, then the actual
exercise price is set to the second highest bid and the optionis given to the winning
bidder for free. In both cases, however, the total payment ofthe winner (if she decides
to exercise the purchased option) will be equal the second highest bid. Crucially, this
means that, unlike the option mechanism with fixed exercise price, from a local bidder’s
perspective, this auction is identical to a regular second-price auction, and there are no
secondary effects on these bidders. Therefore, this options model only affects bidders
with synergies.

Moreover, note from Figure 1 that this approach is a generalization of two other
auction mechanisms. If the seller setsKH

j = 0, then the auction becomes identical to
a direct sales auction (without options). Furthermore, ifKH

j is set at a sufficiently high
value (i.e. asKH

j → ∞), then the exercise price is always equal to the second highest
bid, and the option is always purchased for free.

We now proceed with deriving the optimal bidding strategy for a synergy bidder.

Theorem 2. Consider the setting from Section 2, using auctions with flexibly priced
options with pre-specified maximal exercise pricesKH

r , for r ∈ {1..m}. The following
bidsb∗r constitute a Bayes-Nash equilibrium for the synergy bidder:

b∗r = v −
r−1
∑

i=1

Ki if v ≤
r−1
∑

i=1

Ki + KH
r (6)
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b∗r = KH
r + EP ∗

r+1(v,
−→
KH

r ) if v >

r−1
∑

i=1

Ki + KH
r (7)

b∗m = v −
m−1
∑

i=1

Ki (8)

with the expected profitEP ∗
r when biddingb∗r being:

EP ∗
r (v,

−→
KH

r ) =

∫ v−
∑ r−1

i=1
Ki

0

EP ∗
r+1(v,

−→
KH

r (ω))H
′

r(ω)dω (9)

if v ≤
∑r−1

i=1
Ki + KH

r , otherwise it is:

EP ∗
r (v,

−→
KH

r ) =

∫ KH
r

0

EP ∗
r+1(v,

−→
KH

r (ω))H
′

r(ω)dω+ (10)

∫ KH
r +EP∗

r+1

(

v,
−→
KH

r

)

KH
r

(

EP ∗
r+1(v,

−→
KH

r ) − ω + KH
r

)

H
′

r(ω)dω

for r ∈ {1, . . . ,m − 1}, and

EP ∗
m(v,

−→
KH

m) =

∫ v−
∑m−1

i=1
Ki

0

(

v −
m−1
∑

i=1

Ki − ω

)

H
′

m(ω)dω (11)

whereHr(x) = (Fr(x))Nr and Kr are the exercise prices for the options that have

been purchased in the previous auctions. The vector
−→
KH

r is defined as:
−→
KH

r = {K1, . . . ,Kr−1,K
H
r , . . . ,KH

m−1}, for all roundsr = 1, . . . ,m.

Furthermore
−→
KH

r (x) is defined as the vector
−→
KH

r where the elementKH
r is replaced

by valuex, thus
−→
KH

r (x) = {K1, . . . ,Kr−1, x,KH
r+1, . . . ,K

H
m−1}.

Proof. The synergy bidder cares about the value of the highest bid among theNr non-
synergy bidders which participate in therth auction. The latter place truthful bids (as
we discussed). Given that each of their valuations is drawn from a distribution with
cdf Fr(x), therefore the cdf of the highest bid among the local, one-item bidders is:
Hr(x) = (Fr(x))Nr , as it is the maximum ofNr random variables drawn fromFr(x).

To compute the bidding strategy of the synergy bidder, we start from the last (mth)
auction. If the synergy bidder has not won all the previous auctions, then it will bid
bm = 0, as it needs to obtain all items in order to make a profit. If it has won all these
auctions and the exercise prices for the options purchased are Kr, then it will make a
profit equal tov −

∑m−1

i=1
Ki − ω if it wins the last item when the highest opponents

bid is equal toω.4 Note that whetherω > KH
m or the other way round, in both cases

4 Note that it should bev ≥
∑m−1

i=1
Ki when the synergy bidder has won all the previous

auctions and the exercise prices areKi. This follows from the fact that the bidder will not bid
more thanv −

∑j−1

i=1
Ki in any auctionj and the exercise price cannot be higher than his bid

if he has won.
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the winning synergy bidder makes a total payment equal toω, whereω is drawn from
Hm(x) when the synergy bidder is the winner. We compute the expected utility of the
synergy bidder when he bidsbm as:

EPm(v, bm,
−→
KH

m) =

∫ bm

0

(

v −
m−1
∑

i=1

Ki − ω

)

H
′

m(ω)dω

The bid which maximizes this utility is found by setting:

dEPm(v, bm,
−→
KH

m)

dbm

= 0 ⇔ v −
m−1
∑

i=1

Ki − b∗m = 0,

which gives Equation 8.
The expected profit of synergy bidder when biddingb∗m is therefore:EP ∗

m(v,
−→
KH

m) =

EPm(v, b∗m,
−→
KH

m), which gives Equation 11, when substitutingbm from Equation 8.
Assume that we have computed the bidsb∗j and expected profitEP ∗

j for ∀j > r and
that these are given by the equations of this theorem. To complete the proof, we will
now show how to compute the bid and the expected utility for the rth auction (round).
Depending on whetherbr ≤ KH

r or not, we need to distinguish two different cases:
Case 1:br ≤ KH

r . In this case,∀ω ≤ br ⇒ ω ≤ KH
r . Therefore if the synergy

bidder wins with a bid ofbr, then the second bid in the auction (which is the highest
opponent bid) must be smaller thanKH

r and therefore the exercise price is equal to this
bid and it is given for free. Hence, the expected profit of the synergy bidder is:

EPr(v, br,
−→
KH

r ) =

∫ br

0

EP ∗
r+1(v,

−→
KH

r (ω))H
′

r(ω)dω

To find the bidb∗r that maximizes this expected utility we use Lagrange multipliers. The
inequality is rewritten asbr−KH

r +δ2 = 0, and the Lagrange equation for this problem
becomes:

Λ(br, λ, δ) = −

∫ br

0

EP ∗
r+1(v,

−→
KH

r (ω))H
′

r(ω)dω + λ(br − KH
r + δ2)

The possible variables which maximize this function are found by setting the partial
derivatives for dependent variablesbr, λ, δ to 0:

ϑΛ(br, λ, δ)

ϑbr

= 0 ⇔ EP ∗
r+1(v,

−→
KH

r (br))H
′

r(br) = λ

ϑΛ(br, λ, δ)

ϑλ
= 0 ⇔ br − KH

r + δ2 = 0

ϑΛ(br, λ, δ)

ϑδ
= 0 ⇔ λδ = 0

The last equation can mean that either: (i)δ = 0, thusb∗r = KH
r , or (ii) λ = 0,

and by substituting into the first equation, we getEP ∗
r+1(v,

−→
KH

r (br))H
′

r(br) = 0, thus

EP ∗
r+1(v,

−→
KH

r (br)) = 0. Here, the expected optimal utilityEP ∗
r+1 is given either by
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Equation 9 or 10, depending on whether the valuation discounted by the exercise prices
up to that pointv −

∑i=r

i=1
Ki is less or greater (respectively) thanKH

r+1. The second

case cannot occur ifEPr+1(v,
−→
KH

r (br)) = 0, because the first integral of Equation 10
is greater than0, unlessb∗r = 0, which would yield an expected utility of0 and thus
cannot be the optimal bid (in general). On the other hand, if the optimal expected utility
EP ∗

r+1 is given by Equation 9, thenEP ∗
r+1(v,

−→
KH

r (br)) = 0 exactly when the upper
bound of the integral is0, i.e.v −

∑r−1

i=1
Ki − br = 0, which gives Equation 6.

Note that of the two possible maximab∗r = v −
∑r−1

i=1
Ki andb∗r = KH

r , given by

this analysis, the first one yields a higher revenue, asEP ∗
r+1(v,

−→
KH

r (ω))H
′

r(ω) < 0,
∀ω > v−

∑r−1

i=1
Ki in this case. This means that the optimal bid isb∗r = v−

∑r−1

i=1
Ki.

By adding the case conditionb∗r ≤ KH
r ⇔ v −

∑r−1

i=1
Ki ≤ KH

r , we obtain the bound
in the theorem.

Case 2:br > KH
r . In this case, if the synergy bidder wins with a bid ofbr, then the

second bid in the auction could be smaller thanKH
r and therefore the exercise price is

equal to this bid and it is given for free, like in the previouscase. However, it could also
be higher thanKH

r , and thus the exercise price is equal toKH
r , whereas the payment for

getting the options would be equal to the second bid minusKH
r . Hence, the expected

profit of the synergy bidder is:

EPr(v, br,
−→
KH

r ) =

∫ KH
r

0

EP ∗
r+1(v,

−→
KH

r (ω))H
′

r(ω)dω

+

∫ br

KH
r

(EP ∗
r+1(v,

−→
KH

r ) − ω + KH
r )H

′

r(ω)dω

The optimal bidb∗r that maximizes this expected utility is derived in the same way
as in Case 1, by applying Lagrange multipliers to the above equation. We skip this part
of the proof due to space constraints. ⊓⊔

4.1 Multiple Synergy Bidders

We finish the theoretical analysis by showing that in all the theorems that we presented
the bidding strategies would remain unchanged, even if multiple (n) synergy bidders
participate. We prove this for the flexible auction model from Theorem 2, but the same
argument applies to the fixed option model in Theorem 1.

Proposition 1. A setting withn synergy bidders with a valuationvi for synergy bidder
i when it obtainsm items, and0 otherwise, is strategically equivalent (in the case of
a sequence ofm auctions with flexibly priced options) to a setting where only a single
synergy bidder participates and his valuation is equal tomaxi{vi}.

Proof. In the model considered in this paper, each synergy bidder would need to win all
items in order to make a profit (i.e. there are no substitutable items available). Hence,
it follows that only the synergy bidder (if any) who won the first auction would par-
ticipate in the remaining ones, and the bidding strategies and the expected profit in the
remaining rounds would remain unchanged. Now, in the first auction, we notice from
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Equations 6 and 7 that the optimal bids of any synergy bidder in any auction (round) are
not affected by the bids placed by its opponents in that particular auction, but only in
the remaining ones. Therefore, the bid in the first auction isaffected only by the oppo-
nent bidding in the remaining auctions, which remains unchanged as there is only one
synergy bidder participating in all remaining auctions. Finally, from Equations 6 and 7
it follows that the bids placed (assuming that all the parametersKL

i andKH
i remain

unchanged) increase as the valuationv increases, therefore the synergy bidder with the
highest valuationv = maxi{vi} is the only one who might win the first auction. From
this, it follows that this scenario is thus strategically equivalent to one where this bidder
with the highest valuation is the only synergy bidder participating.

5 Empirical Analysis

In this section, we evaluate and compare experimentally thefixed and flexible exer-
cise price option models discussed above, as well as the direct auctions case which, as
discussed above, appears as a special case in both models when K = KH = 0.

5.1 Experimental Setup

The settings used for our experiments are as follows. In eachrun, we simulate a market
consisting ofm = 3 sequential auctions. Each auction involvesN = 5 local bidders,
and one synergy bidder. The valuations of the local bidders are i.i.d. drawn from normal
distributionsN (µ = 2, σ = 4). This high variance makes the distribution almost flat
(i.e. close to uniform). This uncertain valuation setting makes options more desirable.

The valuation for the synergy bidder,vsyn, is drawn the normal distributionN (µsyn =
20, σ = 2). We choose this setting as it demonstrates the effect of the exposure prob-
lem; if the value of the synergy bidder is set too high, then the it would win all of the
auctions, even in the case of direct sale. On the other hand, if the value is set too low,
then the exposure problem disappears since local bidders will win all of the auctions.
Here the value of the synergy bidder is in between these extremes and is representative
of a setting in which the exposure problem plays an importantrole.

For this setting, we compare the allocative efficiency as well as the seller revenue of
the fixed and flexible exercise priced options mechanism, andfor different values of the
auction parameters (the exercise pricesKi in the first model, and maximum exercise
pricesKH

i in the second). Formally, the allocative efficiency is calculated as follows.
Let vk

i denote the valuation of local bidderi (wherei ∈ {1..N}) in the kth auction
(wherek ∈ {1..m}) and letvsyn be the valuation of the synergy bidder. Furthermore,
let xk

i , xsyn ∈ {0, 1} denote the actual allocation of the options in a certain run of the
simulation. That is,x1

i = 1 means that local bidderi acquired the option in the1st

auction, andxsyn = 1 means that the synergy bidder wonall the auctions. Given this,
the allocative efficiency,η, of the entire market in a given run is defined as:

η =

∑n

i=1

∑m

k=1
xk

i vk
i + xsynvsyn

max
(

vsyn,
∑m

k=1
maxi∈{1,...,N}(v

k
i )
) (12)
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Fig. 2. Allocative efficiency (left) and seller revenue (right) using the options mechanism with
fixed and flexible exercise price, and with identical parametersK andKH respectively in all
auctions. Result are averaged over 3500 runs. The error bars indicate the standard error.

By calculating the efficiency of the market in this way, we implicitly assume that
local bidders will always exercise their options, and that the synergy bidder will exercise
its option if and only if it wins all auctions. We can safely make this assumption because
we consider optimal bidding strategies, and a rational bidder will never place a bid such
that the combined exercise and option price will exceed the (marginal) value of the item.
Therefore, it is optimal for a bidder who has acquired options for all of its desired items
to exercise them. Thus aninefficient outcome occurs in two situations. Either the local
bidders have won the items, but the value of the synergy bidder exceeds the sum of the
values of the local bidders; or, the synergy bidder has won some auctions but not all,
and will therefore not exercise its option(s).

5.2 Discussion of Numerical Results

To reduce the number of parameters, we consider a setting in which the parameters,
Ki andKH

i for the two options mechanism respectively, are set to the same value in
all of the 3 sequential auctions, denoted byK andKH respectively in the following.
This models a setting in which the seller has to pre-specify the protocol for selling her
item without any knowledge about a synergy bidder’s endowment state5 (i.e., how many
options it has won so far).

To this end, Figure 2 compares the allocation efficiency of the market (left), and the
seller revenues (right) for the two option mechanisms. Notethat the direct auctions case
appears, in both option models, as a particular subcase, forK = KH = 0.

5 This is especially relevant in a large open environment where synergy bidders can enter and
exit the market dynamically.
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Figure 2 shows that, for thefixed exercise priceoption model, both the efficiency
and the seller revenue start to decrease sharply whenK becomes larger than around
6.2. This is because, at this point, the synergy bidder is likelyto leave the market due to
the reservation price effect of this mechanism. Specifically, this occurs when the sum of
the exercise prices of the auctions exceeds the valuation ofthe synergy bidder, in which
case the bidder no longer has an incentive to participate. This also holds for many of
the local bidders. This is precisely the outcome that we would like to avoid using our
flexibly priced option mechanism. Note that, using our new mechanism, having a very
high value forKH has a very different effect, and the options become effectively free.
This is because, whenKH is very high, it will almost certainly exceed the second-
highest bid. If this happens, the exercise price becomes equal to this bid, and the option
price becomes zero (see also Section 4).

As is shown in Figure 2 (left), since the flexibly priced option mechanism removes
the reserve price effect, this mechanism outperforms a fixedexercise price in terms
of efficiency. Furthermore, both mechanisms outperform direct auctions (i.e. without
options, which is whenK = 0 or KH = 0) for an appropriately set parameter. The
results also show that having free options is suboptimal in terms of efficiency. This is
because there is a small chance that the synergy bidder will win the one or more auctions
in the sequence, but loose the second or the third, and hence not exercise her options.
If this occurs, some goods remain unallocated. This gives rise to inefficiency since the
goods could have been allocated to a local bidder instead.

While the flexibly priced options outperforms other mechanisms in terms of ef-
ficiency, the same cannot be said for seller revenue. In this context, Figure 2 (right)
shows that a seller can achieve significantly higher revenues by using a fixed exercise
price. This is not entirely surprising, since the fixed exercise price has a secondary effect
which is similar to setting a reserve price and standard auction theory shows that, even
in a single second-price auction, the seller can increase its revenues by using reserve
prices [7]. Nevertheless, we find that the flexibly priced option mechanism achieves a
higher revenue than regular, direct sale auctions. Furthermore, it is important to point
out that, if the aim is to maximise revenue, the flexibly priced option mechanism can be
used in combination with a reserve price, and our mechanism enables the separation of
the two effects: reducing the exposure problem of synergy bidders and increasing seller
revenue. We intend to investigate models in which both of these effects are jointly cap-
tured, but through separate parameters, in future work.

6 Conclusions

The exposure problem faced by bidders with valuation synergies in sequential auctions
is a difficult, but an important one, with considerable implications for both theory and
practice, for a wide range of multi-agent systems. Due to therisk of not acquiring all
the desired items in future auctions, bidders with valuation synergies often shade their
bids, or do not participate in such markets, which considerably reduces both allocation
efficiency and auctioneer revenue. Options have been identified before [5, 6, 8] as a
promising solution to address this problem, but existing mechanisms in the literature
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either prescribe free options, or options in which the seller fixes a minimum exercise
price (which can potentially deter many bidders from entering the market).

To this end, in this paper, we propose a novel option mechanism, in which the ex-
ercise price is set flexibly, as a minimum between the second highest bid and a seller-
prescribed maximum level, while the option price is determined by the open market.
We derive the optimal bidding policies of the synergy bidderin this new model and
show that this mechanism can significantly increase the social welfare of the resulting
allocations, while at the same time outperform sequential auction with direct sales in
terms of seller revenues.

While the mechanism proposed in this paper makes a significantstep forward in
addressing this problem, several aspects are still left open to future work. One of these
is combining the two options models by allowing sellers to fixa minimum exercise price
for their options, as well as a maximum. Such a mechanism would, on the one hand,
be able to reduce the exposure problem for synergy bidders, and therefore result in a
corresponding increase in market efficiency, but would alsoallow the seller to extract
more profits, as they do in a fixed-price options model. Another important area where
further work is needed, is the derivation of optimal biddingstrategies in more general
market settings, such as those involving substitutable items as well as complementary
ones.
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