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Bibliography on total least squares
and related methods

IVAN MARKOVSKY

In a statistical setting, total least squares problemsspond

The class of total least squares methods has been grov\t]%srrors-ln-varlables estimation problems:
since the basic total least squares method was proposedibly G A— A b=batbh —hb
and Van Loan in the 70’s. Efficient and robust computation I) Aot A 0D, AoXo = bo.

algorithms were developed and properties of the resultsig eHere x is the true value of the parameterA, andby are the
mators were established in the errors-in-variables gettthe e data values; anl andb are the measurement noises, which
same time the developed methods were applied in diverse,arggtisfy some additional assumptions. Contrastth the clas-
leading to broad literature on the subject. This paper ctilthe gjca| regression problem—the statistical setup, cornesipg to
main references and guides the reader in finding detailstéheu {he |east squares problem.
total least squares methods and their applications. Irtiaddihe The main sources of information on the total least squares
paper comments on similarities and differences betweetothe topic are
least squares and the singular spectrum analysis methods.

e overview papersf104, [95], [54], [47], [49];
AMS 2000 SUBJECT CLASSIFICATIONS Primary 15A06, ° proceedings and Specia' iSSUégA], [97_'] [96' 98], and

62J12; secondary 37M10. e books[107, [58].
KEYWORDS AND PHRASES total least squares, errors-in- _ o _ o
variables, singular spectrum analysis, applications. In this paper, we give a bibliography of the main publicasiom

to 2010 on total least squares and related methods. In &ektio
classic papers on the basic total least squares problenitade ¢
1. INTRODUCTION Sections2 and 3 discuss the extensions of the basic problem to

The term “total least squares” refers to a range of probleri‘)vse'ghted and structured total least squares problemsioBett

solution methods, and algorithms aiming at an approxinte s ISts applications of the total least squares methodsi@esex-
tion of an overdet’ermined linear system of equations plains the similarities and differences between totaltlsgaares
methods to the singular spectrum analysis methods.

(1) Ax=~ b, AcR™" beR™ m>n,
2. THE BASIC TOTAL LEAST SQUARES
where both the right hand sideand the coefficients matrik PROBLEM
are perturbed. The basic total least squares approximiai#oso
of (1) is defined by the following optimization problem: The basic total least squares probléygnd its solution by the
. N R singular value decomposition was introduced by Golub and Va
minimize overA, b, andx ||[A—A|Z+ ||b—b|3 Loan in [25, 27]. Van Huffel and Vandewalle10q considered
@ subject to Ax— 57 multivariable and nongeneric cases, when the problem has-no

lution and generalized the algorithm of Golub and Van Loan to
where|| - || is the Frobenius norm and- || is the Euclidean produce a solution in these cases. A novel theoretical amghae
norm. The cost function measures the size of the perturbati@tional framework for treating non-generic and non-ueitptal
applied on the data, and the constraint ensures that therped: least squares problems was presented by Paige and Stékos [
system has a solution. The solution of the optimally pegdrb  Statistical properties of the total least squares methoa we
system is the total least squares approximate solutioreafitig- studied by Gleser24], who proved that the method yields a
inal incompatible systemlj. Contrast 2) with the basic least consistent estimator for the true parameter value inetiers-

squares problem in-variablessetting P3, 9]. The noise assumptions that ensure
o N ~ consistency of the basic total least squares method implyath
minimize overbandx [[b—b]3 elements of the data matrix are measured with equal precio
subjectto Ax= B’ assumption that may not be satisfied in practice.

A variation of the total least squares problem is theta
where the coefficients matrixis assumed exact and is thereforieast squaregproblem [L6], where theA matrix is noisy and
not perturbed. theb matrix is exact. When the errors are row-wise independent
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with equal row covariance matrix (which is known up to a scal- Shortly after the publication of the work on the constrained
ing factor), thegeneralised total least squargsoblem formula- total least squares problem, De ModiJ] lists many applica-
tion [10] extends the consistency of the basic total least squaieds of the structured total least squares problem andnest|
estimator. a new framework for deriving analytical properties and ntime
cal methods. His approach is based on the Lagrange mulsiplie
3. WEIGHTED TOTAL LEAST SQUARES and the basic result is an equivalent problem, called thenRie
PROBLEMS nian singular value decomposition, which can be considaseal

In the basic total least squares problez) the perturbation “_nonlinear” extension of the classical singular value deposi-

size is measured by the Frobenius norm, which puts equahtvef{Pn- AS an outcome of the new problem formulation, an iteeat
on all elements. Generalising the Frobenius norm to a wegghgClution method based on the inverse power iteration isqzep.

norm, Another algorithm for solving the structured total leasiaegs
problem (even witl/; and/. norm in the cost function), called
[A—Allw = \/vecT (A—AWveqA—A), structured total least norm, is proposed by Roseal.[78§]. In

contrast to the approaches of Aoki, Yue and Abatzoglbal,
whereW is a givenmnx mn positive definite matrix and vec :Rosenet al. solve the problem in its original formulation, the
R™M — RM vectorizes a matrix, leads to what are callegynsiraint is linearised around the current iteration paiich
weighted total least squares problems. Special optiniatjeg, s jn a linearly constrained least squares problerthdral-

methods for the weighted total least squares problem are ;:68- L :

. . . . rithm of Roseret al, the constraint is incorporated in the cost
posed in 13, 107, 7?’.48’ 46, 53, 8. The Riemannian SINQU=¢ nction by adding a multiple of its residual norm.
lar value decomposition method of De Modd], has no proved

convergence properties. The maximum likelihood princigen- 1€ Weighted low rank approximation framework of Man-
ponent analysis method of Wentzell al. [107] is an alternat- tonet al.[46] has been extended i8], 82] to include structured
ing least squares algorithm. It applies to the general veityh!ow rank approximation problems. All problem formulaticarsd
total least squares problem and is globally convergenh livit solution methods cited above, except for the ones in the-stru
ear convergence rate. The method of Premoli and Ras®#jag tured low rank approximation framework, aim at rank redwcti

a heuristic for solving the first order optimality conditioh so- of the data matrix by one. A generalization of the algorithin o
lution of a nonlinear equation is sought instead of a minimuRosenet al. to problems with rank reduction by more than one
point of the original optimization problem. The method is Ids proposed by Van Huffedt al.[99]. It involves, however, Kro-

cally convergent with super linear convergence rate. Tg®re necker products that unnecessary inflate the dimensioredfith

of convergence around a minimum point could be rather smglyed matrices.

in practice. The weighted low ra_nk_ approx_lm_atlo_n framewofk When dealing with a general affine structure the constrained

Mantonet al.[46] proposes specialised optimization methods gn . . . ) .
otal least squares, Riemannian singular value deconiposit

a Grassman manifold. The least squares nature of the prOba%rHstr ctured total least norm methods have cubic coniongat
is not exploited by the algorithms proposed #6]. Statistical uctu Ve cubl P

properties of the weighted total least squares estimatostad- complexity _per_iteration in the _number of megsurementi &as
ied in [35]. gorithms with linear computational complexity are prombby
Mastronardiet al. [43, 62, 60], for special structured total least
4. STRUCTURED TOTAL LEAST SQUARES  sduares problems with data matéix= [A b| that is Hankel or
PROBLEMS composed of a Hankel block and an unstructured colunin
They use the structured total least norm approach but résmgn
Another direction of generalizing the basic total leaste8@8 that a matrix appearing in the kernel subproblem of the étyor

method is to impose structure constrairegy(Hankel, Toeplitz, has Jow displacement rank. This structure is exploitedgfie
and Sylvester structure) on the data matrix and its appraan:  g.p ¢ algorithm.

Efficient algorithms for problems with block-Hankel/Togpl
) PO N structure and rank reduction with more than one are proposed
subjectto Ax~b and Ahas the same structureAs  py \Markovskyet al. [56, 55, 52]. In addition, a numerically re-

Abatzoglouet al. [1] are considered to be the first who formul-iable and robust software implementation is availal5i@.[ All
lated a structured total least squares problem. They ctileid Methods, except fodp, 81, 82), reduce the rank of the data ma-
approach constrained total least squares and motivatedbkem trix by one. The efficiency varies from cubic for the methods
as an extension of the total least squares method to matittes that use a general affine structure to linear for the effiaieeth-
structure. The solution approach adopted by Abatzogtal.is ©ds of Lemmerlinget al. [43] and Mastronardet al. [62] that
closely related to the one of Aoki and Yu®j[Again an equiva- use a Hankel/Toeplitz type structure. Efficient solutiortimoels
lent optimization problem is derived, but it is solved nuinally for weighted structured total least squares problems aeqsed
using a Newton-type optimization method. in [52).

minimize overA, b, andx ||A—A||2+ ||b—b||3
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5. APPLICATIONS constraintAx = b in the total least squares proble®) {mplies

Total least squares is applied in: that the approximating matri%ﬂ B} € R™ (™D 'm>n, has

e system identificationq7, 76, 42, 70, 59, rank at mosh. Therefore, the rows OEK B} belong to a sub-

e linear system theoryl, 14], space ofR™1 with dimension at most. (The multivariable ver-

e image reconstructiorv, 61, 21], sionAX ~ B, B € R™Y, of the total least squares problem allows
e speech and audio processirdg[30], data fitting by a space of a general dimengipn>r > 1.)

e modal and spectral analysisd6 108, The core step in the singular spectrum analysis as well as in
e chemometrics07, 84], the basic total least squares method is the singular valcende

e computer vision§6], position of the data matri{@A b is the total least squares case),
e machine learningqq, followed by truncation of the smallest singular value(sjs well

e computer algebralfl( 51, 5], and known, seeg.g, [91, Page 35, Theorem 5.8] that truncation of
e astronomy ). thed smallest singular values achieves optimal (in the Frolgeniu

Many problems in system identification and signal proce&2m sense) rank reduction by Therefore, both methods have a

ing can be reduced to special types of block-Hankel and blo&QMMOon core subproblem: unstructured low-rank approxanat

Toeplitz structured total least squares problems. An deerof ©f the data matrix. - . L
errors-in-variables methods in system identification iggiby Contrary to the singular spectrum analysis method, whieh is

Sederstrém ingd]. In [94, 97], the use of total least squares anfonParameteric technique, however, the ultimate goal@tdh
errors-in-variables models in the application fields anweyed tal least squares method is parameter estimation (the péeamn

and new algorithms that apply the total least squares ccbmep'n the I_mear_modesz b). Therefore, after the estlmat|c_>n of
described. the optimal fitting subspace, the total least squares dlgorin-

In the field of signal processing, Cadzo8},[Bresler and Ma- volves an extra step of parameter computation (from a bdsis o

covski [7] propose heuristic solution methods that turn out to e 1;|tt|_ng _T_l;pspace), Wh'Chf'S not a part of the sm_gul:_;mrsgac
suboptimalwith respect to the&,-optimality criterion, see Tufts analysis. 1his extra step o pgrameter computation is theeca
and Shah 93] and De Moor [L4, Section V]. These methods,‘cor the existence of nongeneric total Igast squares p“‘b'e*‘?
however, became popular because of their simplicity. Famex cases when the problem has no solution. In cpntrast, thelsing
ple, the method of Cadzow is an iterative method that altemaSPectrum analysis method always has a solution.

between unstructured low rank approximation and structare Singular spectrum analysis methods based on the linear re-
forcement, thereby only requiring singular value decoritims currence formulaZ9, Chapter 5] are closely related to Hankel

computations and manipulation of the matrix entries. Ferivo structured total least squares probleis; Section 5]. The rela-

magnetic resonance spectroscopy and audio coding, nesv sﬂiﬁn s due_to the fact tha‘g tim(_a series satisfying a lineaure
space based methods have been derived by making use of thEt:® relation of orden, give rise to Hankel matrices OT ran_k
tal least squares approach for spectral estimation witneidns at mostn. Therefore, Hankel structured low-rank approximation
to decimation and multichannel data quantificatid@ 0] of a Hankel matrix constructed from a given time series l¢ads
Tufts and Shah propose 193], a noniterativemethod for approximation with a time series satisfying a linear reence

Hankel structured total least squares approximation ghhsed ][eladtlon. Tltmlg SEeres Isat|sfy|ng-the Iw;\ear recurrer?cm_idtg lare d
on perturbation analysis and provides a nearly optimaltswriu undamental in signaj processing, where many heuristician

for high signal-to-noise ratio (SNR). In a statistical st this cal optimization methods for Hankel struciured low-ranfsmx-
method achieves the Cramer-Rao lower bound asymptotiaalI)}mat'on ar(? developed. Among the heuristics, a well knowe on
the SNR tends to infinity. Noniterative methods for solvihg t is Cadzow's method. .

linear prediction problem (which is equivalent to Hankelst In a summary, total least squares and singular spectrur anal

tured total least-squares problem) are proposed by TuftKan ysis use the same technique (low-rank approximation of &te d
maresang2, 36] matrix) but aim at solutions to different problems. Totahde

Apart from systems, control and signal processing, toste >d4ares solves a parameter estimation problem for a staar|

squares applications emerge in other fields, includingriné input/output modeAx = b and singular spectrum analysis aims

tion retrieval p0], shape from moment8p], and computer alge- at a broad range of problems, such as forecasting and smgothi
bra [110 51] ’ ’ of time series, detection of trends, periodicities, andcitral

changes.
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