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Abstract— The performance of multihop links is studied in this
contribution by both analysis and simulations, when communicating over Generalized-K (KG ) fading channels. The performance metrics considered include symbol error rate (SER), outage
probability, level crossing rate (LCR) and average outage duration (AOD). First, the expressions for both the SER and outage
probability are derived by approximating the probability density
function (PDF) of the end-to-end signal-to-noise ratio (SNR) using
an equivalent end-to-end PDF. We show that this equivalent endto-end PDF is accurate for analyzing the outage probability. Then,
the second-order statistics of LCR and AOD of multihop links
are analyzed. Finally, the performance of multihop links is investigated either by simulations or by evaluation of the expressions
derived. Our performance results show that the analytical expressions obtained can be well justiﬁed by the simulation results. The
studies show that the KG channel model as well as the expressions
derived in this paper are highly efﬁcient for predicting the various
types of performance metrics and statistics for design of multihop
communication links.

I. I NTRODUCTION
In mobile wireless communications systems, radio signals
experience propagation path-loss, shadowing and multipath
introduced fast fading [1]. Conventionally, the effect of wireless
channels on system performance is investigated by treating
these phenomena separately, assuming typically 2-4 order of
power decay for the propagation path-loss, lognormal distribution for shadowing and Rayleigh, Rician or Nakagami-m
distribution for fast fading [2]. In order to predict accurately
the achievable performance of a communication scheme, it is
usually desirable that a model can simultaneously cope with
all the above-mentioned three phenomena. For this sake, composite channel models have been proposed, which are often
formed by combining distributions for fast fading with lognormal distribution for shadowing, yielding Rayleigh-, Rician, Nakagami-lognormal, etc., composite channel models [2].
However, these composite channel models usually result in
complicated performance analysis.
In recent years, the generalized-K (KG ) channel model has
been proposed [3], which is formed by, ﬁrst, approximating the
lognormal distribution using the Gamma distribution [2] and,
then, combining it with the Nakagami-m distribution. It has
been recognized [3] that the KG channel model can simultaneously take into account of the propagation path-loss, shadowing
and fast fading. It can usually covers more communications
scenarios encountered in real mobile wireless systems, than the
other composite channel models. Furthermore, the KG channel
model often results in closed-form solutions when applied for
system performance analysis [4–6]. Therefore, in this paper

we motivate to analyze the performance of multihop links,
when they are operated in KG fading channels. The symbol
error rate (SER), outage probability, level crossing rate (LCR)
and average outage duration (AOD) of the multihop links are
analyzed.
By dividing a long transmission link into multiple more
reliable short links supported by relays, multihop transmission
has the potential to improve the system’s power-efﬁciency and
extend the coverage area. Recently, the performance analysis
of relay networks has drawn a lot of attention, as evidenced,
e.g., by the references [7–10] as well as their related references.
However, to the best of our knowledge, the performance, especially, the second order statistics of LCR and AOD, of multihop
links with regenerative relays for communications over KG
fading channels has not been analyzed in open literature. In this
paper, a range of closed-form expressions for the SER, outage
probability, LCR and AOD of multihop links are derived,
when the multihop links are represented by their corresponding
equivalent point-to-point links. Finally, the performance of the
multihop links is investigated by simulations and/or by evaluation of the formulas derived.
II. S TATISTICS OF E ND -T O -E ND SNR
A. System and Channel Model
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Fig. 1. Schematic of a multihop transmission link, where source S sends
messages to destination D through (L − 1) relays, the SNR of the lth hop
is denoted by γl for l = 1, 2, . . . , L.

Consider a L-hop link as depicted in Fig. 1, where the source
S sends messages to the destination D via (L − 1) intermediate relays, expressed as R1 , R2 , . . . , RL−1 , respectively.
The relays are operated under the decode-and-forward (DF)
cooperative strategy. The SNRs of the L hops are denoted by
γ1 , γ2 , . . . , γL , respectively. This type of communication links
exist in wireless ad-hoc networks, wireless sensor networks,
etc.
We assume that the fading envelopes Z1 , Z2 , . . . , ZL of the
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L hops obey the KG distribution with the PDF [4]
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(1)

where αl = kl − ml and βl = kl + ml − 1, kl and ml are the
distribution shaping parameters accounting for the shadowing
and Nakagami-m fading associated with the lth hop, Kαl (·) is
the second kind modiﬁed Bessel function of order
 αl , while
Γ(·) denotes the Gamma function. In (1), Ωl = E Zl2 , where
E{·} is the expectation operation, is the mean of the shadowing
fading, which is determined by propagation loss. Therefore, by
controlling the values of the shaping parameters kl and ml as
well as the value of Ωl , (1) can be used to approximate the
signal distribution in numerous communication environments.
Multipath fading, shadowing, the composite of shadowing and
multipath fading, additive white Gaussian noise (AWGN) channels, etc., can all be modelled by the distribution of (1) by
setting appropriately the parameters of kl , ml and Ωl [6].
Let γl = Zl2 E/N0 denote the instantaneous SNR of the lth
hop, where E denotes the energy per symbol and N0 the singlesided power spectral density (PSD) of AWGN. The PDF of γl
can be readily derived from (1), which is
fγl (γ) =

(βl +1)/2 (βl −1)/2

2Ψl

γ
Γ(ml )Γ(kl )

Kαl 2

Ψl γ , γ ≥ 0

(3)

where A is the probability that outage occurs with the ﬁrst
(L − 1) hops, while fγL (γ) denotes the PDF of the last hop’s
SNR. Explicitly, the equivalent PDF of the end-to-end SNR is
constituted by two components: the probability of P (γ = 0) =
A and the KG PDF scaled by a factor (1 − A). We assume that
the SNRs, γl , l = 1, . . . , L, are mutually independent and have
the PDFs fγl (γ), l = 1, . . . , L, that may be different. Then, the
probability A in (3) is
A = 1 − Pr{γ1 > γth , γ2 > γth , ..., γL−1 > γth }
=1−

L−1
l=1

[1 − Fγl (γth )]

(4)

where Fγl (·) represents the cumulative distribution function
(CDF) of γl , which, for non-integer parameter αl , is given
by [6]
m

(Ψl γ) l 1 F2 (ml ; 1 − αl , 1 + ml ; Ψl γ)
Γ (kl ) Γ (1 − αl ) Γ (1 + ml )

kl
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−
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B. Amount of Fading
With the equivalent PDF as shown in (3), the nth moment of
the end-to-end SNR μγ (n) can be evaluated by the formula
 ∞
μγ (n) =
γ n f (γ)dγ.
(7)
0

Substituting (3) into (7) and using [12, eq. (6.561/16)] gives
μγ (n) = (1 − A)

Γ (kL + n) Γ (mL + n)
.
Γ (kL ) Γ (mL ) ΨnL

(8)

The amount of fading (AoF) used to measure the severity of
fading can then be computed by the formula [2]
AoF =

μγ (2)
− 1.
μ2γ (1)

(9)

III. A NALYSIS OF SER AND O UTAGE P ROBABILITY
(2)

where Ψl = ml kl /γ̄l and γ̄l = Ωl E/N0 is the average SNR of
the lth hop.
According to [11], the cascaded multihop link from source S
to destination D in Fig. 1 can be reduced to an equivalent pointto-point link, in order to simplify the analysis. With the aid of
this equivalent model, the PDF of the end-to-end SNR of Fig. 1
can be approximated by [11]
f (γ) = Aδ(γ) + (1 − A)fγL (γ)

kl are integers, then, the CDF of γl can be expressed as [13]

where p Fq is the generalized hyper-geometric function with
integer parameters p and q [12]. When the parameters ml and

The moment generation function (MGF) [2] is adopted for
deriving the expressions for the SER and outage probabilities.
The MGF, Mγ (s), of the end-to-end SNR can be expressed as
 ∞
Mγ (s) =
exp(−γs)f (γ)dγ.
(10)
0

By substituting (3) into (10) and using [12, eq. (6.643/3)], we
can obtain


 β2L
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ΨL
,
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2
2
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ΨL
s

(11)

where Wv,μ (z) is the Whittaker’s function [12].
A. Average Symbol Error Rate
For many coherent demodulation schemes, such as M ary amplitude shift-keying (MASK), binary phase shift-keying
(BPSK), binary frequency shift-keying (BFSK), etc., the SER
Pe (γ) conditioned on the SNR γ can be expressed as [2, 14]


 π2
gγ
exp − 2
Pe (γ) = a
dθ
(12)
sin θ
0
where the parameters a and g are speciﬁed by the modulation
scheme employed [2, 14]. The average SER can be evaluated
by integrating Pe (γ) with respect to the PDF of γ, which it can
be shown yields


 π2
g
P̄e = a
Mγ
dθ,
(13)
sin2 θ
0

Upon applying (11) into (13) and completing some simpliﬁcation, we ﬁnally obtain the average SER
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× G2,2
, (14)
2,3
g  (1 + αl ) /2, (1 − αl ) /2, −βl /2
where G(·) is the Meijer’s G-function deﬁned by [12, eq.
(9.301)].
When non-coherent demodulation, such as BFSK, etc., employing square-law detection is considered, the conditional
SER can be expressed as Pe,non (γ) = C exp(−Dγ), where
C and D are constants speciﬁed by the corresponding noncoherent modulation scheme. By averaging Pe,non (γ) using the
PDF of (3) and with the aid of [12, eq. 6.643/3], we can obtain
the average SER
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B. Outage Probability
The outage event occurs provided that there is at least a
hop
 γth having its SNR lower than a threshold γth , i.e., Pout =
f (γ)dγ. Substituting (3) into this equation gives
0
Pout = A + (1 − A)FγL (γth ) .

(16)

The outage probability can also be directly derived from the
multihop links of Fig. 1, which is
Pout = 1 − P [γ1 > γth , γ2 > γth , . . . , γL > γth ]
=1−

L
l=1

[1 − Fγl (γth )] .

(17)

L−1
Let in this equation Ā = l=1 [1 − Fγl (γth )]. According to
(4), explicitly, we have A + Ā = 1. Upon applying them into
(17), we can readily proof that (17) is the same as (16). This
implies that the equivalent model associated with the PDF of
(3) is accurate in terms of the outage probability.
IV. L EVEL C ROSSING R ATE AND AVERAGE O UTAGE
D URATION
In this section, we ﬁrst derive the LCR and AOD in the
context of the lth hop. Then, the results are extended to the
multihop paradigms with the aid of the approaches proposed in
[9]. For simplicity, the subscript l is ﬁrst dropped, when without
any confusion.
According to [15], the AOD, T (zth ), in seconds can be
approximately expressed as
T (zth ) ≈ Pout /N (zth )

(18)

where Pout is the outage probability having been derived in
Section III-B and N (zth ) is the LCR at a given threshold zth .
According to [16], the LCR N (zth ) can be evaluated by the
integration
 ∞
N (zth ) =
żfZ Ż (zth , ż)dż
(19)
0

where fZ Ż (z, ż) represents the joint PDF of the random process
Z(t) and its time derivative Ż = dZ(t)/dt, both evaluated at
a ﬁxed time t. Speciﬁcally, for a random process Z(t) with its
samples obeying the KG distribution, we ﬁnd after some highly
involved analysis that the joint PDF fZ Ż (z, ż) can be expressed
as
√

yα
2 abmm k k z 2m−1 ∞
fZ,Ż (z, ż) = √
k
πΓ(m)Γ(k)Ω
ay 3 + bz 2 y
0


bż + mz 2
b2 z 2 z˙2
k
+ 3
dy (20)
× exp − y −
Ω
y
ay + bz 2 y
2
where, by deﬁnition, a = −k/4Ωρ (0) and b = m/2π 2 fm
.
The function ρ(τ ) is the normalized correlation function of
the Gamma distributed random process used for forming the
KG distributed random process, and ρ (0) is its second order
derivative at τ = 0. For example, for land mobile communication systems, usually ρ(τ ) = J0 (2πfm τ ), where J0 (x) is the
zero-th order Bessel function of the ﬁrst kind and fm denotes
the maximum Doppler frequency-shift. In this case, we have
2
ρ (0) = −2π 2 fm
.
Let in (20) z = zth . Then, when substituting (20) into (19)
and completing the integration with respect to ż, we can ﬁnally
obtain the LCR for a single-hop link as
 ∞

2m−1
mm k k zth
3
2
N (zth ) = √
y α− 2 ay 2 + bzth
abπΓ(m)Γ(k)Ωk 0


2
mzth
k
× exp − y −
dy.
(21)
Ω
y
When the multihop links are considered, according to [9], the
end-to-end LCR over the KG channels can be evaluated by the
formula
L
L

NT (zth ) =
Nn (zth )
[1 − FZl (zth )]
(22)
n=1

l=1
l=n

where Nn (·) denotes the nth hop’s LCR, which is given by (21)
with the parameters m, k, and Ω replaced by mn , kn and Ωn ,
respectively. In (22), FZl (·) denotes the CDF of Zl of the lth
hop’s envelope, which can be derived from (5) and (6) based
on the variable transform of γl = γ̄l Zl2 /Ωl . From this variable
transform, it can be shown that FZl (z) = Fγl (γ̄l z 2 /Ωl ). Hence,
for non-integer parameter αl , we obtain from (5) that

m
ml kl 2 l
z
FZl (z) = π csc(παl )
Ωl

 
k
2
ml kl 2 l
1 F2 ml ; 1 − αl , 1 + ml ; ml kl z /Ωl
−
×
z
Γ(kl )Γ(1 − αl )Γ(1 + ml )
Ωl



2
1 F2 kl ; 1 + αl , 1 + kl ; ml kl z /Ωl
(23)
×
Γ(ml )Γ(1 + αl )Γ(1 + kl )
By contrast, when ml and kl are integers, we can have from (6)
that
k /2 ml −1

ml kl 2 l 
1
2
FZl (z) =1 −
z
Γ(kl )
Ωl
q!
q=0

 

q/2
ml kl 2
ml kl
×
z
Kkl −q 2
z
(24)
Ωl
Ωl

Finally, the AOD of multihop links communicating over KG
channels can be obtained by substituting Pout of (16) and
NT (zth ) of (22) into (18).
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Fig. 2. BER performance of three-hop links using BPSK modulation, when
communicating over KG fading channels with Ωl = Ω = (3/5)3 and other
various shaping parameters.

Fig. 2 illustrates the average BER performance of the threehop (L = 3) links employing coherent BPSK modulation. From
the results of Fig. 2, ﬁrst, we can observe that the numerical
results agree well with the simulation results. Therefore, the
equivalent point-to-point link with the PDF given by (3) is an
effective model for studying the error performance of a corresponding multihop link. Second, given a ﬁxed value of m = 1.6
corresponding to a ﬁx fast fading, the BER performance of the
multihop links improves, as the value of k increases, implying
that the channel becomes less shadowing. Similarly, for a given
value of k = 2.5, the BER performance improves, as the value
of m increases, corresponding to that the fast fading becomes
less severe.
Figs. 3 and 4 investigate the effect of the number of hops
on the achievable BER (Fig. 3) or outage (Fig. 4) performance.
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Fig. 3. BER performance of L = 1, 2, 3 or 5 hop links using BPSK
modulation, when communicating over KG fading channels with Ωl = Ω =
(L/5)3 .
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Fig. 4. Outage Probability of L = 1, 2, 3 or 5 hop links, when communicating
over KG fading channels with Ωl = Ω = (L/5)3 .

Explicitly, when given the total propagation distance (Lmax =
5), shadowing k = 2.5 and the fast fading of a communication
link, there exists an optimum number of hops, which yields the
lowest BER or lowest outage probability. Speciﬁcally, when the
fast fading is very severe corresponding to m = 0.5 in Fig. 3
and m = 1 in Fig. 4 using only one-hop link results in the best
performance. When m = 1 in Fig. 3 and m = 1.6 in Fig. 4,
depended on the available SNR, three-hop or ﬁve-hop link may
achieve the best performance. Finally, when the channel quality
in terms of the fast fading is very good, for example, when m =
3 in Fig. 3 and m = 4 in Fig. 4, generally, the link is beneﬁcial
to using as many hops as possible, in order to attain the best
BER and outage performance.
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V. P ERFORMANCE R ESULTS
In the section the SER, outage probability, AoF, LCR and
AOD performance of the multihop links communicating over
KG fading channels are investigated by both simulation and numerical approaches. In our investigations, we assumed that the
channels of the L hops were independent identical distributed
(iid) KG fading channels. The impact of propagation path-loss,
shadowing and Nakagami-m fast fading on the achievable performance was all considered. For convenience, the intermediate
relays were assumed to be equally located on a line connecting
the source S and the destination D, making all the L hops the
same distance. We assumed that the maximum distance from
the source S to the destination D was Lmax = 5. Hence, when
given L ≤ Lmax , the parameter Ωl in (1), which accounts
for the propagation path-loss, was Ωl = Ω = (L/Lmax )η ,
where η represents the global propagation path-loss exponent,
which was set to η = 3 in our simulation and numerical
examples. Furthermore, for the sake of fairness of comparison,
the transmission power was assumed to be evenly allocated to
the L transmitters, making γ̄l = γ̄ = Ω × SNR/L, where
SNR is the total SNR without propagation path-loss, which
was used for depicting the ﬁgures. Additionally, when concerning the outage probability, the threshold was set according to
log2 (1 + γth )/L = R with the spectrum efﬁciency R being set
to 0.3 bits/s/Hz.
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Fig. 5. Level-crossing rate of three-hop links, when communicating over KG
fading channels with Ωl = Ω = (3/5)3 and other various shaping parameters
as shown in the ﬁgure.
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Fig. 6. Average outage duration of multihop links, when communicating over
KG fading channels with Ωl = Ω = (3/5)3 and other various shaping
parameters as shown in the ﬁgure.

In Fig. 5, we compare the end-to-end LCR of the fading over
a three-hop link, when the communication channels over the
three hops are modelled as the iid KG fading channels with
various shaping parameters as shown in the ﬁgure. In Fig. 5, the
results were numerically evaluated based on (22), when given
the Doppler frequency-shift fm = 10 Hz. From the results of
Fig. 5, it seems that the LCR of the three-hop link considered
is sensitive more to the change of the fast fading determined by
the parameter m than to the varying of the shadowing explained
by the parameter k. When the average channel power per hop
is low, the LCR is low, since, in this case, the three-hop channel
stays mainly at the ‘poor’ state without many chances going
to the ‘good’ state. Similarly, when the average channel power
is high, the LCR is also low. This is because, in this case,
the three-hop channel stays mainly at the ‘good’ state without
much ﬂuctuation. By contrast, as shown in Fig. 5, there is a
range for the average channel power, which resulting in that the
three-hop channel is highly ﬂuctuate, yielding relatively high
LCR. Finally, from Fig. 5, we observe that, for a given value
of average channel power, the three-hop channel becomes more
ﬂuctuate, as the value of k or m decreases.
Finally, Fig. 6 demonstrates the normalized AOD of the links
having different number of hops. Note that, after normalized
by the Doppler frequency-shift, the AOD is independent of fm .
As shown in Fig. 6, when the average channel power is low,
2
such as Ωl /zth
< −5 dB, the AOD of the one-hop link may
be signiﬁcantly shorter than the AOD of the multihop links.
By contrast, when the average channel power is high, such as
2
Ωl /zth
> 5 dB, the AOD decreases as the number of hops
increases. The principles behind the above observation may be
explained as follows. When the average channel power is low,
each of the hops is an unreliable channel. Hence, the multihop
link has a higher chance to stay at the ‘poor’ state, as the number
of hops increase. By contrast, when the average channel power
is high, due to the ﬂuctuation of the component channels, the
multihop channel becomes more ﬂuctuate, as the number of
hops increases. Correspondingly, the AOD of the multihop link
becomes shorter, as the number of hops increases.
VI. C ONCLUSION
Our studies and performance results show that, the KG
channel model as well as the expressions derived are highly
efﬁcient for evaluating the SER and outage performance multihop communication links, as well as for revealing the statistical

behaviour of multihop communication links. Given the distance
of a transmission link and the corresponding fading channel
determined by the parameters for the propagation path-loss,
shadowing and fast fading, our studies show that there exists
an optimum number of hops for signal delivery, which results
in the best SER and outage performance. In general, when
the channel is very poor, one-hop direct transmission is the
desired signal transmission option. When the quality of the
channels improves, the communication link expects more hops
in order to augment the SER and outage performance. If the
channels are very reliable, it seems that the best SER and outage
performance are attained, when the communication link uses as
many hops as possible.
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