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essible barrier trees for stateamalgamation. Results are presented for s
hedules minimising \where-you-are" and\best-so-far" 
ost, over binary per
eptron, spin-glass and Max-SAT problems. Wealso 
ompute �rst-passage time for several \toy heuristi
s", in
luding 
onstant-temperature annealing and �xed-rate mutation sear
h.Key words: Optimal sear
h, optimal annealing s
hedule, variable mutation,barrier tree
1 Introdu
tionEÆ
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high degree of symmetry [3,4℄. In both 
ases however, the pra
ti
al appli
a-tion as a means of tuning parameters is rather limited, as the parameter valuesare 
al
ulated based on the spe
i�
ation of the 
ost fun
tion, from whi
h theglobal minimum 
an be determined trivially. A reasonably 
omplex problemis 
onsidered in [5℄, where s
hedules are produ
ed to guarantee 
onvergen
e ofthe distribution of states to those of optimum 
ost, in the in�nite time limit.We shall 
on
ern ourselves only with �nite s
hedules.It is our belief that dis
overy of the optimal parameters for a heuristi
 op-erating on one problem of a given type may provide some insight into the
hoi
e of parameters for other problems of the same type. We hope that whena series of sear
h problems are 
onstru
ted in a similar manner (e.g. a set of20-variable Max-3-SAT problems, a set of 15-variable spin-glass problems, ora set of 30-node TSP problems), some aspe
ts of the stru
ture of the problemlands
ape (e.g. the size, depth, number or 
lustering of minima, plateaus andbarriers) are 
ommon to, or at least 
orrelated amongst, that series of simi-lar problems. Further, if the problems have some similarity of stru
ture, we
ould expe
t that heuristi
 behaviour, and thus the best 
hoi
e of heuristi
parameters, might be similar a
ross those problems.We model a sear
h algorithm as a Markov pro
ess (x2), where ea
h transitionrepresents one iteration of the algorithm. The state ve
tor for the pro
ess isa probability distribution for the states of the sear
h algorithm. An analyti
expression for the average 
ost (x3) for the sear
h 
an be 
omputed from thisMarkov model, this expression 
an then be minimised over the parameterspa
e for the sear
h algorithm.We 
hoose to restri
t ourselves to sear
h algorithms for whi
h the state spa
eis identi
al to the sear
h spa
e, i.e. those where the algorithm 
an be said to be\at" a parti
ular point in the sear
h spa
e after ea
h iteration. Notably, thisex
ludes most GAs; for a population of size P , with ea
h individual representedby L bits, the size of the state ve
tor would be O(2LP ).In x4.1 we examine a toy problem with a highly symmetri
 state spa
e; thissymmetry is exploited to produ
e a redu
ed model of the problem with only ahandful of states. Despite this redu
tion, the model is still \exa
t" insofar asthe predi
ted 
ost 
an be proven to be identi
al to that of the original model.In x4.2, we look at some instan
es of \real" problems (Max-SAT, binary per-
eptron, spin glass); these are traditional \hard problems", whi
h do not pos-sess su
h obvious stru
tural symmetry, and thus 
annot be redu
ed so trivially.The transition matri
es in the Markov model be
ome unmanageably large forall but the tiniest of problems; the state ve
tor for the Markov model still 
on-tains the same number of elements as the sear
h spa
e for the problem. Thusea
h transformation of the state ve
tor requires O(22L) operations to 
om-2



pute. We 
ombat this by amalgamating points of the sear
h spa
e to produ
ea model of the problem with a relatively small number of states (x5).An equivalen
e relation is de�ned over the points of the sear
h spa
e to pro-du
e a \barrier tree" of equivalen
e 
lasses 
orresponding to lo
al minima andsaddle points of the 
ost fun
tion, whi
h are used as the states of our Markovmodel. This is, however, an approximation to the original problem, insofaras the transition probabilities are 
al
ulated by an unweighted average overthe sear
h points belonging to a state, thus assuming that all su
h points areequally likely to be visited.The 
omplexity (and 
omputational 
ost) of our minimisation therefore de-pends on the size of the barrier tree of the problem. Although the size of thebarrier tree will grow with that of the problem, the redu
tion in the numberof states is quite signi�
ant: a 20-variable Max-SAT problem is typi
ally re-du
ed from a state spa
e of over a million points to a 30-40 node barrier tree.Although this is still only a very small Max-SAT problem, it is 
onsiderablylarger than the typi
al problems for whi
h optimal annealing s
hedules areusually 
onstru
ted.Optimised annealing and mutation s
hedules for two 
ost fun
tions and avariety of problems are 
ompared in x6. The performan
e of these s
heduleson the a
tual problems shows qualitative agreement with the predi
tions ofthe model, but with a 
onsistent over-optimism whi
h we attribute to the lossof information in substituting a barrier tree model for the problem. In x7 wepresent results for an annealing s
hedule optimised over a set of Max-SATproblems.Finally, in x8, we introdu
e a series of \toy algorithms" - heuristi
s whi
hoperate with a-priori knowledge of the sear
h spa
e. For these, we 
omparethe average First-Passage Time (x8.1) with those of single-parameter versionsof simulated annealing and mutation sear
h (x8.4).2 Markov Models of Sear
h Heuristi
sAs dis
ussed earlier (x1), we shall only 
onsider sear
h heuristi
s for whi
hthe state spa
e for the heuristi
 is the same as the sear
h spa
e; the stateve
tor for the Markov model will be a probability distribution for the sear
hspa
e. The initial distribution, whi
h we will refer to as p0 shall be assumed torepresent a random distribution of starting positions 
hosen from the sear
hspa
e.(In x5, we 
onsider a redu
ed model of a sear
h spa
e, for whi
h the elements3



of p0 
orrespond to large regions of the sear
h spa
e, and are thus proportionalin value to the size of those regions.)2.1 GeneralFor both simulated annealing (x2.2) and des
ent with variable mutation (x2.3),the behaviour at a given iteration depends on the number of iterations per-formed previously (whi
h we shall refer to as \time"). Thus the transitionmatri
es used to represent the sear
h will themselves be time-dependent; weshall refer to them as w(t).In both 
ases however, the time dependen
y is indire
t, via a fun
tion �(t),known as the \s
hedule". This fun
tion is only evaluated for \iteration num-bers" whi
h are positive integers up to a maximum number T , also known asthe \s
hedule length".In x3, we will �nd the \
ost" of a heuristi
, whi
h we shall write as a fun
tionof �. We later optimise the heuristi
 by �nding the set of parameters whi
hprodu
es the smallest 
ost; sin
e we use a gradient-based method to do so, wewill des
ribe here not only the matri
es w(t), but also their derivatives withrespe
t to the values of the s
hedule �(t).For both of the following heuristi
s, a de�nition of a neighbourhood arounda point in the sear
h spa
e is required. A good neighbourhood de�nition isessential for eÆ
ient sear
h, but 
annot be 
onstru
ted from the 
ost fun
tionalone. It is normal for the neighbourhood fun
tion to in
orporate represen-tation details from the problem, and thus provide a stru
ture whi
h wouldotherwise be invisible to the heuristi
. We assume that su
h a de�nition isprovided in the form of a mutation matrix m where the term mji representsthe probability of a random mutation from states i! j. The presen
e of neigh-bours with di�ering probabilities is typi
ally the result of state amalgamation(x5.2).2.2 Simulated AnnealingSimulated annealing[6℄ is a popular heuristi
 for optimisation problems, in-spired by the physi
al pro
ess of annealing, whereby a metal is heated andthen slowly 
ooled to rea
h a state of lower energy. In our 
ase, the \energy"is 
ost, and the \temperature" is used to 
ompute the likelihood of a

eptingan uphill transition.With ea
h iteration, one point from the neighbourhood of the 
urrent position4



is evaluated. If the 
osts of the 
urrent position and the neighbour are given by
i and 
j respe
tively then the probability of adopting the 
hosen neighbouras the new \
urrent position" is given by the 
orresponding element of thea

eptan
e matrix A, de�ned to beAji = 8><>: 1 
i � 
j � 0e�(t)(
i�
j) 
i � 
j � 0where t is the \time" (iteration number). Here, the parameter �(t) (known asthe inverse temperature) 
ontrols the probability of a

epting an uphill step,whi
h approa
hes 1 as �(t)! 0, and de
reases to 0 for large �.Transition probabilitiesThe transition matrixw(t) depends only on �(t). Letm be a (problem-spe
i�
)matrix su
h thatmji is the probability of a single mutation 
ausing a transitionfrom state i to state j. Ea
h non-diagonal entry of w(t) is the probabilityof a mutation o

urring and being a

epted; the diagonal entries representself-transitions and reje
ted mutations. The elements of the matrix w(t) aretherefore given byw(t)ji = P (i! j)= P ((i! j) a

epted) + ÆjiP ((i! anything) reje
ted)= Ajimji + ÆjiPk (1� Aki)mki= Ajimji + Æji (Pkmki �Pk Akimki)= (A
m)ji + Æji �1> � 1> (A
m)�iwhere 
 denotes the operation of element-wise matrix multipli
ation, i.e. (A
B)ji � AjiBji, and 1 is a (
olumn) ve
tor of 1s. We de�ne the operations\sum" and \diag" as follows: sum(M) = 1>M(diag(v))ij = Æijviallowing us to write w(t) in the slightly more intuitive formw(t) = A(t)
m + diag �1> � sum (A(t)
m)�from whi
h it should be 
lear that w(t) is sto
hasti
 - the terms added to thediagonal of (A
m) are the values by whi
h the 
olumn sums are de�
ient.5



Cal
ulation of GradientThe �rst derivatives of the transition matri
es are given by:�w(t)��(t) = � (A(t))��(t) 
m� diag sum � (A(t))��(t) 
m!!and � (A(t))��(t) = min (0; 
i � 
j) e�(t)(
i�
j)(with �w(t)��(t0) being zero for all t 6= t0).2.3 Des
ent With Variable Mutation RateAs an alternative strategy to simulated annealing, we 
onsider des
ent with avariable mutation rate. Ea
h iteration of this heuristi
 
onsists of an attemptto \jump" to another state, whi
h will be a

epted if and only if the newstate is of equal or lower 
ost. The size of the jump is a Poisson deviate, withexpe
tation �(t); thus the parameters �(t) are the mutation rates.This heuristi
 
ould alternatively be des
ribed as a (1+1) Evolutionary Algo-rithm, i.e. an EA with a population of one, produ
ing one mutated 1 o�springper generation, with the best of the two surviving to the next generation. The(1 + 1) EA has been analysed extensively, with expe
tation (or upper boundsthereof) 
al
ulated[7℄ for the average FPT of this algorithm on a variety ofproblems. In 
ommon with many heuristi
s, most of the existing work towardmodelling this algorithm has been fo
ussed on problem lands
apes 
hosen
hie
y for their analyti
al properties. Our work is an attempt to apply someof the existing methodology to models of small (but nontrivial) instan
es hardproblems.As with simulated annealing, suppose m is the transition matrix for a singlemutation; then we may 
onstru
t from this a matrixM representing a random(Poisson-distributed) number of mutations:M(t) = 1Xn=0mnP (nj�(t))= 1Xn=0mne��(t)�(t)n=n!1 It should be noted that our Poisson-distributed number of mutations is subtlydi�erent to the (binomial) distribution given by a per-lo
us mutation probability,and that the lo
i at whi
h our mutations are applied are 
hosen with repla
ement. Ifthe expe
ted number of mutations is O (1), then the e�e
ts of both these di�eren
esdiminish as the string length grows. 6



= e��(t) 1Xn=0 (m�(t))n =n!= e��(t)em�(t)= e�(t)(m�I)(To eÆ
iently 
ompute the exponential e�(t)(m�I), we expand in terms of theeigenvalues and eigenve
tors of m. If �i are the eigenvalues of m and v is amatrix 
omposed of the right-hand eigenve
tors ofm su
h that the ith 
olumn
orresponds to the eigenve
tor with eigenvalue �i, then e�(t)(m�I) = v�1Dvwhere Dij = diag �e�(t)(�i�1)�.)As with our treatment of simulated annealing, we de�ne an a

eptan
e matrix,to be multiplied element-wise by M , given simply by Aji = [
j � 
i℄ (we usethe 
onvention that a bra
keted predi
ate evaluates to 1 if the predi
ate istrue, 0 otherwise). Again, a reje
ted step results in the sear
h remaining atthe same point; we a

ount for this by in
reasing the leading diagonal so thatea
h 
olumn sums to one:w(t) = A
M(t) + diag �1> � sum (A
M(t))�The �rst derivative is�w(t)��(t) = A
 � (M(t))��(t) � diag sum A
 � (M(t))��(t) !!where �M(t)��(t) = (I �m)M .2.4 Coarse-Grained S
hedulesThe optimisation of a s
hedule of length T requires a minimisation over aspa
e equivalent to RT . For large T this requires 
onsiderable 
omputation,and may be prone to numeri
al error. In order to redu
e the 
omputational
ost of the optimisation, a \
oarse-graining" may be applied to the s
hedule.Spe
i�
ally, an annealing s
hedule may be broken into blo
ks of length b, overwhi
h temperature is 
onstant. In other words, �(t) = � �b tb
�, so that thes
hedule �(t) is e�e
tively repla
ed by a s
hedule �(t) of length T=b.Coarse-graining is implemented by repla
ing the matri
es w(t) with w(t)b.Cal
ulating the gradient is straightforward, but tedious; it is, for suÆ
ientlylarge b, still faster to 
ompute than the gradient of a sequen
e of b di�erentmatri
es. 7



3 Cost Fun
tionsThe idea of an optimal parameter set is meaningless without a de�nition ofoptimality. We shall examine two di�erent \
ost fun
tions"; for ea
h, optimal-ity is a
hieved when the \
ost" is minimised. In x8 we 
onsider another 
ostfun
tion, the average �rst passage time.We assume that the only relevant statisti
s are exe
ution time and solutionquality, and thus knowing the solution quality as a fun
tion of time is suÆ
ient.Furthermore, we identify the number of iterations performed with exe
utiontime; this is reasonable, provided the number of (and time taken for) 
ostevaluations at ea
h iteration is 
onstant.3.1 Where-You-Are (WYA)The WYA 
ost depends only on whi
h state the algorithm is in after a spe
i�
number of iterations. Obviously, this has little relevan
e to the solution of realproblems (unless elitism is built into the heuristi
 itself); it does however havethe bene�t of being very eÆ
ient to 
ompute. The average WYA 
ost is givenby Cwya = 
>  TYt=1w(t)!p0 = 
> (w(T ) � w(T � 1) : : : w(2) � w(1))p0where 
 is a ve
tor su
h that 
i is the 
ost of state i. Note that we are adoptingthe 
onvention that a produ
t denoted by the Q symbol is evaluated as shownabove, with ea
h term pre-multiplying the produ
t of all previous terms.The derivative of Cwya with respe
t to the s
hedule �(t) is given by�Cwya��(t) = 
>0� TYi=t+1w(i)1A �w(t)��(t)  tYi=1w(i)!p03.2 Best-So-Far (BSF)The BSF 
ost is that of the best state rea
hed on any iteration of the algorithm;the �nal state is not important, as all visited states are 
onsidered. In mostpra
ti
al s
enarios, the goal of a sear
h is usually to �nd a good solutionrather than to have the algorithm terminate in the best state; this measure ofoptimality 
aptures that idea. 8



The implementation is more 
omplex than WYA; we use a method introdu
edby [3℄, where the transition matri
es are modi�ed to absorb parti
ular 
ostvalues. The probability of ever rea
hing a state of 
ost a or lower is denotedby P (a), and given by P (a) =m> TYt=1 da(t)!p0where m is a \mask" ve
tor withmi = 8><>: 1 
i � a0 
i > aand ea
h element of da(t) is given byda;ij(t) = 8><>: Æij 
j � awij(t) 
j > a :Let l be a list of the n distin
t 
osts in 
, in in
reasing order. The BSF 
ostis then Cbsf = P (l1) l1 + nXi=2 (P (li)� P (li�1)) li:4 Test ProblemsWe shall use a small sele
tion of binary string problems on whi
h to evaluatethe sear
h heuristi
s. The �rst is a toy problem with a highly symmetri
stru
ture, providing ease of evaluation and a very large number of lo
al optima.The others are \real problems" insofar as they are (very small instan
es of)problems known to be NP-hard.Problems based on binary strings have been 
hosen for 
onvenien
e of imple-mentation; no part of our analysis assumes a parti
ular 
onne
tivity of thesear
h spa
e.4.1 Hurdle ProblemWe shall use a toy problem known as the \hurdle problem"[8℄ as a test problem.The sear
h spa
e for the n-bit hurdle problem is the set of all binary stringsof length n. The 
ost for any given string x depends only on the Hamming9



distan
e between that string and some \goal string" g, and is given by
(x) = dH(x; g)=2e � (H(x; g) mod 2) =2(see �g. 1). The Hamming distan
e is simply the number of bit positions inwhi
h the two strings di�er. For strings x, y of length L, this is given byH(x; y) = PLi=0 [xi = yi℄.
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H(x,g)Fig. 1. Hurdle fun
tion 
ost vs hamming distan
e from goal string, for a 16-bithurdle problemIf the string x is subje
ted to a single-bit mutation, then the new distributionof H(x; g) 
an be 
omputed entirely from the old distribution of H(x; g).Therefore, the Hamming distan
e from the goal in
ludes all the informationwe require, and we may redu
e the sear
h spa
e of binary strings (2n points)to a (n+ 1)-state model for H(x; g).This high degree of symmetry was one of the reasons for 
hoosing to look atthe hurdle problem; the other is that lo
al minima are highly abundant in thesear
h spa
e, with exa
tly half of the points in the sear
h spa
e being minima(one of whi
h is of 
ourse the global minimum). In fa
t, the sear
h spa
e forthe n-bit hurdle problem is a bipartite graph, with the two vertex sets beingthe set of all the minima and the set of all the saddle points.4.2 \Real" ProblemsWe shall also attempt to produ
e optimal s
hedules for a few small instan
es of\hard" problems. Three problem types were examined, ea
h of whi
h featuresa 
ost fun
tion de�ned over all binary strings of a parti
ular length; in ea
h
ase, this sear
h spa
e was redu
ed to a small number (usually 30-50) of statesusing a barrier tree model (x5). 10



Max-3-SAT The binary string is interpreted as a set of boolean variables. Aset of \
lauses" is 
reated, ea
h of whi
h is the disjun
tion of three terms,ea
h of whi
h is either a variable or its negation. The 
ost of a string is thenumber of dissatis�ed 
lauses.Binary Per
eptron A set of random data ve
tors is generated, where everyentry is in f�1; 1g; ea
h is also assigned a random label from f�1; 1g. Astring is said to 
orre
tly 
lassify a data ve
tor if, when interpreted as ave
tor of this form, the s
alar produ
t with that data ve
tor has the samesign as the label of that data ve
tor. The 
ost of a string is taken to be thenumber of mis
lassi�ed data ve
tors.Spin Glass The 
ost 
an be thought of as a randomly-weighted sum of 
or-relations between bits in the string. A random matrix J is generated, withea
h Jij 2 f�1; 1g. Again, a string x is interpreted as a set of values su
hthat xi 2 f�1; 1g ; the 
ost of the string is then given by Pi<j Jijxixj.5 Redu
ing State Spa
e for Large ProblemsUnfortunately, most \hard" problems do not exhibit the kind of obvious sym-metry that we were able to exploit with the hurdle problem. There are, how-ever, alternative ways to 
onstru
t a reasonably-sized model for a problem; weshall use a barrier tree model, as in [9,10℄. Note that we are 
onstru
ting bar-rier tree as models of problems, rather than de�ning problems by randomly
reating barrier trees; the intention is that the trees produ
ed 
apture thestru
ture of the underlying problems.5.1 Barrier TreesLet S be a sear
h spa
e, with neighbourhood fun
tion n : S ! 2S, and 
ostfun
tion 
 : S ! R. An element y is said to be a

essible from an element xif there exists a path between them whi
h does not visit any node of higher
ost than that of x; we may express this formally as a predi
ate on pairs ofelements in S: a

(x; y) () 9L 2 Z+; 9p : Z! Ss:t: 1 � i � L =) p(i) 2 n(p(i� 1))and 8i 2 [0; L℄ ; 
(p(i)) � 
(x)and p(0) = x; p(L) = yWe now de�ne an equivalen
e relation on S withx � y () a

(x; y) ^ (
(x) = 
(y))11



These equivalen
e 
lasses (known as level-a

essible sets) are to be the statesfor the Markov model. They may be represented as nodes on a graph, with
lasses Si and Sj, 
(Si) < 
(Sj), 
onne
ted if Sj is the lowest-
ost state tosatisfy 9x 2 Si; 9y 2 Sj; a

(x; y). (Note that if a

essibility holds for any onepair from Si�Sj, then it holds for all su
h pairs.) If there exists su
h a state,it is guaranteed to be unique; otherwise there would be two equal-
ost statesSj, Sk 
onne
ted via a lower-
ost state Si, and thus we would have Sj � Sk.Sin
e ea
h state may only be 
onne
ted to at most one state of higher 
ost,no 
y
les are possible, and thus we have a tree (example: �g. 2). Although thestru
ture of the tree is not of dire
t use to the Markov model, it has utility as atool for visualising the stru
ture of lo
al minima and saddle points within thesear
h spa
e. Ea
h leaf node of the tree represents a minimum, while non-leafnodes are saddle points.(An alternative de�nition, that of level-
onne
ted sets, requires the path tohave 
onstant 
osts, and produ
es a 
onsiderably larger number of equivalen
e
lasses. The de�nition of 
onne
tedness between these 
lasses then permits
y
les, and thus a barrier graph is produ
ed instead of a tree. To keep the sizeof the state spa
e manageable, we shall look only at level-a

essible sets.)We note that the 16-bit hurdle problem studied earlier has 215 saddle points(all strings of odd distan
e from the goal string). However, all saddle pointsare a

essible from all others. To see this, observe that 
onstru
ting a pathfrom the goal string to any saddle point with Hamming distan
e from thegoal string in
reasing at every step will produ
e a path with maximum 
ostat the saddle point. Thus there are only 8 non-leaf nodes in the barrier treefor the 16-bit hurdle problem, 
orresponding to the tops of the \hurdles" inthe hurdle fun
tion �g. 1. However, ea
h lo
al minimum is a separate state, sothe number of 
hildren belonging to ea
h of these saddle-point nodes be
omesexponentially large as the \denser" states (those 
orresponding to many saddlepoints of equal 
ost) are rea
hed; this is illustrated by �g. 3.5.2 Constru
ting a Markov ModelThe barrier tree provides a set of states for our Markov model; however, thisis of little value unless we know the transition probabilities between the states(the matrixm), and the distribution of initial states (the ve
tor p0). The latteris produ
ed simply by taking the 
ardinality of ea
h set, divided by that ofthe sear
h spa
e. The former is approximated by examining the boundary ofea
h set: enumerating all possible mutations of all elements of a set provides alist of neighbour elements (whi
h is permitted to 
ontain dupli
ate elements).The probability of transition to any other set is then assumed to be equal to12
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Fig. 2. An example of a barrier tree for a 20-variable Max-SAT problem. Only thearea of the tree 
ontaining the global minimum is shown.the proportion of the neighbour elements whi
h belong to that set.The probability of a mutation from a uniformly random element in state ito any element in state j is given exa
tly by mji. However, the result of themutation will not be a random element in state j; the distribution is knownto be non-uniform. As a result, the transition probabilities depend on theprevious nodes visited, and we do not have a true Markov pro
ess; in assumingthat this dependen
y 
an be ignored, we are making an approximation.It is sometimes possible to 
onstru
t a barrier tree for problems where thestate spa
e is too large to sear
h exhaustively. A region around the globaloptimum of suÆ
ient size to 
ontain most of the lo
al minima 
an be exploredin full, with the rest of the points in the sear
h spa
e 
lassi�ed a

ordingto 
ost. The transition probabilities for these extra states may be estimatedthrough random sampling of the sear
h spa
e[11℄.6 ResultsIn order to �nd the optimal parameter set for any given sear
h heuristi
, wemust perform a minimisation a
ross the parameter spa
e for that heuristi
.13
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0Fig. 3. Barrier tree states and 
osts for an L-bit hurdle problem. The tree pi
turedis illustrative rather than a

urate for some L. Note that every point in the sear
hspa
e is either a lo
al minimum or maximum. Be
ause every lo
al maximum isa

essible from all other maxima of the same 
ost, the vast majority of the nodes
orrespond to lo
al minima.Simulated annealing and the des
ent with variable mutation are similar insofaras their parameters take the form of a \s
hedule" - a fun
tion �(t) whi
hde�nes the value of a parameter at a given iteration t. The length of thes
hedule is therefore the total number of iterations; we denote this by T .We assume that the length of the s
hedule is �xed; the parameter spa
e to beoptimised over is then RT . Various gradient-based methods exist for 
ontinuousoptimisation in high-dimensional spa
e; we 
hoose to use the S
aled ConjugateGradient method (as implemented by [12℄), with 500 iterations. This numberof iterations was derived experimentally: those SCG runs whi
h rea
hed thislimit had slowed to the point where further iterations produ
ed no noti
eable
hange.The minimisations were repeated, beginning ea
h time with a di�erent randomlog-normally distributed s
hedule; no signi�
ant di�eren
es were observed inthe optimised s
hedules. This is of 
ourse no guarantee that the parameterspa
e is devoid of lo
al minima, and we therefore 
annot be 
ompletely 
ertainthat our s
hedules are the global optima.14
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Fig. 4. Example WYA and BSF-optimised s
hedules for a 16-bit hurdle problem.Verti
al axis is temperature, i.e. the re
ipro
al of �(t).6.1 Hurdle ProblemS
hedulesOptimal annealing s
hedules were produ
ed for the 16-bit hurdle problem.Fig. 4 shows one WYA-optimal and one BSF-optimal s
hedule (both of length200); it is immediately apparent that they are qualitatively di�erent.Common to both s
hedules is an initial period of rapid 
ooling whi
h thenslows down; however, where the WYA s
hedule 
ontinues to 
ool for the re-mainder of the time, the BSF s
hedule a
tually in
reases temperature to apeak just before the end of the s
hedule. A probable explanation for this fea-ture is that the BSF s
hedule is utilising the same strategy as WYA to arriveat a point whi
h is likely to be 
lose to the optimum, then performing a lo
alsear
h by attempting to visit as many neighbouring states as possibly (startingwith those 
losest).This behaviour prevents stagnation, as remaining in a low-
ost state is ofno parti
ular bene�t for a BSF algorithm, and doing so for too long willonly impede exploration of the sear
h spa
e. By 
ontrast, the WYA s
hedulepromotes a gradual \settling", in order to �nish as 
lose to the optimum aspossible.A feature present in both s
hedules is a sudden de
rease in temperature at thelast step of the s
hedule. This is an obvious requirement for a good s
hedule;regardless of whether WYA or BSF 
ost is 
onsidered, the last step shouldnever be in the uphill dire
tion. The stru
ture of the sear
h spa
e of thehurdle problem is su
h that every point is either a lo
al minimum, or has only15
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Fig. 5. Predi
ted vs. measured performan
e of a WYA s
hedule; measured resultsaveraged over 100 000 runs.lo
al minima for neighbours; thus a single iteration at zero temperature willsuÆ
e to ensure that the algorithm terminates at a minimum. Although thisis obviously of little dire
t importan
e for a BSF s
hedule, making an uphillmove at the last iteration 
annot possibly be of any use, whereas a downhillstep 
ould pay o� in the event that the sear
h is 
urrently at a maximum, andone of the adjoining minima is of lower 
ost than any other visited thus far.Performan
eFigs. 5 and 6 show the performan
e of the WYA and BSF-optimised s
hedulesrespe
tively; the performan
e predi
ted by the model is almost indistinguish-able from the observed performan
e in both 
ases. This agreement was to beexpe
ted, as the redu
ed model for the hurdle problem is an exa
t model ofthe original problem (x4.1).The WYA evaluation of the BSF s
hedule (and vi
e versa) are shown for
omparison: we observe that the WYA-optimised s
hedule also performs rea-sonably with BSF 
riteria (the 
onverse is 
learly not true).6.2 Real problemsAlthough most of the test problems used were based on 20-bit binary stringrepresentations, for whi
h the barrier tree model was 
onstru
ted through ex-haustive mapping of the 
ost lands
ape, it is possible to produ
e approximatemodels through random sampling of the sear
h spa
e. The s
hedule shownin �g. 7 was produ
ed in this way, but has a very similar stru
ture to those16
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Fig. 6. Predi
ted vs. measured performan
e of a BSF s
hedule; measured resultsaveraged over 100 000 runs.
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tFig. 7. An annealing s
hedule for a 40-variable Max-SAT problem, produ
ed froma sampled barrier tree model with 85 states.produ
ed for the smaller problems.On all of the \real" problems (Max-SAT, the binary per
eptron, and the spinglass), it was found that, without ex
eption, the predi
ted 
osts were under-estimates; the optimised s
hedules did not perform so well in pra
tise as thepredi
tions of the model suggested. Fig. 8 shows the typi
al behaviour; thepredi
tion is qualitatively 
orre
t, but over-optimisti
.The fa
t that the observed results di�er from those predi
ted by the modelis no real surprise, as the barrier tree representation is an approximation tothe a
tual problem (x5.2). However, the fa
t that the predi
ted performan
e isalways over-estimated is worthy of investigation, for it suggests the presen
e17
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Fig. 9. BSF s
hedules on a Max-SAT problem were sometimes found to have periodi
behaviour.of a systemati
 e�e
t by whi
h the model problems be
ome easier to solvethan the problems themselves.For some Max-SAT problems, BSF s
hedules displayed an os
illatory be-haviour (�g. 9) whi
h may be 
onne
ted to that observed in [3℄. This featurevaried in prominen
e, with the deviation from the general shape (�g. 13) onlybeing dis
ernible in around half of the test problems. It is likely that the peri-odi
 behaviour e�e
tively 
auses restarts in the sear
h, produ
ing an iterateddes
ent algorithm. The small amplitude of the 
u
tuation suggests that a fullrestart is not being performed, but rather a ba
ktra
k to a higher barrier state.18
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Fig. 10. Comparison between performan
e of optimised annealing and mutations
hedules, on a 64-bit hurdle problem.6.3 Variable MutationThe variable mutation sear
h was found to produ
e 
onsiderably better per-forman
e than simulated annealing on the hurdle problem (�g. 10), althoughthis advantage disappeared when the two were 
ompared on Max-SAT prob-lems. This is largely due to the stru
ture of the hurdle problem, whi
h 
ausestransitions towards the global optimum to be
ome in
reasingly diÆ
ult. Vari-able mutation sear
h bene�ts from a \rat
het e�e
t", as it will never moveto a state of higher 
ost. On many problems this would make traversal ofbarriers very diÆ
ult, requiring many mutations in one step. However, all lo-
al minima on the hurdle problem are very shallow, and 
an be es
aped witha double mutation. Simulated annealing, however, is likely to take ba
kwardsteps when 
lose to the global optimum, simply be
ause they outnumber byfar the opportunities for steps towards the optimum; this is in agreement withthe observations in [8℄.Fig. 11 shows a large qualitative di�eren
e between the mutation s
hedulesfor the hurdle and Max-SAT problems. Both begin with a high mutation rate,re
e
ting the idea that a small period of random sear
h 
an rapidly providean improvement over the starting point. Afterwards, the mutation s
hedulesroughly resembled the 
orresponding annealing s
hedules.6.4 Coarse-graining and s
hedule lengthIn x2.4, we introdu
ed a 
oarse-graining of annealing (or mutation) s
heduleswith respe
t to time. Our motive was to produ
e a 
omputational short
ut19
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Fig. 11. Example mutation s
hedules for two problems.
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Fig. 12. Coarse-grained WYA s
hedules for a hurdle problem, various blo
k sizes.with whi
h longer s
hedules 
ould be studied. A variety of 
ases were exam-ined; in ea
h, a reasonable 
oarse-graining was found to produ
e a s
hedulewhi
h was representative of the original �ne-grained one (e.g. �g. 12, 13).Sin
e very short s
hedules 
an be qualitatively di�erent to longer ones, it is dif-�
ult to verify that longer 
oarse-grained s
hedules are good approximationsin all situations, espe
ially in the 
ase of BSF s
hedules, where the 
omputa-tional e�ort asso
iated with optimisation is 
onsiderably higher than for WYA
ost. However, it should be noted that annealing with 
oarse-grained s
hedules
an be 
onsidered as simply a variant on simulated annealing. While providinga good approximation to \normal" s
hedules is 
ertainly desirable, it is by nomeans essential. 20
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Fig. 13. Coarse-grained BSF s
hedules for a Max-SAT problem, various blo
k sizes.
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Fig. 14. WYA hurdle s
hedules show a very good overlap6.5 Overlapping s
hedulesOn some problems, s
hedules of di�erent lengths were found to \overlap"signi�
antly; ignoring behaviour at the extremities of the s
hedules, the 
urveswere often so similar that they appeared 
oin
ident (�g. 14). This was foundto be the 
ase for the hurdle problem with WYA 
ost, and for some of theMax-SAT problems. Where this was not the 
ase (e.g. �g. 15), the s
hedulesshowed mu
h similarity, but were 
learly distin
t. It is possible that the degreeof overlap may be 
onne
ted to parti
ular properties of the sear
h spa
e; in the
ase of the hurdle problem at least, it might be explained by the self-similarityof the 
ost lands
ape. 21
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Fig. 15. BSF hurdle s
hedules show no overlap7 Average-Optimal S
hedulesIn this se
tion we explore the possibility of optimising the parameters of aheuristi
 for a 
lass of problems rather than for a spe
i�
 instan
e.Thus far, our method for produ
ing optimal s
hedules has been dependent onprior knowledge of the stru
ture of the sear
h spa
e. Disregarding toy problemswhere the stru
ture (and usually the lo
ation of the optimum) 
an be deriveddire
tly from the problem spe
i�
ation, the gathering of this information usu-ally requires an exhaustive enumeration of the sear
h spa
e. Optimising asear
h heuristi
 for a problem to whi
h one already has a solution is usefulfor theoreti
al study of the quality of the model, but is of very little dire
tpra
ti
al use.However, it may be the 
ase that a heuristi
 optimised for one instan
e ina 
lass of problems may also perform well on other instan
es of that 
lass;ideally, one 
ould hope to �nd a parameter set whi
h is optimal for a 
lassof problems. Although it is very unlikely that a parti
ular set of parameterswill be optimal for every instan
e in a 
lass, it is possible to �nd parametersoptimal for a randomly-
hosen instan
e, by minimising the 
ost when averagedover all possible instan
es.Shown in �g. 16 is an annealing s
hedule optimised over a set of twelve Max-SAT problems; we shall refer to this as the average-optimal s
hedule. For 
om-parison, the average of the twelve individually optimised s
hedules is shown;we observe that the averaging has produ
ed a s
hedule whi
h is qualitativelydi�erent from the individual s
hedules, with a visible \step" e�e
t 
aused bythe di�erent times at whi
h the s
hedules enter the �nal rapid 
ooling stage.In 
ontrast, the average-optimal s
hedule bears mu
h resemblan
e to the in-22
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Fig. 16. Comparison between an average-optimal s
hedule and the average of allthe individually-optimal s
hedules. S
hedules produ
ed for WYA 
ost of simulatedannealing on a set of twelve Max-SAT problems; 100 (
onstant-temperature) blo
ksof 16 iterations.dividual s
hedules.Sin
e the \stepping" e�e
t is an artifa
t of the way we have averaged thes
hedules (dire
tly, by separately averaging ea
h �(t)), it is possible that theaverage-optimal s
hedule may be better approximated by the 
onstru
tionof a s
hedule with various properties (e.g. time of �nal 
ooling, maximumtemperature, average rate of de
ay) 
hosen to represent the average of thoseof the individual s
hedules. Obviously su
h a 
onstru
tion makes assumptionsabout the general shape of the s
hedules, and may be diÆ
ult to produ
eautomati
ally.Results for the performan
e of the average-optimal s
hedule on the real prob-lem were somewhat surprising; although we were aware that the behaviourpredi
ted by the model was subje
t to a 
onsistent ina

ura
y (x6.2) and thatthe s
hedules were unlikely to be optimal, it was nonetheless unexpe
ted thatthe average-optimal s
hedule should outperform the individual s
hedules (�g.17) in the majority of 
ases (ten out of twelve test problems).Sin
e the di�eren
es between predi
ted and observed performan
e stem fromthe loss of information inherent in adopting a redu
ed-size approximation tothe sear
h spa
e, we propose the possible explanation that our optimal s
hed-ules are maximising predi
ted performan
e by exploiting problem-spe
i�
 ar-tifa
ts of the barrier-tree representation. When minimising the average 
ost,the bene�ts of exploiting su
h an artifa
t are outweighed by the detrimentale�e
t on the performan
e on all other problem instan
es.23
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Fig. 17. When tested against the a
tual problems, the average-optimal s
hedulegives better performan
e than s
hedules spe
i�
ally optimised for those probleminstan
es.8 Optimal Heuristi
sIn this se
tion, we will examine several \toy heuristi
s" in an attempt toanswer some of the questions raised in x6.2 regarding the ina

ura
ies in thepredi
tions of our model. Our intention is to form a better understanding of theproblems and the heuristi
s. In parti
ular, we wish to know what informationis required for the heuristi
s to be eÆ
ient.For these heuristi
s, we shall use a di�erent measure of 
ost: the average�rst passage time, de�ned to be the average number of iterations before theoptimum is rea
hed. Obviously, this is only well-de�ned for algorithms whi
hare guaranteed to rea
h the optimum eventually (this is a ne
essary but notsuÆ
ient 
ondition); those 
onsidered thus far have been time-dependent, andhave been limited to a �xed number of iterations. However, the heuristi
s weare about to introdu
e are not time-dependent, and thus �rst passage timeis relatively easy to 
ompute 2 . There is also the additional advantage thatno termination 
riterion is ne
essary; given a heuristi
 and a sear
h problem,the best average FPT 
ost attainable is an absolute, unlike the WYA andBSF 
osts, for whi
h the optimal parameters are themselves dependent uponthe 
hoi
e of termination 
riteria. Be
ause of this, the FPT performan
e is
ommonly used in 
omplexity analysis.2 By this we mean that the average FPT is given by a simple, 
losed-form ex-pression, requiring solution of one linear equation. The 
al
ulation requires O �n3�operations (where n is the number of states), and thus grows faster with n thanWYA or BSF 
ost (O �n2T � and O �jCjn2T � respe
tively, where T is the numberof heuristi
 iterations and C is the set of 
osts).24



8.1 First Passage TimeThe average \�rst passage time" Tfp is the average number of iterationsbefore the optimum is rea
hed for the �rst time. This may be 
al
ulatedwith the assistan
e of a modi�ed transition matrix ŵij = (1 � ej)wij, whereei = [8j; 
i � 
j℄, so that ŵ is identi
al to w with the ex
eption that the
olumns 
orresponding to the transition probabilities from the optimal state(s)are repla
ed with 
olumns of zeros. Note that ŵ is no longer a sto
hasti
 ma-trix, and is in fa
t singular.The probability of a parti
ular �rst passage time t o

urring is P (Tfp = t) =e>ŵtp0; we note that, over all t, these probabilities must sum to one, and thuse>  1Xt=0 ŵt!p0 = e>(I � ŵ)�1p0 = 1Sin
e this must be true for all p0, we have e>(I � ŵ)�1 = 1>, and thereforewe 
an repla
e the symbol `e>' with 1> (I � ŵ).hTfpi = 1Xt=0 tP (Tfp = t)= 1Xt=0 (t + 1)P (Tfp = t)� 1Xt=0 P (Tfp = t)= e>  1Xt=0 (t+ 1) ŵt!p0 � 1= e> ddŵ 1Xt=1 ŵtp0 � 1= 1> (I � ŵ) ddŵ (I � ŵ)�1 p0 � 1= 1>(I � ŵ)�1p0 � 1
8.2 Lower Bound AlgorithmIt is possible to devise a heuristi
 with full a-priori knowledge of the sear
hspa
e. The \lower bound algorithm" is the optimal su
h heuristi
 one 
anprodu
e without violating the following 
onstraints:� The state of the heuristi
 must be representable as a single point in thesear
h spa
e (this pre
ludes the use of any history information)25



� On
e per iteration, a randomly-
hosen neighbour may be examined, andoptionally adopted as the new position� Only the neighbour itself is observable; dire
tion information may not beused(Note that optimality for this heuristi
 is de�ned in terms of the sear
h spa
epresented to the heuristi
, not of any underlying spa
e of whi
h it may be anabstra
tion. For example, when applied to a barrier tree model of a problem,only the performan
e on the model is of 
on
ern.)Thus ea
h iteration shall 
onsist of a neighbour being proposed, and optionallysele
ted, with no other useful a
tions being possible. Any su
h algorithm isredu
ible to a de
ision fun
tion PA(i! j), giving the probability of a

eptinga transition from state i to state j. Note that having full information about thesear
h spa
e and the 
urrent position removes any advantage asso
iated withtime-dependent heuristi
s and randomisation. The 
urrent position is knownpre
isely, and thus there is no need to use \time" to make inferen
es about the
urrent state, nor to use randomised behaviour to 
ompensate for un
ertainty.Thus our PA(i ! j) will only ever take values from f0; 1g, and our \lowerbound algorithm" may be redu
ed to an a

eptan
e matrix, similar to thoseused for the heuristi
s in x2.2 and x2.3. The optimal a

eptan
e matrix isprodu
ed using Dijkstra's algorithm for the shortest path to the optimal state,with a small 
ompli
ation in the 
al
ulation of distan
e labels. Helpfully, thismethod also simultaneously 
omputes the average FPT from ea
h state; theFPT from a random starting state 
an then be 
al
ulated trivially.
8.3 Cost-Dependent AlgorithmWe now impose one further restri
tion on the sear
h heuristi
: the only infor-mation available about a state shall be the 
ost; thus states of equal 
ost areindistinguishable. A randomly 
hosen neighbour whi
h happens to have lower
ost may be a lo
al minimum, or may lead to the global minimum - thereis no way for the algorithm to tell, and thus the algorithm need no longerbe time-independent and deterministi
. The latter we a

ept, permitting thea

eptan
e probabilities to take fra
tional values; the former we 
onstrain ar-ti�
ially for reasons of pra
ti
ality. Our goal is to determine, by 
omparison tothe lower bound algorithm, whether the loss of information about individualstates is to the detriment of the heuristi
's performan
e.26
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Fig. 18. FPT for four di�erent algorithms on (barrier trees of) a variety of test prob-lems. Within ea
h 
ategory, problems are sorted by number of barrier tree states.On a small number of problems, the optimisation for the 
ost-dependent algorithm
onsistently diverged, hen
e the o

asional missing points from this series. The otherabsent data points are those few results with times ex
eeding 500 iterations.8.4 Single-Parameter Heuristi
sFPT is diÆ
ult to 
al
ulate for the heuristi
s in x2, due to the impli
it as-sumption of a �nite number of iterations. We avoid this issue by introdu
ingsingle-parameter annealing, where the annealing temperature is held 
onstanta
ross all time; an identi
al simpli�
ation is used for the mutation sear
h.(It is indeed possible to use an alternative parameterisation of the anneal-ing/mutation s
hedules whi
h allows for in�nite s
hedules to be representedby a �xed number of parameters.)8.5 FPT ResultsAverage �rst passage times were 
omputed for ea
h algorithm on a set ofbarrier tree problems, and are shown in �g. 18. It was frequently found thatthe matrix (I � ŵ) was near-singular; 
omputation of derivatives was espe-
ially awkward, so a method not requiring an expli
it gradient (the Nelder-Mead Simplex method) was favoured instead. The optimisations were repeatedten times for ea
h problem, from di�erent initial 
onditions, with obvious er-roneous results dis
arded (the optimisation o

asionally diverged, produ
ingnegative, in�nite, or indeterminate FPT). The �ltered results were then 
on-sistent, usually mat
hing to at least four signi�
ant �gures.Single-temperature annealing is a spe
ial 
ase of the 
ost-dependent algo-27



rithm, whi
h itself is a spe
ial 
ase of the lower bound algorithm. Thus it isno surprise that of these three, the lower bound algorithm is always best, andsingle-temperature annealing always worst. The mutation sear
h falls outsideof this s
ale, as the ability to move to a point outside the immediate neigh-bourhood violates the 
onstraints of x8.2. While it is of 
ourse possible for analgorithm with this freedom to outperform the others, this parti
ular exampleis hampered by the inability to make uphill moves; any jump past a barriermust take pla
e in a single move.We might have expe
ted a 
orrelation between FPT and the number of barriertree states. The problems may be thought of as graphs on whi
h the heuristi
sperform various types of random walk, and thus the number of states in thetree (i.e. the number of nodes on the graph) would seem to be a reasonableindi
ator of the diÆ
ulty of the problem. At a glan
e, it appears that nosu
h relationship 
an be inferred, at least not on the s
ale of the problems weexamined.The di�eren
e between the FPT for lower bound and 
ost-dependent algo-rithms varies 
onsiderably a
ross the problem set. On those problems wherethe two are identi
al, one would expe
t to �nd that the behaviour of the twoalgorithms is very similar. In fa
t, di�eren
es between the two are only pos-sible where there exist a number of states with the same 
ost, in whi
h 
asethe state may still sometimes be uniquely determined by the magnitude of the
ost di�eren
e of the neighbour sele
ted by the algorithm.An obvious feature of the results is the apparent superiority of simulatedannealing over the mutation sear
h. One 
an imagine instan
es of plateau orbarrier traversal where 
onstant-temperature annealing would be expe
ted tobehave as a random walk (or worse, in the 
ase of the barrier), but wherethe mutation sear
h 
ould, at least in theory, pass the obsta
le in less timethrough multiple mutations. In fa
t, we have observed this already for variablemutation sear
h on the hurdle problem (x6.3, [8℄). However, it may be thatin the 
ase of large barriers, the inability of mutation sear
h to move to anintermediate point outweighs the \wandering" tenden
y of �xed-temperatureannealing.9 Con
lusionsIn this paper we have 
onstru
ted a general framework for optimising parame-ters (spe
i�
ally, annealing and mutation s
hedules) for sear
hes on problemstoo large to be analysed with existing methods. Although the problems weexamined were of trivial size 
ompared to those typi
ally used as ben
hmarks(whi
h are admittedly still too large for us to analyse), they were 
onsiderably28



larger than the toy problems previously studied. Sear
h spa
es with millionsof elements were redu
ed to a barrier tree model with around 30-50 states,transforming the parameter optimisation pro
ess from an infeasibly vast 
om-putation to a task easily a
hievable with quite modest resour
es.The strength of the approa
h is that it may be applied to any �nite opti-misation problem, sin
e a barrier tree 
an be 
onstru
ted for any �nite 
ostlands
ape. The 
aveat is that the barrier tree fails to 
apture all the relevantinformation from the original sear
h spa
e. This is of 
ourse to be expe
tedfor any \hard" problem.Consequently, the s
hedules optimised on the model are not optimal on theproblems themselves; real performan
e is 
onsistently poorer than that pre-di
ted by the model, and it is not diÆ
ult to �nd better s
hedules on the realproblem. (However, the qualitative agreement between the model and the realbehaviour is good.)Although the ina

ura
y of the predi
tions means that this approa
h is un-likely to be of dire
t use to pra
titioners, it may be of substantial theoreti
albene�t when attempting to understand why sear
h algorithms struggle with\hard" problems. Where we might previously have assumed that the 
om-plexity lay entirely within the stru
ture of lo
al minima and barriers, we nowknow that this is not true. Furthermore, we have at least a partial model ofa sear
h on a hard problem; there are possibilities for studying the 
auses ofthe dis
repan
ies and produ
ing re�nements to the model.There is potential for average-optimal s
hedules to be applied to s
enarioswhere large groups of similar problems are presented, although the resultingin
rease in e�e
tiveness must obviously be weighed against the 
omputational
ost of produ
ing su
h a s
hedule.In x8 we 
al
ulated average �rst passage time for simpli�ed single-parameterversions of simulated annealing and variable mutation sear
h; the former wasfound to 
onsistently outperform the latter, in 
ontrast with the observationsfor WYA 
ost for the original versions of the heuristi
s (x6.3). Within the
onstraints of x8.2, an optimal algorithm was formulated, whi
h provided alower bound for the FPT of single mutation time-independent heuristi
s su
has 
onstant temperature simulated annealing. The mutation sear
h did notviolate this bound, despite not meeting the single mutation 
riterion.Referen
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