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Abstract— In this contribution, we analyze the asymptotic spectral- better SE performance, when system load is low [6]. In [2,5-7], no
efficiency (ASE) of multiuser MIMO-CDMA systems, when assumingom-  gpatial correlation among the transmit/receive antennas was assumed.

munications over flat fading channels with arbitrary spatial correlation. ) ; e
Our analysis is built on the operator-valued free probability theory, which However, as we know, spatial correlation may significantly degrade the

is applied to obtain the limit distribution of the correlati on matrix's eigen- ~ ¢apacity of MIMO systems. For this sake, in [8], spatial correlation
values, as the MIMO-CDMA systems’ size tends to infinity. The sparal- ~ and line-of-sight components have been invoked and, furtherraore,
efficiency (SE) performance of the MIMO-CDMA systems is investigted  generalized resource pooling scheme has been proposed. Hpwever
via both analysis and simulations. Our simulation and numercal results i, order to derive the ASE, the approach in [8] requires to obtain
ngﬁ‘i’évtggtb;ﬂﬁeAC%Erézp%%%?ﬁéereO;ig{g’,{?,'&%?c%‘ﬁg g;,g%smu;‘? of th&E  first the limit of the received amplitudes’ joint distribution and, then,
to solve a matrix differential equation. Additionally, the asymptotic
I INTRODUCTION outage region in MIMO-CDMA systems has been studied in [9], under
the assumption that the two transmit antennas are without correlation.
In this paper, we study the asymptotic spectral-efficiency (ASE) The so-called operator-valued free probability theory is a more
of uplink multiuser MIMO-CDMA systems, wherasymptotic means general version of the free probability theory [1, 10]. It allows us to
that both the number of users, denot&d supported by a MIMO- deal with the very general scenarios where arbitrary correlation exists
CDMA system and the spreading factor, denoted\gyend to infinity, The landmark work of applying the operator-valued free probability
while their ratio3 = K/N is fixed. In the considered MIMO- theory in wireless communications is [10], which has analyzed the
CDMA systems, the number of transmit antennas of a mobile termirsymptotic capacity of MIMO systems, either when communicating
(MT) and the number of receive antennas at the base-station (BSgr multipath fading channels without spatial correlation, or when
are denoted byV; and N,, respectively, which are assumed finitecommunicating over flat fading channels with non-separable spatial
We assume that channels from different MTs to the BS experiencerrelation. Based on the approaches and results provided in [10], [1
independent Rayleigh fading, since different MTs in general distribuitas also studied the asymptotic capacity of the MIMO orthogonal
geographically at different locations. However, for a given MT, wé&equency-division multiplex (MIMO-OFDM) systems, when with-
assume that the signals from different transmit antennas to differentt considering spatial correlation. However, to the best of authors’
receive antennas may be arbitrarily correlated in the spatial domainowledge, no other applications in the wireless communications have
In this paper, the ASE of the MIMO-CDMA systems is analyzed witlso far invoked the operator-valued free probability theory. In this
the aid of random matrix theory and operator-valued free probabilitpntribution, we make use of the operator-valued free probability
theory [1-4]. A range of closed-form formulas are derived andlgo- theory for analyzing the ASE of MIMO-CDMA systems. As shown
rithm is proposed for supporting the ASE computation. Furthermori@, Section 1ll, the channel matrix in the considered MIMO-CDMA
the spectral-efficiency (SE) performance of some MIMO-CDMA syssystems can be expressed as a block matrix, whose entries are arbitrar
tems is investigated based on evaluation of our derived formulascasrelated due to the spatial correlation. The asymptotic eigenvalue
well as by simulations. Our studies show that the analytical ASfistribution (AED) of this type of channel matrices cannot be directly
obtained in this paper is capable of providing good approximation fobtained by the free probability theory, but can be efficiently derived
the SE achieved by the uplink MIMO-CDMA systems with realistiaith the aid of the operator-valued free probability theory.
assumptions for supporting a fixed number of users and using a fixedhroughout the paper, there are some not well-known notations
spreading factor. used, which are listed below for convenience.
In wireless communications, the SE performance of MIMO sys- , ¢, C*: Complex field and complex upper half-plane;
tems with or without spatial correlation as well as that of CDMA , M,4(C): Set of(d x d) matrices with their entries frorfi;
systems supported by various multiuser detection schemes have begntr,;: Normalized trace oM 4(C), trg(X) = Tr(X)/d;
investigated based on random matrix and free probability theories,, J(z): Imaginary part ofz.
as seen, e.g., the references [1-11] as well as the references the
in. Specifically, in [2, 5], the ASE performance of multiuser MIMO- Il. SYSTEM MODEL AND MAIN ASSUMPTIONS
CDMA systems has been studied, when assuming that multiple antenA single-cell uplink MIMO-CDMA system with its schematic block
nas are employed at the BS-receiver and single antenna is emplogiediram as shown in Fig. 1 is considered. It suppdftaumber of
by every MT-transmitter. By contrast, in [6, 7], the ASE of MIMO-uplink MTs, each of which employ#; transmit antennas. The BS
CDMA systems has been considered, when multiple transmit ahds N, receive antennas. The complex channel gain between-the
multiple receive antennas are employed. Explicitly, in this type dh receive antenna and the-th transmit antenna of the-th MT is
MIMO-CDMA systems, data transmitted by different antennas of ttgenoted by:; "™ for m =1,...,N;;n=1,...,N; k=1,... K.
same MT may be spread either by the same spreading code forAdthough CDMA channels typically experience frequency-selective
the transmit antennas or by different spreading codes respectivigging, in this paper, we, however as done in [2, 5-9], assume flat fa
for different transmit antennas. For convenience, these two scherimg for the sake of simplicity to make the analysis manageable. In this
are respectively referred to as tlsame code assignment scheme paper, we assume that all user signals are synchronously reegided
and different code assignment scheme. When comparing these two that power-control is employed to make the average power received
schemes, in general, the same code assignment scheme is cagediieeach of thek’ MTs the same. Furthermore, we assume that each
of achieving better SE performance, when the system l8ag= of the K MTs is assigned one spreading codeNdflength, which is
K/N is high, while the different code assignment scheme achieused for spreading by all the transmit antennas of the MT. Therefore,



A2. Symbols transmitted by any MTs are iid Gaussian variables with
zero mean and a common variancel@V;. Correspondingly,
the signal-to-noise ratio (SNR) in terms of a MTligo>.

A3. Signals transmitted by MTs experience flat Rayleigh fading.
Since uplink communications are considered and MTs are in
general geographically at different locations, we hence as-
sume that the channels with respect to different MTs expe-
rience independent fading. In mathematics, this implies that
Elay™(az™)"] = 0, provided thak # k.

A4. For thek-th MT, its channel gaing}”™, n =1,--- ,Ny; m =
1,---, N, can be arbitrarily correlated in the spatial domain.
Furthermore, owing to the varianced@f""™ being normalized to
one, the correlation coefficient can be expressed as

BS Front End

Fig. 1. Schematic block diagram for uplink MIMO-CDMA systems. pr(n,m;n,m) = E[a;"m(a:’m)*]
=1, if n=nm=m
:{ <1, otherwise ®)
our spreading codes are assigned based on the same code assignmen
scheme, as mentioned in Section I. Note that, the reason for us to U&. Different MTs have the same spatial correlation character-
this code assignment is that a full-multiplexing MIMO transmission istics, meaning thaip: (n,m;n,m) = pa(n,m;n,m) =
scheme is assumed, which is capable of distinguishing the symbols -+ = px(n,m;n,m) = p(n, m;n,m), when the values for
transmitted by a MT based on, e.g., the BLAST coding and decoding ™, n, m andn are the same.
principles. Based on above assumptions, the correlation coefficient between
At the BS, each of theV,. receive antennas uses a chip-waveforra, ™ andag’m can be expressed in a compact form as
matched-filter (MF) to generate observation samples for detection. _
Based on the above assumptions, we can readily show that the discrete- pxi (7, m; i, ) = Elay ™ (ap™)"] = 5, - p(n, m; 71, 1m)
time signals received by theth,n = 1,..., N,, receive antenna at kk=1,...,K;nn=1,,Nyymm=1,---,Ny (6)

the BS can be expressed as . ) . i
whered;; is the Dirac-delta function, defined 45 = 1, wheni = j,

I oL andd;; = 0, otherwise. Let us below analyze the SE of MIMO-CDMA
Yn = Z Q" 8kTk,m + Np = Z SAnmTm +nn systems based on the above assumptions.
m=1k=1 m=1
=[SA. 1,842, - ,SA, N, ]2+ 1, (1) I1l. ASYMPTOTIC SPECTRAL-EFFICIENCY
where. by definition. we hav When assuming that the BS employs the ideal knowledge d#out
ere, by detinition, we have while the MTs know only the distribution information of the fading
Ap o = diag{al™, al™, - a™} channels, the optimum detection can be carried out at the BS. In this
' T case, the ergodic SE of the MIMO-CDMA systems normalized by the
S =[s1,82," " 8k, Tm = [T1m, Tk m] (2)  spreading factor can be formulated as [3, 4, 12]
T = [xlT ,wﬁt]T, Ny = [no,n1, -, nn-1]" 1 Ry
CErg = NE log, det | Ixn, + N,o? (7)

In (1) and (2) s« is anN-length column vector denoting tiketh MT's
spreading codeyy ., is the symbol transmitted by the-th transmit where the average is taken with respect to both the random spreading
antenna of thé-th MT andn., is the corresponding Gaussian nois€odes and the random fading channels. When ASE is concerned by
vector. When the observation samples received by alMheeceive letting K, N — co andK/N = 3, we have

antennas are collected injo= [y{, - ,y%,]", we can represent it

. 1 Ry
as CASy = 1\}520 N 10g2 [det (IN,K + W)}
y=Hz+n (3) e
h i lock matrix gi = gim ML folo L 0)

whereH is a(N N, x K N;) block matrix given by = N N | NEK 2. 82 N,o2

SA171 SALQ SAl,Nt ©° x

H— SA2,1 SA212 te SAQ’Nt (4) :Ntﬁ/o 10g2 <1 + W) fRH (m)dx (8)
SA: SA: - sA : where \g,, (i) represents théth eigenvalue of thé N\ K x N,K)
Nr,1 Nps2ooote N, Nt matrix Rg, while fr,, (x) is the AED of matrixRg, which needs to

while the NTN.|ength Comp|ex Gaussian noise vectar = be derived first in order to obtain the ASE formula for the MIMO-
[n{,ng, - ,n%TV]T has zero mean and a covariance matrix ofDMA systems.

From (4), we can see that the channel matfixof the uplink

2 o ; o .
o“I nn,, Whereo” denotes the Gaussian noise’s variance. A MIMO-CDMA systems can be decomposed into

Let the autocorrelation matrix ol be expressed bRy, whic
is a nonnegative definite matrix. In order to derive the ASE of the H=CAx (9)
MIMO-CDMA systems, the distribution of the eigenvaluesR¥f; is
required to be obtained first. Our forthcoming analysis is based on if{gere

assumptions summarized as follows. Ay Ao - Aln,
Al. Random spreading codes are employed, whose elements are Az Az - Ao,
independently identically distributed (iid) circularly symmetric Ax = . . . (10)

complex random variables with zero mean and a variance of : : ' :
1/N. Hence, they satisfifsy|| = 1,k =1,--- , K. An,1 An.2 - AN,



isan(N,K x N.K) block matrix and wherefgr, (x)isthe AED ofR,4, andz = —1/~.

S Finally, Given the Stieltjes transform ofg  (z), the AED of Rg
S can now be obtained by its inversion formufa [4], yielding
C = =1y, ®8 11 1.
N, © (11) TRy (@) = — lim S(mp,, (z+ V=1y)) (18)
s o

. . whereS(z) means the imaginary part of the complex number

is an (N, N x N,K) matrix. In (11) @ denotes the Kronecker = As shown in (17), we need first to obtain the AED Bfy ., i.e.
product operation. Therefore, with the aid of (9), we can rewrite thg, (z), before finding the AED oRj, which is considered in the
autocorrelation matrix off as next subsection with the aid of the principlesaplerator-valued free

Ry =H"H = Alc"CAk (12) probability.
o N .
According to the matrix theory [4], theV, K x N,K) matrix Ry B Asymptotic Eigenvalue Distribution of R4, = AxAx

and the(N, K x N,K) matrix Ry = AxA{C"C have the same  Asshownin (10)Ax is a block matrix, where each of thé. x N,
non-zero eigenvalues. Furthermore, the relationship between the AHIReks is an(K x K) diagonal matrix. Due to the spatial correlation,

of Ry andRpy is formulated by [4] entries inA x may be correlated and the covariance is given by (6). To
N N the authors’ best knowledge, the accurate AELRqf,, has not been
MRy (V) =1 — =+ + < Mry (V) (13) found and it seems extremely hard to derive this accurate AED. For this
Ne o N sake, we propose an approximation approach, which approximates the
herenry (v) andng,, (v) are, respectively, the-transform [4] of AED of R4, by the AED of Bx B}, whereB is defined as
fry (%) and fg,, (x) of the AEDs of matrices®y and Ry, which Bi. Bi» - B,
are given by [4 5 3271 B272 . BQ,N, 19
o0 1 K= . . 1
o) = [ (15) ixoe 19 o |
0 7 Bn.i Bn,2 -+ By,

whereX is for Rg or Ry . Therefore, from above we are implied that nom K . .
the AED of Ry can be found through deriving first the AED Rfy, ~Where each blociB,, ., = {b;"}"_, is an(K x K) Gaussian
which is now considered below. matrix [4]. The entries ofBx are circularly symmetric complex

- o = Gaussian variables, with zero mean and covariances
A. Asymptotic Eigenvalue Distribution of Ry

Let Ra,, = AxA¥ andRc = CYC. Then, we haveRy = E [bﬁgm(b%f§ )*] = %&,ﬁj,; - p(n, m;n,m) (20)
R4, Rc. In order to make it possible to derive the AED Rfy, o . ) ) .
we assume (or approximate) thRty . and R¢ are asymptotically whereg(n, m; 7i,7) has been defined in (5). As our simulation results
free. This assumption is reasonable, since, according to [4, 13], to>ection IV show, the above approximation is feasible and also very
independent unitarily invariant matrices are asymptotically free. ffcurate. The reason is that it can be probtéat the AEDS of both
our case, firstRa, and Rc are independent. Second, as pointedx B and R4, are defined in the positive real axis and that they
out in [14], unitary invariance is a property employed by a set drave the same first and second moments. Furthermore, their third
random matrices with the set size being much larger than the [Pments are also very close to eachHother. ,
Gaussian ensemble. Hence, we can be confidentRhat and R According to [10], the AED oB x B can be derived based on the
are asymptotically free, which is also verified by our results show@perator-valued free probability theory. The results have been stated in

in Section IV. Consequently, with the aid of Theorem 2.68 in [4], thé theorem in [10], which is repeated here for convenience.
n-transform of the AED oRy can be represented as Theorem1: [10] Considering a block matriBx as defined in
(19), for K — oo, the (KN, x KN,.) matrix BxBiL/(N, + Ny)

5 has almost surely a limiting eigenvalue distribution, whose Cauchy
MRy (V) = NRa Sre (May (V) — 1) (19) transformG(z) is determined by
where Sg,, (x) denotes the S-transform of the AED Bf, which is G(z) =ty (G(2)) (21)
defined [4] by thej-transform asSg,, (z) = f”Tfln;{l 1+ ). where G(z) is an My,.(C)-valued analytic function on the upper
From (11) we hav&®' = Iy, ® S. Hence, the AED ofRc is the complex half-plane, which is uniquely determined by the facts that

same as that o§7S. Therefore, using the Maenko-Pastur (M-P) lim 2G(z) =1 22)

law [4] for the AED of 878, we can obtain the S-transform of the |2|—00,3(2)>0 T

AED of Rc, which is [4] and that it satisfies for all in the upper complex half-plane the matrix

Sre (@) 1 (16) equation

1 + Bx
where, as defined previously,= K/N is the system load factor of the
MIMO-CDMA systems. Finally, applying(+) = m(—~~")/~ ofthe ~Where
relationship between the Stieltjgs transfém!d then-transform [4] as 1 2 My, (C) — Mp,.(C) and w2 : My, (C) — My, (C)
well as (16) to (15), we can obtain the Stieltjes transformRgf, given

2G(2) = In, + 1 ((In —92(G(2)) ) G(2)  (23)

and the covariance mappings are given by

by
N¢
Mg () == Ty (~1 [1- 6 Boma, ()] @y =y O Ak D@ (@4
r fki=1
[ fR4, () N,
A e e e W@ =y Do PN (29
r tg=1

lLet X be a real-valued random variable with distributiBg (-). Then, the
Stieltjes transform is defined as [#x (z) = [ dFx (z)/(z — x)d=. 2The detailed proof is removed from this paper due to the spaie |



whereQ represents a matrix considered. Ni=5, N=3, N=16,3=KIN=0.75,p=0.7

Note that, in Theorem 1, after multiplied it by1, the Cauchy
transform is the same as the Stieltjes transform [4]. Consequently, the
AED of B B% /(N, + N;) can be obtained frorti(z) by carrying
out the inverse Stieltjes transform, as shown in (18). Finally, the AED
of R4, can be approximated by the AED 8B, which can be
directly derived from the AED oBB¥ /(N, + N;), sinceN,. and
N, are constants.
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C. Solutionsto Equations (17) and (23) 5

From the previous analysis in Sections IlI-A and IlI-B, we can see : * Asymptotic:|  Simulated:
that, in order to derive the AED &y, Egs. (17) and (23) are required ° — p=0.2 O p=0.2
to be solved first. Due to the facts that (17) is an integral equation and ' --- =04 < p=0.4
(23) is a matrix equation, it is very hard to solve these transcendental f :; ”ffg'g g /’ffg'g
equations directly. In this paper, with the aid of the fixed point theorem 0 = =
and the principles of contraction mapping [4], we propose an iterative 0 5 10 15 20 25 30
method to derive the solutions of these two equation. SNR(dB)

From Eq. (23), a mapping used in our iterative algorithm is eXig: 2. SE versus SNR performance of MIMO-CDMA systems, when th
receive antennas have different correlation.

pressed as
—1y7— SNR=15dB,p=0.7, N=2, N=16,3=K/N=0.75
G FoG) = [eIn, —vn ((Iy, —2(9) )] (26) 10 P07 N72, N716,5 Pa—
where we have used(z) = @ for simplicity. In [15], it has been = JE =
proofed that the mapping (G) is a contraction mapping. Further- P s e - {/ - o
more, in order to speed up the convergence, in [15], an improved E P et ﬂ_,_/-’fT’
iteration structure has been proposed, which can be expressed as =} ,/;" e
> oy _ -
1 1 O 6 7 o
G- W.(9) := ig + i}—z(g) (27) E.J /v,/ a7
o / -
S A -
In the context of Eq. (17), the mapping used in our iterative algo- o o4 /; L
. w A
rithm can be expressed as S ¢ Asymplotic: Simulated:
[&] — —
oo T o — p=0.1 O p=0.1
m i To(m) = / Tran® 0 ) - - p=05 S p=05
o [1—p8—=pzmlz—=z —— p=0.9 0 p=0.9
. L — A
where we have seth = mg, (z), again, for the simplicity of 0 independent] 2 independen;
description. Furthermore, it can be shown tHatis a contraction 1 2 8 4 5 6 7 8
mapping. . Nr
With the aid of the above mappings, the iterative algorithm fdfi9: 3: ~ SE versus the number of receive antennas for the MINDDAS
solving Egs. (17) and (23) can be summarized as follow: systems, when the receive antennas have different coamlati

1) For a given argument, setting an initial value. Specifically, for
Eq. (27), it can b&, = I n,., while for Eq. (28), it can beny =
1++v-1-1.

2) Forn =1,2,..., carrying out the operations:

observe that they are in good accordance. From this we are implied
that, even for the MIMO-CDMA systems of moderate size (h¥re-
16, K =12, N, = 5, N, = 3), their SE can be closely estimated by
Gri1 — W2(Gn), M1 — To(my) (29) the corresponding ASE. From Fig.2, we can observe that the receive
antenna correlation has slight impact on the achievable SE of the
until the solutions converge or the maximum number of itel’ad”MO_CDMA systems. Specifica”% there is abdibdB loss, when
tions is reached, yielding the solutions to Egs. (17) and (23). p,. changes fron0.2 to 0.8. The reason behind is twofold. First, the
IV. PERFORMANCERESULTS degrees-of-freedom (DoF) in MIMO-CDMA systems is constituted
: by both the DoF in the spatial domain and the DoF provided by the
In this section, we provide some SE results evaluated from our angbreading codes. Second, the correlation model considered for this
ysis as well as the corresponding SE results obtained by simulatidiggire is exponential type, which results in that the spatial correlation
to show the SE performance of the MIMO-CDMA systems as well aeduces quickly as the spacing between two receive antennas ircrease
to illustrate how close the analytical results agree with the simulationFig.3 compares the achievable SE versus the number of receive
results. For the sake of illustrating the effect of the correlation amo@agtennas, when different receive antenna correlation is considered
the transmit antennas and of that among the receive antennas, inAb&in, from Fig.3 we can see that the simulated SE for a specific
examples considered, we assume that the overall spatial correlatiomis1O-CDMA system is close to its corresponding ASE. As expected,
separable in terms of the transmit and receive antennas, which cantee achievable SE of the MIMO-CDMA systems increasesNas
expressed as(n, m; 71, m) = pi" " pl™ =™ We, however, note that, increases, while decreasesasincreases. Furthermore, the SE cor-
our analytical results obtained in this paper are suitable for the MIM@sponding to a relatively smafl, value increases faster than that
systems where the transmit and receive antennas have arbitrary spatizesponding to a relatively large value, whenh,. is less thant.
correlation, no matter whether this spatial correlation is separableAs seen in Fig.3, the MIMO-CDMA systems with = 0.1 is capable
non-separable. of achieving the SE o8bits/s/Hz by employing N, = 5 receive
Fig.2 shows the ASE and the SE obtained by simulations for tlaatennas, while the MIMO-CDMA systems with = 0.95 requires
specific MIMO-CDMA systems considered, when various receivd, = 8 receive antennas to attain the same SE.
antenna correlation is assumed. The parameters configurating thin Fig.4, we compare the achievable SE of the MIMO-CDMA sys-
MIMO-CDMA systems are shown associated with Fig.2. When contems employing different number of transmit antennas. As observed in
paring the simulated SE with the corresponding ASE results, we cBigs.2 and 3, the results in Fig.4 again show that the ASE can provide



SNR=150dB,=0.7,,=0.5, N=16,3=K/N=0.75 SNR=15dB
" 20

—_ —_ — N&=2,N=4,0=p=0
I I ---- N=2,N=4,0=p=0.5 i
B P 16|~ NEAN=20=p=0 -
Z) 12 E ——= N&=4,N=2,0=p,=0.5 /"/
5 3 N=3,N=3,0=p=0 Tt
> > = = N&=3,N=3,0=p,=0.5 s
8] O 12 AT
g ° S e R
= = gl ===
i w 8 B =
s g < P e
S L2 g g
B 4 io-H ; ° o
b ’/ Asymptotic: Simulated: @ 4 P
(% € — N=2 O N=2 (% ‘___‘5;7-//
---- N&=4 O N4 P
—— Nz=6 0 N=6
0 0
1 2 3 4 5 6 7 8 0.0 0.4 0.8 12 16 2.0
N, B
Fig. 4. SE versus the number of receive antennas for the MINDBA&  Fig. 6. ASE versus system logbperformance of the MIMO-CDMA systems
systems employing different number of transmit antennas. when givenN,. + N; = 6.
(=K/N=1 with K and N tend to infinity
24 . L . -
— N&=2, N=4, p=p=0 ) provide a very close approximation for the SE achieved by a realistic
---- N=2, N=4, p=p=0.5 MIMO-CDMA system, which has fixed values for the number of

20| - N=4, N=2, pi=p=0
— = N&=4,N=2,p=p,=0.5
””” N=3, N=3, p=p,=0
—— Ni=3,N=3, p=p=0.5

transmit antenna, number of receive antennas, spreading fadttren
number of MTs supported.
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