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Abstract—In this contribution the asymptotic signal-to-interference-
plus-noise ratio (SINR) performance of multicarrier direct-sequence
code-division multiple-access systems employing time-frequency-domain
spreading, i.e., of the TF/MC DS-CDMA systems, is studied, when sepa-
rate minimum mean-square error multiuser detection (MMSE-MUD) is
considered. The separate MMSE-MUD detects signals first in the time
(T)-domain and then in the frequency (F)-domain. Based on random
matrix theory, closed-form expressions for the asymptotic SINR of the
TF/MC DS-CDMA systems using separate MMSE-MUD is derived, when
communicating over additive white Gaussian noise (AWGN) channels.
The closed-form expressions show that the asymptotic SINR performance
is only depended on the T- and F-domain user load factors as well as
noise variance. Hence, they are beneficial to evaluation. Furthermore, our
simulation and numerical results show that in most cases the asymptotic
SINR can provide a good approximation to the SINR achieved by realistic
TF/MC DS-CDMA systems employing separate MMSE-MUD.

I. INTRODUCTION

Multicarrier techniques have been recognized the promising tech-
niques for broadband wireless communications [1-3]. Recently, mul-
ticarrier DS-CDMA employing both time (T)-domain and frequency
(F)-domain spreading, which is referred to as the TF/MC DS-CDMA,
has been proposed for broadband wireless communications, owning to
its high-flexibility of system design and reconfiguration [4, 5]. Due to
the employment of two dimensions of spreading, MUD in the TF/MC
DS-CDMA systems is capable of achieving a good trade-off between
complexity and performance [3,4]. The MUD in the TE/MC DS-
CDMA systems can be carried out separately in two steps, first in
the T-domain and, then, in the F-domain [4, 5]. The complexity of the
separate MUD can be significantly lower than that of the conventional
(or joint) MUD, which carries out the MUD jointly in the T-domain
and F-domain. In this contribution, we analyze the asymptotic SINR
performance of the separate MMSE-MUD for the TF/MC DS-CDMA
systems employ random spreading sequences, when communicating
over AWGN channels. Furthermore, we illustrate the effectiveness of
the analytical results obtained under the asymptotic conditions by com-
paring them with the corresponding results obtained by simulations.

Note that, in this contribution asymptotic means that both the num-
ber of users, say K, supported by a TF/MC DS-CDMA system and
the spreading factor, say /V, tend to infinity, while the ratio 3 = K /N
retains constant.

With the aid of random matrix theory [6], asymptotic SINR perfor-
mance of MUDs has been investigated in a number of references, such
as, e.g., in [7-9, 11] for CDMA and in [12] for multi-antenna MIMO
systems. As the studies in [7-10] shown, in DS-CDMA systems the
SINR of the MMSE-MUD converges to a deterministic expression as
the number of users and spreading factor tend to infinity with their
ratio fixed, when communicating over Gaussian channels [7, 8] or over
multipath fading channels [9]. Similarly, the asymptotic performance
of multicarrier CDMA systems using MUD has been studied in [11],
which also results in closed-form expressions of SINR. Furthermore,
it can be shown that the closed-form expressions obtained from the
asymptotic analysis are effective for practical application, since in
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most cases they provide results that are close to their practical coun-
terparts, as seen in [6] and also in Section IV of this paper.

In this contribution, we derive the asymptotic SINR expressions of
the TF/MC DS-CDMA systems using separate MMSE-MUD. Both
Gaussian approximation method (GAM) and accurate method (ACM)
assisted MMSE-MUDs are considered. For the GAM-assisted MMSE-
MUD the residual multiuser interference (MUI) after the T-domain
MMSE-MUD is approximated as independent Gaussian random vari-
ables, when carrying out the following F-domain MMSE-MUD. By
contrast, the ACM-assisted MMSE-MUD treats the residual MUI
from the T-domain MMSE-MUD as interference, which is further
suppressed by the F-domain MMSE-MUD. Our studies show that the
ACM-assisted MMSE-MUD usually outperforms the GAM-assisted
MMSE-MUD, when considering their achievable SINR performance.

II. TF/MC DS-CDMA SYSTEMS EMPLOYING SEPARATE

MMSE-MUD
A. Signal Model
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Fig. 1. Transmitter model of MC DS-CDMA using both time- and frequency-
domain spreading.

The transmitter schematic block diagram for the kth user supported
by the TF/MC DS-CDMA is shown in Fig.1, which is the same as that
in [13]. For convenience, the main parameters used are summarized as
below:

e Ny: Number of orthogonal subcarriers or F-domain spreading
factor;

o N,;: T-domain spreading factor;

e« N =N Ny Total spreading factor of TF/MC DS-CDMA;

e N/M: Number of T-domain/F-domain spreading sequences as-
signed to the active users supported by the TF/MC DS-CDMA
system;

o I: Total number of active users, which is assumed to be K =
MN;
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e B¢, By, B: T-domain load factor, F-domain load factor and total
system load factor, respectively, where 3; = N/N;, By =
M/Nf andﬁ = ﬂtﬂf = MN/N

As shown in Fig.1, the data symbols transmitted by the kth user

are first spread in the T-domain using a T-domain signature waveform
cgk) (t) formed from a T-domain spreading sequence cgk) assigned to
the kth user. Then, the T-domain spreading signal is copied to Ny
parallel sub-streams, each of which is multiplied by a chip of the F-
domain spreading sequence ci,k) to achieve the F-domain spreading.
Note that, in order to make the /Ny subcarriers orthogonal, the F-
domain spacing between two adjacent subcarriers is assumed 1/7,
where 7. denotes the chip-duration of the T-domain signature wave-
form.

For the TF/MC DS-CDMA system considered in this paper, the

following assumptions are applied.

Al. K number of user signals are synchronously transmitted to the
base-station (BS);

A2. Binary phase-shift keying (BPSK) data modulation with P (b, =
+1) = P(bp = —1) = 0.5;

A3. Perfect power-control makes the received power from each of
the users the same;

A4. Random spreading sequences, whose elements are iid circularly
symmetric complex random variables with zero mean and vari-
ance 1/N; for T-domain spreading sequences while variance
1/Ny for F-domain spreading sequences. Hence, the T-domain
and F-domain sequences are normalized to HcEk)H2 = 1and
les|? = 1.

Based on above assumptions, the observation vector obtained from

the Ny filters matching to the chip-waveform of the DS signature
waveform can be expressed as [13]

K
e Z (cg,k) ® c§k>) bk +n (D)
k=1
where ® denotes Kronecker product operation, while n is a Ny Ny-
length circularly symmetric complex Gaussian noise vector that is
distributed with zero mean and a covariance matrix 021 x FNos where
o2 =1 /SNR and SNR is the signal-to-noise ratio (SNR). Since
there is no interference between any two subcarriers, the NyNy-
length observation vector y can be divided into /Ny sub-vectors, each
corresponds to one subcarrier:

T T T T
Y= [y17’.112:"'7ny

Yo = [yul,yv27"' ayUNt]T 2)

where y, is a N;-length vector containing N; observation samples
of the vth subcarrier within one symbol duration, and y, is the nth
sample from the vth subcarrier.

The K = M N number of active users are assigned their T-domain
and F-domain spreading sequences according to the following rules:
The kth user is assigned the T-domain spreading sequence cﬁ”), if
n = (k — [(k — 1)/N]|N), where the operation |z| returns the
largest integer not exceeding x; The kth user is assigned the F-domain
spreading sequence c(fm), if m = |(k — 1)/N] + 1. Under this
sequence assignment scheme, we can show that (1) can be rewritten
as

M N
Yy= Z Z (c(/n) ®c§ﬂ)> b?mn +n

m=1n=1
=Cy2C:)b+n=Cb+n 3)
where Cy = c;l),-~~ 7c§cM)], C: = [c£1>,~~~ 7c§N) ,b =
[bl,bg,...,bK]TandC:Cf ®Ct.

According to the spreading sequence assignment scheme and (3),
we can see that the K users can be divided into M groups with

each group containing N users. Users in one group share the same
F-domain spreading sequence but are distinguished by different T-
domain spreading sequences. By contrast, the M groups can be distin-
guished by the M number of unique F-domain spreading sequences.
Let us below consider the principles of the separate MMSE-MUD.

B. Separate MMSE-MUD

The T-domain MMSE-MUD is implemented associated with each of
the /Ny subcarriers. Specifically, for the vth subcarrier, the observation
vector ¥, can be expressed as

Yo = Cix +n, 4)

where n, is N;-length and contains the noise samples from the
vth subcarrier, and the nth element of z is given by =z, =
> Tj\f:l c(f?)bnm, where each pair of (m, n) determines a correspond-
ing index k, as specified in the last subsection.

After correlation operation, the sufficient statistics of & can be
expressed as

9, = R+, v=1,2,..., Ny )

where R, = CEC, and 1, = CF¥n,. Based on (5), it can be readily
shown that the T-domain MMSE-MUD can be implemented by multi-
plying g, with a weight matrix W; = (R; + Nyo*In/M)™" [14],
which is independent of the index v. The above MMSE solution
minimizes the MSE in terms of each individual subcarrier. However,
it does not result in maximization of the overall SINR when consid-
ering together the N subcarriers. After some tests, we find that a
better solution for the vth subcarrier, which results in higher overall
SINR than that achieved by using the weight matrix W = (R: +
Nyo?In/M)™", is (R: 4+ o®In)™". Therefore, in this contribution
we use the T-domain weight matrix W, = (R; + oI N)fl instead of
the one derived directly from (5).

Let @ = (Rt + 0’2IN)71R15 and P = (R: + UQIN)AC’,{H, the
soft output of the T-domain MMSE-MUD at the vth subcarrier can be
written as

2y = Qx + Pn, 6)

Let the first user belonging to the first user group be the desired user.
Let r1 = [z11, 221, - ,szl]T contain all the T-domain MMSE-
MUD’s outputs corresponding to the first user group. Then, 1 can be
expressed as

N
1 = quCrb1 + Z q1nCsby + 1’ @)

n=2

where the second term at the righthand side is the MUI caused by the
other user groups and the third term is the Gaussian noise distributed
with zero mean and a covariance matrix o® >> 2 | |p1n|*I n . Finally,
ps; and ¢;; represent the (7, j)th entries of P and @, respectively.

Let us now turn to consider the F-domain MMSE-MUD, for which
two methods are considered. The first one is the Gaussian approxima-
tion method (GAM), which approximates the residual MUI from the
T-domain MMSE-MUD as independent additive Gaussian noise. By
contrast, the second one is the accurate method (ACM), which further
suppresses the residual MUI from the T-domain MMSE-MUD. In the
context of the GAM, the F-domain weight vector in MMSE sense for
detecting by of the first user can be expressed as

1 1
Wyam = (Cfc'? - %INf> eV ®)

where ve = |g11|*/ (), [q1a|* +0° 320, [p1a]?) is the T-domain
MMSE-MUD’s output SINR, which is in fact equal to

yy = <c§1)>H <Cz1C'g I 02INt)_1c§1) )



where C't; is obtained from C'; by removing its first column.
By contrast, for the ACM, based on (7) we can show that the F-
domain weight vector in MMSE sense can be expressed as

N Ny -1
Waem = (Z lam*CrCf +>° |p1n|2021Nf) 0

n=1 n=1

Finally, the decision variable for detection of b; can be formed as

5 H o H
b1 = wyemT1 OF b1 = Wy, T1

(1)

for the GAM or ACM, respectively.
After both the T-domain and F-domain MMSE-MUD:s, it can be
shown that the final SINR corresponding to the GAM is given by

—1
_ (" g1 ©)
Ygam = <Cf ) (Cflcfl + %INJ(> Cf (12)

where C'f; is formed from C'y by removing its first column. The final
SINR corresponding to the ACM is given by

N
Yacm = (c“>)H CnChi+y, Cioperd
! T gn? !

o |pin? -

1in 2 (1)

+Z 50 Ing cr
“— Jqu|

13)

Let us now analyse the asymptotic SINR performance of the TF/MC
DS-CDMA systems based on (12) and (13).

III. DERIVATION OF ASYMPTOTIC SINR

It is well-known that the output SINR after the MMSE-MUD can be
expressed in the form of [14]

—1
Vo = Pesi! (SkaSkH + 021) Sk (14)
where s;, is the kth user’s spreading sequence of length
N, Sk = [81,~'~7Sk71,3k+1,~“ ,SK] and Dk =
diag(P1,- -+, Po—1, Px41, -+ ,Px), where P, represents the
power received from the kth user. When assuming that the elements of
{8k} are iid circularly symmetric complex random variables with zero
mean and variance 1 /N , Theorem 3.1 in [7] shows that 7y, converges
to a deterministic value -}, as the number of users K and the length
of spreading sequences tend to infinity, while their ratio of 8 = K/N
is fixed. Furthermore, ~;; is given by [7]

. Py (15)
T 52 BEp (I(P, Pry )]
where
. PPy
(PP, __Ph 16
(P Pi7i) = 5 pye "

and in (15) and (16) P is a random variable taking into account of the
distribution of a user’s received power.

Specifically, for our considered TF/MC DS-CDMA systems using
ideal power-control, we have P, = P, = --- = Pxg = Py and
Pr(P = Py) = 1. In this case, a simple solution to (15) can be
obtained, which is [7]

(1-pPp 1 \/(1—5)2P§+(1+B)Po

202 ) * 404 202

A7)

. L1
Tk = 1

A. GAM-Assisted MMSE-MUD

‘When comparing (12) and (14), we can find that for a given value of
7t the asymptotic SINR of Vgam, i.€. Ygam, can be obtained from (17).
From (9) we can see that ;" of the asymptotic ¢ can also be directly
obtained from (17), which is given by

L _(A=p) 1 \/(1—@&)2

"= g T TV T g 20?4

Consequently, when replacing ~y; in (12) by ~;, the asymptotic SINR

of the GAM-assisted MMSE-MUD can be derived, which is expressed
as

+

X 1-— ; 1
Yo _( 2/3f)7 -
(1=085)2 | A48y | 1
-‘r\/ 1 + 5 + 1 (19)

As (18) and (19) show, the asymptotic SINR of the MMSE-MUD
using GAM is only depended on the T-domain system load [(;, F-
domain system load 3 as well as the noise variance o>,

B. ACM-Assisted MMSE-MUD

In the context of the ACM-assisted MMSE-MUD, the SINR after
the separate MMSE-MUD is given by (13). Expressing C,«Cf =
C flC?l + c;l)c;l)H and applying the Sherman-Morrison formula,
(13) can be written as

O\ o1
(cf) B¢,

Yacm = |q11|2 H (20)
1S a2 () Bt
where B is defined as
N Ny
B = {Z a1 *Cr1CHh + ) |P1n|2021] 2D
n=1 n=1

As shown in (20) and (21), in order to derive the asymptotic SINR of
Vi ems the terms of S50 [g1n |2 SN, |pin|? and |g11|? are required
to be obtained first. Let us first proof the following theorem.

Theorem I: Let H be an (N x K) matrix with entries being iid
complex random variables distributed with zero-mean and a common
variance 1/N. Let R = H" H be the correlation matrix of H. Then,
for a fixed value of 8 = K/N, the diagonal entries of R® become
equal, when N';, K — oo.

Proof: Let h,, be the nth column of H and H, be a matrix
formed from H by removing its nth column. Furthermore, let Ry =
HH" be the autocorrelation matrix of H. Then, it can be shown
that the (n, n)th entry of R™™" is given by R""™*(n,n) = hXl Ri;h,,.
Observing that Ry = Han + hnhf, we have

R (n,n)=h"R:' (H.H” + hoh )
H

= bR (HuH )by + R (bl Ry (22)
Furthermore, in the above equation
WIRy " (HLHY ) b = hERY® (HLHE) b
+ R (n,n)h <HanH ) h., 23)

When we continue to expand the term hf RfH_j (H H f )j h,, in the
above equation until (¢ — j) = 0 and substitute the related results into
(22), we finally obtain a recursive formula for R"*(n,n), which is
given by
. o j
R (nn) = Y R (nomh! (HLHY) b

J=0

(24)



According to Lemma 1 and its corollary in [9], the relations of

1
q"Aq - NTr(A) —0 and ¢"Ar —0 (25)
hold almost surely as N' — oo, provided that A, ¢ and r are
independent arguments. In (25) Tr(A) denotes the trace of matrix A.

Hence, when N — oo, in (24) we have

(o) b = o ([
N

with probability one. Furthermore, according to the MarCenko-Pastur
Law [6], it can be readily shown that the term hf (H H f )j h, is
not depended on n. Based on this property, we can see that R(n,n) =
hHh,, is not depended on n, implying that the diagonal entries of R
are equal. Finally, with the aid of (26) and the recursive equation of
(24), we can find that R*(n, n) is also not depended on n, explaining
that the diagonal entries of R’ are equal. [ ]
With the aid of the above theorem, we can now find the terms
Zn L lawnl?, Z L Ip1n|® and |g11|* as seen in (20). After some
examining, we can ﬁnd that >N |ginl?, SN [pia|? and i1 are
respectively the (1,1)th element of QQ¥, PPH and Q. Explicitly,
the matrices QQ™, PPH and @ are functions of R;, which can be
represented as the 1nﬁn1te polynomials of R, after applying expansion

_ 1 1 1
(Ri +0°I) ' = = (I— ;RH—;R? - ) 27)
Therefore, with the aid of Theorem 3.1, we finally have for i =
1,2,...,N

(26)

1

qii = NTY(Q)
L e 1 "
ngl |Q1n| = NTr(QQ )

Ny 1
> pinl* = NTr(PPH) (28)

Furthermore, when applying the Mar¢enko-Pastur Law [6], we have

qii = 271'/815/

x—a(b—x

T+ o2
N
S o gl [ E T
— 27 B¢ +02)2

x—a(b—x

P (29)

N
A

where a = (1 — /B;)> and b = (1 + \/E)2

Finally, with the results in (29), the asymptotic SINR of the ACM-
assisted MMSE-MUD can be evaluated in the same ways as for the
GAM-assisted MMSE-MUD considered in Section III-A.

IV. PERFORMANCE RESULTS

In this section we provide a few illustrations to show in what
scenarios the asymptotic SINR expressions derived may be employed
to evaluate the SINR performance of the TF/MC DS-CDMA systems
using separate MMSE-MUD in the T- and F-domain. Furthermore, we
compare the asymptotic SINR performance of the TF/MC DS-CDMA
systems using GAM- and ACM-assisted MMSE-MUDs.

Figs. 2 and 3 show the asymptotic SINR as well as the SINR of
several specific TF/MC DS-CDMA systems using different sets of T-
domain and F-domain spreading factors. In Fig. 2 the GAM-assisted
separate MMSE-MUD is employed, while in Fig. 3 the ACM-assisted
MMSE-MUD is employed. As the results in Figs. 2 and 3 illustrated,
the SINR achieved by the separate MMSE-MUD converges to the

; GAM: ==

O Asymptotic
o Nz=8,Ni=16
6| 0 Nz=16,N=32
& N=32, N=64
X N=64, N=128 o

SINR(dB)

o 4 8 12 16 20
SNR(dB)

Fig. 2. Asymptotic SINR performance of the TF/MC DS-CDMA systems
employing the GAM-assisted separate MMSE-MUD, when the T-domain and
F-domain load factors are 3¢ = 3y = 1.
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Fig. 3. Asymptotic SINR performance of the TF/MC DS-CDMA systems
employing the ACM-assisted separate MMSE-MUD, when the T-domain and
F-domain load factors are B¢ = 3y = 1.

asymptotic SINR, as the T-domain spreading factor N; and the F-
domain spreading factor Ny increase. At low SNR region, such as
lower than 12dB, the asymptotic SINR provides a good measure of the
MMSE-MUD’s achievable SINR, when N; > 16 and Ny > 32. If the
SNR is relatively high, such as higher than 16dB, the asymptotic SINR
provides a very close measure of the MMSE-MUD’s achievable SINR,
provided that N; > 32 and Ny > 64. Hence, when the T-domain and
F-domain spreading factors are sufficiently high, the asymptotic SINR
is generally capable of providing an very accurate measure of the SINR
achieved by the separate MMSE-MUD.

When comparing the results in Fig. 2 with the corresponding re-
sults in Fig. 3 we can find that for each set of (N, Ny) the SINR
performance in Fig. 3 is slightly better than that in Fig. 2, imply-
ing that the ACM-assisted separate MMSE-MUD outperforms the
GAM-assisted separate MMSE-MUD. This is because with the ACM-
assisted separate MMSE-MUD the F-domain MMSE-MUD tries to
further suppress the residual MUI after the T-domain MMSE-MUD.
By contrast, for the GAM-assisted separate MMSE-MUD, the F-
domain MMSE-MUD treats the T-domain MMSE-MUD’s residual
MUI as Gaussian noise.
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Fig. 4. Asymptotic SINR performance of the TF/MC DS-CDMA systems
supporting two user groups and using the ACM-assisted separate MMSE-
MUD, when various F-domain load factors are considered.
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Fig. 5. Asymptotic SINR performance of TF/MC DS-CDMA systems having
different F-domain and T-domain load factors, while the total system load factor
retains 3 = 1.

Fig. 4 shows the asymptotic as well as the simulated SINR per-
formance versus the F-domain load factor for the TF/MC DS-CDMA
systems supporting two user groups, when the ACM-assisted MMSE-
MUD is applied. Explicitly, the asymptotic SINR provides good
approximation for the SINR achieved by the ACM-assisted MMSE-
MUD for all the cases considered. As seen in Fig. 4, for all the cases
the differences between the ACM-assisted MMSE-MUD’s achievable
SINR and the corresponding asymptotic SINR is less than one decibel.

Finally, in Fig. 5 we compare the asymptotic SINR performance
of the TF/MC DS-CDMA systems employing the GAM- or ACM-
assisted MMSE-MUD, when different T-domain and F-domain load
factors are used while the total system load factor retains constant
[ = 1. Note that, in Fig. 5 the SINR performance of the cases ACM
(B: = 08,8 = 1.25), ACM (B; = 1.25,84 = 0.8) and GAM
(B: = 0.8,3 = 1.25) are the same; The SINR performance of the
cases ACM (B; = 0.5,8 = 2), ACM (B; = 2,3 = 0.5) and GAM
(B¢ = 0.5, 3 = 2) are also the same. Except the above cases, we can
see for all the other cases the ACM-assisted MMSE-MUD outperforms
the GAM-assisted MMSE-MUD. The reason for the GAM-assisted
MMSE-MUD under (3; = 0.8, = 2) or (Bt = 0.5,8 = 2)

achieving the same SINR performance as the ACM-assisted MMSE-
MUD under the same case is that the T-domain load is light. Hence, the
T-domain MMSE-MUD is capable of efficiently suppressing the MUI,
making the residual MUI ignorable. Consequently, both the GAM-
and ACM-assisted MMSE-MUDs achieve a similar asymptotic SINR
performance.

V. CONCLUSIONS

With the aid of random matrix theory we have investigated the
asymptotic SINR performance of the TF/MC DS-CDMA systems us-
ing separate MMSE-MUD, when communicating over AWGN chan-
nels. Two types of separate MMSE-MUDs, namely the GAM- and
ACM-assisted MMSE-MUDs, have been considered, which treat the
T-domain MMSE-MUD’s residual MUI as Gaussian noise or inter-
ference that is further suppressed by the F-domain MMSE-MUD. A
range of closed-form expressions facilitating to evaluate have been
derived. Simulation results show that in most cases the SINR values
of the TF/MC DS-CDMA systems using separate MMSE-MUD are
close to that evaluated by the closed-form expressions. Furthermore,
our studies demonstrate that the ACM-assisted MMSE-MUD usually
outperforms the GAM-assisted MMSE-MUD when considering their
achievable SINR performance. Given a constant system load factor,
for both the MMSE-MUDs, the TF/MC DS-CDMA systems with the
same T-domain and F-domain load factors usually achieve the best
SINR performance.
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