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p
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b
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,

y
ield

in
g

k
1

=
−

2e
π

an
d

k
2

=
e
π

.
If

w
e

sw
itch

ag
ain

at
t
=

π
b

ack
to

B
2 ,

th
en

th
e

g
lu

in
g

co
n

d
itio

n
is

w
(π

+
)

=
w

(π
−

),
i.e.

:

lim
t↗

π
k
e
2
t
=

k
e
2
π

=
lim
t↘

π −
2e

π
cos(t)

+
e
π

sin
(t)

=
2e

π
,

w
h

ich
im

p
lies

th
at

k
=

2e
−

π
.

H
en

ce
th

e
trajecto

ry
w

(t)
p

ro
d

u
ced

b
y

th
e

sw
itch

in
g

sig
n

al

s(t)
=



2
t∈

[0,
π2
)

1
t∈

[
π2
,π

)
2

t≥
π

is
g

iv
en

b
y

w
(t)

=



e
2
t

t∈
[0,

π2
)

−
2
e
π

cos(t)
+

e
π

sin
(t)

t∈
[
π2
,π

)
2
e
−

π
e
2
t

t≥
π

.

T
h

is
ex

am
p

le
illu

strates
a

situ
atio

n
th

at
d

o
es

n
o

t
fi

t
in

to
th

e

classical
state

sp
ace

fram
ew

o
rk

fo
r

sw
itch

ed
sy

stem
s,

w
h

ere

th
e

sy
stem

s
are

all
assu

m
ed

to
h

av
e

th
e

sam
e

state
sp

ace
d

i-

m
en

sio
n

:
h

ere
B

1
is

d
escrib

ed
b

y
a

seco
n

d
o

rd
er

d
ifferen

tial

eq
u

atio
n

an
d

h
as

th
erefo

re
m

in
im

al
state

d
im

en
sio

n
eq

u
al

to

2
,

w
h

ile
B

2
can

itself
b

e
reg

ard
ed

as
a

state
sp

ace
sy

stem

o
f

d
im

en
sio

n
1
.

N
o

te
h

o
w

ev
er

th
at

D
efi

n
itio

n
3

also
in

clu
d

es
sw

itch
ed

state

sp
ace

sy
stem

s
as

a
sp

ecial
case.

E
xa

m
p

le
5

:
T

h
e

sw
itch

in
g

stru
ctu

re
Σ

=
(P

,
F

,
S
,
G
)

w
h

ere
P

=
{
1
,2}

,
F

=
(

B
1

=
k
er

(
dd
t I

n −
A

1 ),
B

2
=

k
er

(
dd
t I

n −
A

2 )
)

an
d

G
=

{((1,2),I
n ,I

n ),((2,1),I
n ,I

n )}
,

co
rresp

o
n

d
s

to
a

classical
sw

itch
ed

state
sp

ace
sy

stem
w

ith
o

u
t

state
reset,

i.e.
x
(t

+
)

=
x
(t

−
)

at
th

e
sw

itch
in

g

in
stan

ts.
S

p
ecify

in
g

,
fo

r
in

stan
ce,

th
e

g
lu

in
g

co
n

d
itio

n
s

G
=

{((1,2),I
n ,S

),((2,1),I
n ,S

−
1)}

,
w

h
ere

S
is

an

in
v
ertib

le
m

atrix
o

f
size

n
,

y
ield

s
th

e
state

resets

x
(t

+
)

=
S

x
(t

−
)

(w
h

en
sw

itch
in

g
fro

m
sy

stem
1

to

sy
stem

2
)

an
d

x
(t

+
)

=
S
−

1x
(t

−
)

(w
h

en
sw

itch
in

g
fro

m

sy
stem

2
to

sy
stem

1
).

III.
S

T
A

B
IL

IT
Y

O
F

S
W

IT
C

H
E

D
B

E
H

A
V

IO
R

A
L

S
Y

S
T

E
M

S

A
set

o
f

trajecto
ries

T
⊂

{w
:

R
→

R
w}

is
said

to
b

e

sta
b

le
if

lim
t→

∞
w

(t)
=

0
fo

r
all

w
∈

T
.

T
h

is
im

p
lies

th
at

n
o

n
e

o
f

th
e

co
m

p
o

n
en

ts
o

f
w

∈
T

is
free,

o
th

erw
ise

it
co

u
ld

b
e

ch
o

sen
as

n
o

t
g

o
in

g
to

zero
.

T
h

erefo
re

stab
le

b
eh

av
io

rs
are

au
to

n
o

m
o

u
s

an
d

can
h

en
ce

b
e

rep
resen

ted
b

y

sq
u

are,
n

o
n

sin
g

u
lar,

p
o

ly
n

o
m

ial
m

atrices
R

(ξ)
∈

R
[ξ]

w
×
w,

cf
T

h
eo

rem
1
.

F
ro

m
n

o
w

o
n

w
e

sh
all

co
n

sid
er

th
is

ty
p

e
o

f

rep
resen

tatio
n

s.

It
tu

rn
s

o
u

t
th

at
stab

ility
o

f
an

au
to

n
o

m
o

u
s

b
eh

av
io

r
B

=
k
erR

(
dd
t )

can
b

e
ch

aracterized
in

term
s

o
f

th
e

d
eterm

in
an

t

o
f

R
(ξ).

T
h

eo
rem

6
:

([8
])

L
et

B
=

k
erR

(
dd
t ),

w
ith

R
∈

R
[ξ]

w
×
w

n
o

n
sin

g
u

lar,
b

e
an

au
to

n
o

m
o

u
s

b
eh

av
io

r.
T

h
en

B
is

stab
le

if
an

d
o

n
ly

if
d
et

R
(λ

)
6=

0
fo

r
all

λ
/∈

C
−

:=
{
z

∈
C

|
R

e(z
)

<
0}

.

A
n

o
th

er
w

ay
o

f
ch

aracterizin
g

stab
ility

is
in

term
s

o
f

th
e

ex
isten

ce
o

f
a

L
y

ap
u

n
o
v

fu
n

ctio
n

.
L

y
ap

u
n

o
v

th
eo

ry
h

as

b
een

m
ain

ly
d

ev
elo

p
ed

fo
r

sy
stem

s
d

escrib
ed

b
y

fi
rst

o
rd

er

d
ifferen

tial
eq

u
atio

n
s.

H
o
w

ev
er,

it
can

b
e

arg
u

ed
th

at
in

m
an

y

situ
atio

n
s

a
m

o
d

el
o

b
tain

ed
fro

m
fi

rst
p

rin
cip

les
is

n
o

t
in

fi
rst

o
rd

er
fo

rm
an

d
it

m
ay

n
o

t
b

e
an

easy
task

to
tran

sfo
rm

it
in

su
ch

a
sp

ecial
rep

resen
tatio

n
.

In
th

e
b

eh
av

io
ral

co
n

tex
t,

th
e

d
efi

n
itio

n
o

f
a

L
y

ap
u

n
o
v

fu
n

ctio
n

is
b

ased
o

n
th

e
n

o
tio

n
o

f

q
u

ad
ratic

d
ifferen

tial
fo

rm
in

tro
d

u
ced

in
[1

0
].

1
5
3
5



Q
u

ad
ratic

d
ifferen

tial
fo

rm
s

(Q
D

F
)

are
m

ap
p

in
g

s
fro

m

C
∞

(
R

,
R
w)

to
C
∞

(
R

,
R

)
d

efi
n

ed
in

th
e

fo
llo

w
in

g
w

ay.

L
et

R
w
×
w

s
[ζ

,η
]
:=

{
Φ

(ζ
,η

)∈
R
w
×
w[ζ

,η
]

:
Φ

(ζ
,η

)
=

Φ
(η

,ζ
)
>}

d
en

o
te

th
e

set
o

f
sy

m
m

etric
real

tw
o

-v
ariab

le
(o

r
2

D
)
w×

w

p
o

ly
n

o
m

ial
m

atrices.
W

e
say

th
at

Φ
∈

R
w
×
w

s
[ζ

,η
]

h
as

o
rd

er

L
if

it
can

b
e

w
ritten

as
Φ

(ζ
,η

)
=

∑

Lk
,`=

0
Φ

k
,` ζ

kη
`

w
h

ere

Φ
k
,L

=
Φ

L
,k

is
a

n
o

n
zero

m
atrix

fo
r

so
m

e
k

.
T

h
e

Q
D

F
Q

Φ

asso
ciated

w
ith

Φ
∈

R
w
×
w

s
[ζ

,η
]

is
d

efi
n

ed
as

Q
Φ

:
C
∞

(
R

,
R
w)

−→
C
∞

(
R

,
R

)

w
7→

Q
Φ
(w

)
=

∑k
,`

(
d

k

d
t
k
w

)
>

Φ
k
,`

d
`

d
t
`
w

.

W
e

d
efi

n
e

th
e

o
rd

er
o

f
a

q
u

ad
ratic

d
ifferen

tial
fo

rm
Q

Φ
as

th
e

o
rd

er
o

f
th

e
asso

ciated
2

D
sy

m
m

etric
p

o
ly

n
o

m
ial

m
atrix

Φ
.N

o
te

th
at

Φ
(ζ

,η
)

can
b

e
w

ritten
as

Φ
(ζ

,η
)

=
[I

w
ζ
I
w

···ζ
L
I
w

]

Φ̃



I
w

η
I
w

...

η
L
I
w



(1
)

=
S
wL
(ζ

)
>

Φ̃
S
wL
(η

)
,

w
h

ere
L

is
th

e
co

rresp
o

n
d

in
g

o
rd

er,
Φ̃

∈
R

L
w
×

L
w

is
called

th
e

co
effi

cien
t

m
a

trix
o

f
Φ

,
an

d
S
wL
(ξ)

:=
[I

w
ξI

w
···I

w ξ
L
]

T
.

W
e

say
th

at
a

Q
D

F
Q

Φ
is

n
o

n
n

eg
a

tive
a

lo
n

g
B

,
d

en
o

ted

Q
Φ

B≥
0
,

if

(Q
Φ
(w

))(t)≥
0

fo
r

all
w

∈
B

an
d

t∈
R

.

W
h

en
n

o
n

n
eg

ativ
ity

o
f

a
Q

D
F

Q
Φ

h
o

ld
s

fo
r

ev
ery

trajecto
ry

in
C
∞

(
R

,
R
w)

w
e

w
rite

Q
Φ

≥
0

an
d

say
th

at
Φ

(o
r

Q
Φ

)

is
n

o
n

n
eg

a
tive

d
efi

n
ite.

N
o

te
th

at,
Φ

is
n

o
n

n
eg

ativ
e

d
efi

n
ite

if
an

d
o

n
ly

if
Φ̃

≥
0
.

W
e

say
th

at
Q

Φ
is

p
o

sitive
alo

n
g

B
,

d
en

o
ted

b
y

Q
Φ

B>
0

,
if

Q
Φ

B≥
0

an
d

Q
Φ
(w

)
≡

0
w

ith

w
∈

B
im

p
lies

th
at

w
≡

0
.
M

o
reo

v
er,

w
e

call
a

Q
D

F
p

o
sitive

d
efi

n
ite

if
it

is
p

o
sitiv

e
alo

n
g

C
∞

(
R

,
R
w).

A
g
ain

,Φ
is

p
o

sitiv
e

d
efi

n
ite

if
an

d
o

n
ly

if
Φ̃

>
0
.

W
e

d
efi

n
e

Q
Φ

B<
0
,
Φ

<
0
,

etc.
acco

rd
in

g
ly.

A
L

ya
p

u
n

o
v

fu
n

ctio
n

fo
r

a
b

eh
av

io
r

B
is

d
efi

n
ed

as
a

Q
D

F
Q

Φ
su

ch
th

at
th

e
v
alu

es
o

f
Q

Φ
(w

)
are

n
o

n
n

eg
ativ

e

an
d

d
ecrease

w
ith

tim
e

fo
r

th
e

trajecto
ries

w
∈

B
.

M
o

re

co
n

cretely
:

Q
Φ

B≥
0

an
d

dd
t Q

Φ

B<
0

,
(2

)

w
h

ere
dd
t Q

Φ
d

en
o

tes
th

e
Q

D
F

th
at

m
ap

s
w

∈
C
∞

(
R

,
R
w)

to
dd
t
(Q

Φ
w

).
It

is
sh

o
w

n
in

[1
0

]
th

at

dd
t Q

Φ
(ζ

,η
)
=

Q
(ζ

+
η
)Φ

(ζ
,η

)
(3

)

W
e

say
th

at
Q

Φ
is

a
co

m
m

o
n

L
ya

p
u

n
o
v

fu
n

ctio
n

fo
r

F
=

(
B

1 ,
B

2 ,...,
B

N
)

if
it

is
a

L
y

ap
u

n
o
v

fu
n

ctio
n

fo
r

ev
ery

B
j ,

j
=

1,...,N
.

T
h

e
fo

llo
w

in
g

resu
lt

estab
lish

es
th

e
eq

u
iv

alen
ce

b
etw

een

th
e

ex
isten

ce
o

f
a

L
y

ap
u

n
o
v

fu
n

ctio
n

fo
r

B
(as

d
efi

n
ed

in

(2
))

an
d

th
e

stab
ility

o
f

B
.

T
h

eo
rem

7
:

([1
0

,
T

h
eo

rem
4

.3
])

L
et

B
∈

L
w

b
e

a
b

eh
av

-

io
r.

T
h

en
B

is
stab

le
if

an
d

o
n

ly
if

th
ere

ex
ists

a
L

y
ap

u
n

o
v

fu
n

ctio
n

fo
r

B
.

W
e

sh
all

say
th

at
a

sw
itch

in
g

stru
ctu

re
Σ

=
(P

,
F

,
S
,
G
)

is
stab

le
if

th
e

set
o

f
trajecto

ries
B

Σ
is

stab
le.

S
im

ilar
to

w
h

at
h

ap
p

en
s

in
th

e
case

o
f

sw
itch

ed
state

sp
ace

sy
stem

s,
alth

o
u

g
h

n
ecessary,

th
e

stab
ility

o
f

each
o

f

th
e

b
eh

av
io

rs
in

th
e

b
an

k
F

d
o

es
n

o
t

g
u

aran
tee

th
e

stab
ility

o
f

B
Σ

(an
d

h
en

ce
o

f
Σ

).

O
u

r
aim

is
to

o
b

tain
su

ffi
cien

t
co

n
d

itio
n

s
fo

r
th

e
stab

ility

o
f

a
sw

itch
ed

stru
ctu

re
in

term
s

o
f

L
y

ap
u

n
o
v

fu
n

ctio
n

s.

W
e

sh
all

fo
cu

s
o

n
scalar

b
eh

av
io

rs,
i.e.,

w
e

sh
all

co
n

sid
er

th
at

th
e

n
u

m
b

er
o

f
v
ariab

les
is

w
=

1
.

T
h

ese
b

eh
av

io
rs

are
p

articu
larly

im
p

o
rtan

t
in

th
e

stu
d

y
o

f
stab

ility
sin

ce,
as

th
e

resu
lt

o
f

T
h

eo
rem

6
sh

o
w

s,
th

e
stab

ility
o

f
a

b
eh

av
io

r

B
=

k
erR

(
dd
t )

w
ith

w
v
ariab

les
is

eq
u

iv
alen

t
to

th
e

stab
ility

o
f

th
e

scalar
b

eh
av

io
r

B
s
c
a
la

r
=

k
er

p
(

dd
t ),

w
h

ere
p
(ξ)

=
d
et

R
(ξ).

S
in

ce
w

e
n

o
w

co
n

sid
er

b
eh

av
io

rs
w

ith
o

n
e

v
ariab

le,
th

e

q
u

ad
ratic

d
ifferen

tial
relev

an
t

fo
r

o
u

r
p

u
rp

o
ses

are
asso

ciated

w
ith

sy
m

m
etric

2D
p

o
ly

n
o

m
ials

V
(ζ

,η
)
∈

R
s [ζ

,η
].

S
u

ch

p
o

ly
n

o
m

ials
can

b
e

w
ritten

as

V
(ζ

,η
)

=
S

1L
(ζ

)
>

Ṽ
S

1L
(η

)
,

fo
r

so
m

e
L

∈
N

,
w

ith
Ṽ

th
e

co
rresp

o
n

d
in

g
(sy

m
m

etric)

co
effi

cien
t

m
atrix

.
T

h
e

Q
D

F
asso

ciated
to

V
(ζ

,η
)

is
th

en

Q
V

(w
)

=
(S

1L
(

dd
t )w

)
>

Ṽ
(S

1L
(

dd
t )w

)

=
[w

dd
t w

···
d

L

d
t
L
w

]

Ṽ



wdd
t w...

d
L

d
t
L
w



.

C
learly,

Q
V

is
p

o
sitiv

e
d

efi
n

ite
if

an
d

o
n

ly
if

Ṽ
is

a

p
o

sitiv
e

d
efi

n
ite

m
atrix

.
H

o
w

ev
er,

as
sh

o
w

n
in

th
e

fo
llo

w
in

g

ex
am

p
le,

in
g

en
eral

th
e

p
o

sitiv
ity

o
f

Q
V

w
ith

resp
ect

to
a

b
eh

av
io

r
B

d
o

es
n

o
t

im
p

ly
th

e
p

o
sitiv

ity
o

f
Ṽ

.

E
xa

m
p

le
8

:
L

et
B

=
k
er

p
(

dd
t )

b
e

a
b

eh
av

io
r

w
ith

p
(ξ)

=
ξ−

1
an

dV
(ζ

,η
)

=
−

ζ
η

+
2η

+
2ζ−

1

=
[1

ζ
]

[

−
1

2
2

−
1

]
[

1η

]

.

T
h

en

Q
V

(w
)

=
−

(
dd
t w

)
2

+
4(

dd
t w

)w
−

w
2,

w
h

ich
is

n
o

t
p

o
sitiv

e,
sin

ce,
fo

r
in

stan
t
Q

V
(w

)
=

−
w

2
fo

r

co
n

stan
t

trajecto
ries

w
.

H
o
w

ev
er,

fo
r

th
e

trajecto
ries

in
B

,

1
5
3
6



w
e

h
av

e
th

at
dd
t w

=
w

an
d

h
en

ce

Q
V

(w
)

=
2w

2
.

N
o

tin
g

th
at

th
e

o
n

ly
trajecto

ry
in

B
th

at
tak

es
o

n
th

e
v
alu

e

zero
is

th
e

zero
trajecto

ry,
th

is
m

ean
s

th
at

Q
V

is
p

o
sitiv

e

d
efi

n
ite

in
B

.

T
h

e
d

iv
erg

en
ce

b
etw

een
th

e
p

o
sitiv

ity
o

f
Q

V
an

d
its

p
o

sitiv
ity

w
ith

resp
ect

to
B

in
th

e
p

rev
io

u
s

ex
am

p
le

can

b
e

ex
p

lain
ed

b
y

th
e

fact
th

at
if

w
∈

B
th

en
th

e
v
ecto

r

[

w
(t

∗)
d
wd
t
(t

∗)

]

w
ith

t
∗
∈

R
,

can
n

o
t

assu
m

e
arb

itrary
v
alu

es
in

R
2,

m
o

re

co
n

cretely,
it

can
n

o
t

assu
m

e
th

e
v
alu

es

[

αβ

]

6=
[

00

]

fo
r

w
h

ich

[α
β
]
Ṽ

[

αβ

]

≤
0
.

T
h

e
situ

atio
n

illu
strated

in
th

is
ex

am
p

le
d

o
es

n
o

t
o

ccu
r

fo
r

a
b

eh
av

io
r

B
=

k
er

p
(

dd
t )

if
th

e
o

rd
er

o
f

th
e

Q
D

F
Q

V

is
strictly

less
th

an
th

e
d

eg
ree

o
f

th
e

p
o

ly
n

o
m

ial
p
(ξ).

In

th
e

seq
u

el
w

e
restrict

o
u

r
atten

tio
n

to
th

is
case

an
d

sh
o
w

th
at,

as
fo

r
classical

state
sp

ace
sy

stem
s,

th
e

stab
ility

o
f

a

sw
itch

in
g

stru
ctu

re
can

b
e

en
su

red
if

all
th

e
b

eh
av

io
rs

o
f

th
e

co
rresp

o
n

d
in

g
b

an
k

sh
are

a
su

itab
le

L
y

ap
u

n
o
v

fu
n

ctio
n

.

U
sin

g
th

e
sam

e
k

in
d

o
f

arg
u

m
en

ts
as

in
th

e
p

ro
o

f
o

f
th

e

th
eo

rem
o

f
L

y
ap

u
n

o
v

(see
fo

r
in

stan
ce

[4
])

it
is

p
o

ssib
le

to

sh
o
w

th
e

fo
llo

w
in

g
resu

lt.

T
h

eo
rem

9
:

L
et

Σ
=

(P
,
F

,
S
,
G
)

b
e

a
sw

itch
in

g
stru

ctu
re

su
ch

th
at

P
=

{1
,...,N

},N
∈

N
,

F
=

{
B

j ,
j
∈

P}
,

B
j

=
k
er

p
j (

dd
t )

w
ith

d
eg

p
j (ξ)

=
n
,

j
=

1,...,N
an

d

G
=

{((k
,`),



1...

ξ
n
−

1


,



1...

ξ
n
−

1


),k

6=
`∈

P}.
(4

)

T
h

en
th

e
sw

itch
in

g
stru

ctu
re

Σ
is

stab
le

if
F

h
as

a
co

m
m

o
n

L
y

ap
u

n
o
v

fu
n

ctio
n

Q
V

o
f

o
rd

er
n
−

1
.

N
o

te
th

at
th

e
g

lu
in

g
co

n
d

itio
n

s
(4

)
co

rresp
o

n
d

to
req

u
irin

g

th
at

th
e

trajecto
ries

o
f

th
e

sw
itch

ed
b

eh
av

io
r

are
as

sm
o

o
th

as

p
o

ssib
le,

b
y

d
em

an
d

in
g

th
at

th
ey

h
av

e
co

n
tin

u
o

u
s

d
eriv

ativ
es

u
p

to
o

rd
er

n
−

1
at

th
e

sw
itch

in
g

in
stan

ts.

In
v

iew
o

f
T

h
eo

rem
9

,
th

e
n

atu
ral

q
u

estio
n

to
ask

is
u

n
d

er

w
h

at
co

n
d

itio
n

s
a

b
an

k
o

f
b

eh
av

io
rs

p
o

ssesses
a

co
m

m
o

n

L
y

ap
u

n
o
v

fu
n

ctio
n

.
A

sim
ilar

q
u

estio
n

h
as

b
een

w
id

ely

in
v
estig

ated
in

th
e

co
n

tex
t

o
f

sw
itch

ed
state-sp

ace
sy

stem
s,

an
d

sev
eral

su
ffi

cien
t

co
n

d
itio

n
s

h
av

e
b

een
d

eriv
ed

in
term

s

o
f

th
e

p
ro

p
erties

o
f

th
e

sy
stem

m
atrices,

see
fo

r
in

stan
ce

[1
],

[3
],

[5
],

[7
],

[9
].

H
ere

w
e

co
n

sid
er

th
e

case
o

f
a

b
an

k

co
n

sistin
g

o
f

tw
o

b
eh

av
io

rs.
R

esu
lts

fo
r

larg
er

b
an

k
s

are

u
n

d
er

in
v
estig

atio
n

.

T
h

eo
rem

1
0

:
L

et
F

=
(
B

1 ,
B

2 )
w

ith
B

k
=

k
er

p
k (

dd
t ),

w
h

ere
p

k (ξ)
∈

R
[ξ],

k
=

1,2
,

are
H

u
rw

itz
p

o
ly

n
o

m
ials

o
f

d
eg

ree
n

.
A

ssu
m

e
th

at
p
1

p
2

is
strictly

p
o

sitiv
e

real
1.

D
efi

n
e

Φ
(ζ

,η
)

:=
p
1 (ζ

)p
2 (η

)
+

p
1 (η

)p
2 (ζ

).

T
h

en
,

th
ere

ex
ists

a
p

o
ly

n
o

m
ial

r(ξ)∈
R

[ξ]
su

ch
th

at

1
)

r(ξ)r(−
ξ)

:=
p
1 (ξ)p

2 (−
ξ)

+
p
1 (−

ξ)p
2 (ξ),

2
)

V
(ζ

,η
)

:=
Φ

(ζ
,η

)−
r(ζ

)r(η
)

ζ
+

η

b
elo

n
g

s
to

R
s [ζ

,η
],

3
)

Q
V

is
a

co
m

m
o

n
L

y
ap

u
n

o
v

fu
n

ctio
n

o
f

o
rd

er
n
−

1
fo

r
F

.

P
ro

o
f:

T
h

e
assu

m
p

tio
n

th
at

p
1

p
2

is
strictly

p
o

sitiv
e

real

im
p

lies
th

at
th

ere
ex

ists
ε

>
0

su
ch

th
at

Φ
(jω

,−
jω

)
=

2R
e(p

1 (jω
)p

2 (−
jω

)
≥

ε
fo

r
all

ω
∈

R
.

T
h

erefo
re,

b
y

stan
d

ard
resu

lts
o

n
p

o
ly

n
o

m
ial

sp
ectral

facto
rizatio

n
,

w
e

co
n

clu
d

e
th

at
th

ere
ex

ists
a

p
o

ly
n

o
m

ial
r(ξ)

∈
R

[ξ]
su

ch

th
at

1
)

h
o

ld
s.

H
en

ce,

Φ
(ξ,−

ξ)−
r(ξ)r(−

ξ)
=

0

w
h

ich
im

p
lies

th
at

th
e

p
o

ly
n

o
m

ial
Φ

(ζ
,η

)−
r(ζ

)r(η
)

is

d
iv

isib
le

b
y

(ζ
+

η
)

an
d

th
erefo

re
V

(ζ
,η

)
is

a
sy

m
m

etric

p
o

ly
n

o
m

ial,
w

h
ich

p
ro

v
es

2
).

N
o

te
also

th
at

2)
im

p
lies

th
at

Q
V

is
a

sto
rag

e
fu

n
ctio

n
fo

r
Q

Φ
,

sin
ce

it
im

p
lies

th
at

th
e

d
issip

a
tio

n
eq

u
a

lity
dd
t Q

V
≤

Q
Φ

h
o

ld
s

(see
p

.
1

7
2

0
o

f
[1

0
]

fo
r

m
o

re
d

etails).

It
fo

llo
w

s
fro

m
[2

]
th

at
th

e
p

o
ly

n
o

m
ial

r(ξ)
m

ay
b

e
ch

o
sen

in
su

ch
a

w
ay

th
at

it
is

an
an

ti-H
u

rw
itz

p
o

ly
n

o
m

ial,
i.e.,

su
ch

th
at

all
its

ro
o

ts
h

av
e

p
o

sitiv
e

real
p

art.
N

o
w

n
o

te
th

at

Φ
(ζ

,η
)

=
12

[(p
1 (ζ

)
+

p
2 (ζ

))(p
1 (η

)
+

p
2 (η

))

−
(p

1 (ζ
)−

p
2 (ζ

))(p
1 (η

)−
p
2 (η

))]
.

A
p

p
ly

T
h

.
2

o
f

[6
]

to
co

n
clu

d
e

th
at

p
1
+

p
2

is
H

u
rw

itz.
N

o
w

u
se

th
e

im
p

licatio
n

(3)
=⇒

(5)
o

f
T

h
eo

rem
6

.4
o

f
[1

0
]

w
ith

P
:=

p
1

+
p
2

an
d

N
:=

p
1 −

p
2

in
o

rd
er

to
co

n
clu

d
e

th
at

ev
ery

sto
rag

e
fu

n
ctio

n
o

f
Q

Φ
,

an
d

co
n

seq
u

en
tly

also
Q

V
,

is

n
o

n
n

eg
ativ

e
d

efi
n

ite.

T
h

u
s,

in
p

articu
larQ

V

B
k

≥
0

k
=

1,2
.

M
o

reo
v
er,

tak
in

g
(3

)
in

to
acco

u
n

t,

dd
t Q

V
(w

)
=

Q
Φ

(ζ
,η

)
−

r
(ζ

)r
(η

) (w
)

=
2(p

1 (
dd
t w

))(p
2 (

dd
t )w

)−
(r(

dd
t )w

)
2

B
k

=
−

(

r(
dd
t )w

)

2

,

1W
e

recall
th

at
a

ratio
n

al
fu

n
ctio

n
g

=
p
1

p
2

is
strictly

p
o

sitiv
e

real
if

an
d

o
n

ly
if

th
e

fo
llo

w
in

g
th

ree
co

n
d

itio
n

s
h

o
ld

:
(i)

g
h

as
n

o
p

o
les

s
w

ith
R

e(s)
≥

0
,

(ii)
R

e(g
(j

ω
))

>
0

,
fo

r
all

ω
≥

0
,

an
d

(iii)
g
(∞

)
>

0
,

o
r

lim
ω
→

∞
ω

2
R

e(g
(j

ω
))

>
0

.

1
5
3
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sh
o
w

in
g

th
at

dd
t Q

V
(w

)
B

k

≤
0,k

=
1,2.

F
u

rth
er,

if
th

ere
ex

ists
w

6≡
0

in
B

k
su

ch
th

at

r(
dd
t )w

≡
0

th
en

r(ξ)
an

d
p

k (ξ)
h

av
e

a
co

m
m

o
n

ro
o

t,
w

h
ich

co
n

trad
icts

th
e

fact
th

at
p

k (ξ)
is

H
u

rw
itz

an
d

r(ξ)
is

an
ti-H

u
rw

itz.

T
h

erefo
re

dd
t Q

V
(w

)
B

k

<
0

,
sh

o
w

in
g

th
at

Q
V

is
a

L
y

ap
u

n
o
v

fu
n

ctio
n

b
o

th
fo

r
B

1
an

d
B

2 .
M

o
reo

v
er,

it
is

n
o

t
d

iffi
cu

lt
to

ch
eck

th
at

th
e

p
o

ly
n

o
m

ial
V

(ζ
,η

)
d

o
es

co
n

tain
m

o
n

o
m

ials

w
ith

p
o
w

ers
in

ζ
o

r
η

eq
u

al
to

n
−

1
,

b
u

t
n

o
t

h
ig

h
er,

an
d

h
en

ce
Q

V
h

as
o

rd
er

n
−

1
.

T
h

is
p

ro
v
es

3
).

�

R
em

a
rk

1
1

:
A

s
m

en
tio

n
ed

b
efo

re,
L

y
ap

u
n

o
v

fu
n

ctio
n

s

are
n

o
t

n
ecessarily

n
o

n
n

eg
ativ

e
d

efi
n

ite
Q

D
F

s:
th

ey
are

o
n

ly
req

u
ired

to
b

e
n

o
n

n
eg

ativ
e

alo
n

g
th

e
trajecto

ries
o

f

th
e

relev
an

t
b

eh
av

io
r.

H
o
w

ev
er,

fo
r

Q
D

F
s

o
f

o
rd

er
strictly

sm
aller

th
an

th
e

o
rd

er
o

f
th

e
d

ifferen
tial

eq
u

atio
n

d
escrib

in
g

th
e

b
eh

av
io

r
B

,
n

o
n

n
eg

ativ
ity

alo
n

g
B

is
eq

u
iv

alen
t

to

n
o

n
n

eg
ativ

ity.
T

h
is

ex
p

lain
s

in
so

m
e

sen
se

w
h
y

th
e

Q
D

F

Q
V

in
th

e
p

rev
io

u
s

th
eo

rem
is

n
o

n
n

eg
ativ

e
d

efi
n

ite.

T
h

eo
rem

1
0

p
ro

v
id

es
a

criterio
n

fo
r

th
e

ex
isten

ce
o

f
a

co
m

m
o

n
L

y
ap

u
n

o
v

fu
n

ctio
n

fo
r

scalar
b

eh
av

io
rs.

S
in

ce
th

is

L
y

ap
u

n
o
v

fu
n

ctio
n

satisfi
es

th
e

co
n

d
itio

n
s

o
f

T
h

eo
rem

9
th

e

fo
llo

w
in

g
co

ro
llary

fo
llo

w
s

read
ily.

C
o

ro
lla

ry
1

2
:

L
et

Σ
=

(P
,
F

,
S
,
G
)

w
h

ere
P

=
{
1,2}

,

G
as

in
(4

)
an

d
F

=
(

B
1

=
k
er

p
1 (

dd
t ),

B
2

=
k
er

p
2 (

dd
t )

)

w
h

ere
p
1 (ξ),

p
2 (ξ)

are
H

u
rw

itz
p

o
ly

n
o

m
ials

o
f

d
eg

ree
n

.
If

p
1

p
2

is
strictly

p
o

sitiv
e

real
th

en
Σ

(B
Σ

)
is

stab
le.

W
e

illu
strate

th
ese

resu
lts

in
th

e
fo

llo
w

in
g

ex
am

p
le.

E
xa

m
p

le
1

3
:

L
et

B
1

=
k
er

(
d
2

d
t
2

+
2

dd
t

+
1)

an
d

B
2

=
k
er

(
d
2

d
t
2

+
32

dd
t

+
2)

b
e

tw
o

b
eh

av
io

rs.
It

is
n

o
t

d
iffi

cu
lt

to
v
erify

th
at

b
o

th
p
1 (ξ)

=
ξ
2+

2
ξ
+

1
an

d
p
2 (ξ)

=
ξ
2+

32
ξ
+

2
are

H
u

rw
itz

an
d

th
at

p
1

p
2

is

strictly
p

o
sitiv

e
real.

H
en

ce
b

y
T

h
eo

rem
9

w
e

can
co

n
stru

ct

an
r(ξ)∈

R
[ξ]

an
d

a
V

(ζ
,η

)∈
R

s [ζ
,η

]
in

su
ch

a
w

ay
th

at

Q
V

is
a

L
y

ap
u

n
o
v

fu
n

ctio
n

fo
r

B
1

an
d

B
2 .

In
d

eed
,

p
1 (ξ)p

2 (−
ξ)

+
p
1 (−

ξ)p
2 (ξ)

=
2
ξ
4

+
2,

r(ξ)
=

√
2
ξ
2−

2·
2

14
ξ

+
2

y
ield

in
g

th
e

co
m

m
o

n
L

y
ap

u
n

o
v

fu
n

ctio
n

Q
V

w
h

ere

V
(ζ

,
η
)=

12

(

1
1

+
8
·
2
1
/
4

+
(6

−
4 √

2
)(η

+
ζ
)
+

(7
+

4
·
2
3
/
4
)η

ζ
)

.

A
p

p
ly

in
g

T
h

eo
rem

9
w

e
can

co
n

clu
d

e
th

at
th

e
sw

itch
in

g

stru
ctu

re
Σ

=
(P

,
F

,
S
,
G
)

is
stab

le,
w

h
ere

P
=

{1,2}
,
G

as

in
(4

)
an

d
F

=
(
B

1 ,
B

2 ).

IV
.

C
O

N
C

L
U
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