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Introduction

For a projective morphism f : Y — X between complex nonsingular varieties, there are es-
sentially two different Riemann-Roch formulas both of which imply the famous Hirzebruch-
Riemann-Roch theorem. The first one says that the canonical map from algebraic to topological
K -theory commutes with push-forward f,. A generalization of this formula to higher K -theory
of group scheme actions with values in the equivariant étale-topological K -theory was given by
Thomason in [Th2]. The second one is the Grothendieck-Riemann-Roch formula with values,
say, in the graded object associated with the Grothendieck filtration on the algebraic K -theory.
It describes the behaviour of the Chern character with respect to push-forward. This paper
deals with a generalization of the latter formula to the equivariant case, again in the context of
higher K -theory of group scheme actions.

Let G/S be a flat group scheme. For a G-scheme X/S, let K,(G, X) denote the g-th equiv-
ariant K -group of X, i. e. Quillen’s g-th K -group associated with the exact category of locally
free G-modules on X, and let
K(G,X) = & K,G,X).
>0

Then exterior power operations make the Grothendieck ring Ky(G, X) a so-called (special) A-
ring. Applying Grayson’s construction of exterior power operations on higher K -theory, we also
obtain maps A', i >0, on K,(G,X), ¢ >1 (see section 2). Conjecturally, K(G,X) together
with these maps is a (special) A-ring. Whereas two of the three axioms of a A-structure are
rather easy to verify (see section 2), so far no proof is known for the remaining axiom concerning
the composition of exterior power operations. Apart from Grassmann varieties (see section 2)
and generalized flag varieties G/B (see section 7), this axiom can be checked in the rather
general situation, when X is nonsingular and G is a finite constant group scheme whose order
is invertible on X (see [Ko2] and section 2).

Now let f:Y — X be a G-projective local complete intersection morphism between G -schemes
Y and X . We furthermore assume that each coherent G-module on X (and then also on Y)
is a G-quotient of a locally free G-module (of finite rank). This assumption holds in most
interesting cases by Thomason’s work [Th3]. Then the association

F =) (1R fF]

>0
(F alocally free G-module on Y') “induces” a push-forward homomorphism
f« i K(G)Y) — K(G, X),

the so-called equivariant Euler characteristic or Lefschetz trace (see section 3). The equivariant
Riemann-Roch problem is to compute this Euler characteristic fi .

Our first answer to this problem is a formula for the behaviour of the Adams operations 17,
j > 1, with respect to f, (see section 4). For this, let K(G,X)[j™'] be the completion of
K(G,X)[j~'] with respect to the Grothendieck filtration on K (G, X)[j~!]. (It would also
suffice to complete with respect to the [-adic filtration where I is the augmentation ideal in
Ko(G,X).) Let ¢(f) € Ko(G,Y) be the j-th equivariant Bott element associated with f.

Theorem (Equivariant Adams-Riemann-Roch formula). For all y € K(G,Y) and j > 1, we
have

W f(y) = £00(F) i (y) in K(G X))



Apart from the generalization from finite constant group schemes to (more or less) arbitrary flat
group schemes, the essential improvement of this formula (compared with the formulas in my
previous paper [Ko2]) is that it drops the assumption that either G acts trivially on X and Y
or that f is a regular closed G-immersion. However, this improvement makes it necessary to
complete K -theory as defined above in order to be able to invert Bott’s element (see section 4).

Our second answer to the equivariant Riemann-Roch problem is a formula for the behaviour of
the Chern character

ch: K(G,X) — GrK(G, X)q = [[ F"K(G, X)g/F"' K(G, X)qg
n>0

with respect to the equivariant Euler characteristic f,. (see section 5): Whereas the equivariant
Adams-Riemann-Roch theorem does not use the third axiom of a A-structure, we now assume
not only the conjecture mentioned above (concerning the A-structure on higher K -theory) but
also the following conjecture (concerning Grothendieck groups as well) to be true:

Conjecture: The equivariant Euler characteristic f, : K(G,Y) — K (G, X) is continuous with
respect to the Grothendieck filtrations, i. e. f, induces a homomorphism

fo : K(G,Y)— K(G,X)
between the completions.

Let Td(f) € GrK(G,Y)g denote the equivariant Todd class associated with f.

T}leorem (Equivariant Grothendieck-Riemann-Roch formula). Under the above assumptions,
(f+)q respects the Grothendieck filtrations up to a shift, and for all y € K(G,Y’), we have

ch(fi(y)) = Cr(f:)a(Td(f) - ch(y)) in GrK(G, X)q.

This theorem is proved in section 5 where we also present some special cases (see below) sup-
porting the above conjecture on f,. In the non-equivariant case, this theorem was proved by
Grothendieck (see [SGA6]) for Kp-groups and by Soulé (see [So]) for higher K -groups.

In section 6, we apply the equivariant Adams-Riemann-Roch theorem to the following situation.
Let H be a subgroup of the finite (abstract) group G, A a commutative ring, and let i, :
K(H,A) — K(G, A) be the induction map.

Corollary (Induction formula). For all z € Ko(H,A) and j > 1, we have
Wine) = ii@) in K(G A,

This formula for instance implies that the induced representation A[G/H] viewed as an element
of KO(G, A)[j71] is invariant under the Adams operations 1/, j > 1. Whereas this fact can
directly be checked for A = C by identifying representations with characters and by using
Atiyah’s computation of the kernel of the completion map, I do not know an elementary proof
of this fact for A =Z (but see Remark (6.10) for related formulas). An interesting application
of this fact is the construction (see section 6) of universal annihilators for the Chern classes of
the induced representations A[G/H]| in the sense of Grothendieck (see [Gro2]) or Thomas (see
[Thol). In the case A = C, we furthermore interpret a deep theorem of Atiyah (see [At]) as an
example where f, is continuous as conjectured above.

Using some ideas from the paper [KK2| of Kostant and Kumar, we compute the higher T'-
equivariant (algebraic) K -theory of G/B in section 7. Here, G is a simply connected split



semisimple group scheme over a regular base S, T' a maximal split torus in G, and B a Borel
subgroup of G containing T'. We deduce from this computation that K(7,G/B) is a (special)
A-ring and that the push-forward homomorphism 7, : K(7,G/B) — K(T,S) associated with
the structure morphism = : G/B — S is continuous as conjectured above. Applying the
equivariant Grothendieck-Riemann-Roch theorem to 7, we finally give a new proof of the famous
Weyl character formula.

We now describe further relations connecting the subject of this paper with several rather
different areas.

Chinburg, Erez, Pappas, and Taylor have independently proved similar equivariant Riemann-
Roch formulas for arithmetic schemes with a finite group action (see [CEPT]).

Current research is concerned with the question how to express the “Adams operations” defined
by Cassou-Nogues and Taylor on locally free classgroups (see [CNT]) in terms of (exterior)
power operations (see [BC], [Ko8], and [Ko09]). In the paper [BC], Burns and Chinburg establish
a formula for these “Adams operations” for certain ambiguous ideals in a tame Galois extension
of a number field. In the paper [Ko9], we give an algebro-geometric explanation of their formula
using the equivariant Adams-Riemann-Roch theorem of this paper.

Edidin and Graham develop an equivariant intersection theory in their paper [EG]. They estab-
lish a Riemann-Roch isomorphism between equivariant K -theory and equivariant intersection
theory and they prove a version of the continuity conjecture mentioned above for arbitrary
reductive groups acting on smooth varieties over a field.

In the paper [BV], Brion and Vergne prove an equivariant Riemann-Roch theorem for complete,
simplicial toric varieties. Omne should be able to deduce their theorem from the equivariant
Grothendieck-Riemann-Roch theorem of this paper. This would in particular solve the problem
mentioned at the end of the paper [Mo]| by Morelli. I hope to say more on this in a future paper.

Finally, I would like to mention that several people working in Arakelov theory expect that
there exist theorems of Riemann-Roch type in equivariant Arakelov K -theory which would be
analogues or generalizations of the results of this paper.

Since probably facts and proofs concerning algebraic geometry, (higher) K -theory, group sche-
mes, (equivariant) Riemann-Roch theory, etc. are sometimes assumed to be well-known without
giving a reference in the text, I now give a list of books which I have used and where these facts
and proofs are likely to be found: [EGA], [FL], [Ha|, [J], [KoO], [Q], [SGA3], [SGAG].

This paper is a revised version of my “Habilitationsschrift” ([Ko6]). I would like to thank T.
Chinburg, F. Herrlich, W. v. d. Kallen, I. Panin, D. Roessler, C. Soulé, G. Tamme, M. J. Taylor,
and R. W. Thomason for their encouraging interest in this project and for discussing several
questions during the preparation of this paper. Especially, I would like to thank C.-G. Schmidt
for his support in so many ways during the last years.



1. Equivariant Geometry

The purpose of this section is to introduce some notations used throughout this paper and to
recall some facts and constructions of equivariant geometry for the reader’s convenience.

Let S be a noetherian scheme, and let G be a flat group scheme over S. All fibred products
of schemes without further specifications will be taken over S. A G -scheme over S is an S-
scheme X together with an S-morphism my : GxX — X which satisfies the usual associativity
property. For any G-schemes X, Y over S, the set of G-equivariant S-morphisms (for short:
G -morphisms) from X to Y is denoted by Morg(X,Y). We denote the category of G -schemes
of finite type over S by (G-schemes/S).

Let X € (G-schemes/S). The following definition describes the same as Mumford’s notion
“G-linearization” (see Chapter I, §3 of [Mum]).

(1.1) Definition. A G -module on X is an Ox-module M together with an isomorphism
ma : myM = pryM
of Ogxx -modules which satisfies the following associativity property:

(pra sma) o ((1 x mx)*mpap) = (ma x 1)*mpq.

Here, m¢ denotes the multiplication G x G — G, and pry : G x X — X and prygy :
G x G x X — G x X denote the obvious projections. A homomorphism of G -modules on X
is a homomorphism of the underlying Ox -modules which is compatible with the G -structures.
We denote the category of G-modules on X by N(G, X). The full subcategory of N(G, X)
consisting of coherent modules (respectively locally free modules of finite rank) is denoted by
M(G, X) (respectively P(G,X)).

(1.2) Example.

(a) The structure sheaf Ox is a G-module on X via the canonical isomorphisms m%Ox =
Ocgxx = pryOx . A closed subscheme Y of X is a G-subscheme if and only if the associated
ideal sheaf is a G-submodule of Ox .

(b) Direct sums, tensor products, exterior and symmetric powers, and the dual of G-modules
on X are again G-modules on X ; they satisfy the obvious universal properties in N'(G, X).
(c) For any G-morphism f : X — Y in (G-schemes/S), the module of relative differentials
2x/y is a G-module on X . The direct image and the inverse image define adjoint functors
between N(G,X) and N(G,Y): The action of G on the direct image is based on the base
change isomorphism (cf. Corollaire (9.3.3) of [EGA] I). The projection formula holds for G-
modules.

(d) If G is a constant group scheme, i. e. if G = [[ cp S with an abstract group I', then a
G-module on X is the same as an Ox -module M together with isomorphisms v*M — M,
~ € I', which satisfy the usual associativity properties (cf. section (1.1) of [Ko2]).

(e) A quasi-coherent G-module on the base S is the same as a quasi-coherent Og-module &
together with a homomorphism G — Aut(£) of group schemes over S (see Proposition (9.6.4)
of [EGA] I for the definition of Aut(£)).

Proof. Straightforward.

(1.3) Lemma. The categories N(G,X) and M(G, X) are abelian categories. The category
P(G, X) is an exact category in the sense of Quillen (see [Q]). A sequence of G'-modules on X
is exact if and only if the underlying sequence of Ox -modules is exact.



Proof. This follows from the flatness of G over S.

For any quasi-coherent G-module £ on X, the associated projective space bundle Px (&) is
a G-scheme over S which satisfies the corresponding universal property in (G-schemes/S).
Though this fact is well-known, I don’t know a reference for it. Since, on the other hand, the
projective space bundle is a fundamental tool in the equivariant Riemann-Roch theory, we will
prove it here.

For this, more generally, let F : (Schemes/X) — Sets be a representable contravariant functor,
and let (7 : P — X,1 € F(P — X)) be the representing pair. By composing with the projection
prx and the multiplication myx , we obtain functors

Fyr and Fp,, : (Schemes/G x X)) — Sets.

Let
m: Fp = Finy

be an isomorphism of functors which satisfies the associativity property

Mixmyx © Mpry 3 = Mmgx1 - (Fprx)m(;xl - (me)mcxl-

(1.4) Lemma.
(a) There is a unique action mp : G X P — P of G on P such that the diagram
Gxp & P
l1xm s

mx

GxX - X

Ixm
—

commutes and such that F(mp)(1) = m(G x P TG x X)F(prp)(1) in F(G x P
mx

GxX I X)=F, (GxP X% GxX).
(b) The pair (IP,1) equipped with the G-action of (a) represents the functor

(G-schemes/X) — Sets
(T'—-X) — {aeFT—X):Fimr)(a)=m(GxT — G x X)F(pry)(1)
in FGxT—-GxX ™ X)=F,,(GxT —GxX)}.

Proof. The uniqueness assertion in (a) is clear. Since G x P is the fibred product of G x X
with P over X with respect to the canonical projections, the G x X -scheme G x P T Gx X

represents the functor Fj,;, . The corresponding canonical element is F'(prp)(1) € F(G x P e,
Ixm

P 5 X)=F, (GxP =% GxX). Let (G xX) X, P be defined by the cartesian square

(GxX)xp,P 2 P
! Lm
GxX XX,
Then the projection (G x X) x,,, P — G x X represents the functor F,, . The corresponding
canonical element is F(pr)(1) € F((G x X) x,, P 25 P 5 X) = F (G x X) % P —
G x X). Now the functor isomorphism m defines a (G x X)-morphism

GXxP— (GxX)x,P



denoted by m again. The morphism m is determined by the equality F'(m)F(pr)(1) = m(G x
P — G x X)F(prp)(1). We define mp to be the composition

GxP 2 (GxX)xnP 25 P,

and the assumed associativity property shows that mp indeed is an action. Thus, claim (a) is
proved. For claim (b), let 7'— X be a G-scheme over X . Then we have

Morg x(T,P) = {a € Morx(T,P) : comp =mgo (1 x a)}
={ae€ F(T): Fimp)(a) =m(G xT — G x X)F(pry)(a)}.

(1.5) Let € be a quasi-coherent G-module on X . Then the associated projective space bundle
7 :Px(£) — X represents the functor

F: (Schemes/X) — Sets
(p: T — X) + {Invertible quotients of p*E}.

The canonical element is the twisting sheaf O(1) on Px(€) considered as an invertible quotient
of 7*&. The isomorphism mg : mx€ = pry€ defines an isomorphism of functors m : Fp, —
F,,, which satisfies the above associativity property. By Lemma (1.4)(a), we have an action

mp of G on Px(&) such that the invertible quotient mpm*E — mpO(1) equals the invertible

quotient mpm*E = (1 x m)*m%E (xmyme (I x m)*pri, € = prpm*E — prpO(1). This means

there is an isomorphism mp1) : mpO(1) = prp(O(1)) which identifies these two quotient maps.
Then O(1) together with me() is a G-module on Px () and the quotient map ©*& — O(1)
is a G-homomorphism. By Lemma (1.4)(b), the pair (Px(&),7*E — O(1)) together with these
G -structures represents the functor

(G-schemes/X) — Sets
(p: T — X) ~— {Invertible G-quotients of p*E}.

The homomorphism & <5 7% — m,O(1) and, more generally, the homomorphism

Sym(€) — I (Op) = @ m(O(n))
are GG-homomorphisms and even G-isomorphisms if £ is locally free. Furthermore, it follows
that, for any locally free G-module £ of rank r on X, the Koszul resolution

0> A"TERO(—r) = ... > 7T ERO(-1) =0

is an exact sequence of G-modules on Px(&).

The same procedure can be applied to other bundle constructions in order to show that they

carry a natural G-structure and that they satisfy the corresponding universal properties in
(G-schemes/S) .

(1.6) Let Y — X be a closed immersion of G-schemes over S. Using the universal property
of blowing up, one easily shows that the blowing up Bly (X) of X along Y carries a natural
G -action which is compatible with the canonical projection Bly(X) — X and that Bly(X)
satisfies the obvious universal property in (G-schemes/S).

This fact and the previous considerations show that G naturally acts on the deformation space
used for the deformation to the normal cone and that all arrows in the deformation diagram
(see page 99 of [FL]) are G -morphisms.



2. The A-Structure on the Equivariant Algebraic K -Theory

After recalling the definition of the higher equivariant K -groups, we apply Grayson’s techniques
of [Gr] to define exterior power operations on these K -groups. We show that these exterior power
operations make the equivariant Grothendieck group a A-ring and that, on higher K -groups,
they satisfy two of the three axioms of a A-ring. For this, the essential ingredient is the splitting
principle based on the equivariant projective space bundle theorem.

As in the previous section, let S be a noetherian scheme and G a flat group scheme over S'.
Let X be a G-scheme of finite type over S.

(2.1) Definition. For any ¢ > 0, the ¢g-th K -group

Kq(G, X) := K(P(G, X))
(in the sense of Quillen, cf. [Q]) associated with the exact category P(G, X) consisting of locally
free G-modules on X of finite rank is called the g-th equivariant (algebraic) K -group of X .
The tensor product makes the Grothendieck group Ko(G, X) a commutative ring with 1 = [Ox]
and K,(G,X) a Ko(G,X)-module for each ¢ > 0. We endow the direct sum

K(G,X) = & Kq(G,X)
q>0

with the multiplication induced from this ring and module structures; the product of elements of
®g>1K4(G, X) is defined to be zero. The inverse image of G-modules obviously makes K (G, —)
a contravariant functor with respect to arbitrary G-morphisms.

The following theorem is fundamental in the equivariant Riemann-Roch theory.

(2.2) Theorem (Equivariant projective space bundle theorem). Let £ be a locally free G-
module of rank d on X . Let 7 :P:=Px(€) — X be the associated projective space bundle in
(G-schemes/S) and O(1) the universal invertible G-module on P (cf. (1.5)). We view K(G,P)
as K (G, X)-algebra via the pull-back homomorphism 7* : K(G,X) — K(G,P). Then the
association T+ [O(1)] induces an isomorphism

d
K(G, X)[T] / (Z(—niwg]Tdi) = K(G,P)

=0
of K(G, X)-algebras.

Proof. We recall the argument of Thomason (cf. Theorem 3.1 of [Th3]): Quillen’s proof of the
non-equivariant analogue (cf. [Q], Theorem 2.1) carries over. The essential ingredients Quillen’s
proof is based on (e. g. the Koszul complex) are summarized in (1.5). Note that even no finiteness
assumption on G is necessary though assumed in [Th3].

Next, we recall the notion “A-ring”.

(2.3) Definition. A \-ring is a commutative ring K together with maps
MoK S K, k>0,

which satisfy the following properties:

)N =1, M =idg, M(z+y) = l?: Ne=i(z) - Ni(y) for all z, y € K and k > 2.
=0

(i) \e(z-y) = Pe(Na, ..., \fz, Ay, ..., \Fy) forall z, y € K and k> 2.



(iii) MM (z) = Poy(Ma,...,\¥l) for all z € K and k, [ > 2.
Here P; and Py; are the universal integral polynomials defined e. g. on page 5 of [FL]. If K
only satisfies axiom (i) we call K a pre-\ -ring.

(2.4) Lemma. The exterior power operations [£] — [AFE], k > 0, induce well-defined maps
Ak >0, on the Grothendieck group Ko(G,X). Ko(G,X) together with these maps is a
A-ring.

Proof. In order to show that Ky(G,X) carries a pre- A\-ring structure, it suffices to show that
for any exact sequence 0 — & — & — £” — 0 of locally free G-modules on X we have

k
[AFE] =Y [AFTE - [ATE"] in Ko(G, X)
=0

for all £k > 0. In order to prove this (and in order to give at least the essence of Grayson’s axioms
of power operations on an exact category (cf. [Gr]) needed later on), we will define the obvious
equivariant analogue of the Koszul filtration on A*E and we will prove the analogous properties:
For any i = 0,...,k, the G-module F' := A¥ &' A A'€ on X is defined to be the image of
the canonical G-homomorphism A*7*&’ ® A'€ — AFE. Then, similarly to the non-equivariant
case, 0 C FO C ... C FF = AFE is a filtration of AFE by locally free G-modules on X, and
the canonical G-homomorphism A*~'&' @ A'E — AF&' @ A'E" induces a G -isomorphism

fi/fi—l -, A’“—ig’@/lig”,

This shows that Ko(G,X) is a pre- A\-ring. Axioms (ii) and (iii) follow from an equivariant
version of the splitting principle (see Theorem 2.7 of [FL] on p. 118) which is a consequence of
the equivariant projective space bundle theorem (2.2).

Generalizing the above proof, one easily shows that the category P(G,X) together with the
tensor product ® : P(G,X) x P(G,X) — P(G,X) and together with the exterior power
operations (& — ... = &) — EAN... A&, k>0, (more or less defined in the proof above)
constitutes an exact category with power operations in the sense of Grayson (see section 7 of
[Gr]). Associated with these exterior power operations, we have maps

MWK (G X) = K (G, X), k>1, ¢>0,

constructed by Grayson in section 7 of [Gr]. Similarly to section 8 of [Gr], one easily shows that
for Ko(G, X) these maps agree with those defined previously. On the higher K -groups, these
maps are homomorphisms. Thus, we can collect all these maps to define maps

MK (G,X) - K(G,X), k>1,

such that K(G, X) becomes a pre- A-ring. It is easy to see that pull-back homomorphisms are
compatible with this A-structure.

(2.5) Proposition. The pre- A-ring K(G, X) satisfies the axiom (ii) of Definition (2.3).

Proof. Let z, y € K(G,X). We have to show M(z-y) = Po(Ma,..., ez, Aly, ..., \Fy).
We may assume that x and y are homogeneous. If both z and y lie in Ky(G, X), this is
already proved in Lemma (2.4). If both x and y are of positive degree, this follows from the
fact that the multiplication in positive degrees is defined to be zero. Thus, the only case which
remains to be checked is if x of degree 0 and y of degree ¢ > 1. This is done in section 7
of [Kob] in the non-equivariant case. We recall the essential arguments in order to show that
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this proof carries over to the equivariant case. By the splitting principle, we may assume that
x = [L] where L is an invertible G-module on X . Then the formula which has to be shown
is \¥(x-y) = 2F - \Fy. The well-known isomorphism A*(£ ® &) = L% @ A*E is functorial
in £ € P(G,X) and G-equivariant; therefore, it induces a homotopy on the K -theory space
which proves this formula.

(2.6) Remark. The above proof heavily relies on the fact that the multiplication on K(G, X)
in positive degrees is defined to be trivial. As explained in the last remark of [Ko5], one should
be able to prove axiom (ii) already on the simplicial level where such a simplifying fact is not
available. Such techniques should also lead to a proof of the following conjecture.

(2.7) Conjecture. The pre- A-ring K (G, X) satisfies also the axiom (iii) of Definition (2.3), i.
e. K(G,X) isa A-ring.

(2.8) Remark.

(a) Let G be a constant group scheme associated with a finite abstract group I" whose order
is invertible on X . If the G-scheme X is affine, one can apply Quillen’s construction exposed
by Hiller in [Hi] to produce \-operations Meo k> 0, on the higher equivariant K -groups
K,(G,X), ¢ > 1. This is explained in detail in section 3 of [Ko2]. Similarly to section 9 of
[Gr], one easily shows that these exterior power operations agree with those defined above. Satz
(3.5) of [Ko2] shows that Conjecture (2.7) holds in this case. Furthermore, using a version of
the Jouanolou construction (cf. section 4 of [Ko2] or §4 of [We]), one can show that Conjecture
(2.7) is true if X is separated and regular.

(b) Let € be a locally free G-module on X . The equivariant projective space bundle theorem
(2.2) together with Lemma (6.3) and Lemma (6.5) of [AT] show that Conjecture (2.7) is true
for Px (&) if it is true for X . More generally, the same holds for Grassmann bundles and flag
bundles D,(€) of any type m = (p1,...,px) since the pull-back homomorphism from a flag
bundle to the complete flag bundle of £ is injective (see section 3 of [Grol] and Proposition
(5.8)).

(c) In Corollary (7.9), we will show that Conjecture (2.7) is true for the T -equivariant K -theory
of generalized flag varieties of the form G/B.

(d) Let S be affine or regular and G a diagonalizable group scheme with character group I.
Then the canonical decomposition P(G,S) = [[P(S) of categories (see Proposition 4.7.3 in
Exp. I of [SGA3] on p. 36) induces an isomorphism K(G,S) = K(S) ® Z[I']. Argueing as in
the proof of Corollary (7.9), we deduce from this that Conjecture (2.7) is true for K(G,S).

(2.9) Example. Let S = Spec(C) and let G over S be the constant group scheme associated
with a finite group I'. Then Ky(G,.S) is the classical ring of characters Ky(I',C) of the group
I'. For instance, if I' is cyclic of order n, then we have Ky(I,C) = Z[T]/(T™ — 1) where
T corresponds to the 1-dimensional representation associated with an injective homomorphism
I' — C*. In particular, the element 7' — 1 is not nilpotent in Ko(I,C). Thus, this example
shows that, in contrast to the non-equivariant situation, the elements of the augmentation ideal
are in general not nilpotent and that, in particular, the Grothendieck filtration is not locally
nilpotent in the equivariant case.
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3. The Excess Intersection Formula for G-Projective Local Com-
plete Intersection Morphisms

First we axiomatically introduce a certain category C of G -schemes which will prove to be an
appropriate frame to carry out equivariant Riemann-Roch constructions in it. In particular we
show that, for each X € C, all G-(quasi-)projective G-schemes over X are again in C. We cite
Thomason’s paper [Th3] to show that this axiomatic set-up covers many important concrete
cases. Then, for any G-projective local complete intersection morphism in C, we construct
the associated push-forward homomorphism, an equivariant version of the Euler characteristic.
Finally, we prove the equivariant excess intersection formula, a rule for commuting pull-back
and push-forward homomorphisms.

As in the previous sections, let S be a noetherian scheme and G a flat group scheme over S'.

(3.1) Notation. Let C denote the full subcategory of (G-schemes/S) consisting of all G-
schemes of finite type over S satisfying the following property: Each coherent G-module on X
is a G -quotient of a locally free G-module on X (of finite rank).

(3.2) Definition. A G-morphism f : Y — X of G-schemes over S is called G -projective
(respectively G -quasi-projective) if there exists a factorization

Y 4Py S X

of f into a closed G-immersion ¢ (respectively a locally closed G-immersion i) and the struc-
ture morphism 7 of the projective space bundle associated with a locally free G-module £ on
X (of finite rank).

The following lemma generalizes the usual characterization of (quasi-)projective morphisms to
the equivariant case. In Remark (3.5) below, we will quote several hypotheses under which a
(quasi-)projective G-morphism is G -(quasi-)projective.

(3.3) Lemma. Let X be an object in C and f:Y — X a G-morphism from a G-scheme Y
to X.

(a) The morphism f is G-projective if and only if it is proper and there exists an invertible
G -module on Y which is very ample relative to f.

(b) Let S be separated, G of finite type, separated and faithfully flat over S, and X separated
over S. Then f is G-quasi-projective if and only if there exists an invertible G-module on Y
which is very ample relative to f.

Proof. If f is G-(quasi-)projective, then f*O(1) is an invertible G-module on Y which is very
ample relative to f by definition. This proves one direction in both cases (a) and (b). For the
other direction, let £ be a very ample invertible G-module on Y . Then, by Proposition (4.4.4)
of [EGA] II and by (1.5), the adjunction homomorphism f*f,£ — £ induces a G-immersion
Y — Px(f«L). In case (a), the direct image f.L is a coherent G-module on X . Hence,
by assumption on X, it is a G-quotient of a locally free G-module £ on X. Composing
with the induced closed G-immersion Px(f.L) < Px(€) yields an immersion Y — Px (&)
which is a closed immersion since f is proper. This proves (a). In case (b), the assumed
(finiteness) hypotheses imply that the quasi-coherent G-module f,L£ is the union of its coherent
G -submodules (see Lemma 2.1 of [Th3]). Hence, by Proposition (3.8.4) of [EGA] II, there is a
coherent G-submodule F of f.£ which, via adjunction, induces a G-immersion ¥ — Px(F).
Composing with a closed G-immersion Px(F) — Px (&) similarly to case (a) yields the desired
immersion in case (b).

12



The following lemma assures that the category C is stable under all equivariant geometric
constructions needed for the proof of Riemann-Roch assertions. Furthermore, it shows that C
is rather big if it is not empty.

(3.4) Lemma. Let X be an object in C and f:Y — X a G-morphism from a G-scheme Y
to X over S.

(a) If f is G-projective, then Y is contained in C. In particular, the blowing up of X along
a closed G-subscheme is again in C.

(b) Under the hypotheses of Lemma (3.3)(b), we have: If f is G-quasi-projective, then Y is
contained in C.

Proof. Let £ be a very ample invertible and F a coherent G -module on Y . By Propositions
(4.6.2) and (4.6.8) of [EGA] II, there is an n € N such that the adjunction homomorphism
[ f(FRLEY) — Fe LP is surjective. In case (a), the direct image fi(F® L®") is a coherent
G-module on Y. Hence, it is a G -quotient of a locally free G-module £ on X . Thus, F is
a G-quotient of the locally free G-module f*€ ® £®~™. This proves assertion (a). Additional
arguments as in the proof of Lemma (3.3)(b) imply assertion (b). For the assertion on blowing
up, note that the ideal sheaf of the exceptional divisor is a very ample invertible G-module on
X (see Proposition (8.1.11) of [EGA] IT and (1.6)).

(3.5) Remark. The base scheme S belongs to the category C in each of the following cases
(S is assumed to be separated in all cases):

(a) S the spectrum of a field k£, G/S arbitrary.

(b) S regular of Krull dimension at most one, G/S affine, of finite type and faithfully flat.

(c) S regular or affine, G/S split reductive or isosplit reductive.

(d) S regular or affine, G/S finite and faithfully flat.

(e) S regular or affine, G/S diagonalizable and of finite type.

(f) S regular, G/S of multiplicative type and of finite type.

Here, case (a) is trivial, and the assertions (b) up to (f) are proved in section 5 of [Th3]. Hence,
by Lemma (3.4), in all these cases the category C contains all G-quasi-projective G-schemes X
over S (where, in case (a), we in addition have to assume the hypotheses of Lemma (3.3)(b)).
Moreover, if G is smooth, affine and faithfully flat over S with connected fibres, then for
each X € C all quasi-projective, normal G-schemes over X are G-quasiprojective over X (by
Theorem 1.6 of [Su] and Lemma (3.3)); thus, they are contained in C by Lemma (3.4). The
same holds (without the assumption “normal”) if G is a finite constant group scheme (see the
proof of Lemma (1.6) of [Ko2]).

Finally, by Lemma 5.6 of [Th3], in the cases (b) up to (f), the category C contains all regular
separated G-schemes of finite type over S (here, in case (b), we in addition have to assume
that G is smooth over S).

Next, for any G-projective local complete intersection morphism f:Y — X in C, we construct
a push-forward homomorphism f, : K(G,Y) — K(G,X).

First,let f =1i:Y < X be a regular closed G-immersion in C. Let Py (G, X) denote the full
subcategory of M(G, X) consisting of coherent G -modules which possess a finite G -resolution
by locally free G-modules on X . Then, by Quillen’s resolution theorem (cf. Corollary 1, [Q],
p. 109), the canonical map K(G,X) — K(P(G, X)) is an isomorphism. By definition of the
category C, for each F € P(G,Y), the direct image i,(F) possesses a G -resolution by locally
free G-modules on X ; by Schanuel’s lemma and the non-equivariant case (see p. 127 of [FL]),
it is contained in Py (G, X). Thus, we have an exact functor i, : P(G,Y) — P (G, X). This
functor induces the desired push-forward homomorphism i, : K(G,Y) — K(G, X) in this first
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case.

Next, let f be an elementary projection, i. e. let f = 7w be the structure morphism P :=
Px(€) — X of the projective space bundle associated with a locally free G-module & of rank d
on X . Let Py(G,P) be the full subcategory of P(G,P) consisting of locally free G-modules F
with Rim,(F(k)) =0 forall ¢ > 0 and k > 0. Then, by the (generalized) proof of the projective
space bundle theorem (see Theorem 2.1 of [Q], p. 142), we have K(G,P) = K(Pyo(G,P)), and
the direct image functor 7, : Po(G,P) — P(G,X) is well-defined and exact. This functor
induces the desired push-forward homomorphism 7, : K(G,P) — K(G, X) in this second case.
For instance, we have m,[O(n)] = [Sym"€] in K¢(G,X) for all n > 0 and 7.[O(n)] = 0 for
n=-1,...,—d+1 (see §8 of [Q]).

In the general case, we have a factorization Y < Px(E) 5 X of f with i of the first and
7 of the second kind. We define f, :=m, 04, : K(G,Y) — K(G,X).

(3.6) Lemma.

(a) The definition of f, does not depend on the chosen factorization of f.
(b) f« is functorial for G-projective local complete intersection morphisms.
(¢) The projection formula holds for f,.

Proof. Standard, see Lemma (2.7) of [Ko2].

(3.7) Definition. The push-forward homomorphism f, : K(G,Y) — K(G,X) is called the
Lefschetz trace of f or the equivariant Euler characteristic.

Finally, to state the excess intersection formula, let

Y EiR X1
LY Lo
y o x

be a cartesian square of G -schemes over S with the following properties: All objects X, Y, X1,
Y1 are contained in C, the morphisms f and f; are G-projective local complete intersection
morphisms, and 1 and ¢ are arbitrary G-morphisms. We choose a factorization

Y o Px(F) = X

of f as above and form the cartesian diagram (F; := ¢*F)

i, AL Px,(F1) -5 X
Ly 1 op Lo
Yy % Px(F) - X

Let £ be the excess conormal sheaf of the left square, i. e.
E :=ker(Y'N — Ny)

where N :=i*Z; and N :=4}Z;, are the conormal sheaves of i and i, respectively. Then &
has a natural G-structure. As usual (cf. [FL], p. 153), one shows that the class [£] € Ko(G, Y1)
does not depend on the chosen factorization of f.
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(3.8) Theorem (Equivariant excess intersection formula). The diagram

K(Gvyl) (f;)ﬁ; K(GaXl)
T A1 (&))" To*
K(G,Y) o K(G, X)

commutes. Here, A\_1(€) denotes the element Zizo(—l)i[/lig] € Ko(G, Y1) .

Proof. The usual proof (see [FL], chapter VI, §2, and [Ko2|, Satz (2.8), and [Ko3], section 2)
carries over. To see this, we recall the essential steps: It suffices to prove this formula separately
for the left and right square in the above diagram.

The facts needed for the right square are: For any regular (see [Q], p. 138) locally free G -module
G on Px(F), the inverse image ¢5(G) is regular again and the base change homomorphism

¢ me(G) = (1) Pp(9)

is a G -isomorphism.

The proof of the formula for the left square runs as follows: If the excess dimension is 0 (i. e.
if £ =0), the formula again follows from the fact that the corresponding base change homo-
morphism is a G-isomorphism. If ¢ and i; are elementary embeddings, i. e. if ¢ and i; are
zero section embeddings, then i.(1) and (i1)«(1) can be computed using the Koszul resolution,
and the excess intersection formula ¢pi.(y) = (i1)«(A-1(E) - ¥*(y)) can be verified for y =1
explicitly. Since furthermore, in this situation, ¢* is surjective the projection formula can be
applied to prove this formula for arbitrary y € K(G,Y). If i and i; are arbitrary regular
closed G-immersions, the excess intersection formula follows from these two special cases using
the so-called deformation to the normal bundle. Note that all constructions needed for this
deformation can be carried out equivariantly (by (1.6)) and within the category C (by Lemma

(3.4)).
The following corollary is the most important special case of the excess intersection formula.

(3.9) Corollary (Self intersection formula). Let i : Y < X be a regular closed G-immersion
in the category C. Let N be the conormal sheaf of ¢ equipped with the natural G-action.
Then, for all y € K(G,Y), we have

i"is(y) = A1 NV) -y in K(G)Y).
Proof. Apply the theorem to the situation Y1 =X, =Y, f=¢ =14, and ¢ = f; =idy .

(3.10) Remark. In [Th5], Thomason has shown in the non-equivariant case that the intersec-
tion formula already holds on the level of spectra.
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4. The Equivariant Adams-Riemann-Roch Theorem

The aim of this section is to formulate and to prove the Adams-Riemann-Roch theorem for
G -projective local complete intersection morphisms. For this, we first recall the definition of
Adams operations and of Bott elements. We show that the j-th Bott element of an elementary
projection becomes invertible after inverting j and completing the corresponding K -group with
respect to a certain subideal of the augmentation ideal. Then we are ready to state and to prove
the equivariant Adams-Riemann-Roch theorem, a formula for the behaviour of Adams operations
with respect to the equivariant Euler characteristic. Finally, we remark that the version given
here specializes to former versions of the (equivariant) Adams-Riemann-Roch theorem.

Let j be a natural number and K a pre- A-ring. For x € K, we call the expression \(z) :=
2 k>0 Ne(z)th € K[[t] the \-series of x. If \i(x) is a polynomial, we call the degree of A\ ()
the A-degree of x.

(4.1) Definition. The j-th Adams operation 1/ on K is defined by the recursion formula

[e.9]

d , -
—1 = 1) it
3 log A ;:1( )Tt

We recall the following properties of 17 which are certainly well-known if K is even a \-ring.
Obviously, 97 is additive, and we have ¢’ (x) = 27 for all x € K of A-degree < 1. Let Uy, Us,
... be indeterminates, and let N;(AL,... \) = Uf +...+ U; be the j-th Newton polynomial
viewed as a polynomial in the elementary symmetric functions A := Uy +...+Uj, ..., M :=U;-
...-U;. Then the equality \'4+-2X2t+... = (1+ A1+ 21212+ .. .)-Zj>1(—1)j_1Nj(>\1, oML
in ZA, A2, .. ][[t]] shows that ¢/ (z) = Nj(A(z),..., M (x)) for all z € K. If the pre- A\-ring
K in addition satisfies axiom (ii) of Definition (2.3), then a similar argument shows that
is multiplicative. Finally, if K is a A-ring, then 97 is a A-ring homomorphism, and we have
I ok =4I for all j k € N (e. g. see Propositions 5.1 and 5.2 of [AT] on p. 264).

For d € N, we view the polynomial

. i1 A .
AN, =] A = [+ Ui+ + U ez[th,..., Uy
LU —1 !
=1 =1
as a polynomial in the elementary symmetric functions A\!,..., \? of Z[Uy,...,Uy].

(4.2) Definition. For any e € K of finite A\-degree d, the element
07 (e) == 074\ (e),..., \e)) € K

is called the j-th Bott element of e.

For example, we have 0%(e) = 14+ A (e) + ... + \%(e) © Ai(e). If e is of A\-degree 1, then

we have #7(e) =1+e+...+e/~! e g, 67(1) = j. Obviously, we have 67(e) = ¢ (e) for all
d' > d; therefore, §/ satisfies the homomorphism property /(e + €’) = §/(e) - 67 (¢’) for all e,
¢/ € K of finite A-degree. If e = e; — eg is the difference of two elements of finite \-degree and
if K is a commutative K -algebra such that 67(ey) is invertible in K , we call

07(e) :=07(e1)- 0 (eg) L € K

the j-th Bott element of e in K . Tt does not depend on the chosen representation e = e; —es.
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Now, let K be a A-ring and e € K of finite A-degree d such that A\%(e) is invertible in K .

Let I denote the ideal of K[j~!] generated by the elements A\!(e) — (‘11) .y Me) — (3) .

(4.3) Lemma. Let L be a commutative K[j~!]-algebra such that IL is contained in the
Jacobson radical of L (i. e. in the intersection of all maximal ideals of L). Then the Bott
element 6(e) is invertible in L.

Proof. By the splitting principle (see Theorem 6.1 of [AT], p. 266), there is a faithfully flat
A-ring extension K’ of K such that e = u; + ... +uy in K’ with elements uq,...,uqy of K’
of A-degree 1. Then 67 (e) = []L, (T+ Q4 (ui—1)+...4+ (1 + (u; — 1)) is a symmetric
polynomial in u;—1,...,us—1 with constant term j¢: hence, it is a polynomial in the elementary
symmetric functions of u; —1,...,ug—1 with constant term j%. The i-th elementary symmetric
function of u; — 1,...,uq — 1 equals the i-th Grothendieck operation +(e —d) (cf. p. 47 of
[FL]). Furthermore, one easily verifies the equality

S 1ie -t - 1 = 31y (v~ (§)) e i xw

i=1 i=0
which shows that ~%(e — d) is contained in the ideal I. Thus, 67(e) is invertible in L ®x K';
finally, it is invertible in L because K’ is faithfully flat over K .

Let K[j~!] denote the I-adic completion of K[j71]. Note that first j is inverted and then
K[j71] is completed though the notation K[j~!] suggests just the other way round. For in-

stance, if the elements A\ (e)— (Cll) o Me)— (g) are nilpotent, then we have K[j71] = K[j71].

It is well-known that the K[j~1]-algebra L = K[j~1] satisfies the assumption of Lemma (4.3).

Associated with the element e, we have the A-ring extension
K[l] := K[T] /(Td AT L+ (—1)d)\d(e)>

of K where the A-structure on K[l] is determined by A\;(l) =1+t (see Theorem 2.1 of [FL],
p. 8). Then [ is invertible in K[l], and the inverse [~! is again of A-degree 1. (Here, the
assumption “A%(e) is invertible” is used.)

(4.4) Proposition. The Bott element 07 (el~1) is invertible in the K[l]-algebra K[I|[j7!] :=
Klll®g K[jY.

Proof. The following calculation shows that the element (I=' — 1)¢ is contained in the ideal
IK [}~

(=1 = (=D -1)
— (~1)4¢ (zd Aty (—1)d)

)
— (—1)4 ((e AT (D) (A e) — 1))

The ideal TK[j'] is contained in the Jacobson radical of K[j~!] which in turn is contained
in the Jacobson radical of K[l][j~'] since K[i| is faithfully flat over K. Hence, the d-th
root I=' —1 of (I"' —1)% is contained in the Jacobson radical of K[l][j~']. Thus, for each
ke {1,...,d}, the element

e (- fea-(9)
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is contained in the Jacobson radical of K[l][j~!]. Now Lemma (4.3) proves Proposition (4.4).

Now, let S be a noetherian scheme, G a flat group scheme over S, and let C be the category of
G -schemes introduced in (3.1). Let f:Y — X be a G-projective local complete intersection
morphism in C. We fix a factorization

Y L Py(E) & X
of f as in Definition (3.2). The formulation of the equivariant Adams-Riemann-Roch theorem
(4.5) will depend on this factorization.

Let £2p/x be the module of relative differentials of Px (&) over X and N; := i*(Z(Y)) the
conormal sheaf of i. The element Ty := [i*2y x) — NY] € Ko(G,Y) is called the tangential
element of f. It does not depend on the chosen factorization of f. By the G-version of
Proposition 3.13 of [FL], p. 88, we have [(2p/x] = [7"€ ® O(~1)] — 1 in Ko(G,P). We put
l:=[0(1)] and e := [€] and define Ko(G,X)[j"] to be the completion of Ko(G, X)[j~!] with
respect to the ideal I of Ko(G, X)[j~!] generated by the elements \!(e)— (Cll) oo Me)— (le) .
Analogously, K(G,X)[j~!] is defined. By Proposition (4.4) and the projective space bundle
theorem (2.2), the Bott element 67(el™!) is invertible in Ko(G,P) @, (c,x) Ko(G, X)[j7Y.
Hence, there is a representation —T} = e1 — ez in Ko(G,Y) @k, x) Ko(G, X)[j~"] with e
and eo of finite A-degree and ey invertible. We put

BTy =0 (-TY) G ()T ).

The projection formula shows that the push-forward f. defined in section 3 extends to a map

fo K(G,Y) ®ko,x) Ko(G, X[ — K(G,X)[57'].

(4.5) Theorem (Equivariant Adams-Riemann-Roch theorem). The diagram

07(TY )~y . 1
K(G,Y) — K(G,Y) ®K0(G,X) Ko(G,X)[] ]

~

L Js e

K@ x) K(G, X)[j™]

comimutes.

(4.6) Remark.

(a) If f is a regular closed G-embedding, we may choose £ = Ox. Then Ko(G,X)[j7'] =
Ko(G,X)[j71], i. e. Theorem (4.5) holds without completing K -theory. Thus, in the case G
is a finite constant group scheme whose order is invertible on S, Theorem (4.5) specializes to
Korollar (5.2) and Satz (5.4)(a) of [Ko2].

(b) If G acts trivially on X and Y, then we may choose £ with trivial G-action, i. e. the
element e € Ko(G, X) comes from Ky(X). Then, by Proposition 1.5 of [FL], p. 52, the elements
Ni(e) — (‘Z.i), i =1,...,d, are nilpotent and again we have Ko(G, X)[j7!] = Ko(G,X)[j7], i.
e. Theorem (4.5) holds without completing K -theory. As in (a), here Theorem (4.5) specializes
to Satz (5.3) and Satz (5.4)(b) of [Ko2]. If, in particular, G = S is the trivial group scheme, we
obtain the usual non-equivariant Adams-Riemann-Roch theorem (see [So], [Ta] and [FL]).

(c) Another special case of Theorem (4.5) is the Adams-Riemann-Roch theorem of Chinburg,
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Erez, Pappas, and Taylor which was independently found. They prove a similar formula for K,
if G is a finite constant group scheme, S the spectrum of a Dedekind ring, and f: X — S a
regular, projective, flat S-scheme ([CEPT)).

Proof (of Theorem (4.5)). Since there are some inaccuracies in [FL] in the formulation and in
the proof of the Adams-Riemann-Roch theorem for elementary projections, we give the details
of this part of the proof.

So first, let f = 7, i. e. i = idp,(g). Since the K(G,X)-module K(G,P) is generated by
the elements [=%, k = 0,...,d — 1, (by the projective space bundle theorem (2.2)), since f.
is K(G, X)-linear (by the projection formula), and since v’ is multiplicative (by Proposition
(2.5)), it suffices to show

VAR = f(G- (el (177) in Ko(G, X))

for all k=0,...,d—1. Let Z[j'][[a1,...,aq]] be the formal power series ring in d variables
ai,...,aq over Z[j~'], and let s1,...,sq be the elementary symmetric functions of ay,...,aq.
The elements y'(e —d),...,v%(e —d) are contained in the ideal I by the proof of Lemma (4.3).
Hence, there is a unique continuous Z[j~!]-algebra homomorphism

2l Mlls1s - sall — Ko(G, X)[5"]
which maps s; to 7%(e —d) for all i =1,...,d. The Ko(G,P)-algebra
L= Ko(G,P) @, c.x) Ko(G, X)[j ]

is the completion of Ko(G,P)[j~!] with respect to the IKy(G,P)[j~!]-adic topology since
Ko(G,P) is free over Ko(G,X). Since (I"' — 1)¢ lies in IKo(G,P)[57!] (cf. the proof of
Proposition (4.4)), the above homomorphism extends to a continuous ring homomorphism

Bzl 1, 80,2 = L, Z= 171 =1L

We define the power series FJ, to be (14 Z)* times the inverse of the image of the polynomial
054\ . A in Z[i7Y[[s1, . . ., 84, Z]] under the ring homomorphism

Z[)\l, cee )\d] — Z[j_l][[sl, ey 8d, ZH

given by
ZUy, ..., Ug) = Z[j a1, -, aq, Z])], Ui — (a;i +1)(Z +1).
Then we have

' 8(F,) in L.

Fel) (17 = Byl (e = d),. .. v e —d), 17t = 1)
By the division lemma for power series, there are unique elements

B0 ez Y s, 54)]

such that Fj is congruent to the polynomial b(()k) 4+ ...+ bék_)lZd_1 modulo the symmetric

polynomial H?zl((Z +1)(a; +1)—1). The image of this symmetric polynomial under [ is zero
by the projective space bundle theorem (2.2). By Lemma 3.3 of [FL] on p. 40, we have

d—1 1 .
gt J i i k=0
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Hence, we have

Ful@(el™H)™h I (17F))
= B0 + ..+ b Z41y)

= BEYE M) + .+ BOP A = 1)
d—1

= 80> (—1)"8)
v=0

[N i k=0

_{ 0, if k=1,...,d—1

= W £ (17F).

This proves Theorem (4.5) in the case f =.

If f =1 is a regular embedding, the proof of [FL] carries over to the equivariant case without
any major changes (see also [Ko2]). The essential ingredients for this proof are the deformation
to the normal cone (see (1.6)) and the excess intersection formula for excess dimension 0 (see
(3.8)). Note that only the additivity and multiplicativity of v are used in this proof.

Finally, using the projection formula, these two cases can be put together to prove Theorem
(4.5) in the general case.

(4.7) Remark. The given formulation of the equivariant Adams-Riemann-Roch theorem uses
the smallest subideal I of the augmentation ideal such that the power series occurring in the
proof make sense in the [-adic completion of K -theory. As explained in Remark (4.6), it
specializes to former versions. However, it has the disadvantage that the ideal I depends on
the factorization of the morphism f which therefore has to be given. To avoid this, we redefine
Ko(G, X)[j~"] to be the completion of K (G, X)[j~!] with respect to the full augmentation ideal
in Ko(G, X) (see next section). Then, without changes, Theorem (4.5) remains valid.
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5. The Equivariant Grothendieck-Riemann-Roch Theorem

First, we show that, under a certain finiteness assumption, the completion of an augmented
A-ring with respect to the powers of the augmentation ideal is the same as the completion with
respect to the Grothendieck filtration. Next, we prove that, after tensoring with Q, the Chern
character yields an isomorphism between the completion with respect to the Grothendieck filtra-
tion and the completed graded ring associated with the Grothendieck filtration. In particular,
the j™-eigenspace of the Adams operation 1)/ on the completion is independent of j. We con-
jecture that the equivariant Euler characteristic is continuous with respect to the Grothendieck
filtrations and we give some examples where this conjecture is true. Assuming this conjecture
(and Conjecture (2.7)), we finally state and prove the Grothendieck-Riemann-Roch theorem, a
formula for the behaviour of the Chern character with respect to the equivariant Euler charac-
teristic.

By an augmented X -ring we mean a A-ring K together with a A-ring homomorphism ¢ : K —
Z. The associated Grothendieck filtration is denoted by (F™),>0 (e. g. see [FL], p. 48). In
concrete cases, one can usually check that equivariant Grothendieck groups satisfy the finiteness
hypothesis assumed in the following proposition.

(5.1) Proposition. Let (K,e) be an augmented A-ring which is generated as a A-ring by
elements y;, ¢ € I, of bounded augmentation. Furthermore, we assume that the A-degree of y;
equals e(y;) for all i € I. Then the canonical map from the F!-adic completion of K to the
completion of K with respect to the Grothendieck filtration is bijective.

Proof (see also Corollary (12.3) of [At]). Let N := max{e(y;) : ¢ € I}. We will show that
FnN C (Fl)n C F»

for all n € N. Then we are done. The second inclusion is trivial by definition. To prove the
first inclusion, we put z; := y; —e(y;) for ¢ € I. Then we have K = Z[\"(z;),i € I,n > 0].
One easily checks that F™V is generated as an abelian group by the monomials

FHx)™ = (Y (g )™ (Y ()™, rymg,ng > 00 with o mang +...myn, > nN,

(see also Corollaire 4.15 of [SGAG6] on p. 338). We have to show that each of these monomials is
contained in (F')". If at least one ny, is greater than N, then 7"(x)™ vanishes by assumption.
Hence, it is certainly contained in (F!)™. If, on the other hand, all n; are less or equal N,
then we have mj + ...+ m, > n and again we have y"(z)™ € (F')". Thus, Proposition (5.1)
is proved.

The next lemma presents a general situation when the completion of a filtered ring is isomorphic
to the associated completed graded ring.

(5.2) Lemma. Let K be a commutative ring and (F"),>0 a decreasing filtration of K by
ideals F, n >0, with FO =K and F™ - F™ C F"™ for all n, m > 0. Let

ch = (chy)p>0 : K — GrK := H Fr/pntt

n=0

be a ring homomorphism with the property ch,(z) =z + F"*! in F"/F"*! for all n > 0 and
all x € F™. Then ch induces an isomorphism between the completion K of K with respect to
the (F"),>0-topology and GrkK .
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Proof. GrK is separated and complete with respect to the natural topology on GrK . Because
of ch,(F*) =0 for all n < k, the ring homomorphism ch extends to a continuous ring homo-
morphism K — GrK denoted by ch again.
To prove injectivity of ch, let a € K with ch(a) = 0. We choose a sequence (an)n>0 in
K with lim, . a, = a. By passing to a subsequence we may assume that chg(a,) = 0,
.., chp_1(ay) = 0 for all n € N. Then, for all n € N, we have a, € F™ and hence
a=lim, ,oa, =0.
The following approximation argument shows the surjectivity of ch. Let (by)n>0 € GrK .
We choose ay € K with ag + F' = by in FO/Fl. We inductively choose a, € F™ with
an + F" = b, — chy(ap + ... + ap—1) in F"/F""1. Then (an)n>0 is a sequence in [[°°, F"
such that for all pairs (n,k) with n <k we have chy,(ag+ ...+ ax) = b, in F*/F"*1. Thus,
the series ) 7 jap converges in K and the limit is a preimage of (bn)n>0 under ch. This ends
the proof of Lemma (5.2).

(5.3) Proposition. Let (K,e) be an augmented A-ring. Then the Chern character induces
an isomorphism
ch: Kg = GrKg

between the completion KQ of K ®Q with respect to the (F(S)nzo -topology and the associated
completed graded ring GrKg := | | o F(S/F(S‘*'1 .

Proof. By definition, we have ch,(z) = L Ny(ci(2),...,cn(z)) forall n >0 and all z € K®Q
where c¢;(z) := 7'(z — e(x)) + F™*! is the i-th Chern class of  and N, is the n-th Newton
polynomial (cf. section 4). For z € F" ®Q, we obviously have ¢;(z) =0, ..., ¢p—1(x) =0 and
cn(x) = (=1)" "1 (n — 1)z + F™*! by section 6 of [Kr]. Furthermore, we have N, (0,...,0,\") =
(—=1)""1nA\". Hence, the Chern character ch satisfies the assumption of Lemma (5.2). Thus,
Lemma (5.2) proves Proposition (5.3).

If K is an augmented A-ring with locally nilpotent Grothendieck filtration, i. e. if K is the
direct limit of A-rings with finite Grothendieck filtrations, then Proposition (5.3) shows that
the Chern character induces an isomorphism between K ® Q and the associated graded ring
GrKq = @n>0fy / F(S‘H. Usually, this fact is deduced from the following corollary proved in
advance by nilpotent induction (see [FL], [Man] or [Hi]). The argument given here is simpler
and generalizes to augmented A-rings whose Grothendieck filtration is not locally nilpotent.

(5.4) Corollary.

(a) For all n > 1, the eigenspace K((@n)
j"™ does not depend on j > 1.

(b) We have FY = II : :
all Adams operations ¢/, j > 1, are “diagonalizable” on Kg.

Prroof. Let o F3/FG™ — F3/F3™ be the multiplication with j, and let ¢/ := [, 5, O :
GrKg — GrKg. Then Corollary (5.4) follows from (5.3) and the commutativity of the diagram

of the j-th Adams operation 1/ on K@ with eigenvalue

f((gz) for all m > 0; in particular, we have K@ = ano IA(&); i. e,

n>m

K@ C—h> GI‘KQ

Lo L ¢
K@ C—h> GrK@

(note that ¢’ commutes with natural operations on the category of A-rings and that v’ induces
J on GrKg by section 6 of [Kr]).
Q
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(5.5) Example. Let k be a field, and let G,, be the multiplicative group over k. Then the
Grothendieck group Ky(Gy,, k) of representations of G,, on finite dimensional vector spaces
over k is isomorphic to the ring of Laurent polynomials Z[T, T~'] where T corresponds to the
onedimensional representation given by the character id : G,, — G;,. The augmentation ideal
is generated by the element T'—1 and the completion Ko(Gp, k) of Ko(Gpm, k) with respect to
the Grothendieck filtration is isomorphic to the power series ring Z[[U]] where U corresponds
to T'— 1. The associated completed graded ring is Z[[V]] where V corresponds to the residue
class of T — 1 modulo (T — 1)2. The Chern character Ko(Gn, k)g — GrKo(Gm, k)g is given
by T +— exp(V) or, equivalently, by U — exp(V) — 1. The element

n—1 un

log(T) = log(1+U) :== Y (-1) -

n>1

is a basis of the first Adams eigenspace Ko(Gn, k)g)

basis of the n-th Adams eigenspace Ko(Gin, k)(gL ).
Proof. Obvious.

Now, we come back to our standard situation: Let S be a noetherian scheme and G a flat
group scheme over S. Again, we work in the category C of G-schemes introduced in (3.1).
In addition, we assume that all G-schemes X considered in this section have the following
property: There is a connected component U of X such that the multiplication G x U — X is
surjective (set-theoretically). Then, for each £ € P(G, X) the rank of £ is a well-defined natural
number, and Ky(G, X) together with the map rank : Ko(G, X) — Z is an augmented A-ring.
Assuming Conjecture (2.7), also K(G, X) becomes an augmented A-ring via the composition

K(G,X) &% KoG,X) 2% 7. We denote the n-th terms in the associated Grothendieck
filtrations by Fj = Fj(G,X) and F" = F"(G,X), respectively. Proposition (5.3) shows
that the most natural topology on K (G,X) one should work with is the (F"),>0-topology.
Therefore, as in Remark (4.7), we once more redefine K (G, X) to be the completion of K (G, X)
with respect to this topology.

Finally, the n-th power log(T)" is a

Now, let f:Y — X be a G-projective, local complete intersection morphism in C of constant
relative dimension d. As in (4.7), after this redefinition, the equivariant Adams-Riemann-Roch
theorem (4.5) for f remains valid without changes, and it does not depend on the chosen
factorization of f. But it still has the aesthetical disadvantage that its formulation is not
functorial: The term in the upper right corner of (4.5) depends not only on Y but also on
X . This doesn’t affect the actual Adams-Riemann-Roch formula since this formula lives in
K(G,X)[j~!] anyway. The most natural approach to avoid this disadvantage would be to
replace K(G, Y)®KO(G7X)IA(0(G,X)[j_1] by the completion K(G,Y)[j~!] of K(G,Y)[j~!] with
respect to the (F™(G,Y)[j~!])n>0-topology. But then, it is not clear whether, in general, the
push-forward homomorphism f, induces a push-forward homomorphism f* on the completed
objects. Since there are some cases where this can be checked (see below), and since this is a
natural hypothesis needed for the equivariant Grothendieck-Riemann-Roch theorem, we state
the following conjecture.

(5.6) Conjecture. The equivariant Euler characteristic fi : K(G,Y) — K(G, X) is continuous
with respect to the Grothendieck filtrations, i. e. for each n > 0 there is an m > 0 such that
fHx(F™(G,Y)) C F"(G,X).

(5.7) Remark.
(a) It would also be very useful to get affirmative answers to the following (weaker) questions:
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Is Conjecture (5.6) true for Ko? Is it true after tensoring with Q? Is it true for the F!-adic
topologies? On the other hand, I do not know a counterexample for the following stronger
version of (5.6): The (F™),>0-topology on K(G,Y) is the same as the topology on K(G,Y)
induced by pulling back the (F"),>¢-topology on K(G,X).

(b) In the non-equivariant case, the Grothendieck filtration on Ky(Y) is nilpotent, if ¥ has
finite dimension (e. g. see Corollary 3.10 of [FL] on p. 125). Thus, Ky(Y) carries the discrete
topology and f, : Ko(Y) — Ko(X) certainly is continuous. I do not know, if the latter assertion
holds, if the dimension of Y is infinite, or if K is replaced by higher K -theory, though in both
cases the Grothendieck filtrations are locally nilpotent and f, even has a degree after tensoring
with Q (see sections 2.1 and 4.4 of [So] and Theorem 3.1 on p. 116 and Theorem 1.1 on p. 135
of [Ta]).

(5.8) Proposition. Conjecture (5.6) is true in the following cases:

(a) The pull-back homomorphism f* : K(G,X) — K(G,Y) is surjective. For instance, this
holds if f is a regular G-embedding which has a G-section p: X — Y (e. g. if f is a zero
section embedding or if f is the embedding of a fixed point).

(b) The morphism f is the structure morphism D (£) — X of the flag bundle D (€) of type
m = (p1,...,pr) associated with a locally free G-module £ on X, see section 3 of [Grol|. (This
includes Grassmann bundles and, in particular, projective space bundles.)

Proof. For (a), note that also f*: F"(G,X) — F"(G,Y) is surjective for all n > 0. Then
the projection formula shows that f.(F"(G,Y)) C F"(G,X) for all n > 0. For (b), let D(&)
denote the complete flag bundle, and let g : D(E) — D, (€) be the canonical projection. Since
D(&) considered via g as a D;(€)-scheme is a product of projective space bundles, we have
() = fege(g*(y)) for all y € K(G,D,(€)). Now, assertion (b) follows from the projective
space bundle theorem (2.2) and Corollary 1.3 of [FL] on p. 51 since D(E) considered via fog
as X -scheme can be built up by an iterated construction of projective space bundles.

(5.9) Remark.

(a) In Proposition (6.4), we will see that Theorem (6.1) of [At] yields a further example where
Conjecture (5.6) is true. In Proposition 3.11 of [Ko7|, we extend this example from Kj- to
K -groups.

(b) Chinburg, Erez, Pappas and Taylor have shown ([CEPT]) that Conjecture (5.6) for Kj is
true, if S is the spectrum of a Dedekind ring O, G a finite abelian constant group scheme such
that the field of fractions of O is “sufficiently large” with respect to G and if f: X — S isa
regular, projective, flat G-scheme over S.

(c) We will prove in section 7 that Conjecture (5.6) is true for f. : Ko(T,G/B) — Ko(T,S);
here G is a simply connected split semisimple group scheme over a regular base S, B a Borel
subgroup of G and T a maximal split torus in B.

(d) In [EG], Edidin and Graham prove a rather general version of Conjecture (5.6) for arbitrary
reductive groups acting on smooth varieties over a field.

(5.10) Theorem (Equivariant Grothendieck-Riemann-Roch theorem). We assume that Con-
jecture (2.7) (for X and Y ) and Conjecture (5.6) are true. Then we have:

(a) The induced push-forward (f.)g : K(G,Y)g — K(G, X)g has degree d. Hence, f, induces
a graded homomorphism

Cr(f.)o : GrK(G,Y)g — CrK(G, X)o.
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(b) The diagram

K@y) Y Gir(@ )
| fe | Gr(f)e
KG,Xx) & GrK (G, X)g

commutes. Here, Td(Ty) denotes the Todd class of the equivariant tangential element Ty €
Ko(G,Y) (see section 4 for the definition of Ty and p. 20 of [FL] for the definition of Td).

Proof. This follows from the equivariant Adams-Riemann-Roch theorem (4.5), Proposition
(5.3), and Corollary (5.4) similarly as in Theorem 4.3 of [FL] on p. 65.

(5.11) Example. Let Pic(G,X) denote the the group of isomorphism classes of invertible
G-modules on X .

If G acts trivially on X, then, by Example (1.2)(e), an invertible G-module on X is the same
as an invertible Ox -module together with a homomorphism G x X — G, x of group schemes
over X . For instance: If G x X is diagonalizable with character group M, then we have
Pic(G,X) = Pic(X) x M. If G x X is a constant group scheme associated with the abstract
group I', then Pic(G,X) = Pic(X) x Hom(I'**, Ox(X)*) where I'** = I'/TI"%" denotes the
abelianized group.

As usual, one can show that the first Chern class yields an isomorphism between Pic(G, X) and
the first graded piece F'Ko(G, X)/F2Ko(G,X) of GrKy(G,X) (see Theorem 1.7 of [FL] on p.
53). The inverse isomorphism is given by the determinant.

Let Td(Ty) = 1+ 7 + 7 + ... be the decomposition of the Todd class into homogeneous
components. Then, assuming Conjecture (5.6) (for Ky ), the equivariant Grothendieck-Riemann-
Roch theorem (5.10) yields the formula

1 f«(€) = Gr(fu)g(chgy1(E) 4 chg(E)m + ...+ 7ap1) in GrlKy(G, X)g

(for all £ € P(G,Y)) which, via the above isomorphism, can be interpreted as a formula for the
determinant of f,[£] in Pic(G, X)q. For instance, if f is étale, then we have Td(Ty) =1 and
hence

detx (f«(£)) = [Ox] + fe(dety () — f(Oy) mod F?*Ky(G, X)g.

E. g. we have detx(f.(Oy)) = [Ox] mod F?Ky(G,X)q.
Proof. Obvious.

(5.12) Remark (Integral Grothendieck-Riemann-Roch formulas). The Grothendieck-Riemann-
Roch theorem presented in (5.10) yields a formula in GrK (G, X) only up to torsion. Therefore,
for instance, it usually yields only the non-equivariant information, if G is a finite constant
group scheme acting trivially on X (see next section). There are the following approaches to
avoid this disadvantage:

(a) In the non-equivariant case, Fulton and MacPherson have given universal integers L,,, n > 0,
such that, for all étale morphisms f : ¥ — X and for all locally free modules £ on Y, the
difference

No(c1£o(E), ... enfi(€)) = fiNu(c1(E), ..., cnlE))

is annihilated by L,,. Here, ¢; denotes the i-th Chern class in Chow theory (see Theorem 23.3
of [FM] on p. 76). I hope to be able to prove analogous assertions for equivariant Chern classes
in the graded object associated with the Grothendieck filtration. Corollary (6.11) is a first step
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into this direction.

(b) In the situation mentioned in Remark (5.9)(b), Chinburg, Erez, Pappas and Taylor prove a
similar Grothendieck-Riemann-Roch formula by tensoring the graded pieces of the graded object
with Zp[¢,] (p a prime, (, a primitive p-th root of unity) in place of Q ([CEPT)).

(5.13) Remark (Comparison of topological and Grothendieck filtration). Let X be a regular
G -scheme contained in the category C. By Quillen’s resolution theorem (see Corollary 1 on
p. 101 of [Q]), we have K(G,X) = K'(G,X) where K'(G,X) denotes the higher K -theory
associated with the category of coherent G-modules on X . For any n > 0, let F{j Ko(G, X)
denote the preimage of the subgroup of K (G,X) generated by coherent sheaves F whose sup-
port has codimension at least n in X . Clearly, we have F{, Ko(G,X) C F'Ko(G,X). The
reverse inclusion does in general not hold as already seen in Example (2.9).

Let V be a regular connected closed G-subscheme of X of codimension n. Assuming Con-
jecture (5.6) to be true for the inclusion V < X, Theorem (5.10)(a) implies that the element
[Ov] of Fii,Ko(G,X) is also contained in F"Ko(G, X)q. Note that Conjecture (5.6) is true

for instance, if V' is a fixed point (see Proposition (5.8)(a)).
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6. An Induction Formula for (Integral) Representations of Finite
Groups

In this section, we consider a finite group G and explain the meaning of the equivariant Adams-
Riemann-Roch theorem (4.5) and the equivariant Grothendieck-Riemann-Roch theorem (5.10)
for representations of G on projective modules. Whereas the Grothendieck-Riemann-Roch the-
orem usually yields only the non-equivariant information, the Adams-Riemann-Roch theorem
specializes to an interesting Adams-Riemann-Roch formula for induced representations. In par-
ticular, it yields universal annihilators for Chern classes of (integral) induced representations.
Furthermore, we investigate the structure of the completed object KO(G, X)[j71] in various sit-
uations. In doing so, we relate some deep results of Atiyah proved in [At] to our considerations
in the case X = Spec(C), and we study the question whether the induction formula mentioned
above already holds in classical, i. e. non-completed K -theory.

Let G be an (abstract) finite group and S a connected noetherian scheme considered as a
G -scheme with trivial G-action. Then we have natural homomorphisms

i:K(S)— K(G,S) and e:K(G,S)— K(S)

of augmented (pre)- A-rings induced by endowing Og-modules with the trivial G-action and by
forgetting the G -structure, respectively. The induced homomorphisms on the associated graded
objects with respect to the F'-adic filtrations and with respect to the Grothendieck filtrations
will be denoted by ¢ and e again. The following proposition generalizes Proposition (6.13) of

[At].

(6.1) Proposition. The order of the group G annihilates the kernel of ¢ : GrK(G,S) —
GrK(S) (with respect to both filtrations).

Proof. Let Og[G| € P(G,S) be the left regular representation of G. The maps
O5[Gl ®@i(e(M)) — Os[G] @ M, (my)gea = (9(my))gea,

for M € P(G,S), define an isomorphism between the exact functors M — Og[G]| ® i(e(M))
and M — Og[G]®@M from P(G,S) to P(G,S). Hence, we have [Og[G]]-a = [Og[G]]-i(e(v))
in K(G,S) for all a € K(G,S). Thus, for § € GrK(G,S) contained in the kernel of ¢ we
finally have

ord(G) - B = (ord(G) = [Os[G]]) - 8 =0
since ord(G) — [Og[G]] is contained in F¢ (G, S).

This proposition shows that, after tensoring with Q, the graded object GrK (G, S) is isomorphic
to the non-equivariant graded object GrK (S). In particular, the Grothendieck-Riemann-Roch
formula presented in (5.10) yields only the non-equivariant information for any morphism f
with target S. On the contrary, the Adams-Riemann-Roch theorem (4.5) specializes to an
interesting induction formula in representation theory which we explain next.

Let H be a subgroup of G, and let X over S be a G-scheme of finite type which is contained
in the category C introduced in (3.1) (The latter assumption holds, if X is affine or regular or,
more generally, if X has an ample family of invertible Oy -modules, see Lemma (2.2) of [Ko2]).
Tensoring with Ox[G] over Ox[H] is exact and hence induces a group homomorphism

iyt K(H,X) — K(G, X)
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which is called the induction map. As in Remark (4.7), for any j > 1, let K(G, X)[j~'] be the
completion of K (G, X)[j~!] with respect to the Fi (G, X)[j~!]-adic topology.

(6.2) Theorem (Adams-Riemann-Roch formula for induced representations). For all z €
K(H,X) and for all j > 1, we have

Wi(z) =i (z) in K(G,X)[j].

In particular, we have 17 (Ox[G/H]) = Ox[G/H] in Ko(G,X)[j'].

Proof. Let Y be the G-scheme [y X = G/H x X where G acts on G/H by left mul-
tiplication and on X by the given action. Let f : Y — X be the corresponding projection.
Then, by Remark (3.5) (see also Remark (6.3) below), the morphism f is a G-projective, local
complete intersection morphism in C. The G-scheme Y is the same as the so-called balanced
product G x# X considered in section 6.1 of [Th3]. By Proposition 6.2 of [Th3], the restriction
of G to H and the restriction of Y to the distinguished component 1H x X in G/H x X
define an isomorphism r* : K(G,Y) = K(H, X) of (pre)- A-rings such that the diagram

r*

K(G,Y) S K(H,X)

e\ ar
K(G,X)

commutes. Now, the equivariant Adams-Riemann-Roch theorem (4.5) applied to the trivial
covering f proves Theorem (6.2) since the Bott element of f is 1.

(6.3) Remark. Let f be the G-morphism defined in the proof above. The canonical G-
isomorphism Ox[G/H] = [[g/g Ox = f«(Oy) induces a G-surjection f*(Ox|[G/H]) — Oy
and hence, by (1.5), a factorization

Y — Px(OX[G/H]) — X

of f asin Definition (3.2). Then, by (4.5), we obtain more precisely that the formula in (6.2)
is valid in the completion of K(G,X)[j~!] with respect to the (smaller) ideal generated by
[ANOx[G/H])] - (CH) i > 1.

For X = S = Spec(C) the morphism f defined in the proof above yields an example where
the push-forward homomorphism f, is continuous as conjectured in (5.6). This is proved in
the following proposition using a deep result of Atiyah. However, the associated Grothendieck-
Riemann-Roch theorem is insignificant because of Proposition (6.1).

(6.4) Proposition. Conjecture (5.6) restricted to Ky is true for the G-morphism

f+ T Spec(C) — Spec(C).
G/H

Proof. As already seen, the push-forward homomorphism

fe: Ko(G, [ Spec(C)) — Ko(G, Spec(C))
G/H

can be identified with the induction map i, : Ko(H,C) — Ko(G,C). By Proposition (5.1),
the (F™),>0-topologies on Ky(H,C) and Ky(G,C) agree with the Fg-adic topologies. Fur-
thermore, by Theorem (6.1) of [At], the Fj(H,C)-adic topology agrees with the Fj} (G, C)-adic
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topology on K(y(H,C) induced by restricting from G to H. Now, the projection formula proves
Proposition (6.4).

In order to explain the meaning of the induction formula (6.2) in classical representation theory,
we next investigate the completion Ko(G, k)[j71] for a field k acted on by G trivially. By [Ke],
the isomorphism classes of simple kG-modules form a Z-basis of the classical representation
ring Ko(G, k), and the Adams operations 7, j > 0, on Ko(G,k) are periodic. The latter
means more precisely: Let m be the char(k) -reqular exponent of G, i. e. the smallest common
multiple of the orders of all elements in G whose order is prime to char(k). Then /™™ = )7
for all j > 0. In particular, the Adams operation ¥™ is the augmentation map composed with
the canonical inclusion Z — Ky(G, k).

(6.5) Lemma. Let p be a prime and G a finite p-group. Let Z, denote the ring of p-adic
integers. Then we have for all j > 1:

R —1 1 or '
KO(G,/@)UWE{ %B_l}@% GRE L o %’7

In particular, the completion map Ko(G,k) — KO(G, k)[j71] is injective for p ) j.

Proof. Because of Ko(G,k)[j~!] = Z[j ' |@F} (G, k)[j~'], it suffices to show that the Fi(G,k)-
adic topology on FOI(G, k) is the same as the p-adic topology. This is done in Proposition 1.1
of [AT] on p. 277. (One direction follows from Proposition (6.1), and the other direction follows
from the fact that the ord(G)-th power map is the same as the ord(G)-th Adams operation
mod p which in turn is the same as the augmentation map.)

The induction formula (6.2) says in particular that the induction map 4, maps eigenvectors of
! to eigenvectors of 1/ with the same eigenvalue. Such eigenvectors are given in the following
example based on Lemma (6.5).

(6.6) Example. Let G be a cyclic group of order p. Then, for each j > 1, the completion
KO(G ,k)[771] decomposes into the direct sum of eigenspaces of /. More precisely: Let E;(1)7)
be the eigenspace of ¥/ in Ko(G,k)[j'] with eigenvalue 1, and, for any (p — 1)-th root of
unity « # 1 in Z,, let E,(17) be the eigenspace of 97 in F} (G, k)i~ = Fi(G, k) ® Z, with
eigenvalue «. Then we have:

KD(G’ k) [j_l] = EBoze,upfl(Zp) Ea(¢j)'

Proof. The case p|j being trivial by Lemma (6.5), we may assume that p Jj. Then we have
(PPt = w(jpfl) = ¢! = id since the Adams operations are periodic of length p. Hence,
the polynomial 7P~! — 1 annihilates ¥7. But TP~! — 1 equals Haeup_l(Zp) (T — ) in Z,[T7],
and the ideals (T — «), o € pp—1(Zy), in Z,[T] are pairwise comaximal. Now, the Chinese
remainder theorem proves Example (6.6).

In the classical case k = C, we may identify representations of the group G with their associated
characters. Then the kernel of the completion map can be described in the following way.

(6.7) Lemma. For any j > 1, we have:
ker(Ko(G,C) = Ko(G, O)[j71]) = {x € Ko(G,C) : x(9) =0
for all g € G whose order is a power of a prime not dividing j}.
Proof. By Proposition (6.10) of [At], the intersection of all powers of the augmentation ideal I
is given by

Moo I ={x € Ko(G,C) : x(g) =0 for all g € G whose order is a power of a prime}.
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This proves Lemma (6.7) for j = 1. An easy generalization of Atiyah’s arguments proves Lemma
(6.7) for arbitrary j.

Next, we investigate the question whether the induction formula (6.2) (for Kj) already holds
in Ko(G, X) (without inverting j and completing).

(6.8) Example. Let x be the character of a complex representation of the subgroup H of G.
Then the character of the induced representation is given by

1 -1
G—C, gr m Z x(z™ gz)
zeG:x~lgreH

(e. g. see formula (10.3) of [CR] on p. 230). The character of () is given by
H—C, hw— x(W)

(e. g. Proposition (12.8) of [CR]). If j is coprime to the order of G, then the condition
2~ gz € H is equivalent to the condition = 'g/xz € H . Hence, in this case, the induction formula
(6.2) applied to the situation X = S = Spec(C) already holds in Ky(G,C). On the other hand,
one easily sees that, in general, it is not true with Ko(G,C)[j '] replaced by Ko(G,C). Lemma
(6.7) shows that the error term is killed by the completion map Ko(G,C) — Ko(G,C)[j'].
Thus, in this classical situation, we have proved the induction formula (6.2) without using the
Riemann-Roch formalism developed in the previous sections. The same applies to Ki-groups
by Theorem 3.10 in [Ko7].

In the following example, we rather explicitly determine the structure of Ko(G,Z) and describe
the Adams operations on it, if G is a cyclic group of order p. Thereby, we show that the
induction formula 17 (Z[G]) = Z[G] is already valid in Ko(G,Z),if p ) j.

(6.9) Example. Let p be a prime and G a cyclic group of order p. Let € denote the canonical
A-ring homomorphism Ky(G,Z) — Ko(G,Q).

(a) We have a ring isomorphism Ko(G,Q) = Z[X]/((X+1)(X —p+1)) where X corresponds to
the representation Q((,) of G ((, a primitive p-th root of unity). The j-th Adams operation
¥ on Ko(G,Q) is the identity, if p J 7, and it is given by X + p—1,if p|j.

(b) There is a A-ring homomorphism i : Ko(G,Q) — Ko(G,Z) which splits €. In particular, €
is surjective.

(c) We have ¢/ (Z|G]) = Z|G] in Ko(G,Z),if pJj.

(d) The kernel C' of e is naturally isomorphic to the classgroup of the p-th cyclotomic field
Q(¢p)- If p)j, the induced j-th Adams operation Y/ on C is the composition of the mul-
tiplication with j and the automorphism induced by the Galois automorphism o;-1 of Q((p)
corresponding to j~! via the canonical isomorphism Gal(Q((,)/Q) = (Z/pZ)*. If p|j, the
j-th Adams operation ¢/ on C is the trivial homomorphism.

Proof.

(a) This is well-known and easy to prove.

(b) If, more generally, G is an abelian group, the permutation modules Q[G/H], H a subgroup
of G with G/H cyclic, form a basis of Ky(G,Q). Thus, we can define a splitting ¢ of ¢ by
i(Q[G/H]) := Z|G/H]. Then we obviously have i(Q[G/H]) = Z|G/H] for all subgroups H of
G . We will show in the proof of assertion (d) that 7 is a A-ring homomorphism, if G is cyclic
of order p.

(c) The formula 97 (Q[G]) = Q[G] is certainly valid in Ko(G,Q) for p Jj by assertion (a).
(Alternatively, this follows from Example (6.8) for an arbitrary group G since the canonical
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A-ring homomorphism Ky(G, Q) — Ko(G,C) is injective by Théoréme I of [Ke] on p. 5.) Now,
(the proof of) assertion (b) proves assertion (c).

(d) Since Z is regular, we have Ko(G,Z) = Go(Z[G]) by Satz (2.1) of [Ko2]. By Lenstra’s
formula (see [Le] or [Kod]), we have Go(Z[G]) = Go(Z) & Go(Z[p~1][¢y]) - Since Z[p~1][¢,] is a
Dedekind ring, we have Go(Z[p~][¢]) = Ko(Z[p~][¢p]) = Z @ Pic(Z[p~1][¢y]) (see Proposition
(2.1) of [Ba] on p. 453 and Corollary (3.8) of [Ba] on p. 468). The Picard group Pic(Z[p~1][(,])
is the same as the class group of Z[(,] since the only prime ideal of Z[(,] lying over p is a
principal ideal. This together with assertion (a) proves the first assertion in (d).

In order to show the remaining assertions of (d) (and (b)), we split Z[G]-modules into eigenspaces
by tensoring them with Z[p~!][¢,] over Z where &, is another primitive p-th root of unity. For
this, we consider the following commutative diagram of K -groups:

0— Pic(Z[¢p)]) = Ko(G,Z) = Ko(G,Q) —0
| @Z[p~1[&) 1 ®Q(&p)
1B Ko(G, Zp~][&]) . Ko(G,Q(&p))

I I
0— [ Pic(z[g) — [I KoZlp™lg)) — 11 Ko(Q(&) —0

a€Z/pZ a€Z/pZ a€Z/pZ

Here, the horizontal exact sequences come from the above considerations. Recall that the ho-
momorphism « : Pic(Z[(p]) — Ko(G,Z) is given by M — [M] — [Z[(,]] where the modules M
and Z[(,] are considered as Z[G]-modules via the ring homomorphism Z[G] — Z[(y], g — (p,
(g a fixed generator of G). The map ~ is the product of analogously defined homomor-
phisms. The vertical equalities are given by multiplying a G'-module M with the idempotents
eq i=p ! Zf:_ol & gt a € Z/pZ. The map f3 is defined as follows: Let M be an invertible
Z[(p)-module. For a € (Z/pZ)* the Z[{,]-module M, is defined to be the abelian group M to-
gether with the Z[¢p]-structure induced by the ring homomorphism Z[,] — Z[(,], &, — nga_l) .
For a = 0 € Z/pZ the Z[p]-module M, is defined to be the trivial module Z[¢,]. Then the

map [ is given by 3(M) := (Ma).ez/pz. -
The commutativity of the left square follows from the Z[p~1][¢,]-isomorphisms

Malp™] = ea(ZIp™][p] ® M), m— eq(1 @ m)

(for a € (Z/pZ)*) and the independence of Z[{,|, of a € Z/pZ. The commutativity of the
right squares is clear.

Now, the obvious but crucial fact is that all vertical arrows are injective. Therefore, in or-
der to show that the splitting ¢ defined above is a A-ring homomorphism, it suffices to note
that the obvious inclusion Ko(G,Q(&p)) = Z[Hom(G, Q(&,))] = Z[Hom(G, Zp~1[&)0)] —
Ko(G, Z[p~Y[&]) is a A-ring homomorphism which extends the splitting i. In order to ver-
ify the claimed action of the Adams operation ¥’ on Pic(Z[(y]), it suffices to note that

1/1j(’Y((Ma)an/pz)) equals ’y((Mfijla)an/pZ), if p J 7, and that it equals
’Y((®a€Z/pZMc?j)’ Z[ép}v s 7Z[§p])) = ’Y((Z[Sp]v s 7Z[£p])) = 07
if plj.
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(6.10) Remark. In forthcoming papers, we will prove the following (stronger) versions of the
induction formula (6.2):

(a) The equality ¥7(Ox[G/H]) = Ox[G/H] holds already in Ky(G,X) if H is a normal
subgroup and ged(j,ord(G/H)) =1 (see Remark 1.8 in [Ko9]).

(b) Let j be a prime which does not divide ord(G) and let C' be a cyclic group of order j. Then,
for all z € Ko(H, X), we have 17i,(z) = i,y (z) in Ko(C x G, X)/(Ox[C]) (see [Kol0]).
The essential ingredient in the proof of (6.2) being the triviality of the Bott element of the
trivial covering f, strengthened versions of Theorem (6.2) might even exist for étale equivariant
morphisms f. The techniques of [FM] mentioned also in Remark (5.12)(a) could help to find
general conditions which would imply the vanishing of the difference 7 f, — f.p7 without
completing K -theory. In Theorem 2.33 of [Sn], Snaith shows that “the Brauer induction theorem
commutes with Adams operations”. A generalization of the canonical induction procedure used
for this theorem (see also [Bo], especially section 4.3) could lead to strengthened versions of
(6.2), too.

In the remainder of this section, we will apply the Adams-Riemann-Roch formula (6.2) for K
to get universal annihilators for Chern classes of induced representations.

(6.11) Corollary. For any k > 1, let M} be the natural number

ord, (k)41
)

My = 2 Hp prime: (p—1)|k P if k is even
2, if k£ is odd.
Then, for all G, H, X as in Theorem (6.2), we have

My, - Ni(c1(Ox[G/H)),...,e(Ox[G/H])) =0 in Gr*Ky(G,X) = F}(G,X)/Fi™(G, X).

Proof. Since the group homomorphism sy, := Ng(c1, ..., cx) obviously annihilates F(;CH (G, X)),
it induces a homomorphism

skt Ko(G, X)[j71] = Gr"Ko(G, X) @ Z[j ]
for all j > 1. By Theorem (6.2) and Proposition 6.3 of [FL] on p. 25, we have
sk(Ox[G/H]) = sp(¢? (Ox|G/H])) = j*s1(Ox[G/H]) in Gi*Ko(G, X) ©Z[j™"]
for all j > 1. Hence, for each j > 1 there is a n; € N such that
" (" = 1)s(Ox[G/H]) =0 in - Gr"Ko(G, X).

By section 3.3 of [Th1], we have ged{;j®(j* —1):j =1,2,...} = M. Thus, Corollary (6.11) is
proved.

The annihilators of the elements s;(Ox[G/H]), k > 1, presented in the previous corollary
induce universal annihilators of the Chern classes ¢, (Ox[G/H]), k > 1, as follows.

(6.12) Corollary. For any k > 1, let Lj be the natural number
Ly :=k-lem{M;:1 <1<k}
Then, for all G, H, X as in Theorem (6.2) we have

Ly - cx(Ox[G/H]) =0 in GrfKy(G,X).
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Proof. This immediately follows form Corollary (6.11) by Newton’s recursion formula

Np(X1,. o, Xg) = Nt (X1, X)) Xa 4+ ()P NU(X) X oy + (—1D)FEX, = 0.

(6.13) Remark.

(a) For k even, the universal annihilator M} equals the denominator of Bj/2k where By is
the k-th Bernoulli number (see section 3.3 of [Thl]).

(b) If there exists an Adams-Riemann-Roch formula for induced representations without denom-
inators as suggested by Example (6.8), Example (6.9)(c) and Remark (6.10), then the proof of
Corollary (6.11) could be applied not only to the homomorphisms s; = Ni(c1,...,¢cx), k> 1,
but already to the Chern classes ¢, k> 1, and we would obtain improved annihilators for the
Chern classes ¢, (Ox|[G/H]), k> 1.

(¢) The above corollaries are not only valid for the graded object associated with the Grothendieck
filtration on Ky(G, X) but for all equivariant cohomology theories reasonable equivariant Chern
classes can be defined within. For instance, for any prime [ which is invertible on X we have
the equivariant [-adic Chern classes in H*(X¢, G,Zi(—)) due to Grothendieck (see §2 and §3
of [Gro2]) or, if X is a C-scheme, we have the transcendental Chern classes in H*(X?*", G,7Z)
(see §3 of [Gro2] or the appendix of [At], if X = Spec(C)).

(d) The representations Ox[G/H] considered in the above corollaries are already defined over
Z . This implies in particular that, for any separably closed field L with prime field K, the rep-
resentations L[G/H] are invariant under the Galois group Gal(L/K). Then, by functoriality,
the same holds for the Chern classes of L[G/H]. This fact was used by Grothendieck (see §4
of [Gro2]) to construct universal annihilators for these Chern classes. This method is applicable
not only to induced representations but to arbitrary representations with known isotropy group
and it yields better annihilators. However, the annihilators presented here are annihilators for
the Chern classes over the prime field and even over the integers Z.

(e) Thomas has translated the invariance of complex representations under the Galois group
Gal(C/K) of C over a number field K into the invariance of these representations in Ky(G, C)
under the Adams operations for certain j. Similarly to Corollary (6.11), he then constructs
annihilators for the transcendental Chern classes of these representations in group cohomology
H*(G,Z) (see [Thol, p. 55 and pp. 81-84).

(f) For elements of K(G,X) or K(G,X)[j~!] which are eigenvectors of 47 with an integral
eigenvalue, which is different from 1, say jV for some N, the method used in the proof of
Corollary (6.11) would yield similarly defined universal annihilators for the associated Chern
classes. I do not know whether it is reasonable to expect that such elements exist apart from
those which are induced from the non-equivariant part of K(H,X) for some subgroup H of
G . For instance, all elements of the representation ring Ko(G,Q) of a finite abelian group G
are invariant under ¢/ in Ko(G,Q)[j '] since Ko(G,Q) is generated by induced representa-
tions. Example (6.6) presents a case where eigenvalues different from 1 occur but these are not
integral.
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7. Higher T-Equivariant Algebraic K-Theory of G/B

In this section, let S be a separated regular noetherian connected scheme, GG a simply connected
split semisimple group scheme over S of rank [, T a split maximal torus in G, and B a Borel
subgroup of G containing T'.

Modifying and combining some arguments contained in the paper [KK2] of Kostant and Kumar,
we establish an isomorphism between the higher T'-equivariant algebraic K -theory K(T,G/B)
of G/B and the ring K(S) ® ¥ where ¥ is a certain combinatorically defined ring introduced
in [KK2]. From this isomorphism, we deduce that K(7,G/B) is a A-ring as conjectured in
(2.7) and that the push-forward homomorphism w, : K(T,G/B) — K(T,S) associated with
the structure morphism 7 : G/B — S is continuous with respect to the Grothendieck filtrations
as conjectured in (5.6). Applying the equivariant Grothendieck-Riemann-Roch theorem to 7,
we finally give a new proof of the Weyl character formula.

First, we recall the definition of the ring ¥ . For this, we introduce the following notations. Let
W be the Weyl group of (G, T') considered as the set of S-valued points of Ng(7')/T. It acts on
the character group X (T) := Homg(T, G,,) as usual by (w-\)(t) := Mw ™ tw) for X € X(T),
weW and t € T. Let R C X(T) be the associated root system, and let aq,...,a; € R be
the simple roots associated with (G, B,T). (The convention used here is that the root spaces
corresponding to positive roots are contained in the Lie algebra of B.) Let r,...,7m € W
denote the associated simple reflections, p1,...,p € X(T') the associated fundamental weights
(uniquely determined by 7;p; = p; — 0; jo; for all 4,5 =1,...,1), and Py,..., P the associated
minimal standard parabolic subgroups of G (given by P, = BU Br;B for all i =1,...1). The
group ring Z[X (T)] is denoted by R(T), and the canonical basis elements in R(7T") are denoted
by e, A € X(T). By Example (2.8)(d), we have a canonical ring isomorphism

K(S)® R(T) = K(T, S).

By Q(T') we denote the quotient field of R(T'). The action of W on X(7T') induces an action
of W on R(T) and Q(T). Let Q(T)w := Q(T)#W denote the associated twisted group ring.
The canonical basis elements in Q(T)y are denoted by d,,, w € W. The multiplication in
Q(T)w is normalized by 9, - ¢ = (wq) - &, for ¢ € Q(T) and w € W. For any i =1,...,1, let

1
1—ex 1—e%

Yi = yp. := (e + 6r,) (0 —e*6y,) € Q(T)w.

(Compared with [KK2], we have changed this definition and some other definitions introduced
later on in order to avoid the anti-automorphism ¢ of Q(T)y and various inversions occurring
in [KK2].) For any w € W, we put

Yw = Yiy =0 yil(w) € Q(T)W

where w = r;, -...-1y, (w) 1S @ reduced decomposition of w € W . This definition does not depend
on the chosen decomposition of w by Proposition (2.4) of [KK2]. We consider Q(T') as a left
Q(T)w -module via (0wq) - ¢' = w(q-q') & (¢0w) - ¢ = q-w(d) for ¢,¢' € Q(T) and w € W,
and we put

Y ={yeQT)w:y-R(T)C R(T)} CQ(T)w.

Obviously, Y is a subring of Q(T)w with R(T)#W %< SSR(T)5, = 3. 6,R(T) C Y and it is

an R(T)-submodule of Q(T )y with respect to both left and right multiplication. Furthermore,
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the elements y,,, w € W, are contained in Y since, for all i =1,...,]l and A € X(T), we have
rid = A —n;(N)a; with some n;(\) € Z.

(7.1) Proposition. The elements y,,, w € W, form a basis of the R(T)-module Y (with
respect to both left and right multiplication).

Proof. See Theorem (2.9) of [KK2].

Now, we consider Y as an R(7T)-module via left multiplication and define
U= HOIIIR(T) (Y, R(T))
to be the dual of Y. The dual basis of ¥ associated with vy, , w € W, is denoted by ¢,
weWw.
(7.2) Lemma. For any commutative ring K , the K -linear map
KoV — K& Hompgr)(R(T)#W,R(T)) = Maps(W, K @ R(T))
Y = Ylrryaw
is injective.
Proof. Let @ be the quotient Y/R(T)#W . Since the sequence
0 — Hompr)(Q, K ® R(T)) — Homp) (Y, K ® R(T)) — Hompr)(R(T)#W, K @ R(T))

is exact, we have to show that Homp(7)(Q, K® R(T')) vanishes. Let a € Homp1)(Q, K@ R(T'))
and ¢ € Q. By Proposition (7.1), there are roots 3; € R such that r = [[,(1 —e”) annihilates
q. Then we also have r-a(g) =0 in K ® R(T). Since r contains no prime factor coming from
Z, the factor ring R(T)/(r) is torsion free, hence flat over Z. Thus, the multiplication with r
is universally injective. Hence, we have a(q) = 0 as was to be shown.

We consider the R(T)-module Maps(W, R(T)) as an R(T)-algebra with multiplication defined
pointwise. Then we have:

(7.3) Proposition. The R(T)-module ¥ is an R(T)-subalgebra of Maps(W, R(T)) via the
embedding defined in Lemma (7.2).

Proof. See Proposition (2.20)(a) of [KK2].

Now, we are going to identify the higher T"-equivariant algebraic K -theory K(7,G/B) of G/B
with K(S) ® ¥. Recall that T acts on G/B via left multiplication and that the set (G/B)"
of (S-valued) fixed points can be identified with W via w +— wB/B. Let 7 be the localization
map

5:K(T,G/B) 5 K(T,(G/B)T) = Maps(W, K(T, S)) = Maps(W, K (S) ® R(T)).

Here, i : (G/B)T < G/B denotes the canonical inclusion. Obviously, 5 is a homomorphism of
K(T,S)-algebras.

(7.4) Theorem. The map % induces an isomorphism

~: K(T,G/B) = K(S)® ¥
of K(T,G/B) with the K(T,S5)-subalgebra K(S)®@ ¥ of Maps(W, K(S)® R(T)) (cf. Lemma
(7.2) and Proposition (7.3)).
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Proof. This immediately follows from Proposition (7.1) and the following three propositions.
Here, the injectivity of « follows from the surjectivity of v and Propositions (7.1) and (7.5).
(Alternatively, this can be deduced from the localization theorem, see last assertion of Lemme
3.3 in [Th4] and the proof of Lemma (7.2).)

(7.5) Proposition. The K(T,S)-module K(T,G/B) is free of rank |W]|.
(7.6) Proposition. The image of 7 is contained in K(S)®@ V.
(7.7) Proposition. The image of 4 contains K(S)®@ V.

Proof (of Proposition (7.5)). We recall the following standard arguments (e. g. see the appendix
of [Kol]). By Corollary 5.8 (3) of [Th3], we have K(T,G/B) = K'(T,G/B) where K'(T,G/B)
denotes the higher K -theory associated with the category of coherent T-modules on G/B.
Furthermore, the Bruhat decomposition of G/B yields a filtration

S=YocYiC...CYw =G/B

of G/B by T-stable closed S-subschemes of G/B such that for all i the canonical projection
pi : Y;\Y;_1 — S is T-isomorphic to an affine space A with linear T-action. Hence, by
the equivariant homotopy theorem (see Theorem 4.1 of [Th3]), the pull-back homomorphism
pf : K'(T,S) — K'(T,Y;\Yi_1) is an isomorphism for all i. Therefore, by the equivariant
localization theorem (see Theorem 2.7 of [Th3]), we have split short exact sequences

0— K(;(Tﬂ Y;—l) - KcI](Tﬂ Y;) - Ké(Tv YZ\Y;—l) —0, ¢=>0,
for i=1,...,|W|. Now induction yields
K(T,G/B) = K'(T,G/B) = Maps(W, K'(T, S)) = Maps(W, K (T 5))

as was to be shown.

In order to prove Proposition (7.6), we first introduce a further notation and prove a preparatory

can A
—_—

lemma: Any character A : T — G, canonically induces a representation A : B T =

G,, of B of rank 1 whose underlying representation space we denote by V(A). Then the
locally free T-module £(A) on G/B is defined to be the sheaf of sections of the T'-vector-
bundle G x® V()\) over G/B: For any open subset U of G/B, we have

rU,LN) ={¢: 75" (U) — V(\) S-morphism : ¢(zb) = A\(b) *é(x) for x € 75*(U), b € B}

where mp : G — G/B denotes the canonical projection. Similarly, the 7T-module Ly(\) on
P;/B is defined. (See section 5, especially section 5.16, of part I and section (1.10) of part IT of
[J] for this definition.)

For any i =1,...,1l let m; : G/B — G/P; denote the canonical projection (P; = BU Br;B).
(7.8) Lemma. The T-module & := (m;)«(L(—pi)) on G/P; is locally free of rank 2, the
adjunction homomorphism 7€ — L(—p;) is surjective, and the induced T -morphism

of G/P;-schemes (see (1.5)) is an isomorphism.

Proof. By assertion (5) of [J] on p. 183, there is a cover of G/P; by open subsets U which have
the following property: There is an isomorphism between 7; ' (U) and U x P;/B such that the
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diagram
7 () = UxP,/B
T\ // can
U

commutes and such that the 7-module ﬁ(—/)i)’ﬂ,—l(U) on m; }(U) corresponds to the vector
bundle U x P; x® V()\) on U x P;/B. Therefore, by the usual base change argument (see
Corollaire (9.3.3) of [EGA] I), it suffices to show the following assertions for the 7'-morphism
¢ : Pi/B — S: The T-module & := (g;)«(Lo(—p;)) is isomorphic to O%, the adjunction
homomorphism ¢& — Lo(—p;) is surjective, and the induced 7'-morphism

P,;/B — Ps(&) = Py

of S-schemes is an isomorphism. Using a Levi decomposition of F;, we may furthermore
assume that P; is reductive of semisimple rank 1. Then, by Proposition (5.8)(i) in Exp. XX of
[SGA3], we are reduced to P; = SLy. Under this reduction, —p; corresponds to the character

0 Zfl A
cit.). But p; o is the identity character since r;p; = p; — o;. Now, an easy computation
shows that £(—p;) corresponds to the twisting sheaf O(1) under the isomorphism P;/B = P},
as was to be shown.

Proof (of Proposition (7.6)). For any i = 1,...,l, let D; denote the K(T,95)-linear map
D; :=n}o(m).: K(T,G/B) — K(T,G/B). We introduce the structure of a left ¥ -module on
¥ and on 2 := Homg7)(Q(T)w, Q(T)) as follows:

(y-0)) =9 -y) for YpePorN and y,y €Y or Q(T)w.

Then we claim that we have

( = 0 ) — (—p;) o/ (2) where o : G, — T denotes the coroot associated with «; (loc.

F¥(Di(1)) =y -3(r) in £ forall 7€ K(T,G/B).

To give sense to this equality, we identify ¥(7) € K(S) ® Homp (R(T)#W, R(T)) with its
image in K (S5)® 2. (Here, one should actually replace Q(T") by the localization of R(T") with
respect to the multiplicative submonoid of R(T') generated by the elements 1 —e®*, o € R.
Then the canonical injection ¥ — Homgy(Q(T)w,Q(T)) remains injective after tensoring
with K(S) by the proof of Lemma (7.2).) Having proved this claim, we know that, for all
w € W, the element J(7)(yw) = (Yw - ¥(7))(d¢) is contained in K(7T,S). Thus, by Proposition
(7.1), 4(7) is an element of ¥ as was to be shown.

In order to prove the above claim, we first consider a 7 € K(T,G/B) which is contained in the
image of 7 and put 1 :=%(7) € 2. Since the diagram

5k

K(I.G/P) % K(T.(G/P)")
L L)
K(T,G/B) -~ K(T,(G/B)T)
commutes we have ¥(w) = ¢ (wr;) for all w € W. Hence, we have

(Y, - (") (w) = (¥¢) (0w - )
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1
= (Y¢) (1_61”%(510 - ewaidw"‘i)>

= (00) T (0 (8) — € B
= (0 (V) (@),

for all ¢/ € 2 and w € W. This means that the multiplication with y,, on (2 is linear over
7(Image (7)) . Since, on the other hand, D; is linear over Image(7}), and since, by Lemma (7.8)
and the equivariant projective space bundle theorem (2.2), K(T,G/B) is a free K(T,G/F;)-
module with basis 1, L(p;) it suffices to show the above claim for 7 =1 and 7 = L(p;). We
obviously have ¥(D;(1)) =1 = y,,(3(1)). This shows the above claim for 7 = 1. Furthermore,
an easy computation shows that 5(L(p;))(dy) = €*Pi for all w € W . Hence, we have

1
1 — ewai

(511) — e (5wri )>

— (ewm _ ewaiew'f'iﬂi) =0

W - L)) (Gu) = T(L(p) (
1

for all w € W since mip; = pi — a;. Since D;(L(p;)) is zero (see section 3), we have
F(D;i(L(pi))) =0 =1y, - ¥(L(p;)) as was to be shown.

Proof (of Proposition (7.7)). Let g : R(T) — Ko(T,G/B) denote the Atiyah-Hirzebruch
homomorphism (given by e* — £())), and let ¢ denote the K(T,S)-linear homomorphism

¢: K(T,5) @ R(T) —» K(T,G/B), f®g—f-B(g)
Similarly, let ¢ denote the K (T, S)-linear homomorphism
¢: K(T,8)®@R(T) — K(S)®WV, 1t —1e* 1210 (w— ™).

Then the diagram

¢/ N ¢
K(T,G/B) AN K(S)@w

obviously commutes. Since, by the proof of Theorem (4.4) in [KK2], the map ¢ is surjective,
also 7 is surjective. This proves Proposition (7.7).

(7.9) Corollary. The pre-A-ring K(7,G/B) is a A-ring, i. e. Conjecture (2.7) is true for the
T -scheme X :=G/B.

Proof. By Remark (2.8)(a) and Lemma (2.4), we know that K(S) and R(T) are A-rings.
Then, by Lemma (6.2) of [AT], also K(S)® R(T) ® R(T) = K(T,S) ® R(T) is a A-ring.
Here, the A-structure is defined using the universal polynomials P, , n > 1, defined e. g. on
page 5 of [FL]. Since, by Theorem (7.4) and the proof of Proposition (7.7), the homomorphism
¢ K(T,5)® R(T) — K(T,G/B) is a surjective ring homomorphism which by Proposition
(2.5) is compatible with the A-structures, Corollary (7.9) follows from this.

(7.10) Corollary. The (F™)-topology on K(T,G/B) agrees with that topology on K(T,G/B)
which is induced from the (F™),>0-topology on K(7,S) by the pull-back homomorphism 7*.
In particular, Conjecture (5.6) is true for the T'-morphism 7 : G/B — S.
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Proof. Since, by Theorem (7.4) and Corollary (7.9), we have A-ring isomorphisms K(T',G/B) =
K(S)®V¥ and K(T,S) = K(S)® R(T), it suffices to show the corresponding assertion for K
in the case S = Spec(C).

Let I be the augmentation ideal of R(T'). By (the proof of) of Proposition (5.1), the Grothen-
dieck filtration on R(T) agrees with the the [I-adic filtration. Because of the surjectivity of
the A-ring homomorphism ¢ : R(T)® R(T') — Ko(T,G/B), also the Grothendieck filtration on
Ko(T,G/B) agrees with the Fi(T,G/B)-adic filtration. Hence, Corollary (7.10) follows from
the following inclusions:

Fy(T,G/B)'"| C IKo(T,G/B) C Fy(T,G/B).

Here, the second inclusion is trivial and the proof of the first inclusion runs as follows.
Obviously, we have ¢([[, e (1®@e* —e®* ® 1)) =0 in ¥ C Maps(W, R(T)) for all X € X(T).
Hence, by Theorem (7.4) and the proof of Proposition (7.7), the element

[T ety =1 +@a—e) =[] (L) —e) of Ko(T,G/B)

weW weW

vanishes for all A € X(T'). This shows that (£(\) — 1)"I is contained in IKy(T,G/B) for all
A € X(T). Since the ideal I is generated by [ elements of the form L£(A) — 1, this shows the
first inclusion in the above claim.

Conjecture (5.6) follows from this like in the proof of Proposition (5.8).

Next, we show how the famous Weyl character formula can be deduced from the equivariant
Grothendieck-Riemann-Roch theorem (5.10) for Ky applied to m. Note that this theorem is
available now by Corollary (7.10) but we will show the continuity of 7, again proving the stronger
inclusion Fj(T,G/B)I®l C IKy(T,G/B). Certainly, the Lefschetz fixed point formula is the
most natural approach to prove the Weyl character formula. So the following considerations
should perhaps be regarded only as an example making explicit all the terms we have introduced
in the previous sections.

The canonical projection 7 : G/B — S is a projective, smooth T -morphism and hence a T -
projective, local complete intersection morphism by Remark (3.5). Let p € X(T') denote the
half sum of the positive roots, and, for any A € X(T), let A(X) := >, oy det(w)e?* € R(T) C
Ko(T,9).

(7.11) Theorem (Weyl character formula). For all A € X(T), we have

(L) = 2P0 i Ky(T, S).

Proof. We may assume that S = Spec(Z). Then we have Ky(T,S) = R(T). We define an
R(T)-linear map

D: Ky(T,G/B) — R(T)
as follows: Let D : Ko(T,G/B) — Ko(T,G/B) be the composition of the maps D;, , k =
1,...,1(wo), (see the proof of Proposition (7.6)) where wo =7, -... 15, is a reduced decom-
position of the longest element wy € W. As shown in (7.6), it corresponds to the operator yy,
via the isomorphism ~. Hence, by section 5.6 of [De], we have

Py = = 5 (2 5)

39



for all A € X(T). In particular, the image of D is contained in R(T") C Ko(T,G/B) since
Ko(T,G/B) is generated by the elements L£(\), A € X(T), as R(T)-module. Because of

A(:;) = [lacr, —L+ (see Lemma (24.3) of [FH]), we have

w

pem=3 (r II i

weW acR

for all f € R(T). We have to show that m, = D.

As seen in the proof of Corollary (7.10), the Grothendieck filtration on Ko(T,G/B) agrees with
the Fj(T,G/B)-adic filtration. Furthermore, the ideal F¢(T,G/B) obviously corresponds to
the ideal F'(¥) := ¥ N Maps(W,I) of ¥ via the isomorphism ~. More generally, the ideal
Fo(T,G/B)" being the image of (R(T) ® I + 1 ® R(T))" under ¢ corresponds to the ideal
F™"(¥) := ¥ N Maps(W, I") for all n > 0. By Proposition (2.22)(e) and the proof of Lemma
(2.29) in [KK2], we have

e()é

Fn(W): ® In—l(w)ww
weWw

where YV € ¥, w € W, is the dual basis of y,, € Y, w € W . Hence, the associated completed
graded ring G:r(u'/) is a free GrR(T )-module with basis % € Gr'™w | w € W. Furthermore,
by Proposition (2.30) of [KK2]|, Gr(¥)c is graded isomorphic to the ring A defined in [KK1].
Using the operators A,,, w € W defined in §4 of [KK1], one similarly constructs a GrR(T)g-
linear map

L : GrKo(T,G/B)g — GrR(T)q
such that for all g € GrR(T)g we have

w

1

c1(e®)

LGr(o)12g) =Y g ]] in GrR(T)q.

weWw acRy

Here, Gr(¢) : GrR(T) ® GrR(T) — GrKy(T,G/B) denotes the graded version of ¢ and
c1(e™) = (7% — 1) + I? € Gr' R(T) denotes the first Chern class of e~
By the equivariant Grothendieck-Riemann-Roch theorem (5.10), the diagram

Ko(T,G/B) ™ Grko(T,G/B)g

. 1 GI‘(W*)@
R(T) b, GrR(T)g
commutes. Here, we have
c1(L£(=))
Td(T;) =
= 1l =gy
a€Ry
since Tr =3, cp, £L(—a) in Ko(T',G/B) by formula (4) of [J] on p. 229. The following formal
computation (analogous to §4 of [La]) shows that also the diagram
Ko(T,G/B) " Grko(T, G/ B)g
D 1L
R(T) ch, GrR(T)q
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commutes:

chD(LA) =ch Y (et [T < _1€a
weW aERy
= exp(ci1(e?)) - :
= u;y p(ci(e)) ag+ 1 — exp(c1(e?))
B exnlcn (M) - Cl(e*a) . 1 w
= weZW p(ci(e)) ag+ 1 — exp(c1(e?)) QLL c1(e@)

c1(£(-a))
1 —exp(c1(L(@)))

=L | exp(c1(L(N))) - H

aERL
— L(ch(£())) - Td(Ty)).

By Example (5.5), the Chern character ch : R(T) — GrR(T)q is injective. Thus, in order to
show D = m,, it suffices to show that L = Gr(ﬂ*)Q. For this, we identify the basis elements
¥, w e W, of ¥ with their preimages in Ko(7,G/B) under 7. Since their residue classes
form a basis for the associated completed graded object, and since both L and Gr(w*)(@ are
CrR(T)g-linear of degree —I(wp), it suffices to show the equality

rank(m, (")) € Gr(m)g(¥™) = L{H™) in Gi°R(T)q = Q.
For this, let i, : S — G/B denote the S-valued point wB/B of G/B for w € W. Then, by
the equivariant excess intersection formula (3.8), we have

. 0 for w#e
i (le)+(1) = { HaER+(]‘ —e¥) for w=e

since the class of the conormal sheaf N, of i. equals 3, cp, €* by formula (4) of [J] on p.
229. Thus, the class (ie)«(1) of the structure sheaf of the T'-fixed point eB/B is contained
in the ideal F(l)(wo)(T, G/B) (alternatively, this follows from Theorem (5.10)(a) like in Remark
(5.13)), and we certainly have m,(i.)«(1) = 1. Therefore, it suffices to prove the formula above
with ¢™° replaced by (i.)«(1). But by definition of L, we have L((i¢)«(1)) = 1 (note that
c1(e™®) = (1 — e®) + I?). This completes the proof of Theorem (7.11).

(7.12) Example. Similarly to the formal proof of the Grothendieck-Riemann-Roch theorem
used for the proof above, there is the following formal proof for the equivariant Adams-Riemann-
Roch theorem (4.5) using the operator D: Let j € N and f € R(T). Then we have:

woptemn=v Y (1 I —=
weW acR L
, 1
:Z Wit H T
weW acRy
B j 1—e” 1 ’
_Z wf'Hl_eja'Hl_ea
weW acRy aER

=D (Wo(1®f) - 6/(T))™").
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