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COMPUTING THE HOMOLOGY OF KOSZUL COMPLEXES

BERNHARD KOCK

ABSTRACT. Let R be a commutative ring and I an ideal in R which is locally
generated by a regular sequence of length d. Then, each f. g. projective R/I-
module V' has an R-projective resolution P. of length d. In this paper, we
compute the homology of the n-th Koszul complex associated with the homo-
morphism P; — Py foralln > 1, if d = 1. This computation yields a new proof
of the classical Adams-Riemann-Roch formula for regular closed immersions
which does not use the deformation to the normal cone any longer. Further-
more, if d = 2, we compute the homology of the complex N Sym? T'(P.) where
I" and N denote the functors occurring in the Dold-Kan correspondence.

INTRODUCTION

In the theory of exterior powers of f. g. projective modules over a commutative
ring R, there are various formulas which, so far, can only be proved by using geo-
metric means (e.g., the projective fibre bundle or blowing up). An example is the
formula which computes the composition of exterior powers in the Grothendieck
ring Ko(R) (e.g., see [ET])). The plethysm problem is to find (explicit) functorial
short exact sequences which prove this formula within the framework of commuta-
tive algebra. It has been intensively studied in universal representation theory. In
this paper, we study the analogous problem for the Adams-Riemann-Roch formula
for regular closed immersions (between affine schemes).

We now recall the Adams-Riemann-Roch formula (see [FL]). Let i : ¥ — X
be a regular closed immersion of schemes with the locally free conormal sheaf C.
Let 9y, : Ko(X) — Ko(X) denote the n-th Adams operation on the Grothendieck
ring Ko(X); it is defined as a certain integral polynomial in the exterior power
operations on Ky(X). For any locally free Oy-module V, we choose a locally free
resolution P. of i,(V) on X, and we map the element [V] € Ko(Y) to the Euler
characteristic Y, -,(—1)*[Py] € Ko(X). This association induces a well-defined
homomorphism i, : Ko(Y) — Ko(X). The Adams-Riemann-Roch theorem for 1.,
now states that, for all y € Ko(Y"), we have

Un(ix(y)) = i(0"(C) - ¥n(y)) in Ko(X);

here, 8"(C) denotes the so-called Bott element associated with C (see [FL]).
This formula (for only one n > 2) implies the famous Grothendieck-Riemann-
Roch theorem for i, in a rather formal manner (see [FL]). It has been formulated
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for the first time by Manin in [M], but it has been proved there only up to n-
torsion in Ky(X). Moreover, as a formula in Ko(X) ® Q, it follows already from
Théoréme 4.3 in Expose VII of [SGA6]. The given version without denominators
can be derived from Théoréme 2.1 in Jouanolou’s paper [J] and can be found in
Soulé’s paper [S] and in the book [FL] by Fulton and Lang. In all these sources, the
deformation to the normal cone is the crucial tool in the proof. The object of this
paper is to construct explicit short exact sequences of O x-modules which prove this
formula in the case codim(Y/X) = 1, n arbitrary and in the case codim(Y/X) = 2,
n = 2. Since the proof of the Adams-Riemann-Roch formula in the general case
can immediately be reduced to the case codim(Y/X) = 1 using blowing up and
the excess intersection formula (see [SGA6]), we in particular obtain a new, very
natural and simple proof in the general case which, in contrast to [J], [S], or [FL],
does not use the deformation any longer.

To illustrate our approach, we now describe it rather completely for codim(Y/X)
=1 and n = 2. As in the beginning of the introduction, we consider only the affine
case; so, let X = Spec(R) and Y = Spec(R/I) where the ideal I of R is locally
generated by a nonzero-divisor. Let o2 and Ay denote the second symmetric power
and second exterior power operation. Let V be an f. g. projective R/I-module and

0—-P—-Q—-V -0

an R-projective resolution of V. Since 13 = 02 — Ag and 02(I/I%) = 1+ [I/1?], it
suffices to prove the formula

(0.1) aa(i([V])) = i ([Sym*(V)] = [A*(V) @ I/1?]) in Ko(X)
and a similar formula for Ay. Now, the main idea is to consider the Koszul complex
K: 0—A*P)—P®Q— Sym*(Q) — 0

which, for instance, can be defined as a subcomplex of the natural short exact
sequence 0 — A%(Q) — Q ® Q — Sym?*(Q) — 0. It is immediately clear that
the alternating sum of the objects of this complex equals the left-hand side of
the formula (0.1). Since the alternating sum of the objects equals the alternat-
ing sum of the homology modules, it suffices to show that Ho(K) = Sym?(V),
Hi(K) =2 A*(V)®I/I? and Hy(K) = 0. (Here, Ho(K), H1(K), and Ha(K) denote
the homology of K at the places Sym?(Q), P®Q, and A%(P), respectively.) Whilst
the isomorphisms Hy(K) 2 Sym?(V) and Hy(K) = 0 can be proved rather easily
(see Remark 3.3), the proof of the isomorphism H;(K) = A?(V) ® I/I? is more
complicated. The most important observation for this is the fact that Hq(K) does
not depend on the chosen resolution and that the association V — H;(K) =: F(V)
is even a functor. This can be proved as follows. Any homomorphism V — V'
between f. g. projective R/I-modules can be lifted to a homomorphism from a res-
olution of V to a resolution of V', and this lifted homomorphism then induces a
homomorphism between the corresponding Koszul complexes K and K’ in the obvi-
ous way. In order to prove that the induced homomorphism between the homology
modules does not depend on the lifting, we consider the complex

L: 0-P®P—Sym*P)®P®Q — Sym?(Q) — 0

(with the obvious differentials) which is quasi-isomorphic to the complex K. One
can show (see also Remark 2.6) that any homotopy between two homomorphisms
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between the resolutions induces a homotopy between the corresponding homomor-
phisms between the complexes L and L’. (The analogous statement for the com-
plexes K and K’ is not true!) As usual in homological algebra, this implies that
the association V — Hy(L) = F(V) is a well-defined functor. In particular, for
any f. g. projective R/I-modules V, W, the direct sum F'(V) & F(W) is a canonical
direct summand of F'(V & W). Let cro(F)(V,W) denote the complement. Then
cra(F) is a bifunctor. It is called the second cross effect of F'. (This terminology
has been introduced by Eilenberg and Mac Lane in [EM].) One easily sees that
we have cry(F) 2 Tor® in our situation. Hence, cro(F) is biadditive, and we have
cro(F)(R/I,R/I) = I/I?. Furthermore, one immediately sees that F(R/I) = 0.
Eilenberg ([E]) and Watts ([Wal) have proved that any additive functor F' on the
category of f. g. projective modules over a commutative ring A is isomorphic to the
tensor functor F/(A) ® —. Similarly, one easily shows that any functor F' with the
three properties just proved is isomorphic to the functor A%(—) ® I/I? (see Corol-
lary 1.6). This finally proves the claimed isomorphism H;(K) =2 A%(V)® I/I? and
hence the formula (0.1). The analogous formula for A2 can be proved in a similar
manner (see also Remark 3.6).

Now we briefly describe the idea of our approach in the case codim(Y/X) = 2,
n = 2. Let ¥ be alocally free Oy-module and P. a locally free resolution of i.()) on
X . Here, we compute the homology of the complex £ := N Sym? I'(P.) where I" and
N denote the functors occurring in the Dold-Kan correspondence (see section 2).
The idea to consider this complex is suggested by the observation that the complex
L used in the case codim(Y/X) = 1 is isomorphic to the complex N Sym? T'(P — Q)
(see section 2). On the contrary, it seems that an analogue of the Koszul complex
K does not exist in the case codim(Y/X) > 2. We obtain the following result (see
Theorem 6.4): Ho(L) 2 i, (Sym?(V)), H1 (L) = i.(A2(V)RC), Ho(L) =i (D*(V)®
A2(C)), and Hg(L) =0 for k > 3. This computation of the homology then implies
the Adams-Riemann-Roch formula in the case codim(Y/X) = 2, n = 2 as above
(see section 6). The main tools we use in this computation are the Eilenberg-
Zilber theorem and the universal form of the Cauchy decomposition developed by
Akin, Buchsbaum and Weyman in [ABW]. We again verify certain properties of
the corresponding cross effect functors which, together with easy abstract lemmas,
imply the above isomorphisms.

In section 5, we present a further application of the theory of cross effect functors
developed in section 1. We prove the Riemann-Roch formula for tensor power
operations (see Theorem 5.3) which has been proved in the paper [K2] using the
deformation to the normal cone (and which in turn implies the Adams-Riemann-
Roch formula in characteristic 0; see section 4 in [K2]). Here, the codimension of
Y in X may be arbitrary. For any locally free Oy-module V and for any locally
free resolution P. — i.(V) of i,(V) on X, we compute the homology of the total
complex of the n-th tensor power P.®" of P. together with the canonical action of
the symmetric group (see Theorem 5.1).

Acknowledgments. I would like to thank D. Grayson and R. McCarthy for many
very helpful discussions where I have learned, for example, the (advantages of)
simplicial techniques. In particular, D. Grayson has contributed the basic idea for
the important Corollary 2.5. Furthermore, R. McCarthy has explained the main
features of cross effect functors to me. It is a pleasure to thank them for all this
assistance.
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1. ON CROSS EFFECT FUNCTORS

First, we recall the definition of the cross effect functors cry(F), k& > 0, asso-
ciated with a functor F' between additive categories (cf. [EM] and [JM]). Then,
we introduce the diagonal and plus maps and describe these maps explicitly for
the second and third symmetric power functor. The most important result of this
section is Theorem 1.5 which states that any functor F' (of finite degree) from the
category of f. g. projective modules over a ring A to any abelian category is essen-
tially determined by the objects cri(F)(4,...,A), k > 0, and the diagonal and
plus maps between these objects. Finally, we characterize the classical exterior
power, symmetric power and divided power functors.

Let P be an additive category, M an abelian category, and F' : P — M a functor
with F'(0) = 0.

Definition 1.1. Let £ > 0. For any Vi,... ,Vy € Pand 1 <i <k, let
piVi®...o Ve =V, = Vid...0V;
denote the i-th projection. The k-functor

cri(F) : Pk - M
k
(Vieooo Vi) = Im [SO(-0F S Flpy +...4p1))
Jj=1 1<ii <...<i; <k
is called the k-th cross effect of F'; here, for any Vi,... , Vi, Wy,... , Wy € P and
f1 € Homp(V1,Wh), ..., fir € Homp(Vy, W), the map

crp(E)(fryoo fi) tern(F) (Voo Vi) = crp(F) (W, .., W)

is induced by f1 @ ...® fr € Homp(V1 ® ... @ Vi, W1 @ ... Wy). F is said to be
a functor of degree < k if cry41(F') is identically zero.

The cross effect functors cry(F), k > 0, have the following properties. We obvi-
ously have cro(F) = 0 and cry (F') = F. Furthermore, we have cry(F)(V, ..., Vi) =
0,if V; =0 for one i € {1,...,k} (see Theorem 9.2 on p. 79 in [EM]). The canon-
ical action of the symmetric group £z on V¥ = V @ ... ® V induces a natural
action of Xy on cri(F)(V,...,V) (see Theorem 9.3 on p. 80 in [EM]). Any natural
transformation F' — G between functors F' and G from P to M induces a natural
transformation cry(F) — cri(G) (see Theorem 9.5 on p. 80 in [EM]). The most
important property is the following proposition.

Proposition 1.2. For any k,1 > 1 and Vy,...,V; € P, we have a canonical iso-
morphism
cp(F)(..., id...oV, ...)

=~ b T () s Vigy oo, Vigy o)

1<<l1<ir <...<i; <l

which is functorial in Vi, ..., Vi. In particular, F is of degree < k, if and only if
cri(F) is a k-additive functor.
Proof. See Theorem 9.1, Lemma 9.8 and Lemma 9.9 in [EM]. O

Proposition 1.2 states that
F(Vi e Va) = F(Vi) @ F(V2) & cra(F)(V1, V2)
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for all V1, V5 € P; i.e., cra(F) measures the deviation from additivity of the functor
F. This isomorphism can also be used to define cra(F') (see section 3 in [JM]).
Similarly, the higher cross effects can inductively be defined by the isomorphism

crr(F)(Vi, oo, Vi, Vie @ Vi)
> cerp(F)(Vay oo s Viee, Vi) @ e (F)(Vay ooy Viem1, Vet 1)
@ crgp1 (F) (Vi oo, Vi, Vi)
(see section 7 in [JM]). In fact, we will use this definition whenever we have to
compute cross effect functors.
Definition 1.3. Let [ >k > 1,e = (e1,... ,6x) € {1,... , [} with |e| = &1 +... +
er=1land Vi,...,V; € P. The composition

e (F)(A,...,A
Ay (F)(VA, ... , V) — o)

cr(F)(VE, ... VigF)
—W>>CI'1(F)(V1,... ,Vl, ey Vk,... ,Vk)

of the map cri(F)(4,...,A) (induced by the diagonal maps A : V; — V£, i =
1,...,k) with the canonical projection 7 (according to Proposition 1.2) is called
diagonal map associated with €. The analogous composition

-l—EICl"l(F)(Vl,... ,Vi, ey Vk, ,Vk)c—>crk(F)(Vfl,... ,Vksk)

erg (F)(+,...,+)

CI‘]@(F)(VL ey Vk)
is called plus map associated with €.

Obviously, the maps A, and +. form natural transformations between the func-
tors cry(F) and cry(F) o (A, ..., A.,) from P*¥ to M. One easily sees that the
map A, can be decomposed into a composition of maps As with § € {1,2}7 such
that [0 =5+ 1 and j € {k,... ,l —1}. The same holds for +..

Example 1.4. Let P = M be the category of modules over a commutative ring
A. For any n > 1, let Sym” : P — M denote the n-th symmetric power functor.

(a) For all k > 1 and V4,..., Vi, € P, we have
cre(Sym™)(Va, ..., Vi) = @ Sym™ (V1) @ ... ® Sym"™* (V).

(n1,...,nE)E{L,... ,n}k
nid...tnp=n

(b) Let n = 2. Then the following diagrams commute for all V' € P:

cro(Sym?)(V, V) cro(Sym?)(V, V)
AQ +2
I and [
Sym?(V) VeV VeV Sym?(V)
V1V2 ———> V1 @ Vg + V2 Q@ U1 U1 ® Vg b———> V1V2.

(c) Let n = 3. By virtue of the isomorphisms given in (a), the diagonal and plus
maps can be described as follows (for V,W € P):

Az: Sym*(V) — VeVeV
VIV2V3 D ew, Vo(1) ® Va(2) ® Ug(s)-
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ANCRNE: Sme(V)®WEBV®Sym2(W) — VoVeWw
(v1v2 @ W, v @ wiws) = U] QU @W + v ® v ®w.
Ay : Sym2(V)®W@V®Sym2(W) — VoWeoWw
(”1U2®wav®’w1w2) — VW QW+ VR ws @ w;.

Ay : Sym*(V) — Sym*(V) @ V @ V @ Sym?(V)
V10203 — (V203 @ U1 + V1U3 @ Vg + V1V ® V3, V1 ® V203 + V2 ® V1V3 + U3 @ V1V2).

+3: VoVeV — Sym?(V)
V1 U2 QU +—> V1V203.

ten: VeVeW — Sym’(V)eW eV e Sym*(W),
M QU W (v1v2 @ w,0).

+a2: VOWeW — Sym*(V)@W eV ® Sym*(W)
VR W Qwy (0,v ® wyws).

+2: Sym*(V)®@ VeV eSym’(V) — Sym*(V)
(v1v2 @ v3,v] ® vhvf) —  v1Uavs + Vi vhvh.
Proof. Straightforward. O

The following theorem states that any functor F' of finite degree from the cat-
egory of all f. g. projective modules over a ring A to any abelian category M is
determined by the objects cr;(F)(A4,...,A), i > 0, the diagonal and plus maps
between these objects, and the actions

A — Endp(cr(F)(A, ..., A), aw—cr(F)(1,...,1,a,1,...,1),

of the multiplicative monoid A on these objects. (Here, 1 and a denote the multi-
plication with 1 and a on A, respectively.)

Theorem 1.5. Let A be a ring, M an abelian category, d € N, and
F,G: (f g. projective A-modules) —= M

two functors of degree < d with F(0) =0 = G(0). Suppose that there exist isomor-
phisms

ai(A,. .. A) e (F) (A, ..., A)——=cr;(G)(A,... ;A), i=1,...,d,

which are compatible with the action of A in each component and which make the
following diagrams commute for alli € {1,... ,d—1} and e € {1, 2} with |e| = i+1:

cri(F)(A, ... A) —=—cr;(G)(A,... ,A)

lAE lAE

cris1 (F)(A,... , A) == criy1 (G)(A,... , A)

and
CI‘H_l(F)(A, ce ,A) —— CI‘H_l(G)(A, “ee ,A)

lh l+5
cri(F)(A, ..., A) — = cr(G)(A, ..., A).

Then the functors F' and G are isomorphic.
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Proof. For any i > 1 and nq,...,n; > 1, we write cr;(F)(A™,..., A™) as a direct
sum of copies of cr;(F)(A4,... ,A), ..., cra(F)(4,...,A) according to Proposition
1.2; in the same way, we write cr;(G)(A™,...,A™) as a direct sum of copies of
cri(G)(A, ... A), ..., cra(G)(A4,...,A). The corresponding sum of copies of the
isomorphisms o; (A, ..., A), ..., aq(4,...,A) then yields an isomorphism

a;(Am oA™Y e (F)(A™ L AT —sory (G) (A™, ... AT,

Now, we show by descending induction on 4 that, for all mq,... ,m;,nq,... ,n; > 1
and for all matrices A; € Hom(A™, A™), ..., A; € Hom(A", A™), the following
diagram commutes:

(AP, A™
eri(F)(A™, ... , Ame) — i )

cri(G)(A™, ..., A™)
lcri(F)(Ahuw-Ai)

lcri(G)(Al,u.,Ai)
a; (A™L AT
cri(F)(A™ ... A™) ( )

cri(G)(A™ ... A™).

For ¢ = d+1, this assertion is clear since crgy1(F') and crgy1(G) are identically zero.
So, we may assume that i < d and that the assertion is already proved for ¢ + 1.
Writing (A1, ... ,.A;) as the composition of (Aj,id,...,id), ..., (id,... ,id, A;)
and using symmetry, we may furthermore assume that As, ... ,.A; are the identity
matrices. By construction of a;(A™,..., A™), we may finally assume that ny =

. =n; = 1. Now, we write A for A;, cr;(F)(A™) for cr;(F)(A™,A,... A),
and similarly for cr;(G)(A™, A,...  A), etc. By construction, the above diagram
commutes, if A is a standard projection A™ — A or a standard embedding A — A™.
Furthermore, the diagram commutes if n = m = 1 by assumption. Hence, the
diagram commutes for all matrices A which have at most one entry which is different
from zero. Thus it suffices to show that the diagram commutes for the matrix A+ B
if it commutes for the matrices A and B. For this, we decompose A + B into the
composition

A"—A>AnEBA"ﬂ>AmEBAm—+>Am

and identify cr;(—)(A™ & A™) with cr;(—)(A™) & cr;(A™) & crip1(—) (A", A™) ac-
cording to Proposition 1.2. By construction and assumption, the following diagram
commutes:

eri(F)(A") oA

cr; (G)(A™)
lcri(F)(A)
cr;(F)(A™ @ A™)

lcri(G)(A)

A Bai (A Do 1 (A, AT
a;(A")®a; (A")Bait1( ) cri(G)(A™ @ A™).

(To see this, one decomposes the map cr;(F)(A) into a direct sum of copies of the
maps

cripi (F)A, ... A) rerg i (F)A, ... A) —cerj(F)(ABA,... ,A® A), j>0,
according to Proposition 1.2. The composition of such a map with a natural
projection cri;(F)(A® A,... A® A) — criyj+u(F)(A,...,A) (again accord-

ing to Proposition 1.2) is then a diagonal map A, for some ¢ € {1,2}*J with
le] =i+ j+k.) Likewise, the corresponding diagram for + in place of A commutes.
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By the assumption on A and B and by the induction hypothesis, the following
diagram also commutes:

i (AN B (A™)Davi g1 (A™,A™)

cri(F)(A™ @ A™) cri(G)(A™ @ A™)
lcri(F)(A@B)

cr;(F)(A™ @ A™)

lcri (G)(A®B)

LA™ Dos (A™)Bari 1 (AT, A™
ai(A™)@a; (A™)Baiqa( ) cri(G)(A™ @ A™).

Now, the proof of the above assertion is complete.
This assertion implies in particular that, for all n > 1 and for all projectors A €
End(A"™), the isomorphism

a1 (A™)

FA") = oy (F) (A" —2 ey (@) (4m) = G(Am)
induces an isomorphism
ai(Im(A)) : F(Im(A)) 2 Im(F(A))——Im(G(A)) = G(Im(A)).

If B € End(A™) is a further projector and f : Im(A) — Im(B) is an A-homo-
morphism, then the diagram

a1 (Im(A))

F(Im(A)) G(Im(A))
lF(f) lG(f)
F(im(8)) — 8 G(im(B))

commutes (again by the above assertion). Finally, if V' is an arbitrary f. g. projective
A-module, we choose a projector A as above and an isomorphism V' 22 Im(A) and
define a1 (V') to be the composition

F(V) 2 F(Im(A))— 20

G(Im(A)) = G(V).

It is clear that a4 (V) does not depend on the chosen projector and on the chosen
isomorphism and that «; is an isomorphism of functors. This proves Theorem
1.5. O

Corollary 1.6 (Characterization of the exterior power functors). Let A be a com-
mutative ring, B a further ring, d € N, and

F : Py :=(f g projective A-modules) — (B-modules) =: Mp

a functor with F(0) =0 and with the following properties:
(i) crq(F) is d-additive, i.e., cryyq1(F) = 0.
(i) The d A-module structures on crq(F)(A, ..., A) coincide.
(iii) F(A?~1) = 0.

Then we have for all V € P4,

F(V) 2 A V)®acra(F)(A, ..., A).
Proof. The assumption F(A?~1) = 0 implies
cri(F)(A) =0, ..., crg—1(F)(4,... ,A)=0



COMPUTING THE HOMOLOGY OF KOSZUL COMPLEXES 3123

by Proposition 1.2. Similarly, for the functor G' defined by G(V) := A4V) ®4

crg(F)(4,...,A), we have cr1(G)(A) =0, ..., crg_1(G)(4,...,A) = 0. Further-
more, we have cry(G)(A,...,A) =2 crg(F)(A,...,A). Thus, Corollary 1.6 follows
from Theorem 1.5. O

Example 1.7. In the case d = 1, Corollary 1.6 yields the following statement which
has already been proved in [E] and [Wa)]: Each additive functor F' : P4 — Mp is
isomorphic to the tensor functor — ® F(A). By induction, we obtain the following
generalization: Let F : P4 — M be a d-additive functor such that the d A-module
structures on F'(A, ..., A) coincide. Then we have for all V1,... ,Vy € Pa,

F(Vi,...,Va) 2 Vi®a...04aVa®a F(A, ... A).

Proposition 1.8 (Characterization of the symmetric power functors). Let A, B,
d, and F be as in Corollary 1.6. In contrast to Corollary 1.6, we assume however
that F' has the following property in place of property (iii): For alli=1,...,d—1,
the B-module homomorphism

plus; : @ crg(F)(A,... ,A) Fect ayiei=a
ee{l,...,d}?, e|=d

cri(F)(A, ..., A)

is bijective. Then we have for all V € Py,
F(V) 2 Sym?(V) @4 cra(F)(4,... , A).

Proof. We view crq(F)(V,...,V) as a ¥4-module with the action introduced above
and F(V) as a Yg-module with trivial action. Then, the plus map

+aq:crg(F)(V,..., V)= F(V)

is obviously compatible with these ¥g-actions. Since +4 : crg(F)(4,...,4) —
F(A) is bijective by assumption, the symmetric group ¥4 acts trivially on the
object crg(F)(4,...,A). Hence, the composition

Vel @4 crg(F)(A, ..., A) Zcerg(F)V,...,V) =% F(V)

of the isomorphism given in Example 1.7 with the plus map +4 induces a B-module
homomorphism

(V) : Sym® (V) @4 crg(F)(A,... ,A) — F(V)

which is functorial in V. One easily proves that, for all ¢ = 1,... ,d, the homo-
morphism cr;(a)(4,...,A) coincides with the isomorphism plus; by virtue of the
isomorphism

cri(Sym?)(4,... , A) = b A
ee{l,...,d}?, |e|=d
(see Example 1.4(a)). Hence, cr;(a)(A, ..., A) is bijective. Then, by Proposition
1.2, a(V') is bijective for all f. g. free A-modules V. Again by Proposition 1.2, the
same then holds for all V€ P4. This proves Proposition 1.8. |

Proposition 1.9 (Characterization of the divided power functors). Let A, B, d,
and F be as in Corollary 1.6. In contrast to Corollary 1.6, we assume however that
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F' has the following property in place of property (iii): For alli=1,...,d—1, the
B-module homomorphism
(AE)EE{I,,.. ,d}t,|e|=d

diag; : cry(F)(A4,... ,A) et 6(2 e

crg(F)(4,... ,A)

is bijective. Then we have for all V € Py,
F(V) 2 DY V)@ cra(F)(A,...,A).

Proof. The d-th divided power D¥(V) of an f. g. projective A-module V is the
module of fixed elements under the natural action of the symmetric group ¥4 on
V@4, Thus, Proposition 1.9 can be proved analogously to Proposition 1.8. O

Remark 1.10. For any functor F : P4 — Mp with F(0) = 0, the composition

F(A)i cra(F) (A, A)L>F(A) equals F'(2-ida) —2-idp(4). Now assume that
d = 2. Under the assumptions of Proposition 1.8, the endomorphism F'(2 -ida)
of F(A) then corresponds to the endomorphism cro(F)(2 - ida,2 - id4) = 4 - id of
cra(F)(A, A); hence, F(2-ida) = 4 -idpa). Thus, 420 Ay = 2-idpa). This
proves that the assumptions of Proposition 1.8 also determine the map As. Thus,
Proposition 1.8 follows from Theorem 1.5 in the case d = 2. The same holds for
Proposition 1.9. It seems that a simple generalization of this argument to the case
d > 2 does not exist.

2. SIMPLICIAL MODULES AND KOSZUL COMPLEXES

First, we recall the Dold-Kan correspondence; in particular, we introduce the
functors I' and N between the category of simpicial modules and the category of
complexes. Then, we recall the definition of the n-th Koszul complex Kos™(f) as-
sociated with a homomorphism f : P — @ between the projective modules P, Q
over a commutative ring R. Finally, we construct an explicit complex homomor-

phism «"(f) from Kos"(f) to NSym"I'(... —» P EN Q@) and prove that u™(f) is
a quasi-isomorphism.

Let M be an additive category. Let A denote the category whose objects are the
sets [n] = {0 <1< ... <n}, n >0, and whose morphisms are the order preserving
set maps. For 0 < ¢ < n+1, let 67 : [n] — [n + 1] denote the injective order
preserving map given by Im(87) = [n+ 1]\{¢}. For 0 <i <mn,let o} : [n+1] — [n]
denote the surjective order preserving map given by (¢7)71(i) = {i,i +1}. A
simplicial object X. in M is a contravariant functor from A to M. We write X,, for
X.([n]), di : Xpn41 — X, for X.(07) and s; : X, — Xpg1 for X.(o]). A simplicial
homomorphism f.: X. — Y. between two simplicial objects X.,Y. in M is a natural
transformation. A simplicial homotopy between simplicial homomorphisms f, g :
X.——= VY. consists of homomorphisms h;(n) : X,, — Y,41, n >0,0 <i < n,
such that doho(n) = f, and dp+1hn(n) = g, for all n > 0 and such that certain
further relations d;hj(n) = ... and s;h;(n) = ... hold (see 8.3.11 in [W] or (2.3)
in [IM]). A complex K. in M is a contravariant functor from the ordered set Ny
to the category M such that 9% = 0 where 0 : K; ;1 — K; denotes the differential.
The normalized complex N(X.) of a simplicial object X. in an abelian category M
is given by

n—1
N(X)p = Xn /Z Im(s; : Xn_1 — Xn) ;
=0
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the differential in N(X.) is

0= zn:(—nidi : N(X.)p — N(X)no1
i=0

(2

(for all n > 0). Thus, we have a functor
N : Simp(M) — Compl(M)

from the category Simp(M) of simplicial objects in M to the category Compl(M)
of complexes in M. We define a functor

I' : Compl(M) — Simp(M)

in the reverse direction as follows. For n > k, let Sur([n],[k]) denote the set of
surjective order preserving maps from [n] to [k]. For (M.,0) € Compl(M) and
n >0, let T'(M.),, be defined by

F(M.)n::é b M.

k=0 o€Sur([n],[k])

Furthermore, d; : I'(M.), — T'(M.)p—1, ¢ € {0,...,n}, and s; : T(M.), —
T(M.)pt1, 9 € {0,...,n}, are defined by

(m,0d;) if 06; € Sur([n — 1], [k]),

di(m,o) = (O(m), ) if 06; = 006 (where & € Sur([n — 1], [k — 1])),
0 if 06; = 6;6 with j > 1,
si(m,o) = (m,o0;)

(for k € {0,...,n} and (m, o) € My x Sur([n], [k])). One easily verifies that these
definitions determine a simplicial object I'(M.) in M (cf. section 2 in [JM] or section
8.4 in [W]).

Proposition 2.1 (Dold-Kan correspondence). For any abelian category M, the
functors N and T are inverse to each other (up to canonical isomorphisms). A
simplicial homotopy between two simplicial homomorphisms induces a homotopy
between the corresponding complex homomorphisms and vice versa.

Proof. See section 8.4 in [W]. O

Now, let F': P — M be a functor from an additive category P to an abelian
category M with F(0) = 0. If F is additive, then the induced functor Compl(P) —
Compl(M), K. — F o K., maps homotopic complex homomorphisms to homotopic
complex homomorphisms. In the simplicial world, the analogous statement holds
even for an arbitrary functor F: The induced functor Simp(P) — Simp(M), X. —
FX. := F o X., maps simplicial homotopies to simplicial homotopies since only
compositions (and no sums) are involved in the defining relations of a simplicial
homotopy. Hence, using the Dold-Kan correspondence, we obtain a functor

Compl(P) — Compl(M), K.— NFT'(K.),

which maps homotopic complex homomorphisms to homotopic complex homomor-
phisms and which is obviously isomorphic to the functor K. — F o K., if F is
additive. (This basic fact has already been observed by Dold and Puppe in [DP].)
If K. is a complex in P with K,, = 0 for all n > 2, then the complex NFT'(K.) can
be described as follows by using the cross effect functors introduced in section 1.
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Lemma 2.2. Let f : P — Q be a homomorphism in P. We consider f as a
complex with @ at the place 0 and P at the place 1. Then we have for all n > 0:

NFT(P — Q)p Zcrp(F)(P,... ,P)®crpt1(F)(Q, P, ..., P);

the differential 0 : NFT(P — Q) — NFT(P — Q)n—1 is given by the following
diagram:

Crn+1(F)(QaP7"' 7P)—>Cfn(F)(Q7P7"' 7P),

here, the upper horizontal map is the alternating sum Z?;ll(_l)i(‘i‘si) of the plus
maps associated with ' = (2,1,...,1), ..., e" 1 = (1,...,1,2); the lower hori-
zontal map 1s ((+(2,1,... ’1)) [¢) crn+1(F)(idQ, f, idp, . ,idp)) + Z?;ll(_l)i(‘f'(l,gi));
the diagonal map is cr,(F)(f,idp, ... ,idp).

Proof. By construction of ', we have I'(P — @), = Q & P" for all n > 0. By
virtue of these isomorphisms, the maps d; : T'(P — @), — I'(P — Q),—1 and
$; : T (P — Q)n — (P — Q)nt1 can be described as follows:

di(¢;p1,--- ,Pn) = (@ P15+ s Pim1,Pi + Piv1,Dit2, .-, Pn) i 1<i<n—1
(qapla"- apn—l) ifi=n
si(%pla"' 7pn) = (Qapla"' 7pia07pi+17"' 7pn) if 0 é 1 é n

(see also Lemma A.2 in [JM]). Hence, by Proposition 1.2, we have

FT(P = Q). = F(Q) & F(P") & cra(F)(Q. P")
e
=~ DD @(F)(P.... ,P) & crraa(F)Q,P,... , P)).

k=0

Thus we have

NFI(P = Q) 2= FT(P — Q) / (z_: Im(si)>
i=0
ey (F)(P,... ,P)@crp1(F)(Q,P,...,P).

Finally, one can easily check now that the differential has the claimed form. [l

For any object P in P and k > 0, we write P[—k] for the complex which has P at
the place k and 0 else. Lemma 2.2 states, in particular, that NFT'(P[0]) = F(P)[0]
and that NFT(P[—1]) is isomorphic to the complex

s an(F)P,. .. P) 25 e (F)(P,...,P) 2 2 B(P)—0

where 8, = > (=1) (+21).
Now, we recall the definition of the Koszul complex (see I 4.3.1.3 in [I1], V.1.3
in [ABWI, or section 2 in [G]). Let n € N, let R be a commutative ring, and let

f: P — @ be a homomorphism between projective R-modules P, Q.
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Definition 2.3. For any k € {0,... ,n+ 1}, let
dis1 - APHH(P) © Sym™ ™ 7H(Q) — AM(P) @ Sym" T (Q)
denote the Koszul differential given by

PLA . APE1 @ qry2 Gn

k1 .
= Z (_1)k+1_1p1 NoooADi AL /\pk+1 39 f(pi)Qk+2 C Q-
i=1
The complex

0= A"P) & A (P)oQ ™5 ... BPoSym™ Q) B Sym™(Q) — 0

is called the n-th Koszul complex associated with f and is denoted by Kos™(f).

One can prove analogously to Lemme 2.1.2.1 on page 277 in [I2] that the
complexes Kos"(f) and N Sym"I'(P — Q) are isomorphic in the derived cate-
gory of R. Whereas Illusie uses three complex homomorphisms (which cannot
be composed since they have different directions) to realize this isomorphism; we
now explicitly construct a single complex homomorphism u™(f) from Kos"(f) to
N Sym"T'(P — Q) and show that u™(f) is a quasi-isomorphism. For k = 0,... ,n,
let u}(f) denote the composition

AF(P) @ Sym™ *(Q) “E PEF @ SymmF(Q)

(1.4~)(a) k ek
—  crp(Sym”®)(P,... , P) ® Sym" (Q)

n—k
= P e(Sym* ) (P, P) @ Sym"F Q)
i=0
(1.4~)(a) n n
—  crg(Sym™)(P,...,P)® cri1(Sym™)(Q, P, ..., P)

(2.2)
— NSym"T'(P — Q);

here, ay, : A¥(P) — P®% piA...Apy — D oesy (—1)Sgn(”)pa(1) ®@...®Py(k), denotes
the antisymmetrization map; the other homomorphisms are explained under the
indicated example or lemma.

Proposition 2.4. The homomorphisms up(f), k = 0,... ,n, define a quasi-iso-
morphism

u"(f) : Kos"(f) = NSym"T'(P — Q).
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Proof. We write S for Sym, and we set L. := N S"T'(P — Q). The following picture
illustrates u™(f):

A™(P) AP ®Q a Pes" Q) —=5"(Q)
lid
a1®id S"(Q)
/ ?
an_1®id PoS" HQ)——0
an / ®
52
P®(” 1>®Q S"HP)®Q ——=0
/ e e
PO ——— crn 1( 0
i H \
Ly . L . 2 2 Lo;

here, the differentials in the middle complex are given by Lemma 2.2. For all
k=0,...,n, the composition

k—1,_qvi )
AR(P) % PEF = ey (SF)(P,..., P) = S o sMyp,... P

(S*(P)®P®...@P)®...® (P®...0 P S*(P))

1%

is obviously the zero map; furthermore, one easily sees that the diagram

di+1

Ak+1(P) ® S"ik*l(Q) Ak(P) ® Snfk(Q)

lak+1®id l(tk@id

Pelan @ gkl (@) R pek g Q i 57741 (Q) e POF @ 5H(Q)

commutes. This proves that u is a complex homomorphism. Obviously, the com-
plexes Kos"(f) and NS"T'(P — Q) can be filtered by subcomplexes such that
u™(f) is compatible with these filtrations and such that, for k =0, ... ,n, the map
between the k-th successive quotients induced by u™(f) is the complex homomor-
phism

u*(0) @id : A¥(P)[—k] ® S"F(Q) — NS*I'(P — 0) @ S"*(Q).
Thus it suffices to show that, for all n > 0, the complex homomorphism

u™(0) : A"(P)[~n] — NS"T(P — 0)
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is a quasi-isomorphism, i.e., that Proposition 2.4 is true in the case @ = 0. We
prove this by induction on n. For n = 0 this is clear. So let n > 1. The homomor-
phism u"(idp) is a quasi-isomorphism since Kos"(idp) is exact and the complex
NS"T(P d P) is homotopic to the zero complex. Furthermore, the complex

homomorphisms
uF(0) ®@id : A¥(P)[—-k] @ S"*(P) - NSFI(P — 0) @ S" % (P),

k=0,...,n— 1, are quasi-isomorphisms by the induction hypothesis. Using the
filtrations already considered above, we obtain that v"(0) is a quasi-isomorphism.
(Alternatively, this also follows from Proposition I 4.3.2.1(i) on p. 111 in [[1] and
the following fact which is a little bit tedious to prove: The complex homomorphism
NS"T'(P — 0) — A™(P)[—n] constructed in [ 1] is left inverse to «™(0).) This ends
the proof of Proposition 2.4. O

Any commutative square

lap laQ
P’ SN Q'
of homomorphisms between projective R-modules induces a homomorphism
Kos" (a) : Kos™(f) — Kos™ (")
between the corresponding Koszul complexes in the obvious way.

Corollary 2.5. If (ab, ab) and (o, aé) are homotopic complex homomorphisms

between the complexes P 4, Q and P’ il Q’, then the induced homomorphisms

between the k-th homology modules of the corresponding n-th Koszul complezes are
equal:

Hy,(Kos"(a')) = Hy,(Kos"(a®)) : Hy(Kos"(f)) — Hy(Kos"(f"))
(for all k > 0).
Proof. Obviously, the diagram

Kos™(f) )

Kos™(a') lNSym" r'(a?)

' w (f) :
Kos"(f') —————=Nsym"T(P' L @)

NSym"T(P L Q)

commutes for i = 1,2. Furthermore, the complex homomorphisms N Sym” I'(al)
and N Sym™ I'(a?) are homotopic to each other. Thus, Corollary 2.5 follows from
Proposition 2.4. O

Remark 2.6. In the next section, we will use only Corollary 2.5 (and not Propo-
sition 2.4). The simplicial methods used here to prove Corollary 2.5 are actually
not necessary: Alternatively, one can use use Lemma 2.2 to define the complex
NFT(P — Q) and one can directly show that homotopic complex homomorphisms
between P — @ and P’ — @’ induce homotopic complex homomorphisms between
NFT(P — Q) and NFT(P' — Q’). However, the simplicial definition of NFT'(K.)
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has the advantage that it yields a more natural argument for the proof of Corollary
2.5 and that it can be applied also to complexes K. of length > 1 (see also section
6).

Remark 2.7. One can prove analogously to Proposition 2.4 that the Koszul complex
Kos (f):0— D"(P) - D" Y(P)®Q — ... > PO A" Q) — A"(Q) — 0
(defined analogously to 2.3) is quasi-isomorphic to the complex NA"T'(P — Q).

3. COMPUTATION OF THE HOMOLOGY OF KOSZUL COMPLEXES

Let R be a commutative ring and n € N. In this section, we compute the
homology modules of the n-th Koszul complex Kos™(f) for each homomorphism
f P — Q@ between f. g. projective R-modules which has the following properties:
f is injective and Q/f(P) is an f. g. projective R/I-module for some ideal I in R
which is locally generated by a nonzero-divisor.

First, we recall the definition of the Schur modules corresponding to Young
diagrams of hook type.

Definition 3.1. Let k € {0,... ,n} and V an f. g. projective R-module. Let
dipr : AFH(V) @ Sym™ ™ H(V) — AR(V) @ Sym™ (V)

denote the differential in the Koszul complex Kos"(idy) (see Definition 2.3). The
module

LYV :=Tm(dpy1) € AF(V) @ Sym™*(V)

is called a Schur module associated with V' and the Young diagram (k+1,1,...,1)
((n—Fk—1) 1s).

Since Kos"(idy) is exact, LY (V) is an f. g. projective R-module for all k =
0,...,n. For instance, we have L{(V) = Sym™(V), L (V) =2 A™(V), and

L (V) = 0. Obviously, the definition given here agrees with the definition on
p. 220 in [ABW].

Theorem 3.2. Let I be an ideal in R which is locally generated by a nonzero-

divisor. Let 0 — P Q — V — 0 be an R-projective resolution of an f.
g. projective R/I-module V. Then, for all k = 0,...,n, we have a canonical

isomorphism
Hy,(Kos™(f)) = LR(V) © (I/1%)%*

between the k-th homology module of the n-th Koszul complex and the tensor product
of the Schur module LY (V') with the k-th tensor power of the conormal module I/12.
In particular, Hy(Kos™(f)) is a projective R/I-module.

Remark 3.3. We consider the following extreme cases:
(a) If K = n, Theorem 3.2 states that the differential

dp - A"(P) - A" Y(P)®Q

is injective. This immediately follows from the exactness of the Koszul complex
Kos™ (idp) and the injectivity of f.
(b) If k = 0, Theorem 3.2 states that the sequence

PeSym" Q) 5 Sym"(Q) <2 Sym™(V) — 0
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is exact. This already follows from the construction of symmetric powers.
In both cases, the assumption on the ideal I is not used.
Proof of Theorem 3.2. We fix k € {0,... ,n}. For any f. g. projective R/I-module

V', we choose an R-projective resolution 0 — Py Iy Qv —V — 0of V. For any
homomorphism « : V' — W between f. g. projective R/I-modules V, W, there is a
complex homomorphism

Py ——Qv
lap laQ

Py — Qw
which is compatible with «; this complex homomorphism is unique up to homotopy
by a standard argument of homological algebra. Thus, by Corollary 2.5, we obtain
a well-defined functor

F :Pgr/r — (R-modules), V — Hj(Kos"(fv)).
Let G denote the functor
G : Prj; — (R-modules), Vi L(V)® (I/I1%)%*.

We have to show that F(V) = G(V) for all V' € Pg,;. For this, we verify the
assumptions of Theorem 1.5.

One easily checks (see also 4.3.1.5 on p. 109 in [I[1]) that, for all f : P — Q,
f': P — @' in Pg, we have

Kos'(f@ )= @ Kos™(f)®Kos™(f).
ni+nz=n
(The tensor product of two complexes K. and L. is a priori only a double complex.
In this paper, K. ® L. denotes both the double complex and the total complex of
this double complex.) Using Proposition 1.2, we obtain the following isomorphism
for all i > 0 and Vi,...,V; € Pg/r (see also Example 1.4(a)):

cri(F)(Vi, ..., V;) = GB Hy (Kos™ (fv,) @ ... @ Kos™ (fv,)) .
(ny,...,n3)€{1,... ,n}t
ny+t..An;=n
In particular, F' is of degree < n and, for V3 = ... =V, = R/I, we obtain
cri(FY(R/I,... ,RJI) = P H, ((1 cogy R)®">
(1 €L )

since Kos™(I — R) = (I — R) for all m > 1. The complex (I <% R)®' has the
shape
S ()
0— I% — @ re6-1) —>...—>@I—>R—>O;

here, the differential @(k) %% — @(k—l) I®(k=1) ig the composition of the differ-
ential @(k) I%F — @(’ﬁl) I®% in the complex (R i R)®' @ I®F with the canon-
ical inclusion @(’Cll) %% — @(kll) I1®(=1_ Hence, the module Zj, ((I — R)®?)
of k-cycles is isomorphic to Z;, ((R — R)®") ® I®*, and the module By, ((I — R)®?)
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of k-boundaries is isomorphic to By ((R — R)®%) ® I®+1) Since (R — R)®* is
exact, we obtain

Hy, (I = R)®) 2 B, (R — R)®") @ (I/I*)®".
Similarly, for the functor G, we obtain

cr;(G)Y Vi, ..., Vi)

= &b By, (Kos™ (idy, ) ® ... @ Kos™ (idy, )) ® (I/I?)%*.
(ny,...,n3)€{1,... ,n}t
ny+..An;=n
In particular, G is of degree < n and we have for Vi = ... =V; = R/I:
et (G)(R/I,... ,R/I) = D By ((R/I i R/I)®i) ® (I/1%)®*,
(n1....,ng)€{l,... ,n}?
Nyt An;=n

Thus, for all 7 > 1, we obtain an isomorphism
a;(R/I,... ,R/I):cry(F)(R/I,... ,R/I) = cr;(G)(R/I,... ,R/I).

The multiplication with 7 € R/I in the I-th component of cr;(F)(R/I,... ,R/I)
obviously corresponds to the endomorphism

B m of P Be((R—R®)eU/17)%".

(nl,...,n,;) (nl,...,n,;)
The analogous statement also holds for G. Thus, the maps «;(R/I,... ,R/I),
it =1,...,n, are compatible with the action of R/I in each component. For any
e€{l,...,n}tand V4,...,V; € Pr/1, the diagonal map
Ac e (F)(Vi, .o, Vi) —er(B)(Va, o s Ve, o, Vi) Ve)

is induced by an obvious complex homomorphism
JAVES @ Kos™ (fy,) ® ... ® Kos" (fv;)
(n1,...,m3)

— @ Kos"' (fy,) ® ... @ Kos™I(fy,).

(nlr"' fn\s\)
Similarly, the diagonal map
Ac e (G)(Vi, . Vi) = e (G) (Vi sV, o, Vil V)
is induced by an obvious complex homomorphism

JAVER @ Kos™ (idy,) ® ... ® Kos™ (idy; )
(n1,...,m5)
— @ Kos™ (idy, ) ® ... ® Kos™*I(idy; ).
(’nl,u. ,n‘E‘)
Using these facts, one easily sees that the isomorphisms «;(R/I,... ,R/I), i > 1,
are compatible with the diagonal maps. In the same way one can prove that these

isomorphisms are compatible with the plus maps. Hence, by Theorem 1.5, the
functors F' and G are isomorphic, and Theorem 3.2 is proved. O

In the next proposition, we explicitly describe the isomorphism of Theorem 3.2.
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Proposition 3.4. The isomorphism
Lp(V) @ I/ T4 = Hy(Kos™(f))
constructed in the proof of Theorem 3.2 maps the element
dk+1(’01 VAN /\Uk+1 ®’Uk+2 . "’Un) KTy Tk

to the homology class of the element

k+1
STEDFTEg) A A G A A (TrGrr1) ® GGtz G
i=1
here, q; is a preimage of v; under the given surjective map Q@ — V (fori=1,... ,n)

and, for any r € I and q € Q, the element rq of Q is considered as an element of
P.

Proof. The isomorphism G' = F constructed in the proof of Theorem 3.2 induces
an isomorphism cry,(G) = cr,(F) of n-functors. Obviously, the diagrams

cry (AFF @ Sym™ ) (VL V) @ 1T e (G)(V,... V)

lJrn@id LJF

AML(V) @ Sym™ k1 (V) @ IF/T++1 G(V)

(where both horizontal maps are induced by dj+1) and

e, (GY(V, ..., V) —=cr,(F)(V,...,V)

|+ |+

G(V)

commute for all V' € Pg/;. The R/I-module cry, (A’chl ® Sym”fk*l) V,...,V)

is isomorphic to a direct sum of copies of V®", We index these summands

n
k+1
by the subsets T' of {1,...,n} with k + 1 elements in the canonical way. For
V®...0v, €V and T = {t; < ... < txy1}, let (v1 ® ... @ v,)[T] denote the

corresponding element of cr,, (A’“r1 ® Sym"ik*l) (V,...,V). We obviously have

+o((r1 ® ... @v,)[T))
Vg N AU ® H vy in AFMH(V) @ Sym™ (V).
te{l,...,n]\T
In particular, the restriction of +,, to the direct summand which corresponds e.g.
to {1,...,k+ 1} is surjective. Thus it suffices to show that the composition of the
upper horizontal maps of the above diagrams with the right vertical map in the
lower diagram maps the element (17 ® ... ® v,)[{1,... ,k+ 1} ® 71 -7 to the
homology class of the element given in Proposition 3.4. We obviously have

ctn(dis) (Ve V(01 @ ... @va)[{1L,...  k+1}])
k+1

= Z(—l)k“‘i(vl ® @)L, b k1]
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in cry, (Ak ® Sym"ik) (V,...,V). The isomorphism
crp(G)(V,..., V) S e (F)(V,..., V)

is equal to the composition

crn(G)(V,..., V)2V @ cr,(G)(R/I, ... ,R/I)
=2V Qcr, (F)(R/I,...,R/I) = cry(F)(V,...,V)
where the middle isomorphism has been explicitly constructed in the proof of The-
orem 3.2 and the exterior isomorphisms have been introduced in Example 1.7. The
composition
Im (Crn(korl)(R/Ia s 7R/I)) & Ik/IkJrl
~cr,(G)(R/I,... ,R/I) = cry(F)(R/I,... ,R/I)

maps the element cry, (dg+1)(R/I,... ,R/I)(1[{1,... k4 1}]) ® 717 to the ho-
mology class of the element

k+1
DD e 901, .0 1. @ )[{L,. . ... k+1}]

i=1

in the complex (I — R)®" (see the proof of Theorem 3.2). Furthermore, the
isomorphism V®" @ cr,(F)(R/I,... ,R/I) = crp(F)(V,...,V) maps the element
V1 ®...R v, ®x to the image of x under the map

crp(F)(v1, ... o) terp(F)(R/I, ... ,R/I) — crp(F)(V,..., V).

(This easily follows from Example 1.7). Hence, the composition of the upper hori-
zontal maps in the above diagrams maps the element

(n®@...0v,)[{L,... ,k+1}]@T1 7%

to the homology class of the element

k+1

Z(_l)k—i_l_i((rlql) R ... @ (ric1gi1) © ¢

®(rigiv1) ® ... ® (MkGet1) ® drr2 ® ... @ qu)[{1, ... ,1,... .k +1}]
in the complex (P — @Q)®". The plus map +, : cr,(F)(V,...,V) — F(V) maps

the latter homology class to the homology class stated in Proposition 3.4. Thus,
Proposition 3.4 is proved. |

In the following remark, we sketch an alternative proof of Theorem 3.2.

Remark 3.5. An easy, but tedious calculation shows directly that the association
described in Proposition 3.4 yields a well-defined homomorphism

G(V) = Ly(V) @ I*/T**! — Hy(Kos™ (f)) = F(V)

for all V' € Pg/;. Furthermore, one can verify that the induced homomorphisms
cri(G)(R/I,... ,R/I) — cri(F)(R/I,... ,R/I), i > 1, are bijective. By Proposi-
tion 1.2, this implies that the morphism G — F' of functors is an isomorphism. So,
in this proof, the abstract argument Theorem 1.5 has been replaced by more explicit
computations which, from the combinatorial point of view, are more complicated.
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Remark 3.6. Analogously to Theorem 3.2, one can prove the following statement
for the Koszul complex Kos" (f) introduced in Remark 2.7: Under the assumptions
of Theorem 3.2, we have

Hy(Kos" (f)) = Lp(V) @ (I/1)®*  for all k > 0;

here, ﬂZ(V) denotes the co-Schur module of type (k + 1,1,...,1) which can be
defined analogously to 3.1 (see also Definition IT 1.3 on p. 220 in [ABW]).

4. A NEW PROOF OF THE ADAMS-RIEMANN-ROCH FORMULA
FOR REGULAR CLOSED IMMERSIONS

In this section, we deduce the Adams-Riemann-Roch theorem for regular closed
immersions of codimension 1 from the main result of the previous section. Using
blowing up and the excess intersection formula, the Adams-Riemann-Roch theorem
for regular closed immersions of arbitrary codimension then follows from this as in
[SGA®G]. In particular, we obtain an easy, elementary and natural proof of the
Adams-Riemann-Roch theorem which does not use the deformation to the normal
cone any longer.

First, we recall the following definitions and facts of the theory of A-rings (see
Expose V in [SGA 6], section 4.5 in [S], or Chapter I in [E1]). Let K be a (special)
Aring, C € K of (finite) A-degree d, and x € K arbitrary. Furthermore, let p be
a polynomial in the A-operations A1, Ao, ... without constant term. Then, there is
a unique element u(C,z) € K which is functorial in (K, C,z) and which has the
following property:

@ - A1 (C)) = p(C,z) - A1 (C)
d

(here, A_1(C) = Y_i_o(—1)"X;(C)). This immediately follows from the following
fact which is easy to prove (cf. Lemma 5.2 in Expose V of [SGA 6]): If the elements
A(C), ..., A(C) and Aq(x), A2(x), ... are considered as indeterminates and if the
polynomial ring Z[A (C), ... , Aa(C), A1 (), A2(z), .. .] is equipped with the obvious
A-structure, then the element p(z - A_1(C)) is divisible by A_1(C). For n > 1,
let 1, denote the n-th Adams operation, i.e., ¥, = N,(A1,...,\,) where N,
denotes the n-th Newton polynomial. Furthermore, let ”(C) denote the n-th
Bott element of C' (see §4 in [KT] or p. 24 in [EL]). The n-th symmetric power
operation is inductively defined by g = 1 and o,, = Z?:l(—l)i_lx\ion_i forn > 1.
For 0 < k < n, the Schur operation s} of type (k + 1,1,...,1) is defined by
Sp = Z?:kJrl(_l)z_k_l/\ian—i-
Lemma 4.1. (a) Let u be the product of two polynomials py and pe. Then we have
,L"(Cv :L') = ul(C, (E) ’ M2(C7 x) : )\,1(0)
(b) For alln >0 and z,y € K, we have
n—1
on(Ciz +y) = 0n(C,x) + Z 0i(C,z) - 0n—i(C,y) - A=1(C) + on(C, y).
i=1
(c¢) For all n > 1 we have 1, (C,x) = 0"(C) - ¢y (z).
(d) Let d = 1. Then we have for alln > 1,
n—1
on(Crz) = (=1)fsp(z)C".
k=0

In particular, we have o, (1,x) = ¥, (x).
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Proof. The assertions (a) and (b) immediately follow from the definition. The
assertion (c) follows from the multiplicativity of ¢,,. If d = 1, then we have

on(z-A_1(C)) = op(z- Zan i (—zC)

(—1)ian,z( ) Ai(2C) (since o;(—x) = (—1)i)\i(x))

Il

s
Il
o

(=1)'on_i(x) - Ni(z) - C* (since C' is of A-degree 1)

|

-
Il
=]

I
NE

(—=)lon_i(z) - Ni(z) - (C* = 1) (since Z Yion_i(x) - Ni(x) = 0)

-
3|
=]

(=)o, i(x) - N(z) - A+ CH...+C7H A 1(C) (geom. sum).

<.
(e}

Hence we have
n

on(Cyx) = Z(—l)”lan_i(m) (@) - I+C+...+CTh

i=1

— n—1
= Z ( > () o) Ai(x)> Cr =3 (~ 1) sp(a)Ct.
k=0 \i=k+1 k=0
In particular, we have o, (1, z) = Z;é(—l)ksﬁ(x) — by () by section 3in [G]. O

Now, let X be a noetherian scheme with the property that each coherent Ox-
module is a quotient of a locally free Ox-module (of finite type). Let Ko(X)
denote the Grothendieck group of all locally free Ox-modules and K§°(X) the
Grothendieck group of all coherent Ox-modules which have a finite resolution by
locally free Ox-modules. By Proposition 4.1 on p. 126 in [FL], the canonical
homomorphism K¢(X) — K§°(X) is bijective. Let ¢ : Y — X be a regular closed
immersion of codimension d with conormal sheaf C. Then, for any locally free Oy-
module V, the direct image i, (V) is a coherent O x-module which has a finite locally
free resolution (see p. 127 in [F'L]). Thus, the association [V] — [i.(V)] induces a
well-defined homomorphism

i Ko(V) — K(X) 2 Ko(X).

The following formula describes the behavior of products with respect to this ho-
momorphism. It follows from the self-intersection formula and it will be used in
our proof of the Adams-Riemann-Roch formula.

Proposition 4.2. For all z,y € Ky(Y), we have
ix(z) - ix(y) = ix(@ -y - A ([C])) in Ko(X).
Proof. See Corollaire 2.8 on p. 436 in [SGAG]. O

The assertion (a) of the following theorem has already been proved in Théoréme
4.3 on p. 449 in [SGA 6], however, only modulo torsion. The claimed version without
denominators has been proved in Théoréme 2.1 on p. 24 in [J] using the deformation
to the normal cone. The Adams-Riemann-Roch formula given in (b) follows also
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from Théoréme 2.1 on p. 24 in [J] and it has been proved in Theorem 6.3 on p. 142
in [EL].

Theorem 4.3. Letn > 1.

(a) (Riemann-Roch formula for o, ) For all y € Ko(Y') we have
oulis)) = inon([Cl ) i Ko(X).

(b) (Adams-Riemann-Roch formula) For all y € Ko(Y) we have

Un(ix(y)) = i(0"([C]) - ¥n(y)) in  Ko(X).

Proof. (a) First, let d = 1. By Lemma 4.1(b) and Proposition 4.2, the elements
y of Ko(Y) for which the Riemann-Roch formula for o, holds for all n > 1 is
a subgroup of Ky(Y). Thus, it suffices to prove the Riemann-Roch formula for
y = [V] where V is a locally free Oy-module. We choose a locally free resolution

0o—p L Q — i, (V) — 0 of i, (V) on X. By gluing the isomorphisms of Theorem
3.2, we obtain isomorphisms

Hi(Kos™(f)) 2 i (LF(V) @ C®F), k=0,... n.

Hence, we have in K§°(X),

S (C1HARP) © Sym™H(Q)] = i (b—l)ww) . c@’ﬂ) |

k=0

Thus, we obtain

k
on(in([V]) = 0a([Q] = [P]) = D _(=D¥[A*(P) @ Sym"*(Q)]

k=0
n—1
= <Z(—1)k82([V1)'[C]k> =ix(on([C],V])) in Ko(X);
k=0

here, we have used the exactness of the Koszul complex Kos"(idy) and Lemma
4.1(d). This proves assertion (a) in the case d = 1. The general case can be de-
duced from this as on p. 449 and p. 450 in [SGA 6] using blowing up and the excess
intersection formula.

(b) Let ¢, = >, a,07" ---ok» be the representation of 1, as a polynomial in
the symmetric power operations o1, ... ,0,. Then we have in Ky(X),

Un(in () = Y ayor (i ()" -+ o i ()

=Y avi(o1([Cl,y))" - +is(oa([Cly)""  (Theorem 4.3(a))

=i, (Z ay o1([Cl, )" - - on([C], )" .Al([C])"ﬁ---M—l) (Prop. 4.2)

=i (Yn([Cl,y)) (Lemma 4.1(a))
— L (0((C)) - () (Lemma 4.1(c)).
This ends the proof of Theorem 4.3. |
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5. RIEMANN-ROCH FOR TENSOR POWERS

In the paper [K2], we have established Riemann-Roch formulas for tensor power
operations. In the case of regular closed immersions, we have used the deformation
to the normal cone to prove them. The aim of this section is to prove these formulas
by using the method developed in the previous sections. In contrast to the previous
sections, this method can be applied here to regular closed immersions not only of
codimension 1 but of arbitrary codimension.

Let R be a noetherian ring and n € N. Let X,, denote the n-th symmetric group,
i.e., the group of permutations of I, := {1,... ,n}. We write R[I,] for the direct
sum of n copies of R together with the obvious action of ¥,. The ¥,,-module K,
is defined by the short exact sequence

0 — K, — R[I,] ™2 R—0.
Let I be an ideal in R which is locally generated by a regular sequence of length
d. Furthermore, let P. — V be an R-projective resolution of an f. g. projective
R/I-module V. We view the total complex P.™ of the n-th tensor power of the
complex P. as a complex of ¥,-modules in the canonical way. In particular, the
homology modules Hy(P.®"), k > 0, are equipped with a canonical ¥,-action.

Theorem 5.1. For all k > 0, there is a canonical X, -isomorphism
Hy (P2 =V o AMI/I? @ K,);

here, V™ is considered as a X,,-module with the natural action and I/1? as a %,,-
module with the trivial action. In particular, H,(P.™) is a projective R/I-module.

Proof. We fix k € {0,...,n}. A homotopy between two complex homomorphisms
fyg: P.—ZQ. induces a (non-equivariant) homotopy between the complex ho-
momorphisms f®7 ¢®¥7: p®——=0Q ©"  In particular, the X,-homomorphisms
Hy(f®") and Hg(g®") coincide. Therefore, we obtain a well-defined functor

F :Pr/r — (R[Xn]-modules), V — Hy(P.5"),
as in the proof of Theorem 3.2. Let G denote the functor
G : Pryr — (R[X,]-modules), V — VO & AF(I/ 12 @ K,).

We have to show that F(V) = G(V) for all V' € Pg,;. Again, we verify the as-
sumptions of Theorem 1.5.

First, we suppose that the ideal I is globally generated by a regular sequence.
This means that there is a homomorphism ¢ : F — R from a free R-module F' of
rank d to R such that the Koszul complex Kos®(e) is a resolution of R/I (by virtue
of the canonical map Kos?(¢)g & R — R/I). One easily checks that the complex
(Kos?(£))®" is ,,-isomorphic to the Koszul complex Kos"(F® R[I,] &5 F ——
R). By Lemma 3.3 in [K2], the homology module Hy(Kos"*(F ® R[I,,] — F — R))

is ¥,-isomorphic to the k-th exterior power of
ker(F/IF ® R[I,] 28 F/IF - I/I) 2 F/IFQ K, ~1/I*?® K,,.

Thus, we have established a X,,-isomorphism F(R/I) = A*(I/I? ® K,,). Tt obvi-
ously does not depend on the chosen homomorphism . Hence, we can glue these
isomorphisms and obtain a canonical ¥,-isomorphism F(R/I) = A*(I/1* ® K,,)
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also in the case the ideal I is only locally generated by a regular sequence. For any
two complexes P. and Q., we have

(PoQ)*= P ndg .y (PO ©Q.5™).

ni+n2=n

Hence, as in the proof of Theorem 3.2, we obtain for all ¢ > 0,

IR

Cri(F)(R/Iv"' 7R/I) @ Indgzlx...xzni Resgzlx.“xzni F(R/I)

(n1....,ng)€{l,... ,n}?
nit...4n;=n

1

@ Indggl v.xx, (B) | @ AMI/I? © K.,)
(nl,u.,ni)

~ o (G)R/I,...,R/I).

One easily sees that these %,,-isomorphisms are compatible with the action of R/I
in each component and with the diagonal and plus maps. Thus, Theorem 5.1 follows
from Theorem 1.5. O

Example 5.2. Let n=2. Then Theorem 5.1 yields the well-known ¥.5-isomorphism
Tor(V,V) = VE2 @ A*((I/1%)sgn)
where the transposition in X acts by —1 on (I/I?)sgn.

Now, let X be a noetherian scheme with the property that each coherent Ox-
module is a quotient of a locally free Ox-module. Let Ky(%,,X) denote the
Grothendieck group of all locally free ¥,-modules on X. Using the “binomial
theorem”

(Fog® = P dg

ny

s, (F2" © GOn2),

ni+n2=n
the association [F| — [F®"] can be canonically extended to a map
Tn : Ko(X) — Ko(Z,, X)

(see section 1 in [K2]). It is called the n-th tensor power operation. Let i : Y — X
be a regular closed immersion of codimension d with conormal sheaf C. Let i,
denote both the homomorphism from Ky(Y) to Ko(X) introduced in section 4
and the homomorphism from Ky(3,,Y) to Ko(2,,X) defined analogously. The
following theorem is Theorem 4.1 of [K2].

Theorem 5.3 (Riemann-Roch formula for 7,,). For all y € Ko(Y), we have

r(i(y) = (A1 (€ ® Kol) - mly)) in Ko(E,, X).
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Proof. If Theorem 5.3 is true for y1,y2 € Ko(Y) and for all n > 1, then it is also
true for y; + y2. This follows from the following calculation (X, n, := Xpn, X Zp,):

Tn, (i*(yl +y2)) = Z Indg" (Tn1 (Z*(yl)) * Ty (Z*(yQ))>

ni,no
ni+nz=n

=S (O (€8 Ka]) i (1)) A1 (€@ Ko]) - s (32)))

ni,n

=S mad, (i (A a(le ® Kn DA (€ @ Ko DA (Cl)n, (30)7, (1))

ni,ng

=Y mdZ (i (Resd A (IC® Kal) -7 (1) s 1))

=i, ()\_1([0 ®Ky)- Y Indg

ni,no
ni+nz=n

ot (Y1) * Ty (y2)>

=i A_1([C® Kp)) - Tuly1 + 12)) -

(Here, we have used Proposition 4.2 and Frobenius reciprocity.) Thus, it suffices to
prove Theorem 5.3 for y = [V] where V is a locally free Oy-module. Let P. — i.(V)
be a locally free resolution of i,(V) on X. By gluing the isomorphisms constructed
in Theorem 5.1, we obtain X,-isomorphisms

Hie(P.O™) 2, (V" @ A*(C® K,)), k>0.
Hence, we have in Ko (X, X):

Ta(ix (V) =70 | D(=DFP | = D (=1F [(PE")]

120 k>0
= Z(—l)ki* (*" @ Af(C® K,))) =i A1 ([C® Ka)) - (V) -
k>0
This proves Theorem 5.3. O

6. SOME COMPUTATIONS FOR REGULAR IMMERSIONS OF HIGHER CODIMENSION

Let X be a noetherian scheme with the property that each coherent Ox-module
is a quotient of a locally free Ox-module. Let ¢ : Y — X be a regular closed
immersion of codimension d with conormal sheaf C and n € N. In this section,
we study the question whether, in the case d > 2, the Riemann-Roch formula for
o and iy (cf. Theorem 4.3(a)) can be proved directly with the methods developed
in the previous sections (i.e., without using blowing up). More precisely, for any
locally free Oy-module V and any locally free resolution P. — i,(V) of i, (V) on X,
we are looking for a complex IC.” of locally free O x-modules such that we have

on(in (V) E on(Q (D[P = Y (-DFKE] in Ko(X)
k>0 k>0
and
on([C], V) = Y (- DF[HR(K™)] in Ko (Y)
k>0

(or at least in the relative Ko-group of Y in X, see [T'T]). The existence of such a
complex would immediately imply the Riemann-Roch formula for o, (see the proof
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of Theorem 4.3(a)). In the case d = 1, we have used the complex Kos"(P; — Po)
(see section 4) which is quasi-isomorphic to the complex N Sym" T'(P; — Py) by
Proposition 2.4. In section 5, we have used the complex P.®" which is quasi-
isomorphic to the complex N(T'(P.)®") by the Eilenberg-Zilber theorem (see Ap-
plication 8.5.3 on p. 277 in [W]). Thus, a natural candidate for the above com-
plex K. is the complex K.” := N Sym" I'(P.). We prove in Lemma 6.1 that this
complex satisfies at least the first condition oy, (ix([V])) = > ;0(—1)*[KF]. In
Lemma 6.2, we give a representation of oo([C],[V]) as an alternating sum which
suggests the following conjecture: Hy(K.2) = Sym?(V) ® A*(C) for k even and
Hi(K.2) = A2(V) @ A¥(C) for k odd. In fact, this conjecture is true if 2 is invertible
on X (see Corollary 6.3). Theorem 6.4 states that, in the case d = 2, we have
Ho(K.2) = Sym?(V), H1(K.2) = A%(V) @ C, however Ha(K.2) = D?(V) @ A2(V),
i.e., the conjecture is false for £ = 2. Nevertheless, this theorem implies the sec-
ond condition for the complex K.? in the case d = 2 since [D?(V)] = [Sym?(V)] in
Ko(Y). In the case d > 2, Hy(K.2) probably has non-trivial 2-torsion for k > 2 (see
Remark 6.5). In particular, it is not clear how to compute Hy(K.2) in general and
to check the second condition for the complex C.2. On the other hand, it might be
possible to compute Hy(/K.") in the case d = 2 even for all n > 2 and to verify the
second condition for K. in this case (see Example 6.6). I hope to say more on this
in a future paper.

For any finite complex P. of locally free Ox-modules let [P.] denote the Euler
characteristic Y ;5 ,(—1)¢[P;] € Ko(X).

Lemma 6.1. Let P. be a finite complex of locally free Ox-modules. Then we have
for alln >0,

[NSym"T(P.)] = on([P]) in Ko(X).

Proof. One easily checks that the complex N Sym™ I'(P.) has finite length. Fur-
thermore, the Ox-modules N Sym" I'(P.), k > 0, are locally free (see section 2 in
[JM]). Therefore, the expression [N Sym" I'(P.)] € Ko(X) is well-defined. First,
we suppose that P. is the complex P[—I] where P is a locally free Ox-module and
| € Ng. We have to show that o,,((—1)![P]) = [N Sym" I'(P[-1])] in Ko(X). We
prove this by induction on [. For [ = 0,1 this follows for example from Proposition
2.4. We write C(P[—I]) for the mapping cone of the identity of the complex P[—I].
The obvious short exact sequence

0— P[-l] - CP[-I]) = P[-1-1—-0
of complexes induces a natural filtration of the complex N Sym" I'(C(P[~[])) whose
successive quotients are the complexes N(Sym’I'(P[—I]) ® Sym" ' T'(P[-I — 1])),

i =0,...,n. The complex N Sym™ I'(C(P[—I])) is homotopic to the zero complex
(cf. section 2). For all i = 0,... ,n, the complex

N(Sym'T'(P[~I]) ® Sym"~‘T'(P[-1 — 1]))

is quasi-isomorphic to the complex N Sym’T'(P[~1]) ® N Sym™ *T'(P[-l — 1]) by
the Eilenberg-Zilber theorem (see Application 8.5.3 on p. 277 in [W]). Hence, we
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have for all n > 1,
> [N Sym' T(P[-])] - [N Sym" ™" T(P[~1 — 1])]

=0

= [NSym'T(P[-I]) ® N Sym™ ' T'(P[~ — 1])]

1=0
= [N(Sym' T(P[-1]) @ Sym" " I(P[-1 — 1]))]
1=0

= NSym" I'(C(P[-1])) = 0;

Le., the power series . [V Sym’ I'(P[—1 — 1])]¢* is the inverse of the power series
Y isolV Sym’ I'(P[—I])]t’. Using the induction hypothesis, we obtain

[N Sym™ D(P[~1 = 1])] = on(=[P[-]]) = 0u((=1)""*[P]).

(Alternatively, this can be deduced from Proposition 4.3.2.1(i) on p. 111 in [IT].)
Now, let P. be an arbitrary complex of length [. We prove Lemma 6.1 by induction
on l. Let o<;—1(P.) denote the brutal truncation of P.. The obvious short exact
sequence

0—o0<i1(P)—P. = P[] -0
of complexes yields the equality

[NSym"I(P.)] = Y [N Sym'I(o<;-1(P.)] - [N Sym" " T(P[~])] in Ko(X)
i=0
as above. Using the induction hypothesis and the formula already proved, we finally
obtain

n -1
[N Sym"L(P.)] = oi (Z(—l)ﬂﬂ]) < On-i((=1)'[P1]) = ou([P]).

i=0 i=0
(|

Lemma 6.2. Let K be a A-ring, C € K of finite A-degree d and x € K arbitrary.
Then we have

O'Q(C, J)) = 0’2(1‘))\0(0) — )\2(33)/\1 (C) + O'Q(J)))\Q(C) — )\2(33)/\3(0) +... in K.

Proof. We prove Lemma 6.2 by induction on d. The case d = 1 is a special case of
Lemma 4.1(d). So, we may assume that d > 2 and that Lemma 6.2 holds for d — 1.
By the splitting principle (see Theorem 6.1 on p. 266 in [AT]), we may assume that
C = (C'+ L where C" € K is of A\-degree d — 1 and L € K is of A-degree 1. Using
the induction hypothesis, we obtain
o2(A-1(C)z) = 32(A1 (C)(1 — L)a)
= (02((1 = L)z) — A2 ((1 — L)2)C" + 02((1 — L)z)A2(C") — .. )A_1(C").
Since
o2((1 = L)z) = (02(x) — Ao(z)L)(1 — L)
and

Ao((1 = L)) = (Aa(x) — o2(2) L)(1 = L),
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this implies
02(C,x) = o2(x) — A2(z)L — Ao (2)C" + o2(z) LC’
+02(2)A2(C") — Xa(z) LA (C) — ...
=o9(z) — A2 (x)C + o2(2) A2 (C) — Aa(x)A3(C) + ... .
|

Now, let R be a commutative ring and I an ideal in R which is locally generated
by a regular sequence of length d. For any f. g. projective R/I-module V', we choose
an R-projective resolution P.(V') of V. The following statement is a consequence
of Theorem 5.1.

Corollary 6.3. Let 2 be invertible in R. Then we have
Sym?(V) @ A*(I/1?)  for k even,
A2(V) @ AR (1/1?) for k odd.
Proof. By the Eilenberg-Zilber theorem, we have

HN Sym®T(P.(V)) = H,N(T(P.(V))®?)¥ = [}, (P.(V)¥?)2.

HiN Sym?T(P.(V)) = {

Therefore, Corollary 6.3 follows from Theorem 5.1. O
Theorem 6.4. Let d =2. Then we have:
Sym? (V) for k=0,
2 ~ ) NV)elI/I? for k=1,
Hp N Sym F(P.(V)) = DQ(V) ® AQ(I/IQ) for k =2,
0 for k> 3.

Proof. Let F}, denote the functor
Fy : Pryr — (R-modules), V i+ HyN Sym?I'(P.(V)).
Obviously, the functor Fj is of degree < 2. By the Eilenberg-Zilber theorem (see
Application 8.5.3 on p. 277 in [W]), we have for all V,W € Pg/;,
cra(F)(V,W) = HpN(L(P.(V)) @ T'(P.(W)))
=~ Hy, Tot(P.(V) @ P.(W)) = Torr (V, W).

Furthermore, we have Torf(R/I, R/I) = A*(I/I?) by Example 5.2. Therefore,
by Proposition 1.8, Corollary 1.6, Proposition 1.9, and Example 1.7, it suffices to
show that the plus map +2 : cro(Fo)(R/I,R/I) — Fo(R/I) is bijective, Fy(R/I)
vanishes, the diagonal map Ag : F»(R/I) — cro(R/I, R/I) is bijective, and Fy(R/I)
vanishes for k£ > 3. For this, we may assume that the ideal I is globally generated by

a regular sequence, say I = (f,g). Let K. denote the complex ... - 0 — R EN R
and L. the complex ... — 0 — R % R. Then,

Tot(K.® L) = Kos* (R R LY R)

is a resolution of R/I. For any bisimplicial R-module M.., let AM.. denote the sim-
plicial R-module A°? — (R-modules), [n] — M,,. The Dold-Kan correspondence
(see Proposition 2.1) and the Eilenberg-Zilber theorem yield natural isomorphisms

F.(R/I) = HyN Sym®T Tot(K. ® L.) = H,N Sym? T Tot(NT(K.) ® NT'(L.))
~ H,N Sym?’ TNA(T(K.) ® I'(L.)) = H,N Sym? A(I'(K.) @ T'(L.))
~ H,NA Sym*(I'(K.) ® T'(L.)).
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For any two f. g. projective R-modules P, @, the following sequence is exact:
0 — A%(P) ® A*(Q) — Sym*(P ® Q) — Sym?(P) ® Sym?(Q) — 0
(see p. 242 in [ABW]); here, the first map is given by

PLAP2®q Age — (p1 ®q1)(p2 ® ¢2) — (p1 ® g2) (P2 ® q1),
and the second map is given by (p1 ® ¢1)(p2 ® g2) — p1p2 @ q1g2. Thus, we obtain
the following short exact sequence of bisimplicial R-modules:

AT(K.) @ A2T(L.)— Sym*(T'(K.) ® T'(L.)) — Sym’ T'(K.) ® Sym? I'(L.);

applying NA to this sequence then yields a short exact sequence of complexes. By
the Eilenberg-Zilber theorem and Proposition 2.4, we have

HyNA(Sym?T'(K.) ® Sym*T'(L.))
>~ Hj, Tot(N Sym®*T(K.) ® N Sym?T'(L.))
>~ H), Tot(Kos?(f) @ Kos?(g))
>~ Hy Tot(K. ® L.)
E{ R/I for k=0,
10 for k > 1.
Similarly, we obtain (cf. Remark 2.7)

~ | R/I fork=2,
HyNA(ANT(K.) @ A’T(L.)) = { 0 / for k # 2.
This finally implies
~ | R/IT fork=0,2,
Fk(R/I)_{ 0 fork=1ork>3.

In particular, this finishes the proof of Theorem 6.4 in the cases £k = 1 and k >
3. Next, we prove that the diagonal map Ay : Fo(R/I) — cro(Fo)(R/I,R/I) is
bijective. As above, we have an isomorphism

cro(Fy)(R/I,R/T) = HoN (T(Tot(K. ® L.))®?) = HoNA (T'(K.) @ I'(L.))%?)

such that the following diagram commutes:

Fy(R/T) = cra(Fy)(R/I,R/I)
H o H
HyNA Sym?(D(K.) @ T(L.)) — =22 i, NA (N(K.) @ T(L.))%2).

Furthermore, we have the commutative diagram of bisimplicial R-modules

A’T(K.) ® A*T(L.)— Sym?*(I'(K.) @ T'(L.)) — Sym?I'(K.) ® Sym?T'(L.)

lid ®Az lm lid @A

A’T(K.) ® D(L)**—— (P(K.) @ T(L.))** ——— Sym*I'(K.) ® [(L.)®>

where the upper row is the exact sequence already constructed above and the lower
row is induced by the natural exact sequence

0— AT(K.) — I'(K.)®? - Sym?T(K.) — 0.
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Since both cra(F2)(R/I, R/I) and F»(R/I) have rank 1, it therefore suffices to show
that the map

HyNA(d ®As) : HaNA(A’T(K.) ® A*T(L.)) — HoNA(A’T(K.) @ T'(L.)®?)
is surjective and that HyNA(Sym?T'(K.) ® T'(L.)®?) = 0. As above, we have an
isomorphism
HyNA(AT(K.) @ T(L.)®?) 2 Hy Tot(Kos (K.) @ L.2?)
= fy Tot(K.[-1] ® L.%%) = Hy((R/(f) % R/()®?) = (5)/(3)* = R/T.
(Note that g is a nonzero-divisor in R/(f).) Similarly, we get
HyNA(Sym?T(K.) @ T(L.)®%) 2 0.

The homology class of the element (1®1)® (1®1) € (K1 ® Ko) @ (L1 ® Lg) =
Tot(KbsQ(f) ®Kos (g9))2 obviously generates Ho Tot(KBsQ(f) ®Kos (9)). The map
id ® Ay maps this element to the element (1®1)®@ (1®1,—-1® 1) of
(K1 ® Ko) ® (L1 ® Lo ® Lo ® L1)
~ Kos’ (K.)1 ® (L.%2); C Tot(Kos’ (K.) ® L.2?),.

The homology class of (1®1)®(1®1, —1®1) obviously generates Hy Tot(KbsQ(K.)Q@
L.®2%). This finishes the proof of Theorem 6.4 in the case k = 2. Similarly, one
can show that the plus map +2 : cro(Fy)(R/I, R/I) — Fy(R/I) is bijective. Then,
the proof of Theorem 6.4 is complete. However, this final case can also be proved
directly as follows:

HoN Sym? T(P.(V)) 2 coker(Sym?(P)) @ Py ® Py "% Sym?(P))

>~ coker(P, ® Py =% Sym?(Py)) = Sym?(V)
(see also Remark 3.3(b)). O
Remark 6.5. For any functor F' : Pr — Pg (with F(0) = 0) which commutes
with localization, the support of the homology modules HyNFT'(P.(V)), k > 0,
is contained in V(1) = Spec(R/I) since the complex NFT'(P.(V))|spec(r)\v (1) 18
homotopic to the zero complex (cf. section 2). In contrast to Theorem 3.2, Theorem
5.1, and Theorem 6.4, these homology modules need not to be projective R/I-

modules, they even need not to be annihilated by I in general. For instance, if
d = 1, the natural short exact sequence of complexes

0 — ND?T(P.(V)) — N(I'(P.(V))®?) — NA*T(P.(V)) — 0
together with Remark 3.6 and Example 5.2 yield the long exact sequence

0— HiND’T'(P.(V)) = V®?*@I/I* — D*(V)® I/I*
— HoND?T'(P.(V)) — V¥ — A*(V) — 0,

and one easily sees that HoND?T'(P.(R/I)) & R/I? if char(R) = 2. If d = 2, the
natural short exact sequence of complexes

0 — NA2T(P.(V)) — N(D(P.(V))®?) — N Sym*T(P.(V)) — 0
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together with Theorem 6.4 and Example 5.2 yield the long exact sequence
0 — HoNAT(P.(V)) = VE2 @ A*(I/1?) — D*(V) @ A*(I/I?)
— HINAT(P.(V)) = V2 R1I/1* - A*(V)® I/I?
— A%(V) = V® = Sym?(V) — 0.
One can show that the map V®2®A2(I/1?) — D*(V)®A%(I/I?) is +2®id. Hence,
HNA?T'(P.(V)) has non-trivial 2-torsion for k& = 1,2. Similarly, one may expect
that Hj, N Sym? I'(P.(V)) can have non-trivial 2-torsion if d > 3 and k > 2. This is

also suggested by the calculation of the stable derived functors of Sym? (e.g., see
Theorem 4.7 in [JM]).

Example 6.6. Let K be a A-ring, C € K of A-degree 2, and = € K, arbitrary.
An easy, but somewhat tedious calculation shows the following representation of

03(C,x):
03(C,x) = o3(x) — 57(2)C + (02(2)2A2(C) + A3(2) 02 (C))
— 53(2)C X (C) + 03(2) Ao (C)?.

In view of Theorem 5.1 and Theorem 6.4, this suggests the following conjecture: If
d = 2, then we have

Sym?* (V) for k =0,
L3(V)®I/I? for k=1,
HyNSym*T(P.(V)) = { L3(V)®I/I2® A2(I/I%) for k = 3,
D3(V) ® A%(1/1?)®2 for k = 4,
0 for k > 5,

and there is a short exact sequence

0— D*(V)®V ®@A*(I/1*) — HyN Sym*T(P.(V)) — A3(V) @ Sym?(1/1%) — 0.
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