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Abstract

When marginal utility is convex and there is pure labour income uncertainty,
certain results are well-known. Asset return uncertainty is often assumed to
have qualitatively similar effects; see e.g. Skinner (1988). We show that this
agssumption is not correct. Asset return uncertainty gives rise to an additional
term in the Euler equation, which by introducing a role for current cash-in-hand,
may work in the opposite direction to the precautionary motive, leading to
ambiguity in the slope of the expected consumption time profile. We present a
linearised version of the Euler equation, and an associated closed form solution,
in order to provide intuition for these results. Numerical analysis indicates
that the approximation is reasonable for empirically plausible estimates of the
variances of the underlying disturbances.
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1. INTRODUCTION

Consumption models with precautionary saving (i.e. strictly convex marginal util-
ity) are difficult to solve in general. Consequently, much of the existing literature has
relied on restrictive assumptions to derive analytical results. Many papers assume
that the representative asset has a return which is non-stochastic (e.g. is a ‘safe’
short-term government bond). See Zeldes (1989), Kimball (1990), Caballero (1991),
Carroll (1991), Deaton (1991), van der Ploeg (1993), and Weil (1993), amongst many
others. A certain amount has been established in this case, when the only source
of uncertainty is (non-diversifiable) labour income risk. The most clear-cut result,
established by Leland (1968), is that there is an upward tilt to the expected con-
sumption time profile, so that expected future consumption is higher than it would
be in the absence of the risk. Also, the form of the Euler equation implies that the

expected growth in consumption is independent of current cash-in-hand.

The assumption of no asset return risk is restrictive, for two reasons. First, there
is evidence (see for example Siegel (1992)) that over typical investment horizons, his-
toric real returns on treasury bills and government bonds have been almost as risky
as equities.! Secondly, certain standard results indicate that asset return and labour
income uncertainty are not equivalent in their effects on optimal consumption. For
example, when the consumer is a rentier, certainty equivalence arises when utility
is logarithmic (despite the presence of the precautionary motive); with only labour
income risk, certainty equivalence requires quadratic utility. (See, for example, the
exposition in Blanchard and Fischer (1989).) In addition, Carroll and Kimball (1996)
(providing analytical proof of Zeldes’ (1989) numerical results) show that labour in-
come uncertainty alone implies that the optimal consumption function is strictly
concave in wealth when the utility function exhibits hyperbolic absolute risk aversion

(but is not logarithmic or quadratic).

The absence of closed form solutions means that few papers have considered both

asset return and labour income uncertainty at the same time. An exception is Skinner

! Arguably the primary source of the real risk to bills, at least historically, has arisen from inflation
uncertainty. Understanding the role of real asset return uncertainty is therefore a prerequisite for
e.g. any attempt to analyse the implications of inflation uncertainty.



(1988), who develops an approximate solution for the optimal consumption function
in this case. His analysis implies that asset return uncertainty is qualitatively equi-
valent to pure labour income uncertainty. We show below that this implication is
incorrect. Campbell (1993) and Campbell and Viceira (1998) also develop an approx-
imate solution, this time by using a log-linear expansion of the budget constraint,
assuming that the variation in the consumption-wealth ratio is small. This approach
does not allow an explicit comparison of the different effects of the two types of uncer-
tainty. Talmain (1998) and Binder et al. (1998) develop approximations for general

income and asset processes in order to facilitate numerical analysis.

In contrast, this paper provides both general and approximate analytical results
and direct intuition for the fact that asset return and labour income uncertainty have

different qualitative and quantitative effects on optimal consumption.

The analysis identifies three different ways in which asset return risk affects op-
timal consumption. First, it increases the tendency for prudence in a way which
is qualitatively similar to the case of pure labour income uncertainty. In the latter
case, the precautionary motive is proportional to the variance of the labour income
process; with asset return uncertainty as well, the precautionary motive is propor-
tional to the sum of labour income variance and (a term in) asset return variance.
Secondly, it introduces a qualitatively different ‘hazard effect’, which implies that a
consumer with net savings, faced with an intertemporal budget constraint which is
made risky by asset return uncertainty, engages in less intertemporal consumption
smoothing. Thirdly, it causes a ‘precautionary covariance’ effect. The hazard effect
arises because marginal utility is downward sloping (i.e. the consumer is risk averse);
the precautionary covariance effect offsets or adds to this effect, according to whether
consumption is expected to rise or fall in the future, because the slope of marginal

utility becomes less negative as its argument increases (i.e. the consumer is prudent).

In addition to these three effects, asset return risk introduces a role for cash-in-
hand in determining the expected growth in consumption (absent when there is only
labour income risk). Consequently, since the level of wealth is serially correlated,

consumption no longer follows a random walk (contrary to Hall’s (1978) hypothesis).
Skinner (1988) uses a second order Taylor approximation to the Euler equation to
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derive optimal consumption when there is both labour income and asset return risk.
Skinner’s solution has been used widely as the basis for empirical studies; see, for
example, Miles (1997). We use a similar approach to Skinner’s, but come to rather
different conclusions. The reason for this difference is that (as Skinner acknowledges)
his method does not genuinely solve even the approximate problem, since in order to
make the problem soluble, he exogenises a potentially important linkage between asset
return uncertainty and the relationship between consumption in adjacent periods,
via the intertemporal budget constraint. It is this restriction which ensures that
asset return and labour income uncertainty are qualitatively equivalent in Skinner’s
analysis. Our approximation, in contrast to Skinner’s, endogenises the impact of asset

return uncertainty on the optimal consumption path.

The advantage of our approach is that it captures the qualitative difference between
labour income and asset return risk for optimal consumption. The price paid for this
is the strength of the assumptions required: that the optimal deviations of consump-
tion and assets from the risk-free paths are sufficiently small in percentage terms.
This will not always be the case (for example, if the labour income process has high
variance). Comparison with exact numerical simulations suggests, however, that the
assumptions are reasonable for empirically plausible values of the variances of the

underlying disturbances.

The structure of the paper is as follows: the next section discusses the general
Euler equation. Section 3 approximates this equation with a second order Taylor
expansion. Section 4 approximates further to a linear Euler equation and develops
a closed form solution for optimal consumption. Section 5 considers some of the
assumptions used in the approximation. Section 6 performs numerical analysis of the
approximation and an exact solution. Section 7 concludes. The appendix contains

technical details of some of the arguments in the main text.



2. THE GENERAL EULER EQUATION

2.1. The Model

The problem is set up in standard form. A consumer chooses consumption in each
period of life, t = 0,1, ..., T, to maximise the present discounted value of an expected
flow of instantaneous utilities:

T—t

Vi = max 3 6 B [Ucr)] 1)

where 6 > 1 is the consumer’s discount factor; ¢; is consumption at time ¢; and the
instantaneous per period utility (or felicity) function U enters in additive separable
form, and is assumed to be continuously differentiable. E; represents the expectations
operator, evaluated given information at time ¢. (The time subscript will be dropped
subsequently where its omission does not cause confusion.) The consumer has two
sources of income, labour income and returns on net assets, which are assumed to be
perfectly fungible. y; is labour income; a; is net assets; x; = a; + y; is called ‘cash-
in-hand’. Borrowing is not ruled out: a; may be positive or negative. We follow past
literature in treating labour income as, effectively, a stochastic endowment; hence the

labour supply decision is ignored.

Consumption in any period is chosen after asset returns and labour income are
realised. There is only one asset, which yields a return in period ¢ + 1 of .y, for an
investment of one unit in period ¢. The consumer’s assets therefore evolve according

to the equation

a1 = (@ + Y — Ce)reqa,

or Tl = (I/Et - Ct)Tt+1 + Yet1- (2)

The expected asset return E[r;11] = p for all t. It is assumed that p = § i.e. there
is no relative impatience; this assumption is reviewed in section 5. It is also assumed
that r; and y; are serially uncorrelated and independent stochastic processes. (Further

assumptions about these processes are made in the next section, and the assumptions
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reviewed in section 5.)

The lifetime budget constraint is
ar+yr—cr 20 (3)

i.e. terminal net assets cannot be negative. Since no bequest motive is included in

the model, this means that ¢y = x7 when the constraint binds.?

The maximisation in equation (1), subject to the asset evolution equation (2) and
the lifetime budget constraint (3), yields the usual Euler equation at time t:

Uley) = E[%—HU/(C):H)],

= BV (ccra)] + sCov [0 o), o] (4)

2.2. Pure Labour Income Uncertainty and the Fuler Equation

When there is no asset return uncertainty, the covariance term in equation (4) will
be zero. In this case, with strictly convex marginal utility, the familiar result that the
expected consumption time profile is tilted upwards emerges (by Jensen’s inequality,
E[U'(¢ct41)] > U'(E[csy1]), and hence ¢; < E[egiq])-

2.8. Asset Return Risk and the Euler Equation

When asset return risk enters the picture, the outcome is more complicated. Equa-
tion (4) can be written as

1

U'(ee) = U'(Bleenl) +J + 5

Cov [UI(CHI), Tt+1] )

where J = E[U'(¢451)] — U'(Elesg1]) > 0, a Jensen’s inequality term. The sign and

magnitude of the covariance term, relative to J, therefore determine the slope of the

2We do not attempt to take account of two important issues: the effect of a stochastic date of
death (see e.g. Blanchard (1985)); and the existence of liquidity constraints which impede or prevent
borrowing (see e.g. Deaton (1991)).



expected optimal consumption profile. With minor assumptions, certain aspects of
both can be determined; and it can be shown that asset return risk implies a time
profile of expected consumption which, in contrast to the case of pure labour income
risk, may be either positively or negatively sloped. In the appendix, it is shown
formally that the covariance term has the opposite sign to (z; — ¢;) (see lemma A.1).
The intuition is straightforward. A high level of realised asset return in period ¢ + 1
leads (other things being equal)® to a high level of cash-in-hand in period # + 1 if the
consumer is a net saver. Consumption in period £+1 rises as a result; marginal utility

falls. Hence marginal utility and asset returns co-vary negatively when (z; — ¢;) > 0.

Therefore the covariance term and J are of opposite sign when period £ saving is
positive. This sign difference is interesting, in the sense that the sum of the two terms
may be positive or negative. If utility is quadratic, and hence marginal utility is linear,
J = 0 and the covariance term is unambiguously negative (for positive saving). J > 0
for convex marginal utility, and increases with the degree of convexity. Conversely,
the covariance term is always negative, but becomes less negative as marginal utility
becomes more convex. This indicates that there will be (non-quadratic) cases in
which the covariance term is dominated by the Jensen’s inequality term, as well as
a borderline case where the two terms balance exactly. A trivial example of the
former is when there is no net saving in period ¢; an example of the latter is a rentier
with logarithmic utility. If net saving is negative, then the covariance and Jensen’s
inequality term are both positive. (These results are shown formally in the lemmas

in the appendix.)

It is also worth noting another important feature once asset return risk is present.
The impact of the covariance term is to introduce a role for current cash-in-hand into
the Euler equation, which is absent both in the risk-free case and when there is only
labour income risk. Thus, while the riskiness of the income profile affects the slope
of the optimal consumption profile with pure labour income risk, the income profile
itself does not matter, either in expectation or realisation. With asset return risk it
does. Since cash-in-hand is serially correlated, this means that consumption will no

longer follow a random walk, in contrast to Hall’s (1978) hypothesis.

3The ‘other things being equal’ statement is valid, since it is assumed that r;;; and y;y1 are
independent random variables.



In order to go further with the analysis, the general Euler equation (4) must be
approximated. This is done in the next two sections, in which only second order

(section 3) and first order (section 4) terms are considered.

3. A QUADRATIC APPROXIMATION OF THE EULER EQUATION

In this section, a second order Taylor series approximation of the Euler equation
(4) is derived. The analytical approach adopted is to approximate the equation
around the riskless solution with no asset return or labour income risk. Let ¢ and
x; denote consumption and cash-in-hand when the agent faces no risk. These can be
determined quite easily; in particular, it is straightforward to show that ¢} is constant

over time, and given by

. [ 1 U < T
¢ = (1+9) (1_(1+9)—(T—t+1)) (ﬂct-i-;(l—i—ﬁ)iym) (5)

where 1 + 6 = 6 and g, is the time ¢ expectation of labour income at time ¢ + 3.

The left hand side and the first term on the right hand side of equation (4) can
be approximated using a second order Taylor series expansion around c¢*. The terms

in equation (4) become

1
Uley) = U +U"(c;—c*)+ T(Ct —c*)?,
(1

U
E[U' (ct41)] = U +U"Elcpyr — ']+ TE[(CH—I — ),

where all derivatives are evaluated at ¢; = ¢*. Then

m m

U
U+U"(c;—c*)+ T(Ct —c)? & U+ U'Eer — |+ TE[(Ct_H — )

1o, ] (6)

Dividing all terms in equation (6) through by U” and c¢* gives an expression in terms
g g



of percentage deviations from c*:

cc—c* (1+7) (ct—c*)2 ~ E[Ct+1—0*] _ (1+7)E

2
Ctp1 — C
c*

c* 2 c* c* 2
1 Covl, ]
’ 7
oU”" ex (7)
where Ug,,c* is set equal to —(1 + 7). In the special case that utility is CRRA, ~ is

the constant coefficient of relative risk aversion. The case of risk neutrality (v = 0)

is ruled out.

Equation (7) can be simplified further. First, let upper case letters denote per-
centage differences from the riskless consumption level:
¢ — c* Ty —C* zy —c*

— — * —
Ct_ c* ’ Xt — c* ’ Xt - c* ’ Y;f —

The following assumptions are made about the stochastic processes in the model.
r¢ is assumed to be conditionally normally distributed. Its mean, already specified,

is p, and its variance is o
e~ N(p,02). 0

Labour income y; is also assumed conditionally normally distributed, with mean g,

and variance 03:

Ye ~ N(QbUZ)- (9)

(This representation is equivalent to assuming inelastic labour supply, with a stochastic
N N N « o2

real wage.) Hence Y; ~ N(Y;,0%) where YV; = “== and o} = 2%. Recall that asset

returns and labour income are assumed also to be serially uncorrelated and independ-

ent. These assumptions are discussed in section 5.

Next, write E[C2,,] = Var[Ci1] + (E[Ci1])®. The variance of Cyi1 can be de-
termined using the Delta method (see e.g. Greene (1993), p. 297). Cy,; is some

(as yet undetermined) function of cash-in-hand X;,;; call this function g(X;y;) =



9((X¢ — Cy)rep1 + Yiy1). The Delta method shows that the function g(.) is asymptot-

ically normally distributed with variance

dg )2 2 _2 2
X —Cy)o; +oy) .
(dXt—l—l (( i d Y)

Using notation that will become apparent in section 4, let d)?fﬂ = (o,t+1. Note that
(i) Cot41 is in general a function of Xy yq; (ii) it is positive (this is shown formally in

lemma A.1 in the appendix).

The covariance term is derived as a further Taylor series approximation, which
can be shown (again using the Delta method, and the assumption of independent,

normally distributed disturbances) to be:

Cov[U'(ct1), 7e41] = € Cop1(Xe — Cr)op (U" + U E[Cya]) - (10)

Equation (7) can then be written in terms of deviations from the riskless solution

.- ¢~ mow) - U me)y
_@C&H—l (‘7}2/ + (X — Ct)203)
+ Cop1 (Xt — Ct)%z (1—(1+7v)E[Cts1]) - (11)

Equation (11) is a quadratic, and so detailed analysis (such as comparative statics)
is difficult. The equation does show, however, the qualitative effect of asset return

and labour income risk. The equation can be rewritten as

f(Cy) = f(E[Ciy1]) + Precautionary + Covariance,

1
where f(C) = C— (;77)02,
1
Precautionary = —%gg,m (03 + (X; — Cy)0?) <0,
2
. o2
Covariance = (o ry1(X: — Cr)— (1 — (1 + 7)E[Ct11]) -

b



The precautionary term is familiar from standard analysis of the consumption
problem (see e.g. Deaton (1992)), and is consistent with our more general analysis
above. When marginal utility is convex (y > —1), this term is unambiguously neg-
ative for non-zero risk (either oy or o, greater than zero). Consequently, the precau-
tionary term on its own would mean that C; < E[C};4] i.e. the consumption profile
is upward sloping. When oy > 0 and o, = 0, the term depends only on 7, oy and
Cot+1- Asset return risk (o, > 0) increases the precautionary term in absolute size,

but also makes it dependent on the (endogenous) variables X; and C;.

Since the terms in labour income and asset return risk in the total expression for
the precautionary motive are additive, some previous research has assumed that the
two types of risk are qualitatively equivalent; see, in particular, Skinner (1988). This
conclusion ignores the covariance term, which depends only on asset return risk. This
term is positive when saving is positive i.e. (X; — C;) > 0; where the precautionary
term is zero, therefore, covariance would lead to a downward sloping consumption
profile (C; > E[Ct41]) in this case. The covariance term has two components. The
first, equal to (0,t+1(Xt—C’t)%z, is positive when saving is positive, (X;—Ct) > 0. This
is a ‘hazard effect’: it reflects the riskiness of smoothing consumption across the life
cycle when the rate of return of the asset is uncertain. The possibility that returns
may be zero in the next period effectively increases the consumer’s discount rate,
leading to a shift in consumption from the future to the present — or, equivalently,
a reduction in consumption smoothing. The hazard effect works in the opposite
direction when the consumer is a borrower i.e. (X; — C;) < 0; but the outcome is

again that of a reduction in consumption smoothing.

The second component, a ‘precautionary covariance effect’, is equal to —(1 +
7)Co,t+1{ X — C’t)‘;—zE[C’tH]. This effect is zero when marginal utility is linear. When
v > —1, the sign of the effect is determined by the sign of (X; — C;)E[Csy1]. When
saving is positive and the next period’s consumption is expected to be above the
riskless level, the precautionary covariance effect offsets the hazard effect (although
lemma A.1 in the appendix shows that this total covariance term is always positive).
When saving is positive, but next period’s consumption is expected to be below the

riskless level, the precautionary covariance effect reinforces the hazard effect.
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4. A LINEAR SOLUTION FOR OPTIMAL CONSUMPTION

In this section, the quadratic Euler equation (11) is linearised, and a closed form

solution for optimal consumption is developed.

4.1. A Linear Approzimation of the Euler Equation

The linearisation relies on the following assumption:

ASSUMPTION: Percentage deviations from the riskless solution are small:
G, (E[Ci])*, (X = X7)*, Cu(Xe = X7), (Xo — X))E[Cria], GE[Cyya] & 0. (12)

This assumption essentially requires that the standard deviations of the asset return
and labour income distributions are small (i.e. ‘risk’ is sufficiently ‘low’); and that
marginal utility is not too convex. Notice that the assumption does not require that
X? ~ 0: cash-in-hand may deviate significantly from zero over the life cycle. It does
require that the difference in cash-in-hand between the risky and riskless case be
sufficiently small. Even this may be strong; see e.g. Skinner (1988) for estimates of
the size of precautionary savings. We maintain this assumption in order to derive a

linear solution for optimal consumption which captures all relevant effects (see below).

The assumption can be used to eliminate the terms in C? and (E[Cy,1])* in equa-
tion (11), since both will be approximately zero. The term involving (X; — Cy)?
must be expanded further (Skinner’s (1988) approach is to treat the term simply as

a constant):

(Xt - Ct)2 = Xt2 - 2XtCt + Ct2
= (X — X1+ CF = X +2X(X; — Cy)
= (X, = X))’ + CF = X +2X7(X, — Cy) = 2C(X; — X7).

The ‘small percentage deviations’ assumption in equation (12) implies that

(Xt — Ct)2 ~ 2X:(Xt — Ct) — X:2

11



Finally, note that (X; — Cy)E[Cy1] = (Xs— X}) — (Cy— X} ))E[Cty1]. One further
application of equation (12) allows this term to be simplified, so that equation (11)

becomes

C: = 51tE[Ct;1]+52tXt+53t, (13)
1—0zA
bre. = (1+Z2r:)
T
e = G o),
(1 + 7)ot Xs

At == 5 5
1
I's = Copt1 (5 —(1+ 7)(0,t+1Xt*) :

The linear equation (13) makes explicit the functional dependence of optimal
current consumption on (i) next period’s expected consumption, (ii) current cash-in-

hand, and (iii) cash-in-hand X} in the riskless case and the derivative of consumption

C — 0Ciq1
0,t+1 = dXii1"

Equation (13) effectively linearises marginal utility; but it does so in a way that
retains at least some of the dependence of optimal consumption on uncertainty. The
coefficients in the expression depend explicitly on o, and oy. When there is no asset
return risk (0, =0), iz =1, B = 0, and Fs = —% < 0. This yields the
familiar result with convex marginal utility: labour income uncertainty alone induces
an upward tilt to the expected consumption profile. There is a bias in the linear
approximation, however, due to the omission of squared deviation terms. In some
restricted cases it may be possible to identify both the sign and order of magnitude
of this bias.

The dependence of the coefficients on riskless cash-in-hand X} means that the
linear equation implies that there are life cycle effects on optimal consumption under
uncertainty. When X;* = 0 and both asset return and labour income uncertainty are

present, 0 < B;; < 1,0 < By < 1, and f3 < 0. The general dependence of the
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coefficients on X = 0 is complicated by the fact that the derivative (y,1; is yet to
be determined (this is done in the next section). The expression there (equation (15)

shows that % = (0.* This means that
t

Obh 0B 04
0
oxr <% axr Y axy

>0

when ¢, and oy are greater than zero. These derivatives mean that, as riskless cash-in-
hand increases, the dependence of current consumption on (i) expected consumption
in the next period decreases, and (ii) current cash-in-hand increases; and that the

general level of current consumption increases.

4.2. The Closed Form Solution

Consider the following trial solution for the linearised Euler equation (13):°

T—t
Ct = o Xt + Z GitYeqs + Ky (14)

=1
for t <T —1. The {(it}s=1,.. 7-1; i=1,.., 17—+ are constants, not functions of endogenous
variables. Notice that the trial solution assumes that A; and Y; have the same impact

on current consumption i.e. that money is fungible between assets and income.

The budget constraint and lack of bequests imply that Cr = X7, and hence
that (o = 1 and kK = 0. Substitution of the trial solution into equation (13) and

backward recursion from the terminal period yields a solution of the same form as

“The partial derivative here should be interpreted as the change in {y+y1 with a change in X}
holding all X} ;, i > 1 constant.

5Although the trial solution is expressed in terms of percentage differences from c*, an equivalent
expression in levels could be written. The form chosen is more appropriate, given our approach of
approximating around the riskless solution.
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the trial solution, with recursive definitions of the coefficients:

1Co,t41 — Vth,tH

_ , 15
o 14 pCop41 — VG g1 (15)
Girrr = (1= Cot)(1 — Pt ops1)Gitra, 1=0,..,T—-t-1, (16)
Kkt = (1 - Co,t)(l - @tCo,t+1)KJt+1
1+7 *
—(1—Coy) ((27)43,15-1—1 (‘752/ - X 203)) ) (17)

2

where = 2 4+ % 1 = (14 2) (1 +4,)02X7, and ®; = 2 (1 4 7,) X;.

=3 Do

The recursive solution, although rather unwieldy, can nonetheless be used to derive
some general features of the closed form. Each of equations (15)-(17) will be examined

in turn, before moving on to special cases.

Equation (15) describes how the coefficient on current cash-in-hand in the linear
consumption function (14) evolves over time. Notice that the equation does not
involve oy: labour income uncertainty does not affect (p;. This property can be used
to simplify the closed form considerably when o, is zero. Let (5, denote the coefficient

in this case. Then, since

* T-t—1
0Cg 41 6

S T o Z?Z(f L6

This equation can be manipulated to produce the expression for riskless consumption

¢* given in equation (5). Since (or = 1, {o7-1 = lifiﬁ < 1. Consequently,
Cot < Coty1 Vi the coefficients are increasing over time. When v = —1 (quadratic
utility),
Cos = MCo,tﬂ
T T+ oyt
9¢o,¢

In this case, > 0, so that (s > (5, V¢. For higher values of , the situation is

a2
more complex.

Equation (16) defines the coefficients on future expected labour income at any

point in time. It is evident from the form of the equation that the same factors that

14



determine the {Co;}7_, determine all of the coefficients. Hence, again, labour income
uncertainty does not affect the value of any of the coefficients. When o, = 0 or
v=—1, ®; =0, so that

Civre = (1= Cot)Gigr1, 1=0,..,T—t—1.

As Gt < 1V, Gy < gyt Vi, .

The intuition for equation (17), which defines k¢, can be seen most easily when
interest rates are non-stochastic. In this case, the equation simply cumulates the

period-specific constants in (13) backwards from the terminal period.

In order to gain further insight into the impact of labour income and asset return

uncertainty, it is helpful to examine some special cases.

4.3. No Asset Return Risk

When o, = 0, the relative weighting on current cash-in-hand and future labour
income is the same as in the risk-free case. This property is also evident from the
linearised Euler equation (13), in which the time profile of cash-in-hand has no impact
on the solution when there is no asset return risk. Hence, given the definitions of c*
(see equation (5)) and of the percentage deviations, it is straightforward to show in
this case that the closed form expression for the optimal deviation of consumption

from the risk-free case is
Ct = Rt = —ktO'%/. (18)

Equation (18) confirms that with only labour income risk, there is an upward tilt in
the consumption profile when utility is non-quadratic: when v > —1, ks > 0; 6% > 0

means that optimal current consumption is less than the riskless level, for all ¢.

4.4. Quadratic Utility

The coefficients in the consumption function in equation (14) are particularly

15



simple in the case of quadratic utility. When v = —1, the precautionary motive
disappears.® Equation (14) is exact in this case, since the Euler equation is linear.

Simplification yields

T—t
Cy = Cqwy (Xt + Z(l - Cq)if/;t—i—i) )
i=1
_p—1 _ 1
G = TR wWe = (1 — p~(T=tD)’

which can also be written in absolute levels (rather than percentage deviations from

c*), as

0+s — 1 .
‘= (1+9+s)wt (mt+;(1+9+s)i‘%“)

where 14+ 6 = 4, and s = %3 Written in this form, it is evident that when o, =
0, the familiar certainty-equivalent solution to the permanent income problem with
quadratic utility emerges. For o, > 0, the form of the solution is identical to that
determining ¢* in equation (5), but with a constant term added to the discount rate.
This is the hazard effect, identified in section 3, in its clearest form. In the limit as
02 goes to infinity,” this effect becomes so large that the ‘pure Keynesian’ case of
c; = y; emerges. Thus asset return uncertainty here parallels the well-known effect of
imperfect capital markets, but in a way which is symmetric between borrowers and

lenders.

4.5. A Rentier with Small Risk

Consider the optimal consumption problem of an agent who receives no labour
income, but earns returns from a risky asset. To simplify the case further, assume that

the standard deviation of asset returns, o, is sufficiently small that (o1 & (54p1;

8 An alternative rationale, which would not depend on the restrictive quadratic assumption, would
be to assume that X; is sufficiently small for all such terms to be neglected. An example of this
would be the case of someone with labour income which fluctuated around a stable average, and
who therefore has relatively low net assets.

"Since the solution is exact in the quadratic case, it is valid to take the limit.
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and that X; ~ X;. (These assumptions are used only in this subsection in order to

provide intuition.) Write equation (13) as
Cy = viE[Cry1] + vy

Then the definitions of the closed form coefficients in equations (15)-(17) mean that

8 — (L + 7)oy (1= 7)a?
Vit = =5 = 97 Vot = * 2\"
62 — 75C0,t+1‘7r 26(6 — ’YCo,t+1‘7r)

When o, is sufficiently small, v1; € (0,1). By construction, § — (5,07 > 0. There-
fore when v = —1, vyy > 0. It is straightforward to show that aa”—$ < 0. Consequently,
the intercept term is positive for low levels of prudence, but eventually becomes neg-

ative as <y increases.

The less prudent rentier (with a low <) therefore has a downward sloping con-
sumption profile. In the terminology of the section 3, the ‘hazard effect’ dominates
when the rentier has a low . As the rentier becomes more prudent, the slope of
the consumption profile becomes less negative until, at a critical value 4, the slope
changes sign; for v > 4, the consumption profile slopes upwards.® In this latter case,

the two precautionary effects identified in section 3 outweigh the hazard effect.

5. A REVIEwW OF Two KEY ASSUMPTIONS

This section discusses briefly two of the assumptions that have been made in the
analysis: (i) i.i.d. processes for asset returns and labour income, and (ii) p = § i.e.

no relative impatience.

The lack of persistence in the risky processes is unlikely to be empirically justi-
fiable, particularly for labour income. There are three reasons for maintaining this

assumption. First, a persistent process can, arguably, be approximated over a finite

8The familiar analytical result in e.g. Blanchard and Fischer (1989) means that 4 = 1, i.e. log
utility. While the approximation clearly demonstrates the existence of a critical value of 7, the bias
in the approximation due to the omission of squared deviation terms means that it is not possible
to show that 4 =1 exactly.
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horizon by a higher variance i.i.d. process; see e.g. Skinner (1988) and Zeldes (1989).
Secondly, the focus of this paper is on the effect of uncertainty, separate from the
issue of persistence. An important issue for further research is whether persistence in
asset returns has a different effect on optimal consumption to persistence in labour
income. For this initial analysis, however, we think it sufficient to consider whether
uncertainty over the two processes is homogeneous. Finally, in an extended model
(details of which are available from the authors on request), persistence has been
incorporated in the analysis. The cost of doing so is a loss in tractability of the

analytical solution for optimal consumption, and consequently of intuition.

The other restrictions in the i.i.d. assumption are that the processes are arith-
metic and uncorrelated. It would be more normal to treat r and y as lognormally
distributed, to avoid negative values. But since the approximation requires that the
deviations from the riskless solution are small in percentage terms, the problem is not

important. Correlation can be included with no significant change in the results.

The assumption of no relative impatience simplifies the analysis considerably: it
means that the riskless consumption level ¢*, and so the expansion point of the Taylor
approximation, is constant over time. The analysis can be extended to the more
general case of p # 6; complications then arise in distinguishing shifts in the optimal
consumption profile due to different source of uncertainty, and due to impatience.
In the special case of CRRA utility, however, the various effects can be separated

cleanly. Details of the extension are available from the authors on request.

6. NUMERICAL SOLUTION FOR OPTIMAL CONSUMPTION

While the discussion of previous sections provides some insights, a more detailed
examination of the impact of the two forms of uncertainty requires numerical solution
of the model. This is provided in this section. There are two objectives for the
discussion. The first is to examine and understand the qualitative aspects of the
response of expected time profile of optimal consumption to uncertainty. The second
is to assess the accuracy of the approximate solution which was derived in the previous

section.
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The results in this section use the following parameters values: T =10, 6 =p =14
(so that @ = 0.4),° ¢y = 0 and §; = 0.5 while labour income is received. Asset returns
and labour income are assumed to be independent, normally distributed random

variables:

Tey1 = 0461, €pr ~ N(0,07),

— ~ 2
Ytr1 = Yt T €ytt1, Eytr1 N(OJ )
Yy

The consumer receives labour income for the first seven periods of life; at this stage,
she retires, and receives no labour income for the remaining 3 periods. (This is a very

simple case of a life cycle earnings profile.) The utility function is CRRA.

6.1. Qualitative Features of Optimal Consumption

Three sets of results are presented in this subsection:

1. Labour income uncertainty (with o, = 0.1); no asset return uncertainty (o, =
0).

2. No labour income uncertainty (o, = 0); asset return uncertainty (with o, =
0.1).

3. Labour income uncertainty (with o, = 0.1); asset return uncertainty (with
o, = 0.1).

For each set of results, four values of the CRRA parameter are used: v = —1 (quad-
ratic), 1 (logarithmic), 2, and 5. This range is intended to accommodate levels of
risk aversion which have been studied analytically (such as the quadratic case), and

which have been estimated empirically.

The results are shown in figures 1-3. The horizontal axis measures time, the

vertical the percentage deviation of consumption from the riskless level (i.e. Cy). The

9The high value of 4 reflects the low number of periods. If each period corresponds to roughly 5
years, this value of 8 gives an annual expected asset return of around 7%, which is about right for
equities.
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level of consumption is the unconditional expectation of consumption over the life
cycle, with expectations taken in the first period. Each figure has two lines. The
solid line is the outcome of a grid numerical method used to solve the general Euler
equation (4). The method used is standard, and is described in e.g. Zeldes (1989)
and Deaton (1992).19 This will be referred to as ‘the exact solution’. The dashed
line (which is not always visible, since often it lies very close to the solid line) is the
linear solution (14) from the Taylor approximation to the Euler equation. This will

be referred to as ‘the Taylor solution’.

Figure 1 shows the time profiles of consumption for the exact and Taylor solutions
when only labour income is uncertain. When v = —1, certainty equivalence holds,
and both solutions return zero i.e. the level of consumption equals the riskless level.
As < increases, the consumption profiles in both solutions slope upwards while the
consumer receives labour income (i.e. for the first seven periods). This is the familiar
effect of the precautionary motive. Note that the slopes of the consumption profiles
increase with . During the retirement phase, the consumption profiles are flat, since

the consumer faces no uncertainty in this case.

Figure 2 shows the time profiles of consumption when only asset returns are un-
certain. When v = —1, all precautionary effects are zero. The income profile used
in this section means that savings are positive; the hazard effect therefore induces
a downward slope to the consumption profiles. While labour income is positive (in
the first seven periods, before retirement), the consumption profiles are downward
sloping for all values of v. In other words, the hazard effect always dominates. But
as 7y increases, the precautionary covariance effect increase in importance, and so the
slopes of the consumption profiles decrease in magnitude. Note that, for v > 1, the
profiles slope upward during the retirement phase. This can be understood by noting
that the consumer is essentially a rentier during retirement — deriving income only
from the risky returns of the asset. Since savings are negative during the retirement
phase, the hazard effect imparts a downward slope to the consumption profiles. This
is offset by precautionary covariance effect when v > —1. When v < 1, the hazard

effect dominates, and the profiles are downward sloping during retirement. Analyt-

10The programs for the numerical solution were written in GAUSS, and are available from the
authors on request.
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Figure 1: Optimal Consumption: ¢, = 0.1 and 0, =0

21




ically, the various effects balance exactly when v = 1. This result is reflected in the
exact solution, which has a flat profile during retirement. The Taylor solution is less
accurate, and has a (slightly) downward sloping profile during this phase. There is,
however, a distinct change in the slope of the Taylor solution at ¢ = 7. For higher
v, both solutions have upward sloping consumption profiles during the retirement

phase.!!

Finally, figure 3 shows the time profiles of consumption when there is uncertainty
about both labour income and asset returns. Note that certainty equivalence does not
hold when v = —1, due to asset return risk. Since all precautionary effects are zero
at this value of 7, only the hazard effect is important; hence the solution is identical
to the case with pure asset return uncertainty. With positive saving (as there is
in this case), the consumption profiles are downward sloping. As < increases, the
precautionary effects grow in importance. Consequently, for v > 1, the consumption
profiles are upward sloping over their entire range. As in the previous cases, there
is a distinct change in the slopes of the consumption profiles at retirement, as the

consumer becomes a rentier.

6.2. A Comparison of the Approximation and Exact Numerical Results

Figures 1-3 indicate that the Taylor solution is a reasonable approximation to
the exact solution, for the range of parameters examined. Recall that the Taylor
approximation is based on the assumption that percentage deviations from the risk-
less solution are small (equation (12)). The figures indicate that this assumption is
satisfied; for example, when o, = 0.1,0, = 0 and v = 2, the maximum percentage
deviation of consumption is around 3%, so that the squared percentage deviation
is around 0.09%. Even when the percentage deviation of optimal consumption is
relatively large, the approximation performs reasonably well. For example, when
oy = 0, = 0.1 and v = 5, the maximum percentage deviation is around 4.8%; the

difference between the exact and Taylor solutions at this point is less than 0.1%. In

1The inaccuracy of the Taylor solution means that, during retirement, there is a range of v
slightly larger than 1 over which the exact consumption profile has an upward slope, while the
Taylor consumption profile has a downward slope.
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Figure 2: Optimal Consumption: o, = 0 and o, = 0.1
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all cases examined above, the Taylor solution has the same qualitative features as the
exact. For example, when o, = 0,0, = 0.1 and v = 5, the difference between exact
and Taylor solutions is around 8% (percentage deviations of 1.05% and 0.97% respect-
ively); but the Taylor series captures well the overall shape of the exact consumption

function.

Naturally, there are parameter values for which the closed form approximation is
not accurate. Most crucially, the approximation fares badly at high variances and

2 Figure 4 shows the exact and Taylor solutions

values of the CRRA parameter.
when o, = 0, = 0.3 i.e. when the annual variances of the labour income and asset
return processes are around 11%. For small v, the quantitative difference between
the solutions is small. As vy increases, however, the gap between the exact and Taylor
solutions grows; with v = 5, the exact solution is as much as four times larger than the
Taylor solution. Notice that the small percentage deviations assumption of equation
(12) is violated for higher values of : optimal consumption in the exact solution
departs from the riskless level by over 100% when v = 5. (For values of v above 5

and higher variances, there were convergence problems with the numerical routines.)

6.3. Summary

The purpose of this section has been to examine further the properties of the linear
solution (14); and to assess the accuracy of the approximation. The numerical analysis
has confirmed the three effects (standard precautionary, hazard, and precautionary
covariance) identified in previous sections. It has also suggested that the Taylor
approximation is quite reasonable. For moderate variances and CRRA parameters,
there is no qualitative disagreement between the Taylor and exact solutions; and often

small quantitative differences between the two.!®

12The performance of the approximation has been assessed over different values of T, § and the
income profile {§:}. The approximation performs less well quantitatively as T and § increase;
variations in the income profile appear to make little difference. The variances and the CRRA
parameter are by far the most important variables for the accuracy of the closed form solution.

13There may be an additional benefit to our approach: for appropriate parameter values, it might
allow optimal consumption to be calculated without resorting to computationally-intensive grid
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7. CONCLUSIONS

The difficulties in solving the Euler equation limit the analysis of intertemporal
consumption under uncertainty. Much previous work has concentrated on the case
of stochastic labour income, but deterministic asset returns. The assumption has
been that asset return risk will make no qualitative difference to the results. We
argue in this paper that this assumption is wrong. Our objective has been to provide
a solution to the Euler equation which allows economic intuition to be developed
about the various effects that different types of uncertainty may have on optimal
consumption. The quadratic and linear approximations, and the resulting closed
form expression for consumption, achieve this. Three major results arise from the

analysis:

1. Asset return and labour income uncertainty have qualitative different effects on

optimal consumption.

2. The response of optimal consumption to uncertainty can be decomposed into
three effects. The first is the familiar precautionary motive towards labour
income uncertainty; see e.g. Deaton (1992). The second is a ‘hazard effect’,
which induces a net saver to engage in less intertemporal consumption smooth-
ing in response to asset return uncertainty. Finally, there is a ‘precautionary
covariance’ effect, which arises only when there is asset return uncertainty. The

precautionary covariance effect may offset or add to the other effects.

3. When there is only labour income uncertainty, the difference between current
and next period’s expected consumption does not depend on current assets.'
With asset return uncertainty, cash-in-hand enters the Euler equation; and so

the expected change in consumption is a function of current assets.

It is common in work on macroeconomic policy-making to posit a policy loss

methods. For the analysis in section 6, the grid solutions took up to four hours to calculate;
in contrast, the closed form solution from the Taylor approximation took around 0.01 seconds to
calculate. Of course, before the approximation can be used as any sort of substitute for more intensive
numerical methods, it is necessary to conduct a more thorough assessment of its performance.

14 Alternatively, the deviation of consumption under uncertainty from its riskless level is independ-
ent of assets.
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function with the variances of output and inflation as arguments. The framework
of this paper suggests a natural basis from which to derive such a loss function,
with inflation uncertainty proxied by non-diversifiable rate of return uncertainty, and
output uncertainty proxied by non-diversifiable labour income uncertainty.!> It is
fairly straightforward to use the analytical results of the paper to derive variances of
the representative agent’s consumption at all horizons. It is also easy to show that an
approximation to the value function can be derived as a function of these variances,
and the expected squared deviations from the risk-free case. By positing a specific
functional form for utility (the most obvious being the CRRA form), therefore, a
metric of the welfare costs of both forms of uncertainty can be derived, as functions

of the underlying variances and the coeflicient of relative risk aversion.

Finally, it would be interesting to examine more closely the possibility that asset
return uncertainty might have effects beyond those of simply increasing variances.
We have shown here that one clear impact of asset return uncertainty is to deter
borrowing when cash-in-hand is below the risk-free consumption level. This might
occur during e.g. a human capital formation phase of the life cycle. But, since future
expected labour income is treated as exogenous in the model here, reduced borrowing
reduces consumption, and not human capital formation. Relaxing the assumption of
labour income exogeneity might therefore allow for asset return uncertainty to affect

the equilibrium level, as well as variance, of consumption.

15Indeed, the supposition that both types of uncertainty in the analytical model are non-
diversifiable seems to accord well with the notion that they arise from macroeconomic, and hence
systemic, rather than individual-specific risk.
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APPENDIX

LEMMA A.1l: The covariance term Cov[U'(ct1),7:41] has the opposite sign to net saving

(xt — ct), when rey1 and Y11 are independent random variables.

PrROOF: The covariance is
L[ @@-soene-orne| o (A1)
Yy /R

where ) is the set of permissible values of the random variable y and R the set of permissible
values of the random variable r; f"(r) and fY(y) are the marginal probability density
functions of the random variables r and y; and time subscripts have been omitted for
clarity. Note that ¢ is a random variable, since optimal consumption in period ¢ 4+ 1 will
be a function of realised cash-in-hand in period ¢ + 1, which is determined by the random

variables r and y:

ctr1 = Gi+1 (2t — ge(@e))re1 + Y1)

where g¢11(.) is the optimal consumption function in period ¢ + 1. Note also that
B @) = [ [ U@r @,

Now, E[U'(c)] can be written as U'(E[c]) + J, where J represents a ‘Jensen’s inequality’
term which is strictly positive when marginal utility is strictly convex. Define the inner

integral in equation (Al) as
(U'(c) = E[U'(c)]) (r = 8) f"(r)dr,

(U'(c) = U'(Ele])) (r = 8)§7(r)dr + / J(r = 6)f(r)dr,

R

I
AT AT

(U'(c) = U'(Ele])) (r = &) (r)dr.
Define

ai(r) = U'(e) - U'(Eld]),

Il

=
I

>

as(r)
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Clearly, as(6) =0, and a4(r) > 0. aq(8) = 0, since ¢ = E[c] when r = § (for any given y).

To determine the derivative of oy with respect to r, it is helpful to show time subscripts

explicitly:
ar(ree1) = U'lesr) — U'(Elesta ),
= U'(ge41((zs — co)req1 + yeg1)) — U (Blges1 (@6 — co)repr + yeg1)]) -
Hence!6
13] 13)
' = U”(CL‘t — Ct) gt+1 .
dresy 0zt 11

U" < 0, since the consumer is assumed to be risk averse. To determine the sign of ggi—i,

consider the Bellman equation of optimality for period ¢ + 1:

1
Vi (aesr) = max (V) + GE [Viralaesa)]) (42)
where Vi1 is the period ¢ + 1 value function. The first order condition is

1 [ 0Viqa(@iya)
U’ ——E|—F————= . A3
(et41) = 5 [ Dins (A3)
Theorems 4.10 and 4.11 of Stokey and Lucas (1989, pp. 84-5) ensure continuous differenti-
ability of the value function to this problem. Therefore differentiate the Bellman equation

(A2) with respect to xsy1:

Vi 1 [3‘/24-2 ]
== Tt42
8a:t+1 6 axt—l—Z
With equation (A3), this gives
aV;f—I—l /
=U .
e (ct+1)
Therefore
82 V;f—l—l T aCt—l—l
oz} 4 Oxp1

16Note that this derivative uses the assumption that r and y are independently distributed. This
assumption is stronger than is required to show that the covariance term has the opposite sign to
(z: — ct).
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Hence Sign (act“) = Sign (g—x) The arguments of Grossman et al. (1979) and Neave

Oz 41
(1971) can be adapted to show that Sign V" = Sign U”. Therefore g%: > 0.
Consequently,
0
Sign (d?"?.:l) = —Sign(zt — ¢t).
da

Therefore, if (z; — ¢;) > 0 (i.e. the consumer is a net saver), ey < 0 This means

that aq(r)ag(r) < 0 Vr; and so I <0, and Cov[U'(ct41),7t+1] < 0. (The converse holds.)

Therefore the covariance term has the opposite sign to (z; — ¢t). a

LEMMA A.2: The magnitude of the covariance term is locally decreasing in the degree of

convexity of marginal utility.

PRrROOF: Consider two different utility functions, U and V, where both utility functions are
strictly increasing, concave, and have positive third derivatives. Let V' = G(U’), where
G' <0, G" >0, and G(U'(E[c])) = U'(E[c]). The shape of the function G means that V' is

more convex than U’. (The third condition on G is simply a normalisation.) Define

Iy = /R (U'() = B[ (&)]) (r — 8)" (r)dr,
Iy — / (V'(e) — EIV/(c)]) (r — 8)f7(r)dr.
R
The objective of the proof is to show that |Iy| < |Iy].

Let

Al=1Iy— Iy = /R (U'(c) = V'()) (r — 8)f7(r)dr.

(Note that the terms in E{U’(c)] and E[V'(c)] drop out, since e.g. [ E[U’(c)](r—06)f"(r)dr =
E[U(¢)] [r(r — 8)f"(r)dr = 0.) Define

a(r) = U'(e) = V'(o),

as(r) = r—26.
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az(6) =0, and ob(r) > 0. a1(6) = U'(Elc]) — V'(E|[¢]) = 0. The derivative of oy is

80? 1 80}/ 1
alr) = U ) g vy - ) S
v _ v\ 9n
U (U U 80,2_1 G,(»’L't Gy )amtJrl
o (xt G )8£L‘t 1 1- U U actU+1
+ (zf — ¢ )amtJrl

Note that the consumption function, and consequently wealth, will depend on the utility
function; the variables are therefore superscripted with the relevant utility function. When
G is a small transformation (in the sense that ‘(é—l," is small), then Sign(z¥ —cV) = Sign(z} —
c¢/). Since G' < 0, Sign (c/(r)) = —Sign(z{ — /). When (z¥ — /') > 0, o/(r) < 0, and
a1 (r)ag(r) < 0 Vr. In this case, AI < 0; and so 0 > Iy > I;. When (2 — /) < 0,
ai(r) > 0, and a;(r)ag(r) > 0 Vr. In this case, AI > 0; and so 0 < Iy < Iy. Therefore
|Iv| < |Iy|. Hence the magnitude of the covariance term is decreasing in the degree of

convexity of marginal utility. |
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