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Abstract

A software package is presented that computes locally @psaiutions to low-rank approximation problems
with the following features:

e mosaic Hankel structureonstraint on the approximating matrix,

weighted 2-nornapproximation criterion,

fixed elements the approximating matrix,

missing elements the data matrix, and

linear constrainton an approximating matrix’s left kernel basis.

It implements a variable projection type algorithm andwafidhe user to choose standard local optimization meth-
ods for the solution of the parameter optimization problor.anm x n data matrix, wittm > m, the computational
complexity of the cost function and derivative evaluatie®{n?n). The package is suitable for applications with
n>> m. In statistical estimation and data modeling—the main iapfibn areas of the packagex+= m corre-
sponds to modeling of large amount of data by a low-compleribdel. Autonomous linear time-invariant system
identification and approximate common divisor problemsmesented as example applications of the package.

Keywords: mosaic Hankel matrix, low-rank approximation, total lesgtiares, system identification, deconvolu-
tion, variable projection,

1 Introduction
Structured low-rank approximation is defined as low-ranragimation
minimize overD |[D—DJ| subjectto rankD)<r

with the additional constraint that the approximating ixal) has the same structure as the data mariA typical
example where a rank deficient structured matrix arises snwvehsequence = (ps,..., pn,) satisfies a difference
equation with lag < [ny/2], i.e,,

Ropt + Ripri1+ -+ Reprr =0, fort=1,...,np—¢. (DE)

The system of equations (DE) is linear in the vector of patam® := [Ro R, - Rg], so that it can be written
asR#j1n,-¢(P) =0, wheres#1n,-¢(p) is a Hankel matrix constructed from This shows that, foR # O, the
fact thatp satisfies a difference equation (DE) is equivalent to rarficideicy of a Hankel matrix?7 1 n, ¢(p).-

Many problems in machine learning, system theory, signatgssing, and computer algebra can be posed and
solved as structured low-rank approximation problem fdiedint types of structures and different approximation
criteria (see Section 5 and [28, 30]). In identification armtlel reduction of linear time-invariant dynamical systems
the structure is block-Hankel. In the computation of appr@te greatest common divisor of two polynomials, the
structure is Sylvester. In machine learning, the data maroften unstructured but the approximation criterion is a
weighted 2-norm (or semi-norm, in the case of missing data).

Despite the academic popularity and numerous applicatbtise structured low-rank approximation problem,
the only efficient publicly available software package fsustured low-rank approximation is the one of [35]. The



Feature Old version New version

matrix structure block-Hankel/Toeplitz  matrix mosaic-Hankel
cost function 2-norm weighted 2-norm
exact data whole blocks arbitrary elements
missing data not allowed arbitrary elements
constraints on the unconstrained linear constraints
optimization variable

interface Matlab Matlab, Octave, R

Table 1: Comparison of the old and new versions of the soéwar

package presented in this paper is a significantly extendeslon of the software in [35]. The main extensions are
summarized in Table 1 and are described in more details itidBez.

The paper is organized as follows. Section 3 defines the derexl weighted structured low-rank approximation
and presents Matlab/Octave and R interfaces for callingutigerlying C++ solver. Section 4 gives details about
the solution method for solving the resulting parameteimagation problem. Implementation and software design
issues are extracted in Appendix A. Section 5 lists apptinat of the package and describes in more details an
application for solving scalar autonomous linear timeaiant identification and approximate common divisor prob-
lems. Appendix B defines the structured total least squar@dem and explains its relation to structured low-rank
approximation. Appendix C lists extra options of the sofevior choosing the optimization method.

2 Main features of the software

1. Matrix structure specification
The software package supports matrix structures of form

Z(p) = ®Hmn(p), )
where® is a full row rank matrix and’#, , is amosaic Hankestructure [18]].e., aq x N block matrix
%ﬂmml(p(ll)) %ﬂanN(p(lN))
A - g [y - ) (P) = : : ; (Hm.n)
jfm]’nl(p(ql)) %nh’nN(p(qN))
with scalarHankelblocks
[P1 P2 Pz -+ P ]
P2 P Pn+1
Han(P) = [ : e R™", (“nn)
[Pm Pm+1 - Pmin-1]

(27 n) is more general than the block-Hankel and “flexible striegpecification”, used in the old version of
the software (see Section 3 in [35]). In fact, the “flexibleusture specification” is equivalent t&f, n with
equaln;’s. Mosaic Hankel matrices with blocks of different columimeénsion allow us to solve, for example,
system identification problems with multiple trajectora@slifferent lengths.

The matrix® further extends the class of mosaic Hankel matrices to (impbkkankel-like matrices. A trivial
example is the Toeplitz structure achieved by
1
O =1Jn:= eR™M™ and Hmn(p) = Hnn(p).



(Empty spaces in a matrix denote zeros.) A more interestiagngle is theToeplitz-plus-Hankestructure,
achieved by

1 1

(1)
P=[lm In] = €R™2™ and H#nn(p) = [ﬁm’”gs(ai] . (T +22)
m,n
11

Other examples of using, including multipolynomial Sylvester matrices [21], camfound in Section 5.

2. Cost function

In the old version of the package, the approximation coters the 2-norm (unweighted low-rank approxima-
tion). In the new version, the approximation criterion is theighted 2-norm. Weights are needed for example
when the accuracy of the elements piary, see [52]. Weights can be used also to replace the ptgame
2-norm with the Frobenius matrix norm of the error mat&i(p— p). As explained in Note 2, the weighted
approximation criterion can be viewed alternatively as aification of the data matrix structure.

3. Exact data

Structure parameters can be fixed to predefined values. €lplthversion of the package only subblocks of
the structured matrix could be specified as fixed.) This featllows us to solve problems, such as system
identification under exactly known initial conditions, whethe upper-left triangles of the Hankel blocks are
fixed, and approximate common divisor computation, wheesupper-left and lower-right triangles or the
Hankel blocks are fixed.

4. Missing data

A new feature of the software is the ability to deal with migstlata. Due to specific experiment design or data
corruption, the data may be incomplete in real-life appiaes. A well known example from machine learning
is prediction of user ratings (recommender system), egg,[4]. A possibility to specify missing values in
Hankel low-rank approximation problems allows us to sol&em identification problems with incomplete or
irregularly sampled data.

5. Total least squares and low-rank approximation

In the old version of the package, the optimization variablde X matrix in the problem of solving approx-
imately an overdetermined system of linear equati@Xs~ B. This problem may be viewed as a restriction
of the low-rank approximation problem to a subclass of ra#i (For more details see Appendix B). To pre-
serve backward compatibility, the new version of the soféea@an also solve the structured total least-squares
problems, see Note 7.

6. Constraints on the optimization variables

The new version of the package uses as optimization varabiatrix R whose rows form a basis for the left
kernel of the approximatiorﬁ3 and allows specification of linear structure constraintsRonAn application
where such a constraint is needed is multivariate systentifbation with fixed observability indexes [16].
Other applications are given in Section 5.

7. Interfaces to scientific computing environments

The package provides interface for calling the underlyirgr Golver from Matlab, Octave, and R, which are
among the most often used computing environments for ssisr@nd engineers.

An advantage of unifying structured and weighted low-rapgraximation with missing and fixed values and
constraints on the optimization variable is that a singtgpathm and a piece of software solves a large variety of
problems. Table 2 in Section 5 lists special cases of thergam®blem solved by the software package. Each special

ICurrently (June 6, 2012), this feature is implemented onlgri experimental Matlab version of the software. It can beikited in the
C++ solver by assigning “small” weights to the missing pagtems and replacing the missing values with zeros.



case is motivated by applications, which are considereldniterature and specialized algorithms are developed for
their solution. Only a few of the algorithms reported in therhture, however, are implemented in publicly available
software.

Fixed values in the approximating matrix can be viewed ascareme case of weighted low-rank approximation
with large weights corresponding to the fixed parametersil&ily, the missing data case can be viewed as weighted
low-rank approximation with small weights correspondinghte missing parameters. Both cases are equivalent to a
single singular (zero or infinite weights) weighted lowkapproximation problem and can be solved with the same
algorithm.

The generality of the algorithm is not compromised by its patational efficiency. Eliminating the approxima-
tion D and exploiting the structure in the resulting nonlineastesguares problem, the cost function and derivative
evaluation is done i®(nPn) floating point operations [31]. Indeed, the more generabritiyn implemented in the
package reduces to the algorithm in [35] in the special qasged by the old version of the software.

The software is written in C++ with Matlab/Octave and R ifdees. The C++ code is complemented by an exper-
imental implementation written in Matlab. The latter sugip@eneral linearly structured matrix as and experimental
features but is inefficient and can be used only for small&@agm < n < 100) problems. In Matlab, the C++ solver
can be called directly via the mex-figd r a_mex or via a wrapper function, which has the same interface asthe
file but can optionally call the experimental versiohr a_ext . The package is hosted at the following address:

http://github.comslra/slra

3 Problem formulation

We denote missing data values by the synfi®N (“not anumber”) and define the extended set of real numiRars
as the union of the set of the real numbRrand the symboNaN:

The considered structured low-rank approximation probkedefined as follows.

Problem 1. Given:
e structure specificatiory”,
e vector of structure parametepss Re?,
e nonnegative vector € (R, U{ })™, defining a weighted (semi-)norm

Iplle:== 5  wpf, and
(i | p7an)

e desired rank,

~

find a structure parameter vectgrsuch that the corresponding matrik(p) has rank at most, and is as
close as possible tpin the sense of the weighted semi-nofni|y, i.e.,

minimize overpe R™ ||p—p||2 subject to rank.(p)) <r. (SLRA)

Without loss of generality, it is assumed timak n. An infinite weightw; = c imposes the equality constraipt= p
on the optimization problem (SLRA).

Problem (SLRA) is in general honconvex. In the software pgek it is solved numerically by local optimization
methods. The Matlab wrapper function for low-rank appraadiion is defined as follows:

(sl r a function definition in Matlab/octaye=
function [ph, info] = slra(p, s, r, varargin)



The output argumenih of thesl r a function is a locally optimal solutiop of (SLRA) andi nf o is a structure
containing additional information about the computed sotu

e i nfo. Rhisan(m—r) x r full row rank matrixR, such thaR s (p) = 0 (low-rank certificate),
e i nfo. fm nisthe cost function valugp — p||2, at the computed solution,

e i nfo.iter isthe number of iterations performed by the optimizatiolwesp and

e i nfo.tineisthe execution time.

Next we describe the required input paramegers, andr . Appendix C describes the optional parametpt .

Matrix structure specification

The structure.¢) is specified by the two vectors
mi=[m - mg] €NY and ni=[n - ny] enM (m,n)

and the matrixp ¢ R™™ where

q
m = ';m.

The compulsory input argumengs s, andr of the sl r a function correspond to the vector of parametprs
the problem structure, and the rankrespectively.s should be a structure with a fiefdand, optionally, a fielah,
containing the vectorsi{,n). If s. n is skipped, by defaull = 1 and

q
np—9S.
n=n=-+_&=171 %“1m +1.

Optionally, s can have a fielghi , containing the matrixp € R™™ . The default value fofb is the identity matrix
of sizem=m.
The vectorp is composed of the structure parameter vectors of all sé&dakel blocks in ¢4, ), ordered first
top to bottom and then left to righte.,
p:(p(ll>7"'7p(QI)7"'7p(lN) 7p(qN))'

PR

Weight specification, fixed and missing parameter values

The weight vectow is passed to thel r a function by the fieldv of s. If wis not specified, its default value is the
vector of all ones, corresponding to unweighted low-rargragimation. The parametsr. wcan be

e np-dimensional nonnegative vector, in which case s.w,

e (x N nonnegative matrix, in which case the weights correspanttinthe structure parameters of théth
Hankel block in (77, 1) are all equal tav;j, or

e g-dimensional nonnegative vector, in which case the weigbteesponding to the structure parameters of the
I, jth Hankel block in ¢, ) are all equal tav;, for all j.

The second and third options of specifyiagw evoke a more efficient computational method but are supghaméy
by the C++ solver.

Settingw; to oo has the effect of specifying the paramepeias exactj.e., the approximation problem (SLRA) is
solved with the additional constraint thatis equal to the given parameter valpe(and the weighted norr- ||y
is evaluated over the parameters with finite weights onlgtiggw; to 0 has the effect of ignoring the value of the
parameterp; in the solution of the approximation problem. Alternatiyegnored parameter values may be specified
by the symboNaN. From a practical point of view, ignored structure paramestues are “missing data”.



Note2 (Incorporating the weight& into the matrix structure#’). A weighted structured problem (SLRA) can be
solved as an equivalent unweighted problem (SLRA), with weightsw; = 1 for all i, and a modified structure
specifications” : R" — R™" defined by

y’((p]-?"'?pnp)) :y((wlpla"‘7wnppnp))’

This fact shows that the weighted norm specification canéged equivalently as a modification of ttiatastructure.

Note3 (Conversion from the structure specification in [33}) order to facilitate the transition from the old version of
the software to the new one, we provide in the package a famsti ol d2s converting the old style structure spec-
ification (see [35, page 314]) to the new one. Block structumatrices consisting of block-Hankel and unstructured
blocks are specified solely by then(n) parameters. Block-Toeplitz matrices are specified askbittemkel matrices
with suitable row permutations. In this case, in additioth parametersi, n), the transformation matris is used.
Finally, fixed blocks are specified by infinite elements inweght vectorw. In general, the transition from the old
structure specification format to the new one involves then]), ®, andw parameters.

Note4 (R interface) Calling the C++ solver from R is done by an R functishr a with the same parameters as in
the Matlab mex function, except that in R lists are used awsief structures, and the list elements are accessed by
<l i st >$<el enent >instead of by<st r uct ur e>. <el enent >. The computed result is returned in a list with
fieldsph andi nf o, which contain, respectively and the nf o variable defined above. Optional logical parameters
conput e. ph andconput e. Rh can be used to disable the computatiorpaindR. By default, pis not computed.
Examples of using the R interface can be found in the dirgdteist _r of the package distribution.

4 Solution method

This section outlines the method used in the package foingpilie structured low-rank approximation problem (SLRA).
Letd be the rank reduction
di=m-r.

The rank constraint is represented in a kernel form

rank(.(p)) <r = there is full row rankR € R%™, such thaRs”(p) = 0, (KER)

i.e, the left kernel of () is parameterized by tre= m—r linearly independent rows of the matfk Then (SLRA)
is equivalent to the following double minimization problem

minimize over full row rankR e R>™  {(R), (SLRAR)
where
f(R) := (Amﬂi%np |p—plj2 subjectto R(P) :O> . (f(R))
PER”

(SLRAR) is refered to as the outer minimization anf{R)) as the inner minimization. The inner minimization
problem is a (generalized) linear least-norm problem amdbeasolved analytically for giveR, resulting in a closed
form expression of the cost functiohin the outer minimization problem. The derivative biwith respect to the
elements oR can also be computed analytically. Fast methods for evatuat f and its derivatives are presented in
Section 4.2.

In data modeling—the main application area of the softwareean be interpreted as a model parameter. For
example, in system identificatioR is related to a difference equation (DE) representatiomefsystem. Typically,
a large amount of data is fitted by a simple model, which inspliet the dimension dR is small compared to the
dimension ofp. Problem ¢ (R)) is bilinear in the variable® and p, which makes possible the elimination pfor a
fixedR. Many estimation problems have similar bilinear structund their solution methods are based on elimination
of the large dimensional optimization variable.

The elimination ofp in the analytic solution of {(R)) is similar to the projection step in the variable projestio
method [12] for solving separable nonlinear least squaresl@ms. Note, however, that the standard variable pro-
jections method is invented as a solution methoduimconstrainedoptimization problems, where the cost function

6



is explicitly given. The structured low-rank approximatiproblem (SLRA) in contrast is a constraint optimization
problem and the parameterization (KER) is an implicit fumttof the optimization variables. As discussed next,
(SLRA) is an optimization problem over a Grassmann manjfeldich makes it rather different from the standard
setup, for the variable projections method.

Note5 (Feasibility of the minimization problem ovg). In the analytic solution of f{(R)), it is assumed that the
problem is feasible for anRin the search space. A necessary condition for this to hdlthisthe number of structure
parameters is sufficiently large:

np >dn. ©

Condition (C) imposes restrictions on the class of problémas can be solved by the approach implemented in the
package. For example, in scalar Hankel low-rank approxongtroblems the rank reductiahcan be at most one.
Interestingly, in applications of problem (SLRA) to appiroate realization, system identification, and approximate
common divisor computation constraint (C) can always bisfeed.

4.1 Parametrization of the search space and constraints

Problem (SLRA) is an optimization problem on@rassmann manifol&r(d, m) (set ofd-dimensional subspaces of
R™M). Indeed,f(Ry) = f(Ry) if the rows ofR; andR; span the same subspace. In the package, we map the optimizati
on Gr(d, m) to an optimization problem on an Euclidean space, see [48}.pFoblem is turned into optimization 6f
over the set of full row rank matricd® € R9*™ that represent all (or a generic part) of thelimensional subspaces.

In some applications, it is necessary to impose linear cangs onR, which can also be incorporated into the
parametrization of the search space.

e The experimental Matlab solver uses a general linear @instonR
R=%'(0) :=veg'(6W),  where 6¢cR"™, 6—R

defined by a matrixl ¢ R"*9M  (Here ve¢) is the column-wise vectorization operator and VKe) is its
inverse.) The rank constraint &his imposed by

RR" = Iq. (f.rr.R)
e The C++ solver uses a matrix-product constraint on the metri
R=%(0):=0¥,  where ©cR™™ (O~ R)
defined by a matrix¥ € R™ <™. The rank constraint oR is imposed by

O=[X —lg], forsomeX e R~ O+ X)

The W matrix is passed to thel r a function by an optimization optionpt . psi . The default value o is I,
for the C++ version andy, for the Matlab version. Th& matrices—¥¢ for the C++ versions an&y, for the
Matlab versions—are generally different. They coincidanf only if the rank reduction is onee., d = 1. The
constraint @ — R) is more general and includes the constra@t-{ R) by choosing

Wy =Wc®lg and 6=vedO).

The rank constraint (f.r.R) parametrizes Gd, m), and turns the structured low-rank approximation probleto i
an optimization problem o™ with a quadratic constraint. The rank constrai®t«s X) parametrizes a generic
part of Gi(d,m). Its main advantage is that the structured low-rank appration problem problem is turned into an
unconstrained optimization problem &4™ 49,

Note6 (On parametrization of the whole @ m) in the C++ version) The whole G¢d, m) can be covered by taking
different W (see [48]) or changing’ during the optimization, which is done in the optimizatidgaxithms of [27].
Currently, in the C++ versiorl is a fixed parameter.

Note7 (Solution of structured total least squares probelr8gXting¥ = Iy in the C++ version is equivalent to solving
a structured total least squares problem (see AppendixBhig caseR = [X —Id] .



4.2 Fast cost function evaluation

In this section we present the algorithm for the cost fumcgwgaluation in the case of positive weights (no missing
values), which is implemented in C++ solver. The cost fuorcvaluation for missing data is described in [31].
The cost function can be represented in the form

f(R) :=vec' (RZ(p))(N(R)) ‘vec(R¥(p)),

wherel (R) € R9"™d" is a nonnegative definite matrix, dependingRinFor the evaluation of (and its derivatives)
one needs to solve the system of linear equations

F(Ru=v(R), where v:=vec(R7(p)).

In the package, we use the Cholesky factorizatiof,ofhich is known to have good numerical properties [14]. The
efficiency of the package is based on the fact that block banded with bandwidth= min(my,...,my) and, in the
case of uniform weightd, is in addition block-diagonal with block-Toeplitz elemsnt

[T11 - MNs 0
. . . . dxd
FR:=1Irg . . Tpgan|»  Where Tij=RW;R' eR™,
L 0 rn,nfs+1 I_n,n _

and the matrice8 ; € R™™ depend only on the structure specification and the weighis.j B i and structure of

form s, wherem = [my ... my], the matrice§\f ; can be represented as
o (Um)j‘i w = 1 (uniform weights) and
" diag(yj) (Um)' ™' otherwise,

wherey j € RMis a subvector of coi; *,... ,wgpl), and

0O 1 O

. 0
: -1
O ... ... 0

For a general structure of the forn7, ,,, wherem andn are defined inrfi, n), thel” matrix is block-diagonal
I (R) = diag(r'(Re),...,r N (Rd)),

with diagonal block™ ) (R) being thel” matrix for the structure’#, , and the corresponding subvectowaf
In summary, the cost function can be computed by the follgveilgorithm:

1. Computev(R) = vec(R(p)).

2. Computd (R), usingW ;.

3. Compute the Cholesky factorizatiofiR) = C'C (I is an(2sd)-banded matrix).

4. ComputeF (R) =C~Tv(R) € R" by solving(sd)-banded system of linear equations.
5. Setf(R) := |[F(R)||3.

For general weights, the algorithm has complexgmn. For uniform weights, th€ matrix is block-diagonal with
block-Toeplitz blocks and the algorithm has theoreticahptexity O(mn), assuming that an efficient methoeld,
the Schur-type algorithms [20]) is using for the Choleskstdaization of the block-Toeplitz matrices.
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4.3 Local optimization methods

Due to the elimination of, for n > m, the computation time of the search direction by the opt@tnin method is
negligible in comparison with the computation time for thwstcfunction and derivative evaluations. Therefore, we
use standard local optimization methods to minimize the feostion f.

The C++ solver uses local optimization methods from the Gigaty (see Appendix C). One option is to use the
Nead-Melder method for minimization without derivativegjich is slow but robust. A faster alternative is to use the
BFGS gquasi-Newton method. The cost function gradient isprded analytically by

df(RH)=2y"dv(RH)-y'dr (RH)y, where y:=T"1v(R).

It can be shown that the gradient evaluation has computdtimymplexity of the same order as the one of the cost
function evaluation.

The default optimization method for the C++ solver is the démverg-Marquardt algorithm [39, 8], which is
typically faster and more robust in practice than the qidesiton methods. The Jacobian®f "v, whereC is the
Cholesky factor of is replaced by the pseudo-Jacobian [17], which computagiofithe order ofO(smn).

The package provides an interface to the cost function arndatiges evaluation, so that any optimization method
(implemented in or callable from C/C++) can be used. Moraitleibout the C++ interface can be found in Ap-
pendix A. The experimental Matlab solver uses the functiohncon for constrained nonlinear minimization from
the Optimization Toolbox of Matlab. In this case, the deiixes are approximated numerically.

All local optimization methods require an initial approxtion. By default, unstructured ramkapproxima-
tion I3|ra of the data matribD = .7 (p) is used,i.e, the initial value for the parametét is a full row rank matrix
Rra € RM such thaRaDya = 0. The default value can be overwritten by an optional arguropt . Ri ni .

In order to obtain thé or © parameter fronR, the equationZ(6) ~ Ry, is solved in the least-squares sense. For
the C++ solver, the obtained mati&is then converted tX by

X:=-P'Q  where@=:[Q P|, QeR™M-d and pecRrI

The result of thes| r a function—a locally optimal value of the parameRis returned in the variablenf 0. R.
The corresponding locally optimal approximatipris computed by solving the inner minimization probleftR)).

The solution is given by
-1

P(R)=p+G(R)(N(R))
whereG(R) is a linear function in the elements Bf defined by

V(R),

vec(RZ(p)) = G(R)p.

5 Applications

A list of examples of low-rank approximation problems witifferent matrix structuresb.’, ,,, approximation cri-
teria| - ||w, and constraints on a basis of the approximating matrixtskiernel is given in Table 2. Each example
is motivated by applications. (See the references citetientdble.) In Section 5.1, we describe the application to
autonomous system identification (example 3) in the caseaddus(single output) linear time-invariant dynamical-sys
tems. Variations of the problem for identification with fixpdles (example 6), poles on the unit circle (example 4),
and missing data (examples 10 and 17) are presented in 8e6t®, 5.3 and 5.4. Section 5.5 demonstrates the effi-
ciency of the package on data sets from the database fonsigaatification DAISY [6]. Section 5.6 shows numerical
examples of computing approximate common divisors of twgrmmials (example 14), using Sylvester structured
low-rank approximation and Section 5.7 generalizes thaltefr more than two polynomials (example 15).

5.1 Autonomous system identification

In system theory and signal processing the difference equéDE) defines an autonomous linear time-invariant
dynamical system. The problem of finding a model, which is @aglyical system, from observed data of the system



# example

application(s) reference

1 unstructured
uniform weights

factor analysis [15]
subspace methods [37,Ch. 7]
latent semantic analysis[9]

2 element-wise weights chemometrics [52]

3 scalar Hankel model reduction [3]
autonomous SYSID [37, Ch. 11]
linear prediction [24]

shape from moments  [41, 11]

4 Hankel with structured kernel spectral estimation  [47]

(palindromic)

5 Toeplitz + Hankel

isospectral flow [43]

6 Hankel with structured kernel SYSID with some [29]

(fixed poles)

predefined poles

7 qx1block Hankel

multivariable SYSID  [38]

8 Hankel with structured kernel SYSID with [16]

(fixed obsrv. indexes)

fixed obsrv. indexes

9 gx N block Hankel

SYSID from multiple  [38]
time seriesT|,=T)

10 Hankel blocks
next to each other

SYSID from multiple [42]
time series

11 Hankel with
fixed variables

output error SYSID [38]

12 Unstructured beneath deconvolution [28]
Hankel block
13 Hankel with first SYSID with fixed [46]

¢ elements fixed

initial conditions

14 Sylvester

approximate GCD of [22]
two polynomials

15 generalized Sylvester

approximate GCD of [21]
N polynomials

16 unstructured with recommender [45]
missing elements systems

17 Hankel with SYSID with [42]
missing elements missing data

18 missing and matrix completion [5]

fixed elements

Table 2: Summary of examples. (SYSID — system identificati®@D — greatest common divisor)

is called a system identification problem [26, 46]. The jgattir identification problem considered in this section is

defined as follows: Given a time series

Ya= (Ya(D).....ya(T)) € BT

and a natural numbeét

minimize overyeRT and[Ry Ry

R #0 lya—Vll3

subjectto Roy(t) + Ryt +1)+--- +Ry(t+£) =0, fort=1,.... T~

The constraints of (SYSID) are equivalent to

rank (7 11-(9)) < <.

10
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Therefore, (SYSID) is equivalent to the scalar Hankel lank approximation problem

minimize oveyeRT |[lyq—Vi3

: - (SHLRA)
subjectto rank. 7z 1 1—(9)) <Y,

which is a special case of (SLRA) with

m=/~¢+1 and n=T—/.

(sl r a arguments for scalar Hankel problem
sm=ell +1; ssn=T- ell; r =cell;

Numerical example

The sequencyg, shown in Figure 1, left, is a sum of 8 complex exponentidlfllows that it is an exact trajectory of
an autonomous linear time-invariant system withdag 8.
(example autonomous SY$#D

clear all; randn(’seed’, 0); load aut_sys traj; T = length(y0); ell = 8;

plot(y0(1:T), 'r-"), ax = axis; axis([0O T ax(3:4)]), print_fig('slra-f1")

500

500
=
= 0 = 0
=
- : : ‘ ‘ -500 - : :
500, 50 100 150 200 50 100 150 200

t t

Figure 1: Left: true trajectory. Right: noisy trajectoryofted black) and optimal approximation (dashed blue).

Indeed the left kernel of the Hankel matti%7. 1 1_,(y) has dimension one.
(example autonomous SY$p=

size(nul | (bl khank(y0(2:T), ell + 1)")', 1)
Moreover, a basis vectdR for the left kernel of#,17-¢(y) gives a difference equation representation with dag
(DE) of the exact model foy.
(example autonomous SY $ip=

y2R = @y, ell) null (bl khank(y, ell + 1)’)"; RO = y2R(y0, ell);

Approximation is needed when an exact model does not eristatistical estimation problems, this is due to the
data being corrupted by noise
Ya = )7+ ya

wherey is the true component ands the noise.

In the simulation example, the true system belongs to theetradalss (autonomous systems with lag 8) and the noise
is generated as a zero mean while Gaussian process.

(example autonomous SY$p=
y =y0 + 0.3 » std(y0) = randn(length(y0), 1);

11



Under this assumption, the optimal approximation probl&vigID) defines a maximum likelihood estimator [28].

(example autonomous SY $ip=

(sl r a arguments for scalar Hankel problem

(definey2R_appr), opt.Rini = y2R appr(y(1:T), ell);

[yh, info] = slra(y(1:T), s, r, opt);

Figure 1, right, shows the true data, the noisy data, andgtimal fit obtained by thel r a function.

(example autonomous SY$p=

plot(yh, "b-"), hold on, plot(y(1:T), "k:’), plot(y0o(1:T), "r-")

axis([1 T ax(3:4)]), print_fig(’'slra-f2")

5.2 Autonomous system identification with fixed poles

An /+ 1 dimensional vectoR corresponds to a degrégolynomial
[Ro Ri -+ R] &  Ro+Roz+---+RZ. (R(2))

Vice verse, a polynomial of degréecorresponds to thé+ 1 dimensional vector formed of its coefficients in, say,
increasing order. With some abuse of notation, we denof ligth the vector and the polynomial.

Consider the scalar Hankel low-rank approximation prob(&HLRA) and letR be a basis for the left kernel
of the approximating matrix?;,11_,(y). Denote byz,...,z the zeros oR. SinceR is real, the zeros appear in
complex conjugate pairs. Otherwisa, ...,z are unconstrained by the approximation problem (SHLRA)thia
section, we impose a constraint that some zeroR afe fixed at predefined locatioms,, ...,z in the complex
plane (observing the complex conjugate symmetry) and therstare unconstrained. The fixed zero locations define

a real polynomial
U

Ri(z) :==[1(z—=z,)
]z
and the free zeros define a polynonfdk) of degree/ — ¢;. With this notation, the fixed zeros constraint is
R(z) = 8(2)Rs(2),
or in matrix notation

Rio R1 -+ Ry
Rio Ri1 - Ry

Py
I
@

Ro Ri1 -+ Rig
U]

The resulting scalar Hankel low-rank approximation prableith fixed poles is of the form@ — R), with the W
matrix defined above.
(opt . psi for fixed poles&=

opt _f.psi = sylvester(poly(zf), 1, ell - length(zf) + 1);

Numerical example

Data centeringi.e., subtracting the mean of the data veqgigris a standard preprocessing procedure in linear system
identification. A linear model is identified from the centrgata and in a postprocessing step the mean is added
back to the model in order to obtain affine modefor the original data. The preprocessing procedure sgiis t
affine system identification problem into two steps: dataerémg and linear system identification. A new problem is
reduced to an already solved problem, however, the proedslarsuboptimal method for affine system identification.
This fact is illustrated on the data from Section 5.1.
(example autonomous SY$p=

yc = y(1:T) - nean(y(1:T)); opt_c.Rini = fliplr(poly(eig(h2ss(yc, ell))));

[yhe, info c] = slra(yc, s, r, opt_c); info c.fmn

12



The approximation error achieved with the two stage proeedi nfo_c.fnmin = 3. 7169e+05.

Observing that an affine autonomous model is a linear autonsmmodel with a fixed pole at one, in the discrete-
time case, or zero in the continuous-time case, we obtairptimal method for affine autonomous system identifica-
tion as a special case of Hankel low-rank approximation vixtd poles. Applied on the data
(example autonomous SY $ip=

ell =ell + 1; (slraarguments for scalar Hankel problem

zf = 1; (opt. psi forfixed poles

opt_f.Rini =opt_c.Rini » opt_f.psi;

[yh_f, info_f] = slra(y(1:T), s, ell, opt_f); info_f.fmn

the method achieves approximation efroff o_c. fm n = 3. 6652e+05.

5.3 Harmonic retrieval

In the autonomous system identification problem (SYSID)ghkes of the identified systeni.€., the roots of the
polynomial R(z)) are constrained only to have complex conjugate symmeatrthis section, we consider a variation
of problem (SYSID) when the poles are constrained to lie enuhit circle. This additional constraint ensures that
the approximation is of the form of a sum of sinusoidal fumas. The problem is referred to as harmonic retrieval
and line spectral estimation [47].

A necessary condition for the poles of the system to lie oruttiecircle is thatR is palindromic,i.e.,

. /41
there isf € RV ng:= [%w ., suchthat R= 6w,

where[-] is the operator rounding up to the nearest integer and

1 1 1 1
W= ,ifmisodd or W= , if mis even.
1 11

This is a special case of the constraift-{> R) and therefore can be specified in the solution of the ideatifin
problem (SHLRA).
(opt . psi for palindromic R=

nt = round((ell + 1) / 2); | = eye(nt);

opt _p.psi = 1[I flipud(l(:, (1 + nod(ell + 1, 2)):end))];

Note that the constraint th& is palindromic is only a necessary condition for the rootfdb be on the unit

circle. In the following numerical example we verify on thata of Section 5.1 that the model identified by e a
function has poles on the unit circle.

Numerical example

(example autonomous SY $ip=
el |l = 8; (slraarguments for scalar Hankel problem
(opt . psi for palindromic R
opt_p.Rini =fliplr(poly(eig(approx(y(1:T), ell))));
[yh_p, info_p] =slra(y(1:T), s, ell, opt_p);
abs(roots(i nfo_p. Rh))

5.4 Autonomous system identification with missing data

A block of £ or more missing values splits the data ifNo= 2 independent datasets. With— 1 such blocks of
missing data the problem is equivalent to identificationmfid datasets. Note, however, that in general the datasets
have different number of sampl@s,..., Ty. System identification from multiple datasets with differéengths leads

to a mosaic Hankel low-rank approximation problem with

m=/ and n=[Ti—¢ - Ty—{].
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In the more general case of arbitrary distributed missinges the identification problem is posed as a weighted
scalar Hankel low-rank approximation problem. Létbe the indexes of the missing samples afide the indexes
of the given samples. The appropriate weight vector is:

weR',  with w(#)=0 and w(.#)=1

In the current version of the C++ solver, zero weights shba@@dpproximated by small values.
(s. wfor missing values=

s.w = ones(T, 1); s.WIm = 1le-5;
Numerical example

First, we selecN continuous parts of the signal and identify a model from tlaita.
(example autonomous SY$p=

ell =8, T=1[20 30 40]; N=length(T); ind =[1 50 100];
(sl r a arguments for scalar Hankel problem
p=1[]; for i = 1N p=1[p; y(ind(i):ind(i) + T(i) - 1)]; end

[phom info_m = slra(p, s, r, opt);
The result is validated by computing the angle

R'R
IRlI2[IRl2

., RR

Z(RR) :=min ( cos t———— 1
IR]2][R]]2

)

(defineangl e)=
angle = @a, b) mn(abs(acosd(a(:)’ * b(:) / norm(a) / normb))), ...
abs(180 - acosd(a(:)' * b(:) / norm(a) / normb))));
between the identified model paramelfeand the true model paramefer
(example autonomous SY$p=
(defineangl e), angl e(i nfo_m Rh, RO)
The result is 47°. Alternatively, the system is identified from the indepantdéatasets with lengthg, ..., Tn.
The identified model parameters are also validated by tingiiea to the true model parameter.
(example autonomous SY $ip=
s =rnfield(s, 'n);
for i = 1:N
p =y(ind(i):ind(i) + T(i) - 1);
[ph, info] = slra(p, s, r, opt);
angl e(i nfo. Rh, RO)
end
The obtained results are 74185°, and 184°, which shows the benefit of using all the data in a single appration
problem.
The following experiment shows identification with perically missing data, in which case standard identifica-
tion methods are not applicable.

(example autonomous SY $ip= 600
T =100; Im= (ell + 1):(ell + 1):T,
p = y(1:100); pO = y0(1l:100); p(IlmM = 0; 400
(s. wfor missing values —
[ph.m info_m = slra(p, s, r, opt); = 200
p(Im = NaN =
figure(3), plot(ph.m *b-"), hold on, & 0
plot(p, 'k:’), plot(pO(1:T), 'r-") = 00 . '
— H . ke N .
ax = axls; > | N
plot(Im ax(3) * ones(size(lm), ... _a00t>
"Xk', 'markersize', 15) s
axis(ax), print_fig('slra-f3") -600 : ‘ : x
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5.5 Performance comparison with the old version of the packge

In [32] and [36], the performance of the old version of thekame is tested on benchmark system identification
problems from the database DAISY [6]. The problems involeetor time-series and are fitted by multiple-inputs
multiple-outputs linear time-invariant systems. The tiferation problem in this case is equivalent to block-rank
low-rank approximation, which is also a special case of thesait Hankel low-rank approximation problem (SLRA).
For a description of the test examples, we refer the read&2io

In Table 3, the execution time of the new and the old versiahefpackage are compared for the same setting of
the experiment as in [32]. In all examples, the approximaketi®ns computed by the two versions of the software are
the same. The results show that the efficiency of the neworesdithe package is improved by an average of 40%.
Note that the speedup is achieved by software improvemersgité of the fact that the new version treats a more
general problem.

# Data set name T m p /¢ thew  told At
(sec) (sec) (%
1 Data of a simulation of the western basin of Lake Erie 57 5 2 1| 0.01 0.01 0
2 Data of ethane-ethylene distillation column 90 5 3 1| 002 0.03 33
3 Heating system 801 1 1 2| 001 0.02 50
4 Data from an industrial dryer (Cambridge Control L1d)867 3 3 1| 0.16 0.25 36
5 Data of a laboratory setup acting like a hairdryer | 1000 1 1 5| 0.02 0.04 50
6 Data of the ball-and-beam setup in SISTA 1000 1 1 2| 0.01 0.02 50
7 Wing flutter data 1024 1 1 5| 0.02 0.04 50
8 Data from a flexible robot arm 1024 1 1 4| 0.01 o0.01 0
9 Data of a glass furnace (Philips) 1247 3 6 1| 288 441 35
10 Heat flow density through a two layer wall 1680 2 1 2| 0.09 0.22 59
11 Simulation data of a pH neutralization process 2001 2 1 6/ 0.03 0.06 50
12 Data of a CD-player arm 2048 2 2 1, 0.09 0.23 61
13 Data from a test setup of an industrial winding procex600 5 2 2| 0.64 0.92 30
14 Liquid-saturated steam heat exchanger 4000 1 1 2| 0.03 0.07 57
15 Data from an industrial evaporator 6305 3 3 1| 136 222 39
16 Continuous stirred tank reactor 7500 1 2 1] 024 0.75 68
17 Model of a steam generator at Abbott Power Plant | 9600 4 4 1| 13.10 15.77 17

Table 3: Performance test on examples from DAIS¥:-number of data points—number of inputsp—number of
outputs,/—lag of the identified model,ey andtyq execution times in seconds for the new and old versions of the
package, respectivelt—percentage speedup, achieved by the new version of thegack

5.6 Approximate greatest common divisor of two polynomials

Consider the polynomialg® and p? of degreesi; andd,, respectively, and a positive integeér min(ds,d,). The
Sylvester matrix ofp! and p? with paramete¥ is a

(di+dp—20+2) x (dp+dy— £+ 1)
mosaic Hankel matrix with upper-left and lower-right triges of the block-elements fixed to zero:
Po Pr - Pd,

Sg(pl p2) . Sizfé(pl) where Sj(p) ._ . . . € R(d+1)><(d+dp+l) (SYLV)
) T s:il—f(pz) ’ T . . . :
Po P1 - Pdp

The degree of the greatest common divisopbaind p? is equal to

degreged(p', p?)) = di + dp — rank(So(p*, p?)) - (%)
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The considered approximate common divisor problem is defasefollows: given polynomialg® and p? and a
lower bound? > 0 on the degree of the common divisor, modifyand p?, as little as possible, so that the modified
polynomialsp* and p?> have a greatest common divisor of degree at l&dss.,

ptl [P
minimize overp! € R4 andp? € R%*? H [pz] — [ﬁz}

2 (ACD)
subjectto  degreggcd(p, p?)) > ¢.

The approximate common divisor for the polynomiglsand p? is the exact greatest common divisorfdfand p?.
It can be shown [33] that the approximate common divisor j@mmb(ACD) is equivalent to a Sylvester low-rank
approximation problem

1 1
minimize overp' € R4 andp? € R%*? H [EZ] - [gz}

2
subjectto  rankS(p',p?)) <di+dr—20+1.

(sl r a arguments for approximate GCD of 2 polynomjats
s.m=1[d2 - ell +1; dl1 - ell + 1];
s.n =dl +d2 - ell + 1;

z1 = zeros(d2 - ell, 1); z2 = zeros(dl - ell, 1);
p =[z1, pl(:); z1, z2; p2(:); z2];

ssw=1./ p; s.w~isinf(s.w)) = 1;

r =dl +d2 - 2+ ell + 1;

Numerical examples

Our first example is Example 4.1 from [55]. The given polynalsiare

p(2) = (44 22+ 2)(5+ 22) 4+ 0.05+ 0.03z+ 0.047
P2(2) = (44 22+ 2)(5+ 2)+0.04+0.02z+ 0.012

and an approximate common divisor of degfee 2 is sought.

(example GCDh=
clear all; dl =3; d2 = 3; ell = 2
pl = conv([4 2 1], [5 2]) + [0.05 0.03 0.04 0];
p2 = conv([4 2 1], [5 1]) + [0.04 0.02 0.01 0];
(sl r a arguments for approximate GCD of 2 polynomjals
[ph, info] = slra(p, s, r);

The solution computed by thed r a function
(example GCH-=
phl = ph(2:5), ph2 = ph(8:11), r_phl = roots(phl), r_ph2 = roots(ph2)

phl = ph2 = r phl = r ph2 =
20. 0500 20. 0392 -0.2510 + 0. 4336i -0. 2510 + 0. 4336i
18. 0332 14. 0179 -0.2510 - 0.4336i -0.2510 - 0.4336i
9. 0337 7.0176 -0.3973 -0.1974
2.0000 0.9933

coincides (up to errors due to the numerical precision) wighone reported in [55].
The second example is Example 4.2, case 1, from [55] (ofigigaven in [23]). The given polynomials are

PLE)=(1—&)(5—&)=5—6E + &2
pP(&) = (L1—&)(5.2— &) =5.72— 6.38 + &2
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and an approximate common divisor of degfee 1 (a common root) is sought.

(example GCH-=
dl = 2; d2 =2; ell = 1;
pl = conv([1 -1], [5 -11);

p2 conv([1.1 -1], [5.2 -1]);
(sl r a arguments for approximate GCD of 2 polynomjals
[ph, info] =slra(p, s, r);

Again, the solution computed by tisé r a function
(example GCDH-=
phl = ph(2:4), ph2 = ph(7:9), r_phl = roots(phl), r_ph2 = roots(ph2)

phl = ph2 = r _phl = r ph2 =
4.9994 5.7206 1. 0046 0. 9047
- 6. 0029 -6.2971 0. 1961 0.1961
0. 9850 1. 0150

coincides (up to numerical computation errors) with the @mported in the literature.

5.7 Approximate greatest common divisor olN polynomials

ConsiderN polynomialsp?, ..., pN of degreedls,...,dy, respectively. Similarly to the two polynomials case, the
degree of the greatest common divisomdf. .., p\ can be expressed as

degregged(p',..., pV)) = di+---+dy —rank(S(p,..., pV))

whereS,(pt, ..., pN) is the generalized (multipolynomial) Sylvester matrix[&r pt,..., pN with parameter

Sh—é(pz) T Sﬂl—é(pN)

1
S(ph.pY) = P . . (GSYLV)

SﬂN—Z( pl)

S(pt,...,pN) can be constructed &%, n with specification of exact (zero) elements. For examplé) ii= 3 and

d=dy=d3 =2,
_[la _[[s:(P?) si(p?)]

A Tl
(sl r a arguments for approximate GCD of 3 polynomjats
s.m=[dl - ell +1; d2 - ell +1 + d1 + d3 - ell + 1];
s.n=d1 +d2 - ell +1 +dl + d3 - ell + 1;
s.phi = eye(sunm(s.m);
s.phi ((s.m(1) +d2 - ell + 2):(s.m1) +d2 - ell +1 +d1), ) =11;
z1 = inf » ones(dl - ell, 1); z2 = inf * ones(s.m2) - 1, 1);

s.w = [z1; ones(d2 + 1, 1); z1; ones(d3 + 1, 1); z1; z2; ones(dl + 1, 1); z2];
rr=s.m1) +d2 - el +1+d3-ell +1- ell;
p = zeros(size(s.w)); p(s.w==1) = [pl p2 p3]’;
The approximate common divisor problem fépolynomials is defined as a direct generalization of (ACD):
'] [P
minimize overp' € R4+, . pN e RINFL o
pN N,

subjectto  degrefgcd(p',...,p")) > ¢
and is equivalent to the low-rank approximation problemhwénk constraint

rank(S(p*,...,pY)) <di+--+dy—NC+N-1
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Numerical examples

(example GCIH-=
d3 = 2; p3 =conv([1l.2 -1], [5.4 -11);
(sl r a arguments for approximate GCD of 3 polynomjals
[ph, info] = slra(p, s, r);

(example GCIH-=
ph123 = ph(s.w == 1);
r_phl = roots(phl23(1:dl1 + 1))
r_ph2 = roots(phl123(dl + 2:d1 + d2 + 2))
r ph3 = roots(phl23(dl + d2 + 3:end))
r_phl = r_ph2 = r_ph3 =
1. 0090 0. 9090 0.8251
0.1924 0.1924 0.1924

6 Conclusions

The developed software package is a generic tool for dataelimgdand has numerous applications in system theory
and identification, signal processing, machine learnihgnoometrics, and computer algebra. Its functionality gene
alized the one of the software of [35] by allowing specificatdf element-wise weights, arbitrary fixed and missing
elements, linear constraints on the parameter matrix, grgbberalizing the structure of the approximating matrix to
the class of mosaic Hankel-like matrices. Planned extassiéthe package are

e multiple rank constraints,

e mosaic Hankel matrices with repeated Hankel blocks 6tructure parameters common to two or more blocks),
e linear equality constraints on the structure parametetovec

e nonlinear structure of the kernel paramd®er

On the practical side, we experiment with different optiatian strategies (methods for optimization on a Grassmann
manifold) and compare the performance of the package witte-sif-the-art problem dependent methods for the
applications in Table 2.
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A Implementation details

The structured low-rank approximation solver is writtetCint+ language and the implementation uses object-oriented
style. The LAPACK and BLAS libraries are used for the matixputations and the GNU scientific library (GSL) [1]
is used for vector-matrix multiplications and for nonlinegptimization. The key computational step—Cholesky
factorization of thd™ matrix—is done by the LAPACK'’s functio®PBTRF, which exploits the banded structure of
the matrix. In case of blockwise weights (see Section 3)ptrkage can optionally use tMB802GD function from
the SLICOT library [50], which exploits both the banded armlitz structure of . (In our test examplesB02GD
gives no advantage in terms of computation time.)

The package is divided into the following sub directories:
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cpp: C++ core classes and functiofs.

t est _r: demo files for R interface.
e nex: source files for Matlab/Octaveinterface. e t est _c: demo files for C++ interface.

e Rsl r a: source files for R interface.

doc: documentation and examples.

t est _m demo files for Matlab/Octave interface. e i dent : wrapper function for system identification.

A.1 Main function

The solver is called in C via the functiai r a, defined as follow:

(sl r a function definition in G=
int slra( const gsl_vector *p_in, Structure *s, int d, OptinizationOptions *opt,
gsl _matrix *Rini, gsl_matrix «Phi, gsl_matrix *=Psi,
gsl _vector *p_out, gsl _matrix *r_out, gsl_matrix *v_out );

p_i n: input vectorp. e Phi: ®" matrix (see {)).

S: object of typeSt r uct ur e, see Section A.2. e Psi: W' matrix (see ® — R)).

d: rank reduction.

p_out : approximationp.
e opt : optimization options and output information. e R_out : low-rank certificateR" .

e Ri ni : transposed initial approximation. e v_out : error covariancéJ'J)~! of veqX).

Note8 (C row-major convention)All matrices are transposed, due to the row-major order eation of C/GSL.

A.2 Structure specification and object-oriented paradigm

TheSt r uct ur e class represents the structure specificatiérand the weights vectaw.

(definition of classSt r uct ur e)=

class Structure {

publi c:
virtual ~Structure() {}
virtual int getNp() const = O;
virtual int getM) const = 0;
virtual int getN() const = 0;
virtual void fillMatrixFronP( gsl_matrix* c, const gsl _vectorx p ) = 0;
virtual void correctP( gsl_vector* p, gsl_matrix *R, gsl_vector =yr,

bool scaled =true ) = 0;

virtual Chol esky *createChol esky( int D, double reg gamma ) const = 0;
virtual DGamma =*createDGanma( int D) const = 0;

b
The functions| r a can deal with an arbitrar$t r uct ur e object using the following methods:

e get Np(),get M) andget N() returnn,, mandn, respectively.
e fill MatrixFronP() constructs the matri¥”(p)' from the vector of structure parameters
e correct P() constructs the correction vectap from Rand precomputey, =TI 1(R)v(R).

e createChol esky() andcreateDerivative() create objects for Cholesky factorization and gradi-
ent/Jacobian computation respectively.

The currently implemented structures are:

2Type declarations and function prototypes arslima_xxx. h files; the implementation is isl r a_xxx. cpp files.
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e Layer edHSt r uct ur e: class for layered Hankel structure with blockwise weights
e W.ayer edHSt r uct ur e: class for layered Hankel structure with elementwise wisigénd

e Mosai cHSt ruct ure and Wvbsai cHSt ruct ur e: classes for mosaic Hankel structure, that are imple-
mented based on layered Hankel structure.

The object-oriented paradigm facilitates the memory mamamnt and software design. In particular, it allows the
user to add a new problem specification (for example, a new ¢fstructure) by implementing a neSt r uct ur e
subclass. Further details can be found in the manual for the iGterface, which can be generated by running
doxygen [49] in thecpp directory.

A.3 Installation instructions

The package is distributed in the form of source code. Therfextes for Matlab/Octave and R can be compiled by
calling make in the root directory of the package. The GSL, BLAS, and LARADraries have to be installed in
advance. The SLICOT library can be used optionally.

B Total least squares vs low-rank approximation
The total least squares problem
minimize overX,A andB ||[A B - [ﬂ §} |- subjectto AX=B (TLS)

was introduced by Golub and Van Loan [10, 13] as a solutiohrtigmie for an overdetermined system of linear
equationsAX ~ B. With X € R"™**, (TLS) is generically equivalent to approximation of thetrraD := [A B| by a

rankr matrix D := [ﬂ I§] in the Frobenius norm. While a solution to the low-rank agpration problem

minimize overD e R™" |D—DJ|j2 subjectto rankD) <r. (LRA)

aways exists, the total least-squares problem may fail ¥e hasolution. The nongeneric case of lack of total least
squares solution occurs when the optimal approximatingimét of (LRA) can not be represented in the form
AX ~B.

The system of equatiomsX ~ B implies a functional relation among the variabkes$o B (B is a function ofA).

In system theory and signal processing, such a relationafefirhat is called an input-output representation of a
model. The rank constraint in (LRA) does not impose an a pfixed functional relation or input-output partition
on the variables of the matri®. (Of course, the rank deficiency B implies that such relations exist and they can
be inferred fronD after the approximation problem is solved.) This representdftiea approach to data modeling is
advocated by J. C. Willems and is known in the systems andalditérature as the behavioral paradigm [53].

The generalization of the total least squares problem ttesys of linear equations with structured matriées
andBis called structured total least squares. As in the unsiredtcase, the structured total least squares is gengricall
equivalent to structured low-rank approximation. Manyoaiiyms for solving structured total least squares proklem
[2, 7, 44, 25, 40] are proposed in the literature. For morermftion about the (structured) total least squares
approach and its applications, we refer the reader to thevieve paper [34], proceedings and special issues and the
books [51, 19].

Motivated by the advantages of the behavioral paradigm tbeeclassical input-output setting, see [54], we adopt
in the updated version of the software the low-rank appratiom problem as the generic problem formulation.

C Optional input arguments for the optimization method
The following optional input arguments of tied r a function are related to the optimization solver, used fa th

solution of the parameter optimization problem. The oioan be specified either as fields of the input argument
opt or, when calling via the wrapper function, as palreéne’ , ' val ue’) of input arguments.

22



e sol ver specifies the solver. The options are:

— ¢ — efficient C++ solver (default), and
— m— general but inefficient solver, implemented in Matlab.

e net hod specifies the optimization method to be used with the C++esolhe available options are all local
optimization methods in the GSL library (see the GSL maniipddr more details):
— | — Levenberg—Marquardt methods for nonlinear least squdefault),

x | | — methodl nder (default),
*+ | s — method nsder,

— q — Quasi-Newton and conjugate gradient methods for nonlim@aimization with derivatives,

x gb — methodbf gs (default),
* (2 — methodbf gs2,
x qp — methodconj ugat e_pr,
x qf — methodconj ugate fr,
— n — methods for nonlinear minimization without derivatives,

x nn — methodnnsi npl ex (default),
x N2 — methodnnsi npl ex2, and
x nr — methodnnsi npl ex2r and.

e di sp specifies the level of displayed information. The optiores ar

— i t er — print progress information per iteration,
— not i fy —in case of lack of convergence only (default), or
— of f — no display.

e The following arguments control the termination of the ppgation:

— maxi t er — maximum number of iterations,
— t ol — tolerance for the change of the cost function value,

— epsrel andepsabs — relative and absolute tolerance for the element-wise ghaif the optimization
variables,

epsgr ad — tolerance for the norm of the gradient.
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