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UNIVERSITY OF SOUTHAMPTON
ABSTRACT
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Doctor of Philosophy

PLASMON EXCITATIONS IN METALLIC NANOSTRUCTURES
by Maxim Bashevoy

A new hyperspectral imaging technique and apparatus for imaging plas-
mon excitations and cathodoluminescence in nanostructures with nanoscale
resolution have been developed. The apparatus, based on a scanning electron
microscope synchronized with a multi-channel spectrum analyzer, allows for
collection and detection of optical electron-induced emission from a sample
in two configurations (high efficiency and high angular resolution modes) and
in the wavelength region from 350 to 1150 nm with 0.8 nm spectral resolution
and high quantum efficiency.

Using this instrument it was demonstrated that the injection of a beam
of free electrons into an unstructured metal surface creates a highly localized
nanoscale source of SPPs. It was shown that on a gold surface a 50 keV
electron beam of 10 µA current creates a 10 nW source of plasmons with
the spectrum spreading from 350 to 1150 nm. The plasmons were detected
by controlled decoupling into light with a grating at a distance from the
excitation point. The 30 nm delocalization of the plasmon source at the
grating was demonstrated and decay lengths of SPPs were measured.

The hyperspectral imaging technique was used to study plasmon emission,
induced by an electron beam excitation on gold monocrystal decahedron-
shaped nanoparticles and dimers consisting of such nanoparticles. It was
shown that in 100 nm gold decahedron-shaped nanoparticles electron-induced
plasmon emission is excited in the spectral range from 350 to 850 nm. The
dependence of spatial and spectral structure of dimer plasmon emission on
wavelength and separation between the nanoparticles within the dimer was
studied. The excitation of hybridized mode on a dimer with a 50 nm gap
between the particles was detected at wavelength 600 nm.

It was demonstrated that the electromagnetic field structure near a
plasmonic nanoparticle forms a vortex. It was shown that the power-flow
lines of linear polarized monochromatic light interacting with a metal λ/20
nanoparticle, in the proximity of its plasmon resonance, form whirlpool-like
nanoscale optical vortices (optical whirlpools). Both spherical and spheroidal
particles were studied using analytical Mie theory and the Finite Element
method. One of two types of vortices, inward or outward, was observed
depending on the sign of frequency detuning between the external field and
plasmon resonance of the nanoparticle.
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Chapter 1

Introduction

1.1 Introduction

Optics will always be one of the most exciting areas of physical science. By

definition, optics is the scientific study of light and vision. In other words,

optics answers the question that has bothered mankind for centuries: why

do we see objects in the way that we do?

The familiarity of this question might seem like an advantage, but most

people never thought carefully about light and vision. Even intelligent people

who studied vision came up with incorrect ideas. The ancient Greeks, Arabs

and Chinese had theories of light and vision, all of which were mostly wrong,

and all of which were accepted for thousands of years [1].

The Greek philosophers Pythagoras (575–490 BC) and Empedocles of

Acragas (490–430 BC), who unfortunately were very influential, claimed that

we see an object due to emission of some mysterious matter from both the

object and our eye. When our eye’s matter collided with the object’s, the

object would become evident to our sense of sight. Today, photography is

the simplest experimental evidence that nothing needs to be emitted from

our eyes and hit an object to make it visible.

Despite the näıvety of the theory, many of the ideas of the ancient

Greeks were accurate. Empedocles was one of the first people to state the

theory that light travels at a finite (although very fast) speed, a theory that

gained acceptance only much later. Another Greek philosopher, Aristotle

(384–322 BC) rightly explained rainbows as a reflection off raindrops.
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Chapter 1. Introduction

Claudius Ptolemaeus (83–161 AD), known in English as Ptolemy, is the

first recorded person to experiment with optics and collect data. In his

work “Optics” he writes about the properties of light, including reflection,

refraction and color. Ptolemy’s work was further developed by the Egyptian

scientist Ibn al Haythen, who drew first ray diagrams. His work was

influential in later studies of light.

The 16th to 18th centuries are marked by the invention of the opti-

cal microscope and debates over the nature of light. Sir Isaac Newton

(1642–1727) believed in the particle theory of light, in part because he did

not observe diffraction of light, a property it should have if it were a wave.

His contemporary, Christiaan Huygens (1629–1695) was the first to write

of light as a wave. Because of Newton’s prestige, the particle theory was

accepted for almost a century.

It was not until the early 19th century that the wave theory of light

became widely accepted due to the experimental work of Thomas Young

(1773–1829) on light diffraction. In the same century, Augustin-Jean Fresnel

(1788–1827) and later James Clerk Maxwell (1831–1879), working within a

wave theory of light seemed to explain phenomena that Newton had been

unable to interpret in terms of a particle theory of light, such as polarization,

interference, and diffraction. This question was reopened in the 20th century

with the rise of quantum theory.

It was the Irish mathematician Sir William Rowan Hamilton (1805–1865)

who developed a theory that joined optics and mechanics, thus elucidating

the relationship between wave and particle viewpoints. His theory helped lay

the foundation for the later development of quantum mechanics.

The investigations into the manipulation and focusing of light, for cen-

turies conducted in parallel to the discovery of its nature, soon hit one

of the fundamental limits. The resolution of telescopes and microscopes

appeared to be limited by the wave nature of light. The mathematical

theory correlating resolution to the wavelength of light was formulated by

Ernst Karl Abbe (1840–1905). For most optical systems the resolution is

limited to approximately half a wavelength of light.
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Chapter 1. Introduction

A tremendous amount of research has been conducted during 20th century

to overcome the fundametal diffraction limit. In 1903 an Austrian-German

chemist Richard Zsigmondy (1865–1929) invented an ultramicroscope, al-

lowing imaging of colloidal particles with a size below the diffraction limit of

light [2]. Illuminating particles from the side and keeping the field of view of

the microscope dark, it was possible to observe the particles as bright specs.

For his work he received the Nobel prize in Chemistry in 1908.

In 1928, an Irish scientist E.H. Synge introduced an idea of using a small

aperture to image a surface with sub-wavelength resolution using optical

light. For the small opening, he suggested using either a pinhole in a metal

plate or a quartz cone that is coated with a metal except for at the tip [3, 4].

Almost sixty years later this idea was realized in the optical range by the

groups of D.W. Pohl and A. Lewis in 1984 [5, 6]. The new technique was

called scanning near-field optical microscopy (SNOM) and allowed optical

imaging with the resolution of λ/20.

It was scanning optical microscopy that opened the door to manipulation

of light at a nanoscale. The SNOM probe is a convenient way to launch

surface plasmon polaritons (SPPs) — coupled light–electron oscillations

propagating along metal–dielectric interfaces with incredible localization. By

coupling light into SPPs the imaging, propagation and control of light far

beyond the diffraction limit became available [7–14].

By that time, however, surface plasmons were well-known. First predicted

in 1957 by Rufus Ritchie [15], and later observed in metal films bombarded

by an electron beam [16, 17], surface plasmon polaritons have been studied

by a wide variety of scientists since the demonstration of SPP excitation by

prisms in 1968 [18, 19]. At this point the optical response of gold and silver

nanoparticles has been described. Another major discovery in the field of

metal optics occurred with the observation of strong Raman scattering from

pyridine molecules in the vicinity of roughened silver surfaces [20–23]. This

observation led to the now well established field of Surface Enhanced Raman

Scattering (SERS) [24–27]. All these discoveries have set the stage for the

current surge in surface plasmon nanophotonics — the study of the behavior

of light on a nanometer scale [28, 29].

3



Chapter 1. Introduction

This rising interest in plasmon based research is happening at a time

where crucial technological areas such as optical lithography, optical data

storage, and high density electronics manufacturing are approaching fun-

damental limits. Several current technological challenges may be overcome

by utilizing the unique properties of surface plasmon polaritons. Thanks

to many recent studies, a wide range of plasmon-based optical elements

and techniques have now been developed, including a variety of passive

waveguides, active switches, biosensors, lithography masks, and more. These

developments have led to the notion of plasmonics, the science and technology

of metal-based optics and nanophotonics [30].

One of the experimental challenges of the plasmonics today is the lack of

a highly localized and powerful source of surface plasmons that can be easily

repositioned on a nanoscale. Existing methods of SPP generation either do

not allow high localization of SPPs on a nanoscale (prisms, gratings) or are

cumbersome (SNOM). In Chapter 3 of this thesis it is demonstrated that

such a source of SPPs can be generated by a beam of free electrons on an

unstructured metal surface. Moreover, a new imaging technique has been

developed using this method of generation of surface plasmon polaritons.

Application of this technique to gratings and nanodimers is described in

Chapters 4 and 5.

Certain problems of plasmonics, such as determination of electromagnetic

field structure, both in the vicinity of and inside metallic nanoparticles, can

not currently be approached experimentally. In this case, the information can

be obtained through numerical and analytical modeling. The excitation of

vortex-like structures of light powerflow on metallic nanoparticles near plas-

mon resonance has been demonstrated by a theoretical technique, described

in Chapter 2 of this thesis.

As noted above, nanophotonics is a new and rapidly growing area of

optics. The importance of the research within this field is evidenced by the

implementation of related national programs in many countries. Despite

the tremendous progress achieved by mankind in the understanding of light

interaction with matter, many fascinating discoveries are still to be made in

the field of plasmonics.
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1.2 Thesis plan

This thesis is divided into six chapters:

This first chapter is an introduction to the subject areas that have been

investigated, with a brief outline of the subsequent chapters.

Chapter 2 describes the studies of whirlpool-like nanoscale optical

vortices formed by power-flow lines of light interacting with a metallic

nanoparticle.

Chapter 3 details experiments which demonstrate that the injection of

a beam of free electrons into an unstructured gold surface creates a highly

localized source of traveling surface plasmons with spectra centered below

the surface plasmon resonance frequency.

Chapter 4 describes a novel hyperspectral imaging technique for surface

plasmon polaritons on metallic nanostructures. This technique uses a scan-

ning electron beam and allows for simple visualization of light emission from

decoupled plasmons, providing information on decay lengths and feature sizes

with nanometer resolution.

Chapter 5 describes studies of the spatial and spectral mode structure

of single nanoparticles and nano-dimers using the hyperspectral imaging

technique for surface plasmons.

Chapter 6 concludes the thesis with a summary of the results reported

in previous chapters and a discussion of ongoing and potential research work.

The work reported in this thesis was carried out while the author was

registered as a postgraduate student within the School of Physics and

Astronomy and the Optoelectronics Research Centre at the University of

Southampton, UK. It is, unless otherwise indicated, the original work of the

author.
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Chapter 2

Optical whirlpools on an
absorbing metallic nanoparticle

2.1 Synopsis
It has been found that the power-flow lines of linear polarized monochromatic

light interacting with a metallic nanoparticle, in the proximity of its plasmon

resonance, form whirlpool-like nanoscale optical vortices (optical whirlpools).

These vortices were independently observed using analytical Mie theory and

3D finite element numerical modeling of the Maxwell equations.

The theoretical apparatus developed for simulations of light interaction

with the nanoparticle is outlined in Section 2.4 with the full theoretical

background being detailed in Section 2.3. In the following Section, a series

of Mie theory simulations, performed on a metallic spherical nanoparticle,

using the full three-dimensional solution of Maxwell’s equations, and the

results thereof, are described. This illustrates four different regimes of light

interaction with a nanoparticle in the vicinity of its plasmon resonance: weak

interaction, high-loss regime, and the creation of both outward and inward

whirlpool-like vortices on the nanoparticle. The parameter field for both

vortex regimes, again detailed in the Section 2.5, demonstrates the possibility

of excitation of such whirlpool-like structures on 20 nm silver nanoparticles

in the upper ultra-violet and visible wavelength regions. In Section 2.6 the

excitation of the same four light–nanoparticle interaction regimes has been

demonstrated for an oblate metallic spheroid with semiaxis ratio 2 by finite

element method simulations.

9



Chapter 2. Optical whirlpools

2.2 Introduction

Given the extensive range of existing and potential applications, in fields

such as Raman spectroscopy [1–4], all-optical nano-switching memory [5–7],

design of plasmonic [8–11] and metamaterial waveguides [12–14], biological

nanosensing [15–17], the study of the optical properties of metal nanopar-

ticles in the vicinity of the plasmon resonance is very important. These

applications rely on the fact that the properties of such nanoparticles, both

individual and collective, are very different from those of the corresponding

bulk materials. Most notable among these properties are a high localization

of electromagnetic fields around the nanoparticle and extreme dependance of

emission on the surrounding media, boundary state, and distance to nearby

nanoparticles.

To study the optical properties of nanoparticles near plasmon resonance it

is necessary to solve the full three-dimensional system of Maxwell equations

and obtain exact values of E and H components of the electromagnetic

field around and inside the nanoparticle. Approximate approaches such as

Rayleigh scattering are not applicable for this purpose, although they provide

convenient dimensionless parameters, for example scattering and absorption

cross-sections, helping relate the results of the calculations to observable

values [18]. The solution to the problem can be obtained by Mie theory,

giving an exact analytical solution for spherical particles, or using numerical

techniques, such as Finite Element Method (FEM), for complex geometries.

During my simulations of linear polarized monochromatic light scattering

on a subwavelength aperture blocked by a homogeneous metallic nanoparticle

it was found that powerflow lines of light in the vicinity of the nanoparticle

follows “vortex” trajectory. It was also found that such vortex-like behav-

ior of light persists on an isolated nanoparticle in the same illumination

conditions. These peculiar features of the interaction of linear polarized

monochromatic light with homogeneous nanoparticles, hereinafter denoted

as optical whirlpools, became a separate subject of the research described

in this Chapter. The difference between optical whirlpools and well-known

optical vortices is detailed below.
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Chapter 2. Optical whirlpools

Optical vortices have been identified as phase singularities in wavefronts

of monochromatic light fields [19]. Consider a complex monochromatic scalar

field ψ, with amplitude ρ(r) and phase ϕ(r) (suppressing the time dependence

e−iωt):

ψ(r) = ρ(r)eiϕ(r)

A phase singularity exists at point r if the amplitude ρ(r) is zero, and hence

the phase ϕ(r) is undefined. The condition ψ(r) = 0 is equivalent to:

Re[ρ(r)] = 0, Im[ρ(r)] = 0.

These two conditions imply that phase singularities can be found as lines

in three-dimensional space, whereas in two dimensions, they are typically

separate points. The phase around a phase singularity possesses a vortex-

like structure, and increases or decreases as one moves around the singularity.

Optical vortices can be found in three dimensional beams with helical wave

fronts [20]. In a typical laser beam in a vacuum the wavefronts (surfaces of

the constant phase) are planar and the wavevectors are parallel to the axis

of the beam (Fig. 2.1a). Beams with helical wavefronts can be generated

by diffraction of a normal laser beam on a specially designed computer-

generated hologram [21], and these beams possess a linear phase singularity

that coincides with the beam axis and wavevectors spiral along it (Fig. 2.1b).

The first mention of optical vortices seems to date back to the theoretical

studies, carried out in 1950s [22], of the diffraction of a plane wave by

a perfectly conducting, infinitely thin half-plane. The systematic study

of topological defects of wavefields [23] began with a study by Nye and

Berry [24]. The latest developments in the field, now known as singular

optics, can be found in reviews [25–30].

Optical whirlpools, or optical whirlpool-like vortices, are identified as

whirlpool-like vortex structures in the streamlines of the Poynting vector

(lines of energy flow) [31]. As illustrated in Figure 2.1c, the energy flow of

light around a metal spherical nanopartice has peculiar features: powerflow

lines penetrate the particle near its centerline, then, on exiting the particle,

the flow-lines turn away from the centerline and enter a spiral trajectory.
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Optical whirlpools have been detected in Sommerfeld’s edge diffraction.

The discussion of the eel-like motion of light at the edge is dated back to

Newtonian times [28]. Recently vortices were found in light diffracted by

narrow slits in silver and silicon [19, 32]. Complex patterns of energy flux in

the near-field region around a small particle and the observation of energy

flow “input windows” on the particle surface have also been observed [33].

(a) (b) (c)

Figure 2.1: Optical vortices and optical whirlpools. Optical vortices have been
identified as phase singularities in wavefronts of monochromatic light fields. The
phase around a phase singularity possesses a vortex-like structure, and increases
or decreases as one moves around the singularity. Laser beam with a planar wave
front (a): wavevectors are parallel to the beam axis. Optical vortex in a laser beam
with a helical wavefront (b): phase singularity along the beam axis and wavevectors
spiraling along it [20]. Optical whirlpools are whirlpool-like vortex structures
in the streamlines of the Poynting vector [31]. Optical whirlpool on a metallic
nanoparticle in the vicinity of its plasmon resonance (see Section 2.5): powerflow
lines penetrate the particle near its centerline then, on exiting the particle, the

flow-lines turn away from the centerline and enter a spiral trajectory (c).

In the series of simulations discussed in this chapter two different types of

vortex have been detected. The outward vortex first penetrates the particle

near its centerline then, on exiting the particle, the flow-lines turn away from

the centerline and enter a spiral trajectory. Outward vortices are seen for

wavelengths shorter than the plasmon resonance. For wavelengths longer

that the plasmon resonance the vortex is inward: the power-flow lines pass

around the sides of the particle before turning towards the centerline and

entering the particle to begin their spiral trajectory. Excitation of both

vortex regimes has been demonstrated on a metal spherical (see Section 2.5)
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and oblate spheroidal nanoparticle (Section 2.6). The theoretical background

of methods used for the simulations and analysis is described in detail in the

following Section.

2.3 Theoretical basis of the computational

apparatus for simulation and analysis of

light interaction with nanoparticles

In this Section the theoretical background of the analytical and numerical

apparatus used to demonstrate the excitation of optical whirlpool-like vor-

tices on homogenous spherical- and oblate spheroid-shaped nanoparticles by

linear polarized monochromatic light: Mie theory, optical cross-sections for-

malism, Finite Element Method (FEM), Perfectly Matched Layer boundary

conditions, and their implementation for FEM, is discussed.

2.3.1 Mie theory

The boundary-value problem of scattering of a monochromatic plane wave

by a homogeneous sphere of an arbitrary radius and dielectric coefficient is

often referred to as “Mie problem” or “Mie solution.” The basis for the

association of the problem with the name of the German physicist Gustav

Mie (1869–1857) is a classic paper published in 1908 [34]. Mie developed the

complete analytical solution of the problem and discussed its significance in

terms of partial electric and magnetic waves. This solution was then used as

the basis for the explanation of the colors of metal sols.

An examination of literature of the late 1800’s, conducted by Nelson

Logan [35, 36] in the early sixties, reveals that the Mie problem was for-

mulated and solved long before original publication by G. Mie. In 1861

one of the greatest mathematicians of the 19th century, Alfred Clebsch

(1833–1872) developed the mathematical theory required to solve the class of

boundary-value problems in which a wave propagating in an elastic medium

impinges upon a spherical surface [37]. However, this 68-page memoir was

13
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buried within the pages of one of the leading mathematical journals to be

rediscovered only in the middle of the nineteenth century.

The same fate was suffered by an equally great memoir [38] about the

reflection and refraction of light by a transparent sphere, which was published

in 1890 by Ludwig Lorenz (1829–1891). Lorenz derived the formulas which

later came to be known as the Mie solution. In his paper Mie refers to

Lorenz’s theory for the color of metal sols made up of small particles.

However, although Mie was familiar with Lorenz’s preliminary papers, he

was apparently unaware of this memoir.

The modern formulation of the Mie solution can be found in any classical

book on electromagnetic theory [18, 39–41]. The Mie solution was firstly

applied to meteorological optics, including numerical simulations of rainbows

and glories [42–45]. At present the theory is widely used in nanophotonics,

particularly in cases involving single metallic nanoparticles [46] and nanopar-

ticle waveguides [47]. The underlying principles of Mie theory, following [41],

are detailed below.

Mie theory is a complete analytical solution for the scattering of linear

polarized monochromatic light wave by a sphere of arbitrary size and di-

electric constant. Components of electromagnetic field at all points in the

particle and at all points of the homogeneous medium in which the particle

is embedded are determined. Mie theory can also be applied to problems

with arbitrary illumination by decomposing the incident wave into its Fourier

components and obtaining the solution by superposition.

The field inside the particle is denoted by (E1,H1); in the medium

surrounding the particle the field (E2,H2) is the superposition of the incident

field (Ei,Hi) and the scattered field (Fig. 2.2):

E2 = Ei + Es, H2 = Hi + Hs,

where:

Ei = E0 exp(ik · x − iωt), Hi = H0 exp(ik · x − iωt),

and k is the wave vector appropriate to the surrounding medium.
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The fields must satisfy the Maxwell equations

∇ · E = 0, (2.1)

∇ · H = 0, (2.2)

∇×E = iωµH, (2.3)

∇× H = −iωεE, (2.4)

at all points where ε and µ are continuous.

12

(E1,H1)

Incident
(Ei,Hi)

Scattered
(Es,Hs)

Figure 2.2: Electromagnetic fields in Mie problem: the incident monochromatic
wave (Ei,Hi) gives rise to a field (E1,H1) inside the spherical particle and a
scattered field (Es,Hs) in the medium surrounding the particle. Total field outside
the particle is a superposition of the incident field and scattered field: E2 = Ei+Es,

H2 = Hi + Hs [41].

In the spherical system of coordinates each component of the electromag-

netic field in and around the particle can be expanded in vector spherical

harmonics [41]. The field inside the particle:

Ei = E0

∞∑

n=1

in
2n+ 1

n(n+ 1)
(M

(1)
o1n − iN

(1)
e1n),

Hi = − k

ωµ
E0

∞∑

n=1

in
2n+ 1

n(n+ 1)
(M

(1)
e1n + iN

(1)
o1n).
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The expansion of the field (E1),H1 is:

E1 =
∞∑

n=1

En

(
cnM

(1)
o1n − idnN

(1)
e1n

)
,

H1 = − k1

ωµ1

∞∑

n=1

En(dnM
(1)
e1n + icnN

(1)
o1n),

and the scattered field is:

Es =

∞∑

n=1

En

(
ianN

(3)
e1n − bnM

(3)
o1n

)
,

Hs =
k

ωµ

∞∑

n=1

En(ibnN
(3)
o1n + anM

(3)
e1n).

Here En = inE0(2n+ 1)/n(n + 1), E0 is the amplitude of the incident field,

µ1 is the permeability of the sphere, k1 is the wave number in the sphere.

Coefficients an, bn, cn, and dn can be found from the boundary conditions.

The explicit expressions of the field components are presented in Appendix A.

2.3.2 Extinction, scattering, and absorption by a small

nanoparticle

Suppose that a beam of electromagnetic radiation is illuminating the aperture

of a detector. Placing particles in front of the detector will result in the

decrease of the electromagnetic energy received by the detector: the presence

of the particles has resulted in extinction of the incident beam, which can be

accounted for by absorption (i.e. transformation of electromagnetic energy

into other forms) in the particles and scattering by the particles, provided

the medium in which the particles are embedded is nonabsorbing. Although

this extinction depends on a wide range of parameters such as size and shape

of the particles, polarization and frequency of the incident beam, and so on,

it nevertheless can be described for any system of particles in terms of cross

sections.

The ratio of the net rate at which electromagnetic energy crosses a sur-

face A of an imaginary sphere of radius r around the particle to incident
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irradiance Ii is a quantity with dimensions of area:

Cabs = −
∫

A

1

2
Re{E2 ×H∗

2} · êrdA /Ii (2.5)

and is denoted as a absorption cross section.

The sum of the scattering cross section

Csca = −
∫

A

1

2
Re{Es ×H∗

s} · êrdA /Ii (2.6)

and the absorption cross section gives the extinction cross section:

Cext = Cabs + Csca.

The extinction cross section has a clear physical interpretation. Consider

a single arbitrary particle interposed between a source of light and a detector.

It can be shown [41] that the effect of the particle is to reduce the detector

area by Cext. In the language of geometrical optics one would say that

the particle “casts the shadow” of area Cext. However, this “shadow” can

be considerably greater — or much less — than the particle’s geometrical

shadow.

Extinction, scattering and absorption cross sections of a homogeneous

sphere can be calculated using Mie coefficients an and bn:

Cext =
Wext

Ii
=

2π

k2

∞∑

n=1

(2n+ 1)Re{an + bn}, (2.7)

Similarly, the scattering and absorption cross sections are:

Csca =
Ws

Ii
=

2π

k2

∞∑

n=1

(2n + 1)
(
|an|2 + |bn|2

)
, Cabs = Cext − Csca. (2.8)

Although equations (2.7) and (2.8) give the exact expressions for the cross

sections of a spherical particle, it is difficult to apply the approach used to

derive them, to a particle of a different shape.

For small particles with:

x≪ 1, |m|x≪ 1, (2.9)
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where x is a size parameter and m is a relative refractive index (see Sec-

tion 2.3.1), the extinction cross section can be defined through polarizabil-

ity α. This approach is often referred to as Rayleigh approximation:

Cext = kIm{α} = πa24xIm

{
ε1 − εm

ε1 + 2εm

}
, (2.10)

Csca =
k4

6π
|α|2 = πa2 8

3
x4

∣∣∣∣
ε1 − εm

ε1 + 2εm

∣∣∣∣
2

, (2.11)

Cabs = Cext − Csca. (2.12)

Formulas (2.10)–(2.12) can be applied to any particle with a cross section α

and satisfying (2.9). For an oblate spheroid with semiaxes a = b, c with

dielectric constant ε1 surrounded by medium εm the polarizability is

α = 4πabc
ε1 − εm

3εm + 3L(ε1 − εm)
, (2.13)

where L is a geometrical factor defined by

L =
g(e)

2e2

[π
2
− tan−1 g(e)

]
− g(e)

2e2
, (2.14)

g(e) =

(
1 − e2

e2

)1/2

, e2 = 1 − c2

a2
. (2.15)

2.3.3 Finite element method

The finite element method (FEM) is a numerical technique for obtain-

ing approximate solutions to boundary-value problems of mathematical

physics [48–54]. Perhaps no other approximation method had a greater

impact on the theory and practice of numerical methods during the twentieth

century [55]. Finite element method has now been used in virtually every

conceivable area of engineering and science that can make use of models of

nature characterized by partial differential equations.

It is difficult to trace the origins of finite element method because of

a basic problem in defining precisely what constitutes a “finite element

method.” In 1891 K. Schellbach [56] proposed a finite-element-like solution to

Plateau’s problem [57, 58] of determining the minimum surface area enclosed
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by a given closed curve. If a finite element method is one in which a

global approximation of a partial differential equation is built up from a

sequence of local approximations over subdomains, then credit must go to

A. Hrennikoff [59], who applied the method to solve plane elasticity problems

in his early papers. To most mathematicians the origins of the FEM are

frequently traced to the appendix of a paper by R. Courant [60] in which

piecewise linear approximations of the Dirichlet problem over a network of

triangles is discussed.

The 1970’s represent a decade in which the generality of finite element

methods began to be appreciated over a large portion of the mathematics

and scientific community and it was during this period that significant

applications to highly nonlinear problems were made. The fact that very

general nonlinear phenomena in continuum mechanics, including problems

of finite deformation of solids and of flow of viscous fluids could be modeled

by finite elements and solved on existing computers was demonstrated in

the early seventies [61], and, by the end of that decade, several “general

purpose” finite element programs were in use by engineers to treat broad

classes of nonlinear problems in solid mechanics and heat transfer. Now

one of the most popular software packages implementing a three dimensional

Final Elements method is Comsol Multiphysics, which was used to perform

series of simulations on optical whirlpools.

The alternative to the Finite Elements methods is a group of Finite Differ-

ence methods (FDM), particularly Finite-Difference Time-Domain method.

The main advantages of the Finite Element method are: the ease of imple-

mentation and availability of exceptionally well developed software packages;

the ability of FEM to handle complex geometries, which is theoretically

straightforward; and the quality of the FEM solution is generally higher

than in the corresponding FDM approach. Despite its mathematically simple

definition, a sphere is a complex object for a numerical technique, especially

one with an inherently rectangular grid like FDM. Like every numerical

technique, FEM has its disadvantages. While the Finite Difference method

approximates the equation, the Finite Element method approximates the

solution to the equation. In this sense FEM solutions are always approximate.
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Generally FEM requires more memory to complete the solution, which is also

extremely sensitive to mistakes in the boundary conditions and initialization

of sources.

A typical boundary-value problem [54] can be defined by a governing

differential equation in a domain Ω:

Lϕ = f (2.16)

together with the boundary conditions on the boundary Γ that encloses the

domain. In (2.16), L is a differential operator, f is the excitation or forcing

function, and ϕ is the unknown quantity. In electromagnetics, the form of

the governing differential equation ranges from simple Poisson equations to

complicated scalar wave equations. The boundary conditions also range from

the simple Dirichlet and Neumann conditions, to complicated impedance and

radiation conditions, and even more complicated higher-order conditions.

The principle of the Finite Element method is to replace an entire con-

tinuous domain by a number of subdomains in which the unknown function

is represented by simple interpolation functions with unknown coefficients.

Thus, the original boundary-value problem (2.16), with an infinite number

of degrees of freedom, is converted into a problem with a finite number

degrees of freedom, or in other words, the solution of the entire system is

approximated by a finite number of unknown coefficients. Then a system

of algebraic equations is obtained by applying a variational method, and

finally, solution of the boundary-value problem is achieved by solving the

system of equations. Therefore, a finite element analysis of a boundary-

value problem should include the following basic steps: discretization of the

domain, selection of interpolation functions, formulation of the system of

equations and solution of the system of equations. Each step of the analysis,

following [54], is described in detail below.

Discretization of the domain. The discretization of the domain Ω,

is the first and perhaps the most important step in any finite element

analysis because the manner in which the domain is discretized will affect

the computer storage requirements, the computation time, and the accuracy

of the numerical results. In this step, the entire domain Ω is subdivided
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into a number of small domains, denoted as Ωe (e = 1, 2, 3, . . . ,M), with M

denoting the total number of subdomains. These subdomains are usually

referred to as elements. For a one-dimensional domain (a straight or curved

line), the elements are often short line segments interconnected to form (at

least approximately) the original line (Fig. 2.3a). For a two-dimensional

domain, the elements are usually small triangles and rectangles (Fig. 2.3b).

The rectangular elements are, of course, best suited for discretizing rectan-

gular regions, while the triangular ones can be used for irregular regions. In

three-dimensional solution, the domain may be subdivided into tetrahedra,

triangular prisms, or rectangular bricks (Fig. 2.3c). Of these, the tetrahedra

are the simplest and best suited for arbitrary-volume domains. Figure 2.4

shows examples of the finite element discretization of a two- and three-

dimensional domain.

(a) (b)

(c)

Figure 2.3: Basic finite elements for the discretization of the finite element
computational domain: short line for one-dimentional (a), triangle and rectangle
for two-dimensional domain (b), tetrahedron, triangular prism, and rectangular

brick for three-dimensional (c) [54].

The problem is formulated in terms of the unknown function ϕ at nodes

associated with the elements. For example, a linear line element has two
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nodes, one at each endpoint. A linear triangular element has three nodes,

located in its three vertices, whereas a linear tetrahedron has four nodes,

located at its four corners. For implementation purposes, it is necessary

to describe these nodes. A complete description of a node contains its

coordinate values, local number and global number, is a task requiring special

consideration [54].

(a) (b)

Figure 2.4: Examples of finite element discretization: two dimensional compu-
tational domain discretized with triangular elements (a) for the case of prolate
spheroid in free space, three-dimensional sphere with tetrahedral elements (b) [62].

Selection of interpolation functions. The second step of a finite element

analysis is the selection of an interpolation function that provides an ap-

proximation of the unknown solution within an element. The interpolation

is usually selected to be a polynomial of first (linear), second (quadratic),

or higher order. Higher-order polynomials, although very accurate, usually

result in a more complicated formulation than lower-order polynomials.

Hence, the simple linear interpolation is still widely used. Once the order

of the polynomial is selected, an expression for the unknown solution in an

element, say element e, can be derived in the following form:

ϕ̃e =

n∑

j=1

N e
j ϕ

e
j = {N e}T {ϕe} = {ϕe}T {N e} , (2.17)
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where n is the number of nodes in the element, ϕe
j is the value of ϕ at node j of

the element, and N e
j is the interpolation function for node j, which is known

as the expansion or basis function. The highest order of the functions N e
j

for a given element is referred to as the order of the element ; for example, if

the N e
j are linear functions, the element e is a linear element. An important

feature of the functions N e
j is that they are nonzero only within the element e,

and outside this element they vanish.

Formulation of the system of the equations. The third step in a finite

element analysis is to formulate the system of equations. For that purpose

the Ritz’s method can be used, as described below.

The Ritz method, also known as the Rayleigh-Ritz method, is a varia-

tional method in which the boundary-value problem is formulated in terms of

a variational expression, called functional. The minimum of this functional

corresponds to the governing differential equation under the given boundary

conditions. The approximate solution is then obtained by minimizing the

functional with respect to variables that define a certain approximation to

the solution.

Consider an inner product, denoted by angular brackets:

〈ϕ, ψ〉 =

∫

Ω

ϕψ∗ dΩ,

where the asterisk denotes the complex conjugate. With this definition it

can be shown that the solution of (2.16) can be obtained by minimizing the

functional [63]:

F (ϕ̃) =
1

2
〈Lϕ̃, ϕ̃〉 − 1

2
〈ϕ̃, f〉 − 1

2
〈f, ϕ̃〉 (2.18)

with respect to ϕ̃, where ϕ̃ denotes a trial function. For the considered case

the functional can be expressed as:

F (ϕ̃) =

M∑

e=1

F e(ϕ̃e), (2.19)

where M is the number of the elements comprising the entire domain and

F e(ϕ̃e) =
1

2

∫

Ωe

ϕ̃eLϕ̃e dΩ −
∫

Ωe

fϕ̃e dΩ. (2.20)
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Substituting (2.17) into (2.20) and using the matrix form, we obtain:

F e =
1

2
{ϕe}T [Ke]{ϕe} − {ϕe}T{be}, (2.21)

where [Ke] is an n × n matrix and {be} an n × 1 column vector with their

elements given by:

Ke
ij =

∫

Ωe

N e
i LN e

j dΩ, bei =

∫

Ωe

fNe
i dΩ.

Substituting (2.21) into (2.19) and performing the summation and adopting

the global node numbers, we obtain:

F =
1

2
{ϕ}T [K]{ϕ} − {ϕ}T{b},

where [K] is an N × N symmetric matrix, with N being the total number

of unknowns or nodes, {ϕ} is an N × 1 unknown vector, whose elements

are the unknown expansion coefficients, and {b} an N × 1 known vector.

The system of equations is then obtained by imposing the stationarity

requirement δF = 0, or equivalently, by setting the partial derivative of F

with respect to ϕi to zero:

∂F

∂ϕi
=

1

2

N∑

j=1

(Kij +Kji)ϕj − bi = 0, i = 1, 2, 3, . . . , N. (2.22)

Since [K] is symmetric, Kij = Kji, and therefore (2.22) becomes:

∂F

∂ϕi
=

N∑

j=1

Kijϕj − bi = 0, i = 1, 2, 3, . . . , N

or in matrix form:

[K]{ϕ} = {b}. (2.23)

Before the system of equations (2.23) is ready to be solved for a specific

solution, the required boundary conditions have to be applied.

It is seen that the formulation of a system of equations is actually

composed of three steps: formulate the elemental equation (2.21), sum the

elemental equations over all elements to form the system of equations, and

finally, impose boundary conditions to obtain the final form of the system of

equations.
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Solution of the system of equations. Solving the system of equations is

the final step in a finite element analysis. The resultant system has one of

the following two forms:

[K]{ϕ} = {b} (2.24)

or

[A]{ϕ} = λ[B]{ϕ}. (2.25)

Equation (2.24) is of the deterministic type, resulting from either an in-

homogeneous differential equation or inhomogeneous boundary conditions

or both. In electromagnetics, deterministic systems are usually associated

with scattering, radiation, and other problems where there exists a source

of excitation. On the other hand, Equation (2.25) is of the eigenvalue

type, resulting from a homogeneous governing differential equation and

homogeneous boundary conditions. In electromagnetics, eigenvalue systems

are usually associated with source-free problems such as wave propagation

in waveguides and resonances in cavities.

2.3.4 Perfectly matched layer (PML) boundary condi-

tions

When solving open-region light scattering problems, such as Mie scattering

by a free-standing sphere, the infinite region exterior to the scatterer must be

truncated with an artificial boundary to limit the size of the computational

domain. Such a condition should make the boundary appear as transparent

as possible to the scattered field, or in other words, it should minimize the

nonphysical reflections from that boundary. An ideal boundary condition is

one that possesses zero reflection for all angles of incidence. Unfortunately,

except for those derived from the boundary integral representation or the

eigenfunction expansion of the scattered field1, this ideal condition is unre-

alizable and an approximation is often used [54, 64].

1These methods are difficult to implement for complex geometries, and produce full

matrices whose treatment requires excessive storage and computing time. This is partic-

ularly true for three dimensional problems.
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One such approximation is the so-called absorbing boundary conditions

(ABCs) [65–67], which are usually derived from differential wave equations.

The ABCs are applied at the artificial boundary directly and, as a result, their

use does not introduce additional unknowns. However, they do not yield zero

reflection for all angles of incidence and thus are not exact. To minimise the

solution error, they are often applied some distance away from the scatterer,

resulting in an extended discretization region. However, the ABC’s have two

advantages in that: they do not increase the condition number of the FEM

matrix, and they can have a perfect absorption at some prescribed angles of

incidence.

An alternative “engineer’s” approach, which can be used to truncate the

infinite region in a finite element analysis was proposed by J. Jin et al. [68]. In

this approach, the finite element mesh is truncated by a conducting boundary,

either electric or magnetic, whose inner surface is coated with a layer or sev-

eral layers of fictitious dielectric, whose thickness and constitutive parameters

can be chosen to absorb the field over a wide range of incident angles. To

a certain extent, this is similar to what happens in an anechoic chamber

whose walls are coated with lossy material for absorbing the scattered field,

thus simulating a free-space environment. This approach is referred to as the

fictitious absorbers method.

The fictitious absorbers, however, are designed to work at a single fre-

quency and they cannot be applied to a wide frequency band without re-

design. In 1994 this problem was solved by J.P. Berenger [69], who proposed

the concept of a perfectly matched layer (PML). A perfectly matched interface

is an interface between two half spaces, one of which is lossy, however, the

interface does not reflect a plane wave for all frequencies and all angles of

incidence and polarizations. The loss of a wave in the lossy half-space is in

the direction perpendicular to the interface.

The PML medium has been described in many different ways by various

authors. In particular, Chew and Weedon [70] have interpreted the PML

as coordinate stretching in a frequency domain. This approach is used to

introduce perfectly matched layer below.
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Derivation of PML based on coordinate stretching. Consider the

modified source-free Maxwell’s equations:

∇s × E = −iωµH, (2.26)

∇s × H = iωεE, (2.27)

∇s · (εE) = 0, (2.28)

∇s · (µH) = 0, (2.29)

where ∇s is defined by:

∇s = x̂
1

sx

∂

∂x
+ ŷ

1

sy

∂

∂y
+ ẑ

1

sz

∂

∂z
. (2.30)

Therefore, ∇s can be considered as the standard ∇ operator in Cartesian

coordinates whose x, y, and z axes are stretched by a factor sx, sy, and sz,

respectively.

Now consider a plane wave whose electric and magnetic fields are given by

E = E0e
−ik·r = E0e

−i(kxx+kyy+kzz),

H = H0e
−ik·r = H0e

−i(kxx+kyy+kzz).
(2.31)

From equations (2.26) and (2.28) we can obtain the dispersion relation

(
kx

sx

)2

+

(
ky

sy

)2

+

(
kz

sz

)2

= ω2µε = k2. (2.32)

The obvious solution to this equation is:

kx = ksx sin θ cosϕ (2.33)

ky = ksy sin θ sinϕ (2.34)

kz = ksz cos θ. (2.35)

This demonstrates that when sx is a complex number, the wave will be at-

tenuated in the x-direction, and the same is true in the other two dimensions.

The wave impedance is:

η =
|E|
|H| =

|ks|
ωε

=
ωµ

|ks|
=

√
µ

ε
, (2.36)

which indicates that the stretching factors do not affect the wave impedance.
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Next consider plane-wave reflection by the interface of two half-spaces in

the stretched coordinate system (Fig. 2.5). For the TEz case, the incident,

reflected, and transmitted fields can be written as:

Ei = E0e
−iki·r (2.37)

Er = RTEE0e
−ikr ·r (2.38)

Et = TTEE0e
−ikt·r (2.39)

where E0 is a constant vector perpendicular to ẑ, and RTE and TTE denote

the reflection and transmission coefficients, respectively.

x

ki
y

z

O

ϕ

θ

Figure 2.5: Plane-wave reflection by the interface of two half-spaces.

Using the phase-matching continuity conditions for E and H, we obtain:

RTE =
k1zs2zµ2 − k2zs1zµ1

k1zs2zµ2 + k2zs1zµ1
. (2.40)

Here the subscript 1 denotes the parameters in the upper half-space and

subscript 2 denotes those in the lower half-space. Similarly, we find the

reflection coefficient for the TMz case as:

RTM =
k1zs2zε2 − k2zs1zε1

k1zs2zε2 + k2zs1zε1
. (2.41)

From the case-matching conditions k1x = k2x and k1y = k2y, we obtain:

k1s1x sin θ1 cosϕ1 = k2s2x sin θ2 cosϕ2 (2.42)

k1s1y sin θ1 cosϕ1 = k2s2y sin θ2 cosϕ2 (2.43)
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Clearly, if we choose ε1 = ε2, µ1 = µ2, s1x = s2x, and s1y = s2y, we have:

RTE = 0, RTM = 0 (2.44)

which remains true regardless of the choice of s1z and s2z, the angle of

incidence, and the frequency.

To illustrate PML algorithm, we allow s2z = s′ − is′′ to be a con-

stant, where s′ and s′′ are real numbers with s′ > 1 (for faster decay of

evanescent waves) and s′′ > 0 (for absorption of propagating wave), then

k2z = k2(s
′ − is′′) cos θ and the transmitted wave will be attenuated by

the factor exp (k2s
′′z cos θ) in the z-direction. If we place a metal plane

a distance of L away from the interface, the magnitude of the reflection

coefficient becomes

|R(θ)| = e−2k2s′′L cos θ (2.45)

assuming that k2 is a real constant.

Clearly, a metal-backed PML can be used to truncate the computational

domain for numerical solution of partial differential equations. The basic

scheme is shown in Figure 2.6, where the scatterer of interest is surrounded

by PML, which is terminated by a metal. Hence, the computational domain

becomes finite.

The choice of the PML parameters depends on its position. For a PML

perpendicular to the x-axis:

sx = s′ − js′′, sy = sz = 1.

Similarly, for a PML normal to the y-axis:

sy = s′ − js′′, sx = sz = 1.

For the four corners:

sx = sy = s′ − js′′, sz = 1.

The extension to the three-dimensional case is straightforward.
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x

y
Scatterer

Metal

PML

sx = s′ − is′′

sy = sz = 1
sx = s′ − is′′

sy = sz = 1

sy = s′ − is′′

sx = sz = 1

sy = s′ − is′′

sx = sz = 1

sx = sy = s′ − is′′

sz = 1
sx = sy = s′ − is′′

sz = 1

sx = sy = s′ − is′′

sz = 1
sx = sy = s′ − is′′

sz = 1

Figure 2.6: Basic scheme of two dimensional computational domain: the scatterer
of interest is surrounded by a PML, terminated by a metal. The choice of PML
parameters sx, sy and sz depends on its position: for a PML perpendicular to
the x-axis sx = s′ − js′′ and sy = sz = 1 and so on. The extension to the three-

dimensional case is straightforward [54].

Formulation of PML for Finite Element method. The implementation

of PML to a Finite Element analysis is better understood with the interpre-

tation of PML as an anisotropic absorber [71]. This can be done by first

writing Maxwell’s equations in an anisotropic medium as:

∇× E = −iωµ̄H, (2.46)

∇× H = iωε̄E, (2.47)

∇ · (ε̄E) = 0, (2.48)

∇ · (µ̄H) = 0, (2.49)

where ε̄ and µ̄ are the diagonal permittivity and permeability tensors given

by:

ε̄ =




εxx 0 0

0 εyy 0

0 0 εzz



 , µ̄ =




µxx 0 0

0 µyy 0

0 0 µzz



 (2.50)
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Comparing (2.26)–(2.29) with (2.46)–(2.49), it is possible to find ε̄ and µ̄ in

terms of stretching factors sx, sy and sy:

ε̄ = εΛ̄, µ̄ = µΛ̄

with:

Λ̄ = x̂x̂

(
sysz

sx

)
+ ŷŷ

(
szsx

sy

)
+ ẑẑ

(
sxsy

sz

)
.

The anisotropic absorbers model of PML allows readily formulate the finite

element solution. For the radiation case, the vector wave equation is:

∇× [µ̄−1 · (∇× E)] − ω2
ε̄ ·E = −jωJ,

where J is the source of radiation. Since the associated operator is symmet-

ric, based on the Ritz variational principle described in Section 2.3.3, the

functional (2.18) is given by:

F (E) =
1

2

∫∫∫

V

[
(∇× E) · µ̄−1 · (∇× E) − ω2E · ε̄ · E

]
dV

+

∫∫∫

V

E · J dV.

For the scattering case, the vector wave equation for the scattered field is

given by:

∇× [µ̄−1 · (∇× Esc)] − ω2
ε̄ · Esc = Finc,

where Finc = 0 within the PML and:

Finc = ∇× [µ̄−1 · (∇×Einc)] − ω2
ε̄ ·Einc

within the physical domain. The functional then becomes:

F (Esc) =
1

2

∫∫∫

V

[
(∇× Esc) · µ̄−1 · (∇× Esc) − ω2Esc · ε̄ · Esc

]
dV

−
∫∫∫

V

Esc · Finc dV.

The implementation of PML to the Finite Element method therefore

requires a special PML layer with the functional F (Esc) around the free-

space volume described by the functional F (E). The full solution is obtained

following procedures described in Section 2.3.3.
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2.4 Simulation of the electromagnetic field

structure around a metal nanoparticle

Numerous techniques allowing for the calculation of light interactions with a

nanoparticle have been developed over the years (see Sections 2.3.1 and 2.3.3).

As mentioned above, not all of them are applicable for the study of the

optical properties of metallic nanoparticles of an arbitrary size in the vicin-

ity the plasmon resonance. For reasons, outlined below, two approaches,

constituting theoretical apparatus used for simulations in this chapter, have

been selected: Mie theory and the Finite Element method.

Mie theory, described in detail in Section 2.3.1, gives an exact analytic

solution of the vector wave equations on a homogeneous spherical particle

▽2E + k2E = 0, ▽2H + k2H = 0,

in which every component of the electromagnetic fields, both inside the

particle and in the surrounding medium is presented in the form of a series

of spherical Bessel functions. The Mie theory algorithm was implemented on

Mathworks Matlab software using the formulae presented in Appendix A.

Although Mie theory is well established and trusted, its results are

presented in polynomial form, bringing up the question of conversion. It

was decided to verify the Mie theory results (and vice versa) by compar-

ing them with numerical solutions of the Maxwell equations by the Finite

Elements method (FEM). Finite elements method is a numerical procedure

for obtaining solutions to boundary-value problems defined by a governing

differential equation (2.16) in a domain Ω:

Lϕ = f,

together with the boundary conditions on the boundary Γ that encloses the

domain. Here L is a differential operator, f is the excitation, and ϕ is

the unknown quantity. In electromagnetics, the Poisson equation for the

scalar potential in electrostatic field can be used as one of the examples of a

governing differential equation:

−∇ · (ε∇ψ) = ρ,
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where L = −∇ · (ε∇) is the differential operator, ψ — scalar potential (the

unknown quantity ϕ), ε — permittivity of the medium and ρ is the electric

charge density (the excitation f).

The principle of this method is to replace an entire continuous domain Ω

by a number of subdomains in which the unknown function is represented

by simple interpolation functions with unknown coefficients. The system

of equations for the unknowns can be obtained by applying a variational

method, and the solution to the boundary-value problem is therefore achieved

by solving this system (see Section 2.3.3).

One of the advantages of the Finite Element method is that it could

be applied to solve problems of light scattering on objects with complex

geometries and various types of sources. The availability of exceptionally well

developed FEM software packages makes the implementation of the method

to a particular problem relatively easy. The 64-bit Comsol Multiphysics soft-

ware was used for the numerical modelling of light scattering and absorption

on nanoparticles, described in this chapter.

The simulation process by both Mie theory and Finite Element method

consists of three major steps: setup and discretization of the calculation

volume, analytical or numerical simulations according to the algorithm and

output of the results. Each step for both Mie theory and FEM is detailed

below.

Consider a spherical homogeneous particle with radius a. For Mie theory

the computational domain is a free space (4a× 4a× 4a) cubic volume with

the spherical nanoparticle centered inside it. The cubic discretization of the

volume was selected using (a/30 × a/30 × a/30)-sized elements. The finite

element method computational domain consisted of a free space volume of

the same size as for the Mie theory with the nanoparticle in the center,

and Perfectly Matched boundary conditions layer of the size 4a, having

virtually zero reflection at any angle of incidence, applied on every side of

the cube. The Perfectly matched layer (PML) and its implementation for

FEM is discussed in detail in Section (2.3.4). The discretization of the whole

domain in the finite element method, including PML regions, was performed

using tetrahedral discretization elements with variable sizes determined by
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the convolution of the obtained solution. In the case of the oblate spheroidal

nanoparticle, the computational domain was of the same size, a being a half

of the long semiaxis of the spheroid. The structure and discretization of the

domain for both Mie theory and FEM, for case of the spherical nanoparticle,

is illustrated in Figure 2.7.

(a) (b) (c)

4a 12a

Figure 2.7: The structure and mesh of the computational domains for Mie theory
and finite element method for the simulations of the light interaction with the
spherical nanoparticle of radius a. For the Mie theory the computational domain
consists of the free space volume and a nanoparticle in it (a). The descritization
with cubic elements was used for the simulations. The free space volume, con-
taining the nanoparticle in its centre, and surrounded by 4a-thick layer of PML
constitute the computational domain for the finite element method simulations (b).

Tetrahedral discretization elements were used in the latter case (c).

Simulations of light scattering on a nanoparticle by Mie theory were

performed by conversion of Cartesian (x, y, z) cubic mesh into polar spherical

coordinates (r, θ, ϕ) and implementation of the full 3D Mie solution (see

Appendix A). The upper limit of the summation in Mie formulae was

determined by the convolution of the solution. Even for the cases of plasmon

resonance on a nanoparticle it was enough to keep eight terms of the series.

Finite element method simulations were performed using Unsymmetric Mul-

tiFrontal method for solving systems of linear equations [72–74], implemented

in Comsol Multiphysics software.

To relate the parameter field for the calculations to observable values

the dimensionless scattering Csca and absorbtion Cabs cross-sections of the

nanoparticle were used. The cross section has a clear physical interpretation:
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the effect of a single arbitrary particle being interposed between a source of

light and a detector is to reduce the detector area by Csca or Cabs, depending

on the process of scattering or absorption by the particle respectively. It

worth mentioning that a cross section can be considerably greater — or

much less — than the particle’s geometrical cross section. Light interaction

with a particle can be described by a process of extinction, accounting for

both scattering and absorption, which can be characterized by its own cross

section Cext = Csca + Cabs. The subject of cross section analysis of light

interaction with particles, including exact formulae for spherical particles,

based on Mie scattering coefficients, and general formulae for small particles,

including oblate spheroid, is detailed in Section 2.3.2. In the following

calculations, small particle (Rayleigh) approximation formulae for Cabs and

Csca were used (2.10)–(2.12) both for spherical nanoparticle (??) and oblate

ellipsoid (2.13). All values for optical cross sections were normalized to

geometrical cross section of the particle, so that Cgeo = 1.

To illustrate the calculation results graphically, solutions in the plane

of polarization of the incident light were plotted using powerflow lines and

a color scale for the absolute value of the Poynting vector P = [E × H]

(red representing high values of P and blue representing low values). The

powerflow lines are the lines to which the Poynting vector P is tangential.

If A(t) = (x(t), y(t), z(t)) is the Poynting vector field, the powerflow lines

can be computed by integrating the differential equation: dA/dt = P(A),

where t is length of the path [75, 76]. Selecting a linear array of 10–15 starting

points for the powerflow integration in front of the particle in the plane of

polarization allows the tracing of general features of light interaction with

the nanoparticle, like the formation of optical whirlpools.

It was found that the analytical results, obtained by Mie theory, and

Finite Element method simulation results for the light interaction with

spherical nanoparticles correlated remarkably well, giving similar energy flow

patterns.
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2.5 Optical whirlpools on metallic spheres

It was found that the vortex regime occurs in metallic nanoparticles in

the vicinity of the plasmon absorbtion resonance. The spectral position

of the plasmon resonance of a spherical particle illuminated by plane

wave λ depends on the radius of the particle a and its dielectric coefficient

ε(λ) = ε′(λ) + iε′′(λ). The exact position of the absorption plasmon reso-

nance corresponds to the maximum of the absorption cross section Cabs(λ).

It was found that the existence of the vortex structure on a spherical

nanoparticle and the topography of the field maps depend on the values

of the real ε′ and imaginary ε′′ parts of the particle’s complex dielectric

coefficient. Figures 2.8(a) and (b) show the modification of the field structure

around a hypothetical nanoparticle with ε′ = −2, ε′′ = 10 and ε′ = −2,

ε′′ = 1 respectively. In the case depicted in Figure 2.8(a) the scattering

and absorption cross-sections are much smaller than the geometrical cross-

section and the particle is almost invisible to the external field (Cabs = 0.47,

Csca = 0.03). Most of the powerflow lines pass by the nanoparticle and only

handful of them terminate at the particle, indicating small losses. In the

case depicted in Figure 2.8(b) the absorption cross-section approaches the

plasmon resonance (Cabs = 3.6, Csca = 0.24). Many flow-lines terminate at

the nanoparticle (entering it from the front and the back, as in a similar case

considered in [41]), indicating high losses.

As the particle bypasses the plasmon resonance (which can be identified

by a maximum in values of the absorbtion and scattering cross-sections),

the flow lines create vortex-like structures around the nanoparticle. Fig-

ures 2.8(c) and (d) show such vortices around a silver nanoparticle at

wavelengths of 354 nm (where ε = −2.0 + i0.28, Cabs = 5.8 and Csca = 1.8)

and 367 nm (where ε = −2.71 + i0.25, Cabs = 4.1 and Csca = 2.0). These

latter two pictures represent inward and outward vortices which lie in the

plane of incident polarization. The calculations show that in this central

cross-section, light in the vortex remains linearly polarized in the plane of

incidence. In the vortex regime the energy flow is dramatically disturbed

in the vicinity of the particle. For the outward vortex, energy flow lines
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Figure 2.8: Mie Theory: powerflow distribution around a spherical nanoparticle
with a radius of approximately 20 nm (λ/r = 20) in the plane containing the
directions of propagation (from left to right) and polarization of the incident light.
The colors indicate the absolute value of the Poynting vector, the white lines show
the direction of powerflow. (a) ε = −2.0 + i10.0, λ = 400 nm; (b) ε = −2.0 + i1.0,
λ = 400 nm; (c) ε = −2.0+i0.28 — the dielectric coefficient of silver at λ = 354 nm.
Red dashed lines indicate outward vortex structure; (d) ε = −2.71 + i0.25 — the
dielectric coefficient of silver at λ = 367 nm. Red dashed lines indicate inward

vortex structure [77].
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inside the particle go along the direction of the incident wave and are nearly

parallel to it. Outside the particle energy moves in the opposite direction —

the energy flow lines bend around the particle and re-enter it again. The

situation is reversed for the inward vortex. Here, the energy flow inside the

particle is in the direction opposite to the incident wave, while the energy

flow outside the nanoparticle is mainly in the direction of the incident wave.

In the plane perpendicular to the plane of polarization the powerflow lines

exhibit no spiral features.

The parameter field for both vortex regimes has been mapped for a

hypothetical r ≈ 20 nm nanoparticle (λ/r = 20) in the vicinity of its plasmon

resonance by varying real and imaginary parts of the particle’s dielectric

constant ε′ and ε′′ (Fig. 2.9).

Figure 2.9: Map showing values of the real and imaginary parts of the dielectric
constant (in red) at which vortex field structures appear. The dashed line at
ε′ ∼ −2.2 indicates the position of the plasmon resonance in a spherical nanopar-
ticle with r ≈ 20 nm (λ/r = 20). The solid lines show the dispersion characteristics

of the dielectric properties of silver.

Outward vortices are seen to the “left” of the the plasmon resonance i.e.

for ε′ > −2.2 (in a spherical nanoparticle with a radius of 20 nm the plasmon

resonance occurs at ε′ ∼ −2.2). In the second type of vortex, denoted as an

inward vortex, the powerflow lines pass around the sides of the particle before
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turning towards the centerline and entering the particle to begin their spiral

trajectory. Outward vortexes are seen to the “right” of the the plasmon

resonance i.e. for ε′ < −2.2.

Optical whirlpool-like vortices can be excited on nanoparticles made out

of real metals (the solid black line in Figure 2.9 depicts ε′′(ε′) dependence

for silver). Therefore, silver 20 nm oblate spheroidal nanoparticles should

support both inward and outward vortices in the upper ultra-violet and

visible range of wavelengths.

The process of the generation of the inward vortex, conversion into

outward vortex and disappearance of the vortex regime was demonstrated

on a series of simulations of light interaction with a virtual λ/20-radius na-

noparticle with constant imaginary part of the dielectric coefficient ε′′ = 0.1

and real part ranging from ε′ = −1 to −3.8 with dε′ = 0.01 step. The main

stages of this process are depicted in Figure 2.10 using powerflow streamlines

and intensity distribution. As one can see from the parameter field for the

vortex regimes (Fig. 2.9), such variation in the real part of the dielectric

constant of the nanoparticle allows tracing the first stages of generation of the

inward vortex regime (Fig. 2.10a, b), its development through the plasmon

resonance of the nanoparticle at ε′ = −2.2 (Fig. 2.10c, d), conversion of the

inward vortex regime into outward (Fig. 2.10e), and disappearance of the

vortex regime with growing magnitude of |ε′| (Fig. 2.10f). The number and

position of the starting points for the calculations of the steamlines were kept

the same.

The powerflow streamlines and intensity distributions calculated for

ε′ = −1 . . .− 3.8 with dε′ = 0.01 were composed into a video file available

online as a supplementary material to the original publication [31] on Op-

tics Express website: http://www.opticsexpress.org/abstract.cfm?id=85768.

The video file shows the smooth transition between the excited regimes

with changing ε′, and the powerflow streamline and intensity distributions in

Figure 2.10 represent snapshots from this video.
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(a) ε = −1.0 + i0.1 (b) ε = −1.5 + i0.1

(c) ε = −2.0 + i0.1 (d) ε = −2.2 + i0.1

(e) ε = −2.5 + i0.1 (f) ε = −3.6 + i0.1

Figure 2.10: Power flow streamlines and intensity distributions showing evolu-
tion of optical whirlpool structure on a virtual λ/20-radius nanoparticle with
ε′ = −1 . . . − 3.8 and ε′′ = 0.1: first stages of generation of the inward vortex
regime (a, b), its development through the plasmon resonance (c, d), conversion
of the inward vortex regime into outward (e) and and disappearance of the vortex
regime (f). Video clip showing whole transition for ε′ = −1 . . .−3.8 with dε′ = 0.01
step is available online as a supplementary material to the original publication [31].
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It has therefore been shown that a homogeneous nanoparticle of spherical

shape possesses four interconnected regimes of excitation by linear polarized

monochromatic electromagnetic radiation in the vicinity of its plasmon reso-

nance: weak interaction, high-loss regime, and the creation of both outward

and inward whirlpool-like vortices on the nanoparticle. The case of an oblate

metallic spheroidal nanoparticles with a semiaxis ratio of 2 is considered in

the following Section.

2.6 Excitation of optical whirlpools on metal-

lic oblate spheroidal particles

Non-spherical nanoparticles are of considerable interest for applications be-

cause flattened or elongated shapes tend to reduce the plasmon resonance

frequency, moving it from the blue-UV part of the spectrum to the more

accessible visible-IR range. Mie theory is unsuitable (without major mod-

ifications [18, 78]) for objects without spherical symmetry, but numerical

techniques, such as Finite Element method, provide an alternative to the

analytical approaches and allow consideration of vortex fields around complex

nanostructures.

In this section a homogeneous oblate (pancake-shaped) spheroidal nano-

particle with an aspect ratio of 2 was investigated by finite element method.

It was shown that vortex fields can also exist near non-spherical nano-objects.

Figure 2.11 shows the modification of the field structure around a spheroidal

nanoparticle for different values of ε′′. Here again, the weak interaction

regime in Figure 2.11(a) (Cabs = 0.42, Csca = 0.02), the high-loss regime in

Figure 2.11(b) (Cabs = 3.7, Csca = 0.3), the creation of outward vortexes in

Figure 2.11(c) (Cabs = 8.7, Csca = 2.9), and the creation of inward vortexes

in Figure 2.11(d) (Cabs = 2.9, Csca = 1.3) can be seen. Compared to optical

whirlpool-like vortices on a spherical nanoparticle, vortices on oblate spheroid

are much more pronounced due to high localization of fields at the edges of

the spheroid, and larger cross sections. As for the spheres, the simulations

predict the excitation of inward and outward vortices on silver nanoparticles

of similar size.
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Figure 2.11: Finite element modelling: powerflow distribution around an oblate
spheroidal nanoparticle (with a semi-major axial radius of approximately 20 nm
(λ/r = 20) and an aspect ratio of 2 in the plane containing the directions of
propagation (from left to right) and polarization of the incident light. The colors
indicate the absolute value of the Poynting vector, the white lines show the
direction of powerflow. (a) ε = −3.52 + i10.0, λ = 400 nm; (b) ε = −3.52 + i1.0,
λ = 400 nm; (c) ε = −3.37+i0.2 — the dielectric coefficient of silver at λ = 380 nm.
Red dashed lines indicate outward vortex structure; (d) ε = −4.0 + i0.2 — the
dielectric coefficient of silver at λ = 392 nm. Red dashed lines indicate inward

vortex structure [77].
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2.7 Summary and conclusions

Theoretical apparatus, based on Mie theory and Finite Element method, for

study of optical properties of nanoparticles in the vicinity of the plasmon

resonance, has been developed. Full three dimensional analytical solution of

Maxwell’s equations, based on Mie theory, for monochromatic linear polar-

ized light scattering and absorption on a sphere of arbitrary size and material

has been implemented. Computational domain with zero-reflection Perfectly

Matched boundary conditions based on Finite Element method allowing free-

space simulations of monochromatic linear polarized light scattering and

absorption by objects of arbitrary material and complex geometry has been

developed.

A series of calculations performed on single metallic spheres and oblate

spheroids have established four different types of monochromatic linear polar-

ized light interaction with a homogeneous spherical particle in the vicinity of

its plasmon resonance: weak interaction (most of the powerflow lines bypass

the particle, optical cross sections are much lower than the geometrical cross

section), high-loss regime (significant amount of powerflow lines enter the

particle from behind, optical cross section exceed geometrical cross section),

creation of outward (powerflow lines penetrate the particle near its centerline

then, on exiting the particle, the flow-lines turn away from the centerline and

enter a spiral trajectory) and inward (powerflow lines pass around the sides

of the particle before turning towards the centerline and entering the particle

to begin their spiral trajectory) whirlpool-like vortices on the nanoparticle.

A parameter field for each type of vortex in case of light scattering on

spherical nanoparticle has been established. It was found that outward vor-

tices exist for wavelengths shorter than the plasmon resonance while inward

vortices are excited on wavelengths longer that the plasmon resonance. It

was also demonstrated that both types of vortices may exist on silver 20 nm

nanoparticles in the upper ultra-violet and visible range of wavelengths.

There are a number of intriguing questions that may be asked in re-

lation to the nanoscale structuring of the energy flow near and inside the

nanoparticle. For instance, a vortex structure with light passing through
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a nanoparticle several times backwards and forwards, resembles a standing

wave in a dissipative Fabry-Perot resonator. One may therefore wonder if

such a “nano-resonator” could provide conditions for a hysteresis and bista-

bility in the nanoparticle’s optical response if its dielectric properties depend

on the intensity of light. The experimental observation of such hysteresis

behavior would be clear evidence of the vortex energy flow. The existence of

vortex structures in nanoparticles could provide a graphical interpretation of

the fact that the absorbtion cross-section of a particle can be much bigger

that its geometrical cross-section. When a vortex is created, powerflow lines

pass through the nanoparticle several times, “multiplying” the light-matter

interaction and generating the high energy losses associated with the large

optical cross-section. Accurate phase and group delay measurements of light

interacting with a nanoparticle near its plasmon resonance might provide

further evidence for the long interaction time and thus for the existence of a

vortex structure on the particle. It would also be very interesting to study the

propagation of a narrow-band pulses through a media composed of spheres in

one of the optical whirlpool regimes, especially time-delay and shape change

of such pulses. The study should reveal even more interesting features of the

interaction of light and resonance particles at the nanoscale.

The suggested theoretical approach can be further developed and im-

proved, in particular by tracking the phase of the field components along

a powerflow line in a vortex structure; introducing nonlinear materials;

implementing layered and multiobject structures into the model; and in-

troducing light with polarisation other than linear. The latter applied to

shell structures can be used to design plasmonic and metamaterial structures

with recently discovered extraordinary properties such as transparency and

cloaking [79, 80].

Following the original publication [31] optical and microwave whirlpool-

like vortices have been found at resonance conditions in meta-material fish-

scale structures [81], chiral apertures [82], thin nanowires [83], microwave

rectangular waveguide cavities [84] and ferrite disc particles [85], presented

in Figure 2.12. The subject of optical whirlpools was further developed by

the group of Professor Luk’yanchuk [86–88].
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(a)(a)

(b) (c)

Figure 2.12: Whirlpool vortex-like structures found in different media: (a) mi-
crowave powerflow lines on metamaterial fish scale structures [81], (b) microwave
Poynting vector distribution inside a ferrite disk [84], (c) optical Poynting vector

field in the vicinity of the quadrupole resonance [88].
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Chapter 3

Generation of traveling surface
plasmon waves by free-electron
impact

3.1 Synopsis

It has been found that the injection of a beam of free electrons into an

unstructured gold surface creates a highly localized source of surface plasmon

polaritons. The plasmons were detected by a controlled decoupling into light

with a grating at a set distance from the excitation point.

In Section 3.3 a detailed overview of the cathodoluminescence phe-

nomenon and the experimental technique for probing the optical properties

of nanostructures with an electron beam, based on a scanning electron

microscope with cathodoluminescence light collection system and a spectrum

analyzer, is presented. In the following Section, the theoretical description

of surface plasmon polaritons (SPPs) and the process of decoupling by

a grating are detailed. A series of experiments demonstrating the excitation

of SPPs on a metallic grating, is presented in Section 3.5. The generation of

traveling surface plasmon polariton waves with a beam of free electrons on an

unstructured metal surface, their propagation and controlled decoupling into

light by a grating are detailed in Section 3.6. In the following Section, the

mechanism of SPP generation with an electron beam, the power, efficiency

and localization of the plasmon source are discussed.
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3.2 Introduction

Surface plasmon polaritons (SPPs) are coupled transverse electromagnetic

field and charge density oscillations which propagate along the interface

between a conductor and a dielectric medium [1–5]. The term “surface

plasmon polariton” reflects the dual nature of this particular surface wave:

a bound state between a coupled photon (polariton) and electron oscillation

excitation (plasmon). On one hand, coupling of photons results in resonance

oscillation of electrons on a surface of the conductor. On the other hand, the

oscillating charges become the source of electromagnetic waves themselves.

As a result, surface plasmon polaritons can have long propagation distances

along a metal–dielectric interface, exceeding their wavelength by several

orders of magnitude [6, 7]. The main feature of the SPPs that currently

attracts attention is that they are strongly localized, making them favored

candidates as information carriers in applications such as high-density broad-

band interconnections and signal processing [8, 9]. Recent developments in

manufacturing of metal nanostructures [10–16] and studies of a wide range

of plasmon-based optical elements such as passive waveguides [17–20], active

switches [21] and biosensors [22–24] led to the notion of plasmonics, the

science and technology of metal-based optics and nanophotonics [25].

Surface electromagnetic waves have now been studied for more than a

century, starting with Sommerfeld’s study of radio waves propagating along

the surface of a single metal wire [26] and Zenneck’s description of EM propa-

gation on a flat metal surface [27]. In the visible domain, anomalous intensity

drops in spectra produced when visible light reflects on metallic gratings were

observed by Robert W. Wood [28–30]. The study was not connected with the

earlier theoretical work until the middle of the last century [31]. Ten years

later, in 1956, energy losses experienced by fast electrons traveling through

metals were theoretically described by David Pines [32]. He attributed these

losses to collective oscillations of free electrons in the metals. In analogy

to earlier work on plasma oscillations of free electrons in gas discharges,

he called these oscillations “plasmons.” Coincidentally, in that same year

Robert Fano introduced the term “polariton” for the coupled oscillation of
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bound electrons and light inside transparent media [33]. The first theoretical

description of surface plasmons was published by Rufus Ritchie in his study

on electron energy losses in thin metal films [34], in which it is shown that

plasmon modes can exist near the surface of metals. In 1968, nearly seventy

years after Wood’s original observations, Ritchie and coworkers describe the

anomalous behavior of metal gratings in terms of surface plasmon resonances

excited on the gratings [35]. Since then the subject of surface plasmons has

experienced a ever growing interest from a wide variety of scientists and

many methods of surface plasmon generation, as discussed below, have been

developed.

The excitation of surface plasmon polaritons is usually performed by

optical means, and since SPPs do not couple to light illumination at a flat

metal-vacuum interface (as shown in Section 3.4), the energy coupling is

achieved using gratings [35, 36] or prism matching schemes [37, 38]. Although

this was a great achievement in the study of the surface plasmons that

made experiments on surface plasmons easily accessible to many researchers,

these techniques have two major disadvantages imposing limitations on their

applicability these days: generated plasmons are poorly localized, and the

created source of plasmons can not be repositioned. A breakthrough in the lo-

calization of optically excited SPPs came with the application of the near field

optical microscope (SNOM) techniques [39–43]. The scattering, interference,

backscattering and localization of the surface plasmon polaritons have been

visualized and investigated directly on the surface [44–46]. Discontinuities of

a plasmon waveguide, such as a nanoparticle or a nanowire [47] have been

used to improve the localization of excited SPPs even further. Although

localization of the SPP source provided by techniques using optical means

have significantly improved over the years, these methods are cumbersome,

and do not always allow for easy repositioning of the plasmon source.

Ritchie’s theoretical predictions regarding the excitation of surface plas-

mons in metal foils by an electron beam were confirmed by experiments by

Cedric J. Powell [48, 49], implicating the electron beam of a scanning or trans-

mission electron microscope as a perspective source of surface plasmons. This

connection however was not made straight away, and the research continued

56



Chapter 3. Generation of surface plasmon waves

with this original focus for decades. Excitation of surface plasmons on a

structured surface, a sinusoidal silver grating, has been demonstrated [50, 51]

by the study of angular dependence of spectra of induced radiation. The

study has been followed by investigations into gratings of different pro-

files [52–56] and materials [57], and electron-induced light emission from

rough surfaces [58–61] and nanoparticles [62, 63]. Recently evidence of

propagating surface plasmon modes was observed in the spatial distribution

of optical emission of a microscale gold corral under electron excitation in

a scanning tunneling microscope [64].

The idea of using an electron beam as a source of propagating surface

plasmon waves on an unstructured surface has been realized in the original

research [65] detailed in this Chapter. It was shown that the injection of

a beam of free electrons on the unstructured metal surface results in the

creation of a surface plasmon polariton source with potentially nanoscale

localization, which may be easily and dynamically repositioned anywhere

within a plasmonic device. In the following Section the experimental tech-

nique for probing the optical properties of nanostructures and excitation of

surface plasmon polaritons with an electron beam, is presented.

3.3 Probing the optical properties of nanos-

tructures with an electron beam

In this Section, the introduction to the phenomenon of light emission by

solids as a result of electron bombardment, known as cathodoluminescence,

and an outline of the vital components necessary for the implementation

of an experimental system for the probing of the optical properties of

nanostructures with an electron beam, is presented. The components,

motivation for the selection of components, and principles of operation of the

developed experimental technique, based on a scanning electron microscope

with a modified cathodoluminescence system, are described. Performance

estimations of the experimental setup, such as a spectral calibration curve,

quantum efficiency and spatial resolution, and improvements of the system

are discussed in detail.
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3.3.1 Light emission from solids induced by an electron

beam

The optical response of a metal film to the bombardment with free electrons

is described by a general term cathodoluminescence [66]. This phenomenon,

first reported in the middle of the nineteenth century, was observed during

experiments on electrical discharges in evacuated glass tubes, which exhibit

luminescence when cathode rays struck the glass. In fact, the observation of

luminescence due to cathode ray bombardment led Sir Joseph John “J.J.”

Thomson (1856–1940) to the discovery of the electron and the determination

of its charge-to-mass ratio. Other luminescence phenomena, such as, pho-

toluminescence, have been known and studied for much longer, since they

do not require a vacuum and concentrated sources of electrons, which are

not readily available in the terrestrial environment. With the development

of electron microscopy techniques in recent decades, cathodoluminescence

has emerged as an important microcharacterization tool for the analysis of

luminescent materials.

In an electron probe instrument, electron irradiation of a solid results in a

variety of useful signals (Fig. 3.1). Primary (i. e. incident or beam) electrons

may be backscattered from the specimen with little or no energy loss, or

they lose energy to produce secondary electrons. Some primary electrons,

absorbed in the bulk of the material, will dissipate their energy in various

electronic excitations leading to the emission of characteristic x-rays; the

generation of electron-hole pairs, which themselves may lead to the emission

of photons in the ultraviolet, visible, and infrared spectral ranges (i. e.

cathodoluminescence) or to various charge collection signals in devices; the

generation of Auger electrons; and thermal effects, including electroacoustic

(thermal wave) signals. In thin specimens, transmitted electrons may be

scattered elastically (with no energy loss) or inelastically (with energy loss).

All these processes lead to the formation of signals that can be used in the

characterization of the structural, chemical, and electronic properties of the

material.
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The incident electron undergoes a successive series of elastic and inelastic

scattering events in the material. As a result of these scattering events within

the material, the original trajectories of the electrons are randomized and

the energy of the electron beam is dissipated. The effective depth to which

energy dissipation extends is known as the penetration range, which is much

shorter than the total length of an individual electron’s “random walk.” The

volume within which 95 % or so of the primary electrons are brought to rest is

generally referred to as the generation volume (or excitation volume) that can

be estimated analytically [67] or using Monte Carlo simulations [66, 68]. The

approximate penetration range of 10–50 keV electrons bombarding a gold

film is 0.3–4 µm respectively.

Specimen

Specimen
currentInelastically

scattered
electrons Elastically

scattered
electrons Unscattered

electrons

Charge
collection
current

Auger
electrons

Secondary
electrons

Backscattered
electrons

Primary electron beam

Cathodoluminescence

X-rays

Figure 3.1: Schematic diagram of the types of interaction (or signal) available due
to electron beam interactions with a solid [66].

Scanning electron microscopy (SEM) [68–70] and scanning transmission

electron microscopy (STEM) [71–73] techniques are well suited for the mi-

crocharacterization of materials, since they provide high spacial resolution

and the simultaneous availability of a variety of modes, such as x-ray
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microanalysis; secondary (voltage contrast), backscattered, and transmitted

electron images; scanning electroacoustic microscopy (SEAM); cathodolumi-

nescence (CL) and charge collection signals. The last three modes constitute

the electronic microcharacterization capability of the SEM (or STEM). Note

that CL is unique among all the SEM modes in that it is the only contactless

method that provides microcharacterization of the optical and electronic

properties of luminescent materials. Nondestructive depth-resolved CL stud-

ies can be performed by varying the range of electron penetration, which

depends on the electron beam energy, in order to excite CL from different

depths in the material. Moreover, simple “flood illumination” electron

bombardment can produce large total CL intensities, enabling higher spectral

resolution to be attained. For this reason, a SEM intended for CL use should

provide the largest possible maximum electron beam current (1 µA at least).

Cathodoluminescence offers a contactless and relatively “nondestructive”

method for microcharacterization of luminescent materials. Some clarifica-

tion of the term “nondestructive” is, however, required. Often an analysis

is considered to be nondestructive if the physical integrity of the material

remains intact. However, in certain cases electron irradiation may ionize

or create defects and so alter the electronic properties of the material

temporarily or permanently. Exposure of a sample to the electron beam

in a scanning electron microscope, especially at high currents, results in the

growth of an amorphous carbon film due to the decomposition of hydrocarbon

molecules, which are always present in small quantities in the SEM chamber.

This growth is induced mainly by secondary electrons backscattered by atoms

of the sample. Therefore, long exposures will result in a “degradation” of the

sample as the presence of the carbon film reduces the optical response from

the solid. This unwanted effect of carbon film deposition was, however, used

to demonstrate “nano-welding” of complex 3D objects with electron beam

on a substrate [74].

The mechanisms leading to the emission of light in a solid are similar for

different forms of the excitation energy. Cathodoluminescence and other

luminescence phenomena, such as photoluminescence (PL), yield similar

results with some possible differences associated with the details of the
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excitation of electron-hole pairs, for example in the generation rate and

excitation volume. Electron beam excitation in general leads to emission by

all the luminescence mechanisms present in the solid. One of the fundamental

differences between CL and PL is that, whereas a photon generates only one

electron–hole pair, one 20-keV electron, for example, can generate thousands

of electron–hole pairs in the generation volume, which is usually several

microns in diameter. In order to clarify the specifics of the quantitative

interpretation of the cathodoluminescence spectra, it is useful to compare it

with another technique, utilizing the detection of electromagnetic radiation

induced by a beam of electrons, the x-ray microanalysis.

Characteristic x-rays are emitted due to electronic transitions between

sharp, inner-core levels (Fig. 3.2). The lines, therefore, are narrow, char-

acteristic of the particular chemical element, and are unaffected by the

environment of the atom in the lattice. In addition, there is a general rule for

identifying the element using Moseley’s law, which relates the frequency ν of

an x-ray line to the atomic number Z (ν ∼ Z2). The CL signal is formed by

detecting photons of the ultraviolet, visible, and near-infrared regions of the

spectrum. These photons are emitted as the result of electronic transitions

between the conduction and valence bands and levels lying in the band gap

of the material (Fig. 3.2).

Energy

Conduction band

Interactomic
spacing

CL

X-ray

Valence band

Figure 3.2: Energy band diagram of a one-dimensional lattice [66].
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Many useful signals in these cases are due to transitions that involve

impurities and a variety of defects. Therefore, there is no general rule,

analogous to Moseley’s law, that would serve to identify bands or lines in the

CL spectrum. The influence of defects of the surface and various external

perturbations, such as temperature, electric field, and stress, have to be

considered in the analysis of the CL signal. Correction of CL signals for

all the factors that may affect the emission of photons from a material is a

formidable task compared with the analogous ZAF correction procedure for

x-ray photons (the correction for the atomic number Z, the absorption A

and fluorescence F ). The ZAF correction can be easily performed in most

cases using a computer. In comparison, quantitative CL analysis is still in

its infancy because of the lack of any generally applicable theory for the wide

variety of possible types of luminescence centers and radiative recombination

mechanisms. In addition to these problems, luminescence can describe only

radiative emission processes. Nonradiative recombination events, such as

excitation of surface plasmon polaritons (SPP), can be deduced only from

CL images, provided the contrast between radiative and nonradiative sites is

sufficiently strong. However, the geometrical modification of the surface of

a solid, for example, a diffraction grating, allows controlled energy transfer

from the nonradiatively excited SPPs into electromagnetic radiation through

the decoupling of surface plasmon polaritons into electromagnetic radiation.

To summarize, a comprehensive theoretical description of the lumi-

nescence centers and processes is complex, and thus presenting a unified

theoretical description of quantitative CL analysis that can be correlated

with experimental data at this junction is a formidable task. However,

the cathodoluminescence technique measurements performed on a specially

designed metal surface can reveal one of the nonradiative CL mechanisms of

particular interest to this research — surface plasmon polaritons.

The excitation of light from a solid with a beam of electrons imposes

certain conditions on the experimental setup aimed at the research of the

subject. A scanning electron microscope (SEM) with high electron beam

current and a wide range of energies is a favorable candidate for a base

of the experimental setup allowing such measurements. As the cathodo-
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luminescence is one of many energy channels to which the energy of the

primary electron beam can be transferred to, the efficient light collection

and analysis system is among the necessary requirements. The experiment

setup according to the above mentioned requirements is described in the

following Section.

3.3.2 SEM with modified CL system

The probing of the optical properties of a nanostructure with an electron

beam consists of three main steps: bombardment of the sample with the a

beam of free electrons of selected energy and current, collection of induced

radiation, and analysis, i.e. acquisition and processing of the obtained spectra

of the electron beam induced light emission from the nanostructure. Despite

the wide variety of equipment available these days to fulfill each of these

steps, the choice of the vital components for the system for the experiment,

as outlined in the previous Section, is quite limited.

CamScan CS 3200 scanning electron microscope (SEM) with a LaB6

cathode and a cathodoluminescence (CL) system was selected as a base

of the experimental setup (Fig. 3.3). The electron beam generated by the

SEM has a wide variety of accelerating voltages (1–50 keV) and very high

beam currents (up to 15 µA). The original cathodoluminescence system

of the SEM, consisting of a parabolic mirror for light collection from a

sample, a transparent window in the SEM chamber and a photomultiplier was

modified according to the task: the photomultiplier was replaced by a system

of lenses, focusing collected light onto slits of a Horiba Jobin Yvon spectrum

analyzer. The spectrum analyzer consists of a CP-140 monochromator and

a Symphony 1024 × 256 pixels FIUV Liquid Nitrogen cooled CCD array

(average quantum efficiency 40%), allowing acquisition of spectra in 350–

1150 nm region with exposure times up to 10 ms (Fig. 3.4).

The principle of the operation of the system is the following. The beam

of electrons of the selected energy and current is generated at the top of

the SEM column and directed by a system of magnetic lenses downwards

into the chamber, onto the sample (Fig. 3.4a). The light resulting from the
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bombardment of the sample with electrons is collected and analyzed by the

light collection system: the parabolic mirror directs the light through the

transparent window in the SEM chamber to the system of lenses, focusing

it on the slits of the spectrum analyzer. The first part of the spectrum

analyzer, the monochromator, expands the light into spectral components,

with a specially designed grating, onto a 1024 × 256 CCD array (Fig. 3.4b).

The image from the CCD array is averaged along the y-axis, giving the 1024

point spectrum of collected light. Specific details on generation, modes of

operation of the electron beam and light collection by a parabolic mirror are

given below.

Parabolic
mirror

SEM

Light

Monochromator
SEM chamber

Sample

CCD array

Electron beam

Lenses

Transparent
window

Figure 3.3: Schematic of the experimental setup for probing the optical properties
of nanostructures with an electron beam. A beam of electrons, generated in the
SEM column, is directed downwards to the sample. The light generated by the
electrons on the sample is collected by the narrow-angle parabolic mirror and
directed outside the microscope chamber through the transparent window. The
system of lenses focuses the light onto slits of the monochromator connected to

the CCD array, where the light is detected and its spectra acquired.

In a scanning electron microscope the beam of electrons is generated at

the top of the microscope column within a cathode. Two types of cathode

are supported in the scanning electron microscope used in the experimental

setup: tungsten and LaB6. The tungsten cathode is a twisted thin tungsten
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wire heated by a current ∼ 2 A. Tungsten cathodes are inexpensive and

easy to use, although they provide relatively poor electron intensity and the

resulting beam diameter, determining the resolution, is significantly larger

than for LaB6 cathode. The latter consists of a pyramid-shaped microscopic

crystal of lanthanum hexaboride (LaB6) and electrodes supplying currents

similar to ones used in the operation of a tungsten cathode. The operation

of that type of cathode requires ultra high vacuum conditions with pressures

several orders of magnitude lower than in the SEM chamber. Such low

pressures are provided by a separate ion pump and are necessary in order

to minimise the degradation of the crystal. The advantages of the LaB6

cathode — high intensity and small diameter of the generated electron

beam — make it the favorable candidate as a source of electrons for probing

the optical properties of nanostructures.

Two modes of the SEM operation were used for the experiments: the

scanning mode and the spot mode. The scanning mode is the basic mode

of an electron microscope used to produce an image of the sample. In the

scanning mode the position of the beam is moved in an automatic regime

controlled by the SEM software. The beam continuously repositioned in

an orderly fashion inside the rectangular area of a sample with the selected

resolution and frequency. In this mode the imaging of the sample with the

secondary electron detector along with the acquisition of the generated light

spectrum is available. In the spot mode the electron beam is stationary and

focused into a spot on the sample. The beam can be re-positioned manually

allowing probing different areas of the sample. The imaging of the sample

is not possible in the spot mode and the manual re-positioning can be done

with the help of an image of the sample taken before entering the mode. The

scanning electron microscope uses electron beams up to 10 nm in diameter

allowing imaging and probing of structures with a nanoscale resolution.

The interaction of electrons with matter, as detailed in Section 3.3.1, is

a very complex process. The energy of the primary electron beam can be

transferred into the excitation of other electrons (secondary, backscattered,

Auger etc.), photons (cathodoluminescence), x-rays, etc. For that reason,

the probing of the optical properties of nanostructures requires an efficient
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light collection system. As the light emitting region on the nanostructure

excited by electron beam does not normally exceed 1 × 1 µm, the efficient

collection of light can be realized with a parabolic mirror.

SEM
column

SEM
chamber

LaB6 cathode

(a)

(b)
CCD cooling tower

CCD

Monochromator

LensesTransparent
window in the
SEM chamber

Figure 3.4: Experimental setup for probing the optical properties of nanostructures
with an electron beam. Side view of the SEM with a modified light collection
system (a): electron beam generated by LaB6 cathode on top of the SEM column
is directed downwards to the sample in the SEM chamber. (b) top view of the
part of the light collection system outside the SEM chamber: system of lenses,

monochromator and CCD array with liquid nitrogen cooling tower.

A mirror of parabolic shape operates very similarly to a convex lens.

Should the point source be placed in a certain point in space, called the

focus of the parabolic mirror, the mirror will redirect the radiation from the

source into a parallel beam (Fig. 3.5a).

The alignment of the light emitting part of the sample and the focal

point of the mirror is paramount for the performance of the whole light

collection system. The position of the focus in the plane of the sample (x-y

plane) was aligned with the centre of the electron microscope column by the

manufacturer. Vertical axis alignment (z axis along the electron beam) can be

performed by a motorized stage, on which the mirror is mounted (Fig. 3.5b).
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The stage movements can be controlled from the outside of the SEM chamber

and the optimal position of the mirror (full alignment of the focus and the

emitting region of the sample) is achieved by maximizing the optical signal

from the sample. The parabolic mirror in the described setup has 3 × 5 cm

linear dimensions and a 5 cm focal distance.

Point source

a

Motorized stage

b

Parabolic mirror

Parabolic mirror

Sample

Parallel

beam

Figure 3.5: Operation of the parabolic mirror (a): light emitted by a point
source located in the focus of the parabolic mirror is reflected as a parallel beam.
A picture of the parabolic mirror used in the experimental setup to probe the

optical properties of nanostructures with an electron beam (b).

The investigation of non-conducting samples in electron microscopes is

not always possible (without major modifications of the surface of the sample,

such as deposition of conducting films) due to inevitable charging of the

sample which results in the distortion of the electromagnetic field in the

vicinity of the sample and unpredictable variations in the results. However,

the electron microscope used in this experimental setup allows for the probing

of optical properties of non-conducting samples by discharging them with

low-pressure gas supplied into the chamber. Although such study is far

beyond the performed research, it is worth mentioning that the developed

technique is not limited to the metallic nanostructures.

3.3.3 Calibration and quantum efficiency of the light

collection system

The light collection system used in the experimental setup described above

consists of several elements that will inevitably modify the spectrum of the
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light before it reaches the CCD array of the spectrometer. Even then as

the spectral efficiency of the array is non-uniform in the required range,

the detected spectrum will be distorted. To avoid contributions of the

components of the light collection system, it was calibrated.

The calibration of the light collection system was performed using an

Ocean Optics LS-1 tungsten halogen broadband white light source. The spec-

trum analyzer, consisting of the spectrometer and the monochromator, was

calibrated by comparing the LS-1 spectrum measured by direct illumination

of the monochromator slits, with the spectral efficiency of the source provided

by the manufacturer (corresponding spectra are presented in Figure 3.6a).

The result was compared to a theoretical prediction of the spectrum efficiency

of the spectrum analyzer obtained as a product of spectral efficiencies of the

monochromator and the CCD array provided by the manufacturer. It was

found that the experimental spectral efficiency of the monochromator and

spectrometer, obtained in the experiment, and theoretical curve correlated

remarkably well, giving similar dependency.
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Figure 3.6: Calibration of the light collection system with broadband light source
and optical fibre. Spectra of the source measured by direct illumination of the
monochromator slits (black curve, a) and of the source provided by the manu-
facturer (red curve, a), giving the spectral efficiency of the monochromator and
spectrometer. Spectra of the light collected from the end of the fibre by the light
collection system (black curve, b) and of the fibre illuminating the slits of the
monochromator directly (red curve, b), giving the spectral efficiency of the mirror,

window and the lenses. Calibration curve of the light collection system (c).
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Calibration of the part of the light collection system before the spectrum

analyzer, consisting of the parabolical mirror, transparent window in the

SEM chamber and a set of lenses, was performed by the LS-1 with a single

mode optical fibre. The point light source, necessary for the performance of

the parabolic mirror, was realized with the tip of the optical fibre, illuminated

by LS-1. The spectral efficiency of the mirror, window and lenses was

measured as a ratio between the spectrum of light collected from the end

of the fibre by the system and the spectrum of the fibre illuminating the

slits of the monochromator directly (corresponding spectra are presented in

Figure 3.6b). The spectrum calibration curve for the whole light collection

is a product of a spectral efficiency of the monochromator–spectrometer and

the mirror–window–lenses parts (Fig. 3.6c). By dividing every measured

spectrum by the obtained spectral efficiency of the light collection system it

was possible to acquire undisturbed results.

The quantum efficiency of the light collection system was estimated

both theoretically and experimentally. The quantum efficiency of the light

collection system is the ratio between the energy of the photons leaving point-

like source in the solid angle of 2π and the energy detected by the CCD array

of the spectrum analyzer as the result of the collection and propagation of

that light through the system. The theoretical approach takes into account

geometrical properties of the mirror and narrow slits of the monochromator

along with efficiencies of the spectrometer provided by the manufacturer. The

experimental approach is based on the measurement of the power of the LS-1

broadband white light course with the attached single mode fibre through the

light collection system of the experimental setup and by a calibrated power

meter. Both estimates give the approximate value of 10−5 for the quantum

efficiency of the system.

The spectral resolution of the system is defined by the size of the CCD

array of the spectrum analyzer in the direction of the expansion of light

by the monochromator grating. The spectrum analyzer allows measuring

spectra in 350–1150 nm region and the measured spectra consist of 1024

points. Therefore, the spectral resolution is roughly 0.8 nm.
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One of the main disadvantages of the light collection system described

above, is the long focal distance of the parabolic mirror allowing only

narrow-angle light collection. This decreases the quantum efficiency of the

system. However, the narrow angle of light collection can be turned into an

advantage when it comes to the interpretation of the results: the fact that

the light decoupled by a diffraction grating is collected in a narrow range of

angles allows for distinguishing between different orders of decoupling, which

otherwise would be complicated by overlapping of orders (see Section 3.5).

The quantum efficiency of this system was sufficient enough to perform the

work described in this Chapter. For the next stage of the research, presented

in Chapters 4 and 5, the parabolic mirror was replaced by a more efficient one

with 1 mm focal distance. In those Chapters the parabolic mirror described

in this Section is denoted as a “narrow-angle” parabolic mirror, as opposed

to a “wide-angle” mirror with a short focal distance.

Despite the fact that the spectrum analyzer is capable of resolving spectra

in 350–1150 nm wavelength range, the wavelength interval for the obtained

spectra had to be reduced to 350–1000 nm. This was done due to an

extremely poor singal/noise ratio in the resulting differential spectra for the

wavelengths above 1 µm from the samples used in the study.

3.3.4 Spatial resolution of the system

The spatial resolution of the experimental setup, described above, is largely

affected by the electron beam size, the size of the generation volume, which

is related to the beam penetration range in the material, and the minority

carrier diffusion. Additional factors such as a low signal-to-noise ratio,

vibrations, and electromagnetic influence may degrade the resolution in

practice.

A minimal signal-to-noise ratio is required for the probing of the optical

properties with the electron beam. This depends on detector sensitivities

and electronic system noise levels. This, in turn, determines the minimum

signal intensity necessary to get pixel brightness above the noise level for
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reliable data processing. A certain beam power will be necessary in order to

excite that level of signal for any given specimen.

The size of the electron beam decreases with the decrease of the beam

current and the increase of the beam voltage. For example, the electron beam

diameter for a 30 keV beam generated by the LaB6 cathode is approximately

4 nm for an electron probe current of 10−5 µA, increasing to about 25 nm

for 10−3 µA and to about 300 nm for 1 µA [66]. Secondary electrons have

the smallest generation volume, with a diameter little larger than the probe

diameter. Thus, the secondary electron images of the sample can be used to

determine the size of the electron beam [68], following the simple procedure

described below.

The size of the electron beam can be estimated by imaging the “test

sample”: a metallic film with structures of a known range of sizes on it, with

the minimal geometrical feature size less than that of the electron beam.

The smallest resolved feature in the image would give an estimate of the

beam size. In the absence of such sample, this can be done by analyzing the

secondary electron image of a step-like structure (Fig. 3.7). The edge of one

of the 50 nm high ribs of the 400 nm period diffraction grating manufactured

on a gold surface can be used as a step-like structure. Consider the area A

in the vicinity of the edge of the rib (Fig. 3.7a). By averaging the signal

along the y-axis, one can obtain a distribution of the signal along axis xA.

Assuming that the edge of the grating is ideal and is indeed a sharp step, the

obtained curve would represent the integral of the step by an electron beam

of a finite size. The size of the electron beam dbeam can be determined as the

distance between the minimum (the bottom part of the step) and maximum

(the top part of the step) values of the curve (Fig. 3.7b). For the electron

beam used for imaging (electron beam energy 40 keV, current 0.01 µA) the

obtained estimate of the electron beam size is dbeam = 150 nm.

In practice, at low electron currents, the spatial resolution of the cathodo-

luminescence is determined by the size of the excitation volume necessary to

satisfy the signal-to-noise ratio requirement. Increasing the electron beam

energy improves the signal-to-noise ratio, but it also produces a larger excita-

tion volume. For larger values of the electron probe current (approximately
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Figure 3.7: Determination of the size of the electron beam from a secondary
electron image of the step. Secondary electron image of the 400 nm period grating
with area A in the vicinity of the edge of the rib, representing the step (a). White
areas correspond to ribs of the grating, and black areas are spaces between ribs.
Average signal distribution in the area A along axis xA (b) is the step-like profile of
the grating integrated by the electron beam of size dbeam, which can be determined
as the distance between points of minimum and maximum signal in the averaged
signal curve: dbeam = 150 nm (electron beam energy 40 keV, current 0.01 µA).

0.1 µA and greater), the incident beam diameter becomes larger, comparable

to that of the generation volume. In most inorganic solids, a CL spatial

resolution of the order of 1 µm or less can be achieved.

The electron beam current can be determined using a Faraday cup built

into the microscope. A Faraday cup is a retractable conducting metal

chamber in the SEM column which intercepts the electron beam before it

hits the sample. The electric charge, induced by the electrons on the metal

surface of the chamber is measured giving the current of the electron beam.

The equipped Faraday cup allows for measuring beams with currents as low

as 1 pA (10−12 A).

The experimental setup presented in this Section, allows for probing

the optical properties of nanostructures with the resolution of the scanning

electron microscope. The system was used to demonstrate that a beam of

free electrons creates a highly localized source of propagating surface plasmon

polaritons on both a diffraction grating (Section 3.5) and an unstructured
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metal film (Section 3.6). The theoretical description of the surface plasmon

polaritons (SPPs) and the decoupling of SPPs by a diffraction grating, vital

for the interpretation of the experimental results, is presented in the following

Section.

3.4 Theory of surface plasmon polaritons

Theoretical description of surface plasmon polaritons and localized surface

plasmons on a metal–dielectric interface is provided in this Section follow-

ing [75, 76]. It is shown that only p-polarized surface plasmon polaritons can

exist on a metal–dielectric interface, and the conditions of the SPP are found.

The impossibility of direct light decoupling into SPP is demonstrated and

the decoupling of the SPPs into light by a diffraction grating is discussed.

Parameters of surface plasmon polariton propagation along a metal–dielectric

interface, decay length and depth of propagation into metal, are derived.

3.4.1 The surface plasmon polariton condition

Consider a system consisting of a dielectric material characterized by an

isotropic, real and positive dielectric constant ε1, occupying half space x > 0.

The half space x < 0 consists of a metal, characterized by an isotropic,

frequency-dependent and complex dielectric function ε2(ω) = ε′2(ω)+ iε′′2(ω),

as shown in Figure 3.8. Both media are considered to be non-magnetic.

The electromagnetic field of a surface plasmon polariton at the interface of

such dielectric-metal system can be obtained from the solution of Maxwell’s

equations in each medium:

∇× Hi = εi
1

c

∂

∂t
Ei (3.1)

∇× Ei = −1

c

∂

∂t
Hi (3.2)

∇ · (εiEi) = 0 (3.3)

∇ · (Hi) = 0, (3.4)
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and the associated boundary conditions:

n× (E2 − E1) = 0, n × (H2 −H1) = 0 (3.5)

along with the normalization to the infinity condition:

E1|∞ = E2|∞ = 0, H1|∞ = H2|∞ = 0. (3.6)

Here index i describes the media: i = 1 for the dielectric and i = 2

for the metal. Pairs of (Ei,Hi) denote electric and magnetic fields in the

corresponding media. The boundary conditions express the continuity of the

tangential components of the electric and magnetic fields across the interface,

and the vanishing of these fields infinitely far from the interface is guaranteed

by the equation (3.6).

y

x ε1

ε2(ω) = ε′2(ω) + iε′′2(ω)

kSPP

Metal

E1x

H1y

|E1|

|E2|

Figure 3.8: Surface plasmon polariton wave kSPP exists only in TM configuration of
electromagnetic field (electric field E perpendicular and magnetic field H parallel to
the surface), often referred to as p-polarization, on the metal–dielectric interface.
The amplitude of the SPP wave |Ei| decays exponentially on each side of the

interface.

First consider a p-polarized (transverse magnetic or TM) wave in this

structure that propagates along the metal–dielectric interface in the y direc-

tion. For a wave of this polarization the magnetic vector is perpendicular to

the plane of incidence — the plane defined by the direction of propagation

and the normal to the surface. The solutions of Maxwell’s equations that

are wavelike in the x-direction and whose amplitudes decay exponentially

with increasing distance into each medium from the interface y = 0 can be
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written as:

Ei = (Eix, 0, Eiz) e
−ki|x|e−iqiy−iωt, (3.7)

Hi = (0, Eiy, 0) e−ki|x|e−iqiy−iωt. (3.8)

Here qi is the magnitude of a wave vector that is parallel to the surface.

Magnitude of vectors k1 and k2 determine the decay of the electromagnetic

field with increasing distance from the surface. Introducing equations (3.7)

and (3.8) into Maxwell’s equations for each media (3.1)–(3.4), one can obtain:

ik1H1y = +
ω

c
ε1E1x, ik2H2y = −ω

c
ε2E2x (3.9)

and:

ki =

√
q2
i − εi

ω2

c2
(3.10)

Using boundary conditions (3.5) and Equations (3.9), the following system

of equations can be derived:

k1

ε1
H1y +

k2

ε2
H2y = 0,

H1y −H2y = 0,

which has a solution only if the determinant is zero, i. e.

k2

k1
= −ε2

ε1
. (3.11)

This equation is the surface plasmon condition.

If, for the moment, we assume that the dielectric function of the

metal ε2(ω) is real (ε2(ω) = ε′2(ω)), then wave vectors k1 and k2 must

be real and positive in order for equations (3.7) and (3.8) to describe a

surface electromagnetic wave. It follows, therefore from equation (3.11)

that ε′2(ω) must be negative for this surface plasmon wave to exist. For

these frequencies ω the wave vector of a volume electromagnetic wave is

purely imaginary. Thus such surface electromagnetic waves exist only in the

frequency range where volume electromagnetic waves cannot propagate in a

metal.
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From the boundary conditions (3.5) it also follows that the surface wave

vector q should be continuous, i. e. q1 = q2 = q. Hence, the explicit

expression for the wave number of the surface plasmon polariton kSPP = q

as a function of ω can be obtained from equations (3.10) and (3.11):

kSPP(ω) =
ω

c

√
ε1ε2(ω)

ε1 + ε2(ω)
, (3.12)

where ω/c represents the magnitude of the light wave vector. The obtained

relation (3.12) is valid even when ε2(ω) is complex. Although dielectric

functions ε2(ω) are available for many metals, it is easier to illustrate the

preceding result using the free electron model of the dielectric function:

ε2(ω) = 1 −
ω2

p

ω2
.

Here ωp is the frequency of bulk longitudinal electron excitations, the plasma

frequency. The corresponding dispersion curve of the surface plasmon po-

lariton kSPP(ω), calculated for a gold–dielectric interface in the wavelength

range λ = 0.3–6 µm assuming ωp = 1.38 × 1016 s−1 and (ε1 = 2.6), is shown

in Figure 3.9.

It can be seen that the propagating surface plasmon wave can not radiate

into the dielectric medium as the wave vector kSPP exceeds the wave vector

ω
√
ε1/c of light at all frequencies as the curve kSPP(ω) always lies below

ω = ckSPP/
√
ε1. The reverse statement is also true: surface plasmon polari-

tons can not be excited on a metal surface with conventional illumination

from the adjacent dielectric due to the mismatch between the wave vectors

of incident radiation and SPPs.

The dispersion curve for surface plasmon polaritons (Fig. 3.9) also shows

that at high values of ckSPP/ωp the dispersion curve has an asymptote

ω = ωp/
√

(1 + ε1). It corresponds to an important subclass of surface

plasmon polaritons — surface plasmons. These can be viewed as the limiting

case of surface plasmon polaritons when the speed of light is allowed to

become infinitely large. Alternatively, and equivalently, they are obtained

from solutions of Laplace’s equation for a scalar potential that propagate

in a wavelike fashion along a planar dielectric–metal interface, and whose
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amplitudes decay exponentially with increasing distance from the interface

into each medium. Surface plasmons are therefore electrostatic surface waves.

One can think of them as related to non-propagating collective vibrations of

the electron plasma near the metal surface.
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Figure 3.9: Dispersion curve kSPP(ω) of a surface plasmon polariton propagating
on a gold–dielectric (ε1 = 2.6) interface in the range of wavelength λ = 0.3–6 µm.
The free electron model of the dielectric constant ε2(ω) was used for gold (ωp =
1.38× 1016 s−1). Also plotted is the dispersion of light (ω = ωp/

√
(1 + ε1)) in the

dielectric medium, and the corresponding surface plasmon frequency.

Due to ohmic losses in the metal, characterized by the imaginary part

of the dielectric function of the metal (ε′′2 > 0), the energy carried by a

surface plasmon polariton decays exponentially as the SPP propagates along

the planar dielectric-metal interface. The 1/e decay length, called the the

energy propagation length LSPP, is determined by the imaginary part of the

magnitude of the SPP wave vector:

LSPP =
1

2 ImkSPP
. (3.13)

The decay length of surface plasmon polaritons strongly depends on its

wavelength and dielectric function of the metal and ranges from nanometers

to tens of microns.
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Equations (3.7), (3.8) and (3.10) allow defining another important char-

acteristic of the surface plasmon polaritons — the depth of propagation into

the conductor, also known as skin depth:

δ =
1

2Rek2
=

(

2Re

{√
k2

SPP − ε2

(ω
c

)2
})−1

. (3.14)

The intensity of the SPP wave decays exponentially on both sides of the

metal–dielectric interface, therefore one can consider surface plasmon po-

laritons localized along the axis, perpendicular to the interface, in the skin

depth region δ of the metal. Typical values of δ for most metals used in optics

(such as gold, aluminium or silver) do not exceed a hundred nanometers in

the visible range of the spectrum.

Now consider an s-polarized (transverse electric or TE) wave in the

structure depicted in Figure 3.8. In a wave of this polarization it is the

electric vector that is perpendicular to the plane of incidence. Following the

procedure described for the TM mode, one can obtain the surface plasmon

condition for that polarization:

k1 + k2 = 0. (3.15)

Real parts of k1 and k2 are required to be positive in order for the electro-

magnetic wave to be localized at the metal–dielectric interface. Therefore,

condition (3.15) can not be fulfilled and s-polarized surface plasmon polariton

cannot exist in the structure depicted in Figure 3.8.

3.4.2 Decoupling of surface plasmon polaritons by

a diffraction grating

Consider a surface plasmon polariton with a wave vector kSPP propagating

along a metal–dielectric interface. At any given frequency the magnitude of

kSPP will be greater than of klight — the wave vector of light propagating

in the dielectric part of the system (Fig. 3.9). This mismatch between

wave vectors of SPP and light makes direct decoupling of surface plasmon

polaritons into light impossible. However, the mismatch (kSPP−klight) can be

78



Chapter 3. Generation of surface plasmon waves

compensated by a modification of the metal–dielectric surface, a diffraction

grating, and by that grating the SPPs can be decoupled into light in

a controlled way.

A grating fabricated on a metal surface facilitates decoupling of light by

providing a wave vector mismatch equal to an integer multiple of the grating

vector |kG| = 2π/a where a is the grating period:

kSPP − nkG = klight sin θ, (3.16)

where θ is the angle of the surface plasmon polariton decoupling with wave

vector kSPP into light klight. The process of decoupling in the forward direc-

tion, for positive angles of decoupling θ > 0, is illustrated in Figure 3.10a.

The backward decoupling will correspond to negative values of θ or, equally,

to the SPPs characterized by −kSPP wave vector (and negative orders of

decoupling n). As before, the surface plasmon polariton propagating on

the interface between a dielectric and metal is characterized by dielectric

functions ε1 and ε2(ω) respectively (see Section 3.4.1).

mkG/2

ε1ε1

ε2ε2

θ

nkG

klight
kSPPkSPP

(a) (b)

Diffraction gratingDiffraction grating

a

Figure 3.10: Decoupling of SPP with a diffraction grating in a forward direction, for
the negative angles of decoupling θ < 0 (a): the grating compensates the mismatch
between SPP and light wave vectors by a wave vector equal to an integer multiple
of the grating vector |kG| = 2π/a (a is the grating period). Excitation of Bragg
resonances on a diffraction grating by surface plasmon polaritons (b): the grating
modifies plasmon dispersion at frequencies ω = ωres given by the Bragg condition
kSPP = mkG/2. At those frequencies the decoupling of SPPs into light should be

inhibited by the grating.
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The angle of decoupling as a function of frequency can be derived from

equations (3.12) and (3.16):

θ(ω) =
c

ω
arcsin

(

Re

{
ω

c

√
ε1ε2(ω)

ε1 + ε2(ω)

}

− n
2π

a

)

, (3.17)

where ε1, ε2(ω) are dielectric functions of the dielectric and metal respec-

tively, a is the period of the grating and n is an integer number denoting

the order of diffraction (decoupling). The θ(ω) allows calculating directions

of the decoupling of SPPs by the grating and therefore allowing controlled

decoupling of SPPs of certain frequency in the selected direction varying the

period of the grating a. Unfortunately, a simple analysis of the efficiency

of the decoupling, depending on the height and ratio between high and

low elements of the grating, can not be performed in a way similar to

equation (3.17), and numerical methods should be applied to this problem.

The decoupling of propagating SPPs with a grating is also affected by

Bragg diffraction, intrinsic to the interaction of periodic structures with

waves of any kind. The grating modifies plasmon dispersion at frequencies

ω = ωres given by the Bragg condition kSPP = mkG/2, which can be

written as:

mkG/2 = Re{kSPP(ωres)} =
ωres

c
Re

[(
ε1ε2(ωres)

ε1 + ε2(ωres)

)1/2
]
. (3.18)

At frequencies ω = ωres the decoupling of SPPs into light is expected to be

inhibited by the grating. Excitation of Bragg resonances by surface plasmon

polaritons on a diffraction grating is illustrated in Figure 3.10b.

It has, therefore, been shown that only p-polarized surface plasmon

polaritons can exist on a metal–dielectric interface, and the conditions of

the SPP were found. Two major mechanisms controlling the decoupling of

surface plasmon polaritons by a diffraction grating have been identified and

described. The formulae allowing the prediction of peaks and troughs in the

decoupled spectra were derived.
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3.5 Light emission from a metal grating stim-

ulated with an electron beam

Interpretation of the cathodoluminescence spectra, as detailed in Sec-

tion 3.3.1, is extremely difficult due to the lack of any generally applicable

theory for the wide variety of possible types of luminescence centers and

radiative recombination mechanisms. The influence of defects, the surface,

and many other factors have to be considered in the analysis of the cathodo-

luminescence spectra. However, modifying the geometry of the surface of a

conductor in a certain way, allows extracting one of the energy channels of

cathodoluminescence that is of particular interest to this research: surface

plasmon polaritons (SPPs).

These SPPs can be decoupled into light by a microscopic grating manu-

factured on the metal film (Fig. 3.11), as described in the previous Section.

The decoupled light is then collected and analyzed by the light collection

Figure 3.11: Excitation of surface plasmon polaritons on a microscopic grating
manufactured on the metal film. An injection of a beam of free electrons on
the grating results in the excitation of SPPs with wave vector kSPP and their

decoupling as light klight by a grating.

system of the experimental setup (see Section 3.3). The evidence of the

excitation of the surface plasmon polaritons can be seen by comparing the

spectrum of the electron beam-induced light emission from an unstructured

metal surface, to that of the grating.
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The samples used were 250 nm thick gold films on a silicon substrate

which incorporated gratings with a period of 4.25 µm and 300 nm1. The

silicon substrates were first spin-coated with two polymer resins for lift-off

processing, then patterned using electron beam lithography and developed,

leaving the exposed areas clean down to the silicon substrate. This was

followed by molecular beam epitaxial deposition of a buffer layer of 10 nm

chromium and a 50 nm gold film, which after lift-off provided gold ribs

matching the design of the grating structure on the bare silicon. Finally a

200 nm layer of gold was sputtered onto the substrate, to provide a continuous

gold film, with the grating formed at the positions of the underlying array

of gold ribs. The rib height of the final gold grating was found to be

50 nm. The gratings consisted of 30 periods for 4.25 µm and 300 periods for

300 nm grating of 1 mm long ribs. The gratings were designed to maximize

decoupling of light in the backward direction (see Section 3.4.2), as shown in

Figure 3.11. The optimization of the design of the gratings was performed

by finite element simulations by Dr. A.V. Krasavin [77–79].

The experiments were first performed on a 4.25 µm period grating using

the scanning mode of the microscope (see Section 3.3.2), with 50 kV electron

beam of current 10 µA and a scan area of about 130 × 100 µm. Optical

emission of the unstructured gold surface was clearly seen in the experiments.

This is a combination of the d-band luminescence, as previously seen in

femtosecond photoluminescent experiments [80], transient radiation of the

collapsing dipoles formed by the electrons approaching the metal surface and

their oppositely charged mirror image, and the fluorescence of any residual

contaminants on the sample. These mechanisms of emission create a smooth

spectrum centered at about 700 nm (∼ 1.8 eV), shown as curve B in the

inset of Figure 3.12.

The emission spectrum of an unstructured gold surface was identical to

that of the grating with its ribs parallel to the direction towards the collection

mirror. However, when the grating was oriented with its ribs perpendicular

to the direction to the mirror, the emission was stronger than that of the

1The gratings were kindly manufactured by Dr. Yifang Chen, Rutherford Appleton

Laboratory Didcot, Oxon, OX11 0QX, United Kingdom
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Figure 3.12: Differential spectrum of light emission of a gold grating of period
a = 4.25 µm, oriented with its ribs perpendicular to the direction of the mirror
and excited by a beam of electrons of 50 keV energy at a beam current of 10 µA.
The inset shows non-normalized emission spectrum of (A) the grating and (B) the
unstructured gold surface. The differential spectrum is obtained by subtracting
spectrum B from spectrum A, hence implying that the differential spectrum only
consists of the impact of the grating, eliminating transient radiation and lumines-
cence of the gold film. Theoretical predictions of wavelengths at which optimum
detection of the decoupled radiation occur are indicated with the corresponding
diffraction orders n; Bragg resonances, at which the decoupling is expected to be
inhibited by the gratings, are indicated with corresponding resonance orders m.

unstructured gold and its spectrum showed some pronounced modulations

(curve A in the inset of Figure 3.12). The difference (solid black curve in

Figure 3.12) in detection of emission is explained by the directionality of the

decoupling of the traveling SPPs, which only in the latter case are decoupled

into light directed towards the detection system.
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The detected spectra of decoupled surface plasmon polaritons can be

interpreted using theoretical approach described in Section 3.4.2. Equa-

tion (3.16) allows obtaining spectral distribution of decoupling angles for

surface plasmon polaritons on a grating with period a. It can be written as:

Re{kSPP(ω)} − nkG =
ω

c
sin θ(ω). (3.19)

Here kSPP, kG = 2π/a and ω/c are wave vectors of the surface plasmon

polariton, the grating and electromagnetic radiation decoupled at angle θ,

respectively. Equation (3.19) is a momentum conservation law applied to

the decoupling of surface plasmon polaritons by a grating, illustrated in

Figure 3.13a. The orientation of wave vectors in Figure 3.13a was changed,

as compared to Figure 3.10, to reflect the geometry of the experimental setup

and the process of decoupling, which predominately occurs in the backward

direction (see Section 3.4.2).

Equation (3.19) allows determining the angle of decoupling θ for wave-

length λ = 2πc/ω and diffraction order n. However, as can be seen from

Figure 3.13a, the decoupled electromagnetic radiation can not be detected at

all angles: the parabolic mirror allows detection in the −82◦ < θ < −57◦

range with optimum angle of detection θmax = 70◦. By plotting θ(λ)

dependence together with acceptance window of the mirror one can predict

the position of the peak in the decoupled spectra: the intersection between

θn(λ) and θmax gives the wavelength λn at which a maximal plasmon emission

is expected for the nth order of diffraction, as illustrated for the a = 4.25 µm

grating in Figure 3.13b.

White areas in the θ(λ) axis represent the acceptance windows for both

backward (kSPP) and forward (−kSPP) decoupling (see Section 3.4.2). The

red horizontal line in the middle of each acceptance area is the optimal angle

of detection θmax = −70◦. Grey areas correspond to angles of decoupling not

accessible by the parabolic mirror, and therefore, the decoupled radiation is

not detected for these θ(λ). Colored curves in Figure 3.13b are spectral

dependencies θ(λ) for angles of decoupling n = 1–22 of the diffraction

grating a = 4.25 µm, according to equation (3.19).
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Figure 3.13: Prediction of the peaks in a detected spectrum of surface plas-
mons generated with the electron beam and decoupled by a 4.25 µm period
gold grating. The grating facilitates decoupling of light by providing a wave
vector mismatch equal to an integer multiple of the grating vector kG so that
kSPP − kG = klight sin θ (a). The parabolic mirror, collecting light decoupled by
the grating, has an acceptance angle in the range of −82◦ < θ < −57◦, limiting
the frequencies at which decoupled SPPs can be detected (a). The wavelengths
at which the interception of the θn(λ) curve with the red horizontal line in the
acceptance window, which denotes the optimum angle of decoupling θmax = 70◦,
occurs, should correspond to the wavelengths of local maxima in the detected

plasmon spectra (b).
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It can be seen that orders n = 1–8 do not contribute to the detected

spectra of backward decoupled SPPs, and only the first order of the forward

decoupled SPPs contributes to the detected spectrum. Most of the intersec-

tions between θn(λ) and θmax in the backward decoupling acceptance window

occur for diffraction orders n = 9 onwards. Each of those intersections gives

a position of the peak which is likely to be observed in the experimental

spectrum of surface plasmon polaritons decoupled by the grating.

In the spectrum shown in Figure 3.12, the peak wavelengths at which

optimum detection of the decoupled radiation occur are indicated with the

corresponding diffraction orders n. One can clearly see that, as expected,

peaks in the emission spectrum to a high degree coincide with the predicted

values for efficient SPP emission. One also can also observe several dips

in the emission spectrum and even wavelengths at which the emission from

the grating is less intense than that of unstructured gold. This is believed

to result from the modification of the plasmon dispersion by the grating at

frequencies ω = ωres given by the Bragg condition (see Section 3.4.2):

mkG/2 = Re{kSPP(ω)} =
ω

c
Re

[(
ε(ω)

1 + ε(ω)

)1/2
]
, (3.20)

where m is a positive integer describing the resonance order. Here ε(ω) is the

complex-valued permittivity of gold. Corresponding wavelengths of Bragg

resonance are in Figure 3.12 presented for various values of m, indicating

that the SPPs at Bragg resonance are either badly coupled to light or their

generation by the electron beam is inhibited by the grating.

The excitation of surface plasmon polaritons by an electron beam has also

been performed on a 300 nm period grating using the electrons of the same

energy and current as for the 4.25 µm grating. A much shorter period of the

grating results in the dramatic reduction of the number of diffraction orders

in the spectra of the decoupled surface plasmons in the selected spectral

range, as illustrated in Figure 3.14. The described theoretical method for

finding peaks in the detected spectra predicts a single peak at 601 nm for the

grating, as confirmed by the experiment (Fig. 3.15). Here again, the spectrum

of decoupled plasmons (black curve) was obtained as the difference between
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the light emission from the grating (curve A on the inset) and unstructured

gold film (curve B on the inset). The peak wavelength at which optimum

detection of the decoupled radiation occur is indicated with the corresponding

diffraction order n = 1 and corresponding wavelengths of Bragg resonance

presented for various values of m.

Figure 3.14: Prediction of the peaks in a detected spectrum of surface plasmons
generated with an electron beam and decoupled by a 300 nm period grating. The
grating facilitates decoupling of light by providing a wave vector mismatch equal to
an integer multiple of the grating vector kG so that kSPP−kG = klight sin θ (a). The
parabolic mirror, collecting light decoupled by the grating, has an acceptance angle
in the range of −82◦ < θ < −57◦, limiting the frequencies at which decoupled SPPs
can be detected (a). The wavelengths at which the interception of the θn(λ) curve
with the red horizontal line in the acceptance window, which denotes the optimum
angle of decoupling θmax = 70◦, occurs, should correspond to the wavelengths of

local maxima in the detected plasmon spectra (b).

It has therefore been indirectly demonstrated that the electron beam

indeed creates propagating surface plasmon polaritons on a structured metal

film. The experimental results are supported by theory predictions consider-

ing the decoupling of SPPs by a grating into a certain direction. The direct

excitation of propagating surface plasmon polaritons with electron beam is

detailed in the following Section.
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Figure 3.15: Differential spectrum of light emission of a gold grating of period
a = 300 nm, oriented with its ribs perpendicular to the direction of the mirror
and excited by a beam of electrons of 50 keV energy at a beam current of
10 µA. The inset shows non-normalized emission spectrum of (A) the grating
and (B) the unstructured gold surface. The differential spectrum is obtained by
subtracting spectrum B from spectrum A, hence implying that the differential
spectrum only consists of the impact of the grating, eliminating transient radiation
and luminescence of the gold film. Theoretical predictions of wavelengths at
which optimum detection of the decoupled radiation occur are indicated with the
corresponding diffraction orders n; Bragg resonances, at which the decoupling
is expected to be inhibited by the gratings, are indicated with corresponding

resonance orders m.

3.6 Excitation of surface plasmons on an un-

structured metal surface

In order to demonstrate the generation of traveling surface plasmon polariton

waves on an unstructured metal surface, their propagation and controlled

decoupling into light by a grating was studied, namely the dependence of the
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optical emission as a function of distance R between the excitation point and

the grating edge, as illustrated in Figure 3.16. This series of experiments

was performed using the spot mode of excitation (see Section 3.3), with a

spot diameter of about 1 µm (estimated using the technique described in

Section 3.3.4), on the same 4.25 µm and 300 nm period gratings. The large

spot size was used in order to allow higher beam current and more intense

peaks in decoupled light. The spectrum of the signal detected by placing

the electron beam at the edge of the 4.25 µm grating facing the mirror is

essentially the same as in the scanning mode over the grating, with the only

difference being that the negative values in the differential spectrum seen in

Figure 3.12 at about λ = 500, 870 and 950 nm do not appear, corroborating

with the idea that they are indeed relevant to the Bragg frequencies.

Figure 3.16: An injection of a beam of free electrons at a distance R from a grating
on a metal film results in the excitation of surface plasmons kSPP, propagating
towards the grating and decoupling into light klight. As the point of excitation is
moved away from the grating, the spectrum should gradually change and the SPP

component of emission diminish.

As the point of excitation is moved away from the grating, the spectrum

gradually changes and the SPP component of emission diminishes, as shown

in Figure 3.17 for 4.25 µm grating. The electron beam creates a source of

surface plasmon polaritons at a distance R from the grating, and the dimin-

ishing of the SPP component in the detected spectra is due to SPP decay
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over the distance R. For distances R > 50 µm the surface plasmon polariton

component disappears as SPPs dissipate before they can be decoupled by the

grating.

Figure 3.17: Decay of the SPPs as a function of distance R between the 4.25 µm
grating edge and the electron injection point. The differential spectra were
obtained by subtracting the spectrum sampled at R = 60 µm from the spectra
sampled at shorter distances. The inset shows normalized intensities of decoupled
SPP signal at different peak wavelengths as a function of distance R between the

edge of the grating and the point of excitation.

This graph also illustrates that SPP waves corresponding to different

parts of the emission spectrum decay with different pace (see inset into

Figure 3.17). For a point-like source, the in-plane plasmon intensity is pro-

portional to exp(−R/ξ)/R. Due to the detection system, collecting light in

a range of in-plane azimuthal angles, this leads to an exp(−R/ξ) dependence

for the decoupled and detected signal, giving the experimental attenuation

lengths ξ609 = 5 µm, ξ705 = 11 µm, and ξ832 = 45 µm. Indeed, plasmons cor-

responding to the vacuum wavelength of 609 nm shall be strongly attenuated

by losses in gold with damping length rapidly increasing towards the infrared
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part of the spectrum. This is also what was found in the experimental

data. However, the experimentally derived energy attenuation lengths are

somewhat shorter than predicted from the formula ξt = (2|Im{kSPP}|)−1,

derived in Section 3.4, and the bulk values of the dielectric coefficient of gold

(theoretical plasmon decay length are ξt
609 = 5.3 µm, ξt

705 = 21 µm, and

ξt
832 = 54 µm). This is explained by imperfections and granulation of the

gold surface, providing an additional source for plasmon scattering losses.

The excitation, propagation and decoupling of the plasmons has also been

demonstrated on a 300 nm grating. Plasmon emission spectra, obtained in

spot mode at different distances from the grating, are depicted in Figure 3.18.

The obtained value of the plasmon decay length (see inset in Figure 3.18)

on λ = 601 is 4 µm and is consistent with the value ξt
601 = 4.9 µm obtained

from the formula ξ = (2|Im{kSPP}|)−1.

Figure 3.18: Decay of the SPPs as a function of distance R between the 300 nm
grating edge and electron injection point. The differential spectra were obtained
by subtracting the spectrum sampled at R = 60 µm from the spectra sampled at
shorter distances. The inset shows normalized intensity of decoupled SPP signal
λ = 601 nm as function of distance R between the edge of the grating and the

point of excitation.
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Therefore it has been demonstrated that an electron beam indeed creates

a source of surface plasmon polaritons on an unstructured metal film. The

plasmons were detected by a controlled decoupling into light with a grating

at a distance from the excitation point. It was shown that the spectra of

the decoupled SPPs dissipates as the distance between the electron beam

and the grating increases. Moreover, SPP waves corresponding to different

parts of the emission spectrum decay with differing pace, allowing plasmon

decay length estimation. Obtained values of SPP decay lengths are consistent

with the ones predicted by theory, although experimental values were shorter

than theoretical. This is explained by imperfections and granulation of the

gold surface, providing an additional source for plasmon scattering losses.

The properties of the surface plasmon polariton source generated on an

unstructured metal surface by an electron beam, such as the mechanism

of generation, the power, the efficiency and the localization of the source are

detailed in the following Section.

3.7 SPP source generated on a metal surface

by an electron beam

All the observations, in particular the wavelength dependent decay of the

emission spectrum with the distance between the excitation point and the

grating, prove that electron beam excitation indeed provides a source of

SPPs. In this Section the main characteristics of the source are described in

detail.

3.7.1 Mechanism, efficiency and power of the SPP

source

The plasmon emission spectrum largely correlates with the spectrum of un-

structured gold emission as shown in graph B of Figure 3.12, suggesting that

the dominant contribution to SPP generation comes from the recombination

of d-band holes created by electron beam excitation [81], rather than from
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direct scattering of free electrons [82]. Therefore, it appears that the plasmon

emission spectrum, as is the case of the spectrum of luminescence, is also

strongly connected to the energy separation between d holes and the Fermi

surface [80]. The mechanism of the generation of surface plasmons using

Fermi surface formalism is depicted in Figure 3.19.
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Figure 3.19: Schematic representation of d → sp interband excitation and subse-
quent hole relaxation close to the L point of the band structure of gold. Electrons
are promoted from the d-band into the sp-band well above the Fermi level. The
holes in the d band undergo Auger scattering and hole–phonon scattering. Direct
radiative recombination of a d-band hole with an electron in the sp-band below the
Fermi surface or emission of a plasmon may occur. The PP subsequently decays

either radiatively or nonradiatively [81].

The bombardment of the metal film with free electrons results the in

generation of holes in the d-band of the film as a result of promotion of the

conducting electrons in the film to the sp-band. Subsequent recombination

of the d-band holes with the sp-band electrons occurs due to the Auger

and hole-phonon scattering of the holes in the d band and relaxation of the

electrons below Fermi energy. This recombination can result in the emission

of a photon or the generation of a plasmon, which can decay radiatively

or nonradiatively. At high excitation energy a large number of transitions
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near X and L points may be involved in forming the emission spectrum [83,

84], which also depends on the quality of the surface [85].

The efficiency of the generated plasmon source has been measured as a

ratio between the energy of the generated plasmons and the energy of the

corresponding electron beam. In a series of experiments performed in spot

mode on a 300 nm period grating the acceleration voltage of the electron

beam has been varied in the 5–45 keV range and the energy of the generated

plasmon source estimated. The results, depicted in Figure 3.20, show an

exponential decrease of the efficiency of the plasmons source with increasing

acceleration voltage that can be explained by reduction in the number of

electrons depositing energy in the skin layer of the metal film.

0

1

2

3

4

10 20 30 40 50
Acceleration voltage, kV

Plasmon power/E-beam power, a.u.

Beam
current

0.3-1.5 mA

Figure 3.20: Efficiency of plasmon generation by an electron beam as a function
of acceleration voltage measured as a ratio between a power of the plasmon source

generated on a 300 nm grating and the power of the electron beam.

From the experimental data, one can obtain an estimate of the order of

magnitude of the total power of the SPP source at the point of excitation.

At the electron beam current of 10 µA, or equivalently 6×1013 electrons per

second, the plasmon-related photons were detected at the rate of 5 × 105 s−1

across the spectrum. A rough estimate of the quantum efficiency of the

light decoupling, collection and detection system performed in Section 3.3,

is about 10−5. This corresponds to a SPP source with a total power of

10 nW, generating 3× 1010 SPPs per second at the point of excitation. The
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corresponding probability for a single electron to excite a SPP is then 3×10−4,

which is consistent with references [82, 86].

3.7.2 SPP source localization

Surface plasmon polaritons propagate on a metal–dielectric interface and

are tightly coupled to the boundary between two media. In the metal (as

well as in a dielectric) the intensity of the SPPs decays exponentially from

the interface. Therefore it can be assumed that the generation of surface

plasmon polaritons by an electron beam occurs in the top layer of the metal,

characterized by skin depth δ (see Section 3.4).

The localization of the source of SPPs created by a beam of electrons on

a metal surface largely depends on the size of the electron beam. However,

even if the incident electron beam was focused into a point, the SPPs would

still be generated at a distance from the point where it hits the surface. Three

factors leading to this can be considered.

First of all, the broadening of the electron beam inside the sample due

to the electron scattering (see Figure 3.21a). The amount bbr by which the

beam of energy E0 is expanded passing through a sample of thickness t, the

atomic number Z and the density ρ can be estimated [87] using the equation:

bbr ≈ (0.47 nm)(ρZ)1/2(100 keV/E0)[t/50 nm]3/2. (3.21)

The amount of electron beam broadening in the skin depth layer of the gold

film (t = 20 nm at λ = 500 nm) and 50 keV electron beam is bbr ≈ 10 nm.

The beam broadening can be made insignificant by using high acceleration

voltages or metals with small skin depths.

The second factor to be considered is the delocalization of electrons,

a well-known subject [88–91] in energy electron loss spectroscopy (EELS).

The problem can be illustrated by the following example: how far from a

silicon atom must the electron probe be before the Si edge can be detected?

The classical explanation was offered by Niels Bohr in 1913 [92]. The incident

electron is represented as a particle e− that interacts via the Coulomb force

with a bound atomic electron e−b , represented as a classical oscillator of
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angular frequency ω (see Figure 3.21b). Several pages of non-relativistic

mechanisms led to an expression for the energy loss ∆E of the incident

electron when the latter moves at speed v along an approximately linear

path with impact parameter b:

∆E(b) = ER(bω/v)2{[K0(bω/v)]
2 + [K1(bω/v)]

2}. (3.22)

Here ER = (k2
ce

4/E0)(1/b
2) is the Rutherford recoil energy that would be

imparted to a stationary free electron, kc = (4πε0)
−1 is the Coulomb constant

and K0 and K1 are modified Bessel functions. For b ≪ v/ω, the energy

exchange is approximately ER: the atomic electron has sufficient time to

move during transit of the incident electron and receives the same momentum

as a free electron. For b ≫ v/ω, however, the atomic eletron moves in

response to the electric field of the incident electron, resulting in very little

energy exchange, represented by the rapidly falling modified-Bessel terms

in Equation (3.22). Therefore the inelastic scattering is often taken to be

confined to impact parameters below v/ω and a localization range taken as:

bdel = v/ω. (3.23)

according to these classical physics arguments.

At distances beyond the Bohr’s cutoff bdel the target is “dynamically

screened”. The dynamical screening arises from the more slowly varying elec-

tric field seen at large distances, rather than any property of the intervening

medium and so will be expected in free space as well. Rigorous theoretical

considerations of the problem show that the classical model overestimates

the delocalization, although values of bdel given by Equation (3.23) are still

practical. In the considered case of broadening the SPP source, ω in the

Equation (3.23) is the frequency of the excited surface plasmon polariton.

For 50 keV electron beam and λ = 500 nm the delocalization parameter is

bdel ≈ 30 nm. The delocalization is a fundamental factor representing a

basic limit of the size of the generated source of surface plasmon polaritons,

imposed by the properties of the electron. Unlike the broadening of the

electron beam, it does not depend on the design of the microscope.
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Figure 3.21: Mechanisms contributing to the localization of the source of surface
plasmon polaritons generated by an electron beam on a metal surface. Broadening
of the beam of electrons e− in skin depth layer δ of the metal due to scatter-
ing bbr (a). Inelastic scattering of a fast moving incident electron e− on a bound
atomic electron e−b , according to the classical particle analysis of Bohr [92], is
confined to impact parameters below bdel = v/ω (b). The incident electron is
therefore delocalized due to the Coulomb interaction with bound atomic electrons.
Broadening of the SPP source due to the finite speed of the electron in the skin
depth layer of the metal (c). Within the time τ = δ/v it takes the electron e−

propagating with speed v to reach the bottom interface of the skin depth layer,
the SPP generated at the top interface propagates to the distance bδ = cτ .

The third mechanism relates to the finite speed of the electron, generating

SPPs, in the skin depth layer of the metal δ. Consider an electron propagat-

ing at speed v and generating surface plasmon polaritons at both top and

bottom interfaces of the skin depth layer whilst losing an insignificant part of

its energy. By the time τ = δ/v it will take the electron to propagate through

the skin depth layer of the metal, the surface plasmon polaritons generated

at the top interface of the layer will have propagated to the distance:

bδ = cτ = c
δ

v
, (3.24)

which will lead to the broadening of the SPP source, as illustrated in

Figure 3.21c. If the speed of the electron was infinite, the surface plasmon

polaritons generated at top and bottom interfaces of the skin depth would

start propagating at the same time, so the broadening of the SPP source

is zero. For a 50 keV beam the speed of the electrons is v ≈ 0.41c, so the

broadening of the SPP source due to the finite speed of the electron in the

skin depth is bδ ≈ 48 nm.
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The contribution of the beam scattering inside the sample, delocalization

of the electrons due to Coulomb interaction and broadening due to the finite

electron speed mechanisms to the localization of the source of surface plasmon

polaritons generated by the beam of free electrons on the gold film as a

function of electron beam energy is presented in Table 3.1. It should be

noted that the Equations (3.21), (3.23) and (3.24) used to estimate the

corresponding values were derived by elementary assumptions resulting in

overestimations of the input of each factor.

E, keV bbr, nm bdel, nm bδ, nm

5 93 11 144

10 47 16 103

20 23 22 74

30 15 26 61

40 12 29 53

50 10 33 48

Table 3.1: Parameters of SPP source localization on a gold film as a function
of electron beam energy E: broadening of the electron beam in the skin depth
layer bbr [Eq. (3.21)], delocalization of the electrons due to Coulomb interaction bdel

[Eq. (3.23)] and broadening of the source due to the finite speed of electron in the
skin depth layer bδ [Eq. (3.24)]. The presented values overestimate the contribution

of these mechanisms.

The broadening and the delocalization of the electron beam are the

basic limiting factors not only for the problem of SPP generation, but for

all scanning and transmission electron microscopy techniques. However,

subnanometer measurements with these techniques has been demonstrated

suggesting that those basic limits can be either overcome or made negligible.

It can, therefore, be suggested that the demonstrated localization of the SPP

source, roughly 1 µm, can be significantly improved.

The size of the generated source of SPPs can be measured experimentally

by imaging the plasmonic excitations on the nanostructure with features of

known size. This can be done by repositioning the electron beam in spot

mode across the structure in a regular manner (scanning) and recording the

plasmon spectral response from each point at one or several wavelengths.
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The resolution of the obtained “plasmonic image” would give an estimate of

the localization of the SPP source similarly to the way that the secondary

electron image gives an estimate to the size of the electron beam, as shown

in Section 3.3.4. The technique allowing acquisition of “plasmonic images”

at different wavelengths, and estimation of the localization of the SPP source

generated by a free electron beam, has been realized, and is described in the

following Chapter. The localization of the SPP source generated by a beam

of free electrons on a gold film up to 30 nm is demonstrated.

It has therefore been demonstrated that the mechanism of SPP generation

by an electron beam is a recombination of d-band holes and sp-electrons. The

power of the source at the point of excitation was estimated to be ∼ 10 nW.

It was demonstrated that the efficiency of the plasmon source decreases with

the increasing acceleration voltage due to the reduction of the number of

electrons in the skin layer of the metal film. The main factors defining the

localization of the source have been identified and the contribution of each

factor to the broadening of the SPP source estimated.

3.8 Summary and conclusions

An experimental setup, allowing for probing the optical properties of metallic

and dielectric structures with a nanoscale resolution in the 350–1150 nm spec-

tral range, was built. The setup is based on a scanning electron microscope

with a cathodoluminescence light collection system and a spectrum analyzer.

The system was used to demonstrate the excitation of propagating surface

plasmon waves on an unstructured metal surface by a beam of free electrons.

It was shown that the electron beam-induced spectrum of light emission

from a grating manufactured on a gold surface has specific features, as

compared to the emission spectrum from an unstructured metal film, due

to the excitation of surface plasmon polaritons. The position of peaks and

dips in the plasmon-related emission spectrum was predicted by a theoretical

approach based on k-vector formula for the outcoupling of plasmons by a

grating and Bragg resonances. The theoretical values correlate remarkably

well with the experimental results.
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The generation of traveling surface plasmon polariton waves on an un-

structured gold surface by a beam of free electrons has been demonstrated by

the study of the dependence of the optical emission as a function of distance

between the excitation point and the grating edge. As the point of excitation

is moved away from the grating, the plasmon-related spectrum gradually

changed and the SPP component of emission diminished.

Decay lengths of propagating surface plasmon polaritons generated by a

beam of free electrons on an unstructured gold surface were measured. The

experimental values appeared to be less than ones predicted by theory. This

is explained by imperfections and granulation of the gold surface, providing

an additional source for plasmon scattering losses.

The dominant mechanism of the generated source of surface plasmon

polaritons was identified as the recombination of the d-band holes with the sp-

band electrons due to the large correlation between the spectrum of decoupled

surface plasmon polaritons and the spectrum of the unstructured surface of

a gold film excited by an electron beam.

The power of the source of surface plasmons generated by a beam of free

electrons on an unstructured gold surface was estimated to be ∼ 10 nW,

which is consistent with the data found in literature. It was demonstrated

that the efficiency of the plasmon source decreases with the increasing

acceleration voltage due to the reduction of the number of electrons in the

skin layer of the metal film.

The experimental setup, described in this Chapter, was improved for

further research by the introduction of a more efficient parabolic mirror with

a short focal distance. This modification enabled the development of the

a imaging technique of plasmonic nanostructures: Hyperspectral imaging

with an electron beam, described in the following Chapter.

Shortly after the original publication [65], the excitation of surface plas-

mon polaritons with an electron beam has been demonstrated by the groups

of Professor H.A. Atwater and Professor P. Polman [93]. The scanning elec-

tron microscope with a cathodoluminescence system was used to demonstrate

plasmon damping and propagation on both silver and gold films. Theoretical

estimates of loss mechanisms, such as absorption and leakage radiation, were
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made. It was confirmed that the electron beam generates propagating surface

plasmons on a metal film, and plasmon decay lengths have been obtained for

different wavelengths. As in the described research, the measured decay

lengths were found to be shorter than the ones predicted by the theory.

To summarize, it has been shown that electron beam excitation of an

unstructured gold surface provides a potentially highly localized source of

propagating surface plasmons. This may be the technique of choice for

creating the high density of plasmons necessary for demonstrating nonlinear

regimes of SPP propagation, and also for achieving a high density of plasmons

in the active media of SPASER applications [94].
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Chapter 4

Hyperspectral imaging of
plasmonic nanostructures with
nanoscale resolution

4.1 Synopsis

The hyperspectral imaging technique for surface plasmon polaritons on

metallic nanostructures has been implemented for the first time. This

technique uses a scanning electron beam and allows for simple visualization

of light emission from decoupled plasmons, providing information on decay

lengths and feature sizes with nanometer resolution.

The concept of the hyperspectral imaging technique (HSI) of plasmonic

nanostructures with an electron beam, and the requirements imposed on the

experimental setup by HSI are outlined in Section 4.3. The description of

the experimental setup used to realize HSI, including the implementation

of a wide-angle parabolic mirror, spectral calibration of a new system and

estimates of efficiency, are provided in the following Section. The results

obtained for two different gratings and two light collection geometries, one

with a narrow-angle and another with a wide-angle parabolic mirror, are

presented and discussed in Section 4.5. The estimation of the delocalization

(broadening of the source compared to the size of the electron beam) of the

SPP source, generated by an electron beam, with the hyperspectral imaging

of the diffraction grating, is detailed in Section 4.6.
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4.2 Introduction

Surface plasmon polariton (SPP) waves are electromagnetic field oscillations

propagating at metal–dielectric interfaces, which currently attract consid-

erable interest in the fields of optics and surface science due to their abil-

ity to concentrate and channel radiation in the visible and near infrared

spectral ranges using sub-wavelength structures [1–5]. In particular, SPP’s

are seen to have great potential for application as information carriers in

highly integrated plasmonic devices and next-generation computer processor

architectures. The ability to visualize surface plasmon polariton propagation

or localized plasmon fields on nanostructures is essential for the development

of such devices [6].

With the development of scanning probe techniques it became possible

to study the properties of surface plasmon polaritons virtually at the surface

along which the SPP propagates with a resolution in the nanometer range [7].

The first scanning probe technique applied to study SPPs was an electron

scanning tunnelling microscope (STM) relying on the detection of the ad-

ditional tunnelling current induced by surface polaritons [8–11] or the far-

field scattered light due to the local SPP interaction with the STM tip [12].

In another approach, a dielectric SiN probe of an atomic force microscope

(AFM) was used instead of an STM tip [13, 14]. It was realized later that

although such approaches provide, in a first approximation, information on

the SPP field in the probe tip position, the metal or silicon tips introduce

significant perturbations in the SPP field due to the field enhancement effects

related to excitation of localized surface plasmons and the lightning-rod effect

(geometrical field enhancement at a surface of large curvature) at the tip–

surface junction [15, 16]. These effects, depending in a complex non-linear

manner on both the tip and surface defect topology and size as well as on

their mutual position and orientation, prevent the direct measurement of the

local SPP field on a surface [15].

A scanning nearfield optical microscope (SNOM) with uncoated optical

fibre tips provides the possibility to probe the surface polariton field directly

over a surface [10]. The low dielectric constant of glass (compared with silicon
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or metal), as well as having a distance between the probe tip and the surface

that is more than two orders of magnitude larger than in the STM, ensures

minimal perturbation of the SPP field.

SNOM applications in studies of surface plasmon polaritons brought forth

a new technique which provides the possibility to excite SPP locally at a given

place on a surface [17]. Using illumination through a SNOM fibre tip, circular

SPP waves can be locally launched at the surface. A number of fascinating

phenomena resulting from SPP scattering by surface inhomogeneities has

been studied with SNOM techniques over the years [18]: localization by

random roughness [19], local SPP excitation and scattering [17, 20], SPP

manipulation with a specially configured set of microscatterers [21], indi-

vidual surface defects [22] and lithographically created microstructures [23].

Recently the SNOM technique has been used to map the surface plas-

mon intensity on nanostructured gold [24–26] and nanoparticle dimers and

trimers [27, 28]. However, the question of what is actually seen on SNOM

images has yet to be properly clarified [29]. Even the formation of the SNOM

images, which are related to scattered SPPs that have the same spatial

frequency in the imaging plane, is not that simple.

As an alternative, electron energy-loss spectroscopy (EELS) in a scanning

transmission electron microscope (STEM) has been used for decades to detect

surface plasmons, usually by focusing the electron beam on a metal surface

and measuring the energy lost by the beam. Unlike light, an electron beam

can excite both surface and bulk plasmons from planar surfaces. EELS has

been used to detect plasmons from single spheres [30], coupled spheres [31]

and supported spheres [32]. Recently EELS was used to demonstrate the

excitation of various localized plasmon modes on a single nanoparticle [33,

34]. One major limitation of the EELS technique is that the low-energy part

of the spectrum is usually masked by the tail of the so-called zero-loss peak,

that is, the peak of electrons interacting elastically or encountering losses too

small to be experimentally resolved.

A scanning transmission electron microscope with a cathodoluminescence

system was used by the group of Professor Naoki Yamamoto to study

plasmonic excitations [35, 36]. This technique was first applied to the study of
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localized luminescence properties originating from defects and nanostructures

in semiconductors [37, 38]. Recently, the technique was applied to the study

of plasmonic excitations on metallic nanoparticles [39], coupled nanoparticles,

metallic whiskers and nanostructured metallic surfaces [40]. This technique

allows obtaining monochromatic cathodoluminescence images of structures

with nanoscale resolution and study the optical response of different parts of

the nanostructures to the excitation of the focused electron beam.

In the previous Section it has been demonstrated that a focused free-

electron beam impacting on an unstructured metal surface can act as an

efficient, broadband, nano-scale SPP source. This SPP generation technique

has several advantages over traditional methods, such as high spatial local-

ization (significantly below the diffraction limit of light), a high degree of

source mobility, and the elimination of (typically large) coupling structures.

The technique of SPP source generation by an electron beam was used

to develop a new “hyperspectral” imaging (HSI) technique for the visual-

ization of plasmon excitations in metal nanostructures [41]. HSI utilizes

high localization of the source to excite nanostructures and record optical

response from every point of excitation in a wide range of wavelengths thereby

acquiring both spectral and spatial information. The main advantage of

hyperspectral imaging with an electron beam is that it allows obtaining

photonic and plasmonic maps in a wide range of wavelengths, plasmonic

decay lengths and localized plasmonic spectral and spatial mode structures

from a nanostructured sample in a single measurement.

HSI was realized in a experimental setup for probing the optical properties

of nanostructures with an electron beam, described in the previous Chapter,

with the improved efficiency of the light collection system due to the intro-

duction of a wide-angle parabolic mirror. The concept of the hyperspectral

imaging of plasmonic excitations on nanostructures with an electron beam

and the experimental setup used to realize this technique, is detailed in the

following Section.
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4.3 The concept of hyperspectral imaging

(HSI)

In this Section the underlying ideas behind the hyperspectral imaging tech-

nique, in comparison to conventional imaging, are presented. The HSI

technique is illustrated for a grating manufactured on a metal film probed

by an electron beam. Applications for the study of the plasmonic properties

of nanostructures are discussed.

4.3.1 Conventional imaging versus HSI

A pixel in a conventional image obtained by a single-shot digital camera

typically contains information on the intensities of three primary additive

color channels: red, green, and blue. By mixing these colors in a proportion

defined by the intensity of light emitted from a photographed object and

detected by a CCD array in each channel, a two dimensional full color image

is created (Fig. 4.1).
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Figure 4.1: The concept of conventional imaging with a single shot digital camera.
The image from an object is acquired by the CCD array of the camera by detecting
the light emitted from the object (a). The data used for the formation of the output
image consists of three channels: red, green and blue, each containing the image

of the object in a narrow range of the wavelengths (b).
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In a hyperspectral image each sampled pixel contains an entire spec-

trum of data — the intensities of hundreds if not thousands of individual

wavelength channels. This concept is well known in airborne reconnais-

sance [42, 43] and surveillance [44], geological [45, 46], mineralogical [47, 48],

and atmospheric research [49, 50].

In the realization of hyperspectral imaging of plasmonic excitations on

nanostructures with an electron beam, the hyperspectral image is formed

by scanning a structure with a focused electron beam and synchronously

recording the light emission spectrum from the decoupling of the plasmons

generated at every pixel (see Figure 4.2a). This decoupling can occur either

through scattering at random surface imperfections or, as in the experiments

described in this Chapter, via a nearby purposely engineered decoupling

grating.
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Figure 4.2: (a) The hyperspectral imaging concept illustrated for a grating on a
gold film. At each electron beam injection point in the sample (x-y) plane, i.e.
each image pixel, the entire emission spectrum from decoupled surface plasmons is
sampled simultaneously at a number of discrete wavelengths λk. (b) The data cube
generated can be mined to produce single-wavelength spatial intensity distributions
of plasmonic emission (x-y planes), point spectra (vertical lines), and wavelength-

specific linear emission intensity profiles (horizontal lines).

The HSI technique generates a three-dimensional “data cube,” as illus-

trated in Figure 4.2(b), with two spatial axes, defining the co-ordinates of the

electron beam injection points in the sample plane, and a spectral axis. The

number of channels in the hyperspectral imaging data cube is defined by a
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spectral resolution of the spectrum analyzer. This cube can be “mined” in a

number of ways (see Figure 4.3) to obtain, for example, single-wavelength

spatial intensity distributions of plasmonic emission, point spectra, and

wavelength-specific linear emission intensity profiles (from which, under

certain conditions, SPP decay lengths can be derived).

Figure 4.3: The hyperspectral imaging technique generates a three-dimensional
“data cube” with two spatial axes, defining the co-ordinates of the electron beam
injection points in the sample plane, and a spectral axis. This cube can be
“mined” to obtain, for example, single-wavelength spatial intensity distributions
of plasmonic emission (plasmonic maps), point spectra, and wavelength-specific
linear emission intensity profiles (from which, under certain conditions, SPP decay

lengths can be derived).

The plasmonic maps can be obtained by “slicing” the data cube the

horizontal planes. The intensity in each plane gives the plasmonic response

of the nanostructure to the electron beam excitation at wavelength λk. The

spectral response of a particular point (xp, yp) of the sample is the linear

distribution parallel to the vertical axis λ extracted from this point. Linear

distributions of intensity in the plane perpendicular to axis λ can be used to

determine the SPP decay length at the wavelength λs.

Therefore, the hyperspectral imaging technique for surface plasmon po-

laritons on metallic nanostructures allows collecting a substantial amount of

information on plasmonic properties of the sample in a single measurement.
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This technique can be used for simple visualization of light emission from

decoupled plasmons, providing information on decay lengths and feature sizes

with nanometer resolution. The requirements of the experimental setup for

the realization of the HSI are outlined in the following Section.

4.3.2 Experimental requirements for HSI realization

At first glance, the concept of hyperspectral imaging of plasmonic nanos-

tructures can be realized on any experimental setup, consisting of a scanning

electron microscope equipped with a light collection system and a spectrum

analyzer, similar to the one described in the previous Chapter. However,

before going any further, the following considerations should be taken into

account.

The imaging of the nanostructures requires the use of the electron beam

of an appropriate size. The size of the electron beam (1 µm), that was used to

demonstrate SPP generation, is only applicable for imaging microstructures

and in order for the method be applicable to use in HSI, it should be

significantly reduced. However, the reduction in size will reduce the current

of the beam, and consequently, the amount of light emitted from the sample.

Therefore, the efficiency of light collection should be increased accordingly.

The algorithm of data acquisition in HSI directs the electron beam to scan

through the sample in an orderly fashion through a set of points, the positions

of which are predefined. The repositioning of the electron beam should be

synchronized with the acquisition of spectra. The manual implementation

of the algorithm can hardly be efficient, especially for images with high

spatial resolution. Therefore, the way that the electron beam induced light

is collected and analyzed should be revised and automated.

A simple 10×10 points HSI scan will result in acquisition of 100 spectra,

which should be composed into a data cube. This three dimensional array

should then be “mined” to extract all the plasmonic maps, spectral and

spatial distributions. Completion of all these tasks for every sample manually

is a formidable task. However, HSI analysis can be automated with the
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appropriate software. Therefore, a program for the collection of the acquired

spectra into the data cube and subsequent “mining” must be developed.

The experimental technique fulfilling all these requirements and therefore

capable of realizing the hyperspectral imaging of plasmonic properties of

nanostructures with an electron beam, is described in the following Section.

4.4 SEM–CL system with improved light col-

lection efficiency

The concept of hyperspectral imaging of plasmonic nanostructures has been

realized on the experimental setup for probing the optical properties with

an electron beam, described in Section 3.3, with the improved efficiency of

the light collection system. To improve the efficiency of the light collection

system, a new wide-angle parabolic mirror was introduced as an upgrade of

the narrow-angle mirror. The possibility to interchange mirrors has been

preserved.

4.4.1 Wide-angle parabolic mirror

One of the main disadvantages of the system, described in Section 3.3, from

the point of view of the light collection efficiency, was the narrow-angle

parabolic mirror. Although the narrow angle of light collection is useful

in certain experimental situations, the efficiency of the light collection can

be significantly improved by the use of a wide-angle parabolic mirror. Such

mirror, with a focal distance of 1 mm, has been designed and incorporated

into the light collection system as a substitute for the narrow-angle mirror.

In mathematics, a parabola can be defined as a locus of points in a plane

which are equidistant from a given point (the focus) and a given line (the

directrix). The focal distance of the vertical parabola, described by the

general equation 4p(x − x0) = (y − y0)
2, is located at a distance p along

x axis from the vertex of the parabola (x0, y0).

The physical interpretation of this mathematical definition of the

parabola is that all rays of light emitted from the focus reflect off the
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parabola and travel parallel to each other. A close analogy between

a parabolic mirror and a convex lens can be seen through this interpretation.

Therefore, it is reasonable to redefine the term focal distance in this context.

The point where all rays which enter the convex lens parallel to its axis

are brought to a focus is called the principal focus, or simply the focus.

Due to the reversibility of light waves, if the point source is placed in the

focus, part of the radiation directed towards the lens will be converted into a

parallel beam. The distance between the lens and the focus is called the focal

distance of the lens. Similarly, the focal distance of the parabolic mirror can

be defined as a distance between the mirror and the focus. This re-definition

is only vital for the wide-angle parabolic mirror, as for the narrow-angle

geometry the mathematical and physical focal distances coincide.

The selected parabolic curve for the mirror was part of an x(y) = y2/12

parabola in the range of y = 1–10 mm, defined in a conventional Cartesian

system of coordinates. For this parabola, depicted in Figure 4.4a, x0 = y0 = 0

and the mathematical focus of the parabola has coordinates (3, 0). The focal

distance for this parabolic mirror, following the physical interpretation, is

1 mm. The selection of the cutoff coordinates along the y axis defines the

focal distance and the solid angle in which the light is collected by the mirror.

A three dimensional prototype of the wide angle parabolic mirror based

on the calculated curve was developed using AutoCAD Inventor computer-

aided design (CAD) software1. The prototype was then processed by Path-

trace EdgeCAM computer aided manufacturing (CAM) software and turned

using a Computer Numerically Controlled (CNC) Multi Function Bridgeport

ITL400 Lathe from aluminium. A picture of the wide-angle parabolic mirror

is presented in Figure 4.4b.

The light collection part of the mirror is a part of a three dimensional

paraboloid obtained by a 180◦ rotation of the selected part of the x = y2/12

parabola around the line y = 0. As this geometry completely isolates the

sample from the electron beam, a cylindrical hole of 2 mm in diameter aligned

1The final design and the manufacturing of the wide-angle mirror was done by

Mr. P. Connell, Mechanical workshop, School of Physics and Astronomy, University of

Southampton, Southampton, UK
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with the focal point was drilled in the top part of the mirror (Fig. 4.4b). The

dimensions of the light collecting part of the mirror are 18 × 9 mm and the

focus of the mirror is located 1 mm under the mirror and 7 mm from the open

edge. As shown in Figure 4.5a, the collection of light by a wide-angle mirror

is significantly better, although less angle-resolved, than by the narrow-angle

mirror (Fig. 3.5a).
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Figure 4.4: Wide-angle parabolic mirror. The selected parabolic curve for the
mirror was part of an x(y) = y2/12 parabola in the range of y = 1 . . . 10 mm (a).
The electron beam illuminates the sample, located in the focal plain of the mirror,

through a 2 mm hole in the top part of the mirror (b).

The alignment of the focal point of the parabolic mirror with the light

emitting part of the sample, as mentioned before, is paramount for the

performance of the whole light collection system. The mirror was mounted

on a manually controlled two dimensional xy-stage allowing fine positioning

of the mirror in the plane of the sample (Fig. 4.5b). The xy-stage was

attached to the motorized linear stage, remotely operated from outside the

SEM, that controlled the distance between the mirror and the sample in

the direction perpendicular to the plane of the sample (along z-axis)2. The

optimal position of the mirror (full alignment of the focus and the emitting

2The stage allowing mirror repositioning in three dimensions was designed and manu-

factured by Mr. A. Denisyuk, Optoelectronic Research Centre, Southampton, UK
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region of the sample) is achieved by maximizing the optical signal from the

sample.

The xy-stage with the wide-angle parabolic mirror can be easily removed

from the supporting linear motorized stage and the narrow-angle mirror can

be installed in its place (Fig. 3.5). This was done to preserve functionality of

the original setup and exploit superior angle resolution of the narrow-angle

mirror when required by experimental conditions.
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Motorized
z stage
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beam
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Figure 4.5: Operation of the parabolic mirror (a): light emitted by a point source
located in the focus of the parabolic mirror is reflected as a parallel beam. The
picture of the parabolic mirror used in the experimental setup to probe the optical
properties of nanostructures with an electron beam (b). The sample is located
1 mm below the mirror, and the alignment of the focus of the mirror with the part of
the sample excited by the electron beam is provided by a two dimensional manually

controlled xy-stage mounted on a remotely controlled linear stage (z axis).

The calibration of the light collection system with the wide-angle

parabolic mirror was performed using the same technique as for the narrow-

angle mirror, described in Section 3.3. Only the part of the light collection

system before the spectrum analyzer, consisting of the wide-angle parabolical

mirror, transparent window in the SEM chamber and a set of lenses, needed

recalibration as the spectral efficiency of the spectrum analyzer has already

been measured (corresponding spectra of the Ocean Optics LS-1 tungsten

halogen broadband white light source spectrum measured by direct illumi-

nation of the monochromator slits and the spectral efficiency of the source

provided by the manufacturer of the source are presented in Figure 4.6a).
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The spectral efficiency of the wide-angle mirror, window and the lenses

was measured as a ratio between the spectrum of the light collected from the

end of the fibre, illuminated by the LS-1, by the system and the spectrum

of the fibre illuminating the slits of the monochromator directly (corre-

sponding spectra are presented in Figure 4.6b). The spectrum calibration

curve for the whole light collection is a product of a spectral efficiency

of the monochromator–spectrometer and the mirror–window–lenses parts

(Fig. 4.6c). By dividing every measured spectrum by the obtained spectral

efficiency of the light collection system it was possible to acquire undisturbed

results.
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Figure 4.6: Calibration of the light collection system with a broadband light
source and optical fibre. Spectra of the source measured by direct illumination of
the monochromator slits (black curve, a) and provided by the manufacturer (red
curve, a), giving the spectral efficiency of the monochromator and spectrometer.
Spectra of the light collected from the end of the fibre by the light collection
system (black curve, b) and of the fibre illuminating the slits of the monochromator
directly (red curve, b), giving the spectral efficiency of the wide-angle mirror,

window and the lenses. Calibration curve of the light collection system (c).

The improvement in the efficiency of the light collection system due to

the wide-angle mirror was estimated by measuring the energy of the light

emitted from a phosphor screen, as a result of electron beam excitation,

by each mirror. The same number of counts over the whole spectral range

350–1150 nm was registered by the system with the wide-angle mirror at

acquisition times roughly 1/100 shorter compared to the case when the light
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was collected by the narrow-angle mirror. Therefore, due to shorter focus

distance, significantly larger solid angle of light collection and better focusing,

the implementation of the wide-angle mirror improved the efficiency of the

whole system by up to two orders of magnitude to the value of 10−3 (see

Section 3.3).

The interchange of a narrow-angle parabolic by a more efficient wide-

angle one has not changed the principle of the operation of the experimental

setup. The beam of electrons of the selected energy and current is generated

at the top of the SEM column and directed by a system of magnetic lenses

downwards into the chamber to the sample through the hole in the top part

of the mirror (Fig. 4.4). The light resulting from the bombardment of the

sample with electrons is collected and analyzed by the light collection system:

the wide-angle parabolic mirror directs the light through the transparent

window in the SEM chamber to the system of lenses, focusing it on the slits

of the spectrum analyzer. Due to poor signal–noise ratio in the infrared region

for the samples used in this Chapter, the measurements were performed in

the 350–950 nm spectral region.

Two modes of SEM operation can still be used for the experiments: the

scanning mode and the spot mode. In the scanning mode the position of the

beam is performed in an automatic regime controlled by the SEM software.

The beam is raster scanned inside the rectangular area of sample with the

selected resolution and frequency. The acquisition of the spectrum of light,

induced by the electron beam on the sample, is not synchronized with the

repositioning of the beam. In the spot mode the electron beam is stationary

and focused into a spot on the sample. The repositioning of the beam can

be done manually using the secondary electron image of the sample taken

before entering the mode as a reference. The acquisition of spectra can also

be performed manually after each repositioning.

Neither of these modes can be used for the realization of the HSI. In order

to perform hyperspectral imaging with an electron beam, a special mode, in

which the microscope and the spectrum analyzer are remotely controlled, has

to be developed.
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4.4.2 Acquisition, processing and analysis of the hy-

perspectral image

The hyperspectral imaging technique, described in the previous Section,

requires focusing of the electron beam to the predefined points on the sample

with acquisition of the spectrum induced by the electron beam at each

point — functionality provided by neither the SEM, nor by the spectrum

analyzer software. In order to implement HSI on the existing experimental

setup, both the electron microscope and the spectrum analyzer had to be

controlled remotely and the required tasks, electron beam repositioning,

synchronized spectra acquisition and storage, had to be performed centrally.

For that purpose special software, denoted hereinafter as the HSI program,

has been developed3.

The HSI program, controlling both the SEM and the spectrum analyzer,

that allows collection of spectral information according to the hyperspectral

imaging technique, has been realized in the National Instruments Labview

environment. Both the microscope and the spectrum analyzer support TCP

connection and contain sets of commands providing the functionality of the

hardware, controlled remotely, to the same extent as the original software.

The Labview environment is specialized software for data acquisition from

various instruments, its analysis, processing and presentation. The software

uses an original graphical dataflow language and a block diagram interface

for the development of programs. The user interface controls are mapped

to the block diagram “code” allowing control over the data acquisition and

processing.

The interface of the HSI program allows interactive control and mon-

itoring of all vital properties of the spectrum analyzer, such as exposure

time, acquired spectrum, temperature of the CCD array, etc., properties of

the SEM, such as acceleration voltage, mode of operation (scanning or spot

mode), electron beam current, and properties of the hyperspectral image

acquisition. Apart from instrumental properties (parameters of the electron

3The HSI program was developed in collaboration with Dr. F. Jonsson during his stay

in the University of Southampton, UK
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beam and exposure time of the spectrum analyzer), HSI acquisition has only

one parameter: the resolution of the image, i. e. number of points along the

horizontal and vertical axes.

The main limitation to the spatial resolution of the HSI image is the

time limit imposed by the stability of the electron beam and position of the

sample. As sensitive spectral measurements are performed on a nanoscale,

the consistency of the image can be easily compromised during the process

of acquisition. In practise, the acquisition time was kept under 60 minutes,

allowing 60× 60 point HSI images with dwell time 1 sec at each point. Most

of the images were taken at resolution 21 × 17 or 41 × 33 points with dwell

times 1–5 seconds. The best achieved resolution is 81× 65 points HSI image

of a grating with exposure time 0.5 sec per point. The ratio between the

number of points in the HSI image along the horizontal and vertical axes

corresponds to the 5:4 ratio of secondary electron images acquired by the

scanning electron microscope.

The lower limit of the exposure time at every point of the image during

HSI acquisition is defined by the contrast in the optical signal obtained from

distinctive features of the sample. This can be denoted as “signal-to-signal”

ratio as opposed to the commonly used “signal-to-noise” ratio. For example,

in the case of a grating on a gold film the difference in the amount of counts at

the maximum of spectra emission by the grating (the first “signal”) and the

film (the second “signal”) should be no less than 50, otherwise the consistency

of the image is compromised due to instrumental noise and variation of the

signal from point to point. The upper limit of the dwell time is defined by

the spatial resolution of the HSI image and the stability time of the electron

beam and the position of the sample, as discussed above.

The process of image acquisition with the HSI program is the following.

Upon starting the program, the connection to the SEM and the spectrum

analyzer is established and current operating parameters of both instruments

are acquired. The alignment of the sample for the imaging and parameters

of the electron beam are set using the original SEM software. The spatial

resolution of the HSI image and the exposure time is set using the HSI
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program. The SEM is switched onto spot mode and of the hyperspectral

image is acquired according to the algorithm.

The acquisition of the HSI image is performed by an automatic regime by

continuous focusing of the beam into the spot on the sample, defined by the

set spatial resolution, and synchronized acquisition of the induced spectra by

the spectrum analyzer. The process of hyperspectral imaging is illustrated

in Figure 4.7 for the case of a 4 × 3 HSI image of the grating on the metal

film.

replacemen

(1,1)

(1,2)

(1,3) (2,3) (3,3) (4,3)

(4,2)

(2,1) (3,1) (4,1) I(1,1) I(2,1) I(3,1) I(4,1)

I(1,2) I(2,2) I(3,2) I(4,2)

I(1,3) I(2,3) I(3,3) I(4,3)

λλλλ

λλλλ

λλλλ

(a) (b)

Figure 4.7: Acquisition of the hyperspectral image by the HSI program illustrated
on a 4 × 3 image of the grating on a gold film. The grating grooves occupy the
right half of the image, the left half corresponds to the gold film. The predefined
positions of the electron beam are denoted by red squares. The acquisition starts
in the top left corner and ends in the bottom right corner (a). The acquisition
results in 12 spectra of electron beam induced emission, each corresponding to the

certain point of the sample (b).

The beam is positioned in the top left corner of the image at the point

with coordinates (1, 1). After the acquisition of the spectrum of this point,

the beam is repositioned to point (2, 1) along the horizontal axis, and the

next spectrum is acquired. The process is repeated until the right edge of

the imaged area is reached. After that the electron beam is positioned at

point (1, 2) to start the acquisition of the spectral information along the

horizontal line separated by the size of the vertical step from the first point.

The scanning is completed when the bottom right point of the sampled area

(4, 4) is reached (Fig. 4.7a).

127



Chapter 4. Hyperspectral imaging of plasmonic nanostructures

The result of the measurement is 12 spectra of electron beam induced

emission, each corresponding to a certain point of the sample (Fig. 4.7b).

After the acquisition of the image, all spectra and parameters of the exper-

iment (electron beam acceleration voltage and current, magnification and

working distance of SEM, dwell time and spatial resolution) are stored in a

text file ready for further processing and analysis.

In order to eliminate spatial distortion of the image caused by inhomo-

geneous light collection by the parabolic mirror, another HSI image with

the same parameters should taken on a part of the sample, that can be

considered as a background. In case of the grating on a gold film, depicted in

Figure 4.7, the background HSI image is taken from the gold film away from

the grating. For the discussed case of the grating, the subtraction of these two

images will result in a spatially resolved spectral data related to plasmonic

properties of the grating. Similar normalization of the detected spectra

has been performed in a “one dimension HSI,” conducted manually in the

experiments on generation of SPP source by an electron beam in spot mode

to identify the part of the emission related to the decoupling of plasmons as

a difference between the electron beam-induced emission spectrum and the

spectrum of an unstructured gold film (Section 3.6).

The acquired spectral data is not suitable for analysis without rigor-

ous processing, for the following reasons. Any spectrum measured by the

spectrum analyzer might contain random high intensity narrow peaks, the

result of CCD array excitation by cosmic rays. These peaks have to be

eliminated automatically to allow further processing (in the previous spectral

measurements this task was performed manually). After that the spectra

should be smoothed, to reduce instrumental noise, and assembled into a

three dimensional array, denoted earlier as the “data cube.”

The same manipulations have to be performed with the background HSI

image in order to obtain the data cube corresponding to the background

signal. Only the final data cube, obtained by subtraction of a background

image from the image of the sample, can further be analyzed to obtain the

information on plasmonic properties of the sample: plasmon emission maps,

linear and point distributions of electron beam induced SPP intensity, etc.
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The processing and analysis of the HSI experimental data was performed

by a program realized in the Mathworks Matlab environment. The developed

program automatically processes the acquired HSI image (cosmic rays peaks

removal, smoothing and background subtraction) and analyzes the data cube.

Output results of the analysis can be presented in one of the following forms.

Two dimensional distributions of plasmonic emission can be presented as

intensity images at certain wavelengths, or composed into a video, containing

these intensity distributions for all available wavelengths. The visualization

and analysis of the obtained linear spectral and spatial intensity distributions,

such as estimates of surface plasmon polariton decay lengths, is performed

using Matlab built-in graphical functions and data curve fitting algorithms.

To summarize, the efficiency of the light collection system of the exper-

imental setup for probing the optical properties of nanostructures with an

electron beam has been significantly improved with the introduction of a

wide-angle collection mirror. The functionality of the setup with a narrow-

angle mirror has been preserved. The software, allowing hyperspectral image

acquisition, processing and analysis has been developed. The analysis of

the experimental data consists of the composition of the HSI data cube,

extraction of plasmonic or photonic maps, spectral point and spacial linear

distributions.

4.5 HSI of gold gratings

The spectra obtained by HSI are determined primarily by the material

properties and nanoscale topography of the nanostructure under investigation

and the geometry of the light-collection system. To illustrate this, experi-

ments were performed on gold grating samples using wide- and narrow-angle

parabolic light-collection mirrors to direct decoupled light out of the SEM

chamber, via a fused silica window, to a spectrometer (Fig. 4.8).

Gratings facilitate SPP decoupling to light by compensating for the

mismatch between their wave vectors with an integer multiple of the grating

vector kG = 2π/a, where a is the grating period (see Section 3.4.2).

129



Chapter 4. Hyperspectral imaging of plasmonic nanostructures

Figure 4.8: Hyperspectral imaging light-collection geometries and angular decou-
pling diagrams for the gratings imaged in each configuration. (a) The wide-angle
light-collection geometry with its acceptance window, −70◦ < θ < 30◦, mapped
onto the 400 nm period grating’s decoupling diagram. (b) The narrow-angle
collection geometry with its acceptance window, −82◦ < θ < −67◦, mapped onto
the 450 nm period grating’s decoupling diagram. (Note that the two mirrors
are drawn to different scales to achieve the correct schematic mapping of their

acceptance windows onto the decoupling diagrams).
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The wavelength dependence of the decoupling angle θ is described by the

equation:

Re{kSPP(ω)} − nkG = (ω/c) sin(θ(ω)), (4.1)

where n is a positive integer and kSPP(ω) is the SPP wave vector, which at

a metal/vacuum interface depends on the complex permittivity ε(ω) of the

metal according to the equation:

Re{kSPP(ω)} =
ω

c
Re

[(
ε(ω)

1 + ε(ω)

)1/2
]
.

Only wavelengths decoupled at angles within the light-collection system’s

“acceptance window” (defined by the mirror’s dimensions and its position

relative to the sample) can be detected by the spectrometer. For the

purposes of the present demonstrations, a comparatively small wide-angle

mirror located just 1 mm above the sample provided an acceptance window

extending from θa = −70◦ to θb = 30◦ (Fig. 4.8(a)), while a larger narrow-

angle mirror located ∼ 5 cm to one side of the sample provided a window

between θa = −82◦ and θb = −67◦ (Fig. 4.8(b)).

The samples studied were 400 and 450 nm period gratings, each compris-

ing thirty lines with a height of 50 nm (Fig.’s 4.9(a) and 4.10(a)), prepared

by electron beam lithography on 200 nm thick evaporated gold films on

silicon (a sufficient film thickness to exclude any influence from SPP’s excited

on the metal/substrate interface). The wide-angle mirror was employed to

image the 400 nm grating sample and the narrow-angle mirror to image the

450 nm sample. Mapping the mirrors’ angular acceptance windows onto the

gratings’ decoupling diagrams (plots of decoupling angle vs. wavelength,

calculated using optical constants for gold from [51]) as shown in Figure 4.8,

illustrates the effect that light-collection geometry has on recorded spectra:

both gratings generate first- (n = 1) and second-order (n = 2) decoupled

light within the wavelength range of the spectrometer. With the narrow-

angle mirror the two orders are expected to generate separate narrow signal

peaks at different wavelengths, but with the wide-angle mirror there can be

no such separation because the spectral range of the first-order extends to

the lower limit of the detection range (completely overlapping the second
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order). However, at the expense of angular resolution, the wide-angle mirror

offers a smaller minimum working distance for the SEM (enabling higher

resolution imaging), and is found in practice to provide a light-collection

efficiency up to two orders of magnitude higher than the narrow-angle mirror

(allowing for shorter imaging times and the use of lower beam currents).

When the electron beam injection point lies within a grating (rather than

to one side of it), both the positive and negative directions of kSPP must

be considered. In the narrow-angle configuration, the acceptance window is

such that light decoupled from plasmons with negative kSPP values (dashed

decoupling curves in Figure 4.8) cannot be detected. However, in the wide-

angle configuration, first-order decoupling from SPP’s with negative kSPP

values contributes to the detected signal at wavelengths up to ∼ 620 nm.

Hyperspectral imaging was performed on rectangular sample areas en-

compassing, in each case, the grating and an adjacent area of unstructured

gold surface (Fig.’s 4.9(a) and 4.10(a)), using a 40 kV electron beam with a

spot size of ∼ 75 nm. In the wide-angle configuration the pixel size (distance

between adjacent electron beam injection points) was 0.6 µm, and the dwell

time per pixel was 2 s. In the narrow-angle configuration, injection point

spacings of 0.5 µm in the x-direction and 2.4 µm in the y-direction were used

(larger in the y-direction because all sample cross-sections parallel to x are the

same), with a dwell time of 5 s. By subtracting background emission spectra

for areas of unstructured gold (far outside those shown in Figures 4.9(a)

and 4.10(a)) from the HSI spectra, normalized spectra relating only to

emission from SPP decoupling at the gratings were obtained [52]. This

normalization aims to eliminate luminescence (from the recombination of

d-band holes created by the electronic excitation), dipole radiation (from the

coming together of incident electrons and their mirror images in the sample),

light decoupled from SPP’s by scattering at random surface imperfections,

and fluorescence from any residual contaminants on the sample.

By “slicing” the normalized hyperspectral data cube at a fixed wavelength

(such as λk in Figure 4.2(b)), one obtains the spatial intensity distribution of

light decoupled from SPP’s at that wavelength, as a function of the electron

beam injection coordinate. Sequences of such images reveal the evolution
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Figure 4.9: Hyperspectral imaging of the 400 nm gold grating sample with the
wide-angle parabolic light-collection mirror. (a) Secondary electron image of the
sample area, encompassing grating and adjacent unstructured gold film, which
was imaged in hyperspectral mode. (b, c and d) Spatial plasmonic emission
intensity distributions obtained by slicing the hyperspectral data cube in the x-
y plane (averaged over 7 nm wavelength intervals), with corresponding average
emission intensity profiles along the x direction: (b) 387–395 nm, where emission
is negligible; (c) 586–594 nm, where the grating is resonant and efficiently decouples
plasmons to optical radiation; (d) 804–811 nm, where the grating is weakly
resonant and plasmon decoupling efficiency is relatively poor. The inset to (a)
shows a high-resolution image of a small part of the grating. The inset to (c)
shows the corresponding emission intensity distribution at 586–594 nm, wherein

the grating structure is resolved.
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Figure 4.10: Hyperspectral imaging of the 450 nm gold grating sample with the
narrow-angle parabolic light-collection mirror. (a) Secondary electron image of the
sample area, encompassing grating and adjacent unstructured gold film, which was
imaged in hyperspectral mode. (b, c and d) Spatial plasmonic emission intensity
distributions obtained by slicing the hyperspectral data cube in the x-y plane
(averaged over 7 nm wavelength intervals), with corresponding average emission
intensity profiles along the x direction: (b) 687–695 nm, where the grating inhibits
background emission at angles within the mirror’s acceptance window; (c) 827–
835 nm, where the grating is resonant and efficiently decouples plasmons to optical

radiation; (d) 905–913 nm, where emission is negligible.
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of plasmon emission over the sampled area as a function of wavelength,

as illustrated in Figures 4.9(b–d) and 4.10(b–d) (where distributions are

averaged over 7 nm wavelength intervals to reduce noise): for both gratings

there are ranges, exemplified by distributions at 387–395 nm for 400 nm

grating (Fig. 4.10(b)) and at 905–913 nm for 450 nm grating (Fig. 4.9(d),

where there is little or no emission, indicating either that SPP’s are not

generated in this range or that they do not interact with the grating; Both

also have highly resonant ranges, illustrated at 586–594 nm for the 400 nm

grating (Fig. 4.9(c)) and 827–835 nm for the 450 nm grating (Fig. 4.10(c)),

where the gratings efficiently decouple SPP’s to optical radiation. For

the 450 nm grating there is a range, exemplified by the distribution at

687–695 nm in Figure 4.10(b), where the recorded signal falls below the

background level, indicating that the grating inhibits background emission

(most likely from SPP scattering) at angles within the narrow-angle mirror’s

acceptance window. The inset to Figure 4.9(c) demonstrates the higher

resolution capability of the wide-angle collection geometry: in this image

(obtained with a 30 × 30 nm pixel size and 0.5 s dwell time) the individual

grating lines can be identified in the emission pattern.

The HSI data cube can also be mined for information on decoupled light

spectra and SPP decay lengths. By plotting intensity data along a line of

fixed spatial coordinate in the cube, such as the vertical line at (xp, yq) in

Figure 4.2(b), one obtains the decoupling emission spectrum (convoluted

with the acceptance window of the light-collection geometry) for electron

beam injection (SPP generation) at that point. By plotting intensity data

along a line within a fixed-wavelength x-y plane, such as the horizontal line

at (yr, λs) in Figure 4.2(b), one obtains a linear emission intensity profile. If

the line selected is perpendicular to the edge of a decoupling structure on

the sample surface, then the SPP decay length at λs can be derived from an

exponential fit to the intensity profile. Figure 4.11 illustrates such analyses

for the present cases.

Figures 4.11(a) and (b) show spectra for single-pixel points within the

400 and 450 nm gratings respectively. Figure 4.11(a) shows a single broad

emission peak for the 400 nm grating, centered at ∼ 600 nm. This may
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Figure 4.11: Single point spectra and surface plasmon decay lengths extracted from
the hyperspectral imaging data cubes. Single-pixel spectra for points within: (a)
the 400 nm period grating, recorded with the wide-angle light-collection geometry;
(b) the 450 nm grating, recorded with the narrow-angle geometry. Linear emis-
sion intensity profiles along the x-direction (perpendicular to the grating lines),
averaged over all values of y, for: (c) the 400 nm grating sample at λ1 = 600 nm;
(d) the 450 nm grating sample at λ2 = 830 nm. Distances along x are measured
relative to the edge of the gratings. Plasmon decay lengths δ are determined from
exponential fittings to the data. The bold arrows in each figure’s inset show the
line(s) along which data is extracted from the cube to obtain the corresponding

curve.

appear inconsistent with Figure 4.8(a), which indicates that the wide-angle

light-collection geometry is capable of detecting first-order (n = 1) SPP

decoupling at wavelengths down to the 350 nm lower limit of the spec-

trometer. However, mappings such as those shown in Figure 4.8 must be

interpreted with care, in particular because Equation (4.1) says nothing
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about the efficiency of SPP decoupling and scattering processes, which are

complex wavelength-dependent functions of grating period, line-width and

line-height that can only be analyzed numerically [53]. Neither does it take

into account the spectrum of the electron beam SPP source, or the plasmon

waves’ decay lengths δ = [2Im{kSPP(ω)}]−1. Indeed for wavelengths shorter

than ∼ 510 nm, the SPP decay length is shorter than the period of either

grating used in the present study, so grating-mediated decoupling is not

possible.

In accordance with Figure 4.8, the narrow-angle geometry records a

narrow peak in the near infra-red range, corresponding to the first (n = 1)

decoupling order (Fig. 4.11b). For the reasons of poor short-wavelength

decoupling efficiency described above, the predicted second-order (n = 2)

peak at ∼ 420 nm is not observed, however a peak centered at ∼ 510 nm is

recorded. This emission is most likely to result from the scattering of SPPs to

light by the lines of the grating. As noted above, the scattering efficiency is

a complex function of wavelength and grating geometry, however in general,

while it may be as low as a few percent, it increases significantly as line-

width deviates from a/2 (they are nearer 3a/4 in the present cases) and as

grating height exceeds ∼ 0.07 λ (i.e. as wavelength decreases below ∼ 710 nm

in the present cases) [53]. As noted above (see Figure 4.10(b)), there is a

wavelength range, shown in Figure 4.11(b) to be centered at ∼ 675 nm,

over which the 450 nm grating inhibits background SPP scattering emission

within the narrow-angle mirror’s acceptance window.

Figures 4.11(c) and 4.11(d) show linear emission intensity profiles along

the x-direction (perpendicular to the grating lines), averaged over all values

of y, for the 400 nm grating sample at λ1 = 600 nm, and for the 450 nm

sample at λ2 = 830 nm. SPP decay lengths of δ1 = 2.2 µm (at 600 nm),

and δ2 = 18 µm (at 830 nm) are obtained from exponential fittings to this

data. These may be compared with theoretical values of δ600 = 4.3 µm,

and δ830 = 53 µm (where subscripts denote wavelength), calculated for an

ideal gold/vacuum interface using optical constants for gold from [51]. The

experimental lengths are shorter primarily because of losses due to scattering

at random surface imperfections on the real gold film.
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To summarize, the decoupling of surface plasmon polaritons by two

diffraction gratings have been studied with the hyperspectral imaging with an

electron beam in two configurations of the light collection system: using wide-

angle and narrow-angle parabolic mirrors. Plasmonic maps of the gratings,

decoupling spectra and spatial intensity of decoupled SPP has been acquired,

plasmon decay lengths have been derived.

The ultimate resolution of the plasmonic maps obtained from hyper-

spectral imaging data cube largely depends on the size of the SPP source

generated by an electron beam. The estimation of the surface plasmon source

size can be performed by the HSI technique, as shown in the following Section.

4.6 Localization of the SPP source measured

by the HSI of the diffraction grating

The localization of the SPP source, as discussed in Section 3.7, is limited by

three fundamental factors: scattering of primary electrons in the skin depth

layer of the metal, delocalization of the electrons due to Coulomb interaction

with the electrons of the material, and broadening due to the finite electron

speed in the skin layer of the metal. In this Section it is shown that the

localization of the SPP source, generated by an electron beam on a metal

surface, can be estimated using plasmonic maps acquired in a HSI experiment

on a grating.

In order to estimate the size of the SPP source generated by an electron

beam, the hyperspectral 21×17 pixel image of several periods of the 400 nm

grating was taken with a 40 keV electron beam. The problem of SPP

distribution on the scale of one period of the diffraction grating is very

interesting on it own. However, the obtained results will only be analyzed

from the point of view of the resolution of the HSI and localization (size) of

the SPP source, generated by an electron beam.

The process of SPP source estimation is illustrated in Figure 4.12. The

secondary electron image of the studied area of the grating is presented in

Figure 4.12a. Besides illustration purposes, this image was used to obtain
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the size of the electron beam, according to the procedure described in

Section 3.3.4.
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Figure 4.12: Determination of the localization of the SPP source from an HSI image
of a 400 nm grating. Secondary electron image of the 400 nm period grating with
area A in the vicinity of the edge of the rib, representing the step (a). White
areas correspond to ribs os the grating, and black areas are spaces between ribs.
Plasmonic map at λ ∼ 510 nm used to determine the size of the SPP source
generated by an electron beam (b). Average signal distribution in the area A
along axis xA (c), obtained from plasmonic map (b) is the step-like profile of the
grating integrated by the electron beam of size dSPP, which can be determined
as the half distance between the points of minimum and maximum signal in the
averaged signal curve: dSPP = 180 nm. Plasmonic map at λ ∼ 360 nm (d) is not

suitable for the determination of the SPP localization.

The same approach (detailed below) was found to be applicable for

the estimation of the SPP source, generated by an electron beam, from a

plasmonic map of the grating’s groove, taken at the wavelength λ ∼ 510 nm

(Fig. 4.12b). The plasmonic map only at this wavelength bears closest
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resemblance to the original structure (Fig. 4.12a). Plasmonic maps at other

wavelengths either show no structure at all (due to plasmon decay rate

shorter than the period of the grating), as illustrated in Figure 4.12d, or

the resemblance to the structure is too remote (due to plasmon interference

effects).

The intensity of the plasmon map at λ = 509–517 nm in the area A in

the vicinity of the edge was averaged along the y axis to obtain a distribution

of the signal along axis xA (Fig. 4.12c). Again, assuming that the edge of

the grating is ideal and is indeed a sharp step, the obtained curve would

represent the integral of the step by the electron beam of a finite size. The

size of the SPP source dSPP can be determined as the distance between the

minimum (the bottom part of the step) and maximum (the top part of the

step) values of the curve. The obtained estimate of the SPP source size

is dSPP = 180 nm for λ ∼ 510 nm. The size of the 40 keV electron beam of

current 10 nA, estimated similarly from Figure 4.12a, is dbeam = 150 nm (see

Figure 4.12c). Therefore, the contribution from all delocalizing mechanisms

is b = dSPP − dbeam = 30 nm.

The theoretical values of the SPP source broadening for 40 keV electron

beam for the three identified mechanisms (see Section 3.7.2): scattering of

primary electrons in the skin depth layer of the metal (bbr(40 keV) = 12 nm,

see Table 3.1), delocalization of the electrons due to Coulomb interaction with

the electrons of the material (bdel(40 keV) = 29 nm), and broadening due to

the finite electron speed in the skin layer of the metal (bδ(40 keV) = 53 nm),

are in a good agreement with the value, obtained in the HSI measurement of

the groove of the grating. The contribution of each mechanism is yet to be

determined.

Therefore, it has been demonstrated that the hyperspectral imaging

technique can be used to estimate the size of the source of the surface

plasmon polaritons generated by an electron beam on an unstructured metal

surface. The comparison of the obtained value to the size of the electron

beam allows measuring the broadening of the SPP source. The obtained

estimate shows that the acquisition of plasmonic properties with the HSI

technique can indeed be performed with nanoscale resolution.
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4.7 Summary and conclusions

The Hyperspectral Imaging technique (HSI) for the visualization of surface

plasmon polaritons in metallic structures has been developed. The technique

employs the electron beam of a scanning electron microscope as a broadband

plasmon source for quantitative, single-scan studies of light emission from

plasmonic nanostructures, which can yield spatial emission intensity distri-

butions, single-point emission spectra, and plasmon decay lengths with the

nanoscale resolution of the electron microscope.

Demonstrative studies have illustrated the relative merits of wide- and

narrow-angle light-collection geometries, and have shown that results must

always be interpreted with due consideration for the dielectric properties of

sample media and the assorted modes of plasmon interaction with surface

features.

The size of the surface plasmon polariton source generated by a beam

of free electrons on an unstructured metal surface was estimated using a

hyperspectral image of a diffraction grating. The delocalization of the SPP

source (broadening of the source compared to the size of the electron beam)

at λ ∼ 510 nm, generated by a 40 keV electron beam, was measured to be

30 nm. The obtained value lies within the theoretical estimate.

Several improvements can be applied to the developed experimental

technique in order to increase its performance. First of all, the distance

between the window in the SEM chamber and the spectrometer can be

reduced to decrease the distance the light travels from the point of generation

to the detector, resulting in better light collection efficiency. Moreover, the

reflectivity of the parabolic mirror can be increased by manufacturing a new

wide-angle parabolic mirror out of brass with a chromium coating. Replacing

the manually controlled xy-stage with a motorized one would significantly

simplify the process of alignment of the focus of the mirror with the electron

beam. The technique would undoubtedly benefit from the introduction of

polarization sensitivity.

Shortly after the original publication [41], a similar technique (denoted

as High-Resolution Cathodoluminescence Spectroscopy) was applied to the
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study of gold nanowires by the group of Professor A. Polman [54]. Plasmonic

eigenmodes of gold nanowires with lengths of 500–1200 nm and 100 nm width

in the spectral range 390–950 nm were studied. The plasmonic emission maps

and linear intensity distributions have been acquired, spatial and spectral

properties of the wire eigenmodes derived and the dispersion relation for

plasmonic Au nanowire modes determined.

Possible applications of hyperspectral imaging of the plasmonic properties

of nanostructures with an electron beam include the visualization of plasmon

modes in single nanoparticles, particle dimers or clusters, and metamaterial

nanostructures.
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Chapter 5

Excitation of localized plasmon
modes in nanoparticle dimers
with an electron beam

5.1 Synopsis

Hyperspectral imaging (HSI) with a scanning electron beam has been used

to study localized surface plasmon excitations of singular and dimeric gold

decahedron-shaped nanoparticles with nanoscale resolution. Simultane-

ous visualization of a spectral hybridization mode and spatial symmet-

ric/asymmetric dimer modes in a single measurement has been demonstrated.

The concept of hyperspectral imaging of plasmonic excitations for a nan-

odimer, consisting of two metallic nanoparticles, is illustrated in Section 5.3.

In Section 5.4 the results of HSI measurements of a single 100 nm decahedron-

shaped gold nanoparticle are presented. Hyperspectral imaging analysis

of “short” and “long” dimers (consisting of the same particles at different

distances from each other), including plasmonic emission maps, spectral

symmetric/asymmetric and spatial hybridization modes is performed in the

following Section. The interpretation of the obtained experimental results

of electron beam excitation of nanodimers, based on the classical model

of forced oscillations of two oscillatory circuits with AC power supply and

a capacitance feedback, is presented in Section 5.6.
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5.2 Introduction

Single metallic nanoparticles and nanodimers have become an essential part

of nanophotonics. High field localization in the vicinity of a dimer allows for

sufficient Raman signal from single molecules [1–7]. As emission properties

of a dimer highly depend on the interparticle distance and boundary state,

it makes them ideal candidates as biological and chemical nano sensors [8–

11], and plasmonic enhancing nanoantennae [12–14]. A key to the design

of future all-optical computer components such as plasmonic nanoparticle

chain waveguides [15–22] and single nanoparticle switches [23–28] lies within

the understanding of plasmonic properties of single metal nanoparticles and

nanodimers.

Over the years a number of methods have been suggested for investigation

of plasmons on a nanoscale. The first optical spectroscopic techniques [29]

and the study of light emission from tunnel junctions [30–36] were unable to

provide a correlation between the geometry of a nano-sample and plasmonic

excitations. Most common spatially resolved techniques such as Scanning

Near-field Optical Microscopy (SNOM) [37, 38], Scanning Tunneling Mi-

croscopy (STM) [39] and Electron Energy Loss Spectroscopy (EELS) [40, 41]

allow excitation, detection and mapping of plasmonic excitations with spa-

cial resolution up to ∼ 10 nm or less. Transmission/scanning electron

microscopes with cathodoluminescence imaging setup were used to map

plasmonic excitations at a single wavelength of single nanoparticles and

touching spheres [42, 43].

The comparison of experimental data of optical and electron beam ex-

citation of single metallic nanoparticles and related structures (nanoparticle

dimers, trimers, waveguides, etc.) with theoretical models suggests that the

dominant mechanism of light emission by such structures is due to excitation

of either propagating or localized surface plasmon modes, as opposed to the

“bulk” photo- and cathodoluminescence of metal films [14, 40]. Therefore,

electron-induced photon-emission of nanostructures, described in this Chap-

ter, will be referred to as “plasmonic” excitations of the nanoparticles and

nanodimers.
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In this Chapter it is shown that with the Hyperspectral imaging [44] with

an electron beam based on a scanning electron microscope with a cathodo-

luminescence setup technique, it is possible to map surface plasmons on

both single nanoparticles and dimers in the whole visible and near-infrared

part of the spectrum and obtain both spatial and spectral modes, all in a

single measurement. This approach allows fast and comprehensive analysis of

plasmonic structures excited by an electron beam with a nanoscale resolution.

5.3 Hyperspectral imaging of metallic nano-

particle dimers

The Hyperspectral imaging (HSI) of plasmonic excitations of nanostructures

with an electron beam was described and illustrated on a metallic grating in

the previous Chapter. In this Section the application of this technique to the

study of localized nanoparticle dimer excitation with a beam of electrons is

detailed.

The technique uses an electron beam to probe the sample in an orderly

fashion and detect the light emission response at every point in 350–1150 nm

wavelength range. In this Chapter the sample consists of a carbon film

substrate and a pair of gold nanoparticles (Fig. 5.1a). The HSI measurement

results in an “image,” a three dimensional array of hundreds of light emission

intensity distributions of the sample at each wavelength. This is often referred

to as a “data cube” (Fig. 5.1b).

The “data cube” can be “mined” for various information such as pho-

ton emission maps (by slicing the data cube into xy-planes, as shown in

Figure 5.1b), induced emission spectra from particular parts of the sample

(following vertical lines at a point (xp, yq) of the data cube) and linear

spacial distributions at a specific wavelength (following horizontal lines at

a point (λs, yr) of the data cube). Applied to the single nanoparticle or a

nanodimer on a carbon substrate, this technique allows for the production

plasmon excitation maps of the sample (by subtracting the background signal
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from the substrate), spectral distributions and spatial modes excited by the

electron beam in a single measurement.

The setup, used to demonstrate the excitation of surface plasmon polari-

tons with an electron beam on an unstructured metal surface, was described

in the previous Chapter. Without any modifications it was applied for

hyperspectral imaging of nanoparticles and nanodimers. Due to poor signal–

noise ratio in the infrared region for the samples used in this chapter, the

results are presented in the 350–850 nm spectral region.

Figure 5.1: (a) The hyperspectral imaging concept illustrated for a nanodimer on
a carbon substrate. At each electron beam injection point in the sample xy-plane,
i.e. each image pixel, the entire emission spectrum from the electron beam-induced
radiation is sampled simultaneously at a number of discrete wavelengths λk. (b)
The data cube generated can be mined to produce single-wavelength spatial
intensity distributions of induced emission (xy-planes), point spectra (vertical
lines), and wavelength-specific linear emission intensity profiles (horizontal lines).

The hyperspectral imaging of plasmonic excitations was performed on

three samples: a single gold decahedron-shaped 100 nm nanoparticle, and two

dimers, consisting of such nanoparticles: a “short” dimer with a D = 50 nm

gap between the particles and a “long” dimer with a D = 150 nm gap. The

results are presented and discussed in the following Sections.

5.4 HSI of single nano decahedron

The hyperspectral imaging was first performed on a single decahedron-shaped

100 nm gold particle deposited on a carbon substrate. The suspension of
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gold nanoparticles was prepared by the group of Professor L.M. Liz-Marzán,

Universidade de Vigo, Spain. The preparation procedure is described below,

following [45].

The formation of particles is the result of the reduction of HAuCl4 using

DMF (Dimethylformamide, N,N-dimethylformamide, a common solvent) in

the presence of small (2–3 nm) gold seeds with uniform size distribution,

using NaBH4 as a strong reducing agent and polyvinylpyrrolidone as a

stabilizer. Ultrasound was used to provide controlled and reproducible

synthesis of monodisperse decahedra with high yield. The large proportion of

the particles obtained by this procedure had an extremely regular pentagonal

symmetry (80–90% of the particles). Most of the remaining particles having

the shape of triangular prisms (Fig. 5.2a).

The shape of the nanoparticles was determined with a transmission

electron microscope in a study by Sánchez-Iglesias et al. [45]. Imaged at

different angles, the particles were nearly perfect pentagonal bi-pyramids

of equal equilateral-triangle faces (decahedra), but with somewhat rounded

edges (Fig. 5.2b, c). The height and side length of each bi-pyramid is 40 nm

and 55 nm correspondingly.

Figure 5.2: TEM image of the particles obtained by the experimental procedure
described in [45]. The vast majority of the particles were nearly perfect pentagonal
bi-pyramids of equal equilateral-triangle faces (decahedra) (80–90 % of the parti-
cles). The most of the remaining particles had the shape of triangular prisms (a).
The evidence of the decahedron-like shape was seen in transmission electron images

of a single nanoparticle taken at different angles (b, c). After ref. [45].

153



Chapter 5. Excitation of localized plasmon modes in nanoparticle dimers

A drop of DMF suspension of gold decahedra, prepared according to the

described procedure, was placed on a carbon film formed in the 500×500 µm

openings of the copper grid (Fig. 5.3a, b). After evaporation, the ran-

dom arrangement of decahedra on the carbon substrate could be observed

(Fig. 5.3c): nanoparticles formed large groups, trimers, dimers (width dif-

ferent separation gap). Isolated particles, with the distance to the closest

neighbors up to 500 nm, were also present.

Figure 5.3: A drop of DMF suspension of the nanoparticles was placed on a carbon
film formed in the openings of the copper grid, as seen on the secondary electron
image taken with a scanning electron microscope (a, b). After evaporation, the
random arrangement of the decahedra on the carbon substrate could be observed.
Nanoparticles formed large groups, trimers, dimers (with different separation

gaps). Isolated particles were also present (c).

The first hyperspectral imaging experiment was performed on an isolated

gold decahedron on a carbon substrate. A 40 keV electron beam of 500 pA

current was used. The size of the created SPP source, or plasmonic “probe,”

estimated according to the procedure detailed in Section 4.6, is 50 nm. The

size of the probe does not allow for resolving the features of the nanoparticles,

but provides sufficient signal to perform HSI. The 21×17 point hyperspectral

image of the area 500× 400 nm encompassing a gold decahedron was taken,

and the plasmonic data: plasmonic maps, spectral and spatial mode, was

acquired. The results are presented in Figure 5.4.

After the acquisition of the HSI data, the corresponding data cube

was initially mined for spectral (Fig. 5.4a, solid black curve) and spatial

(Fig. 5.4b) distributions of light emitted by the nanoparticle (Fig. 5.4c) due

to electron beam excitation. The former was acquired by extracting light
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Figure 5.4: Hyperspectral imaging of a single 100 nm gold decahedron-shaped
nanoparticle. (a) Electron beam-induced light spectrum by the nanoparticle
obtained from the HSI data cube by extracting data along vertical axis passing
through the nanoparticle (black curve) and theoretical spectra obtained by a
boundary element method [46] for a bi-conical particle with radius 55 nm and
hight 40 nm (red dashed curve). (b) Spatial distribution of light emitted by
the decahedron at the wavelength of maximum emission, extracted along z axis,
crossing the nanoparticle in xy plane at λ = 600 nm. (c) Secondary electron
image of the nanoparticle. (d) Spatial plasmonic emission intensity distribution
obtained by slicing the hyperspectral data cube in the xy plane (averaged over
8 nm wavelength interval): λ = 594–602 nm, where the particle is in plasmon
resonance. The white dotted line indicates the position of axis z used to extract

spatial distribution of the intensity.
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intensity along the vertical axis of the data cube placed in the middle of the

nanoparticle (see inset in Figure 5.4a). The obtained spectrum has a single

peak centered around λ = 600 nm. The spatial distribution was acquired at

the same wavelength by collecting the light intensity along the line in the data

cube, passing through the middle of the nanoparticle, in the corresponding

xy plane λ = 600 nm (see inset in Figure 5.4b). The spectral distribution also

shows a single peak centered at the middle of the nanoparticle. The plasmonic

map, extracted from the data cube by averaging xy distributions of light in

the wavelength region λ = 594–602 nm, is presented in Figure 5.4d (where the

distribution is averaged over an 8 nm wavelength interval to reduce noise).

The measured spectrum of electron beam-induced photon emission from

a single nano decahedron (black curve, Figure 5.4a) has been compared

to the theoretical spectrum, obtained a numerical technique, developed by

Professor F.J. Garćıa de Abajo [46]. This technique allows the calculation

of electron-induced photon-emission spectra, using the numerical solution of

Maxwell’s equations by the boundary element method, from structures of

arbitrary shape and dielectric function. The theoretical approach is outlined

in Appendix B.

For the simulations the nano decahedron was approximated by a bi-

conical structure with radius 55 nm and height 40 nm, illuminated by

a 40 keV electron beam positioned in the middle of the nanoparticle

(Fig. 5.5a). The theoretical electron-induced photon-emission spectra is

depicted in Figure 5.4a (red dashed curve). The modeled and measured

spectra (Fig. 5.4a, black solid curve) correlate reasonably well.

The broadening of the experimental curve, compared to the theoretical

spectrum, can be accounted for by a number of things: the model does not

include the interaction between the nanoparticle and the carbon substrate

(Fig. 5.5b); in the experiment the cross section of the electron beam is

comparable to the size of the nanoparticle; the orientation of the decahedron

relative to the electron beam is unclear and a 10–30 degrees tilt of the

nanoparticle can influence the induced spectrum.

The size of the SPP source used to acquire the results, obtained in the HSI

measurements described in this Chapter, cannot resolve the fine structure of
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(a) (b)Electron
beam

Electron
beam

Carbon
substrate

Bi-cone
Bi-pyramid
(decahedron)

Figure 5.5: The geometrical configuration of the theoretical model of the single
decahedron-shaped nanoparticle excitated by an electron beam. The bi-pyramid
(decahedron) was approximated by a bi-cone with with radius 55 nm and height

40 nm (a). Experimental configuration (b).

the spatial modes of the nanoparticle. Moreover, it was shown [42] that the

experimental observation of the modes requires polarization sensitivity and

higher angular selectivity. The light emission of each mode is polarized and

confined in a relatively narrow angle. The geometry of the light collection

system with the “wide mirror” does not allow for the high angular selectivity,

causing the overlap of the detected modes.

However, it was sufficient to resolve peculiar features of the interaction

between two nanoparticles, forming a nanodimer. The HSI of a single

nanoparticle was used to demonstrate the capabilities of the technique on the

nanoscale, and also to be used as a reference for the hyperspectral images of

dimer structures. The hyperspectral imaging of two types of dimers, formed

of such nanoparticles, is presented in the following Section.

5.5 HSI of “short” and “long” dimers

The second set of experiments was performed on a “short” dimer with

a D = 50 nm gap between the 100 nm decahedron-shaped gold particles,

deposited on a carbon substrate, and a “long” dimer with a D = 150 nm gap

(see Figure 5.6). It was expected that the spectral and spatial distributions

157



Chapter 5. Excitation of localized plasmon modes in nanoparticle dimers

of electron-beam induced emission would 1) show new modes compared to a

single decahedron (due to the interaction between the particles), and 2) would

differ between the “short” and “long” dimers due to weakening between the

constituent nanoparticles with distance.

Top view Side view

DD

Size of a
decahedron

Figure 5.6: Top and side views of a dimer, consisting of two 100 nm decahedron-
shaped nanoparticles separated by a gap D. Two types of dimers have been inves-
tigated: a “short” dimer with D = 50 nm and a “long” dimer with D = 150 nm.

Plasmonic maps acquired from the “short” dimer (D = 50 nm) possess

striking differences from the analogous distributions of single nanoparticle

(see Figure 5.7). It can be seen that the emission of light due to excitation

of localized plasmons drastically depends on the wavelength. In the ranges

λ = 425–433 nm, λ = 540–548 nm, λ = 671–679 nm, and λ = 842–850 nm

(Fig. 5.7b, c, e, f respectively) that distribution is localized on one or other

nanoparticle within the dimer (the intensity distributions are averaged over

8 nm wavelength intervals to reduce noise). However, as can be seen from

the plasmonic map in Figure 5.7d, at the wavelengths around λ = 600 nm

the emission of light by a dimer reaches a peculiar state: the dimer emits

light like a single nanoparticle. This state is attributed to the excitation

of a hybridization mode [47, 48]. This mode has only been observed in a

narrow range of wavelengths close to the plasmonic resonance of a single

nanoparticle.

Plasmonic maps of a “short” dimer, presented in Figures 5.7b–f, exhibit

an asymmetry of the electron-induced emission relative to the axis of the

dimer. This can be attributed to the following: the axis of each nanoparticle
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Figure 5.7: Hyperspectral imaging of a short (D = 50 nm) dimer (a): spatial
plasmonic emission intensity distributions obtained by slicing the hyperspectral
data cube in the xy plane (averaged over 8 nm wavelength intervals). Localized
excitations on one of the nanoparticles in the ranges λ = 425–433 nm (b), λ = 540–
548 nm (c), λ = 671–679 nm (e), λ = 842–850 nm (f). Excitation of hybridization

mode at λ = 625–633 nm: dimer emits as a single particle (d).
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is most likely to be non-perpendicular to the plane of the substrate, therefore

the mutual orientation of the nanoparticles can be asymmetric.

The evidence of excitation of the hybridization mode was not found on

the long (D = 150 nm) dimer, consisting of two decahedron-shaped 100 nm

nanoparticles at a distance of 150 nm (Fig. 5.8a). The lack of coupling

between the particles, resulting in non-hybridized (independent) emission by

each particle, is demonstrated in plasmonic maps of the long dimer in the

wavelength ranges λ = 563–571 nm, λ = 617–625 nm and λ = 710–718 nm

(Fig. 5.8c–d).

Introduction of a second nanoparticle at a D = 50 nm distance, in the

“short dimer” case, results in the splitting of a single nanoparticle’s spectrum

into two modes of emission by the dimer. The evidence for the splitting can

be seen in (Fig. 5.9a), representing three spectral distributions: the spectrum

of a single nanoparticle (dashed black curve), centered at λ = 600 nm, and

spectra extracted from the middle of each nanoparticle within the dimer (blue

and red curves). The lines inside the data cube, along which the spectra of

nanoparticles within the dimer was extracted, are indicated in the inset to

Figure 5.9a.

The splitting of the single nanoparticle’s spectrum seen on the dimer is

attributed to the excitation of symmetric and asymmetric modes of the dimer.

In the symmetric mode each of the nanoparticles within the dimer oscillates

in phase with one another, while in the asymmetric case the oscillations of the

particles are anti-phased. As a result, the maxima of light emission spectra

obtained from each particle exhibits a small shift from the peak of emission

of a isolated nanoparticle (Fig. 5.9a).

For the long (D = 150 nm) dimer the splitting of spectra has not been

observed, as shown in Figure 5.9b. The maxima of emission spectra of a

single nanoparticle (shown as a black dotted curve) and each of the nanopar-

ticles within the dimer (blue and black curves) coincide. The excitation of

symmetric and asymmetric modes in this case is impossible due to the weak

interaction between the nanoparticles.

Spatial intensity distribution of light emission from the short (D = 50 nm)

dimer was obtained by mining the data cube along the axis of the dimer in
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Figure 5.8: Hyperspectral imaging of a long (D = 150 nm) dimer (a): spatial plas-
monic emission intensity distributions obtained by slicing the hyperspectral data
cube in the xy plane (averaged over 8 nm wavelength intervals). Plasmon emission
maps of a non-hybridization regime due to weak coupling between nanoparticles

at λ = 563–571 nm (b), λ = 617–625 nm (c), and λ = 710–718 nm (d).

the planes corresponding to wavelengths λ1 = 600 nm and λ2 = 815 nm

(Fig. 5.9c). As can be seen from spatial distribution along line z2, corre-

sponding to λ2 = 815 nm (black line), the plasmon excitation is localized

on one of the nanoparticles within the dimer. However, on λ1 = 600 nm

the dimer emits light as a single particle (red curve). This phenomena is

attributed to the excitation of hybridization mode, illustrated earlier on a

plasmonic map on the same wavelength (Fig. 5.7d).
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Figure 5.9: Spectral and spatial distributions of light emitted by short (D = 50 nm)
and long (D = 150 nm) dimers with 40 kV electron beam excitation. (a) Splitting
of the single nanoparticle mode spectrum for a short dimer: maxima of spectra of
emission of each nanoparticle (red and blue curves) exhibits a small shift from the
peak of emission of a isolated nanoparticle (black dashed curve). (b) The splitting
was not observed for the long dimer. (c) Hybridization spacial mode of the short
dimer at λ1 = 600 nm (solid red line) compared to a localized excitation of one
of the nanoparticles within the dimers at λ2 = 815 nm. The excitation of the
hybridization mode is previously illustrated on a plasmonic map at λ1 (Fig. 5.7d).
(d) Non-hybridized emission of the long dimer: the emission of each nanoparticle

is independent of the other.
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Spatial distributions along the axis of a long (D = 150 nm) dimer do not

exhibit any interesting features (Fig. 5.9d). At all wavelengths in the studied

region the emission of each nanoparticle within the dimer is independent.

The excitation of the hybridization mode cannot be observed.

It has therefore been demonstrated that the developed hyperspectral

imaging technique allows for quick visualization of nanoparticles and systems

of nanoparticles, such as dimers, and analysis of spectral and spatial modes.

Excitation of the hybridization mode and the spectral symmetric/asymmetric

modes in a nanodimer has been achieved.

5.6 Interpretation of the coupled plasmon

modes in nanoparticle dimers

The phenomena, observed in HSI measurements of nanodimers, described in

the previous Section, can be illustrated on a classical model of forced oscil-

lations of two coupled circuits. Specifically, the gain-frequency characteristic

of current oscillations of the model as a function of coupling factor can be

directly compared to the detected spectra of “short” and “long” nanodimers.

Consideration of plasmonic nanoparticles as elements of electrical circuits

became popular after a study performed by Nader Engheta [49].

Consider a system of two parallel oscillatory circuits with capacitive feed-

back (Fig. 5.10a). Each of the circuits, representing one of the nanoparticles

within a dimer, consists of a resistor Gi, capacitor Ci and inductor Li,

i = 1, 2. The system also has an AC power supply J and a capacitor Cf ,

providing feedback between the circuits.

The correspondence between the components of the model and the experi-

ment (Fig. 5.10b) is the following. Electromagnetically coupled nanoparticles

within the dimer act like oscillatory circuits with capacitance feedback.

Excitation of the dimer with the electron beam (acting as the AC power

supply for the circuits) results in generation of light with intensity Ii from

each nanoparticle (currents Ui in the model), i = 1, 2.
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Figure 5.10: The system of coupled parallel oscillatory circuits with a capacitance
feedback (a): each of the circuits consists of a resistor Gi, capacitor Ci and
inductor Li, i = 1, 2. The system also has an AC power supply J and a
capacitor Cf , providing feedback between the circuits. Nanodimer excited by an
electron beam (b): electromagnetically coupled gold decahedron-shaped particles 1
and 2. The behavior of the coupled nanoparticles under electron beam excitation is
analogous to the behavior of two circuits with a AC power supply and a capacitance

feedback.

Currents U1 and U2 in each circuit are defined by the following system of

integro-differential equations:

C1
dU1

dt
+G1U1 +

1

L1

∫
U1dt+ Cf

d(U1 − U2)

dt
= J,

C2
dU2

dt
+G2U2 +

1

L2

∫
U2dt+ Cf

d(U2 − U1)

dt
= 0.
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Taking a first time derivative from each of the equations, one can obtain:

d2U1

dt2
+ 2α1

U1

dt
+ ω2

01U1 + kC
1

d2U2

dt2
=

1

C1Σ

dJ

dt
, (5.1)

d2U2

dt2
+ 2α2

U2

dt
+ ω2

02U2 + kC
2

d2U1

dt2
= 0. (5.2)

Here C1Σ = C1 + Cf , C2Σ = C2 + Cf — the total capacities of partial

subsystems, α1 = G1/2C1Σ and α2 = G2/2C2Σ — damping coefficients of

each circuit, ω01 = 1/
√
L1C1Σ and ω02 = 1/

√
L2C2Σ — partial frequencies

of the circuits, kC
1 = Cf/C1Σ and kC

2 = Cf/C2Σ — coupling coefficients of

circuits.

Consider J a harmonic function of time with frequency ω and complex

amplitude Jm:

J(t) = Jme
jωt.

Equations (5.1), (5.2) will then take the form:

(G1 + jB1Σ)U1m − jBfU2m = Y1U1m − jBfU2m = Jm, (5.3)

−jBfU1m + (G2 + jB2Σ)U2m = −jBfU1m + Y2U2m = 0. (5.4)

Here U1m and U2m are complex amplitudes of U1 and U2; Y1 = G1 + jB1Σ,

Y2 = G2 + jB2Σ — complex conductivities of circuits; B1Σ = ωC1Σ − 1/ωL1,

B2Σ = ωC2Σ − 1/ωL2, Bf = ωCf .

Expressions for complex amplitudes U1m and U2m can be found from the

system (5.3)–(5.4). These expressions are cumbersome and not essential for

the current analysis. The behavior of the system of two coupled circuits

can be described using the following parameters: detuning factors for each

circuit:

ξ01 = ω01
C1Σ

G1

(
ω

ω01
− ω01

ω

)
, ξ02 = ω02

C2Σ

G2

(
ω

ω02
− ω02

ω

)
;

quality factors for each circuit:

Q1 = ω01
C1Σ

G1
, Q2 = ω02

C2Σ

G2
,

and the coupling factor:

A = ωCf/
√
G1G2.
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Consider a system with ξ01 = ξ02 = ξ and Q1
∼= Q2. The resonance

condition in this case can be written as:

ξ

(
1 − A2

1 + ξ2

)
= 0. (5.5)

From Equation 5.5 one can show that the discussed system of coupled

circuits has two distinctive states, depending on the value of the coupling

factor A.

For A < 1 the system has only one resonance at the frequency of the

external force:

ω = ω0.

For A > 1 the maximum of |U2m| (resonance) is achieved at frequencies:

ω1 =
ω0√

1 +
√
k2 − d2

, ω2 =
ω0√

1 −
√
k2 − d2

.

Here k =
√
kC

1 k
C
2 = Cf/

√
C1ΣC2Σ — the coupling coefficient and d2 =

G2
2/ω

2C2
2Σ. The dependence of the spectral response of the system of coupled

parallel oscillatory circuits on the coupling factor is illustrated in Figure 5.11.

ξ0 ξ1ξ2

|U2m(ξ)|
|U2max|

ω = ω2 ω = ω1ω = ω0

A > 1, strong coupling

A < 1, weak coupling

Figure 5.11: Gain-frequency dependence of the system of two coupled circuits:
single resonance ω = ω0 in the case of the coupling factor A < 1 and the splitting

of the resonance into ω1 and ω2 for A > 1.
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The correlation between HSI experimental results on nanodimers and

the behavior of the system of coupled circuits can be clearly seen. In the

case of the “short” dimer (D = 50 nm) the coupling factor A > 1 and the

splitting of the detected spectrum into two frequencies ω1 and ω2 around

the eigenfrequency ω0 was observed (Fig. 5.9a). In the case of the “long”

dimer (D = 150 nm) the coupling between the particles is not strong enough

(A < 1) to produce resonant splitting.

It, therefore, has been shown that the experimental results obtained in

this Chapter for “short” and “long” dimers can be interpreted using the

model of two forced oscillations of coupled circuits with capacitance feedback.

The difference between the electron-induced photon-emission spectra of two

dimers correspond to the excitation of systems with low (A < 1) and high

(A > 1) decoupling factors.

5.7 Summary and conclusions

It was shown that hyperspectral imaging with a scanning electron beam can

be used to measure photon maps, spectral and spacial distributions of surface

plasmons excited on single nanoparticles and nanodimers with an electron

beam at nanoscale resolution.

Excitation of the hybridization mode was demonstrated by the hyperspec-

tral imaging of a gold dimer. It was found that the hybridization mode only

exists on a “short” dimer (D = 50 nm) in the narrow range of wavelengths

very close to the wavelength of the plasmonic resonance of the individual

particle.

It was shown that the spectra of a dimer significantly depends on the

separation between its constituents: the splitting of the spectrum of a single

nanoparticle into symmetric/asymmetric modes has been observed on a

“short” dimer. The spectrum of “long” dimer (D = 150 nm) did not exhibit

any evidence of coupling between the nanoparticles. A comparison between

the behavior of a two coupled nanoparticles comprising a dimer and a classical

model of forced oscillations of two coupled parallel circuits has been made.
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The efficiency of the system can be further improved as detailed in the

previous Chapter. A more efficient light collection system would further

increase the spatial resolution of the technique to allow imaging of modes

excited locally on a nanoparticle.

To summarize, the hyperspectral imaging of plasmonic nanostructures

with an electron beam technique proved to be extremely useful in the quick

and comprehensive examination of planar nanostructures, such as metal

gratings [44], as well as individual and coupled nanoparticles. This technique

can be applied to the study of plasmonic properties of nano-scaled planar

waveguides and nano-meta-materials. Hyperspectral imaging can also be

applied for analysis and design of nanoparticle chain waveguides and all-

optical computer nano-components.
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Chapter 6

Summary and future work

6.1 Summary

It was demonstrated for the first time that the electromagnetic field structure

near a plasmonic nanoparticle forms a vortex. It was shown that the power-

flow lines of linear polarized monochromatic light interacting with a metal

λ/20 nanoparticle, in the proximity of its plasmon resonance, form whirlpool-

like nanoscale optical vortices (optical whirlpools). Both spherical and

spheroidal particles were studied using analytical Mie theory and the Finite

Element method (See Chapter 2). One of two types of vortices, inward or

outward, was detected depending on the sign of frequency detuning between

the external field and the plasmon resonance of the nanoparticle. It was

shown that inward and outward optical whirlpools can exist on a 20 nm

spherical silver nanoparticle in the upper ultra-violet and visible range of

wavelengths.

A new hyperspectral imaging (HSI) technique with an electron beam

for imaging plasmon excitations and cathodoluminescence in nanostructures

with nanoscale resolution has been developed. The apparatus for HSI,

based on a scanning electron microscope synchronized with a multi-channel

spectrum analyzer, allows for collection and detection of optical electron-

induced emission from a sample in two configurations (high efficiency and

high angular resolution modes) and in the wavelength region from 350

to 1150 nm with 0.8 nm spectral resolution and high quantum efficiency
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(See Chapters 3 and 4). The phenomena of light emission from an unstruc-

tured gold surface, gratings, single nanoparticles and nanodimers, resulting

from the excitation of plasmons with an electron beam, has been analyzed

with HSI.

Using this instrument it was demonstrated for the first time that the

injection of a beam of free electrons into an unstructured metal surface creates

a highly localized nanoscale source of SPPs (See Chapter 3). It was shown

that on a gold surface a 50 keV electron beam of 10 µA current creates a

10 nW source of plasmons with the spectrum spreading from 350 to 1150 nm.

The plasmons were detected by controlled decoupling into light with a grating

at a distance from the excitation point. The 30 nm delocalization of the

plasmon source at the grating was demonstrated and decay lengths of SPPs

were measured.

The hyperspectral imaging technique was used to study plasmon emission,

induced by electron beam excitation on gold monocrystal decahedron-shaped

nanoparticles and dimers consisting of such nanoparticles, for the first time

(See Chapter 5). It was shown that in 100 nm gold decahedron-shaped

nanoparticles electron-induced plasmon emission is excited in the spectral

range from 350 to 850 nm. The dependence of spatial and spectral structure

of dimer plasmon emission on wavelength and separation between the nano-

particles within the dimer was studied. The excitation of hybridized mode

on a dimer with 50 nm gap between the particles was detected at wavelength

600 nm.

6.2 Future work

Numerous avenues of investigation may be followed in relation to the demon-

strated whirlpool-like regimes of light interaction with metallic nanoparticles.

As a vortex is a very unusual path for the propagation of light, the question

of the stability of such an electromagnetic field structure immediately arises.

Moreover, it is interesting to investigate if the formation of optical whirlpools

can lead to the formation of chaotic electromagnetic fields. The approach

developed can also be used to interpret plasmon resonance effects, such as
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anomalous absorption and high values of optical cross-sections, not only on

single metallic nanoparticles, but also on dimers, waveguides, metamaterial

shell structures, nanoparticles on a substrate, and nonlinear nanoparticles.

Currently nanophotonics is progressing towards on-chip nanoplasmonic

circuit elements and circuits. The SPP source, generated on the nanoscale

with an electron beam, can undoubtedly become one of the key elements of

such plasmonic circuits. A range of plasmonic propagation, decoupling, and

interference behaviours can be studied using this source. Beyond plasmonics,

with recent advances in fabrication, sample characterization, and computa-

tional simulation techniques it is now possible to explore interactions between

light and electron beams in nanostructured materials using and electron

microscope.

Hyperspectral imaging with an electron beam is a powerful technique

which can be applied to the study of light emission from various nanostruc-

tures, localized plasmon modes, optical density of states, and luminescence

of materials. Even in the current stage of development, it can be used for the

study of plasmonic properties and design of nanoparticle waveguides, planar

surface waveguides, and the study of SPP interference effects in a system of

coupled gratings and quasiperiodic hole arrays.

With improved spatial resolution, the fine structure of plasmonic modes of

single nanoparticles and nanodimers can be observed with HSI in a scanning

electron microscope. Time-resolved measurement of nanodimer response to

pulses of electron excitation can be used to obtain deeper insight into the

formation of hybridization mode. The spectral range of the light detection

could be further expanded into the infrared region. The HSI technique would

also undoubtedly benefit from the introduction of polarization sensitivity.
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Appendix A

Mie theory solution

In this Appendix the Mie theory formulae used to demonstrate excitation of
optical whirlpools on metal nanoparticles of spherical shape are presented in
the form of explicit expressions for all components of electric and magnetic
fields (E,H) in the spherical system of coordinates with the polar axis
directed along the incident light wave.

Incident field (Ei = E0e
ikr cos θex):

Eir =
∞∑

n=1

En

(
−i cosϕn(n+ 1) sin θπn(cos θ)

jn(kr)

kr

)
.

Eiθ =

∞∑

n=1

En

(
cosϕπn(cos θ)jn(kr) − i cosϕτn(cos θ)

[krjn(kr)]′

kr

)
.

Eiϕ =
∞∑

n=1

En

(
− sinϕτn(cos θ)jn(kr) + i sinϕπn(cos θ)

[krjn(kr)]′

kr

)
.

Hir = −k

ω

∞∑

n=1

En

(
i sinϕn(n+ 1) sin θπn(cos θ)

jn(kr)

kr

)
.

Hiθ = −k

ω

∞∑

n=1

En

(
− sinϕπn(cos θ)jn(kr) + i sinϕτn(cos θ)

[krjn(kr)]′

kr

)
.

Hiϕ = −k

ω

∞∑

n=1

En

(
− cosϕτn(cos θ)jn(kr) + i cosϕπn(cos θ)

[krjn(kr)]′

kr

)
.
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Field inside the sphere:

E1r =
∞∑

n=1

En

(
−idn cosϕn(n+ 1) sin θπn(cos θ)

jn(k1r)

k1r

)
.

Eiθ =
∞∑

n=1

En

(
cn cosϕπn(cos θ)jn(k1r) − idn cosϕτn(cos θ)

[k1rjn(k1r)]
′

k1r

)
.

Eiϕ =
∞∑

n=1

En

(
−cn sinϕτn(cos θ)jn(kr) + idn sinϕπn(cos θ)

[k1rjn(k1r)]
′

k1r

)
.

Hir = −k1

ω

∞∑

n=1

En

(
icn sinϕn(n + 1) sin θπn(cos θ)

jn(k1r)

k1r

)
.

Hiθ = −k1

ω

∞∑

n=1

En (−dn sinϕπn(cos θ)jn(kr) +

icn sinϕτn(cos θ)
[k1rjn(k1r)]

′

k1r

)
.

Hiϕ = −k1

ω

∞∑

n=1

En (−dn cosϕτn(cos θ)jn(kr)+

icn cosϕπn(cos θ)
[k1rjn(k1r)]

′

k1r

)
.

Scattered field:

Esr =

∞∑

n=1

En

(
ian cosϕn(n + 1) sin θπn(cos θ)

hn(kr)

kr

)
.

Eiθ =

∞∑

n=1

En

(
−bn cosϕπn(cos θ)hn(kr) + ian cosϕτn(cos θ)

[krhn(kr)]′

kr

)
.

Eiϕ =

∞∑

n=1

En

(
bn sinϕτn(cos θ)hn(kr) − ian sinϕπn(cos θ)

[krhn(kr)]′

kr

)
.

178



Chapter A. Mie theory solution

Hir =
k

ω

∞∑

n=1

En

(
ibn sinϕn(n + 1) sin θπn(cos θ)

hn(kr)

kr

)
.

Hiθ =
k

ω

∞∑

n=1

En

(
−an sinϕπn(cos θ)hn(kr) + ibn sinϕτn(cos θ)

[krhn(kr)]′

kr

)
.

Hiϕ =
k

ω

∞∑

n=1

En

(
−an cosϕτn(cos θ)hn(kr) + ibn cosϕπn(cos θ)

[krhn(kr)]′

kr

)
.

Where

an =
m2jn(mx)[xjn(x)]′ − jn(x)[mxjn(mx)]′

m2jn(mx)[xhn(x)]′ − hn(x)[mxjn(mx)]′
,

bn =
jn(mx)[xjn(x)]′ − jn(x)[mxjn(mx)]′

jn(mx)[xhn(x)]′ − hn(x)[mxjn(mx)]′

— coefficients inside the sphere.

cn =
jn(x)[xhn(x)]′ − hn(x)[xjn(x)]′

jn(mx)[xhn(x)]′ − hn(x)[mxjn(mx)]′
.

dn =
mjn(x)[xhn(x)]′ −mhn(x)[xjn(x)]′

m2jn(mx)[xhn(x)]′ − hn(x)[mxjn(mx)]′

— the scattering coefficients.

En = E0i
n(2n+ 1)/n(n+ 1).

x = ka — size parameter, a — sphere radius, k — wavenumber of
incident wave, k1 = mk — wavenumber inside the sphere, m =

√
ε —

relative refractive index, ε — dielectric constant of the sphere, ω —
frequency of incident wave.

jn(ρ) =

√
π

2ρ
Jn+1/2(ρ) — spherical Bessel function, Jn+1/2(ρ) — Bessel

function.

hn(ρ) =

√
π

2ρ
Yn+1/2(ρ) — spherical Hankel function, Yn+1/2(ρ) — Hankel

function.

πn =
P 1

n

sin θ
, τn =

dP 1
n

dθ
, P 1

n — associated Legendre function.
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Appendix B

Electron-induced photon
emission in inhomogeneous
materials

This section details the theoretical approach to the calculation of electron-

induced photon emission probabilities both in the vicinity and inside the

axially symmetric, but otherwise arbitrarily shaped, materials described by

frequency-dependent response functions. The software implementation of

this technique was kindly provided by its originator, Professor F. J. Garćıa

de Abajo. The description of the technique is presented below, following the

original publication1.

The computation of electron-induced photon emission spectra from a ma-

terial of an arbitrary shape can be performed by solving Maxwell’s equations

numerically using the boundary element method. The electric and magnetic

fields in a nonmagnetic inhomogeneous material are conveniently expressed

in terms of scalar and vector potentials ϕ and A as:

E =
iω

c
A−∇ϕ, H = ∇×A.

Here the Lorentz gauge condition ∇ · A − iω
c
εϕ = 0 has been adopted, ε

is the space and frequency-dependent local dielectric functions. Maxwell’s

1F.J. Garćıa de Abajo and A. Howie. Relativistic electron energy loss and electron-

induced photon emission in inhomogeneous dielectrics, Phys. Rev. Lett., 80:5180, 1998
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equations in terms of ϕ and A take the form:

(∇2 + k2ε)ϕ = −4π(ρ/ε+ σs), (B.1)

(∇2 + k2ε)A = −4π

c
(j + m), (B.2)

where k = ω/c, σs = 1
4π

D · 1
ε
, m = − iω

4π
ϕ∇ε, ρ and j are the external charge

and current density, respectively.

Focusing on an abrupt interface separating two different media described

by dielectric functions εj, j = 1, 2, the electromagnetic fields find their source

in both the external perturbation and the polarization charges and currents

induced on the interface, σs and m as can be seen in equations (B.1), (B.2).

Therefore, the fields must result from the propagation of these sources by

means of Green functions:

Gj(r) = exp(ikjr)/r

appropriate for each separate medium, where kj = k
√
εj(ω) and the square

root is chosen such that kj lies in the upper complex plane in order to

guarantee that the fields vanish at infinity. More precisely, the potentials

inside medium j read:
[
ϕ(r)

A(r)

]

=

∫
dr′Gj(|r− r′|)

[
ρ(r′)/ε(r′, ω)

j(r′)/c

]

+

∫
dsGj(|r− s|)

[
σj(s)

hj(s)

]

,

where the additional integrals over the interface S are required partly to

include the effects of the interface charges and currents noted above and

partly to compensate for the discontinuity of the Green function at the

interface.

The continuity of the parallel electric field and the normal magnetic field

at the interface is guaranteed by the continuity of the potentials, which

leads to:

G1σ1 −G2σ2 = −(ϕ1 − ϕ2), G1h1 −G2h2 = −(g1 − g2), (B.3)

where: [
ϕj(s)

fj(s)

]

=

∫
dr

[
1

ns · ∇s

]

Gj(|s− r|) ρ(r)

ε(r, ω)
, (B.4)
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and matrix notation has been adopted, so that the interface coordinates s

are used as matrix and vector indices, and matrix–vector products such as

Gjσj involve integration over the interface.

The continuity of the parallel magnetic field and normal electric displace-

ment leads to:

H1h1 −H2h2 + ρnsG1σ1 = −q1 + q2 − ρnsϕ1, (B.5)

1

ik
(ε1H1σ1 − ε2H2σ2) − ε1nsG1 · h1 + ε2nsG2 · h2 =

ε1

(
ns · g1 −

f1

ik

)
− ε2

(
ns · g2 −

f2

ik

)
, (B.6)

where Hj(s − s′) = ns · ∇sGj(|s− s′|) ± 2πδ(s− s′) (the sign is + for j = 1,

and − for j = 2), p = k(ε2 − ε1),[
gj(s)

qj(s)

]
=

1

c

∫
dr

[
1

ns · ∇s

]
Gj(|s− r|)j(r), (B.7)

and ns is chosen towards medium 2.

Upon discretization of the surface integrals using N points, equa-

tions (B.3)–(B.7) become a set of 8N linear equations, which can be solved

by direct numerical inversion in a time proportional to 512N3. A more effi-

cient (6N3) numerical procedure has been followed, consisting of separately

manipulating operators such as Gj, which now become N ×N matrices.

For simplicity, the case of axially symmetric, but otherwise arbitrarily

shaped, materials is considered. This allows analytical evaluation of the

azimuthal interface integrals, so that the number of points N is considerably

reduced, though one has to sum over the azimuthal momentum number m.

The electron-induced photon emission probability Γrad can be obtained

by dividing the component of the Poynting vector normal to an arbitrarily

large sphere centered at the sample by ω.

The described numerical technique was implemented by Professor

F.J. Garćıa de Abajo in the form of Bemax software. This program

allows for the calculation of electron-induced photon emission spectra from

isolated objects with axial symmetry, such as disks, ellipsoids, or coated

spheres, illuminated by an electron beam of selected energy, positioned

parallel or perpendicular to the object.
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