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For the phenomenological description of magnetohydrodynamic turbulence competing models exist,

e.g., Boldyrev [Phys. Rev. Lett. 96, 115002 (2006)] and Gogoberidze [Phys. Plasmas 14, 022304 (2007)],

which predict the same Eulerian inertial-range scaling of the turbulent energy spectrum although they

employ fundamentally different basic interaction mechanisms. A relation is found that links the

Lagrangian frequency spectrum with the autocorrelation time scale of the turbulent fluctuations �ac and

the associated cascade time scale �cas. Thus, the Lagrangian energy spectrum can serve to identify weak

(�ac � �cas) and strong (�ac � �cas) interaction mechanisms providing insight into the turbulent energy

cascade. The new approach is illustrated by results from direct numerical simulations of two- and three-

dimensional incompressible MHD turbulence.
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Magnetohydrodynamic (MHD) turbulence has been the
subject of intense research during the last decades since
turbulent low-frequency, long-wavelength fluctuations
conveniently described in the incompressible MHD frame-
work are present in many astrophysical systems (see, for
example, [1] and references therein). As of now, the theo-
retical description of the universal statistical properties of
turbulent flows relies mainly on phenomenological models
like Kolmogorov’s K41 picture [2] of hydrodynamic tur-
bulence. In the incompressible MHD case the phenome-
nological description is complicated by the presence of
shear Alfvén wave modes and their associated time scale,
the Alfvén-time �A. Especially for turbulence in the pres-
ence of a strong mean magnetic field there exist competing
phenomenological models of the inertial-range energy cas-
cade [3–7]. Although based on physically different mecha-
nisms the most recent models by Boldyrev [6] and
Gogoberidze [7] predict identical diagnostic signatures,
e.g., the same inertial-range scaling of the energy spec-
trum, and are thus hardly distinguishable by conventional
measurements in the Eulerian frame of reference.
Complementing Eulerian diagnostics, the Lagrangian fre-
quency spectrum gives insight into the time scales associ-
ated with the turbulent energy cascade and the underlying
nonlinear interactions of turbulent fluctuations.

This Letter reports a fundamental relation between the
Lagrangian frequency spectrum and the characteristic time
scales of turbulence, the autocorrelation time �ac, and the
cascade time �cas. Here, the autocorrelation time �ac ¼
�acð‘Þ characterizes the dominant nonlinear interaction
process between turbulent fluctuations with ‘ being the
spatial scale under consideration. On the cascade time

scale �cas the fluctuations at a fixed spatial scale loose their
coherence and decay into smaller turbulent fluctuations.
The relation presented in the following allows us to inves-
tigate a fundamental aspect of turbulent dynamics, i.e., to
distinguish whether nonlinear interactions are weak, �ac �
�cas, or strong �ac � �cas. The relation is supported by high-
Reynolds-number direct numerical simulations of two- and
three-dimensional MHD turbulence. In the following, per-
tinent turbulence phenomenologies are summarized focus-
ing on their characteristic time scales.
In the K41 picture of Navier-Stokes turbulence the

autocorrelation time scale �ac is determined dimensionally
by the nonlinear turnover time �NL ¼ ‘=v‘ where v‘ is a
velocity fluctuation (eddy) at scale ‘. A single nonlinear
interaction between eddies reduces the coherence of an
involved fluctuation so significantly that it ceases to exist at
scale ‘ having generated fluctuations at slightly smaller
scales. The required time for the associated decorrelation
in the K41 picture is �cas � �NL � �ac; thus the nonlinear
interaction is strong. In incompressible two-dimensional
MHD turbulence the Iroshnikov-Kraichnan (IK) phenome-
nology [3,4] seems to apply; see, e.g., [8]. There, colliding
counterpropagating Alfvénic fluctuations lead to a wave-
based nonlinear decorrelation of turbulent structures. The
fundamental interaction time scale is the Alfvén-time �A ¼
‘=b0 where the assumption of constant mass density yields
the Alfvén speed as the value of a properly normalized
external magnetic guide field b0 or, if no such field is
present, the slowly varying large-scale magnetic fluctua-
tions brms. As colliding Alfvén wave packets experience
only a small deformation in a single nonlinear interaction,
many consecutive interactions are required for a cascade
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step, i.e., �A � �2NL=�A � �cas since generally �A � �NL,
and the nonlinear interaction is weak. In incompressible
three-dimensional MHD turbulence with weak to moderate
mean magnetic field the Goldreich-Sridhar (GS) [5] phe-
nomenology has become widely accepted. It enhances the
IK picture by explicitly taking into account dynamical
anisotropy with regard to the direction of the local mag-
netic field. In addition, the hypothesis of a critical balance
of turnover and Alfvén time is made, i.e., �ac � �A �
�NL � �cas resulting in strong nonlinear interaction.

However, the inertial-range scaling of the Eulerian en-
ergy spectrum of MHD turbulence in a strong mean
magnetic field does not agree with the GS phenomenology
[9–13]. A proposed alternative is the dynamic-alignment
model (DA) [6] which extends the GS model by a scale-
dependent polarization of the interacting wave packets but
still leads to strong nonlinear interaction. By a different
approach, an anisotropic variant of the IK picture (AIK) [7]
yields weak interaction dynamics. It proposes nonlocal
decorrelation effects on inertial-range scales by large-scale
fluctuations. Both phenomenologies lead to identical scal-
ing results with regard to Eulerian two-point statistics
although their underlying physical assumptions are funda-
mentally different.

The inertial-range scaling of the Eulerian energy spec-
trum EðkÞ serves as a standard diagnostic for turbulence
investigations, but is in fact not unique: the K41 and GS

models yield EðkÞ � k�5=3. In the GS picture the wave
number k is defined in a direction perpendicular to the
magnetic field k ! k?. The DA, AIK, and IK models, in

contrast, all predict EðkÞ � k�3=2 with k ! k? for DA and
AIK. This has motivated the development of a new diag-
nostic approach that allows us to probe the relation be-
tween �ac and �cas as presented in the following.

The Lagrangian two-point two-time velocity correlation
[14] is defined as

RL ¼ hVðX0 þ r; �þ t0Þ � VðX0; t0Þi; (1)

where VðX0 þ r; t0 þ �Þ is the velocity measured at time
t0 þ � of a fluid element that was at position X0 þ r at
time t0. The Lagrangian variable X ¼ XðX0; tÞ is the time-
dependent position along a fluid particle’s trajectory. The
Lagrangian velocity VðX0; tÞ is connected to the Eulerian
velocity field by VðX0; tÞ ¼ vðx ¼ XðX0; tÞ; tÞ. While RL

is generally a correlation function involving two fluid

particles at positions Xð1ÞðX0 þ r; �þ t0Þ and Xð2ÞðX0; t0Þ
it reduces to a two-point velocity correlation along a single
trajectory if r ¼ 0. The corresponding Eulerian correlation
function is

RE ¼ hvðxþ r; tþ �Þ � vðx; tÞi; (2)

with vðx; tÞ representing the velocity field at a position x
and time t while r and � stand for independent translations
in space and time, respectively.

For statistically homogeneous and stationary turbulence
these functions depend on r and � only, RL;E ¼ RL;Eðr; �Þ.
The corresponding two-time spectral functions Qðk; �Þ

are defined as the Fourier transforms of the correlation
functions

RL;E ¼
Z

d3k expðik � rÞQL;Eðk; �Þ: (3)

The two-time spectral functions are related to the three-
dimensional energy spectrum EðkÞ by

QL;Eðk; �Þ ¼ EðkÞGL;Eð�=�L;Eac Þ; (4)

where �L;Eac are the Lagrangian and Eulerian autocorrelation

time scales, and GL;Eð�=�L;Eac Þ are the corresponding

response functions [15]. The general features of models
of the response function used in the theoretical description
of turbulence [15–17] are that GL;E is a smooth function

with GL;Eð0Þ ¼ 1, GL;EðxÞ ¼ 0 for x � 0 andR1
0 GL;EðxÞdx ¼ 1.
The Lagrangian and Eulerian frequency spectra are

defined as [14]

�L;Eð!Þ ¼ 1

2�

Z
d� cosð!�ÞRL;Eð0; �Þ: (5)

Putting Eq. (4) into Eq. (3), and plugging the result in Eq.
(5) yields for the frequency spectrum

�L;Eð!Þ ¼ 1

�

Z
d�

Z
dkEðkÞGL;Eð�=�L;Eac Þ cosð!�Þ; (6)

with Etotal ¼ R
dkEðkÞ. The energy spectrum EðkÞ and the

associated wave number has to be defined in a suitable way
for the considered geometry, e.g., spherical, planar, or
cylindrical. Under the assumption of self-similarity of all
involved dependent variables a dimensional approximation
of this result linking wave number and frequency energy
spectra in a simple way yields

!�L;Eð!Þ � kEðkÞ with !� 1=�L;Eac ðkÞ: (7)

Note that relation (7) is also found in [18] following a
different and more specific approach.
The Eulerian correlation time at a fixed position is

dominated by the sweeping of small-scale fluctuations by
the largest-scale eddies �Eac � ðkv0Þ�1. Consequently,
the spectral scaling of frequency and wave number spectra

should be identical in this case with �GS
E ð!Þ �

ð"v0Þ2=3!�5=3 or�IK
E ð!Þ � "1=2v0!

�3=2 where the choice
depends on the respective Eulerian inertial-range scaling.
For MHD turbulence, however, the Lagrangian frequency
spectrum allows us to distinguish turbulence phenomenol-
ogies based on strong nonlinear interaction such as GS and
DA from pictures based on inherently weak interaction like
(A)IK. Here, the Lagrangian autocorrelation time is as-
sumed to be characteristic for nonlinear interactions in the
energy cascade. In the MHD case, this holds as long as
spectral kinetic and magnetic energy are sufficiently close
to equipartition. A detailed investigation of the influence of
the large wave number contribution of the Eulerian spec-
trum on the Lagrangian inertial range [14] shows that the
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scaling of the Lagrangian inertial range is not adulterated
by the Eulerian large-scale interval.

With !� 1=�LacðkÞ and Eð‘Þ �!�Lð!Þ, the classical
constant-flux ansatz Eð‘Þ=�cas�" gives�Lð!Þ�"�cas�

L
ac.

Strong interaction turbulence is characterized by �ac � �cas
resulting in

�Lð!Þ � "!�2: (8)

This scaling is thus expected for the GS and the DA model
and is well known from Navier-Stokes turbulence [19,20].
In contrast, for IK-based phenomenologies with a weak
interaction mechanism �ac � �cas � �2NL=�

L
ac. Using rela-

tion (7), �Lac �!�1 � ðkb0Þ�1, and �NL � ðk3EkÞ�1=2

yields �cas � b20�
�1
L !�2. Thus

�Lð!Þ � "1=2b0!
�3=2: (9)

Note that this result holds for IK. In the case of AIK the
quasiconstant large-scale magnetic field b0 has to be re-
placed by vrms.

Lagrangian frequency spectra are obtained by tracking
fluid particles in direct numerical pseudospectral simula-
tions of MHD turbulence. Details of the numerical method
can be found in [9,21]. In the three-dimensional simula-
tions the number of tracers amounts to 3:2� 106, except
for the lowest resolution runs where it is lowered to
5� 105. In the two-dimensional simulations 2� 106 trac-
ers have been tracked. Important parameters and character-
istics of the simulations are listed in Table I. The magnetic
Prandtl number Prm, the ratio of kinematic viscosity � to
magnetic diffusivity�, is unity. Significant deviations from
this value would lead to a degradation of observable
inertial-range self-similarity due to numerical resolution
constraints and are thus not considered here. In the macro-
scopically isotropic cases, b0 ¼ 0, both the magnetic and
velocity field are forced by independent Ornstein-
Uhlenbeck processes [22,23] in the wave number shell
kf ¼ 3 in order to maintain quasistationary turbulence. In

the anisotropic MHD case, b0 ¼ 5, large-scale Alfvénic
fluctuations are excited by the stochastic forcing method
which impair the frequency scaling range. Therefore in this
case the system is forced by freezing the lowest wave
number modes of the velocity and magnetic field of a fully

developed turbulent state, see, e.g., [11]. In the two-
dimensional case turbulence is maintained by keeping the
kinetic and magnetic energy in the lowest wave number
shells 1 � jkj< 3 ¼ kf at a constant value. Based on the

estimate ðL0=‘dissÞ4=3 for the width of the inertial range, the
Reynolds number is defined as Re ¼ ½2�=ðkf‘dissÞ�4=3
where ‘diss � ð�3="KÞ1=4 is the Kolmogorov dissipation
length. To obtain the Lagrangian frequency spectrum first
the autocorrelations of the velocity and the magnetic field
fluctuations along the particle trajectories are calculated.
The spectrum is then computed as the cosine transform of
the autocorrelation functions [24]

�L;ið!Þ ¼ 1

2�

Z
d�ðhViðtþ �ÞViðtÞi

þ hbiðtþ �ÞbiðtÞiÞ cosð!�Þ: (10)

In the macroscopically isotropic MHD cases the frequency
spectrum does not depend on the component i of the
velocity or the magnetic field fluctuations. Here the total
frequency spectrum �ð!Þ ¼ P

3
i¼1 �ið!Þ is shown. In the

TABLE I. Parameters of the numerical simulations. Re: Reynolds number, urms; brms: rms value of velocity and magnetic field
fluctuations; b0: external mean magnetic field; "K, "M: kinetic and magnetic energy dissipation rates; � kinematic viscosity; Ncolloc:
numerical resolution.

Re urms brms b0 "K "M � Ncolloc

2150 0.75 0.93 0 6:4� 10�2 9:7� 10�2 5� 10�4 10242

6200 0.80 0.98 0 7:2� 10�2 1:0� 10�1 1:8� 10�4 20482

18 240 0.80 0.98 0 6:8� 10�2 8:9� 10�2 6� 10�5 40962

1050 0.44 0.59 0 0.11 0.17 1� 10�3 5123

3150 0.46 0.64 0 0.12 0.17 3:4� 10�4 10243

1790 0.53 0.62 5 7:4� 10�2 8:5� 10�2 8� 10�4 5122 � 256
4410 0.55 0.63 5 7:7� 10�2 8:8� 10�2 3:3� 10�4 10242 � 512

FIG. 1 (color online). The compensated Lagrangian frequency
spectra in the macroscopically isotropic three-dimensional (black
lines, compensated by !2=") and two-dimensional [gray lines,
compensated by !3=2=ð"1=2brmsÞ] cases for various Reynolds
numbers: 1050 (black dashed), 3150 (black continuous), 2150
(gray dash-dotted), 6200 (gray dashed) and 18 240 (gray continu-
ous). The frequency axis is normalized by the Kolmogorov fre-

quency !� ¼ �
ffiffiffiffiffiffiffiffiffiffiffi
�K=�

p
. For clarity the spectra for the two-

dimensional cases have been shifted by a constant factor.
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hydrodynamic case (not shown) the spectrum scales as
!�2 in the inertial range in agreement with previous
experimental [25] and numerical [20] results. In the macro-
scopically isotropic 3D MHD case the Lagrangian fre-
quency spectrum also shows a scaling with !�2 (see
Fig. 1). This supports the GS phenomenology with its
strong cascade mechanism for this configuration. In con-
trast, the Lagrangian spectra from the two-dimensional
simulations which are shown in the same figure display

an approximate !�3=2 scaling indicative of a weak inter-
action cascade. This observation corroborates the IK phe-
nomenology for the two-dimensional configuration. In the
anisotropic MHD case a dependence of the scaling on the
component of the fluctuations is observed (see Fig. 2). For

the component along b0 !�3=2 scaling is observed,
whereas for the perpendicular components a scaling ex-
ponent � ¼ 1:8	 0:1 [where �ð!Þ �!��] is measured.
This suggests that either the energy cascade changes its
dynamical character from weak interaction (field parallel)
to strong interaction (field perpendicular), or that the en-
ergetic structure of the flow cannot be captured adequately
by a simple decomposition in parallel and perpendicular
components.

In summary, a new relation is introduced that relates the
nonlinear autocorrelation time and the cascade time of
turbulence with the Lagrangian frequency spectrum. The
relation is corroborated by comparing high-Reynolds-
number direct numerical simulations of two- and three-
dimensional MHD turbulence with currently accepted
phenomenological expectations. As the Lagrangian fre-
quency spectrum is sensitive to the underlying cascade
mechanism it provides additional insight in the yet not
fully understood case of MHD turbulence in a strong
mean magnetic field. This is particularly useful in cases

where the discrimination between different theoretical
models of turbulence is hard or even impossible to achieve
by Eulerian two-point statistics. The ability to investigate
basic characteristics of turbulent energy transfer adds sig-
nificant value to this approach.
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FIG. 2 (color online). The compensated Lagrangian frequency
spectrum (cf. caption of Fig. 1) in the MHD case with a strong
mean magnetic field for Reynolds numbers of about 4410
(cf. Table I). Continuous lines: b0-perpendicular components;
dashed lines b0-parallel component.
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