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Abstract—a new method is proposed for air-water two phase flow 
simulation using Smoothed Particle Hydrodynamics method: the 
two different fluid phases are treated separately within the same 
time step. Air is solved using weakly compressible SPH and 
water is solved using incompressible SPH. No special treatment is 
required for the interface. It is the first time these two algorithms 
are combined together. The dam-break case with air-water two 
phase fluids is used to demonstrate the performance of the 
proposed algorithm. Results obtained from single phase flow and 
air-water two phase flow simulations are compared. It is shown 
that the consideration of air does not change the water movement 
significantly.   

I. INTRODUCTION  

 
Smoothed particle hydrodynamics (SPH) method is a fully 

Lagrangian mesh free method first developed for Astrophysics 
in 1970s [1, 2]. It has been extended into large deformation 
problems such as free surface flows [3]. For incompressible 
flows, there are generally two ways to impose 
incompressibility: one is to assume the fluid to be slightly 
compressible with a large sound speed to have a small Mach 
number ensuring the density fluctuation within 1% [3-5]., 
which is known as weakly compressible SPH (WCSPH); the 
other one is called truly incompressible SPH (ISPH) in which  
Poisson’s equation needs to be solved for pressure [6-8] . The 
algorithm in WCPSH is easier to be implemented but very 
small time step is required and the pressure values obtained are 
not accurate enough. Pressure values obtained from ISPH 
method are more accurate and a relatively large time step can 
be used. Hence, ISPH is preferred for incompressible flows 
especially for the problems in marine and violent sea 
environment.  

The main aim of this paper is to develop a method to 
investigate the effect of the entrapped air in water. In marine 
and coastal engineering field, violent fluid-structure 
interactions can lead to air entrapment. Simplifying these 
problems as incompressible fluid interacting with a solid may 
introduce numerical error. The air phase may have a large 
influence on the water flow evolution and on subsequent loads 
on structures [9, 10]. Therefore, in this paper the application of 
the SPH method on incompressible fluid is extended to two 
phase flows involving air and water. A variety of methods has 

been developed to study the multi-phase flows which can be 
reviewed in [11, 12]. Those methods are classified into two 
main approaches: one is the Eulerian approach; the other is the 
Lagrangian approach. The advantage of SPH for multi-phase 
flow is that each phase of fluid follows its Lagrangian motion 
hence the material interface are represented self-adaptively 
without the need for complex interface-capturing or front-
tracking algorithms [13]. 

In the early days, the standard SPH formulation was 
applied to multi-phase flows with small density differences 
between the considered media [14, 15]. In the later 
development, Richie and Thomas [16] assumed that the 
pressure is constant across the smoothing kernel and the 
particle density is calculated from the equation of state to 
handle large density gradients. To avoid the numerical 
instability caused by large density differences across the 
interface, Colagrossi and Landrini [9] modified the particle 
approximation form of the pressure gradient; Hu and Adams 
[5] developed another particle approximation form in which 
the neighbouring particles only contribute to the specific 
volume but not density; Grenier and his colleagues [10, 17] 
developed a similar formation by using a Shepard kernel 
instead of the conventional kernel. These methods, however, 
are based on the WCSPH formulation which is lack of 
accuracy in liquid pressure calculations. An incompressible 
SPH multiphase method developed by Hu and Adams [18] 
treated all the involved fluids as incompressible without the 
considering the compressible nature of gas. It is ideal to retain 
the basic nature of the fluid, which means that the liquid should 
be treated as an incompressible fluid and gas should be treated 
as compressible. Therefore, two separate algorithms will be 
used for the different fluids respectively in the same time step. 
Consequently, the density of the liquid phase can be 
maintained as constant by using ISPH algorithm. The 
advantage of using constant density for the liquid phase has 
been explained in a previous paper [19] and the improvement 
of boundary treatments for this incompressible SPH method 
has also been achieved.   

Poisson’s equation will be solved for the pressure of liquid 
phase while the equation of state will be used for air phase. 
And the density of air particles will be updated at each time 
step. The air-water interface is captured without need for 
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special treatment. The effect of surface tension is not 
considered.  

 

I. GOVENING EQUATIONS FOR AIR-WATER TWO PHASE 
FLOW 

 
In SPH methods, fluid field is governed by the classical 

Navier-Stokes equations including continuity equation and 
momentum conservative equation. In multi-phase flow, each 
fluid phase follows this principle correspondingly. 
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where ρ is the density, v  is the velocity, P is the pressure, 
g  is the body force (gravity force in this case) and τ is the 
viscous stress tensor. For incompressible fluids, the mass 
density takes a constant, so the continuity equation can be 
simplified as  

0=⋅∇ v            (3) 

     The momentum conservation equation is the same for both 
fluid phases. According to Shao and Lo [7], the viscous stress 
in the momentum equation can be replaced by divergence of 
velocity as  
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where effµ  is the effective viscous coefficient. 

 

     In incompressible fluid, the truly incompressible SPH 
method is applied. The timing algorithm is divided in two steps 
[20]. The first step calculates an intermediate velocity based on 
the effect of body force and viscosity.  
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And this intermediate velocity will be modified by the pressure 
in the second step.  
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Applying (3) to (6), the Poisson’s equation can be derived 
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This equation will be approximated in SPH form so the 
pressure at the next time step can be computed. Based on the 
velocity of the next time step obtained from equation (6) the 
position of each particle can be updated directly. 

  

For compressible flow, weakly compressible SPH is used so 
equation (7) is not needed. The pressure can be calculated 
based on the equation of state 
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Where 0c is the speed of sound in the air, 0ρ  is the reference 
density, γ  is normally chosen to be 1.4 for gas [9]. These 
parameters and the speed of sound are chosen to limit the 
threshold of the admissible density variation to 1% [13] 

 

II. SPH FORMULATION 

 The SPH formulation is based on the theory of integral 
interplant that uses kernel function to approximate delta 
function. A physical property is obtained by the interpolation 
between a set of point inside a certain area. These points 
known as particles carry all the properties the fluid has, such as 
mass and velocity. The basic idea of this method is to 
approximate a function A(r) into a particle form as   
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Where h  is the smoothing length, N is the number of 
neighbouring particles.  

A. Density Evaluation  
In SPH method, the fluid is represented by particles. All the 

quantities involved in the governing equations are expressed in 
particle approximation form. Usually, fixed particle mass are 
used so the mass conservative law is always satisfied. The 
density of particle can be calculated based on standard SPH 
approach which is expressed as summation interplant using a 
kernel function W with smoothing lengthh [4].  
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Density calculated based on this form is not right near the 
boundaries where there are not enough neighbouring particles 
in the computation domain. Hence, a modified form proposed 
in [21] can be used instead of the standard form to improve the 
accuracy 
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Another most often used form for updating density  [3] is 
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 The derivation of this form is based on the continuity 
equation but with a slight modification as shown below 
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Apply SPH approximation rule to each item on the RHS so 
(12) can be derived. During the process, it is assumed that the 
divergence of density exists for the material. However, in the 
interface of multi-phase flow, the density of the material is not 
continues. Computational instability will happen by using (12). 
Alternatively, another form derived based on the original 
continuity equation will not have this problem 
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For a given particle, instability caused by large particle 
mass difference is eliminated. 

 

B. Velocity Evaluation 
According to momentum equation, pressure gradient, body 

force and viscous force gradient are the three factors which 
influence velocity. The gradient of viscous force can be 
expressed in SPH form [7] as  
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The standard SPH form of pressure gradient [3] is 
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This expression conserves angular momentum and linear 
momentum because of the symmetric form. However, same as 
the derivation of (12), the derivation of (17) shown below  

( )ρ
ρρρ

∇+







∇=∇ 2

1 PP
P          (18) 

is also based on the assumption of continuous density of the 
material. For multi-phase flow with large density difference, 
using this form will introduce unphysical instability on the 
interface [9]. Hence, another form is preferred 
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The effect from density difference is eliminated in this 
form. For air, pressure is calculated by the equation of state (8). 
For liquid, the pressure is calculated based on the Poisson’s 
equation (7) which can be expressed in particle form as  
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It can be solved by BI-CGSTAB algorithm. The pressure 
values obtained will be used to calculate the velocities and 
positions in the next time step. After that, the density and 
pressure values of air phase can be calculated by using (15) and 
(8) respectively for based on the new velocity and position.  

C. Interface 
For free surface flow, the pressure on the free surface is 

usually assumed to be zero. In the case of multi-phase flow, the 
pressure on the interface of liquid is assigned to be the same 
values as the interacting air pressure. No other special 
treatment is required for the interface.  

D. Neighbouring particle searching algorithm  
A modified cell-linked list approach is used to search for 

the neighbouring particles. First, the whole space domain is 
divided into cells of size kh , then the particles are stored 
according to the cell they belong to [22]. For a given particle in 
a particular cell, only the adjacent cells (up to 9 for two 
dimensional cases) will be involved for the neighbouring 
particle searching. In the conventional cell-linked list approach, 
the list of the adjoining cells is recorded. According to the 
symmetric distribution of the cells, only the cells with lower 
index plus the particular cell itself are considered in the 
searching algorithm. Hence, only half of the adjoining cells are 
searched so that the computation time is reduced. However, it 
is more convenient if the neighbouring particle list is stored 
instead of the adjacent cell list. Therefore, a modified searching 
algorithm is used in this paper. 

Since the smoothing length is the same, the list relation for 
particles is symmetric and this implies that only the particles 
with smaller index need to be checked. The particle list will be 
recorded for both particles. In another word, for a pair of 
interacting particles, only one of them is checked to identify 
the neighbourhood so in total only half number of particles 
needs to be check. This algorithm can be combined with the 
conventional cell-linked list approach. Further study about 
computation time cost will be done in the future. 
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III. COURTANT NUMBER CONDITION  

 

To maintain numerical stability a Courant-Friedrichs-Lewy 
(CFL) time step restriction is employed.  

max

1.0
v
h

t ≤∆             (21)  

where h is the initial particle spacing and maxv  is the 
maximum particle velocity in the computation. The factor 0.1 
ensures that the particle moves only a fraction (in this case 0.1) 
of the particle spacing per time step. Another constraint is 
based on the viscous term [6] 

ρµ /
125.0

2

eff

h
t ≤∆           (22) 

where effµ is the effective viscosity. The allowable time-step 

should satisfy both of the above criteria. 

 

IV. EXAMPLES  

 
A dam-breaking case is studied to test the proposed 

method. Both single phase with water and multi-phase with air 
and water are simulated and the results are compared. For 
single phase simulation, incompressible SPH is applied and 
velocity is calculated based on (5) and (6). Equation (16) is 
used to compute the effect from viscous force and (20) is used 
to obtain the values of pressure. These values are substituted 
into (19). So far, all the items in (5) and (6) are known hence 
the velocity can be updated and then the position can be 
updated directly afterward. Water patterns at different time 
instances are shown in Fig. 1 to Fig. 3.  

 

 

Figure 1.  Single phase dam-breaking at time 0.13s 

 

Figure 2.  Single phase dam-breaking at time 0.2s 

 

Figure 3.  Single phase dam-breaking at time 0.5s 

To simulate multi-phase flow, as proposed in this paper, 
water will be solved with incompressible SPH and air will be 
solved by weakly compressible SPH. The parameters in 
equation (8) are decided according to the compressibility 
required, as suggested in [9] γ =1.4 is used in this paper. 

 

Figure 4.  Multi-phase dam-breaking at time 0.13s 
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Figure 5.  Multi-phase dam-breaking at time 0.2s 

 

Figure 6.  Multi-phase dam-breaking at time 0.5s 

From the pictures shown above, wave patterns at different 
time with multi-phase simulation and single phase simulation 
are similar. There is no obvious difference found by 
considering the air phase above the water.  

The positions of the leading edge with time being obtained 
from multi-phase flow are compared with experimental  data 
[23] as well as the results obtained based on WSPH method 
with different kernel functions as shown in Fig. 7. 
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Figure 7.  Positions of the leading edge with time going based on different 
methods 

Result obtained with quadratic kernel function is slightly 
better than the others. Multi-phase consideration does not 
change the results significantly. However, these data are 
colleted before the impacting. Hence, it is supposed to be 
similar for multi-phase and single phase simulation.  

According to practical experiences, increasing the pressure 
of the air should slow down the moment of the water. Since the 
pressure of the compressible fluid is calculated with the 
equation of state, and the parameter of this equation is 

proportional to the density, increasing the initial density of the 
compressible fluid will increase the initial pressure.   

1). Assign air density =10(kg/m2), t=0.13s 
 

 

Figure 8.  Multi-phase dam-breaking with air density =10(kg/m2) at time 
0.13s 

2). Assign air density=100(kg/m2), t=0.13s 

  

Figure 9.  Multi-phase dam-breaking with air density =100(kg/m2) at time 
0.13s 

3). Assign air density =1000(kg/m2).0, t=0.13s; 

 

Figure 10.  Multi-phase dam-breaking with air density =1000(kg/m2) at time 
0.13s 

Comparing Fig. 8 to Fig. 10 with Fig. 4, it is obvious that 
the flowing movement of water is influenced by the density of 
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the air seriously. Increasing air density will slow down the 
water movement. In the case when air and water have the same 
density, water can hardly flow down. But because of the 
compressibility of air, the water column is deformed under the 
pressure. This agrees with our practical experiences, which 
gives a qualitative validation of the proposed new approach.  

 

V. CONCLUSION  

A combined algorithm is proposed for solving air-water 
two phase flows. Incompressible SPH is used for the liquid and 
weakly compressible SPH is used for air. In other words, the 
pressure of liquid is calculated by solving a Poisson’s equation 
but for air the equation of state is used. It is clearly explained 
that the standard SPH form of density and pressure gradient 
derived based on the assumption of continuous density of the 
material can not be used for multi-phase flow especially for the 
cases when the density difference is large.  An alternative SPH 
form without the assumption of continuous density can be 
used.   

A dam-breaking case is studied as a demonstration of the 
performance of the proposed method. The results obtained 
based on single phase flow and multi-phase flow simulations 
are compared. It is shown that a two phase flow consideration 
does not change the water movement significantly which is 
reasonable. The simulations for the cases with assigned air 
pressures / densities provide a qualitative validation of the 
proposed method. Further investigation of impacting pressure 
should be carried out in the future.   
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