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Abstract

Natural selection favours phenotypes that match prevailing ecological conditions. A rapid
process of adaptation is therefore required in changing environments. Maternal effects can
facilitate such responses, but it is currently poorly understood under which circumstances
maternal effects may accelerate or slow down the rate of phenotypic evolution. Here, we
use a quantitative genetic model including phenotypic plasticity and maternal effects to
suggest that the relationship between fitness and phenotypic variance plays an important
role. Intuitive expectations that positive maternal effects are beneficial are supported
following an extreme environmental shift, but, if too strong, that shift can also generate
oscillatory dynamics that overshoot the optimal phenotype. In a stable environment,
negative maternal effects that slow phenotypic evolution actually minimise variance around
the optimum phenotype and thus maximise population mean fitness.
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1 Introduction

Evolutionary mechanisms that enable individuals to adjust rapidly to novel environmental
conditions are ubiquitously considered advantageous [1, 2, 3]. Phenotypic plasticity and
maternal effects are two of many biological pathways that influence an individual’s
phenotype [1, 4, 5, 6, 7], change individual fitness [5, 6, 8] and facilitate adaptation to novel
environments [5, 7]. Less is known about how they interact to shape phenotypic evolution,
however.

Maternal effects are the most commonly studied transgenerational effects [9] and they
provide a flexible way of maximising fitness in a changing environment [10]. Maternal
effects have been defined as the effect of the maternal phenotype on offspring phenotype
[11], due to environmentally induced effects on maternal phenotype or to genetic variation
in maternal phenotypes [12]. Kirkpatrick and Lande [13] defined “maternal inheritance” as
the particular impact of the maternal phenotype on the offspring phenotype independent of
the inherited genes. There is much evidence that this non-genetic path is beneficial
[6, 9, 12, 14], but empirical studies also report results from statistical analyses that show it
can slow phenotypic evolution [12]: maternal effects can be positive or negative. A positive
maternal effect coefficient indicates accelerated rates of microevolution that can facilitate
adaptation, while a negative maternal effect coefficient suggests that maternal effects slow
(or even reverse) any response to selection in the offspring generation. A positive maternal
effect coefficient means that (all other inheritance mechanisms being equal) larger mothers
produce larger offspring, as has been reported in Darwin’s finches and great tits Parus
major [15]. A negative maternal effect coefficient generates fluctuating patterns of
selection: large mothers produce small offspring, who in turn produce large offspring, and
so on. A negative maternal effect coefficient therefore can reverse phenotypic evolution

from one generation to the next. Empirical examples of a negative maternal effect



coefficient include clutch size in collared flycatchers Ficedula albicollis [16], litter size in
mice, [17], age at maturity in springtails Orchesella cincta [18] or rosette size in the
monocarpic herb Campanulastrum americanum [19]. In red squirrels Tamiasciurus
hudsonicus, three estimates from different statistical and experimental approaches were
remarkably congruent in their estimation of a negative maternal effect coefficient

[20, 21, 22]. These studies show a negative maternal effect because inheritance via this
non-genetic mechanism acts in the opposite direction to that of strict Mendelian
inheritance. If a rapid response to environmental change is a critical coping mechanism in
evolutionary biology, then why would these empirical estimates appear to suggest that
maternal effects often act to slow adaptation to a changing environment?

To understand when maternal effects become more influential in determining the
phenotype, we need to understand the consequences of the predictability of the
environment between the point at which an environmental cue is processed and the point
at which selection acts. The developmental lag before a juvenile reaches maturity is
influenced in part by environmental conditions, but also by other biotic factors such as the
presence and type of predators [23]. This juvenile development lag may therefore operate
on a different timescale from any environmental stochasticity, and we explicitly decouple
them in our model in order to capture their contributions to the phenotype under selection
more accurately. Environmental stochasticity in ecological scenarios is frequently positively
autocorrelated [24, 25, 26|, although negative autocorrelation may be becoming more
common [27]. If environmental stochasticity is positively autocorrelated then deviations
from mean conditions at successive times are likely to be in the same direction (e.g. hotter
than average years typically follow hotter than average years), whereas if it is negatively
autocorrelated they are likely to be in opposite directions (e.g. colder than average years

typically follow hotter than average years). There is evidence from theoretical [28],



laboratory [29] and empirical [27] studies that the predictability of environmental change
propagates through to population mean fitness. Non-genetic inheritance is most likely to be
beneficial when the parental phenotype contains useful information about the environment
that is likely to be experienced by the offspring [30], i.e. if environmental change is
predictable. Our focus is on comparing the impact of maternal effects on phenotypic
evolution in novel and in stable environments. Experiments suggest that maternal effects
affect adult traits most in benign environments [31], but ecological stimuli such as heat
stress [32] or presence of predators [33] can provoke large maternal effects. In a random
environment, Jablonka et al. [34] showed that transgenerational effects delivered higher
fitness than either a plastic only or genetic only strategy; less is known about the benefits
of transgenerational effects when environmental change is autocorrelated, however.

How do non-genetic inheritance and phenotypic plasticity interact to deliver the
optimal phenotype? Here, we extend Lande’s quantitative genetic framework for the
evolution of phenotypic plasticity [8] to incorporate non-genetic inheritance via the
maternal effect coefficient. We show how the optimal level of the maternal effect coefficient
to maximise fitness depends on the extent of environmental shift and the lag between
juvenile development and selection, but is consistently negative or zero for background

levels of environmental change.

2 A quantitative genetic model of adaptation with

fixed maternal effects

We start with the reaction norm approach of [8] and extend it to include m as a fixed
strength maternal effect coefficient [12, 35] to represent maternal inheritance [13, 36].

Furthermore, our extensions include decoupling environmental autocorrelation from



juvenile development and calculating expectations for population mean fitness and

phenotypic variance. Our modified reaction norm is
Zt = a¢ + btet—‘r + mz;‘_l -+ €,

where, as in [8], z; is the adult phenotype of an individual subject to selection in generation
t; €; is the environment at time ¢; 7 is the lag between a critical period of juvenile
development and the time when the adult is subject to selection; a; gives the additive
genetic effect in the reference environment € = 0; b; describes the plastic phenotypic
response to the environment; z; ; is the phenotype of the parent after selection in
generation ¢t — 1; and e; is the residual component of phenotypic variation, which is
assumed to be normally distributed with a constant population mean of zero and variance
o2. We are considering a sexual population, where mating is at random, and where
generations are discrete and non-overlapping.

Averaging over the population distribution, for a given environment ¢, ., gives
Zp =Gy + by r +mZ_y, (1)
where the overbar denotes population mean.
The phenotypic variance, aft, of z; is

Ugt = Gaa +2Gp€i_r + beef_T + QmGathfl + Qmetz;th_T + m20'§:71 + Ug, (2)

where G,q, Gy, and G, are the variances of a; and b;, and the covariance of a; and b;
respectively, which we assume to be constant. Gatz;* o thzt* ) and 05* | are the

- - .
covariances and variance of z;_; in the obvious way. The covariances G, ., and Gy, ., of z

with a; and by satisfy

Gatzt - Gaa + Gabet—'r + mGatz;LN (3)

thZt = G+ Gpp€r—r + metzle' (4)



At equilibrium in a constant reference environment e, we have 02 = o2.. Since offspring
share on average half their genes with one parent, then in the case of weak selection, we
also have G, ., = 2G’atZ;:1 = G,, and Gy, = 2th2;‘«71 = Gy, at equilibrium [13, 37].
Hence we can deduce

2 2
o2 = (2 +m)(Gaa + 2Gape + Gppe?) Lo -

(2—=m)(1 —m?) 1—m?2’

As in [8], we assume that the reference environment ¢ = 0 minimises the phenotypic
variance. The minimum phenotypic variance is achieved at € = —Gp,/Gpp and so we must
have G4, = 0. Furthermore, the optimum phenotype, 6, is assumed to be a linear function

of the environment at time ¢, and fitness, W, to be Gaussian:

0 = A+ Be,

2 — 0,)?
W(etvzt) = Wmaxexp{_(thQt)}7

where A, B, Wiax and w are constants. If z; is normally distributed with variance aft,

then, as in [8], we can average over the phenotype distribution p(z;) to find the mean fitness

Wies) = [ ple)Wie )z, (6)
= Wmaxmexp{—%(it _et)2}a (7)
where v = 1/(w? +02)).
Assuming that the additive genetic component, a;, and plasticity, b, are bivariate

normally distributed, the per generation change in their population means, @, and by, is

[38]:
a Gea O
A = B,
E 0 be
where
0/0ay
= InW,
0,/0%,



and where we have used G, = Gp, = 0 to ensure that the phenotypic variance is
minimised in the reference environment e = 0 [8].
Equation (2) indicates that o2, does not depend directly on @ or b and in this case we

have

(@ — A +bies_r — Beg +mzr_)(1+m)
B=- - ) (8)
(&t —A + btet_T — Bﬁt + méf_l)(et_T + met_7_1)

where we have used that the average phenotype after selection in the previous generation is

given by
Zi_q =y + brer—ro1 +mZ_,. (9)
Thus, we have
Aa = —yGaa(@ — A+bies_r — Bey +mzr_)(1+m), (10)
Ab = Gy — A+ bies_r — Ber +mz ) (er—r +mer_r_1), (11)
zZr = ay+Aa+ (b + Ab)er_, +mz_y, (12)

where equation (12) gives the mean value of the phenotype in generation ¢ after selection.
Note that the value of A can be set to zero by the linear transformation {§ — 6 — A,
z—z—A, a— a—(1—m)A}, which otherwise leaves the system unchanged, and that the
transformed system is then invariant under the reflection {e — —e¢, 2 — —z, a — —a}.
Thus beyond these shifts of mean and changes of sign, there is no qualitative effect of the
sign of environmental fluctuations on the behaviour of the system. In particular, whether a
positive or negative value of the maternal effect coefficient, m, benefits fitness in a given
environment is independent of whether that environment is shifted positively or negatively

from the reference ¢ = 0.



2.1 Adaptation following an extreme environmental shift

To see the impact of maternal effects on the model of phenotypic plasticity when there is a
sudden environmental shift, we will use the same environmental conditions as [8], namely a
noisy step change ¢; = 0U; + &, where Uy is the unit step function that jumps from 0 to 1
at ¢t = 0, 0 is the size of the sudden change in average environment and &; is a Gaussian
stationary autocorrelated random process with mean zero, variance O'g and autocorrelation
p- over the interval 7. We let each time step equal one generation, so that the time-lag 7 is
measured in fractions of a generation.

We now substitute for €; in equations (10-12) and take the mean over the distribution of
environments. We therefore obtain the expected changes, F(Aa) and E(Ab) in @ and b,
respectively, and the expected value of the phenotype after selection, E(z]). We assume
that the environment is uncorrelated over timescales of a generation or longer. We also
regard a, b; and z}_, as fixed when we average over the distribution of environments. This
is equivalent to neglecting terms of O(y2G2,,~v%G%,) that arise in E(Aa) and E(Ab) as a
result of the dependence of a;, b; and Zy_, on ;1 and earlier environmental states. This is
a good approximation when vGy, and yGy, are small. The explicit dependence of Z; | on

€;—r—1 in equation (9) is retained. We therefore find:

5
>
\Q/\
2

_’YeGaa(]- + m){at —A + ((SUt*TEt - 5UtB) + mE(’g;ﬁfl)h (13)

5
>
&
2

~7eGup(8Us—r + mdUs—r_1){as — A+ (8Us—_rby — U B) + mE(zf_,)}
+{b:(1 +m?) — p; B}og), (14)
E(Z) ~ @+ 0Ui_+b+mE(Z 1) — ¥ GuwoUi—-{b(1 + m®) — Bp,}o?
—YeGp(6Us—7 + mUy—r 1) (by — BPT)Ug

~Ye{Gaa(1 +m) + G (0Us—- (6Us—r + méUs—r_1) + o)}

X{dt —A + (5Ut_-,-6t — (SUtB) + mE(EZ‘_l)}, (15)



where we have used the fact that third order moments of stationary Gaussian processes

2

2, and

vanish. We have also approximated vy by 7. = since v depends on o

1
w? + E(02)
hence on €;_; in a nonlinear manner. We use the expected phenotypic variance at
equilibrium to approximate FE (ogt) throughout the period of evolution: we use the
expression calculated later in equation (19), but replace § by 0U;_,. We expect both these
approximations to be good for O'zt, 052 < w2
Equilibrium solutions of equations (13)-(15) in a noisy equilibrium environment

€ = 0 + &, satisfy E(Aa) = E(Ab) =0 and E(z;) = E(z;_,) = E(z*). At leading order in

YG oo and yGyp, this gives

E(@)— A+ {E(b) — B} + mE(z*) =0,
(1+m?)E(b) — p,B =0,

E(2%) = E(a) + 6E(b) + mE(z").

The equilibrium state in the changed environment is thus found to be

E@ = (1-mA+ (1—m— 14me2>53’ (16)
B®) = %, (17)
E(Z)=E(z") = A+0B. (18)

Setting § = 0 recovers the equilibrium state before the change.

Without maternal effects (i.e., m = 0), these results agree with those of [8]. It is clear
from this analysis that fixed maternal effects make no difference to the expected
equilibrium phenotype, but that they reduce the expected equilibrium plasticity slightly
and the expected equilibrium additive genetic effect to a greater extent, both before and
after the change in environment. Plotting trajectories using equations (13)-(15) and

equation (1) iteratively, starting from the equilibrium state in the original environment,

10



shows how maternal effects change the dynamics (figure 1). In particular, the peak
plasticity during the transient phase is lower with positive maternal effects than in their

absence. Here we approximate expected mean fitness as

E(W(et, ) =~ Wi/ 7 exp { ~ 2 B{(z — 07} }
= Wmax V 76“‘12 €Xp {_%(at - A+ (Ut—TBt - UtB)(S + mE(Z:—l))Q} X

2
YeOg - .
exp {25(6?(1 +m?) + B? - thBpT)} ,

which holds for 02,07 < w?. Again we treat a, by and z;_, as fixed. For the parameters
used in figure 1 of [8] and setting m = 0.45, it is clear that constant maternal effects speed
up the adjustment to the new environment (figure 1). For m 2 0.48, however, we see
oscillations during the transition to the new equilibrium (figure 1 and appendix 3). In
general, the onset of oscillatory behaviour depends on the maternal effect coefficient, m
(appendix 3); for the parameters of figure 1 and in the absence of environmental noise

(0¢ = 0), this is at m = 0.48 (2 sf). Although we consider a positive environmental shift,

6 > 0, the results would be the same for an equal and opposite negative shift as discussed
at the end of the last subsection, except that the change in the phenotype, z, and additive
genetic component, a, would be in the opposite direction: in particular, positive m would
still speed up adjustment. While maternal effects make only a slight impact on the expected
equilibrium plasticity, they have a clear impact on the transient dynamics: for m > 0, the
peak plasticity is lower than without maternal effects (m = 0) and the oscillations in the
phenotypic dynamics are driven by oscillations in the plastic component (figure 1). These
overshoots increase the mismatch between optimal and observed phenotype and therefore
provide a natural restriction on unbounded increases in the maternal effect coefficient. It
seems unlikely, however, that overshoots of a new optimum phenotype within the range of

environmental change typically experienced in an ancestral environment are sufficient to

11



keep the maternal effect coefficient at the modestly negative levels often reported
empirically (see Discussion). The question therefore remains: what is the optimal maternal
effect coefficient in a stochastic environment? We hypothesise that negative maternal effect

coeflicients are, in fact, favoured in relatively stable stochastic environments.

3 Maternal inheritance in relatively stable stochastic

environments

3.1 Numerical simulations

To test if negative values of the maternal effect coefficient are favoured in relatively stable

stochastic environments, we generated stationary sequences of autocorrelated

1 11
107 47 3

environmental stochasticity for p, set to and % 7 was fixed at 0.25 of a
generation. In this case we considered environmental sequences with no step change, so
that €, = ¢ + &. We examined behaviour both in a noisy reference environment (6 = 0) and
away from this (§ = 10).

The evolutionary response to these stochastic environments was modelled numerically
using equations (10)-(12) to update @, b and Z, in each generation, starting from the
expected equilibrium values. In order to calculate v at each step, we first worked out the
phenotypic variance in equation (2) by updating equations (3) and (4) and assuming that

Gapzr , R Gay_yzr /2 and Gy, ox = Gy, 2 /2 (appendix 2); errors from this

2
approximation will be small when |mvy| < 1.
We calculated mean fitness over 10% generations, taking the arithmetic mean over

subsequent generations of a single realisation to approximate the mean over realisations for

a single generation, assuming that the system is ergodic. We might also be interested in the

12



mean fitness of a population over a number of generations; this is measured by the
geometric mean across generations. Since the trajectories show small fluctuations about an
equilibrium value, the arithmetic and geometric means across generations of the population

mean fitness are in fact equal to leading order in the fluctuations:

O yn 1 .

t:r[l(l—f—wt) ~ N;(l—l—wt)
for |w¢| < 1, where w; is the fluctuation of the population mean fitness in generation ¢
relative to its deterministic equilibrium value. Thus to leading order our fitness calculations
capture both the expected value of population mean fitness for a single generation and also
the geometric mean of the population mean fitness over a number of generations.

For all values of p, considered, fitness was maximised for negative or zero m (figure 2).
Absolute fitness depended on the environmental autocorrelation, i.e. the predictability of
change, hence we report relative differences from the mean value. As the predictability of
environmental change increased (i.e. as p, increased), the value of m where fitness was
maximised moved closer to zero and the relative fitness costs (i.e. curvature) of not
expressing the optimal level of maternal effects increased (figure 2). The optimal value of
the maternal effect coefficient was more strongly negative with larger fitness costs in the
6 = 10 environment than in the noisy reference environment when § = 0. In the noisy
reference environment, an absence of maternal effects (m = 0) maximised fitness if the
environment was sufficiently predictable, namely for values of p, of 1/3 and 1/2. There was
no qualitative impact of changing the lag between juvenile development and selection, or of
considering negative environmental autocorrelation. We can shed further light on the

benefits of negative values of the maternal effect coefficient by considering the expected

mean fitness of the population as a function of m.
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3.2 Analytical Refinement

First we take expectations over the distribution of environments in equations (2)-(4) to get

E(Gq,z) = Gaa+ mE(Gatz;“,l)a
E(thzt) = be(SerE(thzfil),
E(02) = Gaa+ Guw(0®+0F) +2mE(Ga,.: ) + 2méE(Gy,=x )

+m?E(c% )+ o2,

21
where we have set G4, = 0, as before, and assumed that the environmental stochasticity is
uncorrelated over timescales of a generation or longer, so as to neglect any covariance

between Gy,.»  and €, in equation (2). Now we look for an equilibrium solution. Under

weak selection, we have E(02) = E(02. )= E(02), E(Ga,z,) = 2E(Ga,;

t—1

) = E(Gaz)
and E(Gb,z,) = 2E(Gh,.:_ ) = E(Gy.) at leading order in v and independent of time, and
deduce that the expected equilibrium phenotypic variance is given by

(2 +m)(Gaq + 02Gry) | 02 + G0t

B~ = G —m) 1—m?

z

(19)

An equilibrium state can only develop if E(0?) is positive and finite: this restricts the
range of possible maternal effect coefficients, m, as described in appendix 1. Empirical
evidence suggests that m is typically small (see Introduction and Discussion), so in practice
we shall restrict our attention to the range —1 < m < 1, where E(0?) is indeed always
positive and finite (figure 3 and appendix 1).

In the absence of environmental stochasticity, we can set ag = 0 and use equation (19)

to get an expression for the equilibrium phenotypic variance.

2 _ (2—|—m)(Gaa—|—52be) O'g
7z T 0T T (1 - m2) 1—m? (20)

no

Turning now to the population mean fitness, we can rewrite equation (7) as

_ B 05 -3 (Zt _ 902
W(et, Zt) = Winax (1 + wQ) exp {_Z(Lﬂ—l—ag)} . (21)

14



When there is no stochasticity in the environment we have z; = 6, = A + BJ, so that for a
given value of m there is no deviation from optimal fitness. However, that optimal fitness

itself varies with m according to

N

— O-Qd -
Wopt(m) = Wmax <1 + ;2 )
1
24+m o? 2
= Whax |1+ G 32Gyy) + 5
o (14 g1y (Con +0°00)+ )
Since o2 is continuous in the region —1 < m < 1 and tends to positive infinity as m — +1
there, we deduce that it must take a local minimum value somewhere between m = —1 and

m = 1. Taking the derivative of equation (20) with respect to m and setting it to zero

shows that o2,(m) has turning points when
m?(x —1) — 2m?*(2z + 1) + dm(z + 1) +2 =0,

where © = 02/(Gaq + 6°Gpp). In fact for all positive z, there is a local minimum of 02, and
correspondingly a local maximum of Wy (m) at mepe in the region —1 < mgpe < 1. As
x — 0, we have mopy — mo = —0.43 (2 sf) and as & — +o00, we find mepy — 0, with
intermediate values of mqp¢ for intermediate values of x. Thus populations with a modest
negative value of the maternal effect coefficient are expected to be optimally fit. For the
parameters used in figure 1 we have z = 1 in the reference environment (§ = 0) and so
Mopt = —0.22 (to 2 s.f.), while x = 0.1 when § = 10, and thus the optimal m is
Mopt = —0.39 (to 2 s.f.) after the environment shift.

If the environment is stochastic then the expected phenotypic variance increases
according to equation (19) and we expect the mean fitness to drop. If the noise is small
enough compared to the width of the fitness function (02 < w?) then from equation (21)

we find

[N

W%Wmax <1—|—O§2d)_ {1_U§U§d+(2t0t)2}a
w

2(w? +02))

15



and hence

E(W) & Winax (1 L% ) {1 _ B(o2) — o2 + E{(2 ~ 6,)°} } |

zd
w? 2(w? +02))

Using equation (19) and calculating

E{(Zt —Ht)Q} = E{(ELt‘FEth_-,— +m2f_1 —A—B€t)2},

2 p2 02

at equilibrium, we have

B o2 -3 o2 p2 G
~ 1 24 - oo B2 (1~ -
EW) Wm“( " w2) { 2(w? +02y) [B ( 1+m2) i 1m2} ’
(2 + m)(Gaq + °Gir) o2 \7?
= max | 1
Wina ( + w?(2—=m)(1 —m?) w?(1 —m?2) 8

o? 2 G
g |Inp2 __pr bb
{1 2(w? +02y) [B (1 1+m2) i 1—m2]}' 22

So, environmental noise does indeed reduce the expected population mean fitness. For
low enough noise levels, this expression provides a small correction to the optimal value of
m calculated for the purely deterministic environment, as is confirmed by the observation
that the maximum fitness occurs close to m = —0.2 in the noisy reference environment and
close to m = —0.4 in the noisy 6 = 10 environment (figure 2). Analysing equation (22) in
more detail we see that greater autocorrelation of the environmental noise (p, closer to 1)
and greater distance from the reference environment (larger J) both tend to increase the
fitness costs of expressing suboptimal m. Finally, the absence of plasticity (Gp, = 0) would
tend to lessen these fitness costs. Once again these results are independent of the direction
of the environmental shift.

The relative fitness of populations with negative values of the maternal effect coefficient
suggests that in relatively stable environments, the benefit of lower phenotypic variance

from m < 0 (equation 22, figure 2) outweighs other factors. One might ask why the variance
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is minimised at negative m rather than at m = 0. From equation (19) it is clear that this
favouring of negative m comes from the inclusion of m(Gaq + §°Gppy) in the numerator of
the first term on the righthand side. This arises from the fact that z;_; covaries with a;
and b;. In other words, reacting in the opposite way to the maternal phenotype compared
to the inherited genotype in some sense uses the information in the mother’s phenotype to

discount the effect of her genes and remain closer, on average, to the optimum phenotype.

4 Discussion

We used quantitative genetic models to show how positive maternal effects can speed up
adaptation following an extreme environmental shift (figure 1), but, if sufficiently strong,
cause oscillations in the phenotypic dynamics and therefore increase the mismatch between
observed and optimal phenotype. In relatively stable environments, however, the relative
fitness of populations with a negative maternal effect coefficient m suggests that the lower
phenotypic variance achieved when m is negative (equation 22, figure 2) is beneficial. This
means that selection should favour a small negative effect of the maternal phenotype on
offspring phenotype. Direct empirical estimates of a negative m relate either to the case
where a single trait affects itself maternally, [16, 17, 18], which is the situation we have
modelled, or to the case where a given maternal trait affects a different offspring trait, for
example litter size affecting juvenile growth rate in red squirrels [22]. In the latter case, a
negative maternal effect may result from a negative direct-maternal covariance, since the
two quantities are related to one another: statistical decompositions can be used to
estimate the strengths of interactions among phenotypic traits [39] given a model of direct
and indirect genetic effects [40]. There is some overlap between the two categories, in that

the negative maternal effect of a single trait upon itself may be mediated by another trait:
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for example large maternal litter size in mice leads on average to offspring of smaller body
size who in turn have smaller litters [41]. In relatively stable environments, the expected
local fitness maximum in our model occurs at modestly negative values of the maternal
effect coefficient. Thus, however it arises, a negative maternal effect of a single trait on
itself can lead to increased fitness in our model.

Following an extreme environmental shift, there was a clear benefit of a positive
maternal effect coefficient m. Increasing m within the region of monotonic convergence (i)
lowers the peak of plasticity during the transient phase, (ii) accelerates the approach to this
peak (figure 1) and (iii) slightly reduces the equilibrium level of plasticity (equation 17).
The equilibrium level of the additive genetic component is reduced if m > 0 (equation 16,
figure 1), both before and after the step change . This lower contribution of the additive
genetic component to the phenotype is consistent with conclusions from statistical
decompositions on empirical populations that do not calculate total heritability [42, 43]
and so do not include maternal effects. For example, significantly more variance in
Collinsia verna seed weight was explained despite a reduction in additive genetic variance
when models included the maternal phenotype compared to those without it [44]. Variance
in maternal phenotype represents an additional pool of raw variation that can amplify the
response to selection, leading to oscillations as the mean phenotype overshoots its optimum
level in the expected environment (figure 1). The amplification of the phenotypic dynamics
induced by m > 0 can cause the population to be further from its optimum than would be
the case in the absence of maternal effects (m = 0). This amplification operates via
phenotypic plasticity (figure 1), emphasising the importance of considering the interplay of
phenotypic plasticity and maternal effects when studying adaptation in natural
populations. An experimental unification of phenotypic plasticity and maternal effects in

driving adaptation would be difficult (and we are unaware of any to date), but there are
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experiments that highlight the importance of both: Lind & Johannson [45] incorporated
maternal effects into statistical analyses of their experiments into the role of phenotypic
plasticity in adaptation on common frogs Rana temporaria, but not into their experimental
design; while Plaistow & Benton [46] manipulated the strength of maternal effects to alter
mean population fitness and transient population dynamics on experimental populations of
soil mites Sancassania berlesei.

In relatively stable environments, a negative maternal effect coefficient minimises
phenotypic variance and hence maximises mean fitness (equation (22), figure 2). This
minimum variance occurs at negative m because this uses the information in the maternal
phenotype to discount the effect of the inherited genes and express a phenotype that is
closer to the average. The level of maternal effects that maximises mean fitness in our
simulations increased with increasing environmental autocorrelation (figure 2), but
remained negative or zero to reach the optimal level of phenotypic variance (equation 22).
This impact of the predictability of environmental change is consistent with conclusions
from the quantitative genetic models of [47], which showed how genetic variance impacts
fitness negatively when environmental change is more predictable. The increased curvature
of the trajectories in figure 2 indicates that, as p, increases, so too does the negative
impact of suboptimal m. Increasing p, favours greater m because the changes in
environment become more predictable, meaning that the parental phenotype carries more
accurate information to prepare offspring to the environmental conditions they might
experience during their lifetime [30].

Although we have not explicitly incorporated a cost of maternal effects in our model,
the oscillatory dynamics (figure 1) are a constraint on unbounded increases in a positive
maternal effect coefficient. Were we to do so, we expect that plasticity would compensate

for cost-reduced m during the transient phase, whereas additive genetic variance would
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compensate for cost-reduced m once the population reaches its new equilibrium (or always
in the stable environment (figure 1)). Since the consequences of maternal effects depend on
their demographic and environmental contexts [46] and parents frequently adjust their
phenotype in response to changing conditions [48, 49] our assumption of fixed maternal
effects from one generation to the next is a strong one. It does facilitate comparison with
many statistical studies [12], however. In reality, we expect the maternal effect coefficient,
m, to be a continuous trait, varying across the population and subject to selection [50].
Nevertheless, we expect the results that positive maternal effect coefficients are beneficial
in rapidly changing environments, while negative values of m are beneficial in stable ones,
to be robust in a framework where m can vary. Positive m will still increase the rate of
adaptation to a new environment, very likely to an enhanced degree as m evolves towards
more positive values. In stable environments, the phenotypic variance will still involve
covariance between the maternal phenotype and the offspring genotype and so a
discounting of the former against the latter will still favour negative m. However, the
simplified mathematical treatment that we have given here with m fixed makes these points
much more transparently than would otherwise be possible. It seems logical that
populations would benefit from the dampening effect of negative values of m in a stable
environment, while retaining the possibility of evolving positive values to facilitate rapid
adaptation following environmental upheaval. Relaxing the assumption of fixed maternal

effects is the subject of future work.

Conclusion

Using quantitative genetic models of reaction norm evolution, we have shown that maternal

effects can both facilitate rapid adaptation to environmental change and, in more stable

20



environments, keep phenotypes close to the average and so maximise fitness. We suggest
that one reason that the average level of maternal effects in stable environments is negative
is because this minimises the effect of genetic variance on fitness when the environment is

predictable.

Appendix 1: Properties of the phenotypic variance

The expected phenotypic variance at equilibrium is given in equation (19) as

B(02) = (G +52be>{ 2+m 5” }

C-m—m?)  1-m?
where 7 = (02 + beog)/(Gaa + 0%2Gyp). Note that & and (Gaq + °Gyy) are both positive
by definition.

Clearly, an equilibrium can only occur if the expected phenotypic variance would be
positive and bounded. For 0 < & < 1, this restricts m to the ranges m < —2(1 +z)/(1 — &),
—1 <m < 1 and m > 2, while for £ > 1, m must lie in the ranges —1 < m < 1 or
2<m<2(14+z)/(z—1) (figure 3). If £ =1 then —1 < m < 1 and m > 2 are permitted.
For values of m outside these permitted ranges, the system cannot reach an equilibrium.

In the absence of environmental stochasticity (crg = 0), the parameter values in figure 1
give Z = 0.1 and thus m < —2.44, —1 <m < 1 and m > 2 for § = 10, and & = 1 and so
—1 <m < 1 and m > 2 for the reference environment § = 0. When there is environmental
noise as in [8] with og = 4, the ranges of valid equilibria are m < —2.63 (3 sf), —-1 <m < 1

and m > 2 for § = 10 (# = 0.136 3 sf), and —1 < m < 1 and 2 < m < 13.11 for the

reference environment 6 = 0 (Z = 1.36 3 sf).
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Appendix 2: Updating covariances

The evolutionary response to stochastic environments was modelled numerically using
equations (10) to (12) to update the population mean additive genetic effect, @, plasticity,
b, and phenotype, Z, in each generation, starting from the expected equilibrium values. In

order to calculate v at each step, we first worked out the phenotypic variance

2

2 2 2 2
07 =Gag +Gue;_ +2mGq,.x  +2mer Gy, .x  +mos  + oL,
t t—1 t—1 t—1

and to do this we updated Gg,.» , Gq,zr  and o7 ;. according to

1 1
Gatz:;l - Gaﬂz:;l + mGatz;ZQ ~ iGaa + §mGat_1zz‘72v
1 1
Gozr . = Gopr_€t—r—1 +mGpzr , = ibeftf‘rfl + imet_lzt*fQ,
2 = Gao + Gupé? +2mG « 4+ 2m G +m202. 4+ o2
0—2271 - aa bb€r—r—1 ay_12z{_4 €t—7—1 by 125 5 O—Zf,g [

2 2 2 2
Gaa + Govey_rq +2mGa,_,5: , +2mer1Gp,_,2r , +m oz, toe,

Q

where the subscripts aj_; and bf_; refer to the values after selection in generation ¢t —1. We
expect the errors in the value of Ugt from approximating Gg,q; , &~ %Gaa, Grp: | = %be,

Gar zr , R Ga_yzr , and Gy,_,2x = Gy, 2+ to be small when |my| < 1.

Appendix 3: Stability Calculations

For m 2 0.48 with parameter values from [8], we see oscillations during the transition to
the new equilibrium (figure 1). This can be understood by analysing the stability of the
equilibrium state. Note throughout that when |m] is close to 1, we violate the assumption
that 02 < w? (see equation (5)) and so our results are not strictly valid in those regions.
However, in practice this is not significant, as we show that only equilibria towards the

middle of the region —1 < m < 1 are of interest.
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Consider an environment € that is constant over time in the absence of environmental
noise. If we set € = §, then the corresponding equilibrium steady state is given in equations

(16)-(18) and is a fixed point of the map

A1 = @t —YGaa(1+m)(a; — A+ b§ — BS +mZy),
BtJrl = Bt — ’)/be<1 + m)(@t —A + Et5 — B6 + mZt)(S,
Zt+1 = (it—’yGaa(l—i—m)(dt—A+Bt5—B5+mZt)+mZt

which is derived from equations (10)-(12) with Z, = z; ;.

We now make a linear change of variables

Ct = (6beat - Gaagt)a
dt - C_Lt + 5Bt,
re = Zt —ay — (SBt,

This step reduces the map to a simpler form, from which it is clear that ¢; is fixed:

Ct+1 = Gty
dt+1 = dt — ’YX(dt — A — B§ + m(rt —+ dt)),
’/‘H_l = m(rt + dt),

where x = (1 +m)(Gaa + 6°Gyy). The Jacobian of the map (dii1,7441) = f(dg,r¢) is given
by
L—yx(1+m) —yxm
Dy = ,
m m

and has eigenvalues ( that satisfy the characteristic equation

=<1+ m)y+mp =0,
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where ¢ = 1 — yx. Note that since x and v depends on m (see above and equation 5), ¥
will also depend on m.

If |{] < 1 for both eigenvalues ¢ then the equilibrium state is stable, if |(| = 1 for one or
both eigenvalues then the state is neutrally stable and it is unstable otherwise. In the
absence of maternal inheritance (m = 0) we have ( = 0 and ¢ = 1. For the values of the
parameters given in figure 1, 1» = 0.99 (2 sf) before the change in environment and ¢ = 0.91
(2 sf) afterwards, so both these equilibrium states are stable. To see whether maternal
effects can destabilise the equilibria, we will now let m # 0. Setting ( = A + in, where A and

7 are real, and separating the real and imaginary parts of the characteristic equation gives

N2 X1+m)p+mp = 0, (23)

2xn—n(l+m)y = 0. (24)

The equilibrium is unstable when || > 1, so A? +71? > 1 and (neutrally) stable when
A2 +n? <1,

From equation (24) we see that either n =0 or A = (1 +m)1/2. Considering the case
1 = 0 first, the stability boundary |¢| =1 is given by A = +1. For A =1 and n =0,
equation (23) gives ¢ = 1 and so there is a stability boundary at
Y(1 +m)(Gaa + Gppd?) = 0, which is equivalent to m = —1. If A = —1 and 5 = 0, equation
(23) gives a stability boundary at (1 4 2m)iy(m) + 1= 0.

If on the other hand we have A = (14 m)v/2, then if n?> > 0, we have complex

eigenvalues and hence oscillatory dynamics. From equation (23) we get
2 1 2 2
o = myp(m) — 5 (14 m) % (m)?,

In the range —1 < m < 1, we have n? > 0 for m > ms. = 0.48 (2 sf) after the
environmental shift. Therefore, once m = 0.48 the step change in the environment §

triggers oscillations in the convergence to the new phenotypic optimum. However, in this

24



region A% +n? = my < 1 and so the new equilibrium state remains stable and the
oscillations dampen and eventually die away. If we fix G,, and require, as in [8], that the
relationship of the genetic variances to § remain constant at Gp02/(Gaa + Gppd?) = 0.9,
there is no dependence of mqs. on §. Even when environmental noise is included, as below,
Mesc varies very little with 6.

In the oscillatory case, the stability boundary is at A2 + 1% = mi = 1. Calculating the
locations of the stability boundaries for both real and complex eigenvalues reveals that in
both the perturbed (6 = 10) and unperturbed (6 = 0) environments, the equilibria in the
range —1 < m < 1 are all stable. When ¢ = 0, the remaining equilibria lie in the range
m > 2, and these are unstable except in the region 98.0 < m < 99.5 (3 sf). When § = 10,
the other regions where equilibria exist are i) m < —2.44, where they are unstable and ii)
m > 2 where they are also unstable except in the region 7.73 < m < 9.52 (3 sf). Thus in
both cases stable equilibria are found only in the range —1 < m < 1 and a region at
significantly larger positive m that we consider to be implausible on biological grounds.
This provides additional rationale for restricting our attention to values of m in the range
-l<m<1l

The above analysis assumes a fixed environment both before and after the step change;
we can repeat it for expected mean quantities in the presence of environmental noise. In

this case, the Jacobian matrix of the map (ciy1,dit1,741) = f(ct,de,re) is

1 —7eGaad Ye0Gaad 0
Dy = Vedp 1= 3ex(1+m) =70 Guép —Yexm )
Ved(L+m)p m—7.Gpp(1+m)(0f +62¢) m(l —7.Gpof)
where ¢ = Gy (1 +m?)0Z /(Gaa + Gopd?).

Analytical expressions for the stability boundaries are harder to obtain, but the
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eigenvalues can be determined numerically. For the parameter values used in figure 1, and
at m = 0.45, the eigenvalues for the equilibrium after the change are ( = 0.9997,0.7433 and
0.5290, compared to 1.0, 0.7438 and 0.5325 in the absence of noise, showing that the noise
has a slight stabilising effect. At m = 0.5, the eigenvalues are ¢ = 0.9997 and

0.6569 + 0.0677i (c.f., 1.0 and 0.6589 £ 0.07137) showing that oscillations will, as before, be

triggered by the environmental shock.

Acknowledgements

This work was supported by the Engineering and Physical Sciences Research Council [grant
number EP/H031928/1]. We thank Rufus Johnstone, Bram Kuijper, Louise Machell,

Stuart Townley and Jonathan Wells for insightful comments and enjoyable discussions.

References

[1] West-Eberhard, M. J. 2003 Developmental plasticity and evolution. Oxford University
Press: New York.

[2] Jablonka, E. & Lamb, M. J. 2005 Evolution in Four Dimensions. MIT Press:
Cambridge.

[3] Pigliucci, M. 2008 Is evolvability evolvable? Nature Reviews Genetics 9 75-82. (doi:
10.1038 /nrg2278.)

[4] Coulson, T., Benton, T., Lundberg, P., Dall, S. & Kendall, B. 2006 Putting
evolutionary biology back in the ecological theatre: a demographic framework
mapping genes to communities. Fvolutionary Ecology Research 8, 1155—-1171.

[5] Bonduriansky, R. & Day, T. 2009 Nongenetic inheritance and its evolutionary

implications. Annual Review of Ecology Evolution and Systematics 40, 103-125. (doi:

26



[12]

[13]

10.1146/annurev.ecolsys.39.110707.173441.)

Jablonka, E. & Raz, G. 2009 Transgenerational epigenetic inheritance: Prevalence,
mechanisms, and implications for the study of heredity and evolution. Q). Rev. Biol.
84, 131-176.

Day, T. & Bonduriansky, R. 2011 A unified approach to the evolutionary consequences
of genetic and nongenetic inheritance. Am. Nat. 178, E18-E36. (doi: 10.1086/660911)
Lande, R. 2009 Adaptation to an extraordinary environment by evolution of
phenotypic plasticity and genetic assimilation. J. Fvol. Biol. 22, 1435-1446. (doi:
10.1111/j.1420-9101.2009.01754.x.)

Mousseau, T. A. & Fox, C. W. 1998 Maternal effects as adaptations. Oxford
University Press.

Galloway, L. F. & Etterson, J. R. 2007 Transgenerational plasticity is adaptive in the
wild. Science 318, 1134-1136. (doi: 10.1126/science.1148766)

Wolf, J. B. & Wade, M. J. 2009 What are maternal effects (and what are they not)?
Phil. Trans. R. Soc. B 364,1107-1115. (doi: 10.1098/rstb.2008.0238)

Résénen, K. & Kruuk, L. E. B. 2007 Maternal effects and evolution at ecological
time-scales. Functional Ecology 21,408-421. (doi: 10.1111/j.1365-2435.2007.01246.x.)
Kirkpatrick, M. & Lande, R. 1989 The evolution of maternal characters. Fvolution 43,
485-503.

Rossiter, M. 1996 Incidence and consequences of inherited environmental effects.
Annual Review of Ecology and Systematics 27, 451-476.

Lande, R. & Price, T. 1989 Genetic Correlations and Maternal Effect Coefficients
Obtained From Offspring-Parent Regression Genetics 122, 915-922.

Schluter, D. & Gustafsson, L. 1993 Maternal inheritance of condition and clutch size

in the collared flycatcher. Evolution 47, 658-667.

27



[17]

[18]

[19]

Falconer, D. 1965. Maternal effects and selection response. In Genetics Today.,
Proceedings, XI International Congress of Genetics 3, pp. 763-774. Oxford: Pergamon
Press.

Janssen, G. M., De Jong, G., Joosse, E. N. G. & Sharloo, W. 1988 A negative
maternal effect in springtails. Evolution 42, 828-834.

Galloway, L. F., Etterson, J. R. & Etterson, J. W. 2009 Contribution of direct and
maternal genetic effects to life-history evolution New Phytol. 183, 826-838 (doi:
10.1111/j.1469-8137.2009.02939.x).

Humphries, M. M. & Boutin, S. 2000 The determinants of optimal litter size in
free-ranging red squirrels. Ecology 81, 2867-2877.

McAdam, A. G. & Boutin, S. 2003 Effects of food abundance on genetic and maternal
variation in the growth rate of juvenile red squirrels. J. Evol. Biol. 16, 1249-1256.
(doi: 10.1046/j.1420-9101.2003.00630.x)

McAdam, A. G. & Boutin, S. 2004 Maternal effects and the response to selection in
red squirrels. Proc. R. Soc. B 271, 75-79. (do0i:10.1098/rspb.2003.2572)

Beckerman, A. P., Rodgers, G. M. & Dennis, S. R. 2010 The reaction norm of size and
age at maturity under multiple predator risk. J. Anim. Ecol. 79, 1069-1076 (doi:
10.1111/5.1365-2656.2010.01703.x)

Halley, J. M. (1996) Ecology, evolution and 1/f-noise. Trends Ecol. Evol. 11, 33-37.
Inchausti, P. & Halley, J. M. (2002) The long-term temporal variability and spectral
colour of animal populations Evol. Ecol. Res. 4, 1033-1048.

Vasseur, D. A. & Yoduzis, P. (2004) The color of environmental noise. Ecology 85,
1146-1152.

Garcia-Carrera, B. & Reuman, D. C. 2011. An empirical link between the spectral

colour of climate and the spectral colour of field populations in the context of climate

28



[28]

[32]

[35]

[36]

[37]

change. J. Anim. Fcol. 80, 1042-1048

Greenman, J. V. & Benton, T. G. (2005) The frequency spectrum of structured
discrete time population models: its properties and their ecological implications .
Oikos 110, 369-389.

Petchey, O. L. (2000) Environmental colour affects aspects of single-species population
dynamics. Proc. R. Soc. B 267, 747-754

Uller, T. 2008 Developmental plasticity and the evolution of parental effects. Trends
Ecol. Evol. 23, 432-438. DOI 10.1016/j.tree.2008.04.005

Plaistow, S. J., Lapsley, C. T. & Benton, T. G. 2006 Context-Dependent
Intergenerational Effects: The Interaction between Past and Present Environments
and Its Effect on Population Dynamics Am. Nat. 167 206-215.

Andersen, D. H., Pertoldi, C., Scali, V. & Loeschcke, V. 2005 Heat stress and age
induced maternal effects on wing size and shape in parthenogenetic Drosophila
mercatorum J. Evol. Biol. 18, 884-892. (doi: 10.1111/j.1420-9101.2005.00955.x).
Agrawal, A. F., Brodie III, E. D. & Brown J. 2001 Parent-Offspring Coadaptation and
the Dual Genetic Control of Maternal Care. Science 292, 1710-1712. (doi:
10.1126/science.1059910)

Jablonka, E., Oborny, B., Molnar, 1., Kisdi, E., Hofbauer, J., Czaran, T. 1995 The
Adaptive Advantage of Phenotypic Memory in Changing Environments Phil. Trans.
Roy. Soc. B 350, 133-141.

Wolf, J.B. & Wade, M. J. 2001 On the assignment of fitness to parents and offspring:
whose fitness is it and when does it matter? J. FEvol. Biol. 14, 347-356.

Lande, R. & Kirkpatrick, M. 1990 Selection response in traits with maternal
inheritance. Genetical Research 55, 189-197. (doi: 10.1017/S0016672300025520.)

Falconer, D. S. & Mackay, T. F. C. 1996 Introduction to Quantitative Genetics, 4th

29



[38]

[39]

[40]

[43]

[45]

[46]

edn. Longman.

Lande, R., 1979 Quantitative genetical analysis of multivariate evolution applied to
brain:body size allometry. Fvolution 33, 402-416.

McGlothlin, J. W. & Brodie III, E. D. 2009 How to measure indirect genetic effects:
the congruence of trait-based and variance-partitioning approaches. Evolution 63,
1785-1795. (doi: 10.1111/j.1558-5646.2009.00676.x).

Moore, A. J., Brodie III, E. D. & Wolf, J. B. 1997 Interacting phenotypes and the
evolutionary process: 1. Direct and indirect genetic effects of social interactions.
Evolution 51, 1352-1362.

Falconer, D. S. 1955 Patterns of response in selection experiments with mice. Cold
Spr. Harb. Symp. Quant. Biol. 20, 178-196.

Dickerson, G. E. 1947 Composition of hog carcasses as influenced by heritable
differences in rate and economy of gain. lowa Agricultural Ezperiment Station
Research Bulletin 354, 489-524.

Wilson, A. J., Coltman, D. W., Pemberton, J. M., Overall, A. D. J., Byrne, K. A. &
Kruuk, L. E. B. 2005 Maternal genetic effects set the potential for evolution in a
free-living vertebrate population. J. Evol. Biol. 18, 405-414. (doi:
10.1111/;.1420-9101.2004.00824.x)

Thiede, D. A. 1998 Maternal inheritance and its effect on adaptive evolution: A
quantitative genetic analysis of maternal effects in a natural plant population.
Evolution 52, 998-1015.

Lind, M. I. & Johansson, F. 2011 Testing the role of phenotypic plasticity for local
adaptation: growth and development in time-constrained Rana temporaria
populations. J. Evol. Biol. 24, 26962704 10.1111/j.1420-9101.2011.02393.x

Plaistow, S. J. & Benton, T. G. 2009 The influence of context-dependent maternal

30



effects on population dynamics: an experimental test. Phil. Trans. R. Soc. B 364,
1049-1058 (doi: 10.1098/rstb.2008.0251)

[47] Lande, R. & Shannon, S. 1996 The role of genetic variation in adaptation and
population persistence in a changing environment. Fvolution 50, 434-437.

[48] van Buskirk, J. & Steiner, U. K. 2009 The fitness costs of developmental canalization
and plasticity. J. Evol. Biol. 22, 852-860. (doi 10.1111/j.1420-9101.2009.01685.x.)

[49] Auld, J. R., Agrawal, A. A. & Relyea, R. A. 2010 Re-evaluating the costs and limits of
adaptive phenotypic plasticity. Proc. R. Soc. B 277, 503-511. (doi:
10.1098/rspb.2009.1355)

[50] Kolliker, M. 2005 Ontogeny in the Family. Behav. Genet. 35, 7-18.

31



-
A+Bd| Q
g £
> =
° c
c ©
Q Q
s £
(=]
o
A
-10 0 100 10000 -10 0 100 10000
generations generations
Br _ A+B3|
c
Q
o
o
Q.
£
8
2
S 3
o (2]
[}
P B =
T \, 5 A
e . %
O n n n n n n
-10 0 100 10000 -10 0 100 10000
generations generations

Figure 1: Expected evolution of the average phenotype E(Z;), log mean fitness, plasticity and
the additive genetic component in the presence (dark grey, m = 0.45, light grey, m = 0.8) and
absence (black, m = 0) of fixed maternal inheritance via the maternal effect coefficient m. The
values of the model parameters follow [8]: A =0, B =2, § = 10, p, = 0.25, 62 = 0.5, o = 2.0,

Gaa = 0.5, Gy = 0.045, w? = 50.0 and Wax = 1.0.
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Figure 2: Fitness is maximised for negative maternal inheritance in stochastic environments: in
the reference environment (top) and in a stochastic environment with 6 = 10 (bottom). The
optimal value of the maternal effect coefficient m depends upon the strength of environmental
autocorrelation, p,. Darker grey indicates larger p,; values are (from light to dark) 5, i, %, %,
for which fitness is maximised at m =-0.2, -0.2, 0 and 0 (top) and m =-0.4, -0.4, -0.3 and -0.3

(bottom) respectively. Parameters are as in figure 1. Circles represent the results of numerical

simulations at intervals of 0.1 in m.
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Figure 3: The expected equilibrium phenotypic variance (equation 19) is positive for a restricted
range of values of m, where m is the maternal effect coefficient. Outside this range, the system
cannot reach an equilibrium state. Goq = 0.5, Gy, = 0.045 and § = 10, for (a) £ = 0.1 and (b)

# = 1.0. The case where ¥ > 1 looks very similar to (b), but with o2 very small and negative

for m >2(1+2)/(2 —1).
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