
Near-capacity joint source and channel coding
of symbols from an infinite set

Robert G. Maunder, Wenbo Zhang, Tao Wang, Lajos Hanzo

Presented by
Rob Maunder

Electronics and Computer Science,
University of Southampton, SO17 1BJ, UK.

Email:rm@ecs.soton.ac.uk

http://users.ecs.soton.ac.uk/rm/



Part 1 - Background

Robert G. Maunder, Wenbo Zhang, Lajos Hanzo



Outline

Outline

o Symbol values from an infinite set

o Elias Gamma (EG) code

o EG-CC SSCC benchmarker

o Capacity loss analysis

o Conclusions
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Symbol values from an infinite set

Background

Finite symbol set Infinite symbol set

e.g. {a, b, c, . . . , z} e.g. N1 = {1, 2, 3, . . . ,∞}
Separate Source and • Huffman code • Unary code

Channel Coding (SSCC) • Shannon-Fano code • Elias Gamma code

Joint Source and Channel
Coding (JSCC)

• Variable Length Error
Correction (VLEC) code

?

When decoding symbol values selected from an infinite set:

• existing SSCC schemes have significant capacity loss;

• existing JSCC schemes have infinite complexity.



Symbol values from an infinite set

Symbol values from an infinite set
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Here, p1 ∈ {0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9}

Zeta distribution

P (x) =
x−s

ζ(s)
,

ζ(s) =
∑
x∈N1

x−s,
s > 1,
p1 = 1/ζ(s).

Symbol entropy
HX =

∑
x∈N1

P (x) · log2(1/P (x)).



Elias gamma code

xi
P (xi)

EG(xi)
p1 = 0.7 p1 = 0.8 p1 = 0.9

1 0.7000 0.8000 0.9000 1

2 0.1414 0.1158 0.0717 010

3 0.0555 0.0374 0.0163 011

4 0.0286 0.0168 0.0057 00100

5 0.0171 0.0090 0.0025 00101

6 0.0112 0.0054 0.0013 00110

7 0.0079 0.0035 0.0007 00111

8 0.0058 0.0024 0.0004 0001000

9 0.0044 0.0017 0.0003 0001001

10 0.0034 0.0013 0.0002 0001010

Table 1: The first ten codewords of Elias Gamma
(EG) code.

Elias Gamma code

Average codeword length
l =

∑
x∈N1

P (x)(2blog2(x)c+ 1).



Elias gamma code

Elias Gamma coding rate
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EG-CC SSCC benchmarker

EG-CC SSCC benchmarker
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ŷ

CC
encoder

CC
decoder

x

x̂

EG
encoder

EG
decoder

z

z̃e

z̃a

IrURC

IrURC

encoder

decoder

modulator

demodulator

QPSK

QPSK

π1

π1

π−1
2

π2

π−1
1

ï EG code is identical to k = 0 Exponential-Golomb code.

ï Convolutional Code (CC) with n = 2 encoded bits, 4 states and recursive gen-
erator polynomial.

ï Irregular Unity Rate Code (IrURC), whose components have n = 1 encoded bit,
2, 4 or 8 states and recursive generator polynomial.

ï Quaternary Phase Shift Keying (QPSK) with Gray mapping and puncturing.



Capacity loss analysis

Significant EG-CC capacity loss

EG-CC Rn
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Rn and An of EG-CC scheme, for zeta distribution.

A is the area beneath the EXtrinsic
Information Transfer (EXIT) curve
of the EG-CC decoder.

n is the number of encoded bits
produced by the CC encoder.

The region above the An curve
represents residual redundancy
exploited for error correction.

The region between the curves
represents un-exploited residual
redundancy, giving capacity loss.



Conclusions

Conclusions

o All previous JSCC schemes have infinite complexity when decoding symbols
selected from infinite sets.

o SSCC benchmarker suffers from significant capacity loss.
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* Joint Source and Channel Coding (JSCC)
* Unary Error Correction (UEC) Code



Proposed JSCC scheme using UEC code

Proposed JSCC UEC scheme
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ï Replace EG code with a unary code.

ï Replace CC code with a novel trellis code, having n = 2 encoded bits and r

states.



Proposed JSCC scheme using UEC code

xi P (xi) Unary(xi) EG(xi)

p1 = 0.7 p1 = 0.8 p1 = 0.9

1 0.7000 0.8000 0.9000 0 1

2 0.1414 0.1158 0.0717 10 010

3 0.0555 0.0374 0.0163 110 011

4 0.0286 0.0168 0.0057 1110 00100

5 0.0171 0.0090 0.0025 11110 00101

6 0.0112 0.0054 0.0013 111110 00110

7 0.0079 0.0035 0.0007 1111110 00111

8 0.0058 0.0024 0.0004 11111110 0001000

9 0.0044 0.0017 0.0003 111111110 0001001

10 0.0034 0.0013 0.0002 1111111110 0001010

Table 2: The first ten codewords of unary and Elias Gamma (EG) codes.

Unary
code

Average code-
word length
l =

∑
x∈N1

P (x)x

l becomes infinite
for p1 < 0.608



Proposed JSCC scheme using UEC code
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Trellis code

Here, the trellis has r = 6 states.

Encoding begins in state m0 = 1.

e.g. for symbols x = [4, 1, 2, 1, 3, 1, 1, 1, 2, 2],

ï y = [111001001100001010].

ï m = [1, 3, 5, 5, 2, 1, 3, 2, 1, 3, 5, 2, 1, 2, 1, 3, 2, 4, 1].

ï z = [100000111010111010001110011001110100].

Each transition occurs with a different prob-
ability, which is exploited during soft-in soft-
out decoding.



Near-capacity analysis

Vanishing UEC capacity loss
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Error ratio performance

Symbol Error Ratio (SER) Performance
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Rayleigh fading channel with QPSK modulation. 104 symbols per frame and up to 104 Add-Compare-Select (ACS) operations
per symbol.



Conclusions

Conclusions

o SSCC benchmarker suffers from significant capacity loss.

o Proposed JSCC UEC scheme has only moderate complexity and its capacity loss
asymptotically approaches zero as the number states r increases.

o As much as 1.3 dB gain within 1.6 dB of capacity bound, without any increase in
transmission energy, duration, bandwidth or decoding complexity.

o However, the proposed UEC has an infinite average codeword length for zeta
distributed source symbols having p1 < 0.608, as well as poor SER performance for
p1 = 0.7.
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Proposed JSCC scheme using EGEC code

di Unary(di) EG(di) xi Unary(xi) FLC(ti) ti

1 1 1 1 1 0

2 01 010 2 01 0 0

3 001 011 2 01 1 1

4 0001 00100 3 001 00 0

5 00001 00101 3 001 01 1

6 000001 00110 3 001 10 2

7 0000001 00111 3 001 11 3

8 00000001 0001000 4 0001 000 0

9 000000001 0001001 4 0001 001 1

10 0000000001 0001010 4 0001 010 2

Table 3: The first ten codewords of various
source codes.

Elias Gamma code
revisited

An Elias Gamma (EG) codeword
EG(di) can be thought of as a
concatenation of codewords from
a unary code and a Fixed Length
Code (FLC).
xi = blog2(di)c+ 1

ti = di − 2blog2(di)c

di = 2xi−1 + ti



Proposed JSCC scheme using EGEC code

Proposed JSCC EGEC scheme
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ṽaũe
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ï π2 and π5 can use different puncturing rates, to achieve Unequal Error Protection (UEP).

ï The FLC decoder only engages in iterative decoding for symbols satisfying x̂i ≤ xmax.



Near-capacity analysis

Vanishing EGEC capacity loss
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Error ratio performance

Symbol Error Ratio (SER) Performance
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SER performance of EGEC scheme and various benchmarkers, for zeta distribution. Uncorrelated narrowband Rayleigh
fading channel with QPSK modulation. 2× 104 symbols per frame. Results marked ‘No probs’ were obtained without

knowledge of the source symbol distribution at the EGEC decoder.



Error ratio performance

Symbol Error Ratio (SER) Performance
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SER performance of EGEC scheme and various benchmarkers, for zeta distribution. Uncorrelated narrowband Rayleigh
fading channel with QPSK modulation. 2× 104 symbols per frame. Results marked ‘No probs’ were obtained without

knowledge of the source symbol distribution at the EGEC decoder.



Conclusions

Conclusions

o SSCC benchmarker suffers from significant capacity loss for zeta distributed
source symbols, having p1 ∈ {0.9, 0.7967}.

o UEC benchmarker has an infinite average codeword length for zeta distributed
source symbols having p1 < 0.608, as well as poor SER performance for p1 = 0.7.

o Proposed JSCC EGEC scheme supports p1 < 0.608, has only moderate
complexity and its capacity loss asymptotically approaches zero as the number
states r1 used in the EGEC(UEC) scheme increases and as the value of xmax used
in the EGEC(FLC-CC) scheme increases.

o For each value of p1 considered, the proposed EGEC scheme offers the best SER
performance.
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Part 2 - EXIT charts
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Inverted EXIT curves for the UEC decoder having r ∈ {4, 6, 8, 10, 32} states and EG-CC decoder having r = 4 states,
where p1 ∈ {0.7, 0.8, 0.9}. Corresponding EXIT curves are provided for the IrURC schemes at the lowest Eb/N0 values
that facilitates the creation of an open tunnel with the EXIT curves of the r = 32-state UEC and the r = 4-state EG-CC.
Uncorrelated narrowband Rayleigh fading channel with QPSK modulation.



Part 2 - Generalized UEC trellis
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Part 2 - Transition probabilities

P (m,m′) =


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Part 2 - IrURC component codes
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Part 2 - IrURC component codes

p1

URC component code fractions α

r = 2 r = 4 r = 8

(2,3) (7,5) (7,6) (4,7) (6,7) (8,B) (D,C) (8,F) (B,F) (E,F)

0.7
0 0 0.44 0 0.44 0 0.10 0 0.02 0

0.35 0 0 0.18 0.17 0.05 0 0.25 0 0

0.8
0.18 0 0.71 0.10 0.01 0 0 0 0 0

0.30 0 0.33 0.27 0.10 0 0 0 0 0

0.9
0 0 0.33 0 0 0.09 0.58 0 0 0

0 0 0.85 0 0 0.02 0.13 0 0 0

Table 4: The fraction of the IrURC input bit sequence that is encoded by each component
code.



Part 2 - Decoder complexities

Decoder r max∗ add ACS

n = 2-bit CC Viterbi decoder ŷ 4 2 8 18

n = 2-bit CC BCJR decoder z̃e 4 10 22 72

n = 2-bit Trellis BCJR decoder ỹp

4 7 20 55

6 11 30.5 85

8 15 40.5 115.5

n = 2-bit Trellis BCJR decoder z̃e
4 10 22 72

6 16 32 112

8 22 42 152

URC BCJR decoder

2 6 19 49

4 14 37 107

8 30 73 223



Part 2 - Scheme parametrizations
5

TABLE III
OUTER CODING RATE Ro , INNER CODING RATE Ri AND TOTAL THROUGHPUT η FOR TWO SCHEMES WITH DIFFERENT STATES. THREE CATEGORIES OF

Eb/N0 WHERE C = η AND Ai = Ao IN THEORY, AND WHERE TUNNEL IS OPEN IN SIMULATION, RESPECTIVELY.

p1 Scheme r Ro Ao Ri η
Eb/N0 [dB] for Eb/N0 [dB] for Eb/N0 [dB] for

C = η Ai = Ao open tunnel
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Fig. 3. Inverted EXIT curves for the UEC BCJR decoder having r ∈ {4, 6, 8, 10, 32} states and EG-CC BCJR decoder having r = 4 states, where
p1 ∈ {0.7, 0.8, 0.9}. Corresponding EXIT curves are provided for the IrURC schemes of Table IV, at the lowest Eb/N0 values that facilitates the creation
of an open tunnel with the EXIT curves of the r = 32-state UEC and the r = 4-state EG-CC, as listed in Table III.

[6, Figure 4]. As shown in Table III, the UEC schemes may
be seen to offer significant gains over the EG-CC schemes,
when p1 ∈ {0.8, 0.9}. By contrast, for p1 = 0.7 the UEC
and EG-CC schemes may be seen to have similar open tunnel
bounds. Table IV quantifies the number of ACS operations that
are performed per bit of z. As described in Section III, these
values are obtained by employing the fractions α as weights,
when averaging the number of ACS operations that are listed
in Table II for URCs having r ∈ {2, 4, 8} states.

V. SER PERFORMANCE

In this section, we characterize the SER performance of
the UEC-IrURC and EG-CC-IrURC schemes of Section IV.
We consider the transmission of source symbol sequence x
comprising a = 104 symbols, since this frame length is
typical of multimedia applications [3]. In order to facilitate fair
comparison between schemes having different computational
complexities per iteration, we impose a limit of 104 ACS op-
erations for the decoding of each symbol in x. This facilitates

an average of t = 6 decoding iterations in the r = 10 UEC
scheme for p1 = 0.7 and t = 11 iterations in the r = 4 scheme
for p1 = 0.9, which are the most and least complex schemes
considered, respectively.

As shown in Figure 4, our UEC-IrURC scheme outper-
forms the EG-CC-IrURC benchmarker for transmission over
uncorrelated Rayleigh channel, when p1 ∈ {0.8, 0.9}. More
particularly, when p1 = 0.9, a 1.3 dB gain is offered by the
UEC-IrURC scheme, while operating within 1.6 dB of the
capacity bound. By contrast, the EG-CC-IrURC benchmarker
outperforms the UEC-IrURC scheme for p1 = 0.7. This may
be attributed to the high number of bits that are punctured
in the UEC-IrURC scheme for p1 = 0.7. Owing to this,
a relatively high number of decoding iterations are required
for achieving iterative decoding convergence in this scheme,
even when the Eb/N0 value is high. As a result, a severe
performance degradation is incurred, when imposing a limit of
104 ACS operations for decoding each symbol in x. Note that a
UEC decoder employing r = 6 states offers the optimal trade-

Outer coding rate Ro, inner coding rate Ri and total throughput η for two schemes with different values of p1 and r. Three
categories of Eb/N0 where C = η and Ai = Ao in theory, and where tunnel is open in simulation, respectively.
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Inverted EXIT curves for the EGEC(UEC) decoder having r1 = 4 and EGEC(FLC-CC) decoder having xmax = 3, where
p1 = 0.7967. Corresponding EXIT curves are provided for the URC schemes at the lowest Eb/N0 values that facilitates

the creation of an open tunnel with the EXIT curves of the EGEC scheme. Uncorrelated narrowband Rayleigh fading
channel with QPSK modulation.
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TABLE II
OUTER CODING RATE Ro , INNER CODING RATE Ri AND THROUGHPUT ⌘ FOR THREE SCHEMES WITH DIFFERENT p1 VALUES.

p1 Scheme n r Ro Ao Ri ⌘
Eb/N0 [dB]

for C = ⌘
Eb/N0 [dB]
for Ai = Ao

Eb/N0 [dB]
for open
tunnel

Complexity

0.9
EGEC

EEP UEC 2 4 0.2378 0.2378 1.0578

0.5272 0.01

2.4 3.9 267
FLC-CC 2 4 0.3609 0.3636

UEP UEC 2 4 0.2378 0.2378 1.1251 0.1 1.0 286
FLC-CC 3 4 0.2406 0.2424 1

UEC 2 4 0.2636 0.2682 1 0.1 1.5 250
EG-CC 2 4 0.2492 0.3247 1.0578 1.6 2.4 257

0.7967
EGEC

EEP UEC 2 4 0.3721 0.3721 1

0.7620 0.84

1.6 2.9 338
FLC-CC 2 4 0.4229 0.4283

UEP UEC 2 4 0.3721 0.3721 1.0385 0.9 2.4 379
FLC-CC 3 4 0.2820 0.2855 1.2767

UEC 2 4 0.3810 0.4041 1 1.3 2.5 331
EG-CC 2 4 0.3810 0.4410 1 2.0 3.0 322

0.6940
EGEC EEP UEC 2 4 0.4533 0.4535 1

0.9066 1.43
1.5 2.5 431

FLC-CC 2 4 0.4533 0.4599
UEC 2 4 0.3112 0.3654 1.4565 2.7 4.5 614

EG-CC 2 4 0.4533 0.4877 1 2.0 3.0 410

0.6 EGEC EEP UEC 2 4 0.4906 0.4910 1 0.9690 1.69 1.8 2.8 547
FLC-CC 2 4 0.4699 0.4766

EG-CC 2 4 0.4845 0.4998 1 2.0 3.0 522

n2 = 3-bit EGEC(FLC-CC) codes, they are associated with a
higher complexity than the corresponding EEP schemes, which
employ shorter n2 = 2-bit codes.

Table II provides the Eb/N0 values, where the DCMC
capacity C becomes equal to the throughput ⌘ of each scheme
considered. These Eb/N0 values represent capacity bounds,
above which it is theoretically possible to achieve reliable
communication, provided that the scheme facilitates near-
capacity operation. Furthermore, the specific Eb/N0 values,
where we have Ai = Ao are provided for each scheme
considered in Table II. These area bounds represent the lowest
Eb/N0 values, where it is theoretically possible to create an
open EXIT chart tunnel, provided that the EGEC and URC
EXIT function have shapes that match each other. Note that
the discrepancy between the capacity bound and the area
bound of each scheme represents capacity loss. For each
of the UEP schemes considered, the capacity loss is less
than 0.1 dB, demonstrating that the proposed EGEC scheme
facilitates near-capacity operation. Finally, Table II provides
the tunnel bound of each scheme, which quantifies the lowest
Eb/N0 value, where an open EXIT chart tunnel can be created
upon employing a two-state accumulator for the URC code.
Note that in all cases, our experiments revealed that two-
state URC codes facilitate the creation of open tunnels at
lower Eb/N0 values than four- or eight-state URCs, as well
as having a lower decoding complexity. The proposed EGEC
schemes facilitate reliable communication at Eb/N0 values
that exceed the corresponding tunnel bound, provided that the
symbol vector d comprises a sufficiently high number a of
symbols.

Note that the capacity loss analysis of this section relies
upon (21) and (22), which are specific to the scenario where
the LLRs of eza, ũa, ṽa and w̃a adopt distributions that may be
modeled by transmission over a BEC. However, the authors of
[20] showed that the area beneath an EXIT curve is not signif-
icantly affected by the LLR distribution. Indeed, the results of
Section V demonstrate that the proposed EGEC code is also
capacity-approaching when the LLR distribution corresponds

to communication over an uncorrelated narrowband Rayleigh
fading channel.

V. PERFORMANCE COMPARISON WITH THE
BENCHMARKERS

In this section, we compare the proposed EEP and UEP
EGEC schemes to the UEC and EG-CC benchmarkers of [12].
Table II provides parametrizations for these benchmarkers,
which offer the same throughput ⌘ as our EGEC schemes.
Here, the UEC benchmarker adopts the n = 2-bit r = 4-state
UEC trellis of [12, Figure 3(b)], since this is recommended
in [16]. Furthermore, the UEC is serially-concatenated with a
URC, for the sake of facilitating iterative decoding. While the
proposed EGEC schemes and the UEC benchmarker consti-
tute examples of JSCCs, the EG-CC benchmarker represents
SSCC. More specifically, the EG-CC benchmarker employs an
EG code for source coding, while an iteratively-decoded serial-
concatenation of a CC and a URC is employed for separate
channel coding. Here, we select the n = 2-bit r = 4-state
CC of [12, Table II], since higher numbers of states were
found to be detrimental in [12]. As in the proposed EGEC
schemes, the UEC and EG-CC benchmarkers employ two-state
accumulators for their URCs, since these were found to yield
open EXIT chart tunnels at the lowest Eb/N0 values. Note
that the UEC and EG-CC benchmarkers offer fair and natural
comparisons with the proposed EGEC schemes, since they
all employ simple unary, FLC or EG codewords, as well as
UEC or CC trellises having four states. Furthermore, EG codes
and CCs are employed in numerous multimedia transmission
standards, such as H.264 [11] and DVB-T [27].

Figure 8 characterizes the Symbol Error Ratio (SER) perfor-
mance of the schemes parametrized in Table II. We consider
the transmission of source symbol vectors d comprising a =
2 · 104 symbols, which we found to be typical of the number
of EG-encoded symbols that appear in a H.264 slice [11].
Therefore, the SER performance of Figure 8 may be consid-
ered to be achievable, without imposing any additional latency
in multimedia applications. We employed QPSK modulation

Outer coding rate Ro, inner coding rate Ri and total throughput η for various schemes with different values of p1, n and r.
Three categories of Eb/N0 where C = η and Ai = Ao in theory, and where tunnel is open in simulation, respectively.


