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The effects of rough surfaces on turbulent channel flow are modelled by an extra force
term in the Navier-Stokes equations. This force terms contains two parameters, related
to the density and the height of the roughness elements, and a shape function, which reg-
ulates the influence of the force term with respect to the distance from the channel wall.
This permits a more flexible specification of a rough surface than a single parameter such
as the equivalent sand grain roughness. The effects of the roughness force term on turbu-
lent channel flow have been investigated for a large number of parameter combinations
and several shape functions by direct numerical simulations. It is possible to cover the full
spectrum of rough flows ranging from hydraulically smooth through transitionally rough
to fully rough cases. By using different parameter combinations and shape functions it is
possible to match the effects of different types of rough surfaces. Mean flow and standard
turbulence statistics have been used to compare the results to recent experimental and
numerical studies and a good qualitative agreement has been found. Outer scaling is
preserved for the streamwise velocity both for the mean profile as well as its mean square
fluctuations in all but extremely rough cases. The structure of the turbulent flow shows
a trend towards more isotropic turbulent states within the roughness layer. In extremely
rough cases spanwise structures emerge near the wall and the turbulent state resembles
a mixing layer. A direct comparison with the study of Ashrafian et al. (2004) shows a
good quantitative agreement of the mean flow and Reynolds stresses everywhere except
in the immediate vicinity of the rough wall. The proposed roughness force term may be
of benefit as a wall model for direct and large-eddy numerical simulations in cases where
the exact details of the flow over a rough wall can be neglected.

1. Introduction

Rough surfaces influence the behaviour of turbulent fluid flow in many technical ap-
plications and geophysical situations. Roughness may occur due to imperfections in the
production process such as in industrial steel pipes (see Langelandsvik et al. (2008) and
references therein) because the costs of obtaining a perfectly smooth surface would be
uneconomical. In other cases a surface is made deliberately rough in order to improve the
flow properties over it, as in the case of riblets (see Karniadakis & Choi (2003) and refer-
ences therein) or superhydrophobic surfaces (Rothstein 2010). In the geophysical context
a rich variety of rough surfaces is encountered ranging from plant canopies (Finnigan
2000) to urban roughnesses (Cheng & Castro 2002; Coceal & Belcher 2005) which can
influence regional climate (Arnfield 2003).

The most important effect of roughnesses on a turbulent boundary layer is a change
in the mean velocity profile near the wall which is expressed in the classical framework
(Nikuradse 1950; Hama 1954; Schlichting 1968) using the (Hama) roughness function
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∆U+

〈u+(z)〉 = κ−1 ln(z+) +A−∆U+(k+), (1.1)

where κ ≈ 0.4 is the Kármán constant and A ≈ 5.5 is the additive constant for a
smooth-wall turbulent pipe flow (Schlichting 1968). The roughness function ∆U+(k+)
is a function of the height of the roughness elements k+. Flows over rough walls are
usually classified as hydraulically smooth when the height of the roughness elements is
so small that they do not influence the viscous sublayer significantly, as transitionally
rough when the roughness elements begin to affect the buffer-layer viscous cycle and the
friction factor depends on both roughness height and viscosity, and as fully rough when
the roughness elements are so high as to completely destroy the buffer layer, and the
friction factor becomes independent of viscosity (Schlichting 1968; Jiménez 2004).

For comparison of the aerodynamical properties of rough surfaces it is common to
use an equivalent sand grain roughness (Schlichting 1968), which is obtained in practice
by fitting the asymptotic behaviour in the fully rough regime. Although this ensures a
collapse of all roughness functions in the fully rough regime, the equivalent sand grain
roughness is not sufficient to characterise the roughness function in the transitionally
rough region (Jiménez 2004; Marusic et al. 2010). As the equivalent sand grain roughness
is interchangeable with the roughness function (Jiménez 2004) it contains no information
on the mean flow statistics beyond the shift in the velocity profile and no information at
all about the fluctuation statistics of a rough-wall flow. For a more concise classification
of rough surfaces a parametrisation that goes beyond the equivalent sand grain roughness
is needed (Marusic et al. 2010).

Flow over rough surfaces has been investigated in the past predominantly by experi-
ments. In recent years an increasing number of direct numerical simulations of turbulent
flow over rough surfaces have been conducted in which the rough surface has been fully
resolved either by a body-fitted grid (see for example Choi et al. 1993; Coceal & Belcher
2005; DeAngelis et al. 1997) or by immersed boundary methods (see e.g. Bhaganagar
et al. 2004; Breugem & Boersma 2005; Leonardi & Castro 2010; Lee et al. 2011). A full
resolution of the rough surface considerably increases the computational costs compared
to the smooth wall case. Therefore the investigation of roughness effects has concentrated
on simple geometries such as channel flow and flat plate boundary layers. The numerical
methods for resolving the rough surface are not free of difficulties. Body-fitted grids are
limited to fairly regular geometries, while immersed boundary methods typically require
a considerably higher number of grid points to resolve the near wall turbulent flow (Ic-
carino & Verzicco 2003; Mittal & Iccarino 2005). No matter what method is employed,
the simulation of a flow over a rough surface will always necessitate a much higher com-
putational effort than the simulation of a comparable flow over a smooth surface. Direct
numerical simulations of turbulent flows over more complex rough surfaces such as plant
canopies where the plant canopies are fully resolved and their flexibility is taken into
account are probably still beyond the power of modern supercomputers.

Therefore, for both numerical simulations of flows in more complex geometries or over
more complex roughness types, a simple way of modelling the effects of a rough surface
would be desirable. Different approaches to the modelling of rough surfaces have been
made where either the boundary conditions on the wall (Tuck & Kouzoubov 1995; Orlandi
et al. 2003; Flores & Jiménez 2006) or the Navier-Stokes equations in the near wall
region are modified (Breugem & Boersma 2005; Cui et al. 2003; Scotti 2006; Anderson
& Meneveau 2010). In the context of the Reynolds-averaged Navier-Stokes equations
models based on a discrete element approach have been employed to capture roughness
effects (Taylor et al. 1985).
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Here, the second approach is used by introducing an extra force term in the Navier-
Stokes equations to model the effects of rough surfaces on the flow. The effects of the
proposed roughness force term are explored by an extensive parameter study using direct
numerical simulations. The results are compared to experimental and numerical studies
of flow over rough surfaces.

The aim of this study is two-fold in both advancing the development of a numerical
model of rough surfaces in the context of large eddy simulations (LES) as well as the
classification of rough surfaces by quantifying the effects of different parameters in the
model. By looking at the mean flow as well as the turbulence statistics we show to what
extent a rough wall turbulent flow can be represented by such a simple model and where
this model falls short of the experimental reality.

This article is organised as follows. In section 2 the proposed roughness force term is
discussed. A short description of the numerical methods employed is given in section 3.
In section 4 standard mean flow and turbulence statistics are used to compare the direct
numerical simulations containing the roughness force terms to results of experimental and
numerical studies. In section 5 an example of a direct quantitative comparison is shown.
The last section contains a final discussion of the results and concludes this article.

2. The roughness force term

When a fluid flows over a rough surface it experiences in addition to the skin-friction
drag at the wall a pressure drag due to the extension of the roughness elements into
the flow. Instead of fully resolving the rough surface an extra force term is added to
the Navier-Stokes equations to account for the additional pressure drag induced by the
roughness elements. The forcing term is defined using a Cartesian coordinate system
(~x1, ~x2, ~x3) whose coordinate axes are determined by the local mean flow and the wall
geometry. ~x1 points in the local mean flow direction parallel to the wall (in the following
it is assumed that the wall is at rest; if this is not the case the relative velocity to the wall
should be used), ~x3 indicates the wall-normal direction. The remaining axis ~x2 points in
the spanwise direction in the plane of the wall.

In the case of a plane channel flow with a constant mean pressure gradient – the flow
configuration studied in this paper – these are simply the streamwise, wall-normal and
spanwise directions. The Navier-Stokes equations, non-dimensionalised by the channel
half-width δ and the friction velocity uτ and extended by the roughness force term, then
take the form

∂ui

∂t
+

∂uiuβ

∂xβ
= δ1i −

∂p

∂xi
+

1

Reτ

∂2ui

∂xβ∂xβ
− αiFi(z, hi)ui|ui| (2.1)

∂uβ

∂xβ
= 0. (2.2)

Note that the summation convention is applied in this paper to Greek subscripts only;
ui, i = 1, 2, 3 is used interchangeably with u, v and w to denote the streamwise, span-
wise and wall-normal velocity components, and xi, i = 1, 2, 3 with x, y, z to denote the
streamwise, spanwise and wall-normal coordinate.

The pressure gradient is split into the constant mean streamwise pressure gradient,
−δ1i, and its fluctuating part ∂p/∂xi. The Reynolds number based on the friction velocity
is defined by Reτ = uτδ/ν . Note that the friction velocity and length scales used in the
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following are based on the mean streamwise pressure gradient

u2
τ = −

δ

ρ

dP

dx
= 1 (2.3)

including both the viscous drag and the form drag (see e.g. Krogstad et al. 2005) simu-
lated here by the roughness forcing term.

The last term on the right hand side of equation (2.1) is the roughness forcing term.
The form ∼ (−ui|ui|) ensures that the roughness forcing term always has a damping
effect. The other parts of the roughness force term will be discussed in the following.

2.1. Roughness factor

The factor αi will be referred to as the ‘roughness factor’ in the following and has the
dimension of a line density

[

L−1
]

. In the limit of sparse roughness this can be thought
of as representing the density of the roughness elements. Sparse roughnesses would have
a low αi whereas less sparse roughnesses would correspond to a higher αi. However, in
the case of high α values the analogy with the spacing of the roughness elements should
be taken with caution. Although the roughness function ∆U+ of a surface increases for
sparsely spaced roughnesses with increasing solidity, it decreases once a sufficiently dense
spacing of the roughness elements is reached due to shielding effects (Jiménez 2004). In
the results presented later shielding effects for high α values can be observed in some
cases, in other cases the roughness continues to increase with high α depending on the
shape function used (see section 4.3).

In addition to a line density, α could also be seen as a factor proportional to the overall
drag-coefficient of a roughness element and therefore no definite upper limit on α (such
as ‘densest spacing’) can be given for the roughness factor.

2.2. The roughness shape function and roughness height parameter

The function Fi(z, hi) is the roughness shape function. The shape function regulates the
influence of the roughness force term with respect to the distance from the wall z. The
roughness height hi parametrises the extension of the roughness term into the flow. As
will be shown in the following there is no explicit relationship between the roughness
height parameter and the actual physical height of a roughness element or its equivalent
sand grain roughness, but the roughness height parameter is expected to increase with
the physical roughness height.

We expect different types of roughnesses to correspond to different shape functions. As
there is no straightforward mapping between a roughness element and its shape function
we can only define some general conditions for Fi(z, hi). The roughness shape function
should be bounded, far away from the wall the direct influence of the roughness term
should vanish (Fi(z, hi) → 0 for z ≫ 0), and the shape function should be greater or
equal to zero everywhere in order to ensure that the roughness term has always a damping
effect.

In the following the definitions for the six shape functions used in this paper are
given. In order to achieve a simple description an auxiliary parameter η(h) is used. The
relationship between this auxiliary parameter and the roughness height parameter will be
explained in the next paragraph. The first three shape functions are based on polynomials
such as a simple box profile

F (z, h) =

{

1 if z ≤ η(h),

0 if z > η(h),
(2.4)
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Figure 1. Different types of shape functions used to simulate roughnesses in this paper; (a)
box, (b) triangular, (c) parabolic, (d) exponential, (e) Gaussian and (f) orbital shape function.
All shape functions are based on the same roughness height parameter h = 5.

a triangular profile

F (z, h) =

{

1− z
η(h) if z ≤ η(h),

0 if z > η(h),
(2.5)

and a parabolic profile

F (z, h) =

{

(1− z
η(h) )

2 if z ≤ η(h).

0 if z > η(h).
(2.6)

The other three shape functions contain an exponential term and include an exponentially
decaying profile

F (z, h) = exp

(

−
z

η(h)

)

(2.7)

a Gaussian profile

F (z, h) = exp

(

−
z2

η(h)2

)

(2.8)

and an ‘orbital’ profile

F (z, h) = exp

[

2

(

1−
z

η(h)

)]

z2

η(h)2
(2.9)

(see illustrations in figure 1). The choice of the shape functions used in this article
has not been motivated by a particular roughness but by their different mathematical
properties. The first three shape functions are all discontinuous to some extent either
being discontinuous in themselves, such as the box profile, or in their first (triangular
profile) or second derivative (parabolic profile). The remaining three profiles are infinitely
differentiable. The Gaussian profile can be thought of as a smeared-out box profile;
the orbital profile distinguishes itself by being the only profile considered here which
vanishes on the wall. Of all shape functions considered here, the exponentially decaying
shape function extends (for a given roughness height) furthest into the flow giving the
highest value at the centreline of the channel. The fact that the exponentially decaying,
Gaussian and orbital profile extend infinitely into the flow and have no clear vanishing
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point might not agree with the perception of a physical roughness element which has a
well-defined and finite height. However, the roughness element might affect the flow not
only in its immediate surroundings but also change the flow further away from the wall,
and secondly random roughness elements can give a wide range of height values (see e.g.
Birch & Morrison 2011; Langelandsvik et al. 2008) better described by a distribution of
roughness heights.

In order to make the effects of different shape functions and different roughness height
parameters comparable, a clear definition for the roughness height of a profile and a rule
for the normalisation of the shape function are needed. In the case of the polynomial-
based functions (2.4), (2.5) and (2.6), the roughness height could be simply defined as
the point η(h) where the profile vanishes. However, this criterion could not be applied
to the second group of profiles containing the exponential function (2.7), (2.8) and (2.9).
We therefore define the roughness height as the mean height of the profile as

h =

∫

∞

0
F (z, h)zdz

∫

∞

0
F (z, h)dz

(2.10)

for a boundary layer or as

h =

∫ δ

0
F (z, h)zdz

∫ δ

0
F (z, h)dz

(2.11)

for a channel flow where δ is the channel half-height. This definition should work for all
reasonable roughness functions which obey the general criteria given above. Note that this
definition of the roughness height does not correspond to the tops of the shape function
for the polynomial based roughness functions, e.g. for the box profile η(h) = 2h. In some
cases the auxiliary parameter η(h) has to be found by solving an integral equation.

In addition, a rule for the normalisation of the roughness function is needed to enable
a comparison of the roughness factor effects for different roughness heights and different
shape functions. The roughness functions are normalised by setting their maxima to unity

max(F (z, h)) = 1. (2.12)

Another possible normalisation can be based on the integral of the roughness shape
function. The definition (2.12) has been chosen as it facilitates the interpretation of the
roughness factor α in the terms of spacing of the roughness elements.

The concept of the shape function used here has been influenced by an approach in
discrete element methods where a local drag coefficient is used to express the form drag
force caused by roughness elements penetrating the control volume (Taylor et al. 1985)
and also bears some resemblance to porosity profiles used in the volume averaged Navier
Stokes equations for the modelling of flows over porous surfaces (Breugem & Boersma
2005).

2.3. The form of the roughness term

The term was chosen quadratic in the respective velocity component in order to model
form drag effects, since an object moving in an high Reynolds number flow experiences a
quadratic drag force of the form ∼ −|~u|ui (see e.g. Batchelor 1967). However, roughness
elements on a wall show only limited resemblance to an object in a free-stream velocity
field at high Reynolds number. Using the full form of the quadratic drag term ∼ −|~u|ui

instead of the choice ∼ −|ui|ui leads to a stronger damping of the spanwise and wall-
normal velocity fluctuations and impairs the outer-layer similarity of the mean streamwise
velocity profile.

Besides creating extra form drag rough walls are also known to influence the viscous



Parametric forcing approach to rough wall turbulent channel flow 7

generation cycle (Jiménez 2004) and can even reduce the skin friction, most notably
in the case of riblet surfaces (Bechert et al. 1997). The roughness force term does not
explicitly try to model changes in the viscous effects of the boundary. It is to some extent
possible to model a weakening of the skin-friction by adjusting the relative strength of
the streamwise and spanwise component of the roughness term (see section 4.1).

It should be noted that the roughness term is only intended for the simulation of k-type
roughnesses and that we do not try to match the special effects of d-type roughnesses.
As d-type roughnesses occur under very specific circumstances this does not significantly
impair the general applicability of the model.

3. Numerical method

In order to explore the effects of the roughness force term on turbulent channel flow a
large number of direct numerical simulations were conducted. The Navier-Stokes equa-
tions were solved by a standard second order finite-difference method on a staggered grid.
A second order Adams-Bashforth method was employed for the time advancement. The
presence of the roughness term did not compromise the stability of the scheme due to its
damping character.

The simulations were conducted for a Reynolds number of Reτ = 180 using a box of
size 7×3.5×2 and a grid of size 128×128×128 where x is the streamwise, y the spanwise
and z the wall-normal direction. The grid is equidistantly spaced in the streamwise and
spanwise direction and stretched in the wall-normal direction to give a higher resolution
near the walls (∆z+min = 0.75 and ∆z+max = 4.9). Standard no-slip boundary conditions
are imposed on the lower and upper wall of the channel. The flow is maintained by a
constant mean streamwise pressure gradient.

The roughness term is in all cases applied symmetrically to the upper and lower part
of the channel with the shape function being symmetric to the centreline of the channel.
This simplifies the interpretation of the results as no further anisotropy effects need to
be taken into account.

4. Results

In its proposed form the roughness force term is very flexible: the roughness factor and
roughness height parameter can be varied and different shape functions can be chosen.
One could use a different shape function and different values of the roughness factor
for each component of the roughness force term. In order to limit the number of cases
to study, the effects of the different components of the roughness force term were first
considered. The streamwise-spanwise combination (see below) was chosen for the main
parameter study where the roughness height and factor were varied systematically and
different shape functions were employed.

4.1. The effect of the components of the roughness force term

The effect of the components of the roughness force term is considered for a configuration
that uses a Gaussian shape function with a roughness height of h+ = 10. The roughness
factor αi is set either to 0 or 1 which gives eight possible combinations including the
smooth-wall case (see table 1). The focus is in this section on the mean streamwise ve-
locity profile (shown in figure 2). The values for the downwards shift in the velocity profile
– the roughness function ∆U+ (see introduction) – have been estimated by subtracting
the mean centreline velocity Uc = 〈u(δ)〉 from the centreline velocity in the reference
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Case legend αx αy αz ∆U
+

1 xyz 1.0 1.0 1.0 7.9
2 x 1.0 0. 0. 8.3
3 y 0. 1.0 0. −0.5
4 z 0. 0. 1.0 −0.1
5 xy 1.0 1.0 0. 8.0
6 yz 0. 1.0 1.0 −0.5
7 xz 1.0 0. 1.0 8.2
8 smooth 0. 0. 0. 0

Table 1. Different combinations of the roughness term and measured values for the roughness
function ∆U

+. A Gaussian shape function and a roughness height of h+ = 10 have been used.
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Figure 2. Mean streamwise velocity profile for different roughness factor αi combinations in
the roughness force term. A Gaussian shape function has been used. The legend refers to the
second column of table 1. The lower group of curves consists of cases including the streamwise
component of the roughness term (αx = 1), whereas for the upper group of curves αx = 0.

case (a smooth wall channel flow)

∆U+ = U ref
c − Uc. (4.1)

As no well-developed log-law can be observed at Reynolds number Reτ = 180 (Moser
et al. 1999; Hu et al. 2006), the usual manner for the estimation of the roughness function
by fitting a log-law is sensitive to the choice of the fitting parameters; therefore the
estimate based on the centreline velocity has been chosen. Since a good preservation of
the outer scaling of the mean streamwise velocity profile is observed in most cases (see
section 4.4) the estimate based on the centreline velocity should not be adversely affected
by the wake component.

In all cases where the streamwise roughness term is present a clear downwards shift
can be observed in the velocity profile. The effects of the other two terms are far weaker;
there is little difference in the mean streamwise velocity profile for cases 1, 2, 5 and 7.
The spanwise and wall-normal roughness terms both have a weak drag reducing effect:
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a small upwards shift can be observed in the cases without a streamwise roughness term
and in combination with a streamwise roughness term (cases 1, 5 and 7) the drag increase
is less than in case 2 (purely streamwise roughness). Of the wall-normal and spanwise
roughness terms the latter has the stronger effects on the mean velocity profile. This is
probably a result of the higher level of fluctuations observed for the spanwise velocity
compared to the wall-normal velocity in the near-wall region. The drag reducing effects
of the wall-normal forcing term are consistent with the observations of Orlandi et al.

(2003) who found a drag increase when wall-normal velocity disturbances were applied
at the wall. However, Orlandi et al. found only a very small effect for spanwise velocity
fluctuations. This could be related to the fact that their data were for a spanwise bar
case.

As it is difficult to interpret the roughness term for the wall-normal component (un-
less one would consider overhanging roughness elements) and this term has the weakest
effect and an adverse effect on the outer-layer scaling of the flow (not shown), we will
concentrate in the following on the streamwise and spanwise roughness terms, setting
the wall-normal roughness factor to zero in all cases. Purely spanwise roughnesses, or a
combination where α2 ≫ α1, could potentially be used for the simulation of flow over
riblet surfaces, where a drag reducing effect is observed for a limited range of Reynolds
numbers (Bechert et al. 1997; Karniadakis & Choi 2003).

4.2. Parameter range in main parameter study

In the main parameter study the same shape functions and roughness factors αx =
αy = α have been used for the streamwise and spanwise roughness term; the wall-normal
roughness term has been set to zero. Most cases of the study were run either for the box
or the Gaussian shape function. The roughness factor has been varied over several orders
of magnitude α = 0.04, 0.1, 0.4, 1, 4, 10 whereas the roughness height parameter was
more constrained due to the low Reynolds number Reτ = 180 at which the simulations
were conducted (h+ = 2.5, 5, 7.5, 10, 15, 20, 25, 30), resulting in 48 simulations per
shape function. For the remaining four profiles introduced in section 2.2, the triangular,
parabolic, exponentially decaying and orbital profile, only one roughness factor α = 1
has been studied for the same range of roughness heights.

4.3. The roughness function

The dependence of the roughness function ∆U+ on the roughness height parameter h+

and roughness factor α is shown in figures 3 (a) and 4. As can be observed from figure
3 (a) the roughness function ∆U+ rises with increasing values of the roughness height
parameter h+. This is the expected and desired result as the effect of the roughness
force term extends further towards the middle of the channel and should correspond to
a higher roughness element. With increasing roughness factor α the roughness function
∆U+ in general also increases. This is in line with the conception of the roughness term,
as one would usually expect a stronger effect for more densely spaced roughness elements
or for roughness elements with a higher drag coefficient. For α = 1, where we have data
for all shape functions discussed in this paper, the results for different shape functions do
not vary strongly. However, at the lower and higher end of the roughness factors studied,
differences between the Gaussian and box profile are discernible. For the lower roughness
factors the box profile has the stronger effect leading to higher values of ∆U+, whereas for
the highest two roughness factors α = 4 and α = 10 the values of ∆U+ for the Gaussian
shape function exceed the values for the box shape function. In the case of the box shape
function an effect that resembles the shielding phenomenon (mentioned in section 2.1)
can be observed in figure 4. For the the higher roughness heights (h+ = 15, 20, 25, 30)
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Figure 3. (a) Roughness function for different roughness factors and shape functions plotted
versus roughness height parameter: for the Gaussian (black symbols) and box profile (grey
symbols) results are shown for six different roughness factors (+: α = 0.04, #: α = 0.1, △:
α = 0.4, �: α = 1., ×: α = 4, ♦: α = 10) and different shape functions. For the four remaining
shape functions results are shown for α = 1: triangular profile (black ⊲), parabolic profile (grey
⊲) exponentially decaying profile (black ⋆), orbital profile (grey ⋆). (b) Roughness function
plotted versus rescaled height parameter; legend for symbols as in part (a) of this figure. The
dashed line shows the best fit (see eqn. 4.2) in the interval 3 ≤ ∆U

+ ≤ 10.

∆U+ decreases from α = 4 to α = 10. A possible explanation for this behaviour could
be that the roughness force term using the box-profile is in these cases so strong as to
damp virtually the entire streamwise momentum near the wall and results effectively in
an offset of the wall to z = 2h.

A further observation can be made from figure 4. A rapid increase in ∆U+ from
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Figure 4. Roughness function plotted versus roughness factor for different values of the rough-
ness height parameter (+: h

+ = 2.5, #: h
+ = 5, △: h

+ = 7.5, �: h
+ = 10, ×: h

+ = 15,
♦: h+ = 20, ⋆: h+ = 25, ⊲: h+ = 30); black symbols / lines: Gaussian shape function, grey
symbols / lines: box shape function.

h+ = 2.5 to h+ = 5 can be observed when going for a fixed value α (e.g. α = 1) in
the vertical direction of the figure. For higher roughness heights the increase is more
gradual. This behaviour puts one in mind of the question of the existence of a ‘critical
roughness height’ which has to be exceeded in order to observe roughness effects and is
conventionally set at k+s ≈ 5 (Nikuradse 1950; Schlichting 1968) but has been debated
in recent years (Bradshaw 2000; Jiménez 2004). The threshold-like behaviour observed
when going from h+ = 2.5 to h+ = 5 could be reconciled with the concept of a ‘critical
roughness height’ but as the threshold-like behaviour shows still a finite slope there is no
definite evidence for this.

Returning to the dependence of the roughness function on the height parameter h+

(see figure 3) it is obvious that the curves ∆U+
F,α(h

+) for different roughness factors and

shape functions have all approximately the same shape in the region 3 ≤ ∆U+ ≤ 10.
Within this range all curves can be collapsed on the following logarithmic expression

∆U+(h+/h+
norm) = 5.2 ln(h+/h+

norm)− 3 (4.2)

by rescaling the height values by a fitting factor h+
norm dependent on the shape function

and the roughness factor α, i.e. h+
norm = h+

norm(F, α). The collapse is not satisfactory
for values outside this range (∆U+ < 3 and ∆U+ > 10). For low ∆U+ the curves for
low values of α show a more gradual increase in the transitionally rough region than the
curves at higher α. As the behaviour in the transitionally rough region depends on the
type of rough surface, the spread for low ∆U+ is not unexpected. For the points that
deviate for ∆U+ > 10 several reasons for the departure can be given. In the case of the
box profile we already observed shielding-like saturation effects for high roughness factors.
These account for the strong departure from the fit for ∆U+ > 10. In the other cases the
(less-pronounced) departure from the fitted curve can be attributed to the low Reynolds
number used here. Due to the small height of the channel measured in friction length
scales outer similarity cannot be recovered once high values of the roughness function
are reached (see also the following subsection). Furthermore it should be noted that in
most experiments (conducted at far higher Reynolds numbers) the measured values for
the roughness function do not exceed ∆U+ ≈ 11. Therefore the cases with ∆U+ > 10
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Figure 5. (a) Roughness function for different roughness factors and different shape functions
plotted versus normalised and exponentiated roughness height parameter (symbols as in figure
3); the black line shows the fully rough asymptote. (b) Comparison of rescaled roughness data
(shaded region) with Nikuradse (1950) sand grain roughness data (black circles) and the Cole-
brook interpolation formula (4.4) (black dashed line). The fully rough asymptote is shown by
the continuous black line.

will be classified as ‘extremely rough’ in the following. The good collapse of the curves
up to ∆U+ = 10 suggests that the Reynolds number Reτ used in this parameter study
is sufficiently high to establish the overall effects of the roughness term.
A comparison of the dependence of the roughness function on the (rescaled) height

parameter (see figure 3 (b)) with the dependence of typical experimental values of the
roughness function on the equivalent sand grain roughness (Jiménez 2004), shows that
the curve for the height parameter has a different slope in the fully rough regime. This can
also be inferred from the prefactor 5.2 in front of the logarithmic term in the curve fitted
to the data (see eqn. 4.2). Therefore the height parameter is not a linear function of the
equivalent sand grain roughness. A correspondence with equivalent sand grain roughness
size can be recovered in the fully rough region by taking the rescaled roughness height
raised to a power of γ. The value of γ depends on the region where the results are fitted
to the asymptotic behaviour for the fully rough region

∆U+(k+s ) = κ−1 ln(k+s ) +A− 8.5. (4.3)

The most obvious region for the fit would be the region 3 ≤ ∆U+ ≤ 10 where we
already observed a logarithmic behaviour giving an exponent γ ≈ 2.08 (see figure 5 a).
Conventionally, the equivalent sand grain roughness is estimated using the data in the
fully rough region only; if we use 7 ≤ ∆U+ ≤ 10 (the higher values of the roughness
function ∆U+ > 10 are discarded for the reasons given above) for the fit a lower value
for the exponent γ results γ ≈ 1.88.

In figure 5 (b) the rescaled roughness data is compared to Nikuradse (1950) data for
his sand grain experiments and the Colebrook interpolation formula (Jiménez 2004)

∆U+(k+s ) = κ−1 ln(0.3k+s + 1) (4.4)

which applies to industrial steel pipes. The envelope of the rescaled roughness data just
touches the Colebrook curve but is slightly above Nikuradse’s data. The exact location
of the envelope depends on the rescaling exponent γ. In figure 5 γ = 2.08 has been used;
for the lower exponent γ = 1.88 the envelope would approach Nikuradse’s data more
closely. For the extremely rough cases ∆U+ > 11 the envelope to our data falls below
the fully rough asymptote for the reasons mentioned above.

To conclude this section it should be noted that these numerical simulations differ from
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Figure 6. Mean streamwise velocity profile across the channel using a Gaussian shape function.
(a): constant roughness factor α = 1.0 and varying roughness height (h+ = 2.5, 5, 7.5, 10, 15,
20, 25, 30); (b): varying roughness factor (α = 0.04, 0.1, 0.4, 1, 4, 10) and constant roughness
height parameter h+ = 10. The black continuous line corresponds to the smooth-wall reference
case.

standard experiments in the way the curve for a given roughness (roughness factor and
shape function) is obtained. In an experiment the roughness function is usually measured
for different equivalent sand grain roughnesses by varying the Reynolds number of the
flow; the physical size of the roughness in absolute (outer) units remains constant. In our
case the extension of the roughness term into the flow is varied for a constant Reynolds
number Reτ that is significantly lower than the Reynolds numbers of typical experiments.
A related issue is that the equivalent sand grain roughness k+s exceeds the actual height
of the channel for the highest values of the height parameter h+ (see figure 5). This
can explained keeping in mind that sand grain roughness is not the most efficient of
roughnesses and that k+s can be used interchangeably with the roughness function ∆U+

in the fully rough case. For moderate Reynolds numbers the ∆U+(k+s = δ+) is not very
high. The high values attained for the equivalent sand grain roughness therefore merely
indicate that extremely rough surfaces can be modelled by the roughness force term.

4.4. Mean streamwise velocity profile

In this section the effects of the roughness height and roughness factor on the mean
streamwise velocity profile and the velocity defect profile are discussed. A closer look
is taken at the influence of the shape function using the first and second wall-normal
derivative of the mean streamwise velocity profile.

4.4.1. The influence of the roughness height and the roughness factor

The influence of the roughness height and the roughness factor show the same trends
for all shape functions studied so far and will be illustrated here using the Gaussian
shape function. With increasing roughness height the changes in the velocity profile
extend increasingly towards the middle of the channel resulting in a lower centreline
velocity (see figure 6). Similar observations were made in numerical simulations where
the height of the roughness elements was varied systematically (DeMarchis et al. 2010).
The effect of increasing the roughness factor compared to increasing h+ is mainly an
increased reduction of the near wall velocity. The different effects of α and h+ on the mean
streamwise velocity profile become clearer when one compares two cases with different
(α, h+)-combinations which give a similar value for ∆U+ , e.g. cases (α = 10, h+ = 10)
and (α = 1, h+ = 15) shown in figure 6. In the case of the higher roughness height
(α = 1, h+ = 15) the effect of the roughness force term is distributed over a larger part
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Figure 7. Velocity defect profile across the channel using a Gaussian shape function. Left:
constant roughness factor α = 1.0 and varying roughness height; right: varying roughness factor
and constant roughness height parameter h+ = 10.
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Figure 8. (a): Mean streamwise velocity profile across the channel for different shape functions
(inset in linear scales). (b): 1st and 2nd (inset) derivatives of mean streamwise velocity profile.
The roughness factor is α = 1, roughness height parameter h

+ = 10. The legend of (a) applies
also to (b), the black continuous line in (b) shows the smooth-wall reference case.

of the profile whereas in the case of the higher roughness factor (α = 10, h+ = 10) the
effect of the roughness force term is concentrated near the wall, leading to a very small
streamwise velocity near the wall and a steeper increase for z+ ' 2h+.

Almost all roughness height and factor combinations studied here result in the same
velocity defect profile in the outer layer, agreeing with the result for the smooth-wall
reference case (see figure 7). The outer similarity is lost only for combinations corre-
sponding to very high values of the roughness function. This behaviour is in line with
the expected behaviour for rough surfaces where universality for the mean flow in the
outer layer is expected for all but extremely rough surfaces (Jiménez 2004; Castro 2007;
Schultz & Flack 2009). For increasing roughness height the departure from the reference
case occurs for greater distances from the wall. There is also a weaker trend towards an
earlier departure for increasing roughness factors.

4.4.2. The influence of the roughness shape function

As has already been observed in section 4.3 the shape function has some influence on
the value of the roughness function. This difference is most noticeable for very small or
very high roughness factors. The shape of the streamwise velocity profile does not vary
dramatically for different shape functions (see figure 8). The differences induced by the
shape function show up more clearly in the first and especially the second derivative
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of the mean streamwise velocity profile with respect to the wall-normal coordinate. In
the cases shown in figure 8 these differences are confined to the region near the wall
(z+ < 40). Towards the middle of the channel the first and second derivatives collapse on
the corresponding curves for the smooth-wall reference case. The most distinct feature in
the near wall region is the pronounced inflection point that can be observed for the box
shape function. The inflection point coincides with the top of the box shape function (at
z+ ≈ 2h+ = 20 for the example shown in figure 8) which is also the point where the box
shape function is discontinuous. For the triangular profile a small peak can be observed
in the second derivative which is located at the top of this profile (z+ = 30 for case
shown in figure 8), but no remarkable features show up in the first derivative of the mean
streamwise velocity profile for this shape function. Discontinuities in the shape function
or in its derivatives therefore have consequences for the mean streamwise velocity profile;
however it seems to be a sufficient condition for a smooth velocity profile that the shape
function is two times differentiable, as we observe no remarkable features for the results
using the parabolic shape function. For all shape functions a good outer-layer similarity is
preserved in moderately rough cases. In extremely rough cases the outer-layer similarity
is lost as discussed for the Gaussian shape function above.

Inflection points in the mean streamwise velocity profile can lead to Kelvin-Helmholtz
instabilities that influence the large scale structure dynamics of the turbulence. In a
smooth-wall channel flow no inflection points are present in the time-averaged mean
streamwise velocity profile. The roughness term sometimes introduces an inflection point
into the profile. For the box profile, in almost all cases studied here, an inflection point can
be found in the mean streamwise velocity profile. The exceptions occur only for small
roughnesses ∆U+ < 2.5. For the box profile these inflection points occur at z ≈ 2h,
i.e. approximately at the top of the shape function. For the Gaussian shape function
inflection points occur for high values of the roughness factor (α = 4, 10) and for the
higher roughness heights (h+ = 20, 25, 30) in the case α = 1. These inflection points are
found further away from the wall at z ≈ 2.5h and are typically much less pronounced
than those for the box shape function. For the orbital and triangular shape functions
some weak inflection points can also be found. No inflection points have been observed
in cases using the parabolic or the exponentially decaying shape function.

It is difficult to compare these observations to experimental results as measurements
near the wall are complicated by the presence of the rough surface. Most studies (includ-
ing numerical studies) show the profiles only above the roughness elements and not within
the roughness layer. The spatially averaged mean streamwise velocity profiles shown in
e.g. Xie et al. (2008) and Chan-Braun et al. (2011) suggest that in most cases the profiles
will tend to follow curves comparable to the smoother mean streamwise velocity profiles
obtained here using the Gaussian or parabolic shape functions. However, the results for
the box shape function put one in mind of a characteristic feature of flow over plant
canopies: the presence of a strong inflexion point in the mean streamwise velocity profile
which is located at the height of the canopies (Finnigan 2000). The box shape function
might be therefore a good choice for an attempt to model a plant canopy by the rough-
ness term. However, inflection points in the velocity profile are not confined to plant
canopies; they also occur for many other types of rough surfaces (Castro 2009).

4.5. Reynolds stresses

Rough walls are known to change not only the mean velocity profile but also to influence
the level of turbulent fluctuations. In this section the effect of the roughness force term
on the velocity fluctuations is studied using the profiles of the mean Reynolds stresses
across the channel. By computing the anisotropy invariant map of the Reynolds stresses
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a first insight is gained into the changes of the structure of the turbulent flow caused by
the roughness term.

4.5.1. Influence of roughness height and factor parameters

The effects of the roughness height h+ and roughness factor α on the turbulent velocity
fluctuations are best observed for the streamwise normal stresses and the shear stress
(see figure 9 (a), (b), (g) and (h)). With increasing roughness height the near wall peaks
in 〈u2〉 and −〈uw〉 are reduced and they move further away from the wall. The peak is
flattened with increasing roughness height. An increasing roughness factor also induces a
relocation of the peaks towards the middle of the channel but its main effect is to damp
the near-wall fluctuations. In the outer region the curves collapse with the reference case.
The collapse on the smooth-wall reference curve is delayed to higher distances from the
wall for higher roughness heights as observed for the mean streamwise velocity profile.
A similar reduction in the peak values of the streamwise normal stress as well as the

shear stress has been observed in many experiments (see for example Krogstad et al.

(2005) and references therein). The collapse in the outer layer for the profile of the
streamwise velocity fluctuations is also in agreement with experimental observations and
direct numerical simulations where such a collapse has been found (Bakken et al. 2005;
Leonardi & Castro 2010; Amir & Castro 2011).

The results for the spanwise and wall-normal stresses (see figure 9 (c), (d), (e) and
(f)) are less conclusive. In general, the roughness factor has a much lower influence on
the level of spanwise and wall-normal velocity fluctuations than the roughness height
parameter. For small roughness heights and small to moderate values of the roughness
factor the level of fluctuations is little changed compared to the reference case. This is in
agreement with the expected behaviour for rough wall channel flow as the levels of the
wall-normal and spanwise stresses are usually of similar magnitude to the smooth wall
case (Bakken et al. 2005; Krogstad et al. 2005; Amir & Castro 2011). However, for high
roughness heights and high values of the roughness factor the wall-normal and spanwise
velocity fluctuations are strongly reduced and their peaks move towards the middle of the
channel. This behaviour can largely be attributed to a low Reynolds number effect. It gets
weaker with increasing Reynolds number as the peaks of the streamwise and wall-normal
velocity fluctuations move (in inner units) further away from the wall (see e.g. Hu et al.

2006) and thus further away from the direct action of the roughness term. In the example
shown in section 5, performed at Reτ = 400 the level of the spanwise and wall-normal
fluctuations is captured well by the roughness term. It is also beneficial to employ a shape
function that does not extend very far into the flow, e.g. the box shape function gives
much better results for the same h+ than the exponentially decaying shape function (see
following subsection). For very high roughnesses the roughness term will probably lead
to an overdamping of the spanwise and wall-normal fluctuations even at higher Reynolds
numbers. This can be attributed to the purely damping nature of the roughness forcing
term. One might suspect that the spanwise roughness term is responsible for the over-
damping of 〈v2〉 and 〈w2〉. However, similar levels of 〈v2〉 and 〈w2〉 are observed for the
x-, xy-, xz- and xyz-combinations studied in section 4.1.

It is obvious from the plot for the Reynolds shear stress but also clearly visible in the
normal stress components that an increase of the roughness factor results in a smaller
reduction in the Reynolds stresses than does an increase in the roughness height. This is
also observed if one compares different (α, h)-combinations that give the same value of
∆U+ (not shown). A possible explanation for this behaviour is that a (high α, low h)-
combination results in a mean streamwise velocity profile that has a much higher shear
rate ∂u/∂z in the outer part of the rough region than a (low α, high h)-combination
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Figure 9. Profiles of Reynolds stresses across channel. (a) and (b): streamwise normal stress;
(c) and (d): spanwise normal stress; (e) and (f): wall-normal stress; (g) and (h): shear stress.
(a), (c), (e), (g): constant roughness factor α = 1.0 and varying roughness height (h+ = 2.5, 5,
7.5, 10, 15, 20, 25, 30), line styles as in figure 6 (a). (b), (d), (f), (h): constant roughness height
h
+ = 10 and varying roughness factor (α = 0.04, 0.1, 0.4, 1, 4, 10), line styles as in figure 6 (b).

In all cases a Gaussian shape function as been used.
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Figure 10. Profiles of Reynolds stresses for different shape functions using a roughness factor
α = 1. and height parameter h

+ = 10. (a): streamwise normal stress; (b): spanwise normal
stress; (c): wall-normal stress; (d): shear stress. Line styles as in figure 8.

that results in the same value of ∆U+. The first combination is therefore more likely to
sustain strong turbulent fluctuations than the latter.

4.5.2. Effects of the roughness shape function

The effect of the shape function on the profiles of the Reynolds stresses is more pro-
nounced than the effect on the mean streamwise velocity profile (see figure 10). For the
streamwise normal Reynolds stress outer layer similarity is preserved in all but extremely
rough cases. Towards the middle of the channel all the Reynolds shear stress curves col-
lapse on the reference case. The velocity fluctuations are affected most strongly by the
exponentially decaying shape function. For the Reynolds shear stress, the curve for the
exponentially decaying shape function does not collapse onto the reference case up to
a distance of z/δ ≈ 0.4 from the wall, whereas in all other cases a good collapse can
be observed for z/δ > 0.25. The peak values of the spanwise and wall-normal stresses
for this shape function are considerably smaller than for the other shape functions. This
behaviour may be due to the fact that the exponentially decaying shape function extends
furthest into the flow of all shape functions considered here. Therefore the direct action of
the roughness force term extends further from the wall than for all other shape functions.

The curves for the box shape function also show some distinguishing features. The peak
for the streamwise normal stress is characteristically skewed. This can be attributed to
the fact that there is a sharp increase in the fluctuations above the top of the roughness
shape function (which is located at ≈ 0.11δ for h+ = 10). The wall-normal velocity
fluctuations have almost the same intensity as in the smooth-wall reference case, whereas
they are reduced in all other cases. The outer layer similarity is best preserved for the
box shape function. This is probably a consequence of the fact that the direct effects of



Parametric forcing approach to rough wall turbulent channel flow 19

(a)

−0.1 0 0.1 0.2 0.3
0

0.05

0.1

0.15

0.2

0.25

0.3

ξ

η

 

 

smooth

h+=5

h+=10

h+=20

h+=30

(b)

−0.1 0 0.1 0.2 0.3
0

0.05

0.1

0.15

0.2

0.25

0.3

ξ

η

 

 

smooth wall
α=0.04
α=0.4
α=1
α=10

(c)

−0.1 0 0.1 0.2 0.3
0

0.05

0.1

0.15

0.2

0.25

0.3

ξ

η

 

 

smooth

h+=5

h+=10

h+=20

h+=30

(d)

−0.1 0 0.1 0.2 0.3
0

0.05

0.1

0.15

0.2

0.25

0.3

ξ

η

 

 

smooth wall
α=0.04
α=0.4
α=1
α=10

Figure 11. The anisotropy invariant map for the Reynolds stress anisotropy tensor. The black
lines outline the Lumley triangle. (a), (b): cases for the Gaussian shape function. (c), (d): cases
using the box shape function. (a), (c): results for different height parameters using α = 1; (b),
(d): results for different roughness factors using a constant roughness height of h+ = 10. The
squares and circles indicate the data points obtained at distances from the wall equal to z

+ ≈ h
+

and z
+ ≈ 2h+.

the box shape function are confined to a region close to the wall whereas all other shape
functions extend further into the flow. The remaining shape functions do not introduce
any extraordinary features in the profiles of the Reynolds stresses.

4.5.3. Anisotropy of Reynolds stresses

A standard measure for the anisotropy of the turbulent velocity fluctuations is the
Reynolds stress anisotropy tensor. This is defined as

bij =
〈u′

iu
′

j〉

〈u′

βu
′

β〉
−

1

3
δij . (4.5)

where δij is the Kronecker delta and 〈u′

βu
′

β〉 is twice the turbulent kinetic energy. The
Reynolds stress anisotropy tensor is traceless and symmetric; its elements are bounded
by −1/3 ≤ bij ≤ 2/3. In isotropic turbulence all elements of this tensor vanish.

The anisotropy invariant map (Lumley 1978; Pope 2000; Simonsen & Krogstad 2005)
provides a convenient overview of the anisotropy of the Reynolds stresses. It is constructed
using the second and third principal invariants of the Reynolds stress anisotropy tensor
defined as IIb = −

∑

i,j bijbji/2 and IIIb =
∑

i,j,k bijbjkbki/3. There are two ways to
construct the anisotropy invariant map, the original way as proposed by Lumley (1978), a
cross plot of −IIb versus IIIb, or using the derived quantities ξ and η (where ξ3 = IIIb/2
and η2 = −IIb/3), which give a less distorted triangle and are therefore preferred by
some authors (Pope 2000). In both cases, the vertical axis corresponds to the degree of
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anisotropy whereas the horizontal axis indicates the type of the anisotropy. All possible
turbulent states on the anisotropy invariant map are contained within the Lumley triangle
(see figure 11). In terms of ξ and η the left and right sides of the Lumley triangle are given
by η = ±ξ, where the left side corresponds to a disk-like turbulent state and the right
side to rod-like turbulence. The upper side of the triangle is defined by η = ( 1

27 +2ξ3)1/2

and corresponds to two-component turbulence. The lower apex of the triangle at ξ = 0,
η = 0 indicates isotropic turbulence.

In a channel flow without roughness (as shown for the reference case in Figure 11)
the turbulence is of two-component type close to the wall, following the upper boundary
of the Lumley triangle, as the wall-normal velocity fluctuations are much weaker than
the streamwise and spanwise ones. The anisotropy increases while traversing the viscous
sublayer reaching its peak value at z+ ≈ 8. Further away from the wall, the wall-normal
fluctuations gain in strength and the turbulence is now close to a rod-like axisymmetric
state. With increasing distance from the wall the flow becomes more and more isotropic,
and the turbulent state approaches the isotropic state at the origin.

In Figure 11 the states on the anisotropy invariant map are shown for various rough-
ness cases using either the Gaussian or the box shape function. Other shape functions
yield similar results. The values at the distances z+ ≈ h+ and z+ ≈ 2h+ from the wall
are highlighted by a square and a circle to give an impression of the relative position to
the roughness layer. In the case of the box shape function this corresponds to the middle
and the top of the roughness elements. For the transitionally and fully rough cases the
turbulent state near the wall now starts near the left side of the triangle, corresponding
to disk-like turbulence. This is a consequence of the fact that the streamwise velocity
fluctuations are the ones most strongly damped by the roughness term; therefore near
the wall the level of the streamwise velocity fluctuations approaches that of the spanwise
velocity fluctuations. With increasing distance from the wall, the turbulent state crosses
over from the left to the right side of the triangle, corresponding to a change from disk-like
to rod-like turbulence. The peak level of anisotropy achieved (the maximum value of η) is
in all cases smaller than in the reference case. Above the roughness elements, i.e. approx-
imately beyond the points highlighted by the circles, the curves approximately collapse
on the curve for the reference case. This indicates that the anisotropy of the Reynolds
stresses in the outer layer is not strongly affected by the presence of the roughness term.
In cases with extreme values of the roughness parameters (roughness height and/or

roughness factor very high) the path across the anisotropy invariant map is more compli-
cated. For high roughness heights the trajectory stays close to the left side of the triangle
for a significant range of distances from the wall; consistent with a region of mixing-layer-
like turbulence near the wall. In the case of high roughness factors (and medium to high
roughness heights), the trajectory crosses the Lumley triangle twice indicating a complex
change in the turbulence structure throughout the roughness layer. With regards to the
outer layer, we can observe that in the case of extreme values of the roughness parameters
the collapse on the reference case is limited to locations further and further away from
the wall, and in general the cases using the box shape function show a less satisfactory
collapse than the ones for the Gaussian shape function.

Probably not too much importance should be placed on what happens in the region of
the flow that is directly and strongly affected by the roughness term. We will therefore
concentrate first on what happens outside this roughness layer, i.e. the part of each curve
beyond the points highlighted by the circles. The general observation from experimental
and DNS data is that the presence of the roughness changes the anisotropy in the layer
near the rough surface. Most studies report a decrease of the near wall anisotropy by
the presence of the roughness elements (Antonia & Krogstad 2001; Smalley et al. 2002;
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Figure 12. Invariant function F. (a) Gaussian shape function, α = 1, different roughness heights
(line styles as in figure 6 (a)). (b) Gaussian shape function, h+ = 10, different roughness factors
(line styles as in figure 6 (b)). (c) box shape function, α = 1, different roughness heights (line
styles as in (a)). (d) various shape function using α = 1, h+ = 10 (line styles as in figure 8).

Ashrafian & Andersson 2006; DeMarchis et al. 2010). Far away from the wall a reasonably
good collapse onto the smooth wall case is observed in most studies (at least for turbulent
channel flow), and the collapse seems to occur later for stronger roughnesses (DeMarchis
et al. 2010). These observations are all mirrored in our data.

From DNS the anisotropy invariant map can be obtained within the roughness elements
i.e. the cavities of the rough surfaces. Ashrafian & Andersson (2006) observed a disk-like
state of the turbulence within the cavities of the rod-roughened wall they studied, not
unlike that for the moderately rough cases studied here. A complex behaviour within the
cavity with two crossings of the anisotropy invariant map was also observed by Smalley
et al. (2002). Within the cavities the turbulence state will very much depend on the
type and geometry of the rough surface and it will probably not be possible to match
this closely with the current model. However, it is reassuring that the behaviour induced
by the roughness term is comparable with that observed in DNS where the roughness
elements are fully resolved.

The invariant function F, defined as F = 1+9IIb+27IIIb, is a measure for the overall
anisotropy of the Reynolds stress tensor. F is bounded between 0 and 1, where F is
equal to zero for two-component turbulence and equal to unity in the case of of three-
dimensional isotropic turbulence. In the case of a smooth-wall channel flow F starts from
zero at the wall, where the the impenetrability condition for the wall-normal component
of the velocity enforces a two-dimensional turbulent state, and increases towards the
middle of the channel, where the turbulent state is close to isotropy. In the logarithmic
region F is approximately constant indicating a self-similar turbulent state (Krogstad
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et al. 2005). As can be observed from figure 12 this region is not clearly developed here
as the Reynolds number of the simulations limits the extent of the self-similar region.
In the cases with roughness the Reynolds stresses near the wall are more isotropic than
the smooth-wall reference solution (see figure 12). For the cases corresponding to high
roughnesses this takes the form of a peak at z ≈ h, i.e. in the middle of the layer directly
affected by the roughness term. In the outer layer, the curves collapse approximately on
the reference case. In cases with high values of the roughness height the collapse is less
satisfactory or non-existent whereas it is only slightly impaired for high values of the
roughness factor. In fully and extremely rough cases, high values of the roughness height
parameter lead to an higher degree of anisotropy in the outer layer. This is probably a
low Reynolds number effect as the low Reynolds number used impairs the recovery of
the outer layer similarity in highly rough cases. All shape functions studied here have the
same isotropy-increasing effect near the wall (see figure 12 (d)). Further from the wall
the box and the exponentially decaying shape functions show the largest deviation from
the reference case.

In simulations of rod-roughened channel flow Ashrafian & Andersson (2006) and Krogstad
et al. (2005) also observed an increase of the invariant function near the wall and a col-
lapse on the smooth wall results in the outer layer. A peak in F near the wall was observed
within the cavities of the roughness in the DNS of Ashrafian & Andersson (2006).

4.6. Structure of the velocity field

Rough surfaces are known to have a strong influence on the structure of the velocity
field in the near wall region. In this section the effects of the roughness force term on
the structure of the velocity field are discussed based on the spatial correlation functions
and length scales of the velocity field and compared to numerical and experimental
observations.

As correlation statistics close to a rough wall are difficult to acquire in experiments,
most observations regarding the spatial correlation of the velocity field have been obtained
from direct numerical simulations. In general a decrease of the streamwise correlation of
the velocity field is observed in the roughness sublayer and an increase of the spanwise
correlation (Ashrafian & Andersson 2006; Bhaganagar et al. 2004; DeMarchis et al. 2010;
Leonardi et al. 2004).

In the simulations using the roughness term some of these observations can be recov-
ered. We will first discuss how the flow changes above the roughnesses, at a distance of
approximately z+ = 2h+ from the wall (see figure 13). For comparison the correlation
functions are given in the smooth wall reference case at a distance z+ = 5 from the wall.
For the cases h+ = 2.5 up to h+ = 10 a decrease in the streamwise correlation of the
streamwise velocity Ruu can be observed. For the higher roughness heights a reversal of
this trend can be seen and the correlation increases for short distances from the wall.
In these cases the correlation is still significantly lower than in the reference case. This
is an indication for a weakening of the characteristic streaks in the streamwise velocity
near the boundary (see figure 14). In the transverse correlation of the streamwise ve-
locity an increase can be observed. The streamwise velocity shows in these respects for
small to moderate roughness heights similar behaviour to the fully resolved direct nu-
merical simulations discussed above. However, one significant difference can be observed:
the negative minimum of the spanwise correlation the streamwise velocity increases with
increasing strength of the roughness term whereas it decreases or remains approximately
constant for rough wall flows (DeMarchis et al. 2010; Birch & Morrison 2011) indicating
that the alternating positive-negative pattern in the streamwise velocity field is weak-
ened (Leonardi et al. 2004). This difference is probably due to the damping nature of the
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Figure 13. Two-point correlation measured at z+ ≈ 2h+ (z+ = 5 in the reference case) for the
streamwise (parts (a),(b)) and wall-normal (parts (c) and (d)) velocity component in streamwise
and spanwise direction. Cases for a Gaussian shape function and a roughness factor α = 1.

roughness term which does not reproduce the detailed interaction of the flow with the
roughness elements, leading rather to a coarsening of the structure of the velocity field
than an increased level of small scale structures as one would expect for a fully resolved
rough surface (see for example figure 15 in Bhaganagar et al. (2004)).
For moderate strengths of the roughness term the streamwise correlation of the wall-

normal velocity is almost unchanged. For high roughnesses an increase in the streamwise
correlation can be observed. In contrast, DeMarchis et al. (2010) observed a decrease in
the streamwise correlation of the wall-normal velocity in numerical simulations of flow
over an irregular wavy roughness. In the spanwise direction the correlation increases,
which agrees with the expected behaviour. The differences in the streamwise correlation
of the wall-normal velocity indicate that the wall-normal velocity is sensitive to processes
on the scale of the individual roughness elements that are not resolved by the roughness
term.

Further away from the wall the correlations length scales are of similar magnitude as
the smooth-wall reference case. This is in line with general observations that the structure
of turbulence is changed strongly only in the region close to the roughness elements, not
in the outer layer (Birch & Morrison 2011; Singh et al. 2007; Ashrafian & Andersson
2006).

Within the roughness layer, i.e. below z+ = 2h, the change in the spatial struc-
ture is more complex; a first indication of this was the anisotropy invariant map of
the Reynolds stresses discussed in section 4.5.3. In order to get an overview of the
data a correlation length has been computed based on an 1/e measure that is Lu,xx =
min {∆x|Ruu(∆x) ≤ 1/e} where Ruu(∆x) is the streamwise correlation function of the
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(a)

(b)

Figure 14. Contours of u for (a) smooth wall reference case at z
+ = 5, (b) for case using a

Gaussian shape function, α = 1, h+ = 10 at z+ = 20. For the rough case a higher distance from
the wall has been chosen in order to illustrate the flow ‘above’ the roughnesses, i.e. at z+ = 2h+.

streamwise velocity component. Lu,yy is defined in an analogous way. This definition was
chosen because it is less affected by numerical uncertainties than other more common
definitions of correlation length scales, such as the integral length scales, and because
it is defined in all cases. For the streamwise velocity component the streamwise corre-
lation length is nearly always reduced near the wall by the roughness term whereas the
spanwise correlation length is nearly always increased. Some exceptions occur for (low
α , high h+) combinations. For the spanwise and wall-normal velocity components both
the streamwise and spanwise correlation lengths show an increase, however this is not as
pronounced as for the streamwise velocity component. Near the centre of the channel the
correlation lengths are of the same order of magnitude as in the smooth wall reference
case. The same trends are observed for all shape functions studied here.

In figure 15 the ratio between the streamwise and spanwise correlation lengths of the
streamwise velocity is shown. In the reference case a very high aspect ratio of over 10
can be observed near the wall indicating the presence of the long streamwise streaks
in the velocity field. With increasing roughness height and increasing roughness factor
the aspect ratio decreases near the wall towards a more isotropic pattern. This is in
line with the observations of Reynolds & Castro (2008) for staggered cube roughnesses
where a decrease in the ratio of the streamwise to the spanwise correlation length of the
streamwise velocity was observed within the roughness sublayer.
In some extremely rough cases the emergence of spanwise structures (Lu,xx/Lu,yy < 1)

can be observed (see figures 15 (b) and 16). This would agree with the observation already
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Figure 15. Ratio of streamwise to spanwise correlation length of streamwise velocity
component. (a) α = 0.1, (b) α = 10; Gaussian shape function.

(a)

(b)

Figure 16. Contours of u at a distance of z+ = 10 from the wall in two extremely rough cases
(α = 10, h+ = 30). (a) Gaussian shape function, (b) box shape function.

made from the anisotropy invariant map of the Reynolds stresses that the flow structure
changes to a mixing-layer like form near the wall. This has many properties of the flow
over plant canopies, which is reminiscent of a mixing layer (Finnigan 2000). In the outer
layer the structures in the streamwise velocity field show an aspect ratio similar to the
smooth-wall reference case.
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5. Example for a direct comparison

In the previous sections the influence of the parameters in the roughness force term
on the flow has been investigated, and the comparison to experimental and DNS data
has necessarily been qualitative. An example of a direct quantitative comparison will be
provided in this section.

To this end the case of Ashrafian et al. (2004) has been chosen, which considered
channel flow over a rod-roughened wall by direct numerical simulations. There are sev-
eral reasons for this choice: DNS data provides a high accuracy close to the wall where
experimental measurements are difficult. The DNS was conducted at a Reynolds number
Reτ = 400, giving a reasonable log-law but still low enough to require (nowadays) only
moderate computational expense. In contrast, experiments are typically performed at
higher Reynolds numbers and provide less data. The roughness geometry is fairly sim-
ple and applied to both walls, which is not the case for many other DNS of rough-wall
turbulent channel flow. Also, a similar domain size was used 6.528δ × πδ × 2δ, which is
close to the domain size of 7δ× 3.5δ× 2δ used in this paper. The DNS data of Ashrafian
et al. (2004) will be referred to as AAM in the following.

The roughness used in AAM consists of transverse square bars of a height k+ = 13.6.
The pitch-to-height ratio of the bars was set to 8 in order to achieve a maximum influence
on the mean velocity profile; the width of the grooves between the bars is thus high enough
to make this a clear k-type rough surface (Raupach et al. 1991; Jiménez 2004).

For the simulation of the effects of this roughness type using the roughness term the
box profile has been chosen for the roughness function, since the roughness (square bars)
is neither random nor tapering. The roughness height parameter was set to h+ = 13.6/2
so that the top of the roughness profile is located at z+ = 13.6, matching the height of
the square bars. The roughness term is applied in the streamwise direction only, so αy =
αz = 0, mimicking the transverse orientation of the bars. The remaining free parameter,
the roughness factor α, has been chosen so that a similar value of the roughness function
∆U+ is attained, α = 6. This comparatively high value of α reflects the optimised pitch-
to-height ratio of the transverse rods chosen for AAM. Two simulations, one for the
smooth-wall reference case and one for the roughness term case, have been performed
using the same domain size as above 7δ× 3.5δ× 2δ. A grid of size 2883, stretched in the
wall-normal direction, has been employed giving a resolution of ∆x+ = 9.72, ∆y+ = 4.86
and ∆z+min = 0.73. From a fit of the log-law using Dean’s constants (Dean 1978) we obtain
∆U+ = 7.1 for the roughness term case, which is quite close to the value reported by
AAM (∆U+ = 7.0). An estimate based on the difference in centreline velocities as used
for the Reτ = 180 data (see sections 4.1 and 4.3) would give an error of ≈ 5.6%.

Note that although this choice of the roughness term is straightforward and gives
satisfactory results, it is probably not the optimum one.

In figure 17 the mean streamwise velocity profile is shown. A very good agreement
is observed in the outer layer and the upper part of the log layer. For z+ ≤ 26, i.e. in
the lower part of the log-layer and the viscous sub-layer, the curves diverge. This is not
surprising, as this is quite close to or below the height of the roughness elements. Note
that negative velocities are attained in AAM data as recirculation regions form within
the cavities. Since the roughness term depends on the wall-normal direction only, these
recirculation patterns do not occur for the roughness term and thus the mean streamwise
velocity remains always positive.

The Reynolds stresses are illustrated in figure 18. For AAM the profiles of the Reynolds
stresses are shown at different streamwise positions above the transverse square bars. The
positions x/λ = 0.312, 0.71, 0.875 are located above the cavity, x/λ = 1 at the centre of
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Figure 17. Direct comparison with AAM: mean streamwise velocity profile. The thin black
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vertical line indicates the extent of the roughness sublayer as estimated by AAM.

0 0.2 0.4 0.6 0.8 1
−2

−1

0

1

2

3

4

5

6

7

8

z+

R
ey

no
ld

s 
st

re
ss

es

 

 

< uw >

< w2 >

< v2 >

< u2 >

smooth wall
roughness term
AAM x/λ=0.312
AAM x/λ=0.71
AAM x/λ=0.875
AAM x/λ=1.0

10
0

10
1

10
2

−2

−1

0

1

2

3

4

5

6

7

8

z+

R
ey

no
ld

s 
st

re
ss

es

 

 

< uw >

< w2 >

< v2 >
< u2 >

smooth wall
roughness term
AAM x/λ=0.312
AAM x/λ=0.71
AAM x/λ=0.875
AAM x/λ=1.0

Figure 18. Direct comparison with AAM: Reynolds stresses normalised by u
2
τ0
. (a) in outer co-

ordinates, (b) in inner coordinates. The thin black continuous vertical line indicates the height of
the roughness elements. The thin black dashed vertical line indicates the extent of the roughness
sublayer as estimated by AAM.

the bars. In the figures the thickness of the roughness sublayer as estimated by AAM is
shown. Outside the roughness sublayer the curves all collapse, and a good agreement is
observed with the results for the roughness force term for all components of the Reynolds
stress. Within the roughness sub-layer some differences can be observed. The peak value of
the streamwise Reynolds stress is under-predicted by the roughness term. The difference
is of the order of 10 to 20 %. As the peak value is located quite close to the top of
the roughness elements, and shows a significant dependence on the streamwise position,
that is not unexpected. The location of the peak streamwise Reynolds stress is at about
z+ = 22. This is within the variation of the position dependence of the AAM data.

The spanwise, wall-normal and shear stresses show a good agreement for z+ ≥ 40.
Close to or within the rough surface, where the AAM data show a dependence on the
streamwise position x/λ, the results for the roughness term fall within the range of the
AAM data.

The Reynolds stress anisotropy tensor bij for the data of AAM has been reported in



28 A. Busse and N. D. Sandham

−0.1 0 0.1 0.2 0.3
0

0.05

0.1

0.15

0.2

0.25

0.3

ξ

η

 

 

smooth wall

roughness term

AAM x/λ=0.5

AAM x/λ=1.0

10
0

10
1

10
2

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

z+

F

 

 

smooth wall

roughness term

AAM x/λ=0.5

AAM x/λ=1.0

Figure 19. Direct comparison with AAM: Anisotropy of the Reynolds stresses. (a) anisotropy
invariant map, (b) invariant F. The thin black continuous vertical line indicates the height of
the roughness elements. The thin black dashed vertical line indicates the extent of the roughness
sublayer as estimated by AAM.

Ashrafian & Andersson (2006). Using this data the anisotropy invariant map and the
invariant F , both shown in figure 19, have been computed. Here the data of AAM is
shown at two different streamwise positions, at the mid cavity position x/λ = 0.5 and
the mid crest position x/λ = 1.0. Within the cavities the turbulence is close to a disk-
like axisymmetric turbulent state. This feature is recovered by the roughness term. With
increasing distance from the wall, the turbulent state crosses over to a rod-like axisym-
metric state, corresponding to the right side of the Lumley triangle. This is recovered
as well. For even higher distances from the wall all curves collapse on the smooth-wall
reference case. The invariant F facilitates a quantitative comparison. In the mid-cavity
data of AAM a peak close to the wall can be observed. A similar feature occurs for the
simulation with the roughness term. Above the height of the roughness elements the
roughness term gives a slightly higher degree of isotropy than the AAM data. This can
be attributed to the lower value of the streamwise Reynolds stress in this region. A very
good match is obtained outside the roughness sublayer, where all data collapse on the
smooth wall reference case.

In conclusion, a good quantitative match is achieved outside the roughness sub-layer,
and a good qualitative match even within this layer. Naturally, the dependence on the
streamwise position cannot be recovered, as the roughness term depends (explicitly) only
on the wall-normal coordinate.

6. Conclusions

The addition of an extra body force term to the Navier-Stokes equations has been
shown to model many of the effects of roughness on turbulent flow near solid boundaries,
without having to resolve the details of the surface. By appropriate variations in two
roughness parameters and a shape function, a range of turbulence characteristics near
the wall can be captured, in particular variations in the mean profile and turbulence
anisotropy near the top of the roughness elements. All but extremely rough cases show a
good collapse of the mean flow in outer scaling. The variation of ∆U+ with the roughness
height parameter for a given roughness factor and shape function can be mapped onto
the fully rough scaling with an appropriate equivalent sand grain roughness, derived via
a nonlinear relationship. Departure from the fully rough solution for extremely rough
surfaces is attributed to the reduced Reynolds number of the simulations. That the
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departure only occurs for ∆U+ > 10 as well as the very good preservation of the outer
layer similarity of the mean streamwise velocity and the streamwise normal stress profiles
suggest that this Reynolds number is nevertheless high enough to capture representative
phenomena. In the transitionally rough region the simulation ∆U+ span a range from
just above Nikuradse’s sand grain experiments up to the Colebrook curve for commercial
pipes. For an alternative forcing where only the spanwise disturbances are damped, a
drag reduction is seen, consistent with a potential application to riblets.
Some details of the turbulent behaviour near roughness have been examined, in partic-

ular by analysis of the anisotropy invariant map and the two-point correlation functions.
The turbulence structure for extremely rough cases changes from rod-like to disk-like
within the roughness sublayer. Taken together with the observation that the ratio of
streamwise-to-spanwise correlation lengths changes from around ten for smooth walls to
a value below unity in very rough cases, this suggests a change to more mixing-layer-like
behaviour. Indeed the box-shape roughness is a good candidate for modelling the effect
of plant canopies, for which a known effect is the emergence of mixing-layer behaviour,
including spanwise-coherent structures near the top of the roughness.
The fact that a simple force term is sufficient to capture a wide range of roughness

phenomena helps in the physical understanding of the flow over rough surfaces. The
streamwise drag component is clearly the dominant contribution to the roughness effects.
In contrast, the spanwise drag component leads to a reduction of the roughness effects.
The shape function has a comparatively weak influence on ∆U+ but strongly influences
the shape of the mean velocity profile within the roughness sub-layer. Details of the
flow over a rough surface such as the eddy-shedding process mainly influence the spatial
structure of the turbulence for moderate roughness heights. The outer layer similarity is
maintained for all but extremely rough surfaces where the low Reynolds number interferes
with the recovery in the outer layer. This implies that if an impaired outer layer similarity
is found for a rough surface this is caused by complex processes within the rough surface
such as eddy-shedding, flow reattachment etc., which are not captured by the roughness
term.

For practical applications as a rough-wall model in a simulation setting (for example
in a large-eddy simulation), the model proposed here would need to be calibrated against
experiments or against direct numerical simulations in which the full detail of the surface
is resolved. The two model parameters are a roughness height and a roughness factor,
analogous to a roughness density. The additional shape function has a small but notice-
able effect and can be used to fine tune the turbulence characteristics in the roughness
layer. A possible approach would be to do this calibration exercise for simple flows (either
channel flow simulations or pipe flow experiments) and then apply the derived roughness
height, roughness factor and shape function to more complex flows where it is unreal-
istic to expect simulations to resolve the roughness for the foreseeable future. Careful
checking would need to be done in case there are additional Reynolds number effects.
Another challenge is to extract the parameters and shape function from the morphology
of the surface, such as could be measured using various microscopy approaches. Both this
exercise and the aforementioned calibration exercise require many more direct numerical
simulations of rough surfaces where the wall geometry is resolved, probably down to the
order of a viscous wall unit.

An example of a detailed comparison with independent, fully-resolved rough wall data
has been provided to demonstrate the practical applicability of this approach. Using
the roughness force term a good quantitative match is achieved outside the roughness
sublayer. Within the roughness sublayer a satisfactory qualitative representation of the
data is obtained.
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The main area where the present model is not expected to give such a good representa-
tion of reality is the small scale structure of the turbulent flow in the roughness sublayer,
i.e. on length scales of the order of the roughness elements and below. Roughness elements
are known to pump energy into the turbulence at the scale of the roughness (Hong et al.

2011), e.g. by vortex shedding behind the elements. This turbulence would then swell the
turbulent cascade down to the dissipation range. Since individual roughness elements are
not resolved by the present model this effect is lost. Nevertheless, this omission seems
a modest price to pay for a simple model that reproduces a wide range of roughness
phenomena without needing to resolve individual roughness elements.
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Reτ Uc U δ
∗

θ H

180 18.4 15.8 0.143 0.088 1.62

Table 2. Mean quantities for smooth-wall reference case.

shape function
H
H
H

HH
α

h
+

2.5 5 7.5 10 15 20 25 30

Gaussian 0.04 18.3 18.0 17.3 16.6 15.1 13.9 12.8 12.0
Gaussian 0.1 18.3 17.5 16.3 15.0 13.0 11.6 10.5 9.6
Gaussian 0.4 18.0 15.9 13.7 12.2 10.0 8.5 7.5 6.6
Gaussian 1 17.5 14.4 12.0 10.4 8.4 7.1 6.3 5.6
Gaussian 4 16.2 12.3 10.0 8.6 7.1 6.0 5.2 4.6
Gaussian 10 15.2 11.3 9.4 8.1 6.6 5.7 4.9 4.3
box 0.04 18.3 17.8 17.2 16.1 14.6 13.1 12.1 11.3
box 0.1 18.3 17.3 16.1 14.5 12.6 10.9 9.7 8.9
box 0.4 18.0 15.5 13.7 11.8 9.8 8.4 7.4 6.8
box 1 17.6 14.2 12.3 10.4 8.7 7.5 6.7 6.1
box 4 16.8 12.6 10.9 9.4 8.0 6.9 6.2 5.7
box 10 16.2 12.3 10.8 9.4 8.1 7.1 6.4 5.9
orbital 1 17.9 15.2 12.9 11.2 9.1 7.7 6.9 6.1
triangular 1 17.7 14.4 12.1 10.5 8.5 7.3 6.3 5.7
parabolic 1 17.7 14.5 12.2 10.6 8.6 7.3 6.4 5.7
exp. decaying 1 17.5 14.8 12.5 11.0 8.9 7.5 6.7 5.8

Table 3. Centreline velocity Uc for the cases studied in the main parameter study.

Appendix A. Simulations

In table 2 characteristic mean flow quantities are given for the smooth wall reference
case. The centreline velocities for the cases studied in the main parameter study are listed
in table 3.
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