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Abstract

This paper describes a new robust and accurate Cartesian-grid treatment for the immer-
sion of solid bodies within a fluid with general boundary conditions. This new approach,
the Boundary Data Immersion Method (BDIM), is derived based on a general integration
kernel formulation which allows the field equations of each domain and the interfacial
conditions to be combined analytically. This results in a new governing equation for the
complete domain which preserves the behavior of the original system, but significantly
simplifies the numerical implementation and reduces the computational effort. Through
a canonical Poiseuille flow problem, it is shown that BDIM is consistent, obtains second-
order convergence relative to the kernel width, and is robust with respect to the grid and
boundary alignment. The formulation for no-slip and free slip boundary conditions are
derived and numerical results are obtained for the flow past a cylinder and the impact
of blunt bodies through a free surface. The BDIM predictions are compared to analytic,
experimental and previous numerical results confirming the properties, efficiency and
efficacy of this new boundary treatment for Cartesian grid methods.

Keywords: Cartesian-grid, Immersed Boundary Method, Multi-phase flows,
Fluid-body interactions

1. Introduction

Cartesian-grid methods are an important advancement in the simulation of general
fluid flows because they afford the capability of computing flows with ocean engineering
applications without the limitations and difficulties associated with non-orthogonal or
unstructured grids. Cartesian-grid solvers have the potential to generate solutions to
complicated problems orders of magnitude faster than conventional fitted-grid solvers
with comparatively simple, accurate and robust numerical methods.

Two primary methods exists in the literature to enforce the effects of solid bodies in
Cartesian-grid simulations: sharp interface methods and Immersed-Boundary methods.
The Immersed Boundary (IB) methods were introduced by Peskin in the 1970s for the
simulation of heart valves ([1], [2]) and have since been applied extensively in biological
fluid dynamics and other fluid-structure interaction problems such as a flapping filament
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in a cross flow [3] (see [4] for a detailed review). In the original IB methods, the elastic
body equations are discretized on a surface mesh, while the fluid equations are discretized
on a Cartesian grid. The two simulations are linked by applying the body reaction force
to the fluid and advecting the body in the resulting flow. The localized forces and body
velocities are evaluated using a regularized delta function.

Further work on immersed boundaries sought to address modeling of rigid bodies by
adding artificially defined body forces to the fluid equations to drive the velocity field near
the body to match the boundary value data. Many options for the forcing were explored
such as setting the force to exponentially dampen the error in the velocity field (Dom-
mermuth [5]) or using an explicit Integral/Position feedback controller (Goldstein [6]).
However, these methods only enforce their boundary conditions approximately in time.
Fadlum [7] defined the force such that it directly canceled the error at each time step,
which has subsequently been dubbed the direct forcing method. Since then work has
been done establishing the proper form of the boundary data [8] and improved kernels
for distributing the boundary data to the local grid points [9]. However, the application
of a simple forcing function to the original equations of motion does not address the
concerns of proper physical behavior of the equations in the kernel region, specifically in
regards to the pressure terms [10]. Additionally, such methods are not easily extended
to general interfacial conditions, such as jump conditions or Neumann conditions.

Sharp-interface approaches have been explored as an alternative to smooth Immersed
Boundary methods. In these methods the interface effects are included in the discrete
spatial operators instead of through a forcing function. An advantage of this approach
is the ability to include general types of interfacial conditions above and beyond the no-
slip condition, such as in the Immersed Interface method of Leveque and Li [11] which
included jump conditions in creeping fluid-fluid free-interfaces. Similarly, Gibou [12] and
Udaykumar [10], [13] take particular care to ensure proper treatment of the pressure
interfacial conditions at the immersed interface in their altered discrete system of equa-
tions. By doing so they show increased accuracy and speed-up in the solution of the
pressure equation. There are a great variety of methods for adjusting the local numerical
operators; adopting a local normal-tangential coordinate system [11], including Ghost
Nodes in the interfacial region [12],[14], modifying the discrete finite volume equations
to account for volumes ‘clipped’ by the interface [15] and others. However, by adjust-
ing the discrete operators instead of the analytic equations much of the simplicity and
ease of analysis of the direct forcing methods is lost. This complexity can lead to a
loss of second-order behavior near the interface [14], and removes much of the appeal of
Cartesian-grid methods as being well-suited to solving complex engineering systems with
simple numerical approaches.

We introduce a new immersed boundary formulation of this problem, altering the
analytic form of the fluid equations to ensure exact enforcement of the boundary data
and maintain physically consistent behavior near the smoothed interface. Reference [16]
briefly introduces some of these ideas, and expanding upon that work, § 2.1 of the the
current paper introduces a formal approach for analytically convolving the governing
equations for fluid and solid systems with general interface conditions. This boundary
data immersion method thereby creates a meta-equation valid over the full domain in-
cluding the transition region. Analytic simplifications to these equations presented in
§ 2.2 produce a functional more suitable for use in large-scale simulations. An intro-
ductory channel flow example in § 2.3 is used to establish the consistency, convergence
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properties, and sensitivity of the new approach.
Because the initial formulation is general, it can be applied to a variety of solid/fluid

systems. To demonstrate this, the governing meta-equations for general fluid systems
with immersed no-slip (§ 3.1) and free-slip (§ 3.2) bodies are derived. The resulting
no-sip formulation matches the direct forcing method closely, but includes an additional
modification to the pressure term analogous to the discrete operator adjustments of sharp
interface method such as [12],[10]. The difference is due to the complete transition from
the fluid equations to the solid equations, as opposed to the addition of a forcing term
as in the direct forcing method. The free-slip condition is enforced through an analytic
term on the left-hand side of the meta-equation, which is otherwise identical to the no-
slip formualtion. A simple to implement second-order solution algorithm for the general
form of the meta-equations is discussed in § 3.3.

Finally, this approach is tested using a set of canonical fluids problems: unsteady
2D viscous flow in § 4.1 and unsteady 3D multi-phase flows in § 4.2. The solutions
are compared to existing numerical and experimental results and grid resolution tests
are run to confirm the convergence properties of the boundary data immersion method.
These simulations validate the new methodology and verify its ability to obtain efficient
solutions to problems of engineering interest easily and robustly.

2. The Boundary Data Immersion Method

Our eventual goal is the development of governing equations for solid-fluid systems,
but for the time being we consider a general two-domain boundary value problem problem
P0 defined as: Given domains Ωb and Ωf and their interface σs (see Fig. 1a), find the
solution Ψ0(~x, t) which satisfies

B(Ψ0, ~x, t) = 0 ~x ∈ Ωb (1a)

F(Ψ0, ~x, t) = 0 ~x ∈ Ωf (1b)

S(Ψ0, ~x, t) = 0 ~x ∈ σs (1c)

where B and F are the governing field equations in domains Ωb and Ωf respectively, and
S are the interfacial conditions on σs. Solid-fluid interaction problems are a special case
of Eqs.(1), where F are the governing equations in the fluid domain Ωf , S the boundary
condition on the body boundary σs, and Ωb is the body governed by it’s own elastic or
rigid-body equations B.

In the present work we seek to reformulate Eqs.(1) into a single ‘meta’ governing
equation with analytically varying coefficients which describes the complete system. Thus
a P0 system with a possibly complex interface and interfacial conditions is converted into
a Pε problem with a single meta-equation governing the unified domain. Because the
boundary data is integrated into the governing field equation, the Pε problem is simpler
to implement and more computationally efficient to solve.

Significantly, through concrete numerical examples, we show three important proper-
ties of this boundary data immersion method under general smoothness conditions: (i) Pε
is consistent with P0 as ε→0; (ii) Pε has second-order convergence, i.e., Ψε = Ψ0 +O(ε2);
and (iii) the solution is insensitive to the relative locations of the numerical grid and the
boundary interface.
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(a) Original P0 problem (b) Modified Pε problem

Figure 1: Conceptual sketch of the problem. Figure (a) is the original two-domain
problem P0 with domains Ωb and Ωf and their interface σs and the respective governing
equations B, F , and S. Figure (b) is the equivalent single-domain problem Pε with
governing meta-equation Mε constructed by the boundary data immersion method by
convoluting and assembling the equations over a width ε. The transition between the
equations is smooth and located within the small distance ε of the interface σs.

2.1. Boundary immersion through kernel integration

To derive the meta-equation, we must first formally extend the range of Eqs. (1a),
(1b), and (1c) to the full domain Ω ≡ Ωb

⋃
Ωf . This is done through the use of a nascent

delta integration kernel Kε, which has unit zero-th moment and compact support ε, i.e.,∫
Ω
Kε(~x, ~y) d~y ≡ 1, and Kε(~x, ~y) ≡ 0 for |~x− ~y| > ε. To illustrate the properties of Kε,

we define the zero-th moments of the kernel over the sub-domains (which are unsteady
for systems with moving interfaces):

δBε (~x, t) =

∫
Ωb

Kε(~x, ~xb) d~xb (2a)

δFε (~x, t) =

∫
Ωf

Kε(~x, ~xf ) d~xf (2b)

δSε (~x, t) =

∫
σs

Kε(~x, ~xs) d~xs . (2c)

Figure 2 sketches the behavior of these kernel integrals for a simple 1D domain. Note
that: (a) each kernel integral is non-zero only within its own sub-domain plus a distance ε
beyond; (b) the values of all the integrals change smoothly; and (c) while δBε and δFε vary
from 1 to 0, the integral over the point-boundary σs results in δSε (x) = Kε(x, σs) with
a peak magnitude of 1/ε at x = σs, so that δSε =O(1/ε)δFε =O(1/ε)δBε in the interface
region. These properties allow Kε to analytically extend the range of each governing
equation and smoothly transition between them.
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Figure 2: Behavior of the kernel integrals δε for a 1D case. For points x < −ε within
Ωb we have δBε =1 and δSε , δ

F
ε = 0. Similarly, for x > ε, we have δFε =1 and δSε , δ

B
ε = 0.

Within the smoothing region, points less than ε from σs, δ
F
ε , δ

B
ε , εδ

S
ε = O(1).

Convoluting Eqs. (1) with Kε over their respective domains gives

Bε(Ψ, ~x, t) ≡
∫

Ωb

B(Ψ, ~xb, t)Kε(~x, ~xb) d~xb (3a)

Fε(Ψ, ~x, t) ≡
∫

Ωf

F(Ψ, ~xf , t)Kε(~x, ~xf ) d~xf (3b)

Sε(Ψ, ~x, t) ≡
∫
σs

S(Ψ, ~xf , t)Kε(~x, ~xs) d~xs . (3c)

As desired, these are defined over the full domain Ω while the compact support of Kε

ensures they are non-trivial only within their respective domains and a small distance
ε beyond. To obtain the solution Ψε over the full domain we construct the analytic
meta-equation Mε by simply assembling Eqs.(3) as

Mε(Ψε) ≡ Bε(Ψε) + Fε(Ψε) + Sε(Ψε) = 0. (4)

Note that Mε has the properties

Mε(Ψε) =B(Ψ) +O(ε) ~x ∈ Ω−ε
b (5a)

Mε(Ψε) =F(Ψ) +O(ε) ~x ∈ Ω−ε
f (5b)

εMε(Ψε) =S(Ψ) +O(ε) ~x ∈ σ+ε
s (5c)

where σ+ε
s is the boundary σs plus the domain O(ε) distance around it, while Ω−ε

b,f ≡
Ωb,f − σ+ε

s are the respective domains outside the smooth boundary interface. For ex-
ample, for the simple 1D domain of Fig. 2 with σs at x=0, Ω−ε

b = {x < −O(ε)},
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Ω−ε
f = {x > O(ε)} and σ+ε

s = {|x| < O(ε)}. Thus, in the sense of Eqs.(5), Mε is O(ε)
close to the governing equation of each region. Intuitively, one might argue that the
solution to (4), Ψε, will be close to Ψ0 (of the original P0 problem) for small ε. The
convergence of Ψε to Ψ0 is demonstrated by our numerical results, and indeed we find
that Ψε = Ψ0 +O(ε2) for the general classes of problems we considered.

2.2. Simplified meta-equations using integral approximations

The form of Eqs. (3) are general but the linear systems resulting from their discretiza-
tion are not sparse due to the kernel dependance on all points within an ε radius. As the
primary contribution in the kernel Kε(~x, ~y) is from the point ~x = ~y, the integrals may
be simplified considerably,

Bε(Ψε, ~x, t) ≈ B(Ψε, ~x, t)

∫
Ωb

Kε(~x, ~xb) d~xb = B(Ψε, ~x, t)δ
B
ε (~x, t) (6a)

Fε(Ψε, ~x, t) ≈ F(Ψε, ~x, t)

∫
Ωf

Kε(~x, ~xf ) d~xf = F(Ψε, ~x, t)δ
F
ε (~x, t) (6b)

Sε(Ψε, ~x, t) ≈ S(Ψε, ~x, t)

∫
σs

Kε(~x, ~xs) d~xs = S(Ψε, ~x, t)δ
S
ε (~x, t) (6c)

with (4) now replaced by

Mε(Ψε) = δBε B(Ψε) + δFε F(Ψε) + δSε S(Ψε) = 0 , (7)

such that the kernel moments act as interpolating functions between the domain equa-
tions.

To further simplify matters, the general characteristics of the kernel integrals δBε , δ
F
ε ,and

δSε are independent of the specifics of the domain topologies and the form of Kε. As shown
in Fig. 2, the value of δε is primarily dependant on: (i) the distance to the boundary, and
(ii) whether the kernel is integrated over a sub-domain or a boundary. Thus for domain
Ωb (say), if we define d as the signed distance from any point ~x to nearest point on σs,
chosen negative within Ωb, an appropriate approximation for δBε is

δBε (d) =


1
2

[
1 + sin

(
π
2
d
ε

)]
for |d| < ε

1 for d < −ε
0 else

. (8)

For the complementary domain Ωf , we have simply δFε (d) = δBε (−d) = 1 − δBε (d). For
the interface σs, we approximate δSε as

δSε (d) ≡
{

1
2ε

[
1 + cos

(
π dε
)]

for |d| < ε
0 else

. (9)

Thus Eq. (7) may be posed using Eqs. (8) and (9) for the analytic coefficients. This ap-
proach maintains the ε-close properties ofMε in Eqs. (5) and allows Eq. (7) to be imple-
mented using simple robust and efficient solution methods for PDEs posed on Cartesian
grids, as demonstrated in the next section.
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2.3. Application to the simple Poiseuille flow problem

Before applying the boundary data immersion method to generate meta-equations for
the general Navier–Stokes equations, we first examine a simple Poiseuille flow problem
to establish the numerical properties of the approach.

Consider the steady 2D pressure driven flow between two stationary parallel plates.
The flow is uniform in the x-direction resulting in a simple boundary value problem for
the horizontal velocity u(y) for 0 < y < L, where L is the height of the channel. The
governing equation and boundary conditions are

F(u) = fx + ν
d2u

dy2
= 0 0 < y < L (10a)

u = 0 y = 0, L (10b)

where fx is the applied horizontal pressure force, and ν the kinematic viscosity. The
exact solution is simply

u0(y) =
fx
2ν
y(L− y) (11)

within the channel.
To test the properties of the boundary data immersion method we first pose this

system as a two-domain problem by defining the two semi-infinite ‘wall’ domains outside
the fluid (y ≤ 0, y ≥ L) as Ωb. The equation for the velocity in Ωb is simply

B(u) = u = 0 y ≤ 0, y ≥ L (12)

which, combined with a condition of velocity continuity across the interface, gives the ‘no-
slip’ boundary conditions of Eq. (10b). Note that continuity conditions on the interface,
unlike derivative conditions or interfacial forcing, are implicit if a continuous basis is
chosen. Derivative conditions are incorporated in § 3.2, but for systems with continuity
conditions the meta-equation formula can be further simplified to

Mε(Ψε) = [1− δBε ]F(Ψε) + δBε B(Ψε) = 0 (13)

giving the meta-equation for the channel flow as{
δBε − [1− δBε ]

d2

dy2

}
uε = [1− δBε ]

fx
ν

(14)

where uε is the solution to this smoothed version of the governing equations. The inter-
polation function δBε is given by Eq. (8) where the distance function is given by

d(y) =
L

2
−
∣∣∣∣L2 − y

∣∣∣∣ (15)

for this simple channel geometry.
We demonstrate four important properties of the boundary data immersion method

as expressed by the meta-equation (14): (1) the system Pε is consistent with P0 when
ε = 0; (2) when ε is nonzero and resolved by the grid, the smooth solution is convergent
with uε = u0 + O(ε2); (3) the solution is insensitive to the relative locations of the
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numerical grid and the interface; and (4) the simplified meta equations of § 2.2 are of
higher accuracy for a given computational cost than the full meta equations of § 2.1.

First, we ensure the boundary data immersion method solves the correct problem by
demonstrating that the P0 and Pε systems are equivalent when ε = 0. To do so, we first
define a numerical grid with N points yT = {y1, y2, . . . , yN}, spaced uniformly ∆y apart,
with y1 = 0 and yN = L. The solution vector uTε = {u1

ε , u
2
ε , . . . , u

N
ε } corresponds to the

values of the velocity field at uε(y
1), . . . , uε(y

N ). We estimate the second derivative in
Eq. (14) using second-order central differences. Setting ε = 0, we have δBε = 1 in the
body and δBε = 0 in the fluid and the resulting linear algebra system for uε is

1
−1 2 −1

. . .

−1 2 −1
1




u1
ε

u2
ε
...

uN−1
ε

uNε

 =
∆y2fx
ν


0
1
...
1
0

 (16)

which is identical to the linear system resulting from the original boundary value problem
and the solution uε = u0 for all points in the domain. This demonstrates that if the
meta-equation is posed on a boundary-fitted grid and the kernel width is set to zero, the
standard governing equation and boundary condition system is recovered.

Next, we study the accuracy of the meta-equation for non-zero ε to determine the
convergence of uε to u0. Using the same uniform grid, y, the solution uε of Eq. (14)
is determined numerically for umax = fL2/(8ν) = 1. The solution and the error E ≡
|uε − u0| are shown in Fig. 3(a) and Table 1(a) for decreasing values of ε. The figure
and table show that the numerical solution converges to the analytic solution at an
approximately second-order rate with decreasing ε (as evidenced by the column of |E|2
normalized by (ε/L)2). The second order convergence of the method is further illustrated
in the applications section and demonstrates that meta-equation solutions obtain high-
order accuracy without using boundary fitted grids or changing the numerical operators
near the interface.

To quantify the effect of grid alignment, we shift the computational grid relative to
the channel boundary by α∆y, 0 < α < 1, and tabulate the norms of the maximum error
Eα ≡ max

α
(E) in Table 1(a). The error is clearly not affected by grid misalignment (the

maximum change in E for any α is O(10−6) for all the ε values). This insensitivity to
the alignment of the boundary and the underlying grid is a desired property of general
robust Cartesian-grid methods.

Finally, we examine the difference between using the simplified integrals of Eqs. (6)
compared to the full integrals of Eqs. (3). As discussed in § 2.2, using the former can
result in substantial computational efficiency gain. For the present 1D problem, for ex-
ample, the equation matrix resulting from Eq. (16) is tridiagonal while the corresponding
equation system using Eqs. (3)is m-diagonal, where m = O(ε/∆y). For a 3D problem
(referencing O((ε/∆y)3) local points), a conservative estimate based on our experience
is that obtaining the solution using the simplified Eqs. (6) is a factor of O(103) more
efficient relative to that using the full integrals Eqs. (3).

To compare the relative accuracy of the two methods the full integral equations are
solved numerically using the same grid and values of ε as above. The results, shown in
Fig. 3(b) and Tab. 1(b), demonstrate that both methods obtain second-order convergence
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Table 1: Error metrics of the solution to the Poiseuille flow problem for umax =
fL2/(8ν) = 1 and N = L/∆y = 400.

ε/L |E|1 |E|2 |E|2/(ε/L)2 |Eα|1 − |E|1
0.04 1.4260E-1 1.4457E-1 90.35 2.820E-6
0.02 4.8827E-2 4.9091E-2 122.7 2.225E-6
0.01 1.1191E-2 1.1218E-2 112.2 6.376E-6

(a) Convergence and sensitivity tests for Eq. (14)

ε/L |E|1 |E|2 |E|2/(ε/L)2 |Eα|1 − |E|1
0.04 2.6529E-2 2.6746E-2 16.72 1.655E-5
0.02 7.9179E-3 7.9489E-3 19.87 1.473E-5
0.01 1.6465E-3 1.6783E-3 16.78 1.190E-5

(b) Convergence and sensitivity tests for the full integral method of Eqs. (3)

y/L

u
ε

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1

ε/L=0.04

ε/L=0.02

ε/L=0.01

Analytic

(a) uε for Eq. (14)

y/L

u

0 0.2 0.4 0.6 0.8 10

0.2

0.4

0.6

0.8

1

/L=0.04
/L=0.02
/L=0.01
Analytic

(b) uε for the integrals of Eqs. (3)

Figure 3: Numerical solution to the Poiseuille flow for umax = fL2/(8ν) = 1 and N =
L/∆y = 400 using the meta-equation approach.
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with ε and that while the solution using the full integrals has a somewhat smaller error the
improvement factor is less than O(10) and independent of ε/L. This moderate increase
in accuracy is insufficient to overcome the relatively massive costs of solving the full
integral equations, establishing the efficacy of using Eqs. (6).

We have demonstrated that the meta-equation derived using the boundary data im-
mersion method is consistent with the original system, produces high-accuracy (second-
order convergent) solutions insensitive to the location of the background grid, and is cost
effective. Having shown these for the simple 1D problem, the remainder of the work
addresses the usefulness of the method for general 2D and 3D systems with immersed
solid bodies.

3. Derivation of Meta-equations for General Fluid-Body Systems

Following the framework developed in §2, generating meta-equations is straightfor-
ward once the governing equation for each sub-domain is defined. In this section we
apply this boundary data immersion method to quickly derive governing equations for
ocean engineering systems with immersed no-slip or free-slip solid bodies. The resulting
equations are similar in form to those used in direct forcing methods, but with signifi-
cant differences in the pressure forcing terms and the ability to model general interface
conditions.

In this work we consider the case where the displacements of the immersed object are
prescribed, given by the trivial governing equation

B(~u) = ~u− ~U = 0 (17)

where ~u is velocity field and ~U is the prescribed displacement rate. We write the general
form of the governing equation for the fluid as

∂~u

∂t
= ~r(~u)− 1

ρ
~∇p (18)

where ρ is the density, p is the pressure field and and ~r is the aggregate of all the
non-pressure terms. In general this may include convective, gravitational, viscous, and
modeling terms such as a turbulent sub-grid-scale (SGS) models without altering the
meta-equations below. In order to generate tractable meta-equations, we must be able
to combine the fluid and solid velocity field terms directly. One approach is simply to
integrate Eq. (18) over the time step ∆t, giving the velocity impulse equation

F(~u, p) = ~u− ~u0 − ~R∆t(~u) + ~∂Pε∆t = 0 (19)

where ~u0 = ~u(t0) and

~R∆t(~u) =

∫ t0+∆t

t0

~r(~u) dt (20a)

~∂P∆t =

∫ t0+∆t

t0

1

ρ
~∇p dt . (20b)

In practice these integral are evaluated with a numerical quadrature but we retain the
general form here to highlight that any appropriate implicit or explicit quadrature can
be used.
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3.1. Immersion of a no-slip body into a general flow

If we assume the velocity is continuous across the interface (the ‘no-slip’ condition)
then the interfacial equations S are not required and we simply substitute Eqs. (17) and
(19) into Eq. (13) giving

Mε(~uε, pε) = ~uε − δBε ~U − [1− δBε ]
(
~u0
ε + ~R∆t(~u)− ~∂Pε∆t

)
= 0 . (21)

A divergence-free constraint on the velocity field

~∇ · ~uε = 0 (22)

applied to this meta-equation gives

~∇ ·
(

[1− δBε ] ~∂Pε∆t

)
= ~∇ ·

(
δBε ~U + [1− δBε ]

(
~u0
ε + ~R∆t(~u)

))
(23)

which is inverted for the pressure pε.
To aid in comparisons to previous methods we apply explicit Euler integration to

Eqs. (20) and reorder the resulting terms to give

~uε − ~u0
ε

∆t
= ~r0 − 1− δBε

ρ0
~∇pε + ~f (24a)

~∇ ·
(

1− δBε
ρ0

~∇pε
)

= ~∇ ·
[
~r0 +

~u0
ε

∆t
+ ~f

]
(24b)

where

~f = δBε

[
~U − ~u0

ε

∆t
− ~r0

]
. (25)

Equations (24) appear similar to the direct forcing method formulation except for the
treatment of the pressure term. The 1 − δBε coefficient mollifying the pressure force in
the transition region is directly analogous to the discrete operators appearing in sharp
interface treatments of the Poisson equation, and acts to implicitly enforce the Neumann
boundary condition on the pressure field,

∂p

∂n
= ρ

(
rn −

∂Un
∂t

)
(26)

where n̂ is the interface normal. This modified pressure treatment is a direct outcome
of convolving the solid and fluid governing equations of motion as opposed to adding a
forcing term to the fluid as in Immersed Boundary methods. As shown in §4 this new
formulation enables stable and accurate pressure force predictions even during nonlinear
events such as arise in water entry problem.

3.2. Extension to the immersion of a free-slip body

The ‘no-slip’ boundary condition of §3.1 is sometimes not the best choice for large-
scale simulations. For example, there is a length scale disparity of up to seven orders of
magnitude between a near-wall viscous flow and the gravity waves generated by a (full-
scale) ship [17]. In many such applications, modeling the body with a slip-condition of
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some kind is physically realistic and much more computationally practical. The general
method in which the boundary data immersion method was formulated allows us to easily
incorporate such modeling adjustments.

The normal component of velocity should still be continuous, giving the no-penetration
condition

Sn(~u) = un(~xb)− U(~xb) = 0 (27)

which, as above, is enforced implicitly through the use of a continuous basis. However,
the tangential velocity may be governed by any user-defined slip model, typically in
CFD, a zero Neumann condition on the tangential velocity components. In the context
of immersed surfaces it is important to emphasize that the zero Neumann condition
does not mean the normal derivatives are zero across the interface, rather that they
approach zero from either side, allowing the field to be discontinuous across σs. With
that technicality understood, the tangential surface equations are written as

Sσ(~u) =
∂uσ
∂n

= 0 (28a)

Sτ (~u) =
∂uτ
∂n

= 0 (28b)

where σ̂ and τ̂ are the local tangential vectors. Equations (17), (19) and (28) are
substituted into Eq. (7) to give

~uε + ~L(~uε) = δBε ~U + [1− δBε ]
(
~u0
ε + ~R∆t(~u)− ~∂Pε∆t

)
(29)

where L is the left hand side operator, defined as

~L(~u) ≡ δSε
∂~uτ
∂n

τ̂ + δSε
∂~uσ
∂n

σ̂, (30)

for the Neumann condition. This LHS term is the only functional difference between
Eqs. (21) and (29). A solver with a flag to turn this term on or off, such as discussed in
§3.3, can easily model slip and/or no-slip immersed bodies. Another feature of interest in
this equation is that that even though the transition between the solid and fluid governing
equations takes place gradually over the width ε, Eq. (29) allows the solution ~uε to be
discontinuous across the interface. This enables a smoothed immersed boundary method
to model discontinuous slip conditions accurately, demonstrated in §4.

3.3. Solution method: Time quadrature and operator inversion

To solve the meta-equations presented above, a time quadrature is required. We
adopt Huen’s second-order method which uses an explicit Euler predictor step followed
by an explicit trapezoidal corrector step, an approach commonly used for unsteady flows.

Each time step then requires four inversions; two for the pressure equation and two for
the L velocity operator. A multi-grid method with diagonally preconditioned conjugate-
gradient smoothing is used for the pressure equation for computational efficiency. The L
operator is banded lower-diagonal when the points are ordered by their distance from the
interface. This is equivalent to using points in the fluid domain to set the values of the
‘ghost nodes’ in a fitted grid method. Therefore the velocity ‘inversion’ is accomplished

12



by back substitution and the computational cost is insignificant compared to the pressure
inversion.

Altering an existing orthogonal-grid single-domain solver to run this solution method
is extremely straightforward1. The sole difficulty in computing flows with immersed solids
becomes the need to establish the interface distance function d for use in Eqs. (8) and
(9). There is an extensive literature on obtaining distance functions, but those details
are not fundamental to the boundary data immersion method. For demonstration of the
solid/fluid solver, we choose canonical circular geometries which generate rich physical
systems with a trivial distance function.

4. 2D and 3D Applications

This section presents applications of the boundary data immersion method (BDIM)
to canonical 2D and 3D flows with immersed circular solid bodies. First, the viscous
flow about a two-dimensional circular cylinder is modeled and the wake structures and
forces are compared to experimental and numerical results. Second, the boundary data
immersion method is used with the Volume-of-Fluid method to simulate the 3D water
entry of both a sphere and a disk and the predicted forces and free surface profiles are
validated against experimental observations and previous simulation methods.

4.1. Viscous single-phase 2D flow

We apply the boundary data immersion method to the two-dimensional flow around
a stationary circular cylinder. This example demonstrates the properties of BDIM for
the viscous Navier-Stokes equation for a single-phase flow using the standard no-slip
boundary conditions.

Forces are calculated using the kernel-based method detailed in [18]. Briefly, evalu-

ating the pressure force ~Fp on the body by numerical quadrature of a surface integral,
as done in fitted-grid methods, would first require creation of an otherwise unnecessary
surface mesh and establishing the pressure on those new grid points. A more direct and
computationally efficient method of determining ~Fp is to integrate over the Cartesian-
grid using the distance function d and the pressure BC Eq. (26) to implicitly determine
p on σs and perform the surface integral. Reference [18] derives an appropriate one-sided

Derivative Informed Kernel (DIK) integration for ~Fp of the form

~Fp =

∫
Ω

[
p− dn̂ ·

(
~r −

~U − ~u0

∆t

)]
n̂δ+
ε d~x (31)

where δ+
ε is a kernel designed to sample in the fluid near the surface. For this work

we used δ+
ε (d) ≡ δSε (d − ε)/[ε(d/R + 1)] where R is the radius of curvature. Again, the

advantage is that evaluation of Eq. (31) gives the normal pressure force on the body in
one step without a surface grid.

Using BDIM, a two-dimensional flow around a stationary circular cylinder is simulated
in a 16X12 diameter domain, constant inflow ~u = ~U on the inlet, free-slip conditions on

1In our experience with multiple 2D and 3D solvers, the alteration typically takes less than a day.
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Table 2: Simulated and experimental measurements of the shedding frequency and the
mean and fluctuating values of the drag and lift force coefficient on a circular cylinder
at Re = 150. The present BDIM results for different values ε/D are compared to Liu
[19] (boundary-fitted grid simulations), Silva [20] (immersed boundary simulations), and
Williamson [21] (experimental measurements).

BDIM
ε/D 0.125 0.0883 0.0625 Liu [19] Silva [20] Williamson [21]
St 0.181 0.183 0.183 0.182 0.180 0.183
Cd 0.140± 0.04 1.37± 0.03 1.35± 0.03 1.33± 0.03 1.37 -
Cl 0.0± 0.59 0.0± 0.56 0.0± 0.54 0.0± 0.53 - -

the upper and lower boundaries, and a zero gradient exit condition. All of these bound-
aries, as well as the stationary cylinder boundary, are immersed using the formulation
above. The grid spacing is set to 40 points per diameter near the cylinder with a 1%
geometric expansion ratio for the grid spacing in the far-field. Simulations are run for
a set of smoothing widths ε/D=0.125, 0.0883, 0.0625 = 2/16,

√
2/16, 1/16, to further

establish the convergence properties of the method.
The simulation is run at a Reynolds number of Re=150 which is characterized by an

unsteady but laminar and two-dimensional wake. This is done to avoid confusing the
analysis of the boundary data immersion method with the additional modeling required
to simulate higher Reynolds number turbulent flows. Figure 4(a) shows the computed
vorticity contours in the wake of the cylinder at this Reynolds number. The wake dis-
plays the characteristic vortex shedding pattern and four snapshots are displayed within
the shedding cycle. Figure 4(b) shows the time history of the integrated pressure force
coefficients on the cylinder (computed using the DIK method and Eq. (31) with the finest
value of ε/D). The mean pressure drag coefficient is found to be Cpd =1.07, which com-
pares well to the value of Cpd = 1.05 from the spectral element simulations of [22]. The
Strohal number St = D/UT and total lift and drag coefficients obtained using BDIM
with different values of ε/D, are compared to the boundary-fitted grid simulations of
Liu [19], the immersed boundary simulations of Silva [20], and the experimental mea-
surements of Williamson [21] in Table 2. The shear velocity near the wall is unlikely to
remain physical due to the imposition of the no-slip condition in the smoothing region,
therefore we use the friction drag coefficient of Cfd = 0.28 from [22] to compare to the
total drag values in this table. The current results demonstrate second order convergence
and compare well with the documented results; validating the BDIM’s ability to simulate
bluff body viscous flows accurately, as well as validating the DIK method for implicit
pressure integration.

4.2. Three-dimensional water-entry applications

To further illustrate the usefulness of the boundary data immersion method, we apply
BDIM to a set of 3D water-entry problems; the impact force on a sphere in water entry,
the cavity formed by a circular disk entering water, and finally an investigation on the
effect of surface boundary conditions on the cavity formed by a sphere. These problems
offer realistic tests of the robustness and accuracy of the BDIM meta-equation approach,
are of practical importance (e.g. [23],[24]), and involve special challenges for simulation
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(a) Vorticity contours

(b) Integrated pressure forces

Figure 4: Computed vorticity contours and pressure forces for a stationary circular cylin-
der at Re = 150 with ε/D = 0.0625. Figure (a) shows contour of vorticity in the wake
at the quarter-periods of the shedding cycle. Figure (b) shows initial time history of the
integrated pressure lift and drag force on the cylinder normalized by ρDU2/2.
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modeling: 3D moving bodies, nonlinear jumps in fluid conditions, impact forces, and
separation dynamics.

The density and viscosity are functions of position and time in these two-phase flows.
They are determined from the color function c(~x, t) using

ρ(~x, t) = c(~x, t)ρwater + [1− c(~x, t)]ρair (32a)

µ(~x, t) = c(~x, t)µwater + [1− c(~x, t)]µair (32b)

for the viscosity. The conservative second-order VOF method of [25] is used to transport
the color-function.

First, BDIM is used to predict the pressure forces experienced by a sphere moving with
constant downward velocity U as it impacts the air/water interface. A 3X3X6 diameter
computational domain is used with free-slip conditions on the far-field boundaries, no-
slip conditions on the immersed sphere, and symmetry conditions on the x=0 and y=0
planes. A uniform grid is used with 80 points per diameter and the vertical pressure force
Fz is integrated implicitly using the DIK method, as in the previous section. Figure 5(a)
shows BDIM results for progressively refined ε/D values, compared to the experimental
measurements of [26]. As in that work, the results are plotted on a log scale to better
examine the impact history near the time of impact where the conditions for the sphere
jump from the low density of air to the high density of water. This nonlinear jump in
conditions is yet another test of the robustness of BDIM relative to earlier test cases
which experience transitions gradually over the smoothing width. All three values of
ε compare well to the experimental results and the figure shows that refinement of the
smoothing width results in monotonic convergence to the experimental measurements.

Next the importance of the BDIM treatment of the pressure is investigated in this
challenging nonlinear 3D test. As discussed in §3.1, the meta equation for an im-
mersed body with prescribed no-slip boundary conditions diverges from the direct-forcing
method of Fadlum only in the treatment of the pressure. To directly evaluate the im-
pact of this modification on the simulation, the test case was run again without the
pressure adjustment in the Poisson equation to replicate the direct-forcing methodology.
Figure 5(b) shows that the result of this omission is a non-physical fluctuation in the
predicted force as well as an increase in the predictions of around 20% for the peak re-
sponse and all values following. Additionally, the method was much more taxing on the
pressure solver, requiring twice the number of iterations (and therefore twice the time)
to reduce the residual to the same levels as in the BDIM test. The poor predictions and
conditioning indicate that nonlinear impacts can excite numerical instabilities using the
standard direct-forcing treatment of the pressure equation.

In the second 3D test case the cavity formed behind a disk at low Froude numbers
is studied and compared to the laboratory measurements of [27]. In that work a large
disk is pulled down through the free-interface with constant speed at low Froude number
(Fr=1.8) to investigate the large cavity and pinch off that results. We simulate the same
system (without the shaft used to pull the disk) using a 3X3X12 domain and uniform grid
with 40 points per diameter at the same Froude number. While this background grid is
not sufficiently fine to resolve the thinnest section of the splash crown nor the fine details
of pinch-off (which are not symmetric) the results, shown in Fig. 6, are still in remarkable
agreement with the experimental results. Unlike the potential flow results also included
in that work, the current method is able to model the splash-up and continue simulating

16



(a) ε convergence study

(b) Pressure adjustment study

Figure 5: Pressure force coefficients Cz = Fz(
1
2ρAU

2) for the vertical impact of a sphere
with constant speed on an air/water interface. Figure (a) shows the BDIM result using
progressively finer values of ε compared to the experimental measurements of [26]. As
in that work the results are shown on a log scale to examine the early impact history.
The Froude number of the simulation is Fr = U/

√
gD=3. The experimental results

are for Fr=1∼3. The simulations show monotonic convergence with ε towards quanti-
tative agreement with the experimental measurements. Figure (b) evaluates the effect
of removing the BDIM pressure adjustment, as in the direct-forcing treatment. We see
direct-forcing treatment results in spurious high-frequency fluctuations in the pressure
force and over prediction for the duration of the impact event.

17



Figure 6: Snapshots of the BDIM simulated impact of a disk on the air/water interface
(left) compared to experimental results of [27] (right) and the potential flow results found
therein (white line in the first two snapshots on the right). Both the current result and the
experimental result show splash-up, crowning, a large well-formed cavity, and pinch-off.

after pinch-off.
Finally, the ability of BDIM to include general solid-fluid interfacial conditions is used

to study the effect of the boundary condition the cavity formed by an impacting sphere.
Unlike in the case of a disk, the separation point behind an interface impacting sphere
is not fixed and depends on entry speed and surface-coatings among other factors. Of
particular interest is the effect of a hydrophobic versus hydrophilic surface/coating of the
sphere on the resulting cavity formation [23]. Precise modeling of such surface effects
is difficult, but an initial investigation can be made using BDIM and the slip model of
Eq. (28). Using the same numerical grid as in the disk cavity investigation above, two
sets of low Froude number (Fr=2.0) simulations are run; one with the no-slip boundary
condition and one with the Neumann ‘free-slip’ condition. The resulting dynamics for the
two cases are shown side-by-side in Fig. 7 with the left side of each snap-shot showing the
no-slip case and the right showing the free-slip case at the same instant in time. Despite
the lack of dynamic response in the sphere and the primitive (even trivial) surface coating
model, the results display good qualitative agreement with the experimental work of [23]
at a comparable Froude number (Fr=1.75). Further research along these lines is in
progress.

5. Conclusion

This paper presents an contribution to the state of the art in Cartesian-grid methods
through the development of the Boundary Data Immersion Method (BDIM), a new
robust and accurate treatment of general boundary conditions in solid/fluid interaction
problems. BDIM establishes analytic meta-equations by posing the original multi-domain
problem in a single domain with immersed ε smoothed interface. By using a finite
smoothing width ε, BDIM avoids the numerical order of accuracy and stability problems
common to sharp-interface methods. This new method is demonstrated to maintain
the system dynamics — consistency, second-order convergence with ε and negligible
modeling error in high-resolution simulations. A number of canonical applications are
presented: Poiseuille flow, 2D viscous flow past a circle, and 3D water entry problems
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(a) Simulation

(b) Experimental

Figure 7: Simulated snap shots of the sphere and the air/water interface illustrating
the effect of boundary condition on cavity formation at five penetration depths; z/R =
0.7, 1.9, 3.1, 4.3, 5.5. In each image the no-slip simulation is shown on the left and the
free-slip on the right serving as simple models of hydrophobic and hydrophilic surface
coatings, respectively. For comparison, figure (b) shows experimental images of a test
case at a comparable Froude number for hydrophobic and hydrophilic coatings (from [23])
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which confirmed the efficacy of this new boundary treatment for Cartesian-grid methods.
Indeed, it is shown that new formulation can generate robust and accurate simulation
results using standard second-order numerical methods and simple interpolation kernels.

Further applications of BDIM for solid/fluid systems (including flows around oscillat-
ing bodies, non-trivial and deformable solid geometries, as well as DNS/LES turbulent
flow simulations) are given in [17], [18], [28]. Without any appreciable increase in compu-
tational effort, the boundary data immersion method enables high-accuracy and robust
simulations of complex problems with significant reduction in the computational com-
plexity. The Boundary Data Immersion Method we describe is general in its approach
and should be useful in the broader context involving complex interfaces/boundaries in
partial differential equations on numerical grids of any type.
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