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ABSTRACT Channel estimation in the presence of pilot contamination-induced inter-cell interference (ICI)
is a major challenge in large-scale multiple-input multiple-output (LS-MIMO) systems. In this paper,
a subspace-based semi-blind channel estimator (SBCE) relying on an optimum pilot design (in the sense
of minimizing the channel estimation error covariance) is proposed for LS-MIMO systems. The proposed
SBCE is capable of exploiting the asymptotic orthogonality of the channel vectors encountered in LS-MIMO
systems, while taking advantage of both the optimized pilots and the data symbols. In order to ensure the
best-possible performance of the proposed SBCE, we analyze the properties to be satisfied by the optimal
pilots and then design these pilots relying on Zadoff–Chu sequences. As a beneficial result, the intra-cell
interference is completely eliminated, and the ICI is substantially reduced. Our analytical and numerical
results confirm that the performance of the proposed SBCE is superior to that of the representative state-
of-the-art channel estimators in practical LS-MIMO systems, which have a finite number of base station
antennas and data symbols available to be capitalized on for channel estimation.

INDEX TERMS Large-scale/massive multiple-input multiple-output (LS-MIMO/massive MIMO),
semi-blind, channel estimation, pilot design, inter-cell interference (ICI).

I. INTRODUCTION
Multiple-input multiple-output (MIMO) systems offer a high
flexibility for trading off between the multiplexing gain
and the diversity gain [1]. Recently, multi-cell multiuser
large-scaleMIMO (LS-MIMO) systems have stimulated sub-
stantial research interests [2]–[14], because they hold high
promise in achieving significant multiplexing gain, diver-
sity gain and array gain by employing large antenna arrays.
In LS-MIMO systems, the base station (BS) may be equipped
with hundreds of antennas and simultaneously serves dozens
of users in the same frequency band [2]–[8]. The channel
vectors of LS-MIMO systems encountered under rich scat-
tering conditions are approximately orthogonal, thus even
low-complexity linear transmitters and receivers become
near-optimal [2]–[4]. Moreover, upon assuming that the num-
ber of BS antennas tends to infinity, the effects of both the fast
fading and the noise gradually become negligible [2], [3].

It is well known that in coherent MIMO systems
the channel state information (CSI) is indispensable for

high-reliability signal transmission and reception. There-
fore, high-accuracy channel estimation [15]–[22] is vitally
important for achieving their best possible performance.
However, the total number of channels to be estimated
in LS-MIMO systems may become excessive. Therefore,
channel estimators capable of achieving high performance at
the expense of low computational complexity are desirable in
LS-MIMO systems. Additionally, in contrast to the situation
of traditional small-scale multiuser MIMO systems, the pilot
contamination effects impose a fundamental performance
limitation on LS-MIMO systems [2], [3], [23]–[28], [31],
[32], unless careful user scheduling [29] capable of avoiding
the interference or the de-contamination precoding [30] is
employed. Pilot contamination is essentially the particular
inter-cell interference (ICI) encountered during the channel
estimation, and it is caused by the reuse of a limited number
of finite-length pilot sequences within a confined distance.
Since the effect of both the small-scale fading and the noise
is substantially reduced by large antenna arrays [2], [3] and
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the number of active users simultaneously served by each
BS is increased, pilot contamination becomes the dominant
performance limiting factor in LS-MIMO systems.

Recently, sophisticated methods have been proposed for
addressing the channel estimation problem of LS-MIMO
systems. More specifically, the authors of [33] proposed a
semi-blind channel estimator (SBCE) based on the eigen-
value decomposition (EVD) method. In [33], it was assumed
that the channel vectors are perfectly orthogonal, hence each
channel vector can be uniquely characterized by an eigenvec-
tor having at most a multiplicative scalar ambiguity, which
can be resolved with the aid of a few pilot symbols. How-
ever, in practice the channel vectors are only approximately
orthogonal, hence they impose intra-cell interference and/or
ICI. In [29], the authors demonstrated that when coordination
between cells is possible, having statistical information about
the channels is sufficient for avoiding the ICI. Although in
general coordination does not necessarily require any form
of information exchange amongst the cells [32], [34], the
specific coordination strategy of [29] imposes an increased
backhaul traffic amongst cells. In [35], an SBCE based on the
singular value decomposition (SVD) was proposed, and the
analysis showed that the ICI can be completely eliminated
with the aid of an infinite number of BS antennas and an
infinite number of data symbols, but naturally a residual ICI
is encountered in realistic practical systems. Furthermore, in
order to reduce the computational complexity, a compressive
sensing based channel estimation approach was proposed
in [36], while an L-order matrix polynomial expansion based
approximate minimum mean-square error (MMSE) channel
estimator was proposed in [37]. In [31], the transceiver’s
hardware impairments were incorporated into the channel
model and an MMSE channel estimator was proposed. How-
ever, the purely pilot-based channel estimators of [31], [36],
and [37] are even less competitive in terms of reducing the ICI
than the SBCEs. Therefore, SBCEs capable of substantially
mitigating the impact of ICI in practical LS-MIMO systems
need further investigations.

Channel estimation designed for traditional systems has
been extensively investigated. Among the existing methods,
the subspace-based approach of [38] and [39] exploits the
second-order statistics of the signals, and it represents one of
the most popular blind channel estimation techniques owing
to its attractive performance-versus-complexity tradeoff [40].
Unfortunately, as far as estimating MIMO channels is con-
cerned, the subspace-based blind approach is subject to the
matrix ambiguity problem detailed in [41]. Given that pilot
contamination directly degrades the channel estimation per-
formance, the family of SBCEmethods that can achieve com-
petitive performance by exploiting both the pilots and data
symbols at a moderate extra complexity becomes promis-
ing [42]–[44]. Indeed, the classic subspace-based SBCE
approach has recently been extended to traditional small-
scale MIMO systems [44], [45]. However, the matrix inverse
invoked in the channel estimator of [44] degrades its esti-
mation performance in LS-MIMO systems. This is because

the matrix to be inverted comprises a useful part and an
interference-related part, and the matrix inverse operation
may enhance the part associated with interference. Addition-
ally, the column space of the channel matrix was estimated by
solving the null space of the channel matrix, which imposes a
high computational complexity [45]. Therefore, it is of high
interest to develop subspace-based low-complexity SBCEs
specifically for LS-MIMO systems.

On the other hand, when invoking the SBCE philosophy,
it is possible for the receiver to achieve further performance
improvements with the aid of carefully designed pilots [46].
It was shown in [47] that the pilot design which is opti-
mum in the sense of minimizing the channel estimation
error covariance should satisfy the Welch bound [47]. Since
Zadoff-Chu sequences [48], [49] constitute the largest known
Welch bound equality (WBE) signal sets [50], they have
been recently recommended for pilot design in [51]–[53].
However, these pilots were designed for traditional small-
scale MIMO systems and their achievable performance in
LS-MIMO systems is far away from the Welch bound. The
reasons for this phenomenon are twofold. Firstly, the num-
ber of pilot sequences required by traditional small-scale
multiuser MIMO systems is relatively small, hence for a
given sequence length, it is easy to construct a small number
of orthogonal pilot sequences. By contrast, the number of
orthogonal pilot sequences required by LS-MIMO systems is
much larger, which is often impossible for a given sequence
length, unless the sequence length is infinitely large. How-
ever, long pilot sequences may impose an excessive transmis-
sion overhead. Secondly, in contrast to the case of LS-MIMO
systems, the impact of ICI as a result of pilot contamination
is much lower than that of the noise in traditional small-scale
multiuser MIMO systems, where the pilot contamination
problem may be negligible. Therefore, traditional systems
only focused on the orthogonality of the pilot sequences, and
did not consider whether the pilot sequences are capable of
satisfying the Welch bound or not.

Against the above background, in this paper, a low-
complexity subspace-based SBCE and the specifically
designed optimum pilots capable of minimizing the chan-
nel estimation error covariance are proposed for LS-MIMO
systems. For the sake of reducing the computational com-
plexity of the proposed SBCE, the eigenvectors of the sample
covariance matrix of the received data symbols are relied
upon, although they only approximately determine the chan-
nel matrix. As a result, there is an ambiguity between the
eigenvector-based approximate and the true channel
matrix. The proposed pilot symbols are then invoked for
resolving the ambiguity, which completes the semi-blind
estimation of the channel matrix. The main contributions of
this paper are summarized as follows:

1) A subspace-based SBCE approach that exploits the
asymptotic orthogonality of the channel vectors is pro-
posed for LS-MIMO systems. Compared to that of [44],
the column space of the channel matrix is directly
estimated with the aid of EVD, hence the otherwise
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necessary matrix inversion is avoided. Therefore, the
proposed SBCE performs better than the channel esti-
mator of [44]. Moreover, when maintaining the same
channel estimation performance. the proposed SBCE
imposes a lower computational complexity than that
of [45]. Additionally, the number of BS antennas and
data symbols is assumed to be finite in this paper, thus
our analytical results are applicable to a more practical
scenario in contrast to those of [35].

2) The optimal pilots are specifically designed based
on Zadoff-Chu sequences for the proposed SBCE
approach. The orthogonality of the circularly shifted
Zadoff-Chu sequences is exploited for completely
eliminating the intra-cell interference and for mitigat-
ing the ICI imposed on the channel estimate. The cir-
cularly shifted versions of the proposed pilot sequences
constitute WBE sequences and they are arranged to be
orthogonal within each cell. Hence, the proposed pilots
result in a lower ICI than the pilots of [51]–[53]. The
proposed pilots are also optimal for purely pilot-based
channel estimation in LS-MIMO systems. By contrast,
the design of specific pilots was not investigated
in [35], thus the ICI remained relatively high.

This paper is organized as follows. In Section II, the
general description of the system is presented. The deriva-
tion and the analysis of the proposed SBCE are detailed in
Section III. In Section IV, the design of the optimal pilots
is presented. Our simulation results and discussions are pro-
vided in Section V. Finally, our conclusions are offered in
Section VI.
Notations: Lower-case (upper-case) boldface symbols

denote vectors (matrices); IK is the K -dimensional identity
matrix, and 0M×K represents an (M×K )-element zeromatrix;
(·)∗, (·)T , (·)H and E{·} denote the conjugate, the transpose,
the conjugate transpose and the expectation, respectively; [·]i,
[·]i,j, Re(·), tr(·) and ||·||F are the ith column, the (i, j)th entry,
the real part, the trace and the Frobenius norm of a matrix,
respectively; [A;B] and [A, B] represent the vertical and hor-
izontal concatenation of the matrices A and B, respectively;
� is the Hadamard product operator; || · || is the Euclidean
norm of a vector; x mod N is the modulo-N operation for x;
〈·〉n is the left circular shift of a vector with shift length n;
δ(·) is the Kronecker delta function; CN (µ, σ 2) is a complex
Gaussian random variable with mean µ and variance σ 2; and
a.s.
−→ denotes the ‘‘almost sure’’ convergence.1

II. SYSTEM DESCRIPTION
We consider a system of L hexagonal cells, each of which
comprises a BS and K user terminals (UTs), as shown
in Fig. 1. Each BS is equipped with M antennas and each
UT with a single antenna. Time-division duplexing (TDD) is
employed in the system, thus the uplink (UL) channels are
estimated using the pilots and data signals received at the

1In probability theory, an event happens ‘‘almost surely’’ implies that it
happens with a probability of one.

FIGURE 1. A system of L cells, each of which consists of one BS and K UTs,
and adjoins the neighbouring cells. Each BS is equipped with M antennas,
and each UT has one antenna. The channel from the kth UT in the l th cell
to the mth antenna of the BS in the j th cell is denoted as gjm,lk

.

BS as far as SBCE is concerned, while the downlink (DL)
channels are assumed to be identical to the UL by exploiting
the TDD link’s reciprocity. We assume that the L cells rely
on a frequency reuse factor of one. Additionally, all the UTs
are assumed to be perfectly synchronized for transmitting
pilots and data over frequency-flat block-fading channels in
the same frequency band. The assumption of synchronized
transmissions represents the worst-case scenario for chan-
nel estimation in multi-cell LS-MIMO systems [2], since
it maximizes the pilot contamination. By contrast, the UL
channel estimation problemwould become less challenging if
we assumed unsynchronized transmissions, since in this case
only a fraction of the pilot-transmissions coincide and hence
the impact of pilot contamination is mitigated. Nonethe-
less, it is worth noting that our SBCE and optimum pilots
are also applicable to the less-challenging unsynchronized
transmissions.2

The channel model of the system is detailed below.
We denote the UL channel matrix from the UTs in the lth cell
to the BS in the jth cell as Gjl ∈ CM×K , which is expressed
as

Gjl = HjlDjl, (1)

where Hjl ∈ CM×K is composed of small-scale fading
coefficients, while Djl ∈ RK×K is a diagonal matrix that is
composed of large-scale fading coefficients, which account
for both pathloss and shadowing. More specifically, the chan-
nel from the kth UT in the lth cell to the mth antenna of the
BS in the jth cell is defined as

gjm,lk , [Gjl]m,k = hjm,lkβ
1/2
j,lk , (2)

where hjm,lk = [Hjl]m,k is the small-scale fading coefficient
from the kth UT in the lth cell to themth antenna of the BS in

2In other words, for the sake of evaluating the performance of the pro-
posed pilots and channel estimator in the worst-case scenario, a perfectly
synchronized transmission mode is assumed for all the UTs in the L cells.
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the jth cell. These small-scale fading coefficients are assumed
to be independent and identically distributed (i.i.d.) CN (0, 1)
variables, namely we consider Rayleigh fading. The uncorre-
lated channels correspond to scenarios having rich scattering
and sparsely located antennas. Some contributions consider
correlated channels in LS-MIMO systems [24], [29]–[32],
which correspond to scenarios with low scattering or closely
packed antennas. Since the antennas at the BS may be spaced
sufficiently far from each other, e.g. at least a half-wavelength
spacing, in this paper we only consider uncorrelated channels,
and the extension of the proposed SBCE to the scenario of
correlated channels may be carried out in our future work.
Additionally, β1/2j,lk = [Djl]k,k is the large-scale fading coef-
ficient between the kth UT in the lth cell and the BS in
the jth cell,3 and it is assumed to be known a priori at the
BS [2], [3]. This assumption is reasonable, since for a
given link the large-scale fading changes very slowly and
may be estimated reliably. In practical cellular systems, an
effective power control mechanism may be employed for
compensating the large-scale fading. However, in this paper
we explicitly consider the effects of both the small-scale
and large-scale fading, which represents a more generalized
treatment. To elaborate a little further, the power-control
based scenario may be regarded as a special case of our
treatment, where the impact of the large-scale fading is elim-
inated at the BS and only the small-scale fading effects
have to be considered. Moreover, explicitly considering the
large-scale fading enables us to investigate the cell-edge
performance.

Let us now describe the transmission model of the system
considered. Since TDD is used and the UL channel estima-
tion is employed at the BS, only the UL transmissions are
considered. The received signal matrix of the BS in the jth
cell is given by

Yj =

[
Yp
j ,Y

d
j

]
=

L∑
l=1

GjlSTl + Nj ∈ CM×N , (3)

where Yp
j ∈ CM×Np and Yd

j ∈ CM×Nd are the received
pilot and data matrices, respectively; Np and Nd represent
the number of pilots and data symbols, respectively, and
N = Np + Nd is the number of symbols transmitted per UT;
Sl =

√
pu
[√
Np8l;Al

]
∈ CN×K is the transmitted symbol

matrix of the lth cell, where pu is the average transmitted
power per symbol,

√
puNp8l ∈ CNp×K and

√
puAl ∈ CNd×K

are the transmitted pilot and data matrices, respectively, and
the factor

√
Np scales the average transmitted power of each

pilot symbol to be the same as that of each data symbol;

Nj =

[
Np
j ,N

d
j

]
∈ CM×N is the noise matrix at the receiver,

whereNp
j ∈ CM×Np andNd

j ∈ CM×Nd are matrices composed
of i.i.d. CN (0, 1) entries.

3Due to the assumption of co-located BS antennas, the large-scale fading
coefficients of the channels between the kth UT and the antennas at BS j are
the same, thus the index m is omitted.

Again, we emphasize that the goal of channel estimation
is to estimate the channel matrix Hjj with the aid of the
received signal matrix Yj, and Hjj is assumed to be constant
during the transmission of the block of N symbols. For the
sake of convenient exposition, we rewrite the received signal
matrix Yj in the jth cell as follows:

Yp
j =

√
puNp

L∑
l=1

Gjl8
T
l + Np

j , (4)

Yd
j =
√
pu

L∑
l=1

GjlAT
l + Nd

j . (5)

It is assumed that the columns of the pilot matrix 8l are
orthogonal for the sake of completely eliminating the intra-
cell interference, thus we have 9 ll = IK ,∀l = 1, 2, · · · ,L,
where 9 jl = 8T

l 8
∗
j is the correlation matrix of the pilots.

Additionally, the following assumptions are made for the
pilots and the data symbols. 1) The number of UTs per cell,
K , should be no higher than the number of pilot symbols (also
referred to as the length of pilots) Np, yielding K ≤ Np. Thus
the pilots can satisfy the assumption of 9 ll = IK ,∀l. 2) The
total number of active users in L adjacent cells should be
higher than Np, i.e. we have KL > Np, so that the pilot con-
tamination problem may be characterized in the LS-MIMO
system considered. This is because if we want to avoid ICI
amongst all the KL active users of L adjacent cells, we have
to maintain the orthogonality of the columns of all pilot
matrices 8l, l = 1, 2, · · · ,L, which implies that KL ≤ Np
has to be satisfied. However, since the channel estimation
accuracy is constrained by pilot contamination in LS-MIMO
systems, KL ≤ Np is not realizable. Additionally, we note
that Np is physically determined by the channel’s coherence
interval, thus Np may vary as a function of the transmission
environments. 3) The entries of the data matrix Al are i.i.d.
random variables with zero mean and unit variance, and they
are uncorrelated with the noise. Under these assumptions,
puβj,jk can be interpreted as the average of the signal-to-noise
ratio (SNR) of each BS receiver antenna in the jth cell for the
kth UT in the jth cell.

III. THE SBCE PROPOSED FOR LS-MIMO SYSTEMS
In this section, our SBCE algorithm proposed for LS-MIMO
systems is presented. As mentioned in Section I, the matrix
inverse involved in the channel estimator of [44] degrades the
estimation performance, which we would like to circumvent
in our design. As our further objective, the estimation of the
column space of the channel matrix in [45] will be simplified.
Finally, the channel estimator of [35] is only analyzed in
the idealized scenario, where the number of BS antennas
and the number of data symbols are infinite. We also want
to eliminate this idealized simplifying assumption. In this
section, firstly, the relevant theoretical properties of the chan-
nel matrix of LS-MIMO systems are investigated. Then,
an SBCE is conceived and its properties are benchmarked
against those of other SBCEs.
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A. THEORETICAL PROPERTIES OF THE CHANNEL MATRIX
OF LS-MIMO SYSTEMS
The SBCE takes advantage of both the pilots and the data
symbols, hence it performs better than a totally blind channel
estimator and may also outperform the purely pilot-based
channel estimator. In particular, the subspace-based SBCE
exploits the second-order statistics of the received signals
and it is capable of striking an attractive performance-versus-
complexity tradeoff. Below we will first calculate the covari-
ance matrix of the received data symbols in Yd

j . Then, the
column space of the channel matrix Hjj may be obtained by
employing the EVD of the covariance matrix. More specif-
ically, from (5), the covariance matrix of

[
Yd
j

]
n
,∀n =

1, 2, · · · ,Nd can be written as

RYd
j
= E

{[
Yd
j

]
n

([
Yd
j

]
n

)H}
= pu

L∑
l=1

HjlD2
jlH

H
jl + IM ∈ CM×M . (6)

Here n is omitted in RYd
j
based on the assumption concern-

ing Al in Section II.
The covariance matrix of the received data symbols has to

be determined for the SBCE, and it is usually approximated
by the sample covariance matrix. Like in other SBCEs, the
estimate of the covariance matrixRYd

j
in (6) can be written as

R̂Yd
j
=

1
Nd

Nd∑
n=1

[
Yd
j

]
n

([
Yd
j

]
n

)H
. (7)

As Nd tends to infinity, the sample covariance matrix R̂Yd
j

in (7) converges to the true covariance matrix RYd
j
. We will

provide a range of relevant insights with the aid of asymptotic
analysis. However, the main focus of this paper is on the
analysis of practical systems, where both Nd and M have
finite values.

Since R̂Yd
j
is a Hermitian matrix, its EVD is given by

R̂Yd
j
= Uj6jUH

j , (8)

where the column vectors ofUj ∈ CM×M are the eigenvectors
of R̂Yd

j
, 6j ∈ RM×M is a diagonal matrix of the eigenvalues

of R̂Yd
j
, and the first K diagonal entries of 6j from the upper

left corner are the K largest singular values of R̂Yd
j
. Let Uj be

partitioned as Uj = [Us
j ,U

n
j ], where we have Us

j ∈ CM×K

and Un
j ∈ CM×(M−K ). Then we can formulate the following

proposition, which reveals the relation between Us
j and the

channel matrix Hjj.
Proposition 1: For finite values ofM and K , which satisfy

M ≥ K , Us
j can be almost surely expressed as

Us
j =

1
√
M

(
H̃jj + Fj

)
Ejj, (9)

where Fj ∈ CM×K is a matrix characterizing both the ICI and
the intra-cell interference, while Ejj ∈ CK×K is an unknown
unitarymatrix; H̃jj ∈ CM×K satisfies (1/M )H̃H

jj H̃jj = IK (see
Lemma 1 in Appendix A) and it is related to Hjj via Hjj =

H̃jj4jj, where 4jj ∈ CK×K is formulated as

4jj = IK + 0jj, (10)

in which 0jj ∈ CK×K . Additionally, in the asymptotic sce-
nario where Nd → ∞,M → ∞ and K is fixed, we have
Fj

a.s.
−→ 0M×K .
Proof: See Appendix B.

Remark 1: In our derivation, we consider the scenario
where K is fixed and M → ∞, which corresponds to
the classic multiuser LS-MIMO scenario [54], [56], [57].
There is another scenario satisfying the multiuser LS-MIMO
condition of M � K , where K scales with M at the same
rate. Specifically, a constant ratio of M

K = c is maintained,
where c is typically larger than ten [24]. Asymptotic analyses
for both scenarios may provide tight approximations for finite
M and K [3]. It can be seen from Proposition 1 that Us

j =

(1/
√
M )

(
Hjj4

−1
jj + Fj

)
Ejj. We define Ẽjj = 4−1jj Ejj ∈

CK×K , which is termed as the ambiguity matrix. As long as
Ẽjj is known, the channelmatrixHjj can be estimated fromUs

j .
Based on the above analysis, an SBCE is proposed in the

next subsection.

B. THE PROPOSED SBCE
The pilots are invoked for generating a channel estimate,
which can then be used for resolving the ambiguity matrix Ẽjj
according to Proposition 1. By using (4), the received pilot
symbols can be processed as follows:

Ỹp
j = Yp

j8
∗
j

=
√
puNp

Gjj +
∑
l 6=j

Gjl9 jl


+Np

j8
∗
j ∈ CM×K . (11)

It is assumed that the BSs are noncooperative and each
BS only knows the pilots of its own cell, thus the covari-
ance matrix

∑
l 6=jGjl9 jl is unknown to the BS in the jth

cell. Therefore, the channel matrix Hjj cannot be estimated
by using the classic MMSE criterion. Instead, Hjj can be
estimated by invoking Ỹp

j as

Ĥp
jj =

1√
puNp

Ỹp
j D
−1
jj (12)

= Hjj +1j ∈ CM×K , (13)

where

1j =

∑
l 6=j

HjlDjl9 jl +
1√
puNp

Np
j8
∗
j

D−1jj ∈ CM×K

(14)
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represents the ICI and noise contributions imposed on the
received pilots.

For resolving the ambiguity matrix Ẽjj in the signal sub-
space Us

j and further improving the attainable estimation per-

formance, based on the pilot-aided channel estimate Ĥp
jj, we

will develop a refined channel estimation approach. Accord-
ing to Proposition 1 and (13), we have

1
√
M

(
Us
j

)H
Ĥp
jj = EHjj 4jj + EHjj ϒ

H
j = Ẽ−1jj + EHjj ϒ

H
j ,

(15)

where

ϒ j =
1
M
1H
j

(
H̃jj + Fj

)
+

1
M

HH
jj Fj ∈ CK×K (16)

corresponds to the sum of the ICI, the intra-cell interference
and the noise contaminating the received pilots and data. Note

that (1/
√
M )

(
Us
j

)H
Ĥp
jj in (15) contains the inverse of the

ambiguity matrix Ẽjj. Hence, (15) is used for resolving the
ambiguity matrix in the signal subspace Us

j of the proposed
SBCE. Based on Proposition 1 and (15), we have

√
MUs

j

(
1
√
M

(
Us
j

)H
Ĥp
jj

)
= Hjj +

1
M

H̃jjH̃H
jj 1j + F̃j

, Ĥs
jj, (17)

where

F̃j =
1
M

[(
H̃jj + Fj

)
FHj

(
Hjj +1j

)
+ FjH̃H

jj 1j

]
+Fj4jj ∈ CM×K (18)

is caused by the ICI and the intra-cell interference imposed
on the received data symbols. Note that Ĥs

jj is the estimate
of the channel matrix Hjj based on the proposed subspace-
based SBCE approach. Upon comparing (9) to (17), it can be
seen that the ambiguity matrix Ẽjj is completely resolved in
the channel estimate Ĥs

jj, and the residual estimation error is
caused by the ICI, the intra-cell interference and the noise.
It can be seen from (17) that

Ĥs
jj = Us

j

(
Us
j

)H
Ĥp
jj, (19)

which is a compact form of representing the proposed SBCE
approach.

For the sake of explicit clarity, the proposed SBCE algo-
rithm is summarized as follows.

For any estimator, the unbiased nature and the efficiency
are the two salient metrics of characterizing its performance.
In the next subsection, we will examine the proposed SBCE
from these two aspects.

C. PERFORMANCE ANALYSIS
In this subsection, both the bias and the estimation error
covariance of the proposed SBCE are analyzed. Addition-
ally, the proposed SBCE is compared to other representative
SBCEs.

Algorithm 1 Subspace-Based SBCE Approach for
LS-MIMO Systems

Step 1) Compute the sample covariance matrix R̂Yd
j
using

(7).
Step 2) Perform EVD of R̂Yd

j
using (8).

Step 3) Find Us
j that corresponds to the largest K singular

values of R̂Yd
j
.

Step 4) Compute the pilot-based channel estimate Ĥp
jj using

(12).
Step 5) Obtain the subspace-based semi-blind channel esti-

mate Ĥs
jj using (19).

1) THE BIAS OF THE PROPOSED SBCE
From (17), the bias matrix of Ĥs

jj is formulated as [57, p. 18]

B
{
Ĥs
jj

}
= E

{
Ĥs
jj

}
−Hjj = E

{
F̃j
}
. (20)

It can be seen that the bias matrix is a non-zero matrix due to
the ICI and the intra-cell interference imposed on the received
data. According to Proposition 1, we have Fj

a.s.
−→ 0M×K as

Nd → ∞,M → ∞ and K is fixed. Hence, the proposed
SBCE is asymptotically unbiased.

2) THE ESTIMATION ERROR COVARIANCE OF THE
PROPOSED SBCE
The estimation error covariance is also a key performance
indicator of the proposed SBCE. Let

RH̃s
jj
= E

{
H̃s
jj �

(
H̃s
jj

)∗}
∈ RM×K , (21)

where

H̃s
jj = Ĥs

jj −Hjj ∈ CM×K (22)

is the estimation error matrix. Then
[
RH̃s

jj

]
m,n

is the estima-

tion error covariance of
[
Ĥs
jj

]
m,n

. It is shown in Appendix C

that we have:

[
RH̃s

jj

]
m,n
=

[
RF̃j

]
m,n
+

∣∣∣∣∣∣[H̃T
jj

]
m

∣∣∣∣∣∣2
Mβj,jn

×

p−1u N−1p +
∑
l 6=j

K∑
k=1

βj,lk

∣∣∣[9 jl
]
k,n

∣∣∣2
,

(23)

where

RF̃j
= E

{
F̃j � F̃∗j + 2 Re

((
1
M

H̃jjH̃H
jj 1j

)
� F̃∗j

)}
∈ RM×K (24)

is caused by the ICI and the intra-cell interference inflicted
upon the received data symbols, 9 jl corresponds to the ICI
in the pilots and the term p−1u N−1p is caused by the noise.
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Recall from Proposition 1 that we have Fj
a.s.
−→ 0M×K as

Nd → ∞,M → ∞ and K is fixed. Additionally, the term
right behind the first plus sign in (23) is inversely propor-
tional toM . Therefore, the estimation error covariance of the
proposed SBCE tends almost surely to zero as Nd → ∞,

M →∞ and K is fixed.

3) COMPARISON WITH OTHER REPRESENTATIVE CHANNEL
ESTIMATORS
In [35], a meritorious SBCE method was proposed for
LS-MIMO systems, which performs SVD of the received
data matrix Yd

j . The analysis in [35] shows that the ICI can
be completely eliminated for infinite M ,Nd and finite K
values, which is also the case for our analysis. In contrast
to [35], in this paper our goal is to analyze the estimation error
for finite M and Nd values, which corresponds to practical
LS-MIMO systems. Furthermore, the residual ICI will be
mitigated with the aid of our optimum pilot design in the next
section, which was not investigated in [35].

When the algorithm of [44] is modified for LS-MIMO
systems, the semi-blind channel estimate may be formulated
as:

Ĥn
jj = MUs

j

(
Ĥp
jj

(
Us
j

)H)−1
. (25)

By substituting (9) and (13) into (25), Ĥn
jj is expressed as

Ĥn
jj =

(
Hjj + Fj4jj

) (
4jj + 0

H
jj 4jj +ϒ j4jj

)−1
, (26)

where 0jj, cf. (10), corresponds to the correlation of the
columns of Hjj. It can be seen in (26) that the estimator
modified from that of [44] becomes biased in LS-MIMO
systems. Additionally, the bias is not only caused by the
interference, but also by the correlation of channel vectors.
By contrast, our analytical result given by (20) shows that the
bias of the proposed SBCE is only caused by the interference.
Therefore, we draw the conclusion that the matrix inverse
operation in (25) partially loses some of the CSI inherently
contained in the received signals.

The proposed SBCE has a similar computational
complexity to that of the SBCEs of [35] and [44].
The computational complexity of the representative algo-
rithms considered are compared in the asymptotic sense
using the big O notation [63]. Specifically, the compu-
tational complexity of Step 1, Step 4 and Step 5 of
the proposed SBCE scheme is O

(
NdM2

)
, O

(
MK 2

)
and

O
(
2KM2

)
, respectively. The complexity of the remain-

ing steps in the proposed SBCE is O
(
M3
)
. Compared to

the proposed SBCE scheme, our pilot design has a neg-
ligible computational complexity, since it is an off-line
design. As a result, the total computational complexity
of the proposed joint channel estimation and pilot design
scheme is approximately O

(
M3
+ NdM2

+ 2KM2
+MK 2

)
.

The computational complexity of the semi-blind approach
of [44] can be calculated in a similar manner, which
is O

(
M3
+ KM2

+ 2KM
)
. Moreover, the computational

complexity of the blind channel estimation based approach
of [35] is O

(
M3
+ 2KM2

+ K 2M
)
.

In Fig. 2, the base-10 logarithms of the computational
complexities (in big O notation) versus the number of the BS
antennasM for these three approaches are shown. We can see
that the complexity of the proposed approach is higher than
that of the benchmark approaches. Nevertheless, the proposed
approach is capable of achieving better performance than
the other approaches considered, as shown in Figs. (3)-(7).
Therefore, the proposed approach strikes an attractive
tradeoff between the achievable performance and the com-
putational complexity.

FIGURE 2. Comparison of the computational complexity of various
estimation methods versus the number of the base station antennas M.
Assume Nd = 300 and K = 11.

Furthermore, our analysis provided in Section III.C is more
general than that in [35] and the proposed SBCE outperforms
the schemes advocated in [44]. Additionally, the channel
estimator of [45] estimates the column space of the channel
matrix with the aid of the null space of the channel matrix,
which is not necessary in our system considered. The MMSE
channel estimators of [31]–[36] exhibit much lower com-
putational complexities than the proposed SBCE, but their
performance is less attractive, since they are not capable of
reducing the ICI.

It can be seen from (23) that 9 jl, l 6= j, is the cross-
correlation matrix of the pilots. Hence, using carefully
designed pilots is critical for improving the performance of
the proposed SBCE.

IV. PILOT DESIGN
In this section, an optimum pilot design is proposed.
Although several pilot designs have been conceived for
ICI cancellation [51]–[53], these pilots were not designed
specifically for the proposed SBCE aided LS-MIMO sys-
tems. Hence, a pilot design criterion is proposed and Zadoff-
Chu sequences based pilots are designed according to this
criterion.

The properties of the pilots directly influence the estima-
tion error covariance of our SBCE. It has been previously
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shown that the ICI, which corresponds to RF̃j
and 9 jl

in (23), substantially degrades the performance of the pro-
posed SBCE. Since F̃j, cf. (18), is caused by the ICI contam-
inating the received data symbols, RF̃j

in (23) is not related
to the design of pilots. Then, it can be observed that the ICI
caused by the pilots is related to both 9 jl and the large-scale
fading coefficients βj,lk , l = 1, 2, · · · ,L, k = 1, 2, · · · ,K .
Although these large-scale fading coefficients are assumed to
be known a priori at the corresponding BS, they are typically
different for different UTs and vary when the UTs move.
In this paper, since we focus on optimizing the statistical
performance rather than the instantaneous performance in
designing the pilots, it is infeasible to exploit the instanta-
neous large-scale fading coefficients of all UTs. Assuming
that each UT obeys the same statistical mobility model, their
distances from the corresponding BSs are i.i.d random vari-
ables. Therefore, the mean of each UT’s distance is the same
and from a long-term perspective each UT encounters the
same average large-scale fading. Additionally, since themean
of log-normal distributed shadowing is the path-loss, we may
rely only on the average pathloss coefficient, which is the
same for all UTs, when designing the statistically optimal
pilots. Hence, the proposed pilot optimization criterion is

min
81,82,··· ,8L

L∑
j=1

∑
l 6=j

∣∣∣∣9 jl
∣∣∣∣2
F

s.t. 9 ll = IK , ∀l = 1, 2, · · · ,L,∀Np, K ≤ Np < KL.

(27)

Note that the optimization variables in (27) are
8l, l = 1, 2, · · · ,L, which are related to 9 jl via
9 jl = 8

T
l 8
∗
j . Additionally, the constraint9 ll = IK indicates

that the cumulative transmit power of the Np pilot symbols of
each user isPuNp, cf. (4). It can be seen that the proposed pilot
design criterion of (27) is derived based on the expression of
our channel estimate tailored for the ICI scenario considered.
We will demonstrate in Section V that this criterion is more
effective than the existing pilot design criteria of [51]–[53] in
the scenario considered.

Observe that the channel estimation error caused by pilot
contamination is minimized when the summation in (27)
is minimized, since the average pathloss coefficients are
regarded to be identical. Because the autocorrelation of the
pilots should satisfy 9 ll = IK ,∀l = 1, 2, · · · ,L, the
pilot sequences of all UTs [8l]k , l = 1, 2, · · · ,L, k =
1, 2, · · · ,K , should be unit vectors. Moreover, the assump-
tion of Np < KL must be satisfied, which implies that the
number of entries in the vector [8l]k ,∀k, l should be less
than the total number of these vectors. Then, the summation
in (27) is bounded by the Welch bound [47], i.e. we have

L∑
j=1

∑
l 6=j

∣∣∣∣9 jl
∣∣∣∣2
F ≥

(KL)2

Np
− KL. (28)

Therefore, the objective of our pilot design is to construct
sequences that satisfy both the Welch bound and the last

two constraints of (27). Again, sequences that satisfy the
Welch bound are known as WBE sequences. If [8l]k , l =
1, 2, · · · ,L, k = 1, 2, · · · ,K , are WBE sequences, they will
satisfy

||f||2 = c
L∑
l=1

∣∣∣∣∣∣fH8l

∣∣∣∣∣∣2 , ∀f ∈ CNp (29)

for some c > 0 [47]. Therefore, if [8l]k , l =

1, 2, · · · ,L, k = 1, 2, · · · ,K , are optimal pilot sequences,
they should constitute a solution to the minimization prob-
lem of (27), which implies that they should also be WBE
sequences, i.e. they should satisfy (29). It has been shown
in [60] that (29) is satisfied if and only if the rows of

� = [81,82, · · · ,8L] ∈ CNp×KL (30)

are orthogonal. More specifically, the pilot optimization cri-
terion of (27) can be rewritten as

min
81,82,··· ,8L

Np∑
m=1

∑
m 6=n

∣∣∣([�T ]m)H [�T ]n
∣∣∣2 ,

s.t. 9 ll = IK , ∀l = 1, 2, · · · ,L,∀Np, K ≤ Np < KL.

(31)

Among the existing sequences, the class of Zadoff-Chu
sequences is the largest known set of WBE sequences [52].
Hence, Zadoff-Chu sequences are invoked for pilot design in
this treatise. In traditional pilot design approaches [51]–[53],
the Zadoff-Chu sequences were first designed for ensuring
the orthogonality of the pilots of the UTs, and they were then
refined according to other relevant criteria. For example, the
pilots of [51] were first designed to be orthogonal for all of
the UTs within the same cell, and then they were refined
to achieve the minimum variation of the cross-correlation

value
∣∣∣[9 jl

]
k,n

∣∣∣2 for theUTs in different cells. However, these
pilots were not WBE sequences, hence the channel estima-
tion error covariance in (23) is not minimized. By contrast,
in this treatise, the Zadoff-Chu sequences are invoked for
ensuring the orthogonality of the row vectors of � shown
in the criterion (31), and then they are refined for ensuring
the orthogonality of the pilots of the UTs characterized by
9 ll = IK of (31). For the sake of ensuring the orthogonality
of the rows of �, the nth entry of the Zadoff-Chu sequence
having a length of KL may be written as [48]

bn = exp
(
i
Aπ
KL

n (n+ (KL mod 2))
)
, (32)

where A is an integer that is relatively prime to KL. Note that
here n can be any natural number, and the vectorial form of a
specific Zadoff-Chu sequence is expressed as

b = [b0, b1, · · · , bKL−1]. (33)

The autocorrelation properties of Zadoff-Chu sequences by
definition ensure that the inner product of 〈b〉m′ and 〈b〉n′ is
〈b〉m′

(
〈b〉n′

)H
= KLδ(m

′

−n
′

), m
′

, n
′

∈ {0, 1, · · · ,KL−1}.
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Then, the transpose of the mth row of the pilot matrix � can
be expressed as[

�T
]
m
=

1√
Np

(
〈b〉sm

)T
, m = 1, 2, · · · ,Np, (34)

where sm ∈ {0, 1, · · · ,KL− 1} is the circular shift length for
the mth row of �. When sm satisfies sm1 6= sm2 ,∀m1,m2 ∈

{1, 2, · · · ,Np},m1 6= m2, the rows of� are orthogonal. It can
be seen that the column vectors of � are unit vectors, hence
the resultant pilots areWBE sequences when the circular shift
length sm in (34) exhibits different values for different m.
Then, the condition for the designed pilot sequences to satisfy
([�T ]m)H [�T ]n = 0,∀m 6= n and 9 ll = IK ,∀l =
1, 2, · · · ,L of (31) is given by the following proposition.
Proposition 2: WhenNp = aK , a = 1, 2, · · · ,L−1, sn =
b(n− 1)L/ac, n = 1, 2, · · · ,Np, the columns of � are WBE
sequences, and 9 ll = IK ,∀l = 1, 2, · · · ,L.

Proof: See Appendix D.
Remark 2: The pilots designed can only satisfy the crite-

rion (31) when we have Np = aK , a = 1, 2, · · · ,L − 1.
More explicitly, when the number of pilot symbols Np is
an integer multiple of the number of simultaneously active
UTs per cell, K , the resultant pilots satisfy the orthogonality
requirement of 9 ll = IK ,∀l = 1, 2, · · · ,L. Meanwhile, the
requirement of being WBE sequences can also be satisfied,
hence the sum of the cross-correlation values of the pilots,
namely

∑L
j=1

∑
l 6=j

∣∣∣∣9 jl
∣∣∣∣2
F is minimized, and the estimation

error covariance of Ĥs
jj relying on our SBCE is alsominimized

for a range of transmission scenarios. Hence, following the
proposed design procedure is crucial for designing pilots that
meet the criterion of (26). By contrast, the pilots obtained
by relying on the schemes of [51]–[53] cannot satisfy this
criterion. When the design criterion (31) is followed, the
pilot contamination effect caused by the reuse of the pilots
in different cells is also minimized. Therefore, the proposed
SBCE’s performance is improved.

V. SIMULATION RESULTS AND DISCUSSIONS
In this section, our simulation results are provided for vali-
dating our theoretical analysis. The system consists of L = 7
hexagonal cells that share the same frequency band. The cen-
tral cell is surrounded by the other six cells, and the cell edges
connecting the neighboring cells have the same length. The
cell radius r (from center to edge) is 1000 meters, while the
distance between any UT and its serving BS is no lower than
rmin = 100 meters and no higher than rmax = 800 meters.
The pathloss decay exponent is α = 3.8. More explicitly,
the large-scale fading coefficient from each UT to the BS
can be expressed as βj,lk = 1/(rj,lk /100)

α when the power
is measured in Watt,4 where rj,lk is the distance between
the kth UT in the lth cell to the BS in the jth cell. QPSK
modulation is used for the transmission of data symbols, and

4This means that the large-scale fading has boils down to the average
pathloss from the long-term perspective, since the shadowing effect has been
averaged out statistically.

the number of data symbols per transmit frame is Nd = 300.
The BS of each cell is equipped withM = 100 antennas, and
serves K = 11 UTs simultaneously. In our simulations, the
estimation error covariance of the proposed SBCE is defined

as (1/MKL)
∑L

j=1

∣∣∣∣∣∣H̃s
jj

∣∣∣∣∣∣2
F
, and the estimation error covari-

ances of the benchmarking channel estimators are defined in
a similar manner.

A. COMPARISON OF THE PROPOSED PILOTS TO OTHER
ZADOFF-CHU SEQUENCES BASED PILOTS
The pilots proposed in [51] and [52] for the UTs
of each cell are the circularly shifted versions of the
sequence b̃ =

[
b̃0, b̃1, · · · , b̃Np−1

]
, where b̃n =

exp
(
iÃπn

(
n+

(
Np mod 2

))
/Np

)
, n = 0, 1, · · · ,Np − 1,

and the sequence parameter Ã is set as follows.5 1) When
Np = 11, 22, 44, we set Ã = 1, 3, 5, 7, 9, 13, 15. 2) For
Np = 33, we assign Ã = 1, 2, 4, 5, 7, 8, 10. 3) When
Np = 55, we have Ã = 1, 2, 3, 4, 6, 7, 8. 4) For Np = 66,
Ã = 1, 2, 5, 7, 13, 17, 19. The pilots proposed in [53] for
the UTs in one cell are the circularly shifted versions of
the sequence b̄ =

[
b̄0, b̄1, · · · , b̄Np−1

]
, and are reused

in different cells, where b̄n = exp(iπn(n + (Np mod
2))/Np), n = 0, 1, · · · ,Np − 1. For the proposed pilots,
the sequence parameter A in (32) is set to one. It can be
seen that all these pilots satisfy the requirement of 9 ll =

IK ,∀l = 1, 2, · · · ,L. Moreover, for the sake of avoiding
any performance-dependence on the network topology, the
proposed pilots are allocated randomly to each cell in each
trial. The simulations are conducted in a noiseless environ-
ment, thus the channel estimation error covariances explicitly
reflect the impact of the interference.

In Fig. 3, the sum of correlations
∑L

j=1
∑L

l=1

∣∣∣∣9 jl
∣∣∣∣2
F of

different pilots was evaluated forNp = 11, 22, 33, 44, 55, 66.
We can see that the proposed pilots satisfy the Welch bound
and their sum of correlations is significantly lower than that of
the benchmarkers. In Fig. 4, the estimation error covariances
of the proposed SBCE invoking different pilots are shown for
Np = 11, 22, 33, 44, 55, 66. It is observed that for the pro-
posed SBCE the estimation error covariance corresponding
to the proposed pilots is significantly lower than that of the
benchmarking pilots of [51]–[53]. In Fig. 4, for the sake of
clarity, the curves are obtained without considering the noise,
which explicitly reflects the impact of pilot designs on the
ICI. Jointly observing Fig. 3 and Fig. 4, we can conclude
that if the proposed pilots enjoy the minimum sum of cor-
relations, i.e., satisfying the Welch bound, the ICI can also be
minimized in the multi-cell scenario. Therefore, the influence
of pilot contamination can be more effectively mitigated as
compared to the schemes in [51]–[53].

5In each setup considered, Ã has seven values, each of which is for one
cell.
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FIGURE 3. Sum of the correlations versus the number of pilot symbols for
different pilots, and they are benchmarked against the Welch bound. The
number of UTs per cell is K = 11, the number of BS antennas is M = 100,
and the number of cells is L = 7. Noiseless flat Rayleigh distributed
block-fading channels are considered.

FIGURE 4. The estimation error covariances of the proposed SBCE versus
the number of pilot symbols for different pilots. Noiseless flat Rayleigh
distributed block-fading channels are considered. The number of UTs per
cell is K = 11, the number of BS antennas is M = 100, and the number of
cells is L = 7.

B. PERFORMANCE COMPARISON OF THE PROPOSED
SBCE AND OTHER CHANNEL ESTIMATORS WHEN USING
THE SAME AND SHORT PILOTS
In these illustrations, the number of pilot symbols is set to
Np = K . Note that for the sake of fair comparison, the
same pilots obtained from our design are employed for all
the channel estimators considered. In this case, the channel
estimators of [35] and [45] and the proposed SBCE exhibit
the same performance. Hence, the performance of the channel
estimators of [35] and [45] is not shown in the simulations.

Fig. 5 shows the estimation error covariances of different
channel estimators versus the received SNR γ = puβM of
the UT farthest away from its BS, where β = 1/(rmax/100)ν

FIGURE 5. The estimation error covariances versus the received SNR γ at
the BS for various channel estimators using the same and short pilots
obtained from our design. The estimation error covariance is measured
for the UT farthest away from its BS. Flat Rayleigh distributed
block-fading channels are considered. The number of pilot symbols is
Np = K = 11, where K is the number of UTs per cell. The number of BS
antennas is M = 100, and the number of cells is L = 7.

is the minimal possible pathloss coefficient between the UTs
and their serving BSs. In Fig. 5, it is observed that when
the received SNR is high, the estimation error covariance
of the proposed SBCE is significantly lower than that of
the other channel estimators considered. The interference
gradually starts to dominate the estimation error covariances
of these channel estimators as the SNR increases and the
noise becomes negligible. The benchmark SBCE developed
from that of [44] becomes biased due to both the interference
and the correlation of the channel vectors, which implies
that it partially loses the CSI inherently encapsulated in the
received signals. Hence the estimation error covariance of the
benchmark SBCE inspired by [44] is significantly higher than
that of the proposed SBCE. These results confirm that the
ICI and intra-cell interference contaminating the estimated
signal subspace makes all the benchmark estimators biased,
and the ICI cannot be completely eliminated when the esti-
mator of [35] is employed. Moreover, it can be observed
that the estimation error covariance of the benchmark SBCE
developed from [44] first slightly increases and then slightly
decreases when the SNR increases. This phenomenon can
be explained by analyzing Ĥn

jj in (26), which corresponds
to the benchmark SBCE adapted from [44]. When the SNR
is low, the matrix inverse in (26) is dominated by the

term (1/
√
puNp)N

p
j8
∗
j D
−1
jj in (14). Hence, we have Ĥn

jj ≈

M
√
puNp(8T

j (N
p
j )
H )−1Djj, and the estimation error covari-

ance of the benchmark SBCE adapted from [44] increases
when the SNR increases. When the SNR is high and the
number of BS antennasM is large, the matrix inverse in (26)
is dominated by4jj. Consequently, the matrix inverse can be
approximated by its Neumann series [61, p. 55]. Hence, we
have Ĥn

jj ≈ (Hjj+Fj4jj)(IK −0jj−0Hjj 4jj−ϒ j4jj), and the
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estimation error covariance of the benchmark SBCE adapted
from [44] decreases when the SNR increases.

Fig. 6 shows the BERs of the different channel estimators
versus the received SNR γ , when considering the UT that is
farthest away from its BS. The MMSE detector is employed
for detecting data symbols, along with the respective channel
estimators. It is observed that the BER of the proposed SBCE
is significantly lower than that of the benchmark estimator
of [44] in the medium- and high-SNR region. These results
also validate that the proposed SBCE mitigates the ICI more
effectively than the estimator of [44], thus it performs better.

FIGURE 6. BERs versus the received SNR γ at the BS for various channel
estimators. The BER is measured for the UT farthest away from its BS. Flat
Rayleigh distributed block-fading channels are considered. The number of
pilot symbols is Np = K = 11, where K is the number of UTs per cell. The
number of BS antennas is M = 100, and the number of cells is L = 7. The
pilots employed are the same for all the channel estimators considered.

It can be seen from Fig. 5 and Fig. 6 that the estimation
error of the proposed SBCE is lower than that of the purely
pilot-based channel estimator, albeit the BER of the former
is higher than that of the latter in the high-SNR region. The
reason for this phenomenon is that the ICI imposed on the
purely pilot-based channel estimator becomes less significant
at high SNRs than at low SNRs. More specifically, according
to our definition of the received SNR in Sec. V-B, high SNRs
imply that the UT considered is near the BS. As a result, the
advantage of the proposed SBCE over the purely pilot-based
channel estimator quantified in terms of its ICI mitigation
becomes less critical.

On the other hand, it can be seen from Fig. 5 and Fig. 6
that the estimation error covariances and BERs of all these
channel estimators saturate to some degree in the high-SNR
region. The results imply that although the proposed SBCE
is capable of mitigating the ICI more effectively than the
existing channel estimators, it still fails to completely elim-
inate the ICI. It is observed from Fig. 6 that the BER of
the proposed SBCE based scheme is significantly lower than
that of the benchmark estimator of [44] and the estimator
of (19) (represented by the triangle-marked red line), which

uses the columns of Hjj instead of the subspace Us
j in the

medium and high SNR regime. The columns of the true signal
subspace Us

j are highly correlated with the columns of Hjj
(the red line), as demonstrated in [33] and [35], but they are
not identical. To elaborate a little further, as shown in [33],
each column of the channel matrix Hjj can be estimated
from the corresponding eigenvector of the covariance matrix
RY dj

as M becomes large, i.e., Uj = HjjẼjj, where Ẽjj is the

ambiguity matrix. As long as Ẽjj is known, the channel matrix

Hjj can be estimated from Uj , where Uj =

[
Us
j ,U

n
j

]
.

C. PERFORMANCE COMPARISON OF THE PROPOSED
SBCE AND OTHER CHANNEL ESTIMATORS WHEN USING
DIFFERENT AND LONG PILOTS
In these investigations, the number of pilot symbols is set
to Np = 5K . In this case, the channel estimator of [35]
and [45] uses the known pilots of [51]–[53] and the pro-
posed SBCE employs our newly designed pilots. The first
benchmark scheme is constituted by the channel estimator
of [35] and [45] using the pilots of [51] and [52], while the
second one is the channel estimator of [35] and [45] using the
pilots of [53].

FIGURE 7. The estimation error covariances versus the received SNR γ at
the BS for various channel estimators using different and long pilots. The
estimation error covariance is measured for the UT farthest away from
its BS. Flat Rayleigh distributed block-fading channels are considered. The
number of pilot symbols is Np = 5K = 55, where K = 11 is the number of
UTs per cell. The number of BS antennas is M = 100, and the number of
cells is L = 7. The proposed SBCE uses our newly designed pilots.

More specifically, Fig. 7 shows the estimation error covari-
ances of different channel estimators versus the received
SNR γ of the UT that is farthest away from its BS. We can
see from Fig. 7 that the proposed SBCE outperforms the
other two approaches. The simulations demonstrate that the
estimation performance of the proposed SBCE is better than
that of [35] and [45], where the pilots were not specifi-
cally designed for reducing the ICI of LS-MIMO systems.
In this regard, Fig. 7 also confirms that the proposed SBCE
is more generically applicable than that of [35] and [45],
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although neither the channel estimator of [35] nor the pro-
posed SBCE can completely eliminate ICI, when the number
of BS antennas and the number of data symbols are finite.

VI. CONCLUSIONS AND FUTURE WORK
A semi-blind channel estimator (SBCE) was proposed for
improving the performance of LS-MIMO systems. The pro-
posed SBCE first estimates the column space of the chan-
nel matrix, and then estimates the channel matrix with
the aid of the optimum pilots in the sense of minimizing
the channel estimation error covariance. It was shown that
the proposed SBCE approach exhibits a significantly better
performance than other state-of-the-art SBCEs in LS-MIMO
systems. Our theoretical analysis revealed that the optimal
pilots should satisfy the Welch bound and be orthogonal
to each other within each cell. Inspired by this insight,
Zadoff-Chu sequences with the best possible circular shifts
were designed, which were shown to be optimal for both the
proposed SBCE and the purely pilot-based channel estimator.

Since in this paper we only considered uncorrelated chan-
nels, the extension of the proposed SBCE to the scenario of
correlated channels may be carried out in our future work.
Additionally, since the length of the proposed pilot sequences
is constrained to be an integer multiple of the number of
simultaneously active UTs per cell, pilot sequences with
arbitrary lengths will also be designed in our future work.
We can further relax some of the constraints (including the
number of the cells, the number of the BS antennas and the
number of users) imposed on the optimal pilot sequences by
exploiting a simple user scheduling strategy depending on the
angle-of-arrival distribution of the selected users.Meanwhile,
we can also mitigate or eliminate pilot contamination with
other approaches, such as pilot contamination precoding,
pilot reuse and directional antennas.

APPENDIX A
PROOF OF LEMMA 1
Lemma 1: Consider a matrix X ∈ CM×K composed of

i.i.d. CN (0, 1) entries. For M ≥ K , X can almost surely be
written as

X = X̃4, (35)

where X̃ ∈ CM×K satisfies (1/M )X̃H X̃ = IK , and 4 ∈
CK×K can be expressed as

4 = IK + 0, (36)

where 0 ∈ CK×K . Furthermore, we have X
a.s.
−→ X̃ when

M →∞.
Proof: ForM ≥ K ,X defined in Lemma 1 almost surely

has full rank [62, p. 22]. The QR decomposition of X can
be expressed as X = (X̃/

√
M )(
√
M4−1), where X̃ satisfies

(1/M )X̃H X̃ = IK , and 4 is an upper triangular matrix given
by 4 = IK + 0.
According to the law of large numbers, for a mas-

sive MU-MIMO system the following relation holds

true [5]:

1
M

XHX
a.s.
−→ IK , as M →∞. (37)

Hence, we have4
a.s.
−→ IK asM →∞, which means X

a.s.
−→

X̃ as M →∞.

APPENDIX B
PROOF OF PROPOSITION 1
The proof of Proposition 1 relies on the Lemma 1 given
above, while the proof of this lemma is given in Appendix A.

According to Lemma 1, forM ≥ K , the channel matrixHjl
can almost surely be written as

Hjl = H̃jl4jl, (38)

where H̃jl ∈ CM×K satisfies (1/M )H̃H
jl1
H̃jl2 = δ(l1 − l2)IK ,

and 4jl ∈ CK×K can be expressed as

4jl = IK + 0jl, (39)

in which 0jl ∈ CK×K .
Substituting (5) and (38) into (7), we have

R̂Yd
j
=

1
Nd

(
√
pu

L∑
l=1

GjlAT
l + Nd

j

)

×

(
√
pu

L∑
l=1

GjlAT
l + Nd

j

)H
=

pu
Nd

H̃jjPjjH̃H
jj +Qj (40)

where Pjj = 4jjDjjAT
j A
∗
j Djj4

H
jj ∈ CK×K and Qj ∈ CM×M

represents the remaining part of the summation in (40). Let
us formulate the EVD of Pjj as Pjj = Ejj3jjEHjj , where
Ejj ∈ CK×K is the matrix of the eigenvectors of Pjj, and
3jj ∈ RK×K is a diagonal matrix of the eigenvalues of Pjj.
Since Pjj is Hermitian, Ejj is a unitary matrix. Then, the K
eigenvectors of R̂Yd

j
corresponding to the largest K eigenval-

ues of R̂Yd
j
form the matrix Us

j =

(
(1/
√
M )H̃jjEjj + Bj

)
=

(1/
√
M )

(
H̃jj +

√
MBjEHjj

)
Ejj, where Bj ∈ CM×K corre-

sponds to both the ICI and the intra-cell interference. Hence,
we have

Us
j =

1
√
M

(
H̃jj + Fj

)
Ejj, (41)

where Fj =
√
MBjEHjj ∈ CM×K also corresponds to the ICI

and the intra-cell interference.
Additionally, when Nd → ∞,M → ∞ and K is fixed,

R̂Yd
j
in (40) tends almost surely toRYd

j
in (6) andHjj

a.s.
−→ H̃jj,

and we have

R̂Yd
j

a.s.
−→ pu

L∑
l=1

H̃jlD2
jlH̃

H
jl + IM . (42)
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E
{[
1j
]
n

([
1j
]
n

)H}
= β−1j,jnE

tr
∑

l 6=j

Djl
[
9 jl
]
n

([
9 jl
]
n

)H Djl +
1

puNp

[
8∗j

]
n

([
8∗j

]
n

)H IM

= σ1IM (44)

According to the statement above (3), we know that[
Djj
]
k1,k1

>
[
Djl
]
k2,k2

,∀l 6= j, ∀k1, k2. Therefore, we have

R̂Yd
j

a.s
→ pu

L∑
l=1

H̃jlD2
jlH̃

H
jl + IM

≈ puH̃jjD2
jjH̃

H
jj + IM .

In other words, the effects of the ICI and the intra-cell
interference on R̂Yd

j
approximately vanish. Since we have

1
M H̃H

jl1
H̃jl2 = δ (l1 − l2) IK as M → ∞ (see Lemma 1 in

Appendix A), we can conclude that the largest K eigenvalues

of R̂Yd
j
tend almost surely to be the diagonal elements of D2

jj,
and the corresponding eigenvectors tend almost surely to be
in the column space of H̃jj. Hence, Fj in (41) tends almost
surely to a zero matrix.

APPENDIX C
THE ESTIMATION ERROR COVARIANCE OF THE
PROPOSED SBCE
Here the estimation error covariance of the proposed SBCE is
derived. By substituting (17) into (22), the channel estimation
error matrix can be written as

H̃s
jj =

1
M

H̃jjH̃H
jj 1j + F̃j. (43)

Using (14), we obtain (44), as shown at the top of this page,
where σ1 = p−1u N−1p β−1j,jn + β

−1
j,jn

∑
l 6=j
∑K

k=1 βj,lk |[9 jl]k,n|2.
Then, the expectation is given by

E


∣∣∣∣∣
[
1
M

H̃jjH̃H
jj 1j

]
m,n

∣∣∣∣∣
2


=
σ1

M2

([
H̃T
jj

]
m

)T
H̃H
jj H̃jj

([
H̃T
jj

]
m

)∗
=
σ1σ2

M
, (45)

where σ2 =
∣∣∣∣∣∣[H̃T

jj

]
m

∣∣∣∣∣∣2. By substituting (43) and (45)

into (21),
[
RH̃s

jj

]
m,n

can be expressed as (23).

APPENDIX D
PROOF OF PROPOSITION 2
Since sn = b(n − 1)L/ac, n = 1, 2, · · · ,Np, a =

1, 2, · · · ,L − 1, we obtain sn+a = sn + L, n =
1, 2, · · · ,Np − a. When Np = aK , 0 ≤ sn <

KL holds. Because a < L, we have sm1 6= sm2 for
m1 6= m2, which means that the rows of � are orthogonal.

Therefore, Np = aK , a = 1, 2, · · · ,L − 1 implies that the
designed pilots are WBE sequences.

Then, the relationship of9 ll = IK ,∀l is proven as follows.
Using (32), we arrive at bn = bn+KL . By substituting (33)
into (34), the column vector [�]m can be written as

([�]m)
T
=

1√
Np

[
bs1+m−1, bs2+m−1, · · · , bsNp+m−1

]
,

(46)

where m = 1, 2, · · · ,KL. Then, the inner product of [�]m
and [�]m+j is given by

([�]m)
T ([�]m+j)

∗
=

1
Np

Np∑
n=1

bsn+m−1b
∗

sn+m+j−1

= ηm

Np∑
n=1

exp
(
i
−2πA
KL

jsn

)
, (47)

where we have

ηm =
1
Np

exp
(
i
πA
KL

(
−j2 − 2j(m− 1)− j (KL mod 2)

))
.

Using Np = aK , a = 1, 2, · · · ,L − 1, (47) can be reformu-
lated as

([�]m)
T ([�]m+j)

∗
= ηm

K−1∑
k=0

(k+1)a∑
n=ka+1

exp
(
i
−2πA
KL

jsn

)
= ζmKδ(j mod K ), (48)

where

ζm = ηm

a∑
n=1

exp
(
i
−2πA
KL

jsn

)
.

Based on the definition of � in (30), it can be seen that the
inner product of any two different columns of 8l is zero,
which implies that 9 ll = IK ,∀l.
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