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of Aircraft Engine Nacelle Structures  
 

by 

David Marcus Arthur Millar 
 
The subject of acoustic fatigue first came to prominence with the advent of using jet 

engines on commercial aircraft in the 1950’s. Despite the period of time which has 

elapsed since then and the work carried out to help develop our understanding of the 

response of structures subject to high intensity noise, acoustic fatigue problems still 

occur.  

 

The novel contributions which this thesis makes to knowledge in the area have been in 

the application of the dynamic stiffness method which has been used to predict stress and 

strain response due to acoustic loading. The dynamic stiffness method can under certain 

circumstances provide very accurate results for natural frequency and displacement. 

Indeed for certain configurations it can provide exact solutions. It is largely independent 

of the number of degrees of freedom necessary to give an accurate result unlike the finite 

element method.  The thesis documents how the dynamic stiffness method can offer a 

very favourable alternative to available analysis techniques. An alternative method of 

formulating the dynamic stiffness method is presented and is further extended to the 

analysis of orthotropic plates. The response of actual structures is discussed and 

previously unpublished data is also presented. 
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Chapter 1 - Introduction 
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1.1 The General Problem 

This research activity arose as a result of observations made while working on in-service 

failures with nacelle1 components in the aircraft industry. The initial problem involved an 

intake barrel that was observed to suffer in service cracks. The barrel was of sandwich 

panel construction with aluminium facing and backing skins and NOMEX honeycomb 

core. The initial failures were observed as cracks in the facing skin and core. In the early 

stages the exact failure mechanism was unclear and it was unknown if the problem lay in 

the facing skin or the core or both. The failure mechanism was assumed to be acoustic 

fatigue, but preliminary acoustic fatigue calculations based on the Miles equation [1] 

using ESDU data sheets [2] did not highlight any cause for concern. It was decided to 

refine the analytical approach by using finite element (FE) techniques to generate the 

required response variables for the Miles equation, however again, as with the ESDU 

data sheets, there did not seem to be any justifiable cause for concern. 

 

For reference the Miles equation [1] has been defined below (equation 1.1) as it has been 

a fundamental aspect of acoustic fatigue analysis since the paper was published in 1954. 

 

 Srms = onps
n SfLf )(

4
 (1.1) 

 

Where  Srms  = Root mean square (rms) Stress (Parms) 

 fn = Fundamental frequency (Hz) 

  = Equivalent critical viscous damping ratio (typically 

1.7% expressed as a decimal) 

 )( nps fL  = Spectrum level of acoustic pressure (Parms) 

 So = Static stress per unit pressure (non-dimensional; 

Pa/Pa) 

The Miles equation calculates the overall root mean square (rms) stress for a single 

degree of freedom system. The assumption is that it is valid to model the component 

                                                
1 Section 1.2 defines the term nacelle as referred to in this document.  
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under consideration as a single degree of freedom system (which is valid if only one 

frequency is predominant in the response spectrum). For beams and plates the largest 

displacement is associated with the fundamental frequency as the displacement mode 

shape increases in mode order with increasing frequency; the inference being that stress 

(or strain) is associated with high displacement.  

 

The transfer function of a single degree of freedom system is dominated by the response 

at resonance. The width of the resonance peak and the amplification factor at resonance 

is governed by the damping, specifically the equivalent viscous damping ratio . The 

Miles equation is an accurate expression for the square root of the product of the system 

transfer function squared and the power spectral density of the sound pressure to which 

the system is exposed. Note that for a unit hertz bandwidth, the spectrum level of 

acoustic pressure (Lps(fn)) is numerically equal to the square root of the power spectral 

density of the acoustic pressure. 

 

With regard to the sandwich panel problem, it was decided that a flight test should be 

carried out to measure the structural response and verify the dynamic environment of the 

structure. The problem was compounded by the fact that the barrel configuration had 

been in service for some time with a good service history, however the problems were 

confined to engines that had a new fan blade configuration (the chord dimension of the 

fan had increased and subsequently the number of blades had reduced accordingly). With 

hindsight this should have indicated why the previous calculations had failed to highlight 

the problem. 

 

The result of the flight test investigation was that the most significant response of the 

structure had a predominant frequency component in the region of 1200 Hz. This has 

been illustrated in Figure 1.1 which shows the strain gauge reading displayed in several 

formats. In Figure 1-1 the graph marked “ENVELOPE” shows as the name suggests, an 

envelope drawn around the basic time history of the signal. The graph above the 
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ENVELOPE plot is a Campbell diagram2. In reality, the Campbell diagram shown here is 

three dimensional with the amplitude of the frequency components being normal to the 

plane visible in the graph. The remaining two graphs show the amplitude components. 

The graph below the ENVELOPE plot is a graph marked “COMPONENT” and this 

indicates the amplitude from the Campbell diagram against engine speed (or time). The 

“PEAK-HOLD” graph shows frequency against amplitude. It shows the maximum value 

of each frequency component and is not a true spectrum plot as these values do not 

necessarily occur at the same point in time3.  

 

This frequency of 1200 Hz was significantly higher than the fundamental mode (or 

indeed any of the low order “overall” modes of the structure). A closer examination of 

the signal in the region of the predominant response indicated the response was almost 

sinusoidal, with only a slight influence of a harmonic component (Figure 1-2). The signal 

may not have been an exact sinusoid, but was definitely narrow band. It was now evident 

that the two major assumptions in the Miles equation had not been met – that of 

fundamental mode response and that of broad-band/random excitation, thus indicating 

why the previous calculation had not alerted any cause for concern. 

 

At the time a programme of fatigue evaluation using a traditional Miner’s rule [3] 

approach was used to evaluate the magnitude of the problem. This work was documented 

by Millar [4].  

 

                                                
2 Wilfred Campbell worked for General Electric in the United States during the 1920’s. He observed that 
the failures of turbine discs were associated with a matching of disc natural frequency and the speed of the 
shaft on which the disc was mounted. Campbell produced graphs of shaft speed on the abscissa and 
frequency as the ordinate. The shaft speed orders (n times the shaft speed, where n is an integer) will be 
sloping or radial lines passing through the origin (this also gives rise to the commonly used term “spoke 
diagram”). Component natural frequencies are horizontal lines and the intersection of the horizontal lines 
and the “spokes” of the engine speed lines indicates a potential resonance condition.  
3 The peak-hold graph is annotated as being peak-peak microstrain ( ) and it is believed that there is some 
automatic factoring being carried out within the software. It is common for engine manufacturers to 
assume that the ratio between peak and rms is root two i.e. peak/rms=1.414. It is thought that the actual 
rms value has been multiplied by the square root of two to get a “peak” value and this subsequently 
multiplied by 2 to give a peak-peak value. On this basis the 1200 Hz component would have an 
approximate rms value of 171  and an overall rms level in the 185-200  region. 
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Figure 1-1 – Frequency components from a sandwich panel strain gauge 

measurement (flight test data; Millar [4]). 
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Figure 1-2 – Expanded time history plot (strain gauge signal of Figure 1.1; Millar 

[4]) 

 

 

 

 

For reference Miner’s rule [3] is a cumulative damage theory. It is expressed in the form 

of equation (1.2). 
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n

i
i

i

N

n
1

 = C (1.2) 

For design, the constant C is taken as unity. n is the number of cycles at a particular load 

level whereas N is the number of cycles at the same load level which the component 

could endure and is taken from a fatigue curve (or S-N curve) for the material; for 

example a curve for 2024 aluminium is shown in Figure 1-3. In the example, at stress 

level 1 ( 1), say the part experiences 1500 (fully reversed) load cycles over the life of the 

component. At this stress level alone the material could sustain 2000 cycles before failure 

(i.e. N1 = 2000). The damage at stress level 1 is therefore 
2000
1500 = 0.75. Similarly at stress 

level 2 ( 2), if the part experiences 2500 fully reversed cycles of this stress level over the 

life of the component, while the part could actually sustain 50000 applications of this 

level (i.e. N2 = 50000). The damage associated with stress level 2 is 
50000
2500 = 0.05. The 

cumulative damage is 0.8; which being less than 1.0, would be considered to be 

acceptable and the part could sustain these levels without premature failure.  

 

 

Figure 1.3 – Fatigue curve (S-N curve) for 2024 aluminium [5]. 
 

With regard to the sandwich panel problem, there was now a heightened awareness of an 

in-service problem and inspections of the fleet were carried out in the field to determine 

the extent of the problem. These investigations identified intake barrels with damaged 
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core but no skin damage. It was therefore concluded that core cracking was the primary 

failure mechanism and the skin cracking subsequently occurred due to a loss of integrity 

of the sandwich panel construction.  

 

The solution therefore was to replace the original 1.5 pounds per cubic foot (pcf) density 

core with a heavier 3.0 pcf density core, the heavier core having enhanced material 

properties (i.e. mechanical properties – material allowables) over the lower density 

variety. 

 

Although there was some concern over the skin strains, it was reasoned that skin failure 

had only ever been associated with core failure – no examples of skin failure ever 

emerged in panels where the core was intact. Increasing the skin thickness would have 

been a significant redesign activity and would have had knock on effects on other 

components, in order to maintain the correct profile of the wetted surface on the inner 

(facing) skin. The replacement of the core was relatively straightforward and the most 

cost effective solution. The replacement panels have now been in service for several 

years, with excellent service history and no further evidence of skin or core failure.  

 

The peak strain measured on the skins showed the blade passing frequency, as the blade 

tips went sonic, to be the predominant response frequency. It is unclear whether this 

frequency would have made a significant contribution to the core shear stress spectrum 

as instrumenting the core was not feasible.   

 

Towards the end of this preliminary investigation another sandwich panel problem arose. 

These panels were of slightly different construction, having composite (carbon fibre) 

facing and backing skins however they did have a similar 1.5 pcf density honeycomb 

core. This and other problems are discussed further in section 1.3. 

 

The original problem however highlighted several gaps in the knowledge of the response 

of structures to acoustic loading. They were namely: 
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 The fatigue properties of honeycomb core. 

 The means, if necessary, to assess the response of structures to “high” frequency 

excitation. 

 The behaviour and influence of double curvature on the response of honeycomb 

panels to acoustic excitation. 

 

The fatigue of honeycomb core has been partly addressed and is commented on in 

section 1.3. There is still though a significant gap in the fundamental understanding of 

this failure mechanism and there is still a need to fully address this and the excitation 

mechanism and subsequent response. A review of available data has been made and 

section 5.2 of Chapter 5 is devoted to random fatigue data of Nomex honeycomb 

material. 

 

 A means of potentially assessing the structural response at high frequencies has been the 

essential driving force behind this research activity. The finite element (FE) method is a 

good general tool for analysing structures but has limitations, in particular when 

assessing the dynamic response of structures at high frequency, i.e. at frequencies where 

the structural wavelength is much smaller than the overall dimensions of the structure.  

 

 The third point on doubly curved structures has been the subject of research carried out 

by Cunningham at Southampton [6]. The work by Cunningham [6] suggests as to how a 

better understanding of the fatigue of honeycomb core could be achieved and this work is 

discussed in more detail in section 1.4. The physical testing carried out by Cunningham 

has made a significant contribution to the general understanding of the behaviour of 

honeycomb structures to acoustic excitation. 

 

The problem did not just lie with honeycomb panels however. Failures also emerged 

with conventional stiffened panels. In particular flat, annular structures referred to as 

bulkheads. The bulkheads on a nacelle attach to the intake barrel on their (i.e. the 

bulkhead’s) inner diameter and to the outer barrel on their outer diameter. The bulkhead 

web is generally stabilized by stiffeners lying along radial lines attached to the web 
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(Figure 1-4). There are two bulkheads at either end of the intake, referred to as the 

forward and aft bulkheads respectively. 

 

 
 

Figure 1-4 – Bulkhead of stiffened panel construction. 

 

 The bulkhead failures would manifest themselves as cracks generally in the attachment 

angles and in some cases also in the web. Two bulkheads of slightly different 

construction were observed to have problems, one with both open section “Z” stiffeners 
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and closed section “top-hat” stiffeners while the other bulkhead had only closed section 

“top-hat” stiffeners.  

 

 Investigations on the bulkhead with the closed section stiffener construction indicated the 

predominant response frequency to be the fundamental mode and this was analysed with 

an acceptable level of confidence by conventional FE techniques. The approach was to 

model several bays of the bulkhead in considerable detail. The number of degrees of 

freedom used in this detailed model would have been equivalent to that used to model the 

entire nose cowl for static analysis. 

 

 Although the bulkhead could be modelled using FE for the response in the fundamental 

mode, it would not be sufficient for analysing the response to high frequency excitation. 

The numerical model was also considerably large and it is desirable to have an analytical 

tool that could be used at the design stage. Preferably one that would allow parameter 

studies to be carried out quickly without the need for a comprehensive computational 

resource and one that could cater for both fundamental mode and high frequency 

response. This requirement was equally applicable to the analysis of honeycomb 

sandwich panels and has been the impetus for this research activity4.   

 

1.2 What is a Nacelle? 

The term nacelle, as used in the context of this area of research, describes the 

aerodynamic structure that surrounds a turbo-fan jet engine. It is essentially the engine 

cowling, however within the industry the term nacelle is used to collectively describe the 

inlet cowl (also referred to as the nose cowl), the fan cowl, the core cowl, the thrust 

reverser, and the nozzle. Figure 1-5 shows a typical jet engine/nacelle combination on a 

commercial aircraft and Figure 1-6 shows an exploded view of the collective nacelle 

components. 

 

 
                                                
4 Experience has shown that in practice the analysis of bulkheads can be restricted to the fundamental 
mode as this is the predominant response frequency demonstrated by numerous instrumented engine tests. 
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Figure 1-5 – A view of a nacelle (Ref. Goodrich website 

http://ppsd.goodrich.com/html/products.asp). 

 

 

 

 

Figure 1-6 - Jet engine and collective nacelle components (Ref. Goodrich website 

http://ppsd.goodrich.com/html/products.asp). 

The form of construction of the nacelle components can involve sheet metal, stiffened 

panel and honeycomb sandwich panel configurations. The nozzle and exhaust cone tend 

to be manufactured from materials exhibiting good material properties at high 

temperature, such as Inconel [5]. Their forms of construction can vary from simple sheet 



 
 

13 

metal configurations to more exotic forms such as liquid interface diffusion bonded 

(LIDB) sandwich panels. Thrust reversers are complex structures employing various 

forms of construction and materials. The fan cowl can employ either stiffened skin or 

honeycomb sandwich forms of construction, again using either traditional metal 

(aluminium) or carbon fibre reinforced plastic (CFRP). The inlet cowl is comprised of 

several major components, namely; 

 

 Intake barrel 

 Outer barrel (or outer skin) 

 Forward bulkhead 

 Rear bulkhead 

 Lipskin (or nose lip) 

 

The lipskin, together with the forward bulkhead, form an enclosed space referred to as 

the “D” nose or “D” section. Within the D nose is contained some form of anti-icing 

capability. There are essentially two forms of nacelle anti-icing; swirl or piccolo tube. 

The former basically fills the D nose with hot gas via a nozzle that penetrates the forward 

bulkhead. The nozzle directs the hot gas in a circumferential direction around the D nose. 

The advantage of this system is that it is light, having few component parts. It has the 

disadvantage however of having an uneven temperature distribution. The nozzle can also 

generate considerable sound pressure levels, and it has been suggested that the noise 

generated by a swirl system could contribute to the acoustic fatigue mechanism for 

forward bulkheads. In practice however this does not seem to be the case as the noise 

generated is not coherent and measurements made by other workers in the field indicate 

that although sound pressure levels (SPL) could be observed to increase when anti-icing 

was applied, this increase in SPL did not make a significant contribution to overall strain 

response of the forward bulkhead. The piccolo system employs a spray ring (a tube 

running circumferentially around the D nose) with small diameter holes through which 

the hot gas is directed at the lipskin. Although this system gives an even temperature 

distribution, it is generally heavy, employing links and brackets to support the spray ring. 
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These parts can wear. It is a harsh environment involving not only extremes of 

temperature but vibration as well. 

 

The forward bulkhead is generally of stiffened panel configuration; however curved 

bulkheads have been successfully employed by BF Goodrich Aerospace Aerostructures 

Division (formally known as Rohr Industries). The curved bulkhead works well in 

conjunction with the swirl5 anti-ice system as there is no need to attach anything to the 

bulkhead with the exception of the nozzle. The curved bulkhead configuration offers 

good thermal stress integrity, as it can deform to relieve the thermal loads. It is also 

advantageous from an acoustic fatigue aspect, as being curved it has a high natural 

frequency. The typical frequency content of the acoustic excitation does not tend to 

match the structural modes of a curved bulkhead and as such this form of construction 

appears difficult to excite. It is expensive however, requiring hot form tooling to 

manufacture and, in addition, repair of a damaged curved bulkhead (particularly in the 

field) can be difficult and expensive compared to conventional stiffened panel bulkhead 

configurations. Due to the high temperature of the anti-icing gas, these components are 

generally made from Titanium.  

 

The rear bulkhead configuration can be either stiffened panel or sandwich panel 

construction. It is common for the aft bulkhead to act as a firewall and in this case the 

structure would generally be manufactured from titanium. CFRP sandwich panels can 

also be used even if the structure is required to act as a firewall; however a non-structural 

fire blanket is required to be attached to the bulkhead.  

 

The outer barrel is usually of stiffened panel construction. It is lightly loaded under 

normal flight conditions and the stiffeners act to provide stability of the outer skin to 

resist buckling under aerodynamic loads. The materials used in the construction of the 

outer barrel tend to be either aluminium or CFRP.  

 

                                                
5 Swirl systems tend to bleed more air than piccolo systems which may impact engine performance. 
Heating around the circumference of the lip is also less uniform than that of the piccolo configuration. 
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The intake or inner barrel, also sometimes referred to as an intake liner on modern 

nacelles, will generally employ some form of acoustic attenuation. This will take the 

form of a sandwich panel acting as a Helmholtz array. The facing skin (the skin on the 

inner diameter of the barrel i.e. the wetted surface) will be porous and the depth of the 

honeycomb will be tuned to a particular frequency for which attenuation is required. This 

is usually the predominant frequency observed during the descent/approach condition to 

minimise environmental noise for communities in the vicinity of airports. In some cases 

double layer liners are used in an attempt to attenuate two frequencies and additional 

treatments may also be used to enhance the acoustic performance by trying to attenuate a 

broad range of frequencies – these are referred to as linear liners. 

 

The intake barrel sandwich panel is generally of either aluminium construction or CFRP 

construction. 

 

A cut away view of a typical nose cowl has been shown in Figure 1-7 indicating the 

major components described above. 

 

 

 

 



 
 

16 

 

Figure 1-7 - A view of a typical nose cowl and its constituent components. 
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1.3 Failure Mechanisms 

This section gives an insight into the nature of the failures observed and elaborates on the 

problems mentioned in section 1.1. Due to confidentiality, the structures i.e. the product 

designation, the aircraft, airline and engine type and manufacturer have been deliberately 

omitted. The data referred to was obtained with permission, but on the understanding that 

there would be no reference made to the source or products involved. 

 

This section has been subdivided to address specific types of failure. Sections 1.3.1 and 

1.3.2 deal with bulkhead failures; complete failure and localised failures respectively. 

Section 1.3.3 addresses honeycomb sandwich panels. 

 

1.3.1 Catastrophic Bulkhead Failure 

The problems involving stiffened panels were observed on the forward bulkhead of an 

inlet6. The failures generally involved cracking of the outer boundary angle but in severe 

cases the bulkhead web would appear to have shattered as shown in Figure 1-8. 

 

The bulkhead webs which exhibit the type of failure shown above tend to typically be 

Commercially Pure Titanium (CP Ti) of thickness 0.028  or 0.71mm. The web was 

stiffened by “hat” section Titanium stiffeners, 0.04  or 1mm wall thickness and 

approximately 1” (25.4mm) high. The stiffeners were positioned approximately every 

15o around the circumference of the bulkhead. The stiffeners stabilise the web and act as 

panel breakers, splitting the web into bays. The outer boundary angle was 0.063  

(1.6mm) thick Aluminium alloy (2219 T62) and the inner boundary angle was also 

0.063  (1.6mm) thick but made from CP Ti. Failures have also been observed on 

bulkheads of similar construction but with stiffeners of “open” section at certain 

locations as shown in Figure 1-7 (b). 

 

 

 

                                                
6 The terms inlet or inlet cowl and nose cowl are considered to be interchangeable terms in this text. 
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(a) – Bulkhead web crack. 

 
 
 
 

 
(b) – Outer boundary (attachment) angle. 

 

Figure 1-8 – Example of forward bulkhead & outer boundary angle failure. 
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The size of the structure can be gauged from the diameter of the fan, which was 63  

(1.6m). This is essentially the inner diameter of the intake barrel at the aft end. Although 

the intake does act as a diffuser, the fan diameter gives a general feel for the dimensions 

involved.  

 

The fan is part of the low pressure stage of the engine and the fan shaft speed is often 

referred to as the N1 or the NL speed. The compressor stage, or high pressure stage, shaft 

speed of the engine is similarly referred to as the N2 or NH speed7. The 100% speed of 

the fan was approximately 75 Hz and the fan had 22 blades. At 100% the fan blade tips 

are sonic. The blade tip velocity reached the speed of sound at approximately 90% of the 

fan shaft speed at which point a strong shock can be experienced from the fan blades. 

High SPL’s are generated at the blade passing frequency and when the blade tip velocity 

goes sonic, tones are also produced at sub harmonics of the blade passing frequency. 

These sub harmonic tones are referred to as buzz-saw tones [7]. 

 

The main region of damage was in the area around bottom dead centre (BDC), in the 

vicinity of Power Plant Radial (PPR) 180o. The boundary angle cracks could be 

extensive however and in some cases were of the order of 50  in length 

circumferentially. The bulkhead webs could exhibit cracks that appeared to go full circle, 

with pieces of web falling out, as shown in Figure 1-8. This is a classical type of crack 

propagation under random vibration and is often a characteristic of failures due to 

acoustic fatigue. 

 

In the vicinity of PPR 180 the bay size was of the order of 7.5  deep and 6  wide. On this 

nacelle, the inner circumference and the outer circumference of the bulkhead were not 

concentric, thus the bays were larger at bottom dead centre than at top dead centre 

(TDC). Clearly if the stiffeners worked as efficient panel breakers and each bay were to 

vibrate independently, the larger bays at BDC would exhibit a lower fundamental 
                                                
7 With high by-pass ratio jet engines the fan is the predominant noise source. The N1 stage is also generally 
the predominant source of vibration – the large fan blades having greater potential for unbalance than the 
small blades of the high pressure stage, although in recent years, a tendency towards lighter fan cases has 
resulted in some significant vibratory components attributed to the N2 stage being evident in measurements 
made on the inlet. 
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frequency and be easier to excite than the smaller bays at TDC. The actual dimensions of 

the 3 bays between radials 155o and 194o have been presented in Figure 1-9. 

 

 

 

Figure 1-9 – Dimensions of forward bulkhead bays in vicinity of BDC. 

 
The failures were observed on aircraft after 4000-6000 flight cycles. The duration of the 

flight cycles would have been typically 1.5 – 2.5 hours. The aircraft would not have been 

exposed to inter continental flights of very long duration, however to some extent the 

flight duration is of questionable relevance. It has long been observed that the maximum 

acoustic excitation occurs at take off. The period of time at maximum power is typically 
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between 10 and 30 second duration. The engines would be throttled back for climb and 

then again for cruise.  

 

A component with a fundamental frequency of 200 Hz that has undertaken 5000 flight 

cycles will have accumulated 10 million fatigue cycles assuming 10 seconds exposure (of 

damaging) SPL’s per flight. Clearly then the strain levels must be extremely low if 

failure is to be avoided. In comparison with traditional mechanical fatigue, the criteria for 

fuselage pressurization for example, would require an endurance of perhaps between 

30,000 to 60,000 flights with a scatter factor of 5 i.e. a life of only 300,000 cycles.  With 

acoustic fatigue, if the predicted strain level reaches or “hits” the S-N curve at all8, then 

failure is to be expected at some point during the service life of the aircraft. 

 

As part of the investigation into the failure of this component, a Progressive Wave Tube 

(PWT) test and a flight test was carried out. The data obtained during these tests is 

presented in Chapter 4 where it has been used as part of the validation of the analytical 

tool developed to estimate the response of stiffened panels with respect to acoustic 

loading. 

 

 

 

 

 

 

 

 

 

 

                                                
8 It is industrial practice that 1x109 cycles is set as the endurance limit. A life in excess of 1x109 is required 
to enable confidence that premature failure will not occur in the high cycle fatigue (HCF) regime. 
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1.3.2 Localised Bulkhead Failure 

In other cases of bulkhead failures the cracks have been quite localised. In Figure 1-10 

the cracks were generally limited to the vicinity of the stiffeners.  

 

Figure 1-10 – Boundary angle crack adjacent to an open section stiffener. 

 
Figure 1.9 is a view on the aft face of a bulkhead (looking forward). It shows a crack on 

the outer boundary angle of bulkhead. Of the stiffeners on this particular bulkhead, a 

number were of open section “Z” configuration. The number of hours and cycles varied 

greatly for the structures on which cracks were observed. The cracks were not obvious 

however due to their location, being internal to the structure of the inlet. It was initially 

only upon strip down of the unit that the cracks were observed. Over nine units in 

particular, the number of flight hours varied by a factor of 5 from 6205 to 31556, while 

the number of flight cycles varied by a factor of 10 from 1492 to 14591. If however the 

highest numbers were ignored the average of the remaining flight cycles was 

approximately 4000 flight cycles. 

 

The structure was constructed again using Titanium for the web and aluminium alloy for 

the outer boundary angle. The cracks were short and varied in length between 1  and 10 , 
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however over 90% of the cracks were less than 6  in length. Observation of the failed 

units showed that the preferential location for crack initiation was in the vicinity of the 

bulkhead stiffeners. A significant number of cracks were also associated with the 

stiffeners of open section construction. 

 

A fractographic analysis showed that the majority of these cracks were produced by 

multiple initiations, suggesting relatively high stress levels. There was no significant 

circumferential crack growth, which is something not generally associated with a severe 

acoustic environment. Had acoustic fatigue been the primary cause, the cracks would 

almost certainly have propagated, although it could equally be argued that the crack 

would have the combined effect of increasing the damping [8] and potentially detuning 

the panel frequency9 thus reducing the response of the structure to the applied acoustic 

load and subsequently inhibiting crack growth. 

 

It is certain however that the acoustic environment was a contributing factor in the failure 

mechanism. The association of failures with open section stiffeners highlights one of the 

disadvantages of this form of stiffener geometry. For a “Z” section stiffener with flanges 

of unequal lengths, the shear centre does not lie on the neutral axis. Consider one bay of 

the bulkhead in isolation; the vibration of the web will exert forces on the stiffeners and 

boundary angles. When the shear centre and neutral axis of the stiffener do not coincide 

with the applied force, the stiffener will not only bend but will also twist. This behaviour 

is illustrated in Figure 1-10 where the curvature of the crack in the vicinity of the 

stiffener clearly indicates a rotation of the stiffener. 

 

If an open section type of stiffener is to be used then ideally it should be clipped into the 

boundary angles at either end to prevent rotation. In practice, this rarely happens as 

installing a clip at either end of each stiffener increases the part count considerably and 

adds additional operations to the assembly of the structure.  

 

                                                
9 If one considers one bay of the stiffened panel, the panel is initially supported on all 4 edges. If a crack 
develops along one edge the boundary or edge conditions are relaxed and there would be a reduction in the 
fundamental frequency of the panel. 
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The bays do not generally vibrate as discrete individual panels and even with subtle 

differences in bay dimensions, giving rise to varying individual fundamental frequencies 

of adjacent bays, the response of one bay will influence the response of another. It is 

feasible that bays (even of similar dimensions, thus having the same fundamental 

frequency) could vibrate in a mode where adjacent bays were out of phase. This would 

imply that even symmetric stiffeners would be forced to twist and should therefore be 

clipped at either end to prevent rotation. In practice however, this behaviour does not 

seem to happen. The bulkhead dimensions of typical aero engine nacelles are such that 

the acoustic half wavelength for the frequency associated with the bay fundamental 

frequency produces an acoustic pressure loading that will be in phase over perhaps 3 or 4 

bays. This ensures that bays will tend to vibrate in phase and even more so if symmetric 

(and preferably, closed section) stiffeners, such as hat section stiffeners, are used. It has 

also been observed that if the flange thickness of a hat section stiffener is considerably 

larger than that of the bulkhead web, then the fundamental frequency of the bay will tend 

towards that of a panel with, simply supported-clamped-simply supported-clamped, (S-

C-S-C) edged conditions10.  

 

1.3.3 Sandwich Panel Failure 

Failures have also been observed with sandwich panels. Initially the failures were 

observed on an inlet where the intake barrel had aluminium facing and backing skin. The 

facing skin was perforate of thickness 0.056  and the backing skin was of plain sheet 

0.028 . The core was 1  deep, of density 1.5 pounds per cubic foot (PCF), NOMEX; a 

paper construction, dipped in lacquer. The failures involved both skin and core cracking 

(Figure 1-11 and 1-12 respectively). 

 

                                                
10 The simply supported edges are those parallel to the boundary angles and the clamped edges, parallel to 
those with the stiffeners. 
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Figure 1-11 – Example of intake barrel skin cracking.  

 
The skin is perforated as shown in Figure 1-11 and the underlying honeycomb core is 
exposed where the skin has fallen away – the crack having completely turned around on 
itself. 
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Figure 1-12 - Example of intake barrel core cracking. 

 

The failures were typically on engines with less than 6000 hours and 2000 flight cycles. 

At the outset of the investigation it was not known whether the skin and core failed 

simultaneously or separately, and if they did fail separately, which failed first? As more 

failures occurred and the fleet inspection broadened, it was observed that there were 

inlets that had failed cores but no skin cracking. It was reasoned that as the core cracked, 

the integrity of the sandwich panel broke down and this resulted in skin cracking.  

 

A series of flight tests were carried out with an instrumented intake barrel. The results of 

the flight test were quite interesting. Early hand calculations using ESDU data sheets had 

not indicated any cause for concern, but as was discussed in section 1.1, the predominant 

response was not in the fundamental mode, but was a much higher frequency associated 

with the fan blade passing frequency. In particular, it was a frequency associated with the 

blade tips going sonic. 

 

A review of the flight test data was carried out by Millar [4] in terms of a traditional 

mechanical fatigue approach, however no effort was made to investigate the dynamic 

behaviour of the structure at the response frequency as it was considered outside the 

practical capabilities of the finite element (FE) method. 
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Given that the core seemed to be the primary failure, it was decided to increase the core 

density (the heavier core having greatly enhanced material properties). This approach 

appears to have been justified as the modification has been in place for some time with 

no reported problems. 

 

A similar problem was experienced on another intake barrel. This time the barrel was of 

carbon composite construction. It had a plain carbon backing skin, a core of 

approximately 1  depth and the facing skin was made from a wire mesh bonded to an 

open weave carbon support layer. The facing skin construction was not as efficient 

structurally as the aluminium perforate skin and as such the backing skin was the main 

structural load path.  

 

Acoustically the two intake barrels were of different design philosophies. The metal liner 

with the perforate skin was a traditional type of Helmholtz array while the composite 

intake barrel was referred to as a linear liner. The common feature to both forms of 

construction was the NOMEX core, being the 1.5 pcf density variety (although the cell 

size was different). 

 

An example of the failed core has been shown in Figure 1-13. It was common to see 

large areas of damage and in many cases the core would have been totally eroded. 

 

Figure 1-13 – Damaged core from a composite intake barrel. 
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Fortunately in this case it had been decided to change the core at a relatively early stage 

for other reasons prior to emergence of the failures. This minimised the impact of the 

retrofit operation. Replacement parts were readily available as the units in production 

were already using the higher density core. No failures were reported on intake barrels 

with the higher density core. 

 

There was no formal investigation into the failures involving the composite liner in terms 

of flight or ground engine testing as it was believed the solution was to use a core with 

enhanced material properties. A PWT test was carried out on a flat panel of construction 

(Figure 1-14) similar to that used on the failed composite liner using the 1.5 pcf core. 

The results of this test were published [9] and it was shown that it was theoretically 

possible to generate shear stresses in the core that were of the same magnitude as the 

ultimate shear strength of the core material. A view on a section cut through the damaged 

region of the PWT test panel has been shown in Figure 1-15. Ultrasonic scans of the 

panel before and after the PWT test have been shown in Figures 1-16 and Figure 1-17 

respectively, Figure 1-17 illustrating the extensive region of damage. 
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Figure 1-14 – PWT sandwich panel dimensions. 

 
 

 

Figure 1-15 – Section through PWT test specimen after failure.  
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Figure 1-16 – Scan of PWT test panel before test. 
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Figure 1-17 - Scan of PWT test panel after test. 
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Integrity of the intake barrel is crucial and can impact flight safety. The ingestion or 

partial ingestion of the intake can damage the fan blades and disrupt flow which may 

necessitate an engine shut down. The problem can be compounded in that the outer barrel 

is not designed to withstand the inlet pressure. The outer skin is generally a very light 

structure designed to contain burst anti-icing duct pressure and maintain an aerodynamic 

surface when subject to aerodynamic loading on the outer surface. If the intake barrel 

integrity breaks down and the outer skin becomes exposed to pressures within the intake, 

the skin may buckle and may even cripple leading to overall failure of the skin. This too 

can lead to ingestion issues. Furthermore, a hole in the outer skin will draw air into the 

fan from the side giving an extreme cross-wind scenario which may well lead to fan stall 

and a requirement to shut down the engine. An example of this type of failure has been 

shown below (Figure 1-18).  

 

 

Figure 1-18 – Outer barrel collapse following breakdown of intake barrel integrity. 
 
 

View looking in the 
Direction of “A” 
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1.4 Literature Review 

The discussions in the previous sections have made some reference to work in the field. 

This section introduces a more formal literature review and has been subdivided into 

three sections. The first, (section 1.4.1) deals with acoustic fatigue. The second section, 

(1.4.2), deals with high frequency vibration and in particular the dynamic stiffness 

method and finally, section 1.4.3 deals with material on shell and sandwich panel 

vibration. 

 

1.4.1 Acoustic Fatigue 
Acoustic fatigue began to emerge during the 1950’s with the advent of the more 

widespread use of jet engines with commercial aircraft in particular. The first conference 

on acoustic fatigue was held in 1959 [10]. Despite almost 50 years having elapsed 

however, there is still remarkably little data on specific component or structural failure. 

This is perhaps indicative of companies reluctance to release data and possibly also due 

to the reluctance of admitting that the integrity of their products had been compromised. 

This is unfortunate, as there is credibility in demonstrating that they have the resource to 

address and solve problems in a structured and scientific manner. Indeed, publicising that 

problems have been identified and solved can actually present a company in a very 

positive light.  

 

In relation to failures of nacelle components there are two papers of particular note. 

Holehouse [11] describes the failure of an intake barrel which interestingly was attributed 

to high frequency excitation and in this respect was similar to the intake barrel problem 

discussed in Section 1.3, with the exception that the component investigated by 

Holehouse was of stiffened panel construction as opposed to a honeycomb sandwich 

typical of modern intake barrel construction. Holehouse also identified the occurrence of 

boundary angle failures of a bulkhead. This would suggest that despite the fact that 40 

years have elapsed since this paper was published, accurate analysis and endurance 

prediction of these components still has some way to go. The second paper in the 

literature concerning nacelle failure was by Soovere [12]. As with Holehouse, this work 

addresses high frequency excitation of intake barrel structures. The detail of the structure 
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under consideration was scant but references to “ring spacing” suggest it was a 

circumferentially stiffened panel such as the type described by Holehouse11.  

 

In terms of the problems discussed in Section 1.3, Soovere makes several relevant points. 

He draws attention to the influence of fan blade tip speed stating “the small differences in 

the geometry in each of the blades produce shocks of unequal strengths. The stronger 

shocks travel faster than the weaker shocks which results in a progressively irregular 

circumferential pressure pattern, spiralling upstream at the fan rpm.” Soovere goes on to 

discuss how as the blade tip speed exceeds Mach 1, sound propagation becomes possible 

at frequencies below the fundamental blade passage frequency and that each buzz-saw 

component has its own critical blade tip Mach number which must be exceeded if 

propagation is to take place. Clearly the fan noise spectral content will thus be dependent 

on fan speed, blade geometry and the speed of sound, which is in turn a function of 

temperature and subsequently altitude. Soovere points out that due to blade geometry 

differences, the spectral content of the fan noise will vary from one engine to another12. 

This aspect highlights an important feature of acoustic fatigue analysis in that there will 

be considerable variability in the acoustic environment to which the structure is exposed.  

 

                                                
11 The early commercial jet aircraft engine nacelles were typically plain skin or stiffened skin construction, 
unlike the sound attenuating sandwich panel forms of construction favoured on modern jet engine nacelles. 
12 The investigation of the bulkhead failures reported in Section 1.3.1 exhibited some of the characteristics 
discussed by Soovere. In terms of spectral content of the fan noise, the SPL’s measured during flight 
testing were significantly different from those supplied in the inlet specification, which were in turn 
different from those measured during ground engine running tests during the certification development 
testing a number of years earlier. In addition, it was observed during the flight test investigation that on 
certain flights the response of the bulkhead web would suddenly “tune in” during the climb out phase. The 
response of the bulkhead was in the 1/3 octave band with a centre frequency of 160 Hz i.e., within the 2N1 
range. As Soovere points out, the propagation of the first few buzz-saw components would only be 
possible at altitude and thus might explain the sudden change in response. 
 
As part of the investigation by Millar, noise tests by the engine manufacturer involving a fan blade that was 
twisted such that it was geometrically just outside specification requirements. It was discovered that the 
influence of this slightly distorted blade was to have increased the spectrum level at a particular frequency 
by almost 8 dB compared to a “perfect” fan set. The geometric difference, although outside spec., was 
slight and not considered to be severe. In the field, fan blades are subject to damage from ingesting runway 
debris and bird strike. When the damage causes excessive vibration the fan set will be rebalanced. The 
balancing process only addresses the first engine order fan speed. To address higher engine orders requires 
the blades to be rearranged and this procedure would not be common.  



 
 

35 

Both Soovere and Holehouse suggested that the response of the structure may not 

necessarily be resonant. Soovere showed that although the acoustic spectrum and the 

duct shell spectrum were similar in spectral content, indicating a forced response, it was 

observed that some dynamic amplification had occurred over a small region of the 

circumferential mode order. The region referred to occurred in the vicinity of the shell 

resonances, but Soovere observed that even if a resonant condition were to exist, the 

engine speed perturbations (hunting) would considerably reduce the dwell time on 

resonance. 

 

Soovere stated that the highest stresses occurred at the fundamental blade passing 

frequency and that average circumferential wavelength in the duct was equal to the 

distance between 2 adjacent blade tips i.e. the circumferential mode number (number of 

half waves) was twice the number of blades. This means for a typical fan with 24 blades, 

the circumferential mode number is 48. It was also stated that the highest stress was in 

the axial direction which is at odds with Holehouse who stated that the circumferential 

direction is most critical. In comparison with the data of Section 1.3.3, the critical 

orientation was circumferential.  

 

In general terms there are a number of relevant publications that require consideration. 

The work by Miles [1] has been widely accepted as the basic analytical tool in acoustic 

fatigue calculations. Miles developed an equation for assessing the response of a single 

degree of freedom system to random excitation. The Miles equation became the 

foundation for industrial design guides such as AGARD [13] (subsequently incorporated 

in the ESDU data sheets [2]) and the AFFDL design nomographs [14]. A more general, 

multi mode, approach was developed by Powell [15]. Powell also introduces the concept 

of joint acceptance. The joint acceptance describes the ability of the force applied to a 

structure to excite a particular mode of vibration. Clarkson [16] showed however, that by 

considering only the fundamental mode and by assuming that the acoustic pressure was 

in phase over the panel, then Powell’s analysis reduced to that of Miles. 
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The assumption that only the fundamental mode was of importance was based on 

observation of panel response. Clarkson had been involved with tests on the Caravelle 

and had measured the response of several fuselage panels and it had been observed that 

the panels responded predominantly in the fundamental mode [17, 18].  

 

Due to the advent of the use of jet engines in commercial aviation in the 1950’s and 

1960’s, the influence of Comet disasters [19] that gave rise to an impetus for a greater 

understanding of structural integrity in general and in addition, the efforts involved in the 

space program of the 1960’s, there was a significant rise in research activity in the area 

of acoustic fatigue. Conference proceedings such as those at Dayton, Ohio from this era 

[20] still provide some useful references in relation to stiffened panel and sandwich panel 

response due to acoustic excitation [21, 22, 23, 24, 25]. Likewise, the AGARD 

conferences on acoustic fatigue [26, 27] and damping [28], contribute greatly to the 

continuing understanding of the field. Richards and Mead [29] also provided a wealth of 

information on various aspects of noise and vibration in terms of acoustic fatigue. 

 

Further sources such as ESDU [2] provide an excellent review of analytical techniques 

by Langley [30].  Clarkson [31] produced a review of the field in 1994 and this is the 

definitive review and state of the art up to that period in time. One significant 

development reviewed by Clarkson [31] was Blevins’ normal mode method [32]. 

Blevins’ approach is a modification of the classical Miles/Clarkson work where a 

pressure distribution is chosen to provide a joint acceptance13 of unity. The form of the 

pressure distribution to achieve a joint acceptance of unity is one that is equivalent to the 

mode shape and is in fact equal to the mass weighted mode shape i.e. the pressure, or 

characteristic modal pressure as it is referred to, is a function of the mass per unit area of 

the structure under consideration. The procedure works best for homogenous panels that 

have a uniform mass per unit area. For the analysis of stiffened panels the method is 

theoretically less accurate as the mass per unit area is not constant due to the presence of 
                                                
13 The joint acceptance is a parameter used to quantify the efficiency with which the modes of vibration of 
a structure can couple with the acoustic pressure field to which the structure is exposed. Reference the 
work by Powell [15]. A simplistic view of the joint acceptance is wavelength matching; for example with a 
flat plate, if the acoustic half wavelength is very much greater than the dimensions of the plate, the joint 
acceptance for the fundamental mode of vibration would be high (approximately unity).    
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the stiffeners and boundary angles. In practice however this is not too critical as the 

boundary angles tend to act as simply supported edges and also in an efficient design of 

panel the stiffeners will act as panel breakers and the web will be the component of 

interest. This has been demonstrated in a subsequent chapter where Blevins’s method has 

been used to predict the response of a bulkhead. The results of the analytical prediction 

were favourable in comparison with a PWT test and flight test measurements of the 

structure being modelled. 

 

Blevins’s method has also been used with varying success in the analysis of sandwich 

panels. Good results were obtained by Millar [9] when analysing a flat sandwich panel, 

however less favourable results were obtained when analysing doubly curved sandwich 

panels by Cunningham [33]. In the former [9] results for a joint acceptance of unity were 

averaged with the results from calculating the joint acceptance for several modes 

(summing the individual mode response to calculate an overall rms value), while in the 

latter [33] only results for a joint acceptance of unity were used. It is possible that had the 

joint acceptance been more accurately determined the results for the doubly curved 

panels may have been better.  

 

The influence of the joint acceptance can be estimated in general terms by comparing the 

acoustic wavelength with the structural dimensions, or more correctly with the bending 

wavelength of the structure. For example, considering a stiffened panel array where each 

bay is 6” (0.15m) wide. If the fundamental frequency is 200 Hz, then the trace acoustic 

half wavelength will be approximately 3 feet (33.76” or 0.86m), i.e. considerably larger 

than one half wave over the bay width. In this case even the Miles equation would lead to 

a reasonable response prediction as the bay can be thought of as being exposed to an 

effectively uniform pressure across its width. Sandwich panels however tend to have 

larger structural dimensions than stiffened panels and the structural wavelength of the 

(fundamental) mode may well be of the same order as the acoustic wavelength and 

subsequently the estimation of the joint acceptance becomes more critical. In addition, 

sandwich panels have a lower critical frequency [34] and hence respond more at lower 

frequencies compared to a single skin panel. 
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The use of sandwich panels and in particular composite sandwich panels became more 

widespread through the 1970’s and1980’s. Holehouse and Soovere addressed these 

issues with several important publications [35, 36, 37, 38]. None of these deal with core 

failure however. Mead [39] and Pretlove [40] did address the evaluation of bond stresses 

in honeycomb sandwich panels, although this type of failure today would be classed as a 

manufacturing problem and not necessarily an actual acoustic fatigue mechanism. In 

comparison with observed in-service failures of honeycomb cores, the bond line was 

always intact, with the cracks being in the core.  

 

Millar [9] predicted core stresses in a sandwich panel PWT specimen using Blevins’ 

normal mode method. Millar [9] predicted the skin strains in the panel with reasonable 

accuracy and on that basis proposed that there was good confidence that the core 

stresses/strains could be predicted with similar accuracy. Cunningham [6, 41] developed 

a technique for core strain measurement based on finite difference techniques and had 

good results when using beam specimens although the results involving sandwich panels 

did not display the same accuracy. It was nonetheless a very significant development in 

the area of core response prediction and the adaptation of the technique to use with 

panels is an area worthy of further development. 

 

Although there has been considerable research in the field of acoustic fatigue over the 

past 50 years, the most active period was during the 1960’s. Very little was done 

throughout the 1980’s and 1990’s with exception of the contributions mainly by 

Holehouse and Soovere in the United States and the Brite Euram project (ACOUFAT) in 

Europe [42], with regard to advanced composite materials. Some work has been carried 

out with regard to advanced materials, the combined effects of high acoustic and thermal 

environments and non-linear behaviour. The impetuses of this work being in relation to 

hypersonic space vehicles and although interesting, is not considered particularly 

relevant in the context of the nacelle structures to which this area of research has been 

directed.  
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1.4.2 High Frequency Vibration 
Both the ESDU data sheets [2] and the ISVR course notes [43] give an excellent 

introduction to high frequency vibration. The phrase high frequency is often interpreted 

as meaning a “high number” of Hertz, however this is incorrect. High frequency actually 

refers to the dimension of the structural wavelength of vibration in relation to the 

structural dimensions. Langley [43] discusses several techniques; 

 Elastic Wave Techniques 

 Statistical Energy Analysis 

 Wave Intensity Analysis 

 The Dynamic Stiffness Method 

A comprehensive list of references has also been provided in reference [43].  

 

There are examples in the literature of applying all the above methods to high frequency 

vibration applications. The elastic wave technique considers the propagation of free 

elastic waves. The free vibration of the component is represented by the sum of waves 

moving left and right. The solution is obtained by applying the appropriate reflection 

conditions. Langley [43] provides examples for both a beam simply supported at both 

ends and another beam, clamped at both ends.  

 

Langley applies the technique to analysis of plate assemblies [44] in which he makes two 

assumptions: (1) the out of plane response can be expressed in terms of four free bending 

wave components together with evanescent components restricted to the vicinity of the 

plate boundaries; (2) there are no free in-plane waves generated at the boundaries and 

that any evanescent components associated with the in-plane vibration, decay rapidly 

with distance from the boundary.   

 

The evanescent components are typically described mathematically by decaying 

exponential terms. These components do not propagate significantly away from the 

boundaries. This assumption becomes more valid as the frequency increases due to the 

wave number also increasing with frequency.  
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In the paper [44] Langley sets out the conditions under which the two assumptions are 

valid and these assumptions lead to lower and upper bounds on frequency. An advantage 

of this method is that the calculation of natural frequencies reduces to solving two 

simultaneous non-linear equations (regardless of frequency range, providing the range is 

within the bounds as described by Langley [44]) whereas with the finite element method 

for example, an increasing number of degrees of freedom (i.e. more and more elements) 

are required as frequency range increases. 

 

Langley [43] draws attention to the fact that under certain conditions the differential 

equation of motion can be replaced by the wave equation and which due to being of 

lower order than the differential equation of motion and as such, is easier to solve. 

However Langley [43] also points out that the method may lead to an under prediction of 

natural frequencies. 

 

Statistical Energy Analysis (SEA) is perhaps the most well known in the field of medium 

to high frequency vibration analysis and is really only suited to these frequency regimes 

as the statistical description of the parameters requires that a large number of modes are 

used [45, 46]. SEA has been used for establishing general levels of vibration [46], but it 

does not lend itself to localised response prediction. In SEA energy flow equations are 

used rather than the traditional approach of imposing compatibility and force/moment 

equilibrium equations. A structure is divided into subsystems and an energy conservation 

approach is used to balance the input power with the response power of the subsystems. 

Each sub system has a power balance; power in equals power dissipated in the sub 

system plus the net power transmitted. The net power transmitted is the power 

transmitted minus the power received.  Success with SEA has been mixed, in some cases 

SEA can yield excellent results, while in others agreement has been poor. Clarkson et-al 

[46] demonstrates this in comparison of SEA predictions with measured structural 

response. 

 

In terms of a tool for acoustic fatigue analysis the SEA technique does not offer the 

accuracy of spatial detail that is potentially available with other techniques, not to 
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mention the general ambiguity of result accuracy being so dependent on accurate 

knowledge of the relevant coupling loss factors. 

 

The wave intensity analysis (WIA) is similar to SEA and indeed by assuming the wave 

field is diffuse, the method reduces to that of statistical energy analysis [47, 48]. An 

analysis of a panel array is presented by Langley [48] however, it is interesting to note 

that the results of analysis using both SEA and WIA techniques were both benchmarked 

against results generated using the dynamic stiffness method. Langley [48] shows that 

the WIA method does show improvement over SEA and may offer advantages for 

analysis in the high frequency range (high frequency relative to the structural dimensions 

used by Langley [48]) however, if low order modes are of interest the method does not 

offer any advantage over other techniques such as FEM [49, 50]. 

 

The concept of the dynamic stiffness method (DSM) is to solve the differential equation 

of motion exactly, thus a single element can be used to represent a structural component 

without compromising accuracy. This is in contrast with the finite element method [49], 

where an element is characterised by a shape function and the ability to represent a 

deformed shape is a function of the order of the shape function and the number of 

elements used. By using more elements there will be a better representation of the actual 

structural deformation and the accuracy will be improved. This has the implication that 

for high frequency vibration where the vibration wavelength is small compared to the 

structural dimensions, a large number of conventional finite elements would be required 

to accurately represent the structural deformation. 

 

The first work on the dynamic stiffness method is generally attributed to Kolousek [51] 

in 1941 and it is perhaps of no surprise that there has been a considerable body of work 

carried out using the dynamic stiffness method (DSM) in the intervening 71 years. In 

general however, a lot of work has been focused on one dimensional structure’s where 

the DSM is exact.  For example, work on the latter covering beams and frameworks have 

been reported by Cheng [52], Wang and Kinsman [53], Akesson [54] and more recently 

Anagnostides [55] and Beskos [56]. In the case of reference [56], Laplace transforms 
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have been used to formulate a problem in the time domain for the purpose of considering 

transient type excitation such as earthquake and wind loading.  

 

Leung [57] describes the use of the dynamic stiffness method for the analysis of a non-

uniform Timoshenko column using a power series and he provides a very concise 

summary and list of references on the background to the use of the dynamic stiffness 

method. Further literature reviews of note have been compiled by Fergusson [58],  and 

Zhou [59]. 

 

There is a disadvantage with the DSM however in that an exact solution for the 

differential equation of motion is only generally available for a one dimensional 

structural element. Plates and shells can be analysed if it is assumed that two opposing 

edges are simply supported [60, 61 62]14. A series solution between the simply supported 

edges reduces the problem to that of being equivalent to a one dimensional situation. 

This assumption does place certain limitations on the range of applications, but for 

stiffened panel forms of construction typical of that used in the aerospace industry, the 

assumption is not unreasonable. Lin [63] states that in relation to aircraft fuselages where 

the skin is supported by circumferential frames and longitudinal stringers, the exact 

nature of the boundary conditions at the frames is not critical. Lin [63] attributes this to 

the frame spacing exceeding the stringer spacing and that the frames are more resilient to 

radial (bending) deformation and states that by subsequently assuming the frames to 

provide simple supports, only small errors will be introduced. 

 

In-plane loads were included in the analysis detailed in reference [61] and interesting 

observations were made on the effect that this had on the response of the structure. It was 

shown that in the plate being excited there was a reduction in the bending energy of the 

plate when in-plane loads were included over that when only pure bending was 

considered. It was found that some of the bending waves were being transferred into in-

plane loads in an adjoining plate. At regions of the structure remote from the forcing 

                                                
14 A solution is also available for when two opposing edges have sliding supports however, this is not a 
configuration generally encountered with the types of construction being considered in this application. 
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however, the in-plane loads were being converted back to bending waves and as a result 

the bending energy in the structure remote from the forcing increased over that when 

only pure bending was considered. This effect was most obvious at the higher frequency 

range and there was very little difference in the bending energy at the low frequency 

regime between the models with and without in-plane loading included in the analysis. 

The in-plane effects are believed to be significant only at frequencies above the cut-on of 

in-plane wave types. 

 

Of the literature published in relation to the dynamic stiffness method it has been largely 

associated with energy transfer or noise prediction [64]. References [55, 56] do show 

absolute quantities in the form of displacements, but the work with plates and shells [60, 

61, 62] has not been applied to absolute values such as stress or strain and the technique 

has yet to be employed for acoustic fatigue analysis. 

 

1.5 Aims of this Work 

The aim of this research is to develop an analytical tool that can be used to assess the 

response of structures with regard to acoustic excitation. The work has been directed 

towards the analysis of stiffened panels and honeycomb sandwich panels representing 

structural components within a jet engine nacelle. It is anticipated that the technique 

would permit parameter studies to be carried out at the design phase to enable the most 

efficient structural configuration to be determined. The method should also be capable of 

allowing a reasonably accurate estimation of structural response due to high frequency 

excitation if deemed necessary. Likewise the fundamental understanding of the influence 

of acoustic excitation of a multi-bay stiffened structure would be improved. 

 

It was decided that the dynamic stiffness method would be employed as the basis of the 

analytical technique. As the dynamic stiffness method uses an "exact" solution to the 

differential equation of motion, therefore the number of elements used does not affect the 

accuracy of the result, unlike the finite element method. In addition, the exact nature of 

the solution also makes it an attractive technique for high frequency vibration analysis. 
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Benchmarking, where appropriate, using numerical finite element (FE) models is to be 

shown as are comparisons with measured data. 

 

The dynamic stiffness method has been applied previously in relation to calculating the 

response of aircraft structures [60, 64], to acoustic excitation, however the response was 

in relation to energy/power transmission and was not used to determine absolute 

quantities such as displacement, stress or strain. The method has not previously been 

used in relation to honeycomb sandwich panels. Neither has the method been verified as 

a response prediction tool for acoustic fatigue analysis of aircraft structures by comparing 

displacement, stress or strain with other analytical tools or by test validation. 

 

In addition, an alternative approach to the formulation of the dynamic stiffness matrix 

has been proposed and this will be investigated. The approach used has been discussed in 

general terms by Langley and Bardell [47] however; it is believed that a comprehensive 

example of the technique has not previously been published in the literature. 

 

In short it is desirable to have a response prediction tool at the design stage that would 

give a preliminary assessment of the integrity of a structural configuration with regard to 

acoustic fatigue. The means of addressing this can be summarised by the following tasks;  

 Response Prediction 

o Formulate a dynamic stiffness matrix (DSM) for an isotropic plate and 

compare the response prediction (both displacement & strain) with other 

analytical tools (textbook solutions, finite element method). 

o Consideration could also be given towards orthotropic plates. 

o Construct a stiffened panel representing a segment of a nacelle bulkhead 

and verify the response. 

o Give consideration to elements of sandwich construction. 

o Investigate an alternative approach to formulation of the DSM. 

 Compile Fatigue Data 

o The subject of honeycomb behaviour is of particular interest. 

 Compile Test Data 
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o A summary of test data will be compiled for reference to assist with 

response prediction verification. 

 Response Assessment for Fatigue 

o Perform fatigue life predictions  

o Suggest design guidelines 

 

The aims listed above give the direction for the following chapters. Response prediction 

covers the most ground and yet without fatigue data with which to make an assessment 

of the implications of structural response and without the ability to compare predictions 

with test data to give confidence on the accuracy of predictions, it would be meaningless. 

Each chapter is unique but they depend and draw on each other to give meaning to the 

complete volume of work.  

 

1.6 Overview of the Proceeding Chapters 

This section gives a brief overview of the content of the following chapters and identifies 

the contributions the body of work makes to knowledge in the field of acoustic fatigue. 

 

Chapter 2 begins by describing in detail the formulation set out by Langley [60] in 

formulating the dynamic stiffness element for a rectangular plate. This work is extended 

to applying the technique for strain response and expressions relating to displacement 

and strain are developed for point loads and various forms of pressure distribution. An 

alternative approach to the formulation of the dynamic stiffness method is explored and 

the formulation of a dynamic stiffness element for an orthotropic plate is presented in 

detail. A simple overview of random vibration is also discussed and Chapter 2 concludes 

with a basic verification of the dynamic stiffness method.  

 

Chapter 3 gives a more comprehensive verification of the dynamic stiffness method in 

terms of natural frequency and resonance frequency identification in addition to 

displacement and strain response due to various loading conditions.  
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A validation exercise is presented in Chapter 4. This chapter deals with practical 

applications and attempts to model stiffened panels representing nacelle bulkhead panels 

and also simplistic modelling of sandwich panels.  

 

The subject of fatigue is examined in chapter 5. Fatigue data applicable to typical nacelle 

structural materials is presented. Some of the data had not previously been adapted for 

acoustic fatigue analysis and a method of converting data generated under sinusoidal 

loading conditions to data applicable to random loading is discussed. Example fatigue 

calculations are presented and the subject of establishing the onset of failure and the 

interpretation of measured data is discussed. 

 

General conclusions are discussed in chapter 6. 

 

1.7 Overall Contributions of the Study 

As regards summarising the novel aspects presented in this thesis, the main contributions 

are 

1. Demonstration of the ability of the dynamic stiffness method as a preliminary 

efficient analysis tool for acoustic fatigue analysis with potential for parameter 

study investigations.  

2. A novel alternative to the formulation of the dynamic stiffness method is also 

presented in greater detail than has previously appeared in published literature. 

3. Previously unpublished test data has been presented as part of the model 

validation exercise.  

4. Recommendations for design considerations for nacelle structures as regards 

acoustic fatigue have been produced. 

5. Interpretation of the onset of failure in test data is also provided for subsequent 

industrial end-users. 
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2.1 Introduction 

The dynamic stiffness method (DSM) was outlined in general terms in chapter 1. This 

chapter discusses the dynamic stiffness method in more detail and develops the dynamic 

stiffness matrix for a plate using both the traditional approach and an alternative original 

formulation based on the transfer matrix. 

 

The traditional approach to evaluating the dynamic stiffness matrix for a rectangular 

plate as described by Langley [60], involves solving the differential equation of motion 

limited to one pair of parallel edges being simply supported. The solution of the 

differential equation of motion involves solving the complementary function and the 

particular integral. The complementary function relates the forces and displacements in 

the absence of any distributed loading however forces at the element boundary can be 

accommodated.  

 

The process leads to expressing the displacements and rotations with respect to the wave 

amplitudes by a square matrix P1, while the forces and moments are related to the wave 

amplitudes by another square matrix P2. Note that the notation used here and in the plate 

element described in section 2.2 which follows, is similar to that of Langley [60]. 

 

The dynamic stiffness matrix is subsequently defined by equation (2.1). 

 

Dynamic Stiffness Matrix Q  =   P2P1
-1 (2.1) 

 

Expressions for stress and strain have been developed and results have been presented for 

various boundary conditions and types of loading, including point loads, pressure loads 

and random excitation. Comparisons have been made with calculations from textbook 

analytical solutions and finite element solutions. 
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2.2 Plate Element Formulation 

Consider the plate element of Figure 2.1. In the longitudinal direction “x” extends from 

zero to “L” and in the transverse direction “y” extends from zero to “b”.  

 

 

Figure 2-1 - Plate element configuration. 
 
The differential equation describing the deflection (w) of a plate under a normal pressure 

“q” in terms of the plate bending stiffness D1, the in plane pre-stresses Nx, Ny, the in-

plane shear stress, Nxy and the body forces X and Y, was given by Timoshenko [65] as 

equation (2.1)2; 

4
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 + 2 + 
y
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yx
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x
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y
wY
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wX

yx
wN

y
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x
wNq

D xyyx

2

2

2

2

2

21  (2.2) 

             

The Laplace operator (  2 ) was used to simplify equation (2.2); 

  2   =     2

2

2

2

y
 + 

x
     (2.3) 

                                                
1 For an isotropic plate, the plate bending stiffness D is a function of Young’s modulus E, plate thickness h 

and Poisson’s ratio  and is defined as D = 
)1(12

3Eh
. 

2 The actual equation was equation 217 in Timoshenko [65], chapter 12 of the second edition. 

b 

y=0 

y=b 

x=0 x=L x 

y 

L 
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y
w

yx
w

x
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Thus equation (2.2) can be expressed as follows; 

 wD 4  = 
y

w - 
x

w - 2 +  +  + 
2

2

2

2

2

YX
yx

wN
y

wN
x

wNq xyyx    (2.6)                    

 

Equation (2.6) can be simplified further by ignoring the in plane shear stress and 

tangential forces, i.e. 

       wD 4  = 
2

2

2

2

 +  + 
y

wN
x

wNq yx    (2.7)                                        

 

Re-arranging the above expression and including an inertia term for dynamic analysis 

yields the following equation of motion, where rho ( ) is the mass density and “h” is the 

plate thickness; 

 q = 
2

2

2

2

2

2
4 d + - -  

dt

wh
y

wN
x

wNwD yx    (2.8)                                 

The out of plane displacement "w" is a function of the spatial co-ordinates x, y and time 

“t” i.e., 

 w  =  w(x, y, t)   (2.9) 

 

Assuming a harmonic variation in time for both the loading q and the displacement 

response w:  

 ),,( tyxw  = tjeyxW  ),(  (2.10) 

 

If we consider the specific case of a simply supported plate, a typical notation might use 

m and n to describe the mode orders in the x and y orientations respectively and where m 

and n are integers defining the number of “half sine waves” between opposing edges of 
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the plate.  In this case, for any given value of m there will be an infinite number of n 

terms; the complete description of the displacement is a double summation that is a 

function of all m and n components. If the boundaries on the edges x=0 and x=a are not 

simply supported the mode order m can no longer be considered in terms of an exact 

half-sine wave. 

 

For a more general case, where the edges along y=0 and y=b are simply supported and 

the displacement in y will be a sine function; there will be a value of m (following the 

notation used by Langley [60]) which satisfies the differential equation for a particular 

boundary condition. This value of m should not however, be confused with the 

conventional definition one would generally associate with the modes of vibration for a 

simply supported plate, viz 

 

 ),( yxW  = 
m

m b
ymxX sin )(  (2.11)           

 

This simply supported edge condition is a limitation of the approach. The requirement of 

being able to separate out the response as a series form across the width relies on the 

plate being rectangular and the two opposite edges are required to be either simply 

supported or sliding for an exact solution to be obtained. In principle however, an 

approximation based on beam type modes could be employed to investigate other 

boundary conditions (see Blevins [66]).  

 

Thus w(x, y, t) becomes; 

 ),,( tyxw  = 
m

tj
m b

ymxX e sin )(  (2.12) 

 

Substituting this expression into (2.2) etc. and subsequently into (2.8); 

 
t
w  = 

m

tj
m j

b
mxX e   ysin )(  (2.13)                                                                 
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Thus equation (2.7) becomes; 
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It follows that equation (2.8) becomes 
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Substituting the expression for 4D w from equation (2.25); 
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The next step involves multiplying both sides by 
b

ynsin  and then integrating with 

respect to (wrt) y from 0 to b - 

   y
b

ynq
b

d sin 
0

 = y
b

ym
b

yne
b

m

ti d sinsin 
0

 (2.29)          

 

Note, the term on the right hand side, inside the integral sign is zero for values of n not 

equal to m and 0.5b for values of n which are equal to m. This is the orthogonality 

condition which allows the solution to be expressed in terms of individual mode orders 

across the plate width.  

 

If one considers a system where the physical coordinates have been replaced by modal 

coordinates the mode shapes are then used to describe the structural behaviour as 

opposed to, say, the actual displacement. Then by multiplying the subsequent differential 

equation of motion by the transpose of the eigenvector matrix (i.e. the transpose of the 

mode shapes), the differential equation of motion becomes uncoupled (providing 
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damping is proportional or has been ignored). This results in generalised modal mass and 

stiffness matrices and a modal force vector. The presence of damping does not, in 

general, diagonalise the generalised damping and stiffness matrices, however if damping 

is applied to each mode separately (modal damping, represented by a complex stiffness 

in terms of the loss factor ), the uncoupled equations of motion can be maintained. 

 

The uncoupling has led to mass and stiffness matrices that only have terms on their 

leading diagonal. (The modes of a system that can be uncoupled in this manner are said 

to be orthogonal). This condition allows the equation of motion to be written as a set of 

uncoupled single degree of freedom systems, i.e. the overall system response can be 

considered separately on a mode by mode basis and the overall response is obtained by 

summing the contribution from each individual mode. The dynamic stiffness method 

does not yield conventional mass and stiffness matrices as such. However, the imposition 

of simply supported edge conditions on two of the opposing edges as described above 

using the function 
b

ynsin  infers that each mode (n value) can be considered 

separately.  

 

Blevins [66] draws attention to the fact that a general orthogonality principle does not 

exist for the mode shapes of vibration of thin plates. This should be more correctly 

quantified by saying that closed form solutions for the mode shapes are not in general 

available.  However, he states that the mode shapes can be available and are shown to be 

orthogonal if (i) the natural frequencies of the modes are well separated and (ii) that 

either (a) the edges of the plate are clamped or (b) the portion of the edges which are not 

clamped are straight segments as with a rectangular plate, and that these segments are 

simply supported. The dynamic stiffness method implementation here uses two opposite 

edges that are simply supported and the plate elements represent regular rectangular type 

elements. They exhibit the orthogonality condition and as such, analysis on a mode by 

mode basis for a particular order across the span on the simple supports is justified. 

 

In order to simplify equations (2.28) and (2.29) the following notation is used;  
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Note that q is assumed to be of the form tjqe .   

   

2.2.1 Propagating Plane Pressure Loading 

The pressure q represents a pressure normal to the surface of the plate. To describe a 

harmonic plane acoustic wave q is a function of x,y and t and can be expressed in 

exponential form [60] as; 

                                                q(x,y,t) = ty +jx - j-je 21  (2.33)                  

 

The quantities µ1 and µ2 are the real wavenumbers3 of the propagating pressure loading 

travelling with speeds 
1

 and 
2

 in the x and y directions respectively. The actual 

                                                
3 If one considers a harmonic wave represented by a rotating vector then in the period (T) for one 

wavelength ( ) the vector has made one revolution i.e. it has rotated through 2  radians (360o). The 

rotational speed ( ) is therefore 2  /T rad/s. If the same harmonic wave is considered in spatial terms rather 

than temporal, the period T is replaced by the wavelength  and as such the wavenumber (the number of 

wave in one revolution of the rotating vector) can be expressed as k=2  / . The wavenumber (k) & the 

rotational speed ( ) effectively describe similar wave behaviour; k being a spatial quantity and  being a 

temporal one. Considering the structural wave further, the phase difference ( ) between 2 points on the 

wave, say a distance x apart, is given by the rotational speed of the corresponding rotating vector ( ) 

multiplied by the time (t) to travel the distance x i.e = t. The speed given by x/t is given the symbol c and 

correspondingly the time t can be expressed as x/c. The phase angle  is therefore  x/c. If the 2 points in 

question were a wavelength apart, the distance x would be the wavelength  and the phase angle  would 

be 2  i.e. 2  = /c.  
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angle of propagation is  where  =
1

21tan  and is the angle of propagation with 

respect to the x-axis.  

 

The wavenumber k was equal to 2  i.e. the change in phase per unit distance moved by 

the wave in the direction of propagation; therefore 2 =k  and it follows that2 k= /c. 

 

For the propagating pressure loading (the wavenumber propagating in the y-direction) 
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The parameter )( 2nH  is defined as follows:                                     

  )( 2nH  = 
b

n
yj yyke

b 0
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2  (2.35) 

where    kn
2 = 

2

b
  (2.36)                       

Considering a special case of a plane acoustic wave where the pressure wave travels only 

in a direction along the plate parallel to the x-axis then 2 is zero4 and )( 2nH reduces to; 

   )0(nH  = 
b

n

n

k
yk

b
0

)cos(2  = n

n
)1(12  (2.37) 

 

For even values of n the above expression is zero and for odd values equals;  

  )( 2nH  = 
n
4  (2.38)  

 

Equation (2.32) was then expressed in the form - 

                                                
4 This special case for a plane wave is similar to the situation in a progressive wave tube where the sound 
travels along the duct. A more general case is considered in appendix 1. 
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The solution to equation (2.39) is the sum of a complementary function and a particular 

integral. The complementary function (the solution of the homogeneous equation) yields 

the plate wavenumbers which are essential for the population of the P1 matrix referred to 

in equation (2.1). 

 

 Complementary Function                      

The complementary function is the solution to the equation of motion when the applied 

external applied excitation term in the equation of motion is set equal to zero.  

 

)() -  + ( +)() + (2 - )(X 224"2iv xXhkNDkxXNDkxD nnynnxnn  = 0 (2.40) 

 

Assuming an exponential form for Xn(x) i.e. Xn(x)= Xnekx then one has the solution to the 

complementary function Xn(x) as 

    Xn(x) = 
4

1=

xk
n

neA   (2.41) 

In terms of the four roots k n, for a given wavenumber5 
b

nkn  across the width of 

the plate (i.e. Xn(x) = xk
n

xk
n

xk
n

xk
n

nnnn eAeAeAeA 4321
4321 ). To solve for these one can 

substitute Xn(x)= Xnekx into equation (2.40) and solve for the values of k. The first 

derivative of Xn(x) is k Xn(x), the second derivative is k2 Xn(x), etc., then equation (2.40) 

becomes, after neglecting the pre-stresses Nx an Ny: 

 ) - ( +) (2 - 24224 hDkkDkDk nn  = 0   (2.42) 

                                                
5 In the terminology of ‘wavenumbers,’ the form for the solutions would be e(jkx). Since equation (2.41) is 
given in the form of e(kx), it is better to refer to the solutions as the ‘roots.’ When the roots are imaginary 
then propagating waves occur (as the wavenumbers are real). 
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Re-writing this as a quadratic in k2 and solving for k we obtain; 

     k =
2
1

24222 Dk k k nnn  (2.43) 

 i.e. k has 4 roots 

   k1n = 
2
1

2
1

2
2  

D
kn  (2.44) 

   k2n = 
2
1

2
1

2
2  

D
kn  (2.45) 

   k3n = -1
2
1

2
1

2
2  

D
kn  (2.46) 

   k4n = -1
2
1

2
1

2
2  

D
kn  (2.47) 

A plot of the roots against frequency (  rad/s) is related to the dispersion curves (Figure 

2-2). As can be seen in Figure 2-2, the roots k2n and k4n change rapidly (for n=1) at 

approximately 450 rad/s (72 Hz). This corresponds to the frequency for an infinitely long 

plate at which a standing wave is set up across the plate width. (The evanescent waves, 

given by the real roots k1n and k3n, decay and do not propagate (near field waves)). The 

other two roots (k2n and k4n), can be seen to have imaginary components which exceed 

the real part of the roots of the equation above the cut off frequency. These components 

do not then decay. They are bending waves which propagate and can transmit energy. 

These waves may also be referred to as far field waves [67]6. The curves have been 

plotted for odd n components as in the context of acoustic pressure excitation, these are 

the most significant mode orders (for example a uniform pressure would not excite the 

even order modes). 
                                                
6 Reference 67, Chapter 9, “Structural wave motion,” by Mead, D.J. 
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Figure 2-2 – Real part (a) and imaginary part of the root (b) versus angular 

frequency for odd mode orders (n=1, 3, 5), for a rectangular titanium plate (0.152m 

x 0.102m x 7.11x10-4m, (6”x4”x0.028”)) with 2 opposite parallel edges simply 

supported. 
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The boundary conditions for the solution is the vector X, where {Xn}=

)(
)(
)0(

)0(

'

'

LX
LX

X
X

 is given 

by 

      {Xn}  =  [P1]{A }   (2.48)      

Where                                                                                                                                                      

  [P1] =  

1111

 

4321

4321

4321

4321

Lk
,n

Lk
,n

Lk
,n

Lk
,n

LkLkLkLk

,n,n,n,n

,n,n,n,n

n,n,n,n

e    ke   ke    kek

 e          e            e          e

 k           k            k          k
                                                      

 (2.49) 

 

 

 The Particular Integral for a Propagating Plane Pressure               

 For the particular integral component one requires a solution of the equation: 

 

 )()()()2()( 242 xXh Dk+ xX Dk - xDX nn
"
nn

iv
n  = x

n )eH 1
2   (2.50) 

  

Let the particular integral be expressed as xBe 1 i.e. note the same applied excitation 

wavenumber in the x-direction. 

 

Then 

  )(xX
x ni = )(xX i

n  = xji Bej 1)( 1
   (2.51) 

 

Thus equation (2.50) can be expressed as follows (again the pre-stresses Nx and Ny have 

been neglected); 

 )()2( 242
1

24
1 hDk+  Dk  nn

xjBe 1 = x
n eH 1)( 2    (2.52) 
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                                                B = 
)()2(

)(
242

1
24

1

2

- Dk+ Dk + 

H

nn

n  (2.53) 

 

Note that when the denominator of the expression in equation (2.53) equals zero we have 

a coincidence effect – the frequency is that of a simply supported-free-simply supported-

free plate. The denominator can be simplified and rewritten in terms of the free plate 

wavenumber (k4=
D

h2

) and thus becomes 4222
1 kkD n . 

So 

   Xnp(x) = 
4222

1

1

kkD
e

n

x-j

 (2.54) 

 

The particular integral used above is the response of a plate stretching to infinity in the x-

direction. 

                                                                                                                                                            

The total solution to the differential equation, equation (2.41), was given as the sum of 

the complementary function (equation (2.51)) and the particular integral (equation 

(2.57)). 

 

The solution for Xn(x) is given by 

                                     Xn(x)  =   2

4

1=
 + (x) HXeA nnp

xk
,n

,n  (2.55) 

 

Xn(x)
b

ynsin  is the out of plane displacement as a function of position (x, y). The 

absolute displacement and/or rotation at any value of x and y is obtained by summing the 

relevant quantity over the required number of components (n). Theoretically, the sum 

would involve an infinite number of terms, but the sum can be suitably truncated by the 

following expression [61]. 

 

  nmax =  (b )( max)½( hmax/D)¼ (2.56) 
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Where max is the maximum frequency of interest, hmax is the maximum plate 

thickness (where a structure is made up of plates of varying thickness). The origin of 

the expression is based on defining the lowest possible wavenumber associated with a 

waveguide of modal index n as being
b

n . The frequency associated with this 

wavenumber is the lowest natural frequency associated with the modal index n [61]. 

Conversely, for a given frequency, the maximum value of n for which there would be 

natural frequencies below  is that given by equation 2.56. 

 

Considering now the conditions at x=0 and x=L 

  Xn(x) =  
kkD

eH +eA
n

x-j
nxk

=
,n

,n

4222
1

2
4

1

1)(
 (2.57)           

  X'n(x) = 
4222

1

21
4

1

1)(

kkD

eHj + eAk
n

x-j
nxk

=
,n,n

,n  (2.58) 

 At x=0;                                           

  Xn(0)  =   
4222

1

2
4

1

)(

kkD

H+ A
n

n

=
,n  (2.59) 

  X'n(0)  =   
4222

1

21
4

1

)(

kkD

Hj + Ak
n

n

=
,n,n  (2.60) 

 At x =L;                     

  Xn(L)  =   
4222

1

2
4

1

1)(

kkD

eH + eA
n

L-j
nLk

=
,n

,n  (2.61) 

  X'n(L)  =   
4222

1

21
4

1

1)(

kkD

eHj + eAk
n

L-j
nLk

=
,n,n

m,n  (2.62) 

 

 Expressing the above in matrix form gives; 

(L)X

(L)X
)(X
)(X

'
n

n

'
n

n

0
0

= ) H

(L)X

(L)X
)(X

) (X

 +

A
A
A
A
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Lk
,n
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4

3

2

1
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4321 0

01111

  

4321

4321
(2.63)                                    



 63 

 

i.e.  {Xn}=  [P1]{A}+{Xnp}Hn( 2) (2.64) 

 

The vector {Xn} is the nodal response vector i.e. the nodal response at either end of the 

element. Vector {A} contains the constants of integration and vector {Xnp} contains the 

displacement functions arising from the particular integral. 

 

The next stage in the formulation of the dynamic stiffness matrix involves the derivation 

of expressions for the shear force and bending moment at the edges of the plate. These 

were obtained from Timoshenko [65]7.  

 SHEAR FORCE:  V = 2

2

2

2

)2
y
w + (

x
w

x
D  (2.65) 

 BENDING MOMENT:  M = 2

2

2

2

y
w + 

x
w -D  (2.66) 

 

The out of plane displacement, w, was given by equation (2.10) and the wavenumber “k” 

is (n /b). The out of plane displacement can be expressed as –  

 

  ),( yxw   =  
1

)(
n

n xX  . sin (kny)  (2.67)       

                          

The required derivatives with respect to x and y, as required for the shear force and 

bending moment expressions were given previously by equations (2.15 – 2.24). 

 

Substituting for the displacement Xn(x), which was given by equation (2.55), the shear 

force, V, is then given by; 

 

                                                
7 See equation 114 on page 86 and equation 115 on page 87 of the second edition of Timoshenko, Theory 
of Plates and Shells [65]. 
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  Vn  = y k
H(x)X-(x) + D(XDi+ 

 Aekk- - (ekD
n

nnpnnp

,n
xk

,nn
xk

,n
,n,n

sin
)2

)2

21
23

1

23

 (2.68) 

          

The shear force at x=0 and x=L is then 

 

  Vn (0)  = yk
HXikDXDi

AekkkD
n

nnpnnp

n
xk

nn,n
n

 sin
)0()-(2 + )0( +

 )-(2 - 
 

21
23

1

,,
23 ,

 (2.69) 

                                      

  Vn (L) =- y k
H(x)X-(x) + D(XDi+ 

 Aekk- - (ekD
n

nnpnnp

,n
Lk

,nn
Lk

,n
,n,n

sin
)2

)2

21
23

1

23

  (2.70) 

 

Recalling the expression for the bending moment M, equation (2.66), and applying the 

derivatives developed for the shear force expressions, the moment M is: 

    Mn  = ykxXkxXD nnn
"
n  sin)( - )(- 2  (2.71) 

 

Which when expanded gives the following:                            

  Mn  = 

yk(x) H + XeAk-(x) HX - eAkD nnnp
xk

,nnnnp
xk

,n,n
,n,n  sin)(- 2

2
2

2
1

2  (2.72) 

 

Considering the bending moments at x=0 and x=L 

 Mn(0)= ykHXkXAkkD nnpnnpn n2
22

1,
2
n

2
n,  sin)0( + )0(-  --  (2.73) 

 Mn(L)= ykHLXkLXAekkD nnpnnpn
Lk n

n2
22

1,
2
n

2
n,  sin)( + )(-  -- ,  (2.74) 

 

Expressing the above in matrix form gives 
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 (2.75) 

 

In matrix notation the restoring force vector Fn is 

    {Fn}  =  [P2n] {An} + [Fnp] Hn( 2) (2.76) 

 

The dynamic stiffness matrix Qn which relates the forces and the displacements on the 

boundary in the absence of the distributed loading or any applied loading was previously 

defined in equation (2.1) as P2nP1n
-1. 

 

It was previously shown that the total displacement was made up of two components due 

to the complementary function and the particular integral respectively. In a similar 

fashion, the restoring force vector also has a component due to the particular integral i.e. 

Fnp. The force vector Fnp has the following components; 

 

    Fnp(1) = - Vnp(0)  (2.77) 

    Fnp(2)  =   Mnp(0)  (2.78) 

    Fnp(3)  =   Vnp(L)  (2.79) 

    Fnp(4) = - Mnp(L)  (2.80) 
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The components Vnp(x) and Mnp(x) were evaluated using the particular integral response 

Xnp(x) only in the shear force and bending moment expressions of equations (2.65) and 

(2.66) as opposed to using Xn(x). 

 

2.3 Discussion 

The previous derivation was carried out assuming that the plate was subject to excitation 

in the form of a plane acoustic wave. In the following section, point loads and uniform 

pressure loads have been considered and complete expressions for displacements and 

forces are presented, including the evaluation of the forcing due to the Particular Integral 

term denoted by the vector Fnp in the case of the travelling wave discussed previously. 

 

The type of loading will influence the particular integral form of the solution; however 

the dynamic stiffness matrix is a function of the P1 and P2 matrices that are independent 

of the type of loading. Thus the definition of the dynamic stiffness matrix given in 

equation (2.1) will be preserved regardless of the type of loading to which the plate is 

exposed. 

 

The overall structural response requires the summation of all modes – theoretically an 

infinite number of modes. Clearly summing to infinity is not feasible and the series can 

be suitably truncated as was discussed in section 2.2 when the particular integral was 

under consideration (see equation 2.56). Furthermore, the NASTRAN Dynamic Analysis 

User’s Guide [68], recommends that for frequency response analysis, the minimum 

requirement for mode truncation is that all modes whose resonant frequencies are within 

the range of the forcing frequencies should be retained in the analysis. For greater 

accuracy however MSC [68] recommend that all modes up to at least two or three times 

the forcing frequency should be retained. 
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2.4 Developments for Point or Distributed Loading 

In all cases the influence of the type of loading is reflected in the nature of the particular 

integral. In this section point loading and uniform pressure loads have been considered. 

Expressions for the displacements and nodal forces have been developed. The plane 

acoustic wave (travelling wave) form of pressure distribution, referred to in the 

formulation of the basic dynamic stiffness matrix in section 2.2, has been expanded to 

provide detail on the exact nature of the nodal forces in this case. 

 

2.4.1 Point Loads 

Consider a rectangular plate with a point load applied normal to the surface at the centre. 

The application of point loading can be greatly simplified if the plate is modelled using 2 

elements (Figure 2-3). Note that in general, the elements can be of different lengths. 

 
Figure 2-3 - Plate modelled with 2 elements (Point load @ centre). 

 
In this configuration the point load is applied at the element boundary and as such does 

not require a particular integral for solution, i.e. the particular integral is zero. The 

contribution from the point load is incorporated into the description of the nodal forces. 

For the case with no particular integral in the solution, the nodal displacements {zn} are 

obtained by multiplying the force vector by the inverse of the stiffness matrix. The 
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stiffness matrix and force vector referred to in this case however are the overall 

assembled dynamic stiffness matrix [Gn] and assembled force vector {gn}8, i.e. 

 

 {zn} =  [Gn]-1 {gn} (2.81)  

 

In practice the application of forces would produce an infinite response at resonance and 

to avoid the numerical singularity damping was introduced in the form of a complex 

Young’s Modulus of Elasticity. 

 

Complex Stiffness; D* = D(1+i ) (2.82) 

 

Where the loss factor ;  =  2  (2.83) 

   

i.e. the loss factor  [see reference 2; Vibration and Acoustic Fatigue series on Damping] 

is twice the equivalent viscous damping ratio when  is close to the resonant frequency. 

 

The assembly of each elements dynamic stiffness matrix and element force vector into 

the “global” dynamic stiffness matrix [Gn] and force vector {gn}, was performed using 

standard finite element techniques [49, 50].  

 

By way of example, consider the 2-element configuration of Figure 2-2. Each element 

has 2 nodes, with each node capable of translation and rotation i.e. 2 degrees of freedom 

per node. Node 2 of element 1 and node 1 of element 2 are common and as such these 

degrees of freedom are reduced to a common pair of degrees of freedom at this point. 

This requires that the relevant terms of the dynamic stiffness matrices for the 2 elements 

for these modes are added together, namely Qn(3,3) from element 1 is added to Qn(1,1) 

from element 2, Qn(3,4) from element 1 is added to Qn(1,2) from element 2, Qn(4,3) from 

element 1 is added to Qn(2,1) from element 2 and Qn(4,4) from element 1 is added to 

Qn(2,2) from element 2. Thus the assembled dynamic stiffness matrix has dimensions 

6x6 and the assembled force vector and nodal response vector have dimension 6x1. 

                                                
8 This notation follows that of Langley [60]. 
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It is clear that if a large number of elements were added in this fashion, the stiffness 

matrix would soon become very large and would be populated by a considerable number 

of zeros. For numerical stability and computational efficiency the assembly procedure 

used in all commercially available FE programs employ some form of banded storage 

technique. The program written in the course of this research employed a banded storage 

routine that stored only the non-zero terms of the stiffness matrix in a column format 

[49]. Clearly if the original stiffness matrices have been “re-arranged” for some storage 

purpose, an appropriate solution sequence is required to interpret the stored values in the 

context of their original locations i.e. assembly and solution go hand-in-hand.   For 

further reading on the finite element method see Petyt [50]. 

 

It is important to discuss how the force is defined and incorporated. In the example 

involving the 2 plate elements joined along a line with a point force applied in the middle 

at the common node, the force can be either completely assigned to one element or each 

element could carry a fraction of the total load. For example, if all the force is assigned to 

the first element the components of the force vector would be for element 1;  

 

 F(1) = 0.0 (2.84) 

 F(2) = 0.0 (2.85) 

 F(3) = Bnsin(kny0)  (2.86) 

 F(4) = 0.0 (2.87) 

 

F(3) is for a unit amplitude point force and is effectively a generalised force term [69]; 

basically a force amplitude (in this case unity) times the mode shape at the excitation 

point. The “y0” term is the distance from the edge of the plate to the position of the force 

application. Theoretically, an infinite number of “n” Fourier components across the plate 

width would be required to describe completely the applied force of unit amplitude9.  

 

                                                
9 The assumption is that the force can be described in the form 

22

b
y

L
xFe

tj
 = 

1
sin

n b

yn
enF tj

, where is the Dirac delta function [69, 70 and 71]. 
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For element 2 F(1) = 0.0 (2.88) 

 F(2) = 0.0 (2.89) 

 F(3) = 0.0 (2.90) 

 F(4) = 0.0 (2.91) 

 

The global or assembled force vector gn was thus defined as 

 gn (1) = F(1)Element 1 = 0.0 (2.92) 

 gn (2) = F(2)Element 1 = 0.0 (2.93) 

 gn (3) = F(3)Element 1+ F(1)Element 2 (2.94) 

   = (2/b)sin(kny)  

 gn (4) = F(4)Element 1+ F(2)Element 2=0.0 (2.95) 

 gn (5) = F(3)Element 2 = 0 (2.96) 

 gn (6) = F(4)Element 2 = 0.0 (2.97) 

   

The displacements at the nodes were given by equation (2.98) namely 

 {Un}=  [P1]{A}+{unp}Hn( 2) (2.98) 

 

If the point loads are applied at the boundary between 2 elements there is no particular 

integral component and as such {unp} = 0. 

 

Having obtained the response at all the nodes from zn (equation 2.81), the displacements 

for the appropriate element are substituted into Un. This allows the constants of 

integration (or wave amplitudes) An to be determined and from there Xn(x) and the 

absolute displacement w(x, y) can be determined for any desired x and y co-ordinate 

value. 
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2.4.2 Uniform Pressure Loading 

In section 2.2 the plate was assumed to be subjected to a pressure in the form of a plane 

acoustic wave described by equation (2.36). The analysis was further restricted to a wave 

travelling parallel to the x-co-ordinate. This had the effect of setting 2 equal to zero. For 

a uniform pressure the wave does not travel but is stationary and as such 1 is zero also. 

 

Consider the particular integral part of the solution which was defined in equation (2.54). 

For 1 equal to zero 

  Xnp(x) = 
) -( 

1
24 hDkn

 (2.99) 

And thus;   X'np(x) = 
4222

1

1
1

kkD

ej

n

x-j

 (2.100) 

    = 0.0  

 

Remembering that for even values of n, the expression for Hn( 2) is zero and for odd 

values was given by equation (2.38). The solution for Xn(x) was given by equation (2.55) 

and in matrix form by equation (2.98). 

Thus for uniform pressure {unp} = 

0
1
0
1

 
) -( 

1
24 hDkn

 (2.101) 

For odd values of ‘n’ {Un}  =  [P1]{A}+ 

0
1
0
1

) -

4
24 h (Dkn n

(2.102) 

For even values of ‘n’ {Un}  =  [P1]{A}  (2.103) 

 

The nodal force (restoring force) vector Fn was defined in equation (2.76). 

 

 It was also stated in section 2.2 that the restoring force component due to the particular 

integral {Fnp} was obtained by substituting Xnp(x) for Xn(x) in the calculations for the 
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shear force and bending moment expressions that constitute Fnp (equations (2.77) – 

(2.80)). Similarly, the out of plane displacement in respect of the particular integral, wnp, 

was given by making the relevant substitution of equation (2.54) into equation (2.11).  

 

Substituting for the nth order component in the particular integral the shear forces at x=0 

and at x=L are given by 

 

Vnp(0)= 
) -( 

)(sin 
24

2
1

hDk

ykiD

n

n +
) -( 

 )(sin)-(2
24

2
1

hDk
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nn  (2.104) 

 

Vnp(L) =
) -( +)2( + 

)(sin 
242

1
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ykeiD

nn

n
Lj

+
) -( +)2( + 

 )(sin)-(2
242

1
24

1

-2
1

1
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eykkD i
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nn  (2.105) 

 

However, since 1 is zero for a uniform pressure, Vnp is also zero for all x. 

 

Consider now the bending moment and making the relevant substitution for wnp  

 

    Mnp(x)  =
) -( 

)(sin 
24

-2
1

1

hDk
yke
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xj

+
) -(

 )(sink
24
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n
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n  (2.106) 

 

Again at the nodal positions x=0 and x=L 

    Mnp(0)  =
) -( 
)(sin

24

2
1

hDk
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n
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    Mnp(L)  =
) -( 

)(sin 
24

-2
1

1

hDk
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+
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 )(sink
24
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hDk
eykD
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n  (2.108) 

 

For the uniform pressure condition, where 1 is zero, these simplify to give  

      Mnp(x) = 
) -( 
 )(sin

24

2

hDk
ykkD

n

nn  (2.109) 
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Thus  

      Mnp(0) = 
) -( 

 )(sin
24

2

hDk

ykkD

n

nn  (2.110) 

      Mnp(L) = 
) -( 

 )(sin
24

2

hDk

ykkD

n

nn  (2.111) 

 

The equations (2.77) through (2.80) can subsequently be expressed as follows: 

       

   

)4(
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np

np

np
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F
F
F
F

=

1
0   
1   
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) -( 
 )(sin
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2

hDk
ykkD

n

nn  (2.112) 

 

Remembering that the nodal force (restoring force) vector Fn was defined in equation 

(2.76) as that which relates the nodal forces and the contributions coming from the 

complementary function and the particular integral i.e. 

 {Fn}  =  [P2n]{An}+

1
0   
1   
0   

) -( 
 )(sin

24

2

hDK
ykkD

n

nn

n

4 (2.113) 

or for n=even 

   {Fn}  =  [P2n] {An}   (2.114) 

 

Equation (2.98) can now be transposed to give an expression for the wave amplitudes (or 

constants of integration) as follows: 

 {An}   =  [P1]-1 {{Un} –{unp}Hn( 2)} (2.115) 

   

Substituting equation (2.115) into equation (2.113) 

 {Fn}  =  [P2n] [P1]-1{Un}-[P2n] [P1]-1{unp}Hn( 2)+{Fnp}Hn( 2)  (2.116) 

  =  [Qn] [Un]+( [Fnp]- [Qn] [unp]) Hn( 2) (2.117) 

  =  [Qn] [Unp]-[qn] Hn( 2)   (2.118) 
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i.e. where -{qn}   {Fnp}- [Qn]{unp}    (2.119) 

 

[Qn] is the element dynamic stiffness matrix and for this loading, using the expressions 

for the shear force and bending moment at the ends of the element 

 

 -{qn} = 

1
0   
1   
0   

) -( 
 )(sin

24

2

hDk
ykkD

n

nn -[Qn] 

0
1
0
1

 
) -(

1
24 hDkn

 (2.120) 

 

The {qn}’s and the [Qn]’s combined to form the assembled force vector {gn} and the 

assembled dynamic stiffness matrix [Gn] respectively. The nodal displacements are then 

evaluated by multiplying the assembled force vector by the inverse of the assembled 

dynamic stiffness matrix as was shown in equation (2.81). 

 

The purpose of this is to establish the nodal response. It should be reinforced that the 

term nodal refers to the points at the end of an element as opposed to a node point as 

being a point of zero displacement in relation to mode shapes where one might refer to 

nodes and anti-nodes. 

 

Having obtained the response at the nodes one can go on to obtain the displacement 

response at any position on the structure or indeed establish the stress and/or strain at any 

point. The strain response is addressed in section 2.5. 

 

2.4.3 Plane Acoustic Wave  

The analysis has largely been carried out for excitation due to a plane acoustic wave in 

section 2.2, although the exact details of the components of the assembled force vector 

were omitted. However, the uniform pressure case of the previous section (2.3.2) was a 

special case of the plane acoustic wave where the phase speeds 1 and 2 were set to zero. 

Consider now a plane acoustic wave with wave numbers 1 and 2 in the x and y 

directions respectively. 
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It was shown previously that the solution of the differential equation was the sum of the 

complementary function and the particular integral. Considering equation (2.55) where 

Xnp(x) had been defined in equation (2.54) and remembering that for even values of n, the 

expression )( 2nH is zero and for odd values equals 
n
4  (equation 2.38). The 

displacement terms relative to the particular integral i.e. Xnp(x) when expanded were as 

follows; 

  Xnp(0)  = 
4222

1

1

kkD n

 (2.121) 

 X'np(0)  = 
4222

1

1

kkD

j

n

 (2.122) 

  Xnp(L)  = 
4222

1

1

kkD

e

n

L-j

 (2.123) 

 

 X'np(L)  = 
4222

1

1
1

kkD

ej

n

L-j

 (2.124) 

 

Thus {Xnp} = 
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ej

e

j
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 (2.125) 

 

For odd values of ‘n’   

   {Xnp}= [P1]{A}+ 

Lj

Lj

ej

e

j

1

1

-

-

1

-

-

1

 
4222

1

4

kkD

n

n

 (2.126) 

 

For even values of n see equation (2.114). 
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The nodal force (restoring force) vector Fn was defined in equation (2.77). The general 

expression for the shear due to the particular integral Vnp(x), was defined above when 

considering the uniform pressure case with the general form at the nodal positions at x=0 

and at x=L, being given by equations (2.104) and (2.105). 

  

Similarly for the restoring moment due to the particular integral again at the nodal 

positions x=0 and x=L, was given by equations (2.107) and (2.108). 

 

So on substituting, one obtains 
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Remembering that the nodal force (restoring force) vector Fn was defined in equation 

(2.76), which after making the substitution of equation (2.127) for Fnp becomes: 

{Fn} = [P2n] {An} +

)(-

))2((-   

   

)2(

22
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-

22
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-
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22
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2
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k
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4  (2.128) 

 

After making the relevant substitutions for the force vector, the equivalent form of 

equation (2.120) for the plane acoustic wave was given in terms of the dynamic stiffness 

matrix Qn as follows:  
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   (2.129) 

 

Again, as in the previous cases, the {qn}’s and the [Qn]’s for each element are combined 

to form the assembled force vector {gn} and the assembled dynamic stiffness matrix [Gn] 

respectively. The nodal displacements are then evaluated by multiplying the assembled 

force vector by the inverse of the assembled dynamic stiffness matrix as was given in 

equation (2.81). 

 

2.5 Stress And Strain Formulation 

The expressions for the bending strains in a plate lying in the x-y plane were defined in 

Timoshenko [65] as  

 x = 
2

2

-
x
wz  (2.130) 

 y = 
2

2

-
y
wz  (2.131) 

 xy = 
yx

wz
2

2-  (2.132) 

 

where “z” is the perpendicular distance from the mid-surface of the plate to the surface 

of the plate. For a regular isotropic plate, z is half the thickness. The out of plane 

displacement w was expressed as equation (2.67) and the strain expressions become: 
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 x  =   -z t sin )( j
n

n

''
n eykxX  (2.133) 

 y  =  z t2  sin )( j
nn

n
n eykkxX  (2.134) 

 xy  =  -2z t cos )( j
nn

n

'
n eykkxX  (2.135) 

 

The principal strains are defined as [72] 

 1  =  xyyx
yx 2

2
1

2
 (2.136) 

 2  =  xyyx
yx 2

2
1

2
 (2.137) 

 

The principal stresses can be expressed in terms of the principal strains 

 1 = 21
2-1

E  (2.138) 

 2 = 
122-1

E  (2.139) 

 

Clearly the exact expressions for the strains are a function of the nodal displacement 

Xn(x) which is in turn a function of the particular integral. In the following sections the 

particular integral is accounted for and expressions for the strain response have been 

presented for the various types of loading conditions. 

 

It is clear that to evaluate the displacement, strain and stress at any location on a given 

element will require that the constants of integration are calculated before the desired 

parameters have been evaluated. 
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2.5.1 Strain Distribution Due To Point Loads 

In the consideration of point loads, it was demonstrated that if two elements were used to 

represent one plate and the point load was applied at the common boundary between the 

elements then the particular integral was zero and as such the displacement w was 

expressed as equation (2.48). The required derivatives were given as follows: 

 X'n(x)  = xk
,n,n

neAk ,
4

1=

  (2.140) 

 X''n(x)  =  ,
4

1=

2 xk
,n,n

neAk   (2.141) 

 

So the corresponding strains in general terms (summing over all n terms) are 
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2.5.2 Strain Distribution Due To Uniform Pressure Loading 

The particular integral in this case must be included in the response. The corresponding 

bending strains are then as follows: 
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2.5.3 Strain Distribution Due To Plane Acoustic Wave Loading 

Similar to the previous example, upon substitution of the relevant displacement function 

and accounting for the form of the particular integral, the bending strains were expressed 

as: 
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2.6 Random Vibration 

Having introduced the aspects of stress and strain in relation to frequency response 

analysis it is necessary to develop this to accommodate the response due to loading 

which is non-deterministic, i.e. random vibration. 

 

2.6.1 Basic Concepts 

The non deterministic nature of random loads and the subsequent structural response of a 

structure have led to using the statistical quantities of the relevant measurements and 

predictions being used as a means of quantifying the random behaviour. By imposing the 

assumptions that a signal is both stationary and ergodic [70, 71] this has enabled the 

treatment of random vibration to be dealt with in a deterministic manner. It is in the sense 

that the statistical description of the signals under consideration do not vary with time 

and that the statistical quantities from one sample of the quantity will be the same for 

successive records of the quantity. 

 

Further simplifications have been made to aide the analysis of random vibration analysis. 

The most important being that the signal has a probability distribution that is normal or 

Gaussian and furthermore, that the signal has a zero mean. Under this case the standard 
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deviation and the root mean square (rms) values are equal. The assumption that the signal 

is Gaussian is not unreasonable. The following figures were taken from reference [73] 

and relate to measurements taken on a nacelle during engine tests.  

 

 

Figure 2-4 - Pressure transducer power spectral density (from measurements taken 
on a nacelle during an engine test). 

 

 

Figure 2-5 – Strain gauge power spectral density (from measurements taken on a 
nacelle during an engine test). 
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Figure 2-6 – Strain gauge probability density histogram 
(From PSD of Figure 2-5). 

 

The traditional assumption in acoustic fatigue analysis has inferred that the term random 

implies broadband. This is not always the case and, in particular, with the inlet of a 

nacelle the noise is made up of tones from the fan (Figure 2-4). This produces a response 

that is also comprised of discrete tones (Figure 2-5). The probability distribution of the 

response however is very close to a Gaussian distribution10 (Figure 2-6).  

 

Blevins [74] made similar observations but sought to obtain a better approximation of the 

fatigue damage than simply approximating to a Gaussian response and referring to rms 

S-N data. The method used by Blevins [74] allowed a fatigue curve to be generated using 

existing sinusoidal load S-N data for a narrow band random process with any peak-to-

rms ratio from 21/2 to infinity.  

 

There are existing techniques for converting sinusoidal S-N data to random S-N data [14] 

and indeed these techniques have been used in a subsequent chapter to generate rms S-N 

data for the materials relevant to this body of work. The approach used assumes that the 

time history for stress (or strain) has an amplitude distribution of the peaks which follow 

                                                
10 Note the Kurtosis value of the experimental data is 2.94; a true Gaussian process would have a Kurtosis 
of 3.0. Note that the mean values and skew are also low. 
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a Rayleigh distribution. Blevins’s approach [74] makes a significant improvement over 

the existing conversions of sinusoidal S-N data. It will be assumed for the purpose of this 

research, however, that the signals, unless stated otherwise, obey a Gaussian distribution, 

but it is important to bear in mind that in reality a true Gaussian response is not 

guaranteed. Fatigue assessment techniques are though available for dealing with signals 

that have varying peak-to-rms ratios.  

 

The traditional approach to dealing with random signals involved squaring the time 

history to give a mean square value. The square root of the mean square value is the root 

mean square (rms) value and for a signal with zero mean the rms is, as stated above, 

equivalent to the standard deviation.  

 

To obtain information on the frequency content of the time history the mean square value 

can be passed through a series of low pass filters. If the mean square value was then 

plotted against the cut off frequency of each filter the signal would tend towards the 

overall mean square value as the value of the cut off frequency approached infinity, i.e. 

the limit where all frequencies would be allowed through the filter. Plotting the slope of 

this curve against frequency yields the spectral density or power spectral density (PSD)11. 

Alternatively, and now more usual, the rms value can be obtained by taking the square 

root of the area under the PSD curve.  

 

Theoretically a Fourier analysis can only be carried out on a periodic signal, which seems 

to contradict the concept of a random signal being non deterministic and not being 

periodic. It was stated above however, that the assumptions that a random signal is 

stationary and periodic mean the statistical quantities such as the mean square value have 

a periodic behaviour. The process essentially carries out a Fourier analysis on the mean 

square value. 

 

                                                
11 The term power has been carried over from electrical applications as much original work in the field was 
derived from the study of electrical signal noise where power is a function of current or voltage squared. 
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The advent of the Fast Fourier Transform (FFT) algorithm [75] and modern digital 

computers have enabled signals to be analysed extremely quickly12 and have made 

spectrum analysers [76] somewhat redundant. The above description is perhaps a little 

archaic but it gives the practising engineer a general appreciation of the subject of 

random vibration and an appreciation for terms such as the Power Spectral Density and 

the rms as engineering units. 

 

2.6.2 Analytical Representation 

In Sections 2.3 and 2.4 expressions were developed for the linear system response 

(transfer function13) when subject to various forms of excitation i.e. 

 

 Output(Y )) =  Input (X )) x Transfer Function (H )) (2.151) 

 

 So  H ) = Y )/X )  (2.152) 

 

Multiplying H( ) by its conjugate H*( ); 

  H ) H*( ) = Y ) Y*( )/X ) X*( )  (2.153) 

 

    |H )|2 =  Y ) Y*( )/X ) X*( )  (2.154) 

 

So 2)(Y  = 22 )()( XH  (2.155) 

i.e.  Syy( ) =  2)(H  Sxx( ) 

and in the limit 2)(1lim YE
TT  = PSD  (2.156) 

where T is the sample length in time of the quantities used in the evaluation of the 

Fourier Transforms and Sxx( ), Syy( ) are the PSD’s of the input and the output 

respectively. Thus the PSD of the output is equal to the PSD of the input times the 

                                                
12 A detailed description of digital spectral analysis and FFT’s is given in Reference [71].  
13 Theoretically the transfer function is the ratio of the Laplace transform of the output to the Laplace 
transform of the input. However, in the frequency domain the Laplace transform becomes the Fourier 
transform. 
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magnitude of the transfer function squared when Y( ) is obtained from a discrete Fourier 

Transform using sampled discrete data. An alternative option is to use the cross spectral 

density of the input and output in place of the output PSD [71].  

 

Integrating the output PSD with respect to frequency gives the mean square value. The 

evaluation of the root mean square (rms) and overall rms values is subsequently trivial. 

 

Thus typically random vibration analysis reduces to a post processing operation of the 

harmonic content (frequency response) analysis for measured data. For predicted 

applications the transfer function H( ) is predicted assuming linear behaviour and then 

expressions (2.151) and (2.156) are used to predict the response PSD when the input is 

random in nature and described in terms of an input PSD. 

 

2.7 Numerical Example and Comparison with Fem 

Consider a square flat plate with sides of length 0.1524 m and thickness 0.7112 mm. The 

plate was titanium with a Young’s modulus of 110.32 GPa and density 4438 kg/m3. The 

Poisson’s ratio was 0.3. For the purpose of evaluating the response to a point load of unit 

magnitude, damping was introduced as a loss factor in the Young’s modulus to give a 

complex stiffness. The equivalent value of critical damping chosen was 1.7%, hence the 

loss factor had a value of 0.034. Two sets of boundary condition have been considered: 

1. Simply Supported – Free – Simply Supported – Free 

2. All edges simply supported 

 

The results from these two cases have been documented in the following sections. 
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2.7.1 Simply Supported – Free – Simply Supported – Free Boundary Conditions 

In order to simulate the response of the plate to a static point load the response was 

calculated at a frequency of 0.01 Hz. This frequency was well below the fundamental 

frequency of the plate, which was known to be the order of 71 Hz (Table 2-1). The 

fundamental displacement mode shape from an FE model has been shown in Figure 2-10 

for reference.  

 

Results had previously been generated using the traditional approach to the evaluation of 

the dynamic stiffness matrix and these have been presented graphically in Figure 2-7 and 

Figure 2-8. Figure 2-7 illustrates the use of the determinant zero-crossing technique to 

identify the fundamental mode, which arises from the dynamic stiffness relationship i.e. 

 

Force; {F}  =  [K]{x}  (2.157) 

 

For free vibration, the force F is zero and for the non-trivial solution the determinant of 

the stiffness matrix K is also zero. The frequencies for this condition correspond to the 

natural frequencies of the system. Alternatively, Figure 2-8 illustrates the use of peaks in 

the transfer function to identify the resonance conditions; the resonance frequencies 

being identified from the peaks in the transfer function. Note that these results were 

generated using imperial units for a plate of the same configuration and geometry with 

the exception that the point load was 1.0 lbf. The results have been tabulated along with 

FE results for the same case in Table 2-2. Note that a conversion factor14 was used to 

convert the results generated in imperial units to those in SI units. 

 

 

 

 

                                                
14 1.0 in/lbf = 5.696x10-3 m/N 
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Table 2-1 - Estimate of 0.1524m x 0.1524m titanium plate of thickness 0.7112 mm - 

fundamental frequency (n=1 mode) with simply supported-free- simply supported-

free boundary conditions. 

Method Fundamental 

Frequency (Hz) 

Blevins15 70.92 

ESDU16 71.2 

FEM  71.07 

DSM17 70.8 

 

 

 

 

Figure 2-7 – Determinant of the DSM (normalised to the highest value of 
determinant) for a titanium plate with S-F-S-F boundary conditions of dimensions 
0.1524m x 0.1524m titanium plate of thickness 0.7112 mm (Fundamental mode).  

 

The graph (Figure 2-7) has been drawn for values in the vicinity of the fundamental 

mode showing the determinant crossing zero at the natural frequency. (Data generated 

using the DSM traditional matrix formulation). 

                                                
15 Reference [66], Table 11-4-5. 
16 Reference [2], Vol. 4: Data Item 75030; “Natural Frequencies of Rectangular Flat Plates with Various 
Edge Conditions.”  
17 The results for the Dynamic Stiffness method referred to were obtained using the conventional approach 
as described by Langley [60]. 
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Figure 2-8 –   Displacement at free edge of S-F-S-F of 0.1524m x 0.1524m titanium 

plate of thickness 0.7112 mm due to point load at the centre of a free edge (using the 

DSM traditional matrix formulation). 

 

 

 

Table 2-2 - Comparison of results for plate displacement due to a unit point load 

(Simply Supported-Free-Simply Supported-Free Boundary Conditions; load 

applied at the free edge at the centre of extreme right hand side (x=L)); 0.1524m x 

0.1524m titanium plate of thickness 0.7112 mm. 

 Conventional DSM Finite Element 

 Displacement 

(in/lbf) 

Displacement 

(m/N) 

Displacement 

(in/lbf) 

Displacement 

(m/N) 

Quasi Static 0.063 0.00036 0.0676 0.00039 

Response at 

Resonance 

0.8 0.0046 0.879 0.005 
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Figure 2-9 –  FE plate fundamental mode at 71.07 Hz (S-F-S-F) for 0.1524m x 

0.1524m titanium plate of thickness 0.7112 mm. 

 

2.7.2 A Plate with all Edges Simply Supported  

For completeness, the case for a plate with all edges simply supported was considered. 

The plate had the same overall dimensions (0.1524m x 0.1524m x 7.112x10-4 m). 

However, the plate was now represented by two elements of equal length and this 

allowed the plate to be excited by a point load located at the centre of the plate. In 

addition, as each element was of identical dimensions and material property, the dynamic 

stiffness matrices for each element were also identical. The elements were assembled 

using standard finite element techniques to give the total dynamic stiffness matrix for the 

plate. 

 

From textbook solutions [66], finite element predictions and the standard dynamic 

stiffness method (as described by Langley [60]), the fundamental frequency, quasi static 

displacement and displacement at resonance were known and these have been 

summarised in Table 2-3. The mode shape for the plate fundamental mode has been 

shown in Figure 2-10 for reference. As described previously, the fundamental frequency 

of the plate can be determined by observing where the determinant of the dynamic 

stiffness matrix equals zero. In principle, a zero search routine could be implemented 

numerically to achieve this.  
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Table 2-3 - Simply supported plate response to unit point load at the centre of a 

0.1524m x 0.1524m titanium plate of thickness 0.7112 mm plate (various sources). 

Quasi Static 

Displacement 

Displacement at 

Resonance 

Method Fundamental 

Frequency 

(Hz) Imperial 

Units 

(in/lbf) 

Equivalent 

SI Units 

(m/N) 

Imperial 

Units 

(in/lbf) 

Equivalent 

SI Units 

(m/N) 

Blevins18 145.36 N/A N/A N/A N/A 

ESDU19 145.4 N/A N/A N/A N/A 

Finite 

Element 

146.79 0.0128 7.29x10-5 0.334 0.0019 

DSM 

(Traditional 

Formulation) 

 

145.25 

 

0.012 

 

6.84x10-5 

 

0.338 

 

0.0019 

Timoshenko20 N/A 0.013 7.4x10-5 0.38 0.0022 

 

 

Figure 2-10 – FE Fundamental mode shape for simply supported panel. 

                                                
18 Reference [66], Table 11-4-16. 
19 Reference [2], Vol. 4: Data Item 75030; “Natural Frequencies of Rectangular Flat Plates with Various 
Edge Conditions.” 
20 Timoshenko [65], Theory of Plates and Shells, Eq. 147 p143. 
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2.8 Alternative Formulation of the Dynamic Stiffness Matrix 

2.8.1 Introduction 

This section describes an alternative approach to the derivation of the dynamic stiffness 

matrix. The approach has been discussed in general terms by Langley and Bardell [47] 

but has been documented below in detail. This alternative procedure is what will be 

referred to as the state-space approach. By way of example and because it is most 

relevant to the components which are the subject of this thesis, the dynamic stiffness 

matrix will be generated for a flat rectangular plate however, to avoid repetition of the 

material presented earlier in the chapter the method will be extended to formulating the 

dynamic stiffness matrix of an orthotropic flat rectangular plate. The approach can also 

be applied to other structural elements such as beams or shells when the configuration 

can be analysed as a one dimensional propagating wave guide system. 

 

An alternative approach to evaluating the dynamic stiffness matrix involves writing the 

derivative of the state vector, which for a flat plate is a column matrix containing the 

displacement, slope, shear force and bending moment,  in terms of another (square) 

matrix multiplying the state vector. The eigenvalues and eigenvectors of this new matrix, 

which shall be referred to as matrix A, can be used to replace the matrix by a set of 

matrix products and the subsequent equations can be integrated to form the transfer 

matrix for the element.  From this resulting transfer matrix, relating the state-space vector 

at either ends of the rectangular plate; one can algebraically transform the terms to 

produce the dynamic stiffness matrix for the plate element. The technique is referred to 

as the state-space method and a more complete theoretical description of this technique 

has been provided below. 

 

Although this alternative approach is less intuitive than the traditional approach, it is a 

very efficient technique compared to evaluating the complementary function and 

particular integral as is required for the traditional approach.  
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2.8.2 Background Theory 
Consider the following expression (Eq. 2.158) involving the differential of a state vector 

X. For a linear system, where it can be assumed to exist, then the derivative of the state 

vector can be represented in terms of a square matrix A multiplying the state vector [77]. 

 
dx
d X =  [A] {X} (2.158) 

 

Also consider the classical eigenvalue problem involving the equation (Eq. 2.159). 

 AY = Y (2.159) 

 

 is a scalar quantity and for non trivial solutions for Y the values of  are the eigenvalues 

of matrix A. The corresponding solutions for Y for any given eigenvalue are the 

eigenvectors. By inserting the eigenvalues into a diagonal matrix, the corresponding 

eigenvectors can be grouped together to form a matrix , where each column of  

contains the eigenvectors corresponding to the relevant eigenvalue. For example, in 

equation (2.160)  1is the first eigenvalue with its corresponding eigenvector as the first 

column of  in equation (2.161), likewise 2 corresponds to the second column of , 

etc. 

  = 

n000
000
000
000

3

2

1

 (2.160) 

 

  = 

4,43,42,41,4

4,33,32,31,3

4,23,22,21,2

4,13,12,11,1

xxxx
xxxx
xxxx
xxxx

 (2.161) 

 

It can be shown that the square matrix A can thus be written in terms of the diagonal  

eigenvalue matrix  and the eigenvector matrix  (Eq. 2.162). 

 A  =  (2.162) 

 A =  1  (2.163) 
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This represents an eigenvalue decomposition of the original matrix A. 

 

Substituting (2.163) into (2.158) gives: 

 
dx
d X =  1  X (2.164) 

 

Substituting for X using X =  Z (2.165) 

One can then show that 
dx
d  Z) = 

dx

dZ = Z (2.166) 

Thus: 
dx
d Z =  Z (2.167) 

 

Due to the eigenvalues being contained in a diagonal matrix, the equations in (2.167) are 

uncoupled and independent. The transformation is equivalent to going from degrees of 

freedom to “modes” of propagation across the element being considered. 

 

Thus solving for each element iz   in the column which is the new state vector Z and 

solving the first order differential equation 

 
i

i

zdx
dz 1  = i  (2.168) 

 i
i

dz
z
1  = dxi  (2.169) 

 
ir

il

z

z
i

i

dz
z
1  = 

Lx

x
idx

0

 (2.170) 

Therefore 
il

ir

z
z   = Lie  (2.171)

   

 irz and ilz  are the components of the transformed state space vector on the right and left 

hand side of the element respectively, corresponding to the positions x=L and x=0.  
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Hence, the whole transformed vector Z is pre multiplied by a diagonal matrix with e L 

terms on the leading diagonal, i.e. 

L

L

L

ne

e
e

0
0
0

000
2

1

 

 

where n is the order of the original state space vector. 

 

So the right and left hand side of the element has a “modal” state vector relationship 

given by 

 Zr =  e L Zl (2.172) 

 

where L can be considered to be the propagation constant for the mode across the plate. 

 

The original variables, namely the original state space vector, can subsequently be 

recovered: 

 Z = 1  X (2.173) 

 X =  Z (2.174) 

Thus: {X}x=L =  Zr (2.175) 

 

Using this relationship equation (2.172) can be expressed as: 

  Zr =  e L Zl 

 

Note, Zl can be expressed in terms of the state vector y at x=0: 

 {X}x=L =  e L 1  {X}x=0 (2.176) 

 

Therefore the state vector X at the point in space x=L can be written in terms of the state 

vector X at another point in space where x=0. The matrix that relates the two state vectors 

at different points in space and is equivalent to the transformation matrix T where T is 

given by: 
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 [T] =  [  e L 1 ]  (2.177) 

 

Equation (2.176) can therefore be expressed as: 

 {X}x=L =  [T] {X}x=0  (2.178) 

 

 

2.8.3 Application of the State Representation and its Solution, Using 

Transformation, for the Dynamic Stiffness of the Plate Element 

 

Returning to the DSM element formulation, one can consider the state vector X as 

representing the displacements/rotations (W) and the forces/moments (F) and can be 

partitioned accordingly: 

 {X} = 
F
W   (2.179) 

 

Note that the state vector X for the flat simply supported rectangular plate is actually a 

4x1 matrix, where W is of dimension 2x1 (a displacement and a rotation) and F is also of 

dimension 2 x 1 (a shear force and a bending moment). To assist with partitioning 

however, the state vector will for the present be left in its most general form as defined in 

Eq. (2.179). It is also not guaranteed, in general, that one can express the spatial 

derivative of the state vector in terms of a linear function of itself (i.e. as given in 

equation (2.158)). 

 

Assuming, for this application, the A matrix can be determined, transformed and the 

partitioned matrix determined, then from equation (2.178) and equation (2.179), the 

matrix T  is partitioned into 4 matrices each of size 2x2 i.e. 

 T  = 
2,21,2

2,11,1

TT
TT

 (2.180) 
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Note that from Figure 2.11, the convention for the forces and moments are such that, the 

forces and moments at x=0 must be of opposite sign to those at x=L. Thus equation 

(2.179) becomes: 

 
L

L

F
W  = 

2,21,2

2,11,1

TT
TT

0

0

F
W  (2.181) 

Expanding equation (2.181): 

 LW  = 02,101,1 FTWT  (2.182) 

 0F  = )( 01,1
1
2,1 WTWT L  (2.183) 

 LF  = 02,201,2 FTWT  (2.184) 

  

Substituting Eq (2.183) into Eq. (2.184): 

 LF  = ))(( 01,1
1
2,12,201,2 WTWTTWT L  

 LF  = LWTTWTTTT 1
2,12,201,1

1
2,12,21,2 )(  (2.185) 

  

Combining equations (2.183) and (2.185) the forces and moments have now been 

expressed in terms of the displacements and rotations: 

 

 
LF

F0  = 1
2,12,21,1

1
2,12,21,2

1
2,11,1

1
2,1

TTTTTT
TTT

LW
W0  (2.186) 

 

Remembering that F0 is the force and moment at x=0 and that LF  is the force and 

moment at x=L and that similarly 0W is the displacement and rotation at x=0 and LW  is 

the displacement and rotation at x=L.  Then equation (2.186) is now in the form F=KX, 

where K is the dynamic stiffness matrix: 

 K =  1
2,12,21,1

1
2,12,21,2

1
2,11,1

1
2,1

TTTTTT
TTT

 (2.187) 
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Note that in the state space approach to formulating the dynamic stiffness matrix, only 

part of the transfer matrix requires inversion, which offers some enhancement of 

computational efficiency over that with the formulation when using the traditional 

approach. 

 

 

Figure 2-11 – Plate co-ordinate system and direction of positive loading. 

 
 
 

 

Figure 2-12 –   Sign convention for positive bending moments and shear forces. 
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2.8.4 Orthotropic Panels – An Extension of the Dynamic Stiffness Matrix 
Approach  

 
Using equation (2.158) and inserting the state variables for an isotropic plate into the 

state vector X: 

 

M
V
w
w

dx
d '

 = 

M
V
w
w

A
'

 (2.188) 

 

Where A is a square matrix (4x4) and the elements of which are written in very general 

terms. Consider the first row: 

 

'
'
''
'

M
V
w
w

 = 

M
V
w
w

'
0010

 (2.189) 

The remaining elements of A were obtained by considering the differential equation of 

motion for a flat plate, the shear force and bending moment expressions in terms of the 

plate displacement and by making the general assumption in the dynamic stiffness 

method (DSM) that the two parallel edges along y=0 and y=b are simply supported. The 

sign convention used is as shown in Figure 2-11 and Figure 2-12. 

 

The out of plane displacement w is a function of both the x and y co-ordinates and has 

also a harmonic time dependency21. As the edges of the plate along y=0 and y=b are 

simply supported, the y co-ordinate dependency is given by )sin( ykn and the out of plane 

displacement W was given by equation (2.167) 22. 

 

The differential equation of motion for a flat plate is given by Timoshenko [65]. The 

expressions for the displacement, shear force and bending moment for an orthotropic 

plate were based on expressions from chapter 11 in Timoshenko [65].  

                                                
21 The time dependency has been included in equation (2.202) for completeness, but as all quantities have 
this dependency it is not written for all subsequent expressions. 
22 Equation (217) Chapter 12, from reference [65]. 
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1. The differential equation of motion was given as: 

 2

2

4

4

22

4

14

4

22
t
Wh

y
WD

yx
WDD

x
WD yxyx =0 (2.190) 

Where Dx = 
12

3hEx  (2.191) 

 D1 = 
12

3hE  (2.192) 

 Dxy = 
12

3Gh  (2.193) 

 Dy = 
12

3hE y  (2.194) 

The four elastic constants xE , yE , E  and G defined by Timoshenko [65] as being those 

required to describe the relations between stress and strain components in the x-y plane 

for a plate in plane stress, with the assumption that the material of the plate has three 

planes of symmetry with respect to the elastic properties. Note that if one considered 

isotropic conditions the following would apply 

 xE  = yE  = 
21

E   (2.195) 

 E  = 
21

E   (2.196) 

 G = 
12
E   (2.197) 

And subsequently Dx = Dy =   
2

3

112
Eh  (2.198) 

 D1 = 
2

3

112
Eh  (2.199) 

 

Note also H that is defined as: H = xyDD 21  (2.200) 
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The subsequent derivatives relating to displacement were therefore given as follows: 

 
x

W  = W  (2.201) 

 2

2

x
W  = W  (2.202) 

 
y
W  = tj

nxn eykwk cos  (2.203) 

 2

2

y
W  = tj

nxn eykwk sin2   

   = Wkn
2  (2.204) 

 3

3

y
W  = tj

nxn eykwk cos3  (2.205) 

 4

4

y
W  = tj

nxn eykwk sin4  

  = Wkn
4  (2.206) 

 2

3

yx
W  = Wkn

2  (2.207) 

 22

4

yx
W  = Wkn

2  (2.208) 

 
t

W  = tj
nx eykwj sin  (2.209) 

 2

2

t
W  = tj

nx eykwj sin2   

  = W2  (2.210) 

2. The shear force was given by: 

 xV  = 
y

M
Q xy

x  (2.211) 

 xQ  = 2

2

2

2

y
WH

x
WD

x x  (2.212) 

 xyM  = 
yx

WDxy

2

2  (2.213) 
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 Subsequently:  xV  = 2

3

2

2

12

2

22
yx

WD
y
WDD

x
WD

x xyxyx

     (2.214) 

   = 2

3

13

3

4
yx

WDD
x
WD xyx   

   = WDDk
x
WD xynx 41

2
3

3

 (2.215) 

3. The bending moment: xM  = 2

2

12

2

y
WD

x
WDx  (2.216) 

 

The A matrix was defined as the matrix relating the displacement, slope, shear force and 

bending moment to the derivatives of these parameters in equation (2.188) 

 

Clearly the first row, as shown above, is trivial; A1,1=0, A1,2=1, A1,3=0 and A1,4=0, as 

shown in equation (2.189). 

 

The second row can be derived from the bending moment expression Mx and making the 

relative substitution for the second order derivative of displacement W with respect to y 

i.e. 

 xM  = WkD
x
WD

nx
2

12

2

 (2.217) 

 2

2

x
W  = Wk

D
DM

D n
x

x
x

211  (2.218) 

The first two rows of equation (2.188) can therefore be expressed as follows: 

 

x

x

M
V
W
W

x
= 

x

x
xx

M
V
W
W

AAAA
AAAA
D

k
D
D

n

4,43,42,41,4

4,33,32,31,3

21

          
           

1     0      0   

0       0      1           0

 (2.219) 
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The third row (the derivative of the shear force) is quite involved and it is easier to obtain 

the fourth row of the A matrix first. 

 xM  = 2

2

12

2

y
WD

x
WDx  (2.220) 

 
x

M x  = 2

3

13

3

yx
WD

x
WDx  

  = WkD
x
WD nx

2
13

3

 (2.221) 

The substitution for the third order derivative of displacement term can be obtained from 

the shear force expression. 

 xV  = 2

3

13

3

4
yx

WDD
x
WD xyx  (2.222) 

 3

3

x
WDx  = 2

3

1 4
yx

WDDV xyx  

  = WkDDV nxyx
2

1 4  (2.223) 

 
x

M x  = WkDWkDDV nnxyx
2

1
2

1 4  

  = WkDWkDWkDV nnxynx
2

1
22

1 4  

  = WkDkDkDV nnxynx
2

1
22

1 4  

  = WkDV nxyx
24  (2.224) 

 

The fourth row of the equation (2.188) can thus be reduced to terms in the first order 

derivative of displacement and the shear force i.e. 

 

x

x

M
V
W
W

x
= 

x

x

nxy

xx

M
V
W
W

kD

AAAA
D

k
D
D

n

0        1    4          0

                     

1      0             0     

0        0             1             0

2

4,33,32,31,3

21

 (2.225) 
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The final stage is to generate an expression for the derivative of the shear force. 

    xV  = 2

3

13

3

4
yx

WDD
x
WD xyx  (2.226) 

    
x

Vx  = 22

4

14

4

4
yx

WDD
x
WD xyx  (2.227) 

 

The fourth order derivative of displacement with respect to x involves a substitution of 

the differential equation of motion while the last term – the fourth order derivative of 

displacement W with respect to x2 and y2 employs the following substitutions: 

    
x

Vx  = WkDD
x
WD nxyx

2
14

4

4   (2.228) 

 

The substitution for the second order derivative of displacement with respect to x was 

obtained from the bending moment as in equation (2.20).   

    2

2

x
W  = 2

2
11

y
W

D
DM

D x
x

x

 (2.229) 

     = Wk
D
DM

D n
x

x
x

211  (2.230) 

    
x

Vx  = Wk
D
DM

D
DDk

x
WD n

x
x

x
xynx

21
1

2
4

4 14  

  = W
D
DD

kW
D
DkM

D
D

M
D
Dk

x
WD

x

xy
n

x
nx

x

xy
x

x
nx

12
2
1212

4

4

44  

= W
D
DD

k
D
DkM

D
D

k
D
Dk

x
WD

x

xy
n

x
nx

x

xy
n

x
nx

14
2
14212

4

4

44  (2.231) 

 

From previously, the differential equation of motion for free vibration was given in 

equation (2.190). Making the relevant substitutions for the derivatives where possible 

gave the following expression; 
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4

4

x
WDx = WhWkDWkDD nynxy

242
1 22   (2.232) 

  = WhWkDW
D
DkM

DnkDD ny
x

nx
x

xy
2412

1
1222  

  = WhWkDW
D
DD

W
D
DkM

D
D

M
D
Dk ny

x

xy

x
nx

x

xy
x

x
n

241
2
1212 222  

  = WhkD
D

DD
k

D
DkM

D
D

k
D
Dk ny

x

xy
n

x
nx

x

xy

x
n n

2412
2
1412 4242 2 (2.233) 

 

The derivative of the shear force with respect to x was therefore given as: 

x
Vx  = 

W
D
DD

k
D
DkM

D
D

k
D
Dk

WhkD
D

DD
k

D
DkM

D
D

k
D
Dk

x

xy
n

x
nx

x

xy
n

x
n

ny
x

xy
n

x
nx

x

xy
n

x
n

14
2
14212

2414
2
14212

44

4242
  

 = WhkD
D
DkM

D
Dk ny

x
nx

x
n

24
2
1412  (2.234) 

 

This gives the third row and completes the A matrix i.e. 

x

x

M
V
W
W

x
 = 

x

x

nxy

x
nny

x
n

xx

M
V
W
W

kD
D
DkhkD

D
D

k

D
k

D
D

n

0        1       4                     0                  

    0              0         -

1      0              0                                    

0        0              1                           0                 

2

1224
2

4

21

1

 (2.235) 

 

It can be shown that the A matrix for an isotropic plate is given as follows: 
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x

x

M
V
W
W

x
 = 

x

x

n

nn
M

V

W

W

Dk

khDk

D
k

n

0            1       )-(12         0                  

         0              0         -)-(1

1            0              0                                 

0             0               1                    0                 

2

2224

2

 (2.236) 

 

By making the relevant substitutions for the modulus values (E, E1, E2, G etc) the A 

matrix and subsequent dynamic stiffness matrix for the orthotropic case reduces to that of 

the isotropic case. Considering the isotropic titanium plate in section 2.7.1 of dimensions 

6”x6”x0.028” (0.152m x 0.152m x 7.112x10-4m), with simply supported, free, simply 

supported, free edge (SFSF) edge conditions, it can be shown that the dynamic stiffness 

matrix derived from the state space approach (with orthotropic plate expressions) is given 

as shown in Figure 2-13 which compares favourably with that derived using the 

traditional approach with isotropic plate expressions (Figure 2-14).  

 

Figure 2-13 – Dynamic stiffness matrix derived using orthotropic plate expressions 
for a square titanium plate of dimensions 6”x6”x0.028” (0.152m x 0.152m x 

7.112x10-4m), with simply supported, free, simply supported, free edge (SFSF) edge 
conditions at 0.01Hz and mode order n=1. 

 

 

Figure 2-14 – Dynamic stiffness matrix derived using isotropic plate expressions for 
a square titanium plate of dimensions 6”x6”x0.028” (0.152m x 0.152m x 7.112x10-

4m), with simply supported, free, simply supported, free edge (SFSF) edge 
conditions at 0.01Hz and mode order n=1. 
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The above dynamic stiffness matrices were generated at a frequency of 0.01Hz with one 

mode order (n=1) across the plate and as such represent quasi-static behaviour since this 

frequency is known to be well below the fundamental frequency of the plate.  

 

Applying a representation of a point load (in the same manner as for the traditional 

approach) at the mid point of one of the free edges gave a displacement of 0.063” at the 

point of load application (the point of maximum deflection in the plate). This compared 

extremely well with the quasi-static results presented previously in Table 2.2. 

 

2.8.5 Comparison with Finite Element Results 

In order to carry out a basic validation of the extension to the dynamic stiffness method 

(DSM) involving the orthotropic plate, it was decided to do a comparison with a finite 

element (FE) prediction. 

 

A plate of dimensions 0.718m (28.27”) x 0.341m (13.43”) and 8.43x10-4m (0.0332”) 

thick (equivalent to 4 plies of plain weave carbon prepreg23 material) was modelled 

using both the DSM state space approach and the FE method. The material properties of 

the plain weave material were as follows: 

 

Modulus values Ex = Ey = E = 55.02 GPa (7.98x106 lbf/in2) 

Shear modulus G = 4.27 GPa (0.62x106 lbf/in2) 

Poisson’s ratio  = 0.064 

Density  = 2072 kg/m3 (0.0747 lbf/in3) 

 

For simplicity, the plate was simply supported along the two long edges and left free 

along the other two shorter edges (S-F-S-F boundary conditions). Quasi-static behaviour 

was examined first using a frequency of 0.01Hz and the mode order was one half-

wavelength across the simply supported edges (n=1), with a unit load (1 lbf or 4.46 N) 

                                                
23 Woven fabric of carbon fibre which is pre-impregnated with resin. 
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applied at the mid-point of the extreme right hand side of the plate. The subsequent 

maximum displacement at the point of load application was 0.57 in/lbf (3.24x10-3 m/N). 

 

The finite element model had been modelled using imperial units and the subsequent 

contour plot for the displacement (Figure 2.12) is shown in displacement units of inches.  

 

Figure 2-15 – FEM Displacement due to a unit force (1 lbf) applied at the mid point 
of the extreme right hand edge of an orthotropic plate (0.718m (28.27”) x 0.341m 

(13.43”) and 8.43x10-4m (0.0332”) thick) with S-F-S-F boundary conditions (simply 
supported along the 2 long edges at y=0 and y=b). 

 
 
The result for the displacement due to a unit lbf was 0.598” which compares favourably 

with the state space DSM result bearing in mind that only mode order was used in DSM 

result. 

 

The normal modes analysis for the plate gave the following frequencies and mode shapes 

for the first five modes of vibration, (fundamental mode24 Figure 2.16 and higher modes 

in Figure 2.17). 

 

 

 

                                                
24 Note the difference between the quasi-static displaced shape and the fundamental mode of vibration. 
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Figure 2-16 – FEM fundamental mode of vibration at 17 Hz for an orthotropic plate 
(0.718m (28.27”) x 0.341m (13.43”) and 8.43x10-4m (0.0332”) thick) with S-F-S-F 
boundary conditions (simply supported along the 2 long edges at y=0 and y=b). 

 
 
 
 
 
 

 
 

Figure 2-17 – FEM normal modes analysis, modes 2, 3, 4 and 5 (a=17.72 Hz), 
(b=21.82 Hz), (c=33.55 Hz) and (d=54.56 Hz) respectively for an orthotropic plate 
(0.718m (28.27”) x 0.341m (13.43”) and 8.43x10-4m (0.0332”) thick) with S-F-S-F 
boundary conditions (simply supported along the 2 long edges at y=0 and y=b). 
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The natural frequencies of the plate using the state space dynamic stiffness method were 

obtained by observing the frequencies at which the determinant passed through zero. The 

equations for the state-space approach were set up in Mathcad [78]. The determinant of 

the dynamic stiffness matrix was plotted against frequency (Figure 2.18) and the root 

finding procedure within the software was used to establish the frequencies at which the 

determinant of the DSM was zero and the results of this were tabulated in Table 2.4. 

 

Obviously there are several techniques available for root finding, other than relying on 

the default procedure within Mathcad for example Newton Raphson [79], bisection 

methods [79] and Mueller’s method [79]. Indeed a popular method referenced by 

numerous researchers in the dynamic stiffness method, is that of the Wittrick – Williams 

algorithm [80]. 

 

 
Figure 2-18 – DSM determinant vs. frequency for an orthotropic plate (0.718m 

(28.27”) x 0.341m (13.43”) and thickness 8.43x10-4m (0.0332”)) with S-F-S-F 
boundary conditions (simply supported along the 2 long edges at y=0 and y=b). 
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Figure 2-19 – DSM determinant vs. frequency: data from Figure 2.16 with reduced 

frequency range. 
 

 
A visual inspection of Figure 2-18 shows that there appear to be “zero-crossings” at 

approximately 20 Hz, 30 Hz and 55 Hz. Redrawing the data of Figure 2-18 with a 

reduced frequency range has been presented for reference in Figure 2-19. Using the 

MATHCAD “ROOTS” command and specifying initial “trial” values it was possible to 

identify the zero-crossing points with greater accuracy. These have been tabulated in 

Table 2.4. 

 

 

Table 2.4  - DSM determinant vs. frequency for an orthotropic plate (0.718m 
(28.27”) x 0.341m (13.43”) and thickness 8.43x10-4m (0.0332”)) with S-F-S-F 

boundary conditions (simply supported along the 2 long edges at y=0 and y=b). 
Frequency (Hz) Condition 

DSM  
(State Space) 

Finite Element 
Model 

Mode 1 16.974 17.0 
Mode 2 17.687 17.72 
Mode 3 21.79 21.82 
Mode 4 33.505 33.55 
Mode 5 54.404 54.56 

 

The results depicted in Table 2.4 indicate that the state space method of predicting the 

dynamic stiffness matrix yields results that compare favourably with the finite element 
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method in terms of the prediction of natural frequencies however, they also serve to 

highlight one of the problems with the DSM approach in general. The problem being that 

the system natural frequencies are not easily extracted.  

 

From the above data it can be seen that the fundamental frequency is correct and the 

quasi-static behaviour is also correct and as such one would be confident that with 

sufficient mode orders included, the response across the frequencies of interest would be 

correct also. This serves to validate the expressions used to generate the A matrix and 

subsequently that of the dynamic stiffness matrix itself via the state space approach. 

 

2.9 Conclusions 

This chapter has introduced the basic principles of the dynamic stiffness method for 

plates as described by Langley [60]. The work has been extended to introduce the 

concept of stress and strain and expressions for strain response have been developed for a 

variety of loading conditions. The use of the stress and strain expressions will be 

discussed further in the chapter covering validation. The concept of random vibration has 

also been discussed and as such this chapter has set the groundwork for applying the 

dynamic stiffness method to acoustic fatigue calculations. In principle one could extend 

the work to sandwich beams [81] and panels however, the application involving 

sandwich beams did not fall within the context of this thesis. The equations of motion are 

higher order (6 in the case of sandwich beams, for example) and the derivation of the 

relevant A matrix is not tractable. 

 

While tests may be carried out using sandwich beams which represent particular design 

features such as intake barrel longitudinal joints and other attachment features, the data 

from such tests is used in comparison with measured data on the full scale component 

during either a ground engine running test or a flight test. Without such a comparison it is 

not feasible to write a certification report addressing the impact of applied sound pressure 

levels on a sandwich panel by reference to the response of a honeycomb sandwich beam, 

where the loads have inevitably been applied to the specimen via a mechanical input such 

as that developed by a shaker.  
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Applications involving a sandwich panel would have been a valuable extension of this 

work but within the time constraints this was not feasible. However, chapter 4 later does 

provide a simplified approach for dealing with sandwich panels which shows good 

correlation for the fundamental mode of vibration. 

 

The exact nature of the dynamic stiffness method relies heavily on the differential 

equation used for the analysis. In this case only out of plane deformation (plate bending) 

has been considered. The influence of in-plane loading has not been included and this 

may have implications for the accuracy at higher frequencies. There is evidence that the 

influence of higher order modes becomes more critical as loading increases [82], with 

potentially geometric non-linear behaviour and this would impose limitations on the use 

of a linear analysis technique. These criteria are applicable to other forms of analysis too 

of course, such as the finite element method and are not solely the preserve of the 

dynamic stiffness method. In short, all forms of analysis require the analyst to have some 

experience with the structures being analysed and to be aware of any limitations in the 

theory of the methods being used in the analysis. 

 

In addition to the traditional approach of formulating the dynamic stiffness matrix an 

alternative method has also been presented. It has been demonstrated that this state space 

method of formulating the dynamic stiffness matrix from the transfer matrix offers an 

alternative approach to the traditional method of formulating the dynamic stiffness 

matrix as described by Langley [60]. However, further work is needed to identify where 

differences in the two approaches arise. In principle, if the expressions for the change in 

the state space vector across an element are described in terms of differentiation with 

respect to the variable in that direction, then the dynamic stiffness matrix can be 

obtained. The state-space derivation method is also computationally more efficient than 

the traditional approach in particular in terms of matrix inversion. 

 

The displacement response was obtained for a plate subject to a point load of unit 

magnitude. Results were obtained for the plate under two sets of boundary conditions; 
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simply supported – free – simply supported – free and all edges simply supported. The 

quasi-static displacement, the fundamental frequency and the displacement at resonance 

for the plate under both sets of boundary conditions compared very well with textbook 

solutions and the finite element method. This confirms that both the dynamic stiffness 

method provide alternatives to evaluating the linear response of a plate under specific 

boundary conditions.   
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Chapter 3 - Response Prediction, Verification & 

Comparison 
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3.1 Introduction 

In the previous chapter there was a brief introduction to validating the dynamic stiffness 

matrix (DSM) approach. Principally this was to show that the alternative method of 

generating the DSM was valid with respect to the more traditional approach as used by 

Langley [60].  

 

Clearly some form of verification is required to assess the results from the dynamic 

stiffness method (DSM). The verification of any numerical or analytical technique 

involves a comparison of the numerical results with alternative ways of solving the 

system i.e. alternative DSM formulation, or methods such as FE which analyse the same 

problem using the same assumptions such as a rectangular thin flat plate with two parallel 

edges simply supported. In the case of plates exact closed form solutions are not available 

for all modes of vibration, subsequently even within the theoretical approaches 

differences arise between numerical techniques. Ultimately, it is the ability to replicate 

the behaviour of a physical system that is of most interest to the practicing engineer as 

this verifies the methodology and so the results can be compared with measured results 

for experimental validation. 

 

This chapter will deal primarily with verification, i.e., that the DSM is numerically 

correct in comparison with other theoretical and/or numerical techniques. The chapter 

begins by investigating natural frequencies and moves on to the forced response 

including resonance response. Comparisons are made with numerical predictions using 

textbook solutions and the finite element method. In addition, the advantages and 

disadvantages of both the finite element method and the dynamic stiffness method are 

discussed. 

 

The validation of the response, i.e., can the model predict real physical behaviour, will be 

dealt with in the following chapter.  

 

In general terms, it is worth considering the impact of the verification exercise in relation 

to acoustic fatigue. The Miles equation defined in chapter 1 shows that the rms stress due 
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to acoustic loading is directly proportional to the stress per unit pressure times the square 

root of the fundamental frequency. If one assumes a 10% error in frequency estimation 

and also 10% error in the stress produced per unit applied pressure, this represents a 

combined error of the order of 15% on the rms stress prediction. In fatigue life terms, if a 

part is failing after 5000 flight cycles this represents a life of approximately 10 million 

cycles based on the assumptions in Chapter 1.  An error of 15% would not be sufficient to 

go from 1x107 cycles to 1x109 cycles. Experience has shown that predictions of the 

applied sound pressure levels could be in error by 6dB-8dB, which represents factors of 

two or more on the rms pressure (which in turn represents a similar error in rms stress as 

the rms stress is directly proportional to the spectrum level of acoustic pressure). Errors in 

the applied loading are subsequently much more critical to fatigue life than small changes 

in frequency and response prediction for a given load. 

 

3.2 Plate Element Natural Frequencies 

In order to verify the results generated by the dynamic stiffness method, results were also 

obtained for the same plate configuration and assumptions using textbook solutions and 

finite element solutions. 

 

Ultimately the validation should not only demonstrate compliance with accurate 

theoretical models, but it should also show a good degree of comparison with a practical 

application. As bulkhead panels tend to be small relative to say, aircraft skin panels it was 

decided for the validation exercise, to base the panel dimensions on something similar to 

a typical bulkhead panel. A panel size of 6”x4” (0.1524m x 0.1016m), with a thickness of 

0.028” (0.71x10-3m) was chosen as this had an aspect ratio of 1.5. This allowed a direct 

comparison with the expressions in Blevins’ Formulas for Natural Frequency and Mode 

Shape [66] to be used. Unfortunately the ESDU data sheets [2] use the reciprocal of this 

aspect ratio (0.666) however the software versions go some way towards addressing this 

issue.  
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3.2.1 Background on Textbook Solutions 
As stated above, two sources were considered for sourcing the textbook solutions; these 

were from Blevins [66] and ESDU [2]. Blevins [66] presents expressions for plate natural 

frequencies in terms of frequency parameter ( 2
ij ) that is a function of the boundary 

condition, plate aspect ratio and the mode order (i,j) i.e. 

 

Figure 3-1 - Blevins plate configuration for an isotropic thin rectangular plate (all 
edges simply supported). 
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ij  (3.1) 

where  a = Plate dimension along x-axis (long edge). 

 i = mode order (number of half wavelengths) parallel 

to y-axis. 

 j =  mode order (number of half wavelengths) parallel 

to x-axis. 

 fi,j = Frequency for mode i,j 

 E = Young’s Modulus 

 h = Plate thickness 

 h  = Mass per unit area 

  = Poissons ratio 

 

Blevins adapted Leissa’s work on plates [83] and presented it in a more “user friendly” 

format; the format was maintained for all structural elements considered in his book 

x 
y 
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which makes for a very consistent text. The frequency parameters are presented for 

various aspect ratios. For a rectangular plate with simply supported edge conditions an 

expression for the frequency parameters for any aspect ratio was also given;  

 2
ij  = 

2
222

b
aji   (3.2) 

Frequency predictions for the 2 boundary condition sets under consideration have been 

summarised for reference in the tables below. The two boundary condition sets being as 

follows; 

 all edges simply supported (S-S-S-S) 

 simply supported – clamped – simply supported – clamped (S-C-S-C) 

These boundary conditions were chosen as the actual boundary condition of any plate 

supported around its periphery could reasonably be expected to lie somewhere between 

the extreme conditions of either all edges simply supported or all edges fully fixed; i.e. 

these two conditions effectively bound the problem. The simply supported – clamped – 

simply supported – clamped condition is an intermediate condition. However, the 

implementation of the dynamic stiffness method as described here cannot replicate the 

condition where all four sides are clamped and as has been previously discussed, the 

method requires that two of the opposing edges must be simply supported. Subsequently, 

verification has been restricted to the two conditions which can be replicated by the 

dynamic stiffness method. Note that in the following examples, the case involving simply 

supported, clamped, simply supported, clamped boundary conditions has the two longest 

edges clamped and the two shorter edges simply supported. 

 

Bearing in mind that the purpose behind this work was in the application of acoustic 

fatigue, it has long been an accepted technique to make an initial assessment based on the 

assumption that a plate has fully fixed edge conditions. The reason being that the 

assumption of fully fixed edge conditions leads to the prediction of a higher fundamental 

natural frequency than would be observed with other boundary conditions. This in turn 

leads on to giving a greater number of cycles being accumulated in a fatigue calculation. 

Furthermore, in the early days of acoustic fatigue development work the loading was 

assumed to be broadband and of a continuous spectrum that was either flat or increased in 
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level with increasing frequency. Fully fixed edge conditions lead to a higher load being 

used in the calculations. This was offset to some extent by the fact that the fully fixed 

edge conditions gave a reduced maximum stress in comparison with simply supported 

edge conditions when exposed to similar loading conditions. However, the fact that fully 

fixed conditions predicts a high stress at the plate edge which was generally the location 

of panel failure, meant that fully fixed edge conditions became the accepted boundary 

condition for a design configuration as proposed by Clarkson [18].   

 

With fan noise as the acoustic source, the spectrum is comprised of tones and although 

the collective probability density histogram may exhibit a normal or Gaussian 

distribution, the noise spectrum may not necessarily be broadband. It is certainly not 

continuous and a higher frequency may not lead to a higher load being used in the 

calculations. Therefore the assumption of fully fixed boundary conditions may not always 

lead to the most conservative result. Nonetheless, the fully fixed edge condition is still a 

valid condition which should be considered. 

 

With regard to the verification, the frequencies predicted by Blevins for the cases of a 

plate with all edges simply supported and for that with simply supported, fixed, simply 

supported, fixed edge conditions, have been summarised in the following tables (Table 3-

1 and Table 3-2). The plate in question was a flat rectangular, thin isotropic plate. The 

material properties were those of Titanium (Young’s Modulus = 16x106 lbf/in2 (110.32 

GPa), density = 0.16 lbf/in3 (4438 kg/m3) and Poisson’s ratio = 0.3). 

Table 3-1 - Summary of Blevins frequency estimation for a flat rectangular 
Titanium plate (0.152m x 0.102m x 7.11x10-4m, (6”x4”x0.028”)) simply supported 

(S-S-S-S) on all edges (a/b=1.5) 

Mode  
# 

Mode 
Order 

Frequency 
Parameter ( 2) 

Freq  
(Hz) 

1 1,1 32.08 236.19 
2 2,1 61.69 454.22 
3 1,2 98.70 726.75 
4 3,1 111.03 817.59 
5 2,2 128.30 944.77 
6 3,2 177.65 1308.14 
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Table 3-2 - Summary of Blevins frequency estimation for a flat rectangular 
Titanium plate (0.152m x 0.102m x 7.11x10-4m, (6”x4”x0.028”)) with simply 

supported - fixed - simply supported - fixed edge conditions (S-C-S-C). 

Mode  
# 

Mode 
Order 

Frequency 
Parameter ( 2) 

Freq  
(Hz) 

1 1,1 56.35 414.93 
2 2,1 78.98 581.57 
3 3,1 123.20 907.18 
4 1,2 146.30 1077.28 
5 2,2 170.10 1252.53 
6 4,1 189.10 1392.43 

 
 

For the ESDU [2] frequency calculations, the frequency was obtained from the 

expression, 

 F = 
2b

hcFb  (3.3) 

The frequency coefficient Fb can be obtained from graphs (for example Figure 3-2) 

drawn for a variety of edge conditions as functions of panel aspect ratio. However, a 

software version of data item 90016 [2]; vibration of isotropic and orthotropic rectangular 

plates under static in-plane loading (ESDUpac A9016) offers both a quicker and 

potentially more accurate alternative which gives reduced scope for error in comparison 

with trying to interpret the graphical information. The ESDUpac [2] also offers the 

possibility for an approximate plot of the mode shape or rather the indication of the nodal 

lines on the panel being considered from which one can visualise the number of half 

waves along and across the panel. For reference the output from the ESDUpac [2] for the 

first six natural frequencies of the plate being considered in this example has been 

included in Appendix 2. The aspect ratio in the ESDU approach used a similar notation as 

Blevins in that “a” represented the longer side of the plate.  

 

The variable “c” in the equation is the speed of longitudinal waves in the material which 

is a function of the material properties, being the square root of the ratio of Young’s 

modulus over mass density (approximately 200000 in/s or 5000 m/s for most metals). 
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A summary of the frequencies predicted by ESDU [2] along with the mode orders for 

each frequency, for the two boundary conditions under consideration has been included in 

Table 3-3 below. 

 

Figure 3-2 – Graph of frequency parameter versus aspect ratio from ESDU 75030 
(plate with all edges simply supported). 
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Table 3-3 – Summary of ESDU (A9016) natural frequency predictions for the 2 
boundary conditions under consideration (flat rectangular titanium plate 0.152m x 

0.102m x 7.11x10-4m, (6”x4”x0.028”) ) 

 

All Edges Simply 

Supported 

Simply Supported-

Clamped-Simply 

Supported-Clamped 

 

 

Mode 

Number Mode 

Order 

Frequency 

(Hz) 

Mode 

Order 

Frequency 

(Hz) 

1 1,1 235.8 1,1 413.2 

2 2,1 455.5 2,1 581.5 

3 1,2 723.6 3,1 909.9 

4 3,1 821.6 1,2 1071.7 

5 2,2 943.3 2,2 1248.8 

6 3,2 1309.4 3,2 1400.2 

  

 

3.2.2 Background to Finite Element Solutions 
For comparative purposes a plate was modelled using a NASTRAN [84] finite element 

analysis package. The boundary conditions were chosen as discussed above and the 

number of elements was varied along the length and width of the plate to observe 

convergence. The elements used were quadrilateral, four noded plate elements (QUAD4 

type), [84]. It is accepted that quadrilateral elements with mid-side nodes (in NASTRAN 

these are referred to as QUAD8 elements), generally give a more accurate result for 

singly curved structures however for more general doubly curved structures the 

NASTRAN QUAD4 is preferred and it has been common practice within the aircraft 

industry to use the QUAD4 element for general use as opposed to the QUAD8. Both the 

QUAD4 and the QUAD8 are bi-linear quadrilateral, isoparametric elements with optional 

coupling of membrane and bending stiffness. Further details on the element formulation 

are given in references [85] and [86].  
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For comparative purposes, the simply supported plate was modelled using both QUAD4 

and QUAD8 elements; the results have been tabulated in Table 3-4 and Table 3-5 

respectively. 

 

The following tables list the first 6 modes predicted for the various boundary conditions. 

Initial investigations were carried out with a plate that had 6 elements along the long edge 

and 4 elements along the short edge (giving a total of 24 elements). The number of 

elements along each side was subsequently doubled for four successive iterations. The 

results have been tabulated below (Table 3-4 and Table 3-6). 

 

To try to quantify the FE results a comparison was made with the Blevins prediction and 

the results expressed as a percentage “error.” A positive value indicating that the FE 

result was higher than that predicted by Blevins [66]. The tabulated percentages have 

been presented in Table 3-7, Table 3-8. In addition the data has also been shown 

graphically in Figure 3-3, Figure 3-4. 

 

Table 3-4 – NASTRAN (QUAD4) FEM Results for a flat Titanium plate (0.152m x 
0.102m x 7.11x10-4m, (6”x4”x0.028”)) with all edges simply supported. 

Frequency (Hz) 

Total Number of Elements in Model 

 
Mode  

Number 

 
Mode  
Order 

24 96 384 1536 6144 
1 1,1 244.48 237.53 236.13 235.9 235.82 

2 2,1 485 459.63 454.44 453.63 453.42 

3 1,2 876.23 758.98 733.54 727.87 726.49 

4 3,1 967.64 848.64 823 817.9 816.72 

5 2,2 1137.4 977.42 948.96 944.21 943.22 

6 3,2 1631.4 1361.7 1312.2 1306.4 1305.3 
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Table 3-5 - NASTRAN (QUAD8) FEM Results for a flat Titanium plate (0.152m x 
0.102m x 7.11x10-4m, (6”x4”x0.028”)) with all edges simply supported. 

Frequency (Hz) 

Total Number of Elements in Model 

 
Mode  

Number 

 
Mode  
Order 

24 96 384 1536 6144 
1 1,1 233.98 235.37 235.61 235.64 235.65 

2 2,1 451.86 452.56 452.96 453.03 453.04 

3 1,2 729.96 725.92 725.79 725.83 725.84 

4 3,1 819.53 815.48 815.84 815.92 815.95 

5 2,2 962.67 942.53 942.13 942.27 942.30 

6 3,2 1350.101 1305.34 1303.73 1303.96 1304.02 

 

The simple comparison suggests the QUAD8 reached a “stable” value more quickly than 

the plate modelled with QUAD4 elements however it did not always converge on the 

stable value as one would generally expect for a finite element solution. The sixth mode 

with the coarse mesh of QUAD8 elements was also of the incorrect order and it was 

decided that any FE analysis should continue using the QUAD4 as is the normal practice 

in the aircraft industry. 

Table 3-6 - NASTRAN (QUAD4) FEM Results for a flat Titanium plate (0.152m x 
0.102m x 7.11x10-4m, (6”x4”x0.028”)) with simply supported-fixed-simply 

supported-fixed edge conditions. 

Frequency (Hz) 

Total Number of Elements in Model 

 
Mode  

Number 

 
Mode  
Order 

24 96 384 1536 6144 
1 1,1 437.06 418.52 415.26 414.78 414.68 

2 2,1 630.21 585.71 580.7 580.82 580.98 

3 3,1 1089.5 934.57 909.74 906.65 906.2 

4 1,2 1322.4 1134.6 1089.2 1079.2 1076.8 

5 2,2 1709 1312.2 1259.6 1252.6 1251.4 

6 4,1 2064.3 1498 1410.7 1395.3 1392.2 

 

                                                
1 With this mesh, the mode order for mode six was 4,1 as opposed to 3,2. 
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Table 3-7 – Percentage error in NASTRAN (QUAD4) FEM Results relative to 
Blevins for a flat Titanium plate (0.152m x 0.102m x 7.11x10-4m, (6”x4”x0.028”)) 

with all edges simply supported. 

Percentage Error in FE Relative to Blevins (%) 

Total Number of Elements in Model 

 
Mode  

Number 

 
Mode  
Order 

24 96 384 1536 6144 

1 1,1 3.50 0.55 -0.04 -0.14 -0.17 

2 2,1 6.77 1.18 0.04 -0.14 -0.18 

3 1,2 20.56 4.43 0.93 0.15 -0.04 

4 3,1 18.39 3.83 0.69 0.07 -0.08 

5 2,2 20.39 3.46 0.45 -0.06 -0.16 

6 3,2 24.68 4.07 0.28 -0.16 -0.24 
 

Results shown in red draw attention to the discrepancy between the FE result and that of 

Blevins. 

 

 

Figure 3-3 – Percentage error between FEM and Blevins with increasing number of 
elements for a flat Titanium plate (0.152m x 0.102m x 7.11x10-4m, (6”x4”x0.028”)) 

with simply supported edge conditions. 
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Table 3-8 - Percentage error in NASTRAN FEM Results relative to Blevins for a flat 
Titanium plate (0.152m x 0.102m x 7.11x10-4m, (6”x4”x0.028”)) with simply 

supported-fixed-simply supported-fixed edge conditions. 

Percentage Error in FE Relative to Blevins (%) 

Total Number of Elements in Model 

 
Mode  

Number 

 
Mode  
Order 

24 96 384 1536 6144 

1 1,1 5.33 0.87 0.08 -0.04 -0.06 

2 2,1 8.36 0.71 -0.15 -0.13 -0.10 

3 3,1 20.10 3.02 0.28 -0.06 -0.11 

4 1,2 22.75 5.32 1.11 0.18 -0.04 

5 2,2 36.44 4.76 0.56 0.01 -0.09 

6 4,1 48.25 7.58 1.31 0.21 -0.02 
 
 
 

 
 

Figure 3-4 - Percentage error between FEM and Blevins with increasing number of 
elements for a flat Titanium plate (0.152m x 0.102m x 7.11x10-4m, (6”x4”x0.028”)) 

with simply supported-fixed-simply supported-fixed edge conditions. 
 
 
The ESDU [2] method was based on an energy approach and in this sense it too can be 

expected to yield a higher frequency prediction than an exact solution as can the FE 

approach as effectively it is an energy formulation employing (in this case) the Lagrange 

method for the equations of motion.  
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The essential feature of this study has been to show that the FE result is not always 

accurate. The accuracy can improve with increasing model size and for the fundamental 

frequency good accuracy can be achieved very quickly. Nonetheless both graphs would 

suggest that for a factor of 10 (or an order of magnitude) improvement in frequency 

prediction, then a similar factor on model size is required. It is generally accepted that to 

make a reasonable approximation in frequency then at least four elements per half 

wavelength are required. Therefore if one is considering modes with four half 

wavelengths then at least 16 elements per side will be recommended. There is also an 

issue with the type of element used. Conventionally the QUAD4 or QUAD8 elements in 

Nastran are thin shell elements which by definition suggest the thickness should be 

considerably less than the next largest dimension. Typically a ratio of 1/10 or 1/15 would 

be inferred which for the dimensions of the plate under consideration in this exercise 

would have suggested a maximum of ten to fifteen elements per side. In the extreme 

cases considered the elements could therefore no longer have been considered as thin. 

Nonetheless, this did not seem adversely effect the results and indeed the results 

continued to converge towards the theoretical predictions.  

 

The issue of model iteration highlights an issue frequently overlooked particularly in 

industry where a lot of effort is often expounded in generating the FEM; at least in terms 

of generating the basic geometry and representation of the structural configuration 

however it is rare for model iteration to take place. The exercise carried out here with a 

simple plate shows the potential for error particularly as one considers modes above the 

fundamental mode. 
 

A final overall summary for the first six modes have been shown in the following tables 

Table 3-9 and Table 3-10. The summary compares the three techniques that form the 

basis of the benchmarking for the dynamic stiffness method, for which the 2 basic 

boundary conditions which the DSM can cater. Note that two sets of data for each 

boundary condition type have been included for the ESDU results, depending upon which 

number of mode orders have been specified (either “3, 3,” indicating a maximum of 3 
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half waves parallel to each orthogonal axis, or “8, 8,” indicating a maximum of 8 half 

waves parallel to each orthogonal axis). 

 

Table 3-9 – Frequency comparison of different techniques for a flat Titanium plate 
(0.152m x 0.102m x 7.11x10-4m, (6”x4”x0.028”)) with all edges simply supported. 

Natural Frequency (Hz) 
ESDU 

Mode 
Number 

Mode 
Order2 FE  

(6144 Elements) (3,3) (8,8) 
Blevins 

 
1 1,1 235.8 236.2 235.8 236.19 
2 2,1 455.5 479 455.5 454.22 
3 1,2 723.6 796.6 723.6 726.75 
4 3,1 821.6 994.7 821.6 817.59 
5 2,2 943.3 1019 943.3 944.77 
6 3,2 1309.4 1491 1309.4 1308.14 

 
 

Table 3-10 - Frequency comparison of different techniques for a flat Titanium plate 
(0.152m x 0.102m x 7.11x10-4m, (6”x4”x0.028”)) with simply supported-fixed-simply 

supported-fixed edge conditions. 

Natural Frequency (Hz) 
ESDU 

Mode 
Number 

Mode 
Order1 FE  

(6144 Elements) (3,3) (8,8) 
Blevins 

 
1 1,1 414.68 415.0 413.2 414.93 
2 2,1 580.98 601.7 581.5 581.57 
3 3,1 906.2 1071.1 909.9 907.18 
4 1,2 1076.8 1094.7 1071.7 1077.28 
5 2,2 1251.4 1275.9 1248.8 1252.53 
6 4,1 1392.2 1560.93 1400.22 1392.43 

 
 
Both Blevins and the FE results are in good agreement. ESDU is surprisingly different 

depending on the number of mode orders requested and in the case of the plate with 

simply supported clamped, simply supported, clamped boundary conditions. As indicated 

in the footnote below, the mode order for the sixth mode was of the 3, 2 variety and not 4, 

1 as predicted by both Blevins and the FEM, if only 3 mode orders parallel to the x-axis 

and y-axis were specified. Correspondence with ESDU identified the problem and the 

                                                
2 Mode order as per Blevins notation. 
3 The mode order for the sixth mode predicted by ESDU was a 3, 2 mode and not 4,1 as predicted by the 
other techniques. 
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recommendation is to use the maximum number of mode orders (i.e. 8, 8), even if results 

are only desired for lower mode orders it is advisable to use the maximum number of 

mode orders permitted to ensure accuracy of results. 

 

With general agreement on the first six modes of vibration for a plate with two sets of 

boundary conditions which can be modelled using the dynamic stiffness method (DSM), 

the next step was to compare the results with those generated using the DSM. 

 

3.2.3 Dynamic Stiffness Method 
The plate modelled in the above example was analysed using the dynamic stiffness 

method (DSM). As stated in the theoretical description of the DSM, it is a requirement 

that two of the opposing edges of the plate are simply supported which allows the two 

remaining opposing edges to be either supported or unsupported. From a practical 

viewpoint only plates supported on all four edges are of interest and thus only two 

boundary conditions are available 

 

 All edges simply supported (S-S-S-S) 

 Simply supported – clamped – simply supported – clamped (S-C-S-C) 

 

For both conditions a model of the panel was generated using two plate elements. While 

it would have been feasible to have modelled the panel using only one element it was 

easier when considering point loads to use two elements and apply the point load at the 

intersection or common node between the plate elements. By doing this the evaluation of 

the particular integral was avoided.  

 

By applying a point load the natural frequencies of the plate were inferred by identifying 

the peaks in the transfer function. One could also calculate the determinant of the 

dynamic stiffness matrix and use the “zero” crossings to identify the natural frequencies. 

This would not rely on applying any loading to the plate and could be done with a single 

element. In either case however, identification of the plate natural frequencies is 

essentially done visually and this is undoubtedly one of the shortcomings of the DSM as 
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it does not allow a standard eigenvalue approach to be used as in the finite element 

method. The ultimate goal of employing this method is to determine the response to 

acoustic loading. The ability to identify natural frequencies to within several decimal 

places was not a critical requirement, however if it were the DSM could certainly yield 

this information but it would take some additional effort to extract this information. 

 

Frequency response functions (normalised to the quasi-static displacement per applied 

unit load) due to a unit point load applied half way along the width of the plate (y=0.5b) 

at the intersection of the 2 elements from which the plate was modelled. In the first case 

the load was at the geometric centre of the plate while for the second case the length of 

the first element was less than that of the second therefore resulting in the load being 

offset (although still at the mid point of the panel width; y=0.5b). The results from both 

cases have been superimposed on the same plot. Note that even mode orders between the 

edges y = 0 and y = b did not participate in the response. 

 

 
 

Figure 3-5 – Response of rectangular titanium plate (aspect ratio=1.5; 0.152m x 
0.102m x 7.11x10-4m, (6”x4”x0.028”)) to a unit load applied normal to the plate at 2 

different locations and with all edges simply supported (S-S-S-S). 
 
 
 

Similarly for the case with simply supported - clamped - simply supported - clamped 

boundary conditions. This case has been included in Figure 3-6. The resonance 
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frequencies in the transfer function have been identified for both boundary conditions and 

tabulated in Table 3-11 using a frequency resolution of 0.5 Hz. 

 

 
Figure 3-6 – Response of rectangular titanium plate (aspect ratio=1.5; 0.152m x 

0.102m x 7.11x10-4m, (6”x4”x0.028”)) to a unit load applied normal to the plate at 2 
different locations and with simply supported – clamped – simply supported - 

clamped (S-C-S-C) edge conditions. 
 
 
 

Table 3-11 – Summary of natural frequency estimations using the DSM resonance 
frequencies for the two boundary conditions under consideration (flat rectangular 

titanium plate 0.152m x 0.102m x 7.11x10-4m, (6”x4”x0.028”)) 

Plate Natural Frequencies (Hz) Mode  
Number S-S-S-S S-C-S-C 

1 236 415 
2 N/A N/A 
3 726 907 
4 813 1073.5 
5 N/A 1560 
6 1306 N/A 

 
 

By way of comparison the above results were included into the previous tables of results 

(Table 3-9 and Table 3-10) the updated versions of which have been included below as 

Table 3-12 and Table 3-13.  
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Table 3-12 – Frequency comparison of different techniques for a flat Titanium plate 
(0.152m x 0.102m x 7.11x10-4m, (6”x4”x0.028”)) with all edges simply supported. 

Natural Frequency (Hz) Mode 
Number 

 

Mode 
Order 

 
FE  

(6144 Elements) 
ESDU 

 
Blevins 

 
DSM 

1 1,1 235.82 235.8 236.19 236 
2 2,1 453.42 455.5 454.22 N/A 
3 1,2 726.49 723.6 726.75 726 
4 3,1 816.72 821.6 817.59 813 
5 2,2 943.22 943.3 944.77 N/A 
6 3,2 1305.3 1309.4 1308.14 1306 

 
 
 

Table 3-13– Frequency comparison of different techniques for a flat Titanium plate 
(0.152m x 0.102m x 7.11x10-4m, (6”x4”x0.028”)) with simply supported – clamped – 

simply supported - clamped (S-C-S-C) edge conditions. 

Natural Frequency (Hz) Mode 
Number 

 

Mode 
Order 

 
FE  

(6144 Elements) 
ESDU 

 
Blevins 

 
DSM 

1 1,1 414.68 415.0 414.93 415 
2 2,1 580.98 601.7 581.57 N/A 
3 3,1 906.2 1071.1 907.18 907 
4 1,2 1076.8 1094.7 1077.28 1073.5 
5 2,2 1251.4 1275.9 1252.53 N/A 
6 4,1 1392.2 1560.94 1392.43 N/A 

 
 

As a general observation, the DSM and the expressions available from Blevins are in 

good agreement. The FE also shows good agreement at the lower modes, but as 

frequency increases the FE starts to deviate and further refinement would be required if 

the higher modes were of interest.  

 

 

 

                                                
4 Note as previously stated, the mode order for the 6th mode predicted by ESDU did not match that of the 
other techniques used. 
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3.3 Response to Applied Loading 

As the ultimate goal of this work is to investigate the response of a panel due to acoustic 

loading then clearly the response due to an applied pressure is the loading of most 

interest. However, since a point load was used to investigate the natural frequencies of 

the plate it would seem prudent to address this load-case first prior to investigations with 

pressure loading. 

 

3.3.1 Point Loads 

Applying a point load in a finite element model is a very straightforward process however 

trying to obtain a theoretical expression was somewhat more involved. Reference was 

made to Cremer, Heckl and Ungar [87] which provided an expression for the response of 

a rectangular plate with all edges simply supported. It is based on a modal response 

formulation. 

 

For a plate simply supported on all edges the mode shape on a plate of length l1 in the x 

direction and length l2  in the y direction was given as; 

 n  = 
2

2

1

1 sinsin
l

yn
l

xn  (3.4) 

 

Using a modal expansion, the velocity at any point on the plate due to a distributed 

pressure p is 
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22
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yn
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llm
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where m is the mass per unit area. 
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For a point force F at location (x0, y0) the force description is replaced 

by )()( 00 yyxxFe tj , producing the nodal forces Fn1,n2 = 

dxdy
l

yn
l

xnyyxxFe tj

1

2

1

1
00 sinsin)()( , which can be reduced to the following; 

 F=
2

02

1

01 sinsin
l

yn
l

xnF  (3.6) 

The velocity is then 
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The velocity at the excitation point (x, y) = (x0, y0) is then 

 

 ),( 00 yxv = 
1 1

22
2

022

1

012

21 1 2

sinsin
4
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l
yn

l
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llm
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Dividing the above expression for the velocity by j gives an expression for the out of 

plane displacement w.  

 ),( 00 yxw = 
1 1 22

2

022

1

012

21 1 2

sinsin
4

n n n

l
yn

l
xn

llm
F  (3.9) 

 

Using equation (3.9) and ESDU (Table 3-12) as the basis for the natural frequencies and 

considering modes 1-1, 1-3 and 3-1 the following response was observed (Figure 3-7). 

Note that in order to make a direct comparison with the DSM prediction, modal damping 

was introduced to equation (3.9) by multiplying 2
n  by )1( j , where  is the damping 

loss factor (equivalent to twice the viscous critical damping ratio at resonance – in this 

case =2x0.017). 
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Figure 3-7 – Frequency response function derived from the plate velocity expression 
(rectangular titanium plate, simply supported on all edges with a centrally applied 
unit load normal to the plate; 0.152m x 0.102m x 7.11x10-4m, (6”x4”x0.028”)) by 

modal superposition (mode orders n=1 and n=3 parallel to the long edge). 
 

The quasi-static response is the response at frequencies very much lower than the 

fundamental mode. From Figure 3-7 the response at approximately zero Hertz due to a 

unit load (1N) was 4.03x10-5 m (0.04mm). 

 

The response using the DSM has been shown in Figure 3-8. The quasi-static response 

was 4.28 x10-5 m (0.043mm) per unit load i.e. 0.043mm/N.  

 

 

Figure 3-8 – Displacement frequency response function (rectangular titanium plate, 
simply supported on all edges with a centrally applied unit load normal to the plate; 
0.152m x 0.102m x 7.11x10-4m, (6”x4”x0.028”)) using the Dynamic Stiffness Method 

with n=1, n=3 and n=5 mode orders parallel to the long edge. 
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The displacement at a resonance can be calculated by multiplying the static displacement 

by the amplification factor which for a value of 1.7% equivalent viscous damping would 

be 29.4 i.e.; 4.28 x10-5 x 29.4 = 1.26 x10-3 m (1.26 mm). From Figure 3-8 the peak in the 

transfer function at the fundamental frequency can be seen by visual inspection to be 

approximately 1 x10-3 m/N (1mm/N). Further examination of the data contained in the 

output file showed a displacement of 1.09 x10-3 m at 236 Hz. This highlights one of the 

issues with the DSM in that the absolute value would have to be evaluated by further 

iterations using smaller frequency steps or indeed if the fundamental frequency were 

known, the value at that particular frequency could be requested in the program. The 

latter approach was carried out assuming the frequency predicted by Blevins was accurate 

and at a frequency of 236.19 Hz the displacement was 1.094 x10-3 m/N. 

 

There is good correlation between the DSM and modal superposition. Both approaches 

gave approximately the same result for the quasi-static response, which enabled the 

response at resonance to be established thus validating the DSM prediction. 

 

To further explore the influence of the number of mode orders on the result two identical 

plates were analysed. The first had 3 half waves (n=1, 3 & 5) while the second had ten 

components listed (odd mode orders from n=1 to n=19). The difference in the 

displacement has been shown in Figure 3-9 while the difference in strain has been shown 

in Figure 3-10. 
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Figure 3-9 – Displacement frequency response functions (rectangular titanium plate 
with a centrally applied unit load; 0.152m x 0.102m x 7.11x10-4m, (6”x4”x0.028”) 

using the Dynamic Stiffness Method with different mode orders.  
 

 

 

Figure 3-10 – Strain frequency response functions (rectangular titanium plate with a 
centrally applied unit load; 0.152m x 0.102m x 7.11x10-4m, (6”x4”x0.028”) using the 

Dynamic Stiffness Method with different mode orders. 
 

From a visual inspection of the above figures one can see that the number of half waves 

had virtually no influence on the predicted displacement (less than 1% in fact for quasi-

static response) and an accurate estimation of displacement can therefore said to be 

achievable with only a few n components. Strain, as one might expect being a second 

order derivative of displacement, does show an improvement with increasing number of 

terms; at least for the quasi-static response where there was a difference of almost 25%. 
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For both displacement and strain however, the difference in response at resonance was 

negligible due to the domination of a single mode order. 

 

For completeness, a point load was applied to the FE model and the results presented in 

Figure 3-11 below. A summary of the results from the various methods (all showing a 

good general correlation) has been included in Table 3-14 for reference. 

 

 

Figure 3-11 – FEM response (strain and displacement in imperial units) of a 
rectangular titanium plate with a unit load applied at the centre of a plate of 

dimensions 0.152m x 0.102m x 7.11x10-4m, (6”x4”x0.028”). 
 

Table 3-14 – Comparison of the quasi-static response prediction using different 
techniques (rectangular titanium plate with a centrally loaded unit load and 

dimensions 0.152m x 0.102m x 7.11x10-4m, (6”x4”x0.028”)). 

Displacement/Force Strain/Force Method N 
Components in/lbf m/N /lbf /N 

1,3,5 7.51x10-3 4.28x10-5 119.86 26.88 Dynamic 
Stiffness 1,3,5,7,9,11,13,15,17,19 7.62x10-3 4.34x10-5 161.4 36.2 
Cremer, 
Heckl & 
Ungar 

1,3 7.07x10-3 4.03x10-5 N/A N/A 

FEM N/A 7.66x10-3 4.36x10-5 154 34.54 
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3.3.2 Pressure Loading 

The static response of a rectangular plate to a uniform pressure (q) was reported by Roark 
[72]. The plate under consideration was one with all edges simply supported, as shown in 
Figure 3-12, with thickness h and Young’s modulus E. The maximum stress (at the centre 

of the plate) was given by the expression
2

2

h
qb . The maximum displacement (also at 

the centre of the plate) was given by the expression
3

4

max Eh
qby . The highest shear 

load per unit length (at the centre of the long sides) was also given as qbRmax . The 
relevant parameters for the preceding expressions are obtained from Table 3-15, based on 
the plate aspect ratio.   

 

 
Figure 3-12 – Dimension parameters for a rectangular plate with all edges simply 

supported subject to a uniform pressure [72]. 
 

Table 3-15 – Stress, displacement and shear force parameters for a simply 
supported rectangular plate subject to a uniform pressure. Reference Roark [72].  
a/b 1.0 1.2 1.4 1.6 1.8 2.0 3.0 4.0 5.0  

 0.2874 0.3762 0.4530 0.5172 0.5688 0.6102 0.7134 0.7410 0.7476 0.7500 

 0.0444 0.0616 0.0770 0.0906 0.1017 0.1110 0.1335 0.1400 0.1417 0.1421 

 0.420 0.455 0.478 0.491 0.499 0.503 0.505 0.502 0.501 0.500 

 

For a plate with the following dimensions 

 a = 0.152m 

  b = 0.102m 

  h = 0.7112mm 

  E = 1.1x1011 Pa (or 110 GPa) 

  q = 1.0 Pa 



 141 

 

Interpolating between aspect ratio 1.4 and 1.6 for the stress parameter  and the 

displacement parameter , gave values of; 

   = 0.4851 

  = 0.0838 

 

The maximum stress and maximum displacement (due to a unit pressure) were 

subsequently calculated to be; 

 Max  = 
2

2

h
qb  (3.10) 

   = 9900 Pa/Pa (~0.09 /Pa) 

 

 Maxy  = 
3

4

Eh
qb  (3.11) 

   = 2.29 x10-7 m/Pa (0.061 in/psi) 

 

The response at resonance could also be estimated by application of the magnification 

factor Q, based on an equivalent viscous critical damping ratio  of 1.7% (where 

Q=
2
1 =29.4); 

 

Maximum stress at resonance   = 9900 x 29.4 

   = 291x103 Pa/Pa 

 

Maximum displacement at resonance = 2.29 x10-7 x 29.4 

   = 6.73x10-6 m/Pa (0.007mm/Pa or 1.79 in/psi) 

 

By way of comparison the dynamic stiffness method gave the following results for the 

case with all edges simply supported (Figure 3-13, Figure 3-14 and Table 3-16).  
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Figure 3-13 – Displacement frequency response function (rectangular titanium plate 
with all edges simply supported subject to a unit pressure; 0.152m x 0.102m x 

7.11x10-4m, (6”x4”x0.028”)) using the Dynamic Stiffness Method with different 
mode orders. 

 
 
 

 
Figure 3-14 – Strain-x frequency response function (rectangular titanium plate with 
all edges simply supported subject to a unit pressure; 0.152m x 0.102m x 7.11x10-4m, 

(6”x4”x0.028”)) using the Dynamic Stiffness Method with different mode orders. 
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Table 3-16 - DSM Result summary; frequency response function for a flat 
rectangular titanium plate of dimensions 0.152m x 0.102m x 7.11x10-4m, 

(6”x4”x0.028”) with all edges simply supported, subject to a unit pressure. 

Displacement 
Response 

Strain Response Frequency 
(Hz) 

Mode orders 

in/psi m/Pa /psi /Pa 
n=1,3,5 5.46x10-2 2.01x10-7 489 0.071 10.5 

n=1,3,5,7,9,11,13,15,17,19 5.49x10-2 2.02x10-7 567 0.082 
n=1,3,5 1.47 5.42x10-6 1.28x104 1.85 236 

n=1,3,5,7,9,11,13,15,17,19 1.47 5.42x10-6 1.28x104 1.86 
 
 
Some FE results have been shown for a plate subject to both a static uniform pressure and 

a dynamic loading, i.e. a frequency response analysis, again for a plate subject to a 

uniform pressure load. Contour plots have been shown for the static loading case in 

Figure 3-15 and Figure 3-16, while the frequency response functions for the displacement 

is in Figure 3-17 and stress and strain in Figure 3-18 and Figure 3-19 respectively. With 

regards to all displacement related data, the centre of the plate was the location for which 

data has been presented. The model used had a total of 6144 elements (64 elements along 

the short edge by 96 elements along the long edge). 

 
Figure 3-15 – FEM response (strain and displacement per unit pressure in imperial 
units) of a rectangular titanium plate subject to a unit pressure applied to a plate of 

dimensions 0.152m x 0.102m x 7.11x10-4m, (6”x4”x0.028”) with all edges simply 
supported. 
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Figure 3-16– FEM response (stress and displacement per unit pressure in imperial 
units) of a rectangular titanium plate subject to a unit pressure applied to a plate of 

dimensions 0.152m x 0.102m x 7.11x10-4m, (6”x4”x0.028”) with all edges simply 
supported. 

 
 
 
 

 
Figure 3-17 – Displacement transfer function (data from FEM); flat rectangular 

titanium plate of dimensions 0.152m x 0.102m x 7.11x10-4m, (6”x4”x0.028”) with all 
edges simply supported, subject to a unit pressure. 
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Figure 3-18 – Strain transfer function (data from FEM for the centre of the plate); 

flat rectangular titanium plate of dimensions 0.152m x 0.102m x 7.11x10-4m, 
(6”x4”x0.028”) with all edges simply supported, subject to a unit pressure. 

 
 

 
Figure 3-19 – Stress transfer function (data from FEM for the centre of the plate); 

flat rectangular titanium plate of dimensions 0.152m x 0.102m x 7.11x10-4m, 
(6”x4”x0.028”) with all edges simply supported, subject to a unit pressure. 
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Table 3-17 – FEM Result summary for the quasi-static response and also for the 
plate fundamental mode of vibration; frequency response function for a flat 

rectangular titanium plate of dimensions 0.152m x 0.102m x 7.11x10-4m, 
(6”x4”x0.028”) with all edges simply supported, subject to a unit pressure. 

Frequency  
(Hz) 

Displacement per 
unit pressure  

(m/Pa) 

Strain per unit 
pressure 
( /Pa) 

Stress per unit 
pressure  
(MPa/Pa) 

10.00 2.27x10-7 0.07 0.0099 
235.8 6.88x10-6 2.34 0.32 

 

The results of the different techniques referred to above, for the plate subject to a uniform 

unit pressure have been summarised in Table 3-18.  

 

Table 3-18 – Summary of quasi-static response and response at resonance using 
various techniques for a flat rectangular titanium plate of dimensions 0.152m x 

0.102m x 7.11x10-4m, (6”x4”x0.028”) with all edges simply supported, subject to a 
unit pressure. 

Displacement Response Strain Response Technique Frequency 
(Hz) 

Mode orders 
in/psi m/Pa /psi /Pa 

n=1,3,5 5.46x10-2 2.01x10-7 489 0.071 10.5 
n=1,3,5,7,9,11,13,15,17,19 5.49x10-2 2.02x10-7 567 0.082 

n=1,3,5 1.47 5.42x10-6 1.28x104 1.85 

Dynamic 
Stiffness 
Method 236 

n=1,3,5,7,9,11,13,15,17,19 1.47 5.42x10-6 1.28x104 1.86 
10 Hz N/A 6.18x10-2 2.27x10-7 509 0.07 FEM 
235.8 Hz N/A 1.87 6.88x10-6 1.62 x104 2.34 
“0.0 Hz” N/A 6.1x10-2 2.29x10-7 618 0.095 Roark 
Resonance6 N/A 1.79 6.73x10-6 1.82 x104 2.654 

 

Although a good estimation of displacement is achievable with very few mode orders, the 

same is not generally true for strain. A study was carried out to establish how many mode 

orders were required to obtain an accurate strain prediction. The results have been 

summarised in Figure 3-20 and Figure 3-21. In Figure 3-20 the strain response is seen to 

plateau in the vicinity of fifteen n components. In Figure 3-21 the average of the strains 

calculated using the Roark approximation and that using the FEM, was used as the 

baseline value and the DSM result was expressed as a percentage of the calculated 

average from the other two methods. As can be seen in Figure 3-21, with only six n 

                                                
5 The strain was assumed to be given by dividing the stress by the Young’s modulus. 
6 The resonance condition was assumed to be given by the static response multiplied by the amplification 
factor Q. 
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components, the DSM result was within 5% of the average value and the result had 

converged when 10 or more n components were used. 

 

 

Figure 3-20 - Strain convergence for the DSM as a function of “odd” half wave 
components for a flat rectangular titanium plate of dimensions 0.152m x 0.102m x 

7.11x10-4m, (6”x4”x0.028”) with all edges simply supported, subject to a unit 
pressure. 

 

 

Figure 3-21 – Strain convergence for the DSM relative to the average strain based 
on the FEM result and the Roark strain approximation as a function of “odd” half 

wave components in the DSM method for a plate exposed to a uniform pressure 
loading. 
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3.4 Conclusion 

In comparing the results above it has been shown that the dynamic stiffness method 

(DSM) provided an accurate means of establishing the resonance frequencies of simple 

structural elements. Clearly one has to be specific about the nature of the desired results 

in order to obtain the most from the method. The resonance frequencies need to be 

identified from the peaks in the transfer function, so that one must choose a small 

frequency resolution in order to get an accurate result. A similar comment could be 

directed towards the strain response.  

 

In terms of the response to point loads, the DSM provided good agreement for the 

displacement with the modal summation method derived from the expression given by 

Cremer, Heckl and Ungar [87] and indeed also in comparison with the finite element 

method. For the point load case, increasing the number of mode orders had surprisingly 

little improvement in the displacement response (a difference of less than 1% when the 

number of mode orders increased from 3 to 10). Not surprisingly, the number of mode 

orders had a significant influence on the strain response, with an increase in the mode 

orders resulting in a 24% improvement in the strain predictions; a result within 5% of the 

FE prediction. One should also bear in mind the dependency on the spatial harmonic 

components to fully describe the point load being applied. 

 

The results were not as consistent with the pressure loading case. The displacement 

response displayed negligible change with increasing mode order both for the quasi-static 

behaviour and at resonance. The difference between the DSM and both Roark [72] and 

the FE method was not as good as was anticipated. However, the strain response was 

much better with only a 4% difference between the DSM and the FEM for the quasi-static 

condition. The strain estimation based on Roark was based on a simple stress/strain 

relationship with Young’s modulus and as such is not theoretically exact for a plate. The 

FEM could be regarded as more accurate and when an average of the Roark [72] result 

and the FEM result was used the DSM gave much more favourable results. A 

convergence study (for the pressure loading case) showed that ten odd mode orders gave 
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convergence to the average of the result from the other two methods, with the DSM 

converging to constant values when using fifteen odd mode orders. 

 

Nonetheless, in terms of the accuracy required for preliminary design evaluation in a 

practical engineering environment, the DSM provides a very favourable alternative to the 

finite element method and even traditional published solutions. 
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4.1 Introduction 

The ability to analyse a simple structural element such as a flat plate and to verify this by 

comparison with a variety of alternate and accepted techniques was the subject of the 

previous chapter. This ability must have some practical application however to be of any 

benefit from an Engineering viewpoint. The purpose of this chapter is to address this 

concern and the dynamic stiffness method (DSM) is applied to analysing actual physical 

structural components as opposed to the previous chapter on verification where the 

comparisons were restricted to idealised elements. 

 

Data from tests has been compiled and summarised and attempts to model the structural 

response has also been presented. Design recommendations based on the observed 

behaviour have been made and this chapter is effectively a culmination of the work 

described in the previous chapters. 

 

While the main focus of attention is in connection with the behaviour of bulkhead type 

panels, some reference towards the behaviour of sandwich panels has also been made. 

 

 

4.2 Response of Actual Structures 

When a component exhibits an in-service failure where the primary mode of failure is 

attributed to acoustic fatigue it is customary to carry out a sub-element test such as a 

progressive wave tube (PWT) test. Indeed, it may be that this could well have been done 

as part of the certification test programme in which case further PWT testing would not 

generally be required. 

 

Photographs of PWT facilities at Goodrich Aerostructures in California and the Institute 

of Sound and Vibration Research (ISVR), University of Southampton are shown in 

Figure 4-1 and Figure 4-2 respectively. A close up of the working or test section of the 

PWT at ISVR has been shown in Figure 4-3 for reference with a schematic view of a 

PWT shown in Figure 4-4. 
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Figure 4-1 – Photograph of progressive wave tube (PWT) facility at Goodrich, 

Chula Vista, CA1. 

 

 

 
Figure 4-2 – PWT at the University of Southampton, England2. 

 

                                                
1 Photograph courtesy of Dr R.D. Blevins, Goodrich Aerostructures Group, Chula Vista CA., USA. 
2 Photograph courtesy of Dr Paul Cunningham, Loughborough University, England [6]. 
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Figure 4-3 – Working section of the PWT at ISVR, Southampton. 

 

A schematic drawing of a PWT3 has been shown for reference in Figure 4-4. 

 

 
Figure 4-4 – Schematic of PWT3. 

 

As annotated in Figure 4-2 and Figure 4-4, a progressive wave tube consists of four basic 

sections: 

1. Noise source 

2. Expansion section 

3. Test section 

4. Termination section 

                                                
3 Drawing courtesy of Dr R.D. Blevins, Goodrich Aerostructures Group, Chula Vista CA., USA. 
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The noise source, as used by ISVR, is a Wyle WAS3000 electro-pneumatic air modulator 

(essentially a siren type of acoustic driver). The expansion section is generally an 

exponential horn which then transitions into the working, or test section, which has a 

rectangular cross-section. Finally the sound passes through the termination section to an 

exhaust at the end of the tube. This region may be approximately six metres long and 

incorporate some form of anechoic termination to help eliminate reflection of sound 

waves back into the test section. 

 

Considering the duct working cross section dimensions as being equivalent to acoustic 

half wavelengths, the cut off modes relevant to these dimensions are 143 Hz, 286 Hz and 

572 Hz respectively for the ISVR facility.  

 

Data presented later in this chapter was obtained at a facility where the working section 

had dimensions of 0.83m (33”) long and 0.58m (23”) wide and 0.25m (10”) deep. These 

dimensions, as half wavelengths, represent acoustic standing wave frequencies of 206 Hz, 

295 Hz and 686 Hz respectively. Coherence measurements were made between two 

dynamic pressure transducers at the same facility; one upstream and one downstream of 

the working section have been shown in Figure 4-5.  The sound pressure level 

measurements from both transducers have been included in Figure 4-6 for reference also. 

 

As can be seen in Figure 4-5, there is high spatial coherence between the two transducers 

over the 100 Hz to 500 Hz frequency range and a linear phase relationship across the 

frequency range up to 1 KHz. Note that the two transducers are in phase at approximately 

205 Hz. Taking the speed of sound in air at sea level as 343 m/s and given that the length 

of the working section is 0.83m (i.e. this is the approximate distance between the two 

transducers) and assuming this distance is equivalent to one half wavelength, this gives a 

frequency of 206.6 Hz (343/1.66). This suggests that for a single panel of similar 

dimensions to those of the working section, it would be better to model the sound field as 

a travelling wave as opposed to a uniform pressure. This observation was made by 

Cunningham [6] in his work with sandwich panels and also by Xiao [88]. 
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Figure 4-6 verifies the similarity in the sound pressure levels measured at the upstream 

and downstream transducers, the spectral levels are almost identical; only 0.5 dB 

difference over the test section length at the predominant (fundamental) frequency of the 

bulkhead specimen being tested. 

 

 

 

 
Figure 4-5 – Coherence and phase between upstream and downstream pressure 

transducers. 
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Figure 4-6 – SPL measurements at upstream and downstream locations on PWT 

specimen. 

 

The bulkhead panel that focused much of the attention of this thesis was shown in Figure 

1.8 and has been reproduced below for reference (Figure 4-7). Both progressive wave 

tube (PWT) test results and flight test measurements were available for the panel shown. 

The progressive wave tube was the most controlled environment however one must 

obviously sacrifice both boundary conditions and applied loading to some extent, by 

virtue of the test environment. For instance, it is not possible to test the complete 

bulkhead in a PWT so a truncated bulkhead must be used in order to accommodate the 

PWT test panel aperture. This truncated panel must obviously be held within a fixture and 

because most of the test would be conducted at elevated temperature some 

accommodation to alleviate thermal stress was also necessary.  
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Figure 4-7 – Bulkhead PWT specimen (Titanium web and stiffeners; overall panel 

dimensions in inches as shown. Web thickness was 0.7112mm). 

 

The actual bulkhead is approximately circular in the plane of the bulkhead web. When the 

bulkhead is subject to heat from the anti-icing system, the bulkhead can “grow” radially 

within the constraints of the local stiffness of the inner and outer attachment features. 

Essentially thermal growth is not constrained and induced thermal stress is minimal. The 

heat will however have a degradation effect on the material properties and it is this aspect 

that the PWT tries to investigate.  

 

At the inner attachment of the bulkhead PWT specimen to the fixture was made flexible 

by using “fingers” of titanium that would allow the specimen to move or grow (Figure 
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4-8). To facilitate growth at the outer attachment yet provide a degree of constraint, the 

holes in the outer boundary angle were drilled oversize. Nextel cloth (a form of Teflon 

carrier) was also used between the boundary angle and the fixture.  

 

 

 

 
Figure 4-8 – View of flexible “fingers” on the inner attachment angle to facilitate 

radial expansion of the bulkhead when subjected to elevated temperature. 

 

 

4.2.1 Stiffened Panels 

The results from a PWT test involving a representation of a nacelle forward bulkhead 

have been summarised below. The test comprised four distinct stages; 

 

1. Sine sweep to identify panel natural frequencies. 

2. Room temperature linearity test. 

3. Elevated temperature linearity test. 

4. Endurance testing. 

 

The so-called linearity tests involved applying a sound pressure level with increasing 

intensity starting at 140 dB and increasing up to 155 dB. The actual endurance testing 
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was carried out at elevated temperature, but for completeness the linearity test was 

carried out at both room temperature and elevated temperature (as was the sine sweep).  

 

The purpose of using an elevated temperature was to establish any material degradation 

due to temperature effects as opposed to trying to induce thermal stress into the part – 

indeed as indicated previously, considerable effort had been employed to ensure that 

thermal stress would not be generated.  

 

Upon completion of the linearity tests the endurance test began. Initially testing was 

carried out at 155 dB, but after a period of 20 hours the level was increased to 160 dB for 

10 hours. With no damage observed the test was carried out for a further period of time at 

a higher sound pressure level. The final stage of the testing – both sound pressure level 

and endurance time information has been withheld by the company for whom the test had 

been carried out. 

 

The results have been displayed in the following figures and tables. 
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Figure 4-9 – Predominant response frequency of panel under swept sine wave 

excitation (upper) and “broad band” random (lower). 

 

Note that at the predominant response frequency (taken for the strain gauge in the centre 

of the mid bay in the circumferential or x-axis) the response apparently differs from when 

the panel was excited by a sinusoidal signal and when a “broad band” loading was 

applied (Figure 4-9). Already a difference in frequency of almost 3 % is observed for the 

same gauge on the same panel and not having been removed from the fixture – the only 

difference was in the nature of the applied loading.  

 

The width of the resonance peak gives an indication of the damping within the system. 

Damping can come from several sources; material damping, acoustic radiation, friction 

and “gas pumping” at the attachments. Material damping tends to be extremely small – 
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negligible in terms of something which can be relied upon to truncate the response at 

resonance. The general approach is to assume a viscous type behaviour as this allows a 

simple numerical treatment. The approach used by ESDU [2] and similar design guides 

when dealing with acoustic fatigue calculations is to assume that the system possesses a 

form of damping that has an equivalent viscous (critical) damping ratio of the order of 

1.7%; i.e. =0.017. The damping ratio can be obtained by the half power point (or “3dB 

down” method) as shown below in Figure 4-10 where the critical damping ratio is given 

in terms of the amplification factor Q and also the width of the resonance peak at the half 

power point. 

 

 
Figure 4-10 – Damping evaluation in terms of the width of the resonance peak. 

 

Referring to Figure 4-9; for the case where the panel was subject to sinusoidal loading, 

the width of the resonance peak at the half power point was observed to be 10 Hz. The 

amplification factor was therefore; 

 

 Q = 
12 ff

fn  (4.1) 

  = 
10
280  

  = 28 
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 Q = 
2
1  (4.2) 

  = 
282

1  

  = 0.0178 (1.78% critical) 

 

Likewise for the case where the panel was subject to random pressure loading; using 

equation (4.1) and subsequently equation (4.2): 

 Q = 
69.20

5.272  

  = 13.17 

  = 
17.132

1  

  = 0.038 (3.8% critical) 

 

Testing of an unrelated aluminium panel but of similar stiffened panel construction, the 

frequency response function from a strain gauge had the following characteristics (Figure 

4-11). 

 Q = 
07.12

398  

  = 32.97 

  = 
97.322

1  

  = 0.015 (1.5% critical) 
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Figure 4-11 – Strain gauge response (aluminium stiffened panel – random 

excitation). 

 

Clearly for design purposes, the traditional approach as adopted by ESDU and other 

design guides of assuming a value of damping less than 2% is valid. 

 

The results from the linearity tests have been shown in Table 4-1. Note that there were 

four sets of data for the gauge presented. This was due to recording channel limitations 

and in order to record all the parameters the instrumentation was split into four groups 

however the gauge to which the data below relates was common to all four groups to 

ensure a degree of commonality between each group. Unfortunately, during the final 

stages of the test the gauge to which the following data relates was lost4. Note in the 

following graph (Figure 4-12) the response at 160 dB and 165 dB was extrapolated from 

the recorded data. 

 

 

 

                                                
4 This is a common problem with high intensity endurance testing. The gauges are not designed for fatigue 
testing and are physically small to minimise the area over which the strain is averaged. The wire too is light 
to minimise added weight and premature failure – particularly at higher strain levels is to be expected.   
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 Table 4-1 – Linearity Test Results (Strain Gauge Results at centre of panel - x) 

Room Temperature Results ( ) Elevated Temperature Results ( ) OASPL 

(dB) RT-1 RT-2 RT-3 RT-4 ET-1 ET-2 ET-3 ET-4 

140 76.8 72.07 68.21 65.88 76.23 60.03 57.33 81.59 

145 111.1 120.4 128.5 121 137.4 124.5 120.3 137 

150 195.6 209.3 209.2 195.3 196.7 204 209.1 212.6 

155 303.9 298.1 292.1 295.8 311.1 318.3 309.7 322.1 

  

The response was plotted on a graph of overall rms microstrain versus overall sound 

pressure level (dB). A curve based on the assumption that the original strain level would 

behave in a linear fashion with increasing SPL has been superimposed to indicate the 

linear behaviour (or otherwise) of the actual panel. The results (Figure 4-12) show that up 

to 150 dB the panel behaves in a very linear manner. Between 150 dB and 155 dB 

signifies the onset of non-linear behaviour which becomes more pronounced as the 

overall sound pressure level (OASPL) increases until at 165 dB the response is 

approximately half that expected for an equivalent linear response.  

 

 
Figure 4-12 – Linearity test results (Titanium 3-bay bulkhead test specimen).  

 

 

It is interesting to note that temperature has had little effect on the strain response in 

Figure 4-12. Ordinarily one would expect to see a reduction in Young’s modulus with 

increasing temperature and indeed the tensile yield and tensile ultimate strengths are 

reduced by approximately 40% and 60% respectively at 400oF (the elevated temperature 



 166 

of the test). No temperature reduction curves for the modulus were available for 

commercially pure titanium in the Metallic Materials Properties Development and 

Standardization (MMPDS) [5], but other titanium alloys showed little change in modulus 

with temperature hence, one could infer a similar lack of stiffness change with 

temperature for the CP Titanium from which the bulkhead was made given the observed 

closeness of the strain response whether at room temperature or 400oF.  

 

The dynamic stiffness element described in this thesis did not include the parameters 

necessary to be able to model in-plane loads and as such the option of modelling the hat-

section stiffeners built up using plate elements was not feasible (the stiffener webs would 

have been normal to the plane of the bulkhead web and would have required in-plane 

loading capability to have participated in the response). However, by calculating the 

stiffener (Figure 4-13) second moment of area it is possible to equate this to a plate of 

similar width as the stiffener and choosing a thickness that results in the same second 

moment of area. The most convenient method for addressing the second moment of area 

calculation is by using a tabular method as shown below (Table 4-2). Note that in 

accordance with industrial practice, an effective width of the skin to which the stiffener is 

attached (equivalent to fifteen times the skin thickness) has been assumed effective 

beyond the fastener attachment.  

 

 
Figure 4-13 – “Hat” section stiffener configuration. 
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Table 4-2– Second moment of area calculation (tabular method). 

Item 

# 

Width -

b (m) 

Height 

h (m) 

Distance to 

Centroid - y 

(m) 

Cross 

Sectional 

Area - A 

(m2) 

Ay – 

(m2) 

Ay2 – 

(m4) 

2nd Moment of 

Area about 

centroid – I 

(m4) 

1 25.40 1.02 1.22 25.81 31.46 38.36 2.22 

2 1.02 23.37 13.41 23.74 318.41 4270.22 1080.38 

3 25.40 1.02 25.60 25.81 660.73 16916.71 2.22 

4 1.02 23.37 13.41 23.74 318.41 4270.22 1080.38 

5 25.40 1.02 1.22 25.81 31.46 38.36 2.22 

6 48.77 0.71 0.36 34.68 12.33 4.39 1.46 

    = 159.59 1372.80 25538.26 2168.88 

 

 y  = 
A

Ay  (4.3) 

  = 
59.159

2.1378  

  = 8.60mm 

 

2nd Moment of Area about neutral axis; 

 Ina = 22 yAAyI  (4.4) 

  = 2168.88+25538.26-(159.59)8.602 

  = 15898.01 mm4 

 

This can subsequently be used to determine the thickness of a rectangular section (flat 

plate) of a given width. One could choose a width equal to that of the width of stiffener 

plus the strip of effective skin (the skin being the bulkhead web in this application). 

Another alternative is to choose the width between the fasteners which attach the stiffener 

to the web.  
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For comparison with single panel results the width of each panel bay was based on the 

average width between the fastener rows attaching the stiffeners to the web. It would 

seem prudent therefore to base the equivalent stiffener width on the distance between the 

fasteners. 

 

Referring to Figure 4-13, and knowing that the fastener line is 12.7mm from the free edge 

of the stiffener, the distance between the fasteners was given as; 

Effective width; beff = 37.12212 bbb  (4.5) 

  = 48.77 mm 

 

The second moment of area of a rectangular section was given as 

 I = 
12

3bd  (4.6) 

 

Rearranging this equation to give the thickness term (d) in terms of the other parameters; 

 

 d = 3
12

b
I  (4.7) 

  = 3

77.48
 15898.0112  

  = 15.76 mm 

 

Therefore the stiffener can be replaced by a plate made from the same material and of 

rectangular cross section with the dimensions 48.77mm wide by 15.76mm thick. Note 

that the density of the equivalent section will need to be reduced – a solid block of 

material 48.77 x 15.76 mm (768.62 mm2) is much greater than the area of the hat section 

stiffener plus the local piece of bulkhead web to which the stiffener is attached (159.59 

mm2). Therefore for the same given length the density of the equivalent stiffener would 

have to reduce by a factor of 4.8 in order to have the same mass and stiffness as the actual 

components.  
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The PWT test panel comprising three panel bays was represented by eight dynamic 

stiffness elements (Figure 4-14). The mid bay was represented by two elements in order 

to facilitate the application of point loads if required. The mid bay is the panel of greatest 

interest. The bays on either side were fastened into the test fixture (in the actual test 

specimen) and as such the mid bay is the only bay of the test panel which has the most 

realistic boundary conditions when comparing the test specimen with an actual bulkhead 

panel array.  

 
Figure 4-14 – DSM representation of a 3-bay bulkhead PWT specimen. 

 

The DSM model was initially ran with simply supported edge conditions and then with 

fixed edge conditions; i.e. fixed at nodes 1 and 9. The applied loading was 155 dB and 

the bandwidth was based on the test exposure which had a flat spectrum between 100 & 

700 Hz (i.e. 600 Hz bandwidth). The results along with those for a single plate have been 

presented in Table 4-3. 

 

Table 4-3 – Results of DSM modelling of PWT specimen (Mid bay response; 155dB 

OASPL) 

Overall rms Strain 

( rms) 

Configuration Displacement 

(mm) 

Strain-x Strain-y 

3-Bay (S-S-S-S) 0.99 364.59 255.39 

3-Bay (S-C-S-C) 0.92 363.03 252.03 

Single Plate (S-S-S-S) 1.9 394.44 289.44 

Single Plate (S-C-S-C) 0.92 325.69 251.68 
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Broadly speaking, in terms of the three-bay model configurations the centre bay shows 

little difference in the overall strain levels between either fully fixed or simply supported 

boundary conditions. The single plate model, however, is influenced by the degree of 

boundary constraint as one might expect. However, when comparing the results between 

the single plate and the assembly of plate elements it is clear that the single panel when 

subject to the fully fixed edge condition along the edges, to which the stiffeners would 

attach, gave a result very similar to that when modelling the three bays.  

 

As stated previously, the centre bay has the most realistic boundary conditions being 

remote from the imposed boundary conditions. The modelling suggests the stiffeners 

bounding the centre bay impose fixed edge conditions given that the fixed edge condition 

of the single panel was very similar to the results from the three-bay model with either 

edge condition. This provides an interesting result in itself and suggests that an effective 

stiffener is one which creates a fixed edge condition. The process has three steps; 

 

1. Model a single panel using the simply supported – fixed – simply supported – 

fixed edge conditions.  

2. Model a 3-bay panel and vary the thickness of the elements representing the 

stiffeners (elements 1, 3, 6 & 7 in the example used above) until the response of 

the mid bay approaches that of the single panel model. 

3. Knowing the desired effective thickness of the stiffener the actual stiffener 

dimensions can be extracted out from a spreadsheet as used in the above example 

to establish the stiffener second moment of area.  

 

The stiffener performance is enhanced when the skin thickness is low. In the example 

referred to above, the stiffener was formed from a sheet of 1.02mm whereas the skin 

thickness of the web was 0.71mm (a ratio of 1.44) and it is easier to introduce a fixed 

edge condition with a stiffener when the skin thickness is much lower than the stiffener 

wall thickness in combination with the web running continuously under the stiffeners 

(unlike the attachment at the inner and outer boundary angles, where the skin terminates). 
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The strain response at the centre of bay-2 for the 3-bay configuration has been shown in 

Figure 4-15, while that relating to the single bay model has been shown in Figure 4-16. 

For comparative purposes, Figure 4-17 shows Figure 4-16 superimposed on Figure 4-15 

and demonstrates how effective the stiffeners (on this particular bulkhead configuration) 

are in constraining the edge of the panel and also how effective the DSM models have 

been in capturing this behaviour when compared with the measured data shown in Figure 

4-18.  

 

 
Figure 4-15 – Strain response at centre of a 3-bay panel array due to an OASPL of 

155dB (600Hz BW); Simply supported – Clamped - Simply supported – Clamped 

boundary conditions. 

 

 
Figure 4-16 – Strain response at centre of a single panel due to an OASPL of 155dB 

(600Hz BW); Simply supported – Clamped - Simply supported – Clamped 

boundary conditions. 
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Figure 4-17 – Result shown in Figure 4-16 superimposed on those of Figure 4-15. 

 

 

 
 

Figure 4-18 – Measured strain response at centre of a 3-bay panel array due to an 

OASPL of 155dB (600Hz BW) – Progressive Wave Tube test. 

 

The DSM methods both have a peak in the frequency response spectrum at approximately 

244.5 Hz and 556 Hz for the secondary peak (555 Hz for the 3-bay model). The actual 

panel which the DSM was attempting to model had a predominant response frequency of 

272.5 Hz with a secondary peak at approximately 540 Hz. The difference in frequency 

was approximately 10%. The overall rms strain for the single bay configuration with S-C-

S-C boundary conditions was of the order of 325 rms while for the actual PWT panel 

showed an overall strain of 298.1 rms. The response at the predominant response 
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frequencies was approximately 80 rms for both DSM configurations while the actual 

PWT specimen showed 76.96 rms. In terms of both the response at the predominant 

frequency and the overall strain the DSM was in excellent agreement with the measured 

response. Although there is a slight over-prediction in the rms response when using the 

DSM, this is advantageous for a design tool. 

 

For comparison, the finite element representation of the PWT specimen has been 

presented below for reference (Figure 4-19). The response to acoustic loading was 

conducted using the traditional Miles equation type approach with Blevins’ modification 

for a joint acceptance of unity. The boundary conditions were similar to the DSM models 

of simply supported – clamped – simply supported – clamped and the OASPL was 

155dB. The stress at the centre of the mid bay was 26.13 MPa which expressing as a 

strain equated to approximately 237 rms. Of course, the FEM gives a more general 

overview and allows a good visual representation to be observed of the entire model 

behaviour. It is important though to bear in mind that this particular finite element model 

had a total of 4513 nodes and 5184 elements in comparison with the nine nodes and eight 

elements of the (largest) DSM model used. 

 

 
Figure 4-19 – FEM of 3-bay PWT specimen; fundamental mode of centre bay. 
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For comparative purposes, the magnitude of the nodal displacements (and the 

displacements at several intermediate positions) from the dynamic stiffness model shown 

in Figure 4-14 were recovered from the frequency response analysis using the pressure 

loading at a frequency of 245.5 Hz. The displacements were normalised to the highest 

displacement to give an approximate representation of the mode shape from the DSM 

model of the 3-bay configuration. The results are shown in Figure 4-20. The results show 

the mid bay is responding the most with very little deformation occurring in the bays on 

either side of the centre bay. This behaviour shows a similar trend to that observed in the 

finite element model (Figure 4-19) and demonstrates again the degree of constraint 

exhibited by the stiffeners which results in each bay effectively behaving independently 

of the adjacent bays. 

 

A final comparison was also available in the form a spectrum plot from a flight test 

recording of a strain gauge on the forward bulkhead (measuring in the centre of the web 

bay and measuring in the circumferential direction i.e. normal to the stiffener). The 

spectrum plot is shown in Figure 4-21 and comprises four aspects of the signal recording: 

1. The upper left hand plot (a) is a carpet plot showing the frequency on the abscissa 

and time on the ordinate. The plot, if it were possible to view in 3D, would have 

the amplitude displayed normal to the plane shown. 

2. Directly below the carpet plot of (a) is the time history envelope (b). This is the 

segment of raw data from which the frequency content was extracted. 

3. Plot (c) shows the frequency amplitude variation with time. 

4. Plot (d) is effectively an envelope of the auto-spectra. If the signal is truly 

stationary it will be the auto-spectra. 

 

Figure 4-21 shows the predominant response frequency is approximately 250Hz (in fact 

just below 250Hz). This not only serves to demonstrate the accuracy of the simple 

dynamic stiffness element model in terms of response frequency prediction but also 

shows that the use of the abbreviated bulkhead segment for the progressive wave tube test 

was acceptable in terms of capturing the dynamic behaviour of the structure despite the 

artificial boundary constraints necessary to constrain the test specimen.  
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Figure 4-20 - DSM of 3-bay PWT specimen; fundamental mode of centre bay. 

 
 
 

 
 

Figure 4-21 – Strain gauge response on bulkhead (flight test measurement). 
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4.2.2 Sandwich Panels 

The philosophy applied to the stiffener modelling in the previous section was applied to 

the analysis of a sandwich panel. Data was available from a progressive wave tube 

(PWT) test of a sandwich panel specimen which had aluminium facing and backing skins 

and with a Nomex honeycomb core. A view of the specimen drawing has been shown 

below for reference (Figure 4-22). 

 

With regard to the edge conditions each intake panel making up the intake barrel will 

most probably have four different edge conditions. A pictorial view of these regions has 

been included in Figure 4-23. The aft edge of the panel will most likely remain of 

sandwich construction where it bolts onto the engine fan casing (Figure 4-23 Section B-

B). The longitudinal edges usually pan down although one edge will be joggled over the 

edge of the adjacent panel and a butt-strap used to bridge the backing skins as shown in 

Figure 4-23 Section C-C. The forward edge will “pan down” to a laminate for attachment 

with the lipskin (Figure 4-23 Section D-D).  

 

The lipskin attachment would be considered the weakest attachment feature and it also 

leads to approximately simply supported edge conditions; giving the PWT specimen this 

type of closing feature on all four edges of a flat panel should give rise to the lowest 

natural frequencies for any panel configuration. The lower the fundamental frequency the 

higher the displacement for a given load and it should also be more probable that higher 

strains could be achieved at lower sound pressure levels (SPL’s). Obviously it is 

advantageous to be able to get reasonable strain levels at low SPL’s in order that a 

linearity test can be carried out. 
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Figure 4-22 – Intake barrel PWT specimen configuration. 
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Figure 4-23 – Inlet cowl demonstrating the differing edge conditions for the intake 

barrel segments5.  

                                                
5 This illustration was produced by Stephen Willis (Customer Services, Bombardier Aerospace Belfast). 
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A similar approach to modelling the hat-section stiffeners discussed previously was 

applied to the modelling of the sandwich panel with a dynamic stiffness element, in that 

the philosophy was to approximate the sandwich panel to that of a uniform isotropic plate 

with the equivalent bending stiffness (EI) and of the same mass per unit area. Referring to 

the figure below (Figure 4-24); 

                                    

 
Figure 4-24 – Sandwich panel cross section. 

 

Data was available from a PWT test using an aluminium sandwich panel (Figure 4-22). 

The facing skin thickness (h1), backing skin thickness (h2) and the core thickness (hc) 

were 0.81mm, 0.51mm and 12.7mm respectively. The density of the aluminium skins 

was 2770 kg/m3 and for the core 48.15 kg/m3. The second moment area per unit width 

was calculated as previously using the parallel axis theorem in tabular format (Table 4-4). 

 

Table 4-4 – Sandwich panel second moment of area calculation (tabular method). 
Item 

# 

Width 

(m) 

Height  

(m) 

E 

(GPa) 

Effective 

Area - A 

(m2) 

y  

(m) 

Ay (m2) Ay2 (m4) I (m4) 

1 1 0.000813 72.4 8.13 x10-4 0.0004 3.30 x10-7 1.34 x10-10 4.47 x10-11 

2 1 0.000508 72.4 5.08 x10-4 0.0137 6.99 x10-6 9.62 x10-8 1.09 x10-11 

    = 0.0013  7.32 x10-6 9.64 x10-8 5.57 x10-11 

 

 y  = 
A

Ay  (4.3) 

  = 
0013.0

1032.7 6

 = 5.6mm 

2nd Moment of Area about neutral axis; 
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 Ina = 22 yAAyI  (4.4) 

  = 5.57x10-11+9.64x10-8-(0.0013)x0.00562 

 = 5.58x10-8 m4 per unit width  

   and  E=72.4x109 N/m2 

As was shown previously, this was used to determine the thickness of a rectangular 

section (flat plate). The second moment of area of a rectangular section being given as 

 I = 
12

3bh  (4.6) 

Rearranging this equation to give the thickness term (h) in terms of the other parameters 

and assuming the plate has a Young’s modulus of 72.4 GPa and density of 284.69 kg/m3 

(Note that the density has been based on that required to maintain the panel areal 

density). 

 h = 3
12

WidthE
IEo  (4.8) 

  = 3
8

1
1058.512  

  = 8.8mm 

 

The response of an equivalent sandwich plate element using the DSM (n=1, subject to an 

OASPL of 150dB) has been shown below for displacement (Figure 4-25) and rms strain 

(Figure 4-26). The plots indicate a fundamental frequency of approximately 198.5Hz. 

 

 
Figure 4-25 – RMS Displacement response due to an OASPL of 150dB. 

 



 181 

 
Figure 4-26 – RMS Strain-y ( ) response due to an OASPL of 150dB. 

 

The measured strain gauge results from the linearity test have been summarised below 

(Table 4-5). The results relate to the response at the centre of the panel. The x-co-ordinate 

is parallel with the long edge while the y co-ordinate is orthogonal to the x. Clearly the y 

direction is the most significant being normal to the long edge of the panel. The measured 

strain gauge spectrum plots for the gauges at the centre of the panel, for both the x and y 

orientations on the facing skin and the backing skin, are shown in Figures 4-27 through to 

Figure 4-30, respectively. The plots indicate the predominant (i.e. the fundamental) 

frequency of the panel which was approximately 208 Hz. The DSM prediction was 

within 5% of this value. 

 

Table 4-5 – PWT Linearity results for the aluminium sandwich panel shown in 

Figure 4-22; measured strain gauge readings at the centre of the panel. 

Overall rms Strain ( rms) Overall Sound 

Pressure Level 

(dB) 

Backing Skin 

Strain-x 

Backing Skin 

Strain-y 

Facing Skin 

Strain-x 

Facing Skin 

Strain-y 

140 2.1 5.4 2.3 4.5 

145 7.5 21.2 8.5 17.6 

150 18.1 51.5 21.6 42.1 

155 33.6 89.9 39.2 73.4 
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Figure 4-27 – Strain gauge response from PWT test at 150dB OASPL; Strain-x on 

the facing skin at the centre of an aluminium sandwich panel. 

 

 

 

 
Figure 4-28 – Strain gauge response from PWT test at 150dB OASPL; Strain-y on 

the facing skin at the centre of an aluminium sandwich panel. 
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Figure 4-29 – Strain gauge response from PWT test at 150dB OASPL; Strain-x on 

the backing skin at the centre of an aluminium sandwich panel. 
 

 

 

 
Figure 4-30 – Strain gauge response from PWT test at 150dB OASPL; Strain-y on 

the backing skin at the centre of an aluminium sandwich panel. 
 

 

The predicted results were generated for an equivalent sandwich panel; a uniform plate of 

material and thickness consistent with the bending stiffness (EI) of the actual sandwich 

panel. These results have been shown in Table 4-6 for reference. The results were 

generated for two conditions; the first used n=1 while the second condition used four n 

components (n=1, 3, 5 and 7). Clearly the n=1 condition was sufficient for the frequency 

range over which the panel modes were being excited. 
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Table 4-6 – Dynamic Stiffness Method predicted PWT Linearity results for the 

aluminium sandwich panel shown in Figure 4-22; predicted strains at the centre of 

the panel. 

Overall rms Strain ( rms) 

Strain-x Strain-y 

Overall Sound 

Pressure Level 

(dB) n=1 n=1,3,5,7 n=1 n=1,3,5,7 

140 10.53 11.02 20.35 21.02 

145 18.73 19.59 36.19 37.38 

150 33.31 34.84 64.36 66.48 

155 59.24 61.95 114.45 118.21 

 

 

Obviously, in the case of the equivalent panel the strain is the same on either surface of 

the plate since the plate is symmetric. Furthermore the plate element is assumed to be 

homogenous and as such the strain distribution is linear from one extreme surface to the 

other (Figure 4-31).  

 
Figure 4-31 – Bending representation of homogenous plate. 

 
 
It is possible, using the engineer’s theory of bending, to obtain an expression for the 

bending moment M in terms of second moment of area I, i.e. 

 

Bending Stress;  = 
I

My  (4.9) 

 

The Young’s modulus (E) is defined relative to the stress and strain in the material as: 
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Young’s Modulus; E =  (4.10) 

 

Incorporating equation (4.10) into equation (4.9) gives the following expression for the 

bending moment M: 

Bending moment; M = 
y

EI  (4.11) 

 

In this case the distance to the extreme fibre (y) is half the thickness of the homogenous 

plate. 

 

If the homogenous plate is replaced by a symmetric sandwich panel (Figure 4-32), the 

moment M can be considered as a couple arising from a direct load in each face plate. 

Using the relationship between force (F) and area (A) for the direct stress and making the 

relevant substitutions using equations (4.10) and (4.11), it is possible to obtain an 

expression that relates the strain in the actual facing skin in terms of the strain in the 

equivalent homogenous plate.  

 
Figure 4-32 – Bending moment expressed as a couple on sandwich panel. 

 

Bending moment: M = FH (4.12) 

 

Equating equation (4.11) with equation (4.12) 

 FH = 
y

EI  (4.13) 



 186 

 F = 
yH

EI  (4.14) 

Direct stress: s = 
A

F  (4.15) 

Where the subscript “s” refers to the sandwich panel. 

From equation (4.10): sE =  
A

F  (4.16) 

Note that for forces per unit width, the area A can be replaced by the skin thickness h1. 

 F = 1hE s  (4.17) 

 

Combining equations (4.14) and (4.17) gives the following 

 1hE s  = 
yH

EI  (4.18) 

The sandwich panel facing skin strain: s  = 
1yHh

I  (4.19) 

where the strain “ ” is the strain in the homogenous plate. 

 

The actual panel is not symmetric; the facing and backing skins are of different thickness 

and will attract load in proportion to their direct stiffness (EA value, or Eh for forces per 

unit width).  For estimating the sandwich panel backing skin strain in terms of the facing 

skin strain, the following expression was used: 

BS  = s

BS

FS

y

y

h

h

2

1  (4.20) 

 

where the parameters y1 and y2 are the distances from the neutral axis to the extreme 

fibres of the facing skin and backing skin respectively.  

 

It should be noted that the facing skin is a perforate sheet and for the purposes of static 

strength calculations a knock-down factor based on the percentage open area (POA) 

through the thickness is generally applied to conservatively reduce the load carrying 
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capability of this skin. In this particular case, the through thickness POA was 34% and 

results were generated both with and without this knock-down factor. It was observed 

that for this particular example, the results based on the average facing skin strains gave 

the most favourable comparison with the measured data. The results have been 

summarised in Table 4-7 and presented in graphical form relative to the actual measured 

data in Figure 4-33 and Figure 4-34. 

 

Table 4-7 - Dynamic Stiffness Method predicted PWT Linearity results for the 

aluminium sandwich panel shown in Figure 4-22; predicted strains at the centre of 

the panel corrected for unsymmetrical actual sandwich panel construction. 

Overall rms Strain ( rms) Overall Sound 
Pressure Level 

(dB) 
Average Facing 

Skin Strain-x 
Average Facing 

Skin Strain-y 
Backing Skin 

Strain-x 
Backing Skin 

Strain-y 
140 7.88 15.23 8.32 16.08 
145 14.01 27.08 14.80 28.60 
150 24.92 48.15 26.33 50.87 
155 44.32 85.63 46.82 90.45 

 

 

 
Figure 4-33 – Aluminium sandwich panel facing skin strain response at panel 

centre; measured response compared with DSM prediction (overall rms strain vs. 

OASPL). 
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Figure 4-34 – Aluminium sandwich panel backing skin strain response at panel 

centre; measured response compared with DSM prediction (overall rms strain vs.  

OASPL). 

 

 

4.3 Conclusion 

This chapter has dealt with applying the dynamic stiffness method (DSM) to the 

prediction of the response of actual structural components and comparisons have been 

made with the observed response of progressive wave tube (PWT) specimens of both 

stiffened panels and honeycomb sandwich panels. 

 

Observations on damping have been reported and these were in agreement with the 

industry practice of approximating the damping to an equivalent viscous damping ratio in 

the region of 2%. The use of 1.7% has been common practice for many years and the data 

presented here is in general agreement with the industrial practice and a value of less than 

2% would seem a reasonable approximation at the design phase without being overly 

conservative. 

 

Details on progressive wave tube tests were presented and the publication of measured 

response levels should be beneficial to others wishing to verify or compare predicted 

responses. The data from the PWT tests showed the onset of non-linear behaviour for the 

stiffened panel to start at 150 dB and that by 165 dB the non-linear effects were 

considerable, with predictions based on linear theory to be almost a factor of two higher 
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than the actual observed strain levels. Over the range of sound pressure levels shown, the 

sandwich panel seemed to behave in a linear fashion at least up to 155 dB. 

 

The stiffened panel had been subject to testing at both room temperature and elevated 

temperature and showed that elevated temperature did not seem to have influenced either 

the panel response frequency or the strain response. This was an unexpected result as the 

Young’s modulus would surely have decreased at the test temperature of 400oF. 

 

In order to model the stiffened panel using the DSM the stiffeners were represented by 

plate elements whose thickness had been based on that required to give an equivalent 

bending stiffness to that of hat-section stiffeners. This approximation was shown to be a 

reasonable approach as good agreement was observed for both fundamental frequency 

and strain response. It was observed that the stiffeners represented a fully fixed edge 

condition and it was possible to achieve similar accuracy by modelling just one bay of the 

bulkhead in isolation. These observations led to simple design recommendations to 

achieve a desired bulkhead configuration in terms of stiffener sizing. 

 

A similar approach was adopted for the sandwich panel analysis whereby the bending 

stiffness of the sandwich panel was used to calculate an equivalent thickness of isotropic 

plate dynamic stiffness element. This approach gave a good approximation of the 

fundamental frequency (within 5% of the measured response).  

 

The results show that the use of the equivalent sandwich panel gives a very good 

approximation in terms of frequency (with the provision that the materials are isotropic) 

and also a reasonable approximation of the overall rms strain. Certainly in terms of a 

basic design tool, the DSM offers a reasonable approach for initial sizing and response 

prediction and one which is computationally very efficient in terms of model size. 
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Chapter 5 - Endurance Data, Failure Predictions 

And Observations 

 

 

 

 

 

 

 

 

 



 192 

5.1 Introduction 

One outcome of a vibration analysis, from a structural viewpoint, is to establish the 

fatigue characteristics of the component being analysed. Frequently an engine 

manufacturer may specify natural frequencies which are to be avoided and one is 

generally required to plot the frequencies obtained from a normal modes analysis on a 

Campbell diagram (or “spoke” diagram), to indicate the proximity of a structure’s natural 

frequencies to engine speeds. The purpose for doing so is to identify potential resonance 

conditions. Often, however, it is not possible to avoid potential resonance conditions and 

indeed where acoustic excitation or the presence of a broadband excitation is concerned 

then a frequency response analysis must be carried out. The outcome of any subsequent 

frequency response analysis is to compare the structural response with available material 

or specific test data to establish the likelihood of failure (at least within the economic life 

of the component). The process is outlined in a flowchart in Figure 5-1 for reference. 

 

It has already been discussed how the use of shaker tests and progressive wave tube 

(PWT) tests on panels are frequently used to establish a fatigue data point. This data point 

can be used in conjunction with analysis to make a comparison with available material 

data. Perhaps also data taken from full scale tests provides the opportunity to perform an 

overall assessment of the structural integrity of the component under consideration. 

 

The comparison with available material data is frequently the biggest issue i.e. the 

required data is not available. Although publications such as ESDU [2], AGARD [13] 

and the USAF Sonic Fatigue Design Guide [14] provide useful sources of data for a 

number of common materials, nonetheless these are not comprehensive and inevitably 

data for the desired material condition and stress concentration effect will not be covered. 

Of particular note is the lack of published data for both honeycomb core material and 

perforate sheet.  
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Figure 5-1 – Acoustic fatigue assessment flowchart. 
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5.2 Honeycomb Core 

The lack of data dealing with the fatigue behaviour of honeycomb is perhaps in part due 

to industry having not identified this as a particular problem area. In honeycomb 

sandwich panels the skins carry the end load and the core carries the shear. In the 

fundamental mode of vibration (the mode which is generally of greatest cause for 

concern), shear deformation contributes little towards the total deformation. This may not 

be so for high frequency excitation, however it is generally the case that the responses at 

frequencies well above the fundamental frequency again contribute little to the overall 

structural response.   

 

Millar [9] did report cases where core failure had been observed and details have been 

discussed earlier in this thesis. Clearly, if honeycomb materials with extremely low 

mechanical properties are to be used in sandwich panels subject to structural vibration 

then one must take account of a potential fatigue failure and not simply dismiss the core 

on the grounds of an assumption that shear deformation and stress will be low. Millar [9] 

suggested that stress levels within the core be limited to one third of the ultimate strength 

of the core material. Limited fatigue data is however available for a similar (although 

higher density) material than the type discussed by Millar [9]. The problems discussed by 

Millar [9] involved core with a density of 1.5 lbf/ft3 (pounds per cubic foot or pcf, 

equivalent to 24 kg/m3). The data presented by Zenkert [89] (see also Burman & Zenkert 

[90]) were obtained using Nomex honeycomb core with a density of 48 kg/m3 (3 pcf), 

however the data is presented in a form normalised to the static strength of the material 

suggesting that the ratio could be applied to cores of different material properties. The 

original data has been presented below for reference. 
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Figure 5-2 – S-N Diagram for un-notched sandwich beams, Longitudinal (L) 
configuration & Core Density 48 kg/m3 (3 pcf), reproduced from Zenkert [89]. 

 

 
 

Figure 5-3 – S-N Diagram for un-notched sandwich beams, Transverse (W) 
configuration & Core Density 48 kg/m3 (3 pcf), reproduced from Zenkert [89]. 

 

The actual material used to generate the above data was Nomex ECA 3.2-48 (3.2 

indicating the cell size in mm and the value 48 representing the density in kg/m3). The 

material properties from the company data sheet [91] have been reproduced below for 

reference (Figure 5-4). 
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Figure 5-4 – Data sheet for Nomex Honeycomb Core. 
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The strength in the longitudinal (L) direction ( L) was given as 1.32 MPa and for the 

transverse (W) direction ( W) as 0.72 MPa. The notation for the L and W orientations is 

shown pictorially in Figure 5-5. As such the S-N data of Figure 5-2 and Figure 5-3 for the 

fully reversed (R=-1) condition has been re-drawn in terms of the maximum shear stress 

in ksi for the L-configuration in Figure 5-6 and for the W-configuration in Figure 5-7. 

 

 
Figure 5-5 (a): Construction of typical honeycomb core.  (b): definitions of 

longitudinal and transverse orientations of honeycomb core (Reference, Burman M. 
and Zenkert D., [90]). 

 

 

For reference, fatigue data is traditionally presented in the form of S-N curves i.e. Stress 

versus Number of cycles to failure. The stress may be displayed as either the maximum 

stress or the alternating stress. Furthermore, the data will also be defined in terms of the 

stress ratio R (the ratio of the minimum stress divided by the maximum stress). For 

vibration work, where the stress (and strain or even displacement) is assumed to be fully 

reversed the stress ratio would be R = -1. This implies there is no mean stress and as such 

the maximum stress is numerically the same as the alternating stress. Historically rotating 

beam specimens were used to generate S-N data. With these type of specimens the default 

stress ratio would be R=-1. It is more common now however to use direct 

tension/compression loading to generate S-N data although negative stress ratios are 
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difficult to obtain due to the potential for buckling and tests are generally limited to a 

minimum of R=01. Definitions of the terminology are as follows: 

 

Stress Ratio: R = 
Stress Maximum
Stress Minimum  (5.1) 

 

Mean Stress; mean  =   
2

minmax  (5.2) 

Alternating Stress;  alt  = 
2

minmax  (5.3) 

Maximum Stress;  max  = Mean Stress + Alternating Stress (5.4) 

Minimum Stress;  min  =  Mean Stress - Alternating Stress (5.5) 

 

 
Figure 5-6 – Fatigue Data (Stress versus Number of Cycles) for Fully Reversed (R=-

1) Maximum Shear Stress: S-N curve for 48 kg/m3 (3 pcf) 3.2mm cell Nomex (L-
configuration). 

 

                                                
1 In reality a slightly positive stress ratio is generally used e.g. R=0.1. 
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Figure 5-7 – Fatigue Data (Stress versus Number of Cycles) Fully Reversed (R=-1) 

Maximum Shear Stress: S-N curve for 48 kg/m3 (3 pcf) 3.2mm cell Nomex (W-
configuration). 

 

The data was extrapolated out until 1x109 cycles at which point it is assumed infinite life 

has been achieved. It can be seen that the curve for the L-configuration has a distinct 

change of slope beyond 1 million cycles. Two straight line extrapolations were 

superimposed; the first following the slope of the original portion of the curve while the 

second was superimposed after the change in slope. The first extrapolation is possibly 

quite severe and shows an endurance of 0.02 ksi (138 N/m2) while the second curve 

indicates an endurance stress of 0.035 ksi (241 N/m2). It would seem prudent while not 

being overly optimistic to assume an average of the two values i.e. an endurance limit of 

0.0275 ksi (190 N/m2). Note that these stress are essentially sinusoidal (fully reversed and 

are maximum stress values).  

 

For the W-configuration (Figure 5-7) there seems to be a change in slope beyond 1 

million cycles, but there was a lack of data to support this. The curve can be seen to be 

less regular than that for the L-configuration and it was decided to use a general straight 

line curve for the entire range which gave an endurance stress of 0.016 ksi (110 N/m2). 

 

It would therefore seem prudent to use the W-configuration data for design purposes. 
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5.2.1 Extrapolation to Lower Density Core 

One can infer that Nomex cores of different density and cell size could be expected to 

have fatigue characteristics similar to that of the 48 kg/m3 (or 3 pcf) variety by virtue of 

the manner in which the data is presented in terms of a relationship with the static 

strength of the material. It is therefore possible to draw a similar curve for the lower 

density Nomex 24 kg/m3 (1.5 pcf) of the type discussed by Millar [9]. 

 

The static strengths for a similar 9mm (3/8”) cell Nomex of 24 kg/m3 (1.5 pcf) was given 

for the longitudinal (L) and transverse (W) directions  as L = 0.352 MPa (51 lbf/in2) and 

w = 0.193 MPa (28 lbf/in2) and the S-N data has been presented for both the L and W 

configurations in Figure 5-8 & Figure 5-9 respectively.  

 

Millar [9] also referred to problems associated with another nacelle intake. In this 

instance the problems involved a core of different cell size but with approximately the 

same density. The problems were discussed at greater length in an MSc thesis [4]. This 

core had a cell size of ¾” and the shear strengths were given as L = 0.338 MPa (49 

lbf/in2) and w = 0.186 MPa (27 lbf/in2). The shear allowables were essentially the same 

and in terms of fatigue data the curves shown below can be assumed applicable to the 

core material used in the application described. 

 

The curves (Figure 5-8and Figure 5-9) again show that W-configuration is the limiting 

case and the endurance limit for 24 kg/m3 (1.5 pcf) honeycomb core of the type described 

when subject to fully reversed (R=-1) sinusoidal type loading, is of the order of 0.004 ksi 

(4 lbf/in2 or 27.58x103 N/m2). 
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Figure 5-8 – Fatigue Data (Stress versus Number of Cycles), Fully Reversed (R=-1) 
Maximum Shear Stress: S-N curve for 24 kg/m3  (1.5 pcf) 9 mm (3/8”) cell Nomex 

(L-configuration). 
 

 
Figure 5-9 – Fatigue Data (Stress versus Number of Cycles) Fully Reversed (R=-1) 
Maximum Shear Stress: S-N curve for 24 kg/m3  (1.5 pcf) 9 mm (3/8”) cell Nomex 

(W-configuration). 
 

 

Superimposed on the curve shown in Figure 5-9 is a curve which can be described by the 

following expression; 

 

Maximum Stress (lbf/in2) =  44.818N-0.12 (5.6) 

 

where “N“ is the number of cycles to failure. 
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This expression approximates the data for the W-configuration. The accuracy of which 

has been demonstrated in Table 5-1 below.  

 

Table 5-1 – S-N Data for 1.5 pcf Core; Comparison with Empirical Expression. 

Cycles  

to  

Failure 

N 

Stress Ratio 

(
ˆ

) 

 @ R=-1 

 

Maximum  

Stress 

(lbf/in2) 

 

Maximum 

 Stress 

(ksi) 

Expression for 

Maximum Stress 

 (ksi) 

 

1.00E+02 0.9 24.30 0.024 0.026 

2.00E+03 0.7 18.90 0.019 0.018 

8.00E+03 0.6 16.20 0.016 0.015 

3.00E+04 0.5 13.50 0.014 0.013 

2.00E+06 0.3 8.10 0.008 0.008 

1.00E+07 0.27 7.29 0.007 0.006 

1.00E+08 N/A N/A N/A 0.005 

1.00E+09 N/A N/A N/A 0.004 

 

5.2.2 Random S-N Data 

While it is rare to find data dealing with the fatigue behaviour of honeycomb core subject 

to sinusoidal loading, it is even more difficult to obtain data relating to the behaviour of 

honeycomb core when subject to random loading; what is generally referred to as rms S-

N data. There are however techniques for converting sinusoidal data to equivalent random 

data using a statistical approach. Although several techniques are available, the one used 

here is that described within the USAF Sonic Fatigue Design Guide [14] by Fitch et al. 

[92].  

 

The method described by Fitch [92] is based on the assumption that the peaks of the 

random stress spectrum can be described using a Rayleigh probability distribution and 

that fatigue damage is accumulated according to Miners law [3]. 
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Consider the Rayleigh probability curve (Figure 5-10). The probability density is given 

by the expression2; 

 P(x) = 2

2x

xe   (5.7) 

 

Where P(x) = Fraction of the total number of cycles of stress 

level x. 

 x = the factor by which the peak stress exceeds the 

rms stress and is referred to as the relative stress. 

 

 
Figure 5-10 – Rayleigh Probability Distribution. 

 

The process of construction of the rms S-N data from the available sinusoidal data 

involves choosing a value of rms stress. The number of cycles to failure N(x) is obtained 

by reading the number of cycles (N) from the sinusoidal S-N curve for a stress level of 

magnitude given by the rms stress ( rms) times the relative stress x (in effect, the peak 

stress). From the Rayleigh curve the relative number of cycles (or occurrences) is 

obtained for the value of x. The relative damage (damage density) is given by dividing 

                                                

2 Note that conventionally the Rayleigh distribution is expressed in terms of P(a)= 
2

2

2

2

a

ea
, where the 

maximum stress a = x. Transposing for the relative stress x leads to the expression shown above. 
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the relative number of occurrences P(x) by the number of cycles N(x). The value 

P(x)/N(x) could be plotted against the relative stress (x). The reciprocal of the area under 

this curve is the allowable number of cycles at all stress levels about the chosen rms 

stress level which the specimen could endure. By repeating this process for various 

arbitrary rms stress levels it is possible to calculate the equivalent number of cycles 

associated with each rms stress and as such, generate an rms S-N curve. 

 

Basically one chooses an rms stress level at which it is desired to know how many cycles 

could be endured at that level before failure. It is assumed that the peak stresses in the 

rms stress spectrum follow a Rayleigh distribution. There will therefore be stress levels 

about the rms level but of varying probability of occurrence. The Rayleigh curve varies 

from zero to 5.5. In comparison, a Gaussian distribution for a 99.7% confidence interval 

varies from -3  to +3 . There is a high probability of the rms value occurring but a very 

low probability of either +3 times the rms or equally, -3 times the rms. All of the stresses 

centred on the rms stress contribute to fatigue.  

 

The method is probably best described by way of example and this has been presented in 

the appendix (Appendix 3) for reference.  

 

 

5.2.3 Random S-N Data for Nomex Honeycomb Core 

On the assumption that the method documented by Fitch [92] can also be applied to 

honeycomb core materials, the following data was generated as described above for 

aluminium alloy. By way of example the values relative to an rms stress of 13.79 KPa (2 

lbf/in2) have been presented in below. Similar tables for other rms stress levels were 

generated to produce the fatigue data in Table 5-2. 
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Table 5-2 – Data for Nomex rms S-N Curve construction (Srms=2 lbf/in2). 
x S(x) (psi) N(x) P(x) P(x)/N(x) 

2.2 4.4 2.51x108 0.1956 7.788x10-10 

2.4 4.8 1.22 x108 0.1347 1.107x10-9 

2.6 5.2 6.24 x107 0.0885 1.418x10-9 

2.8 5.6 3.37 x107 0.0555 1.650x10-9 

3 6 1.89 x107 0.0333 1.759x10-9 

3.2 6.4 1.11 x107 0.0191 1.728x10-9 

3.4 6.8 6.68 x106 0.0105 1.573x10-9 

3.6 7.2 4.15 x106 0.0055 1.332x10-9 

3.8 7.6 2.64 x106 0.0028 1.052x10-9 

4 8 1.72 x106 0.0013 7.787x10-10 

4.2 8.4 1.15 x106 0.0006 5.407x10-10 

4.4 8.8 7.79 x105 0.0003 3.532x10-10 

4.6 9.2 5.38 x105 0.0001 2.175x10-10 

4.8 9.6 3.77 x105 4.766x10-5 1.264x10-10 

   Sum P(x)/N(x) = 1.442x10-8 

 

 x = 0.2 (5.8) 

 
)(
)(

xN
xP  = 1.44x10-8 (5.9)  

 dx
xN
xP

)(
)(  = 1.44x10-8x0.2 (5.10) 

  = 2.88x10-9 

Endurance at 2psirms; N = 
1

)(
)( dx

xN
xP = 3.47x108 cycles (5.11) 
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Table 5-3 – rms S-N Data for 1.5 pcf Nomex Honeycomb Core. 

 

rms Stress; Srms 

 (lbf/in2) 

Endurance Cycles  

(N) 

2 3.47x108 

4 1.08x106 

6 3.67x104 

8 3.33x103 

10 5.19x102 

12 1.11x102 

14 3.06x101 

16 1.01x101 

 

  

 
Figure 5-11 - rms S-N Data for 1.5 pcf Nomex Honeycomb Core. 

 

 

Extrapolating the curve (Figure 5-11) out to 1x109 cycles it is apparent that for infinite 

life to be achievable with this type of low density honeycomb core, the rms stress level 

would have to be less than 2 lbf/in2 (13.79 KPa).  
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For completeness, a curve for the random fatigue behaviour of 3pcf Nomex core has also 

been included (Figure 5-12). Note the considerable improvement in endurance at 1x109 

cycles (7 psirms or 48.27 KParms) compared with that of the 1.5 pcf core at less than 2 

psirms. 

 

 
Figure 5-12 - rms S-N Data for 3 pcf Nomex Honeycomb Core. 

 

 

5.3 Aluminium 

5.3.1 General Applications 

A curve for aluminium alloy is shown below (Figure 5-13). This curve has been 

generated from sinusoidal data as part of the verification process in adapting available 

sinusoidal data to equivalent random fatigue data. The verification was carried out by 

comparison with data for aluminium generated under random loading conditions and was 

shown to have compared favourably. This comparison has been included in the appendix 

for reference. The curve generated had a stress concentration effect of 2.4 and it is 

proposed that on the basis that any built up structure will contain some degree of stress 

concentration due to fastener holes etc, it would be prudent to apply this curve when 

dealing with components made from aluminium.  
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Figure 5-13 - Equivalent rms S-N Curve for Aluminium Alloy 2024-T4 (Kt=2.4) 

 

5.3.2 Perforate Sheet 

The intake barrel or inner barrel of a nacelle is generally of sandwich construction and is 

designed to provide noise attenuation in the form of a Helmholtz array. The construction 

which has been discussed previously involves a porous facing skin (on the air-washed 

surface). On intakes of aluminium construction the porous facing skin will be a 

perforated skin. Little data is available (in the public domain) on the fatigue behaviour of 

perforate sheet however Millar [4] did present some test data (both static strength and 

fatigue). The fatigue data reported by Millar [4] was though generated under sinusoidal 

loading for a stress ratio of zero (R=0), therefore in order to acquire data applicable to 

acoustic fatigue analysis it was necessary to first convert the data to R=-1 (fully reversed) 

using the Goodman method [93] and then to use the Rayliegh approach demonstrated in 

the appendix. 

 

For ease of reference the data documented by Millar [4] has been reproduced below. The 

material used was Aluminium alloy 2024-T3. The skin thickness was 0.056” and the 

holes for the perforation were 0.05” diameter and were arranged in an equilateral triangle 

pattern of 0.173” pitch giving an open area of 8%.  
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Table 5-4 – Sinusoidal S-N Data for 2024 Perforate Sheet (Longitudinal); R=0 
MAX STRESS  

(ksi) 

CYCLES TO FAILURE 

"N" 

15.11 2.00E+05 

13.22 2.74E+05 

11.01 3.98E+05 

8.81 1.32E+06 

7.26 1.00E+07 

 

 

 

Table 5-5 – Sinusoidal S-N Data for 2024 Perforate Sheet (Transverse); R=0 
MAX STRESS 

 (ksi) 

CYCLES TO FAILURE  

"N" 

14.15 1.52x105 

12.19 2.09x105 

10.19 3.45x105 

8.18 1.15x106 

6.54 1.00x107 

 

 

 
 

Table 5-6 – Static Material Properties for 2024 Perforate Sheet 
ORIENTATION 

 

Young's Modulus 

 (x106 psi) 

Ultimate Tensile Strength 

 (ksi) 

Longitudinal 8.81 44.35 

Transverse 8.24 45.83 

AVERAGE VALUES 8.53 45.09 

 

 

Plotting the data on logarithmic axes gives the curves shown in Figure 5-14.  
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Figure 5-14 – S-N Data for 2024 Perforate Sheet (Sinusoidal Loading; R=0). 

 

Both curves were remarkably close and indicate that the endurance limits were 

approximately the same for both orientations (a similar result was observed for the 

ultimate tensile strengths; Table 5-6). 

 

Curved fitted expressions for each curve were also determined; 

 

Longitudinal;  Stress = -1.226 ln(N)+25.158 (5.12) 

Transverse;  Stress = - 1.0451 ln(N)+23.223 (5.13) 

 

Taking average values for the curve fitting parameters gave the following (Figure 5-15). 

 
Figure 5-15 – Average Curve Fitted Approximation for 2024 Perforate Aluminium 

(Sinusoidal Loading; R=0). 
 



 211 

The procedure for converting data from one stress ratio to another is well documented. 

Various approaches are available, but the Goodman relationship (Figure 5-16) is 

undoubtedly the best know and is the procedure that has been adopted here. (The ultimate 

tensile strength (UTS) for the material was documented in Table 5-6). 

 

The equivalent curve for a stress ratio of -1 has been shown alongside the curve for R=0 

in Figure 5-17 below (Note that for R=-1 the alternating stress and the maximum stress 

are the same value).  

 
Figure 5-16 – Goodman Diagram (to quantify the influence of mean stress 

superimposed on alternating stress, in terms of the fatigue endurance). 
 

 
Figure 5-17 – Sinusoidal S-N Data for 2024 Perforate. 

 

As has been carried out previously, the peak Rayleigh stress distribution assumption was 

applied to the sinusoidal fatigue data in order to generate an equivalent random fatigue 
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curve (Figure 5-18).   Figure 5-18shows that if an infinite life is required, the rms stress in 

the perforate skin should be approximately 1ksirms. 

 
Figure 5-18 – Random Fatigue Data for Perforate Aluminium Alloy 2024. 

 

 

5.4 Titanium 

As was the case with aluminium, data is available within the literature for various grades 

and alloys of titanium. The ESDU data sheets [2] and the USAF Sonic Fatigue Design 

Guide [14] being the most common and readily available sources of material data. A 

curve taken from ESDU data item 73010 has been reproduced below for reference 

(Figure 5-19). 
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Figure 5-19 – rms S-N Data for Titanium (Ref. ESDU [2]). 

 

 

5.5 Fatigue Life Prediction 

This chapter has so far been concerned with documenting fatigue or endurance data for 

the materials generally used in the construction of nacelle structures. The preceding 

chapters have given either the response of actual structures or the means of estimating the 

response. It would therefore seem like a convenient point to combine the two and make 

some estimation on the endurance of the various components given the available 

information. 
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5.5.1 Honeycomb Core 

Referring to the data published by Millar [9], the estimated core shear stress in the PWT 

test panel was as follows (Table 5-7). 

 

Table 5-7 – Predicted Core Shear Stress [6]. 

OASPL  

(dB) 

Core Shear Stress  

(psirms) 

Core Shear Stress  

(KParms) 

130 0.19 1.31 

140 0.61 4.21 

150 1.93 13.31 

155 3.44 23.72 

157 4.33 29.86 

163 9.46 65.23 

164 11.78 81.22 

 

Superimposing the stress levels associated with OASPL’s 150dB, 155dB and 157dB on 

Figure 5-11 gives Figure 5-20 shown below. The stresses associated with the lower sound 

pressure levels are not considered to be damaging. 

 

 

 
Figure 5-20 - rms S-N Data for 1.5 pcf Nomex Honeycomb Core. 
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Using Miner’s rule [3], failure is said to occur when the following criteria is met: 

 

 
N
n  = 1.0 (5.14)  

 

Where n is the number of cycles at a particular stress level  and N is the number of 

cycles at the same stress level ( ) which would cause failure. 

 

The number of cycles n is given by the frequency times the duration. The fundamental 

frequency of the panel was observed by Millar [9] to be 228Hz although no information 

on the duration of exposure to any of the sound pressure levels was given. Taking n to be 

the frequency f times the duration of exposure t and assuming that the same duration 

was experienced at each SPL, the summation can therefore be expressed as follows. 

 

 
N

tf 1  = 1.0 (5.15) 

 

865 104.2
1

104.2
1

104
1228 t  = 1.0 (5.16) 

 

 t = 1501.6s (25 minutes) (5.17) 

 

At 163dB the stress level was 9.46psi (65.23 KParms) and from Figure 5-20 this would 

result in a life of approximately 1000 cycles. This stress level alone would cause failure 

in the test panel in less than 5 seconds while as Millar [9] stated, the higher sound 

pressure levels would have experienced peak stress levels of the same level as the static 

strength of the core. Clearly failure was premature and the use of Figure 5-20 is 

considered to be reasonably accurate for the material in question. 
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5.5.2 Stiffened Panels 

The typical construction of a bulkhead panel has been discussed previously and generally 

involves a thin titanium web with bays formed by the attachment of radially aligned 

stiffeners (also generally of titanium and also generally of a thicker gauge than that of the 

web). The bulkhead will be fastened into the surrounding structure by means of boundary 

angles which could be from aluminium or titanium or a mixture of both materials 

depending upon temperature considerations. 

 

As previously discussed, the bulkhead panel bays tend to vibrate as though each bay has 

simply supported boundaries along the inner and outer circumferential edges and fully 

fixed edge conditions along the sides parallel with the stiffeners. This configuration 

would suggest that the stresses normal to the fixed edges would be the highest. In practice 

this can often be difficult to verify with strain gauges due to the high stress gradient at the 

edge and it is common to observe the highest strain at the centre of the panel. 

 

The conditions under which data was provided were such that only the linearity test 

results were allowed for publication. Referring to the data in Table 4.1 it was shown that 

the recorded strains changed little between the room temperature linearity test and the 

elevated temperature linearity test. Data for the strain gauge in question had been 

gathered over 4 test runs. Taking an average for each linearity test sound pressure level 

led to the values shown in below. 

 

Table 5-8 – Linearity Test Results at the Centre of a Titanium Panel. 

OASPL 

(dB) 

Average Room 

Temperature 

(RT) Strain 

(µ rms) 

Average Elevated 

Temperature (ET) 

Strain  

(µ rms) 

Average of 

RT & ET 

Conditions 

(µ rms) 

Stress 

(ksirms) 

140 70.74 68.80 69.77 1116.28 

145 120.25 129.80 125.03 2000.4 

150 202.35 205.60 203.98 3263.6 

155 297.48 315.30 306.39 4902.2 
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It is common practice that the end of a linearity test marks the beginning of the endurance 

part of any progressive wave tube test and it seems plausible to suggest that testing was 

probably carried out for 20 hours at the last level during linearity (assuming that the data 

supplied included the highest level achieved during linearity testing). Knowing that the 

predominant response frequency was 275Hz, the number of cycles can be estimated at 

approximately 20 million (1.98x107). 

 

There is very little fatigue data available for commercially pure titanium and the curve 

shown in Figure 5-19 relates to spot welded structures which would be considered 

extremely conservative to use for the stiffened panel form of construction which is used 

for the bulkhead. The majority of the other curves in Figure 5-19 relate to Ti-6AL-4V of 

one form or another. Ti-6AL-4V would be an extremely good quality high strength and 

endurance material and would be considered a better structural material than 

commercially pure titanium. It would seem prudent to refer to the commercially pure data 

as it will give a conservative result and will be adequate for the purpose of an example 

calculation. 

 

Referring to the curve shown in Figure 5-19 the stress level of approximately 5 ksirms 

(34.45 MParms) at 155dB equates to an endurance of 2x108 cycles. The 20 hours testing 

would therefore have used up only 1/10th of the life of the web i.e. n=1.98x107 and 

N=2x108 cycles, n/N=0.099, the reciprocal of which is 10.1. 

 

If it is assumed that no cracks were observed it would be common practice to increase the 

sound pressure level by perhaps 5dB and test for another 10 hours (n=1x107). Plotting the 

data from Table 5-8 and extrapolating out from 155dB as shown below in Figure 5-21, 

the stress level at 160dB is shown as approximately 6500psirms (44.82 MParms). This 

stress level would equate to an endurance of N=8x107 cycles. This results in 1/8th of the 

life of the web (n/N=0.125). A further 5dB increase up to 165dB would result in a stress 

of approximately 8500psirms (58.61MParms) and a potential endurance of 3x107 cycles. If 

testing were carried out for 10 hours at 165dB the ratio of n/N=0.33. The Miners rule 

summation thus equates to 0.099+0.125+0.33=0.554. If it were feasible to run the test to 
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170dB the estimated stress would be 10ksirms (68.95 MParms) and a life of 2x107 cycles. 

The time that the panel could sustain at this level could then be estimated: 

 

7100.2
2283.0125.0099.0 t  = 1.0 (5.18) 

 t = 34618s or 9.6 hours (5.19) 

 

In this example the panel would have endured 20 hours at 155dB, 10 hours at 160db, 10 

hours at 165dB and almost another 10 hours at 170dB. This would have been a good test 

result and would have resulted in good confidence in the design philosophy. 

 
Figure 5-21 – Linearity plot for rms stress at the centre of a titanium panel (derived 

from measured rms strains). 
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5.6 Observations 

When carrying out this type of test one would normally set the first endurance testing 

level based on the response of the panel. The strains on the aluminium components would 

target 200 rms and those on titanium components 300 rms. At these levels an endurance 

of at least 10 million cycles should be achievable. A failure below this would indicate an 

adverse stress concentration. The sound pressure level that generates these allowable 

strains should also preferably be 6dB above the level which would be expected in service 

in order to provide a margin between predicted sound pressures and those actually 

experienced3. 

 

With regard to actual failure of specimens this can often be difficult to identify before 

catastrophic failure occurs. In the case of honeycomb sandwich panels the onset of core 

failure is almost impossible to detect due to inaccessibility of the core and the inherent 

problems with trying to instrument the core. With progressive wave tube tests there is the 

necessary requirement that the engineer is physically remote from the test. Although it is 

common practice now for video links to be used between the test cell and the test control 

room, in reality there is little chance of being able to identify the onset of damage via 

such means. By the time one has established that damage has occurred by relying only on 

the evidence of a remote video link, the test panel will most likely have suffered 

significant damage.  

 

It has been generally accepted that a criteria for failure is based on a 2% shift in the 

resonant frequency (see ESDU [2] for example; Ref. 72015 Endurance of Aluminium 

Alloy Structural Elements Subjected to Simulated Acoustic Loading” Vibration & 

Acoustic Fatigue Vol. 1). Unfortunately, the use of this criterion may not always be 

applicable. In the early days of testing and indeed in tests where the acoustic load was 

“simulated” by using mechanical excitation via a shaker, the loading was centred on the 

fundamental frequency (typically 1/3 octave). No other modes were present and indeed 
                                                
3 It has been observed that there can often be a large difference in SPL’s supplied in the design phase and 
those measured during development testing. Further differences can also occur during service – fan blades 
become damaged and it has been observed that even slight differences in blade geometry can give 
extraneous SPL’s (in some cases between 6dB and 8dB increases over the development test levels have 
been recorded). 
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the loading may have been applied deliberately such that the fundamental mode was the 

only mode being directly excited. In these carefully controlled circumstances the use of 

the 2% criteria was probably a good indicator of when a crack was observed. Testing 

built up structures such as stiffened panels in a progressive wave tube presents some 

challenges and the application of the 2% criteria may not be easily followed. The ESDU 

document [2] referred to states that the fundamental frequency was monitored 

periodically throughout the test using low level sinusoidal loading. What this means is 

that the random loading was periodically substituted with sinusoidal loading, however to 

do this in a progressive wave tube is not always entirely practical. Time and budget 

constraints in particular, where a test is being done by a commercial company may not 

allow for such changes in the loading pattern. Testing at elevated temperature presents 

further complications where load and temperature reduction is required to be carried out 

in stages; it has been observed that increasing the acoustic power has a temperature 

reduction effect. Subsequently, if the acoustic power is suddenly reduced the temperature 

will increase – this necessitates reducing the temperature prior to reducing the acoustic 

power to avoid an overheating condition of the test panel. A lapse of time of 10 minutes 

may be required before reducing the acoustic power. The process obviously has to be 

reversed for starting up. Clearly this can be a very time consuming process. 

 

Furthermore when testing a built up structure such as a bulkhead stiffened panel, where 

several bays of the bulkhead form the test panel, subtle changes in bay dimensions will 

give rise to different modes for each bay. The response of one bay may well affect the 

behaviour of an adjacent bay. If the stiffeners are not efficient “panel breakers” such as in 

the case of beaded panels, there may be overall modes of the test panel as opposed to 

discrete “bay modes” between the stiffeners. The use of a “full spectrum” or at least one 

extending to a bandwidth of 500 Hz (depending on facility capability) will very probably 

excite several modes and not solely the fundamental mode. In cases where several modes 

are observed in the response spectrum the amplitudes may well vary with time giving rise 

to the appearance of the predominant response frequency varying dramatically but this 

does not necessarily mean that damage is occurring. Experience has shown that to 

concentrate solely on the fundamental frequency may not be the best practice to identify 
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failure. An alternative may be to judge the response spectrum as a whole. Certainly 

charting the fundamental or predominant response frequency is desirable however one 

should also be aware of changes in the overall spectrum. Basically, does the spectrum 

change shape? Are there frequency components present in the spectrum that had not been 

there previously? Figure 5-24 shows a series of spectrum plots for a single gauge. The 

change in the predominant response frequency has been both tabulated (Table 5-9) and 

presented graphically (Figure 5-22) below for comparison. 

 
Table 5-9 – Variation in Response Frequency During PWT Test 
Time  

(Hours) 
Predominant Response 

Frequency (Hz) 
Spectrum Plots within 

Figure 5-24 
T=0 377 (a) 
T+1 378 (b) 
T+2 382 (c) 
T+6 377 (d) 
T+7 373 (e) 
T+9 363 (f) 

Frequency drops below 
98% of initial value. 

T+11 368 (g) 
T+12 361 (h) 

 
 

 
 

Figure 5-22 – Variation in Response Frequency During PWT Test. 
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Several strain spectrum plots (Figure 5-24) were recorded at various times during a 

progressive wave tube test. The strain gauge was in the vicinity of where a crack was 

observed however the strain gauge was not directly at the failure location. 

 

At T=0, the start of the test, spectrum plot Figure 5-24 (a) shows 4 distinct peaks in the 

strain response spectrum. Tracking peak 2 as the predominant response frequency and 

using this to centre the 2% failure bands, gave upper and lower frequency limits by which 

to identify the onset of failure.  

 

After an hour another recording is made, Figure 5-24 (b) – note how even at this early 

stage in the test a small peak at approximately 70 Hz has started to emerge. Two hours 

into the test, Figure 5-24 (c) and the peak at 70 Hz (although very small in amplitude), 

seems to be increasing in amplitude and another peak at approximately 60 Hz is 

beginning to emerge. More significantly peaks 3 & 4 have changed. Peak 3 has 

seemingly dropped out and peak 4 is down in frequency. 

 

After 6 hours Figure 5-24 (d) the amplitude of peak 1 is down to approximately half its 

previous value and is now on par with the region of the spectrum shown within a blue 

box in the 220~320 Hz range. At this stage an actual crack was observed on the test 

specimen. By 7 hours into the test Figure 5-24 (e) the spectrum with the blue box in the 

220 Hz to 320 Hz region seems to be forming into 2 distinct peaks. The amplitude of 

peak 1 - which had up to this point been the predominant response frequency, has now 

reduced significantly and has been overtaken by the peak that had appeared to have been 

a merger between the original peaks 3 & 4. At this point a visual inspection of the panel 

showed a small crack had started in the flange of one of the stiffeners bounding the centre 

bay of the test specimen (Figure 5-24). Note that at this point the predominant frequency 

was within the 2% limit criteria. 

 

After 9 hours Figure 5-24 (f) peaks 3 & 4 have again emerged. There are now 2 quite 

distinguishable peaks in the 60-70 Hz range while peak 1 seems to have merged into the 
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“boxed” region. Note that peak 2 has regained its position as the predominant response 

frequency which it does so until the end of the test. 

 

Plots Figure 5-24 (g) and (h) after 11 and 12 hours respectively, show similar trends 

however by the time the test is stopped Figure 5-24 (h), peak 1 has re-emerged and is also 

stronger in amplitude compared to previous values however the signal contains other low 

frequency components which seem to be becoming more prominent between 100 Hz and 

160 Hz. 

 

In summary, the data would suggest that the content of the spectrum can be a useful guide 

to providing early warning of the emergence of potential damage rather than relying 

solely on the 2% criteria. 

 

 
 

Figure 5-23 – Observation of Crack on Stiffener Flange. 
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Figure 5-24 – Strain Spectrum Plots at various instances during PWT test. 
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5.7 The Influence of Mean Stress 

Up until now it has been assumed that vibration (the alternating stress component) has 

been the only significant loading action. In all likelihood there will be some form of static 

stress or mean stress superimposed on the alternating stress. The presence of a mean 

stress will almost certainly have a detrimental effect on the fatigue performance of a 

structure.  

 

The static stress or mean stress component may arise from a variety of sources; there may 

be pressure load-cases, thermal stresses or stresses arising from assembly (so called build 

stresses or residual stresses). For example, the fatigue data in the metallic materials 

handbook [5], presents S-N data often for a variety of stress concentration effects and 

stress ratios (a reminder of fatigue definitions has been provided in Figure 5-25 for 

reference). An example of one set of curves relating to aluminium alloy 2219-T851, has 

been included in Figure 5-26. Note that the curves have been drawn in terms of maximum 

stress for the ordinate. To glance at this data one would be tempted to draw the 

conclusion that for a given stress, the more positive the stress ratio the better the fatigue 

endurance and one might be tempted to say that mean stress has no detrimental effect. If 

one were to redraw the curves however in terms of alternating stress, the reverse would 

be true i.e. if the same data was presented in terms of alternating stress the fully reversed 

data (R=-1) would show an improvement in endurance over data with a mean stress 

component for the same alternating stress. Clearly some care is required before making 

generalisations with the interpretations of fatigue data.  

 

To illustrate this, data from Figure 5-26 has been tabulated in Table 5-10 and Table 5-11 

for an alternating stress of 20ksi and 25ksi respectively. The tables summarise the values 

of maximum stress, minimum stress, mean stress and the associated number of endurance 

cycles. 
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Figure 5-25 – Fatigue terminology and definitions. 

 

 
Figure 5-26 – S-N curves for notched, Kt=2, aluminium alloy plate 2219-T851 from 

MMPDS [5]. 
 

 

Table 5-10 – Fatigue data from Figure 5-26 for an alternating stress of 20ksi. 
STRESS RATIO  

-1 -0.5 0.06 0.5 
Maximum Stress (ksi) 20 26.67 42.55 80 
Minimum Stress (ksi) -20 -13.33 2.55 40 
Mean Stress (ksi) 0 6.67 22.55 60 
Alternating Stress (ksi) 20 20 20 20 
Cycles (N) 55388 32141 14594 5692 
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Table 5-11 Fatigue data from Figure 5-26 for an alternating stress of 25ksi. 
 

STRESS RATIO  
-1 -0.5 0.06 0.5 

Maximum Stress (ksi) 25 33.33 53.19 100 
Minimum Stress (ksi) -25 -16.67 3.19 50 
Mean Stress (ksi) 0 8.33 28.19 75 
Alternating Stress (ksi) 25 25 25 25 
Cycles (N) 18158 11498 5784 2473 
 

Both tables show similar trends for the influence of the mean stress. In Table 5-10 when 

the mean stress increases from 6.67ksi to 22.55ksi (an increase by a factor of 3.38) the 

endurance reduces by a factor of 2.2, giving a ratio of increase in mean stress to reduction 

in endurance of 1.54, i.e. a 300% increase in means stress produced a 55% decrease in 

endurance. Increasing the mean stress to 60ksi (a factor of 9 on the original 6.67ksi) 

results in a reduction in endurance of more than a factor of 5.65 and a ratio of increase in 

mean stress to reduction in endurance of 1.59 or a 900% increase in mean stress caused 

an 80% reduction in endurance.  

 

Similarly in Table 5-11, an increase in mean stress from 8.33 ksi to 28.19ksi (a factor of 

3.38) results in the endurance dropping by a factor of 1.99 and a ratio of increase in mean 

stress to reduction in endurance of 1.69.  Increasing the mean stress to 75ksi (a factor of 9 

on the original 8.33ksi) results in a reduction in endurance of more than a factor of 4.65 

and a ratio of increase in mean stress to reduction in endurance of 1.94. 

The important feature however when comparing both tables of data is that the alternating 

stress only increased by 25% yet the R=-1 endurance decreased by 67%. Mean stress has 

to change by over 300% to achieve the same reduction in endurance.  

 

 

5.8 General Discussion 

The fatigue assessment process was outlined in Figure 5-1. The stress (or strain) used 

with the S-N data can be generated by a variety of means; simple calculations based on 

textbook solutions or by more detailed techniques such as the dynamic stiffness method 

or finite element analysis. This thesis has been devoted to response prediction using the 

DSM but it is not inferred that this technique should be used at the exclusion of all other 
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techniques. The DSM does offer significant advantages over the finite element method in 

terms of computational efficiency. The previous chapter demonstrated that a DSM 

representation of a bulkhead segment gave a very accurate response prediction using less 

than 20 degrees of freedom. In comparison, a finite element model of the same bulkhead 

segment used over 20000 degrees of freedom and did not display the same level of 

agreement with the measured response as was exhibited by the DSM representation. This 

was a positive result for the DSM on this occasion; the boundary conditions clearly suited 

the assumptions made about both the imposed simply supported edge condition to enable 

a solution for the basic plate elements to be made in the first instance and for the overall 

constraints of the assembled elements. 

 

The DSM does have the potential to be a useful design tool. Several structural 

configurations could be assessed before committing to building an extensive FEM for a 

more detailed analysis. Whatever technique is used, however, it still requires the stresses 

or strains predicted to be quantified and used in terms of material endurance and 

prediction of the fatigue life of a structure. This has really been the focus of this chapter, 

as being able to predict a response is of little benefit if the response cannot be quantified 

in terms of fatigue endurance. 

 

With regard to endurance, acoustic fatigue is a generally considered to be in the high 

cycle fatigue regime; i.e. a large number of cycles are accumulated before crack 

propagation is observed, (an infinite life is generally considered to be beyond 1x109 

cycles). Considering either sinusoidal S-N data, as in Figure 5-26, or rms S-N data, as in 

Figure 5-13, the S-N curve beyond 1x107 cycles becomes very shallow. Indeed, in the 

case of Figure 5-26 where the stress axis is a linear scale, the curve appears asymptotic. 

In this regime even small differences in stress can have a significant influence on the 

endurance and any improvement in response prediction as demonstrated in chapter 4, by 

using the DSM, is of significant benefit in terms of an accurate fatigue life calculation. 

The sensitivity of the change in life to small changes in stress level can be demonstrated 

by considering equation (5.6). Indeed the majority of rms S-N curves, plotted on log-log 

scales, exhibit similar behaviour and equation (5.6) can be generalised as in equation 
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(5.20) which relates the stress (S) in terms of a constant (C) and the number of cycles to 

failure (N) raised to an exponent (B). 

 S = CNB (5.20) 

In the case of equation (5.6), the constant (C) has a value of 44.818 and the exponent (B) 

has a value of -0.12, which give a maximum stress in imperial units of lbf/in2. 

 

Transposing equation (5.20), the number of cycles to failure can be expressed as, 

 N = 
B

C

S
1

 (5.21) 

  = BBCS
11

 (5.22) 

For the stress to increase by an incremental amount ( S), there will be a corresponding 

influence on the cycles to failure by an incremental amount ( N), i.e.,  

 S SS  (5.23) 

 N NN  (5.24) 

 

Equation (5.24) can be expanded using a Taylor series of the form 

 NN  = 
!2

2

2

2 S

dS

NdS
dS

dNN +….. (5.25) 

A first order approximation for N is therefore 

 N = S
dS

dN  (5.26) 

Differentiating equation (5.22) and making the relevant substitution into equation (5.26) 

gives, 

 N = 
S

SN
B

1  (5.27) 

 
N

N = 
S

S

B

1  (5.28) 

Thus the percentage change in cycles to failure is influenced by a percentage change in 

stress by the inverse of the exponent B. 
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By way of an example, if we again consider equation (5.6), where the exponent B had a 

value of -0.12, if the stress were to change by 5%, the effect on the fatigue life would be 

to decrease life by almost 42%. Clearly, in this case the material is extremely sensitive to 

change in stress level as regards the influence on the number of cycles to failure. 

 

 

5.9 Conclusion 

This chapter has been concerned with providing data which can be used to try to estimate 

the endurance of a particular structure. The material fatigue data has been taken from 

available published sources, although in the case of aluminium perforate sheet and 

honeycomb core, the data has only been available for sinusoidal tests. This resulted in 

revisiting a technique for the conversion of a random response to an equivalent set of 

sinusoidal amplitudes for the purpose of subsequent acoustic fatigue analysis. In 

principle, if the peak probability density function is available even for nonlinear structural 

response then a fatigue life can be predicted. 

 

Example calculations have been presented for both honeycomb core and a bulkhead web. 

The use of the dynamic stiffness method was not specifically referred to as in its current 

form the method has focused on plate structures (even when adapted to estimate the 

response of sandwich panels the structure was modelled as a plate element). The fact that 

the analysis has been restricted to linear behaviour obviously has excessive conservatism 

built in, at least for the higher sound pressure levels. This is of course advantageous in the 

design phase when applied loads may not be known or may be subject to change (loads 

never decrease as a project progresses!). 

 

Some observations have also been made in terms of how a progressive wave tube test 

might be carried out and suggestions made regarding identifying the onset of failure. The 

influence of mean stress has also been discussed and while mean stress clearly impacts 

the fatigue endurance of a structure it has been demonstrated that the greatest benefits to 
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enhance the fatigue performance of a structure come by addressing the vibratory 

component and not the static component. 

 

 This information will be of use to the practicing engineer and complements the 

theoretical analysis that precedes this chapter. 
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Chapter 6 - Conclusions 
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6.1 Introduction 

This final chapter summarises the work presented in the thesis and reflects on the 

objectives set out at the beginning. Recommendations have also been given to suggest 

possible design considerations that might enhance the fatigue performance of structures 

when subject to high intensity noise environments. 

 

6.2 Review of Objectives 

The aim of the work was set out in chapter 1; namely to develop an analytical tool that 

could be used to assess the response of structures with regard to acoustic excitation. A 

number of tasks were identified and these have been set included below for reference: 

 Response prediction 

o Formulate a dynamic stiffness matrix (DSM) for a plate and compare the 

response prediction (both displacement & strain) with other analytical 

tools (textbook solutions, finite element method). 

o Construct a stiffened panel representing a segment of a nacelle bulkhead 

and verify the response. 

o Give consideration to elements of sandwich construction. 

o Investigate an alternative approach to formulation of the DSM. 

 Compile fatigue data 

o The subject of honeycomb behaviour is of particular interest. 

 Compile test data 

o A summary of test data will be compiled for reference to assist with 

response prediction verification. 

 Response assessment for fatigue 

o Make fatigue life predictions  

o Suggest design guidelines 

 

Chapter 2 dealt with formulating the dynamic stiffness element for a plate using both the 

traditional approach and also using the state space method. Indeed the state space method 

was used to investigate an extension of the dynamic stiffness method to orthotropic 
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plates. A very basic verification was also presented in chapter 2 with a more 

comprehensive validation and response comparison being carried out in chapter 3. 

Chapter 4 dealt with practical applications and attempts to model stiffened panels 

representing bulkhead panels and even simplistic modelling of sandwich panels was 

presented. There had been considerable effort expounded in the investigations 

surrounding honeycomb sandwich elements both sandwich beams and sandwich plates, 

using the state space approach. A degree of success was achieved with regard to 

sandwich beams however it was considered that this area did not complement this thesis 

which is largely concerned with plate behaviour. Work on sandwich shell elements using 

the state space approach proved to be a considerable undertaking and obtaining simplified 

mathematical relationships between the state vector elements was beyond the scope of 

this thesis. This is an area which could be explored for future work. The theoretical work 

was compared with available test data and showed that within the linear range, the 

dynamic stiffness method worked well despite what were, at times, considerable 

differences between the actual structure and the modelled configuration.  

 

The subject of fatigue was examined in chapter 5. Fatigue data applicable to typical 

nacelle structural materials was presented and although the data presented was obtained 

from previously published sources, some of the data had not previously been adapted for 

acoustic fatigue analysis and a method of converting data generated under sinusoidal 

loading conditions to data applicable to random loading was discussed, with an example 

of the procedure discussed in greater detail in appendix 3. Example fatigue calculations 

were presented and the subject of establishing the onset of failure and the interpretation 

of measured data was also explored. 

 

The only topic which has not had a specific chapter or discrete sub-section devoted to it is 

the subject of design guidelines.  

 

In terms of a stiffened panel for a nacelle bulkhead, the depth of the panel is largely 

beyond the control of the Engineer. The diameter of the intake is set by the engine 

requirements while the outer diameter is defined by aerodynamic requirements; both of 
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these dimensions determine what the bulkhead depth will be and if there will be any 

variation in depth around the circumference. The only other parameters which can be 

altered, aside from the material selection, are the stiffener spacing (including the 

configuration of the stiffener) and panel thickness. Ideally one would seek to position 

stiffeners and choose a material and panel thickness to minimise the response to acoustic 

loading in conjunction with the other strength requirements for the structure. This subject 

area was dealt with in a more subtle manner as it was inferred from the various 

discussions of observations as to what was or was not good practice. With regard to 

stiffened panels it has been inferred that the use of hat section stiffeners that provide good 

moment restraint are preferable to light gauge stiffeners in the particular application to 

nacelle bulkheads. It is appreciated that in periodic structure where bay sizes are much 

larger (as in the case of fuselages for example) that advantage may be gained from having 

flexible stiffeners in terms of minimising the joint acceptance. In the case of nacelle 

bulkheads the bay sizes are very much smaller than the acoustic half wavelength and this 

in combination with geometric differences between the bays (a typical nacelle bulkhead 

will be much deeper at the bottom 180o region than it is at the top around 0o) means that 

that individual bays are much more inclined to act independently of each other. This in 

combination with the size of the bulkhead relative to the acoustic half wavelength means 

they effectively experience a uniform pressure loading and the joint acceptance is 

correspondingly high. The stiffener should be made from material at least one gauge 

thicker than that of the web to which they are attached and preferably more than one 

gauge difference and it was suggested in chapter 4 how one might use the dynamic 

stiffness method to go about sizing the stiffener. 

 

Likewise with sandwich panels, the choice of core and the highlighting of the issues 

associated with using low strength core were covered and the introduction of fatigue data 

relevant to lightweight core materials in chapter 5 provided the reader with information 

useful in optimising the design of a sandwich panel subject to high intensity acoustic 

excitation. 

 

In short all the objectives have been met. 
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In terms of future work, the verification exercise could be expanded to give a clearer 

understanding of the predicted response. With good confidence in the prediction of 

displacements, the use of a finite difference approach could possibly be implemented as 

an alternative to calculating the strain response. The use of in-plane loads (already 

investigated by Bercin and Langley [61]) could also be implemented in terms of a more 

realistic modelling of the bulkhead stiffeners. It would also be interesting to further 

investigate the orthotropic plate and attempt to build a laminate using this technique with 

the obvious extension to elements of sandwich construction with orthotropic face plates 

both in terms of elements representing plates and shells.  

 

 

6.3 Overall Conclusions 

This thesis has provided an insight into nacelle structures and some of the issues 

associated with them in service. The dynamic stiffness method has been used to predict 

stress and strain response of aircraft panels with a view towards acoustic fatigue 

calculations, which had not previously been done. Furthermore, an alternative method of 

formulating the dynamic stiffness method has also been presented and applied to 

developing the dynamic stiffness matrix for an orthotropic plate. The response of actual 

structures has been discussed and previously unpublished data has also been presented. 

 

The dynamic stiffness method can under certain circumstances provide very accurate 

results. Indeed for certain configurations it can provide exact solutions. The natural 

frequency predictions and the comparisons with the Cremer, Heckl and Ungar [87] 

expressions for the response of plates due to point loads were very encouraging and 

clearly the dynamic stiffness method has the potential to be theoretically exact. In other 

cases the displacements and/or the strain response was not so good and a clearer 

understanding of this behaviour is necessary. Nonetheless as an engineering design tool 

the results were very good and the method offers a very favourable alternative to 

available analysis techniques and is undoubtedly very computationally efficient. The 
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dynamic stiffness method is a powerful technique and largely independent of the number 

of elements or degrees of freedom necessary to give an accurate result unlike the finite 

element method. The method is not without its shortcomings however. The determination 

of natural frequencies principally as these are not readily available as is possible with 

eigenvalue techniques with the finite element method. Nonetheless with careful 

application the dynamic stiffness method can be accurately employed as a useful design 

tool that can help identify the best possible design configuration before investing more 

extensive time and effort in more conventional techniques. 
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In section 2.2.1 the subject of plane wave excitation was introduced. An expression for 

the propagating pressure loading was given in equation 2.37 
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A parameter )( 2nH was then defined in equation 2.38                                     
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Chapter 2 continued by considering a special case of a plane wave where the pressure 

wave travels only in a direction along the plate parallel to the x-axis then 2 is zero and it 

shown that )( 2nH reduced to the following; 
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If a more general case where the condition for 2 not being equal to zero is considered 

and expressing the sine function in terms of a complex exponential function (Euler’s 

formula) equation 2.37 can be expressed as follows; 
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For a simply supported plate the wave number kn was defined as; 
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The expression for )( 2nH can therefore be expressed as 
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To verify this expression, consider the condition where 2 is zero 
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This is in agreement with the result derived for the special case for the plane wave 

described in chapter 2. 
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-----------------------------------------------------------------------
-------- 
 ESDU International plc. 
 PROGRAM  A9016 
 
 ESDUpac Number:   A9016 
 ESDUpac Title:    VIBRATION OF ISOTROPIC AND ORTHOTROPIC RECTANGULAR 
                   PLATES UNDER STATIC IN-PLANE LOADING 
 Data Item Number: 90016 
 Data Item Title:  NATURAL FREQUENCIES OF ISOTROPIC AND ORTHOTROPIC 
                   RECTANGULAR PLATES UNDER STATIC IN-PLANE LOADING 
                   (INCLUDING SHEAR LOADING) 
 ESDUpac Version:  1.2 NOVEMBER 1993 
 (See Data Item for full input/output specification and interpretation) 
-----------------------------------------------------------------------
-------- 
 
    TITLE OF RUN  : 
    New check on 90016                                                          
    titanium plate                                                              
    8 terms used                                                                
    OUTPUT FILE NAME  : 
    DavidMillar0 
 
-----------------------------------------------------------------------
----- 
 PLATE MATERIAL PROPERTIES 
     E(X)        E(Y)        G(XY)        DENSITY        POISSON'S 
RATIOS 
 0.11000E+12 0.00000E+00 0.00000E+00   0.44200E+04       0.310     
0.000 
 
 
 PLATE GEOMETRY 
 a= 0.1520E+00  b= 0.1020E+00    t= 0.7110E-03 
 
 
 NUMBER OF TERMS IN THE DISPLACEMENT FUNCTION 
 TERMS IN x-DIRECTION =  8 
 TERMS IN y-DIRECTION =  8 
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    CASE NUMBER  1 
    ************** 
 STATIC IN-PLANE LOADING 
         Nx             Ny             Nxy 
    0.00000E+00    0.00000E+00    0.00000E+00 
 
 BOUNDARY CONDITIONS 
   SIMPLY-SUPPORTED AT x=0 AND x=a 
   SIMPLY-SUPPORTED AT y=0 AND y=b 
 
          MODE  1  FREQUENCY =   235.8 Hz 
                    DISPLACEMENT W 
   x/a  0.0   0.1   0.2   0.3   0.4   0.5   0.6   0.7   0.8   0.9   1.0 
 y/a 
 0.0  0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 
 0.1  0.000 0.095 0.182 0.250 0.294 0.309 0.294 0.250 0.182 0.095 0.000 
 0.2  0.000 0.182 0.345 0.476 0.559 0.588 0.559 0.476 0.345 0.182 0.000 
 0.3  0.000 0.250 0.476 0.654 0.769 0.809 0.769 0.654 0.476 0.250 0.000 
 0.4  0.000 0.294 0.559 0.769 0.904 0.951 0.904 0.769 0.559 0.294 0.000 
 0.5  0.000 0.309 0.588 0.809 0.951 1.000 0.951 0.809 0.588 0.309 0.000 
 0.6  0.000 0.294 0.559 0.769 0.904 0.951 0.904 0.769 0.559 0.294 0.000 
 0.7  0.000 0.250 0.476 0.654 0.769 0.809 0.769 0.654 0.476 0.250 0.000 
 0.8  0.000 0.182 0.345 0.476 0.559 0.588 0.559 0.476 0.345 0.182 0.000 
 0.9  0.000 0.095 0.182 0.250 0.294 0.309 0.294 0.250 0.182 0.095 0.000 
 1.0  0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 
 
 
 +----------------------------------------+ 
 |                                        | 
 |                                        | 
 |                                        | 
 |                                        | 
 |                                        | 
 |                                        | 
 |                                        | 
 |                                        | 
 |                                        | 
 |                                        | 
 |                                        | 
 |                                        | 
 |                                        | 
 |                                        | 
 |                                        | 
 |                                        | 
 |                                        | 
 |                                        | 
 +----------------------------------------+ 
 
 ORIGIN OF NODAL LINE PLOT IS AT THE BOTTOM LEFT HAND CORNER 
 (i.e. x increases to the right and y increases upwards) 
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          MODE  2  FREQUENCY =   455.5 Hz 
                    DISPLACEMENT W 
   x/a  0.0   0.1   0.2   0.3   0.4   0.5   0.6   0.7   0.8   0.9   1.0 
 y/a 
 0.0  0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 
 0.1  0.000 0.191 0.309 0.309 0.191 0.000-0.191-0.309-0.309-0.191 0.000 
 0.2  0.000 0.363 0.588 0.588 0.363 0.000-0.363-0.588-0.588-0.363 0.000 
 0.3  0.000 0.500 0.809 0.809 0.500 0.000-0.500-0.809-0.809-0.500 0.000 
 0.4  0.000 0.588 0.951 0.951 0.588 0.000-0.588-0.951-0.951-0.588 0.000 
 0.5  0.000 0.618 1.000 1.000 0.618 0.000-0.618-1.000-1.000-0.618 0.000 
 0.6  0.000 0.588 0.951 0.951 0.588 0.000-0.588-0.951-0.951-0.588 0.000 
 0.7  0.000 0.500 0.809 0.809 0.500 0.000-0.500-0.809-0.809-0.500 0.000 
 0.8  0.000 0.363 0.588 0.588 0.363 0.000-0.363-0.588-0.588-0.363 0.000 
 0.9  0.000 0.191 0.309 0.309 0.191 0.000-0.191-0.309-0.309-0.191 0.000 
 1.0  0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 
 
 
 +----------------------------------------+ 
 |                   +                    | 
 |                   +                    | 
 |                   +                    | 
 |                   +                    | 
 |                   +                    | 
 |                   +                    | 
 |                   +                    | 
 |                   +                    | 
 |                   +                    | 
 |                   +                    | 
 |                   +                    | 
 |                   +                    | 
 |                   +                    | 
 |                   +                    | 
 |                   +                    | 
 |                   +                    | 
 |                   +                    | 
 |                   +                    | 
 +----------------------------------------+ 
 
 ORIGIN OF NODAL LINE PLOT IS AT THE BOTTOM LEFT HAND CORNER 
 (i.e. x increases to the right and y increases upwards) 
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          MODE  3  FREQUENCY =   723.6 Hz 
                    DISPLACEMENT W 
   x/a  0.0   0.1   0.2   0.3   0.4   0.5   0.6   0.7   0.8   0.9   1.0 
 y/a 
 0.0  0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 
 0.1  0.000 0.191 0.363 0.500 0.588 0.618 0.588 0.500 0.363 0.191 0.000 
 0.2  0.000 0.309 0.588 0.809 0.951 1.000 0.951 0.809 0.588 0.309 0.000 
 0.3  0.000 0.309 0.588 0.809 0.951 1.000 0.951 0.809 0.588 0.309 0.000 
 0.4  0.000 0.191 0.363 0.500 0.588 0.618 0.588 0.500 0.363 0.191 0.000 
 0.5  0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 
 0.6  0.000-0.191-0.363-0.500-0.588-0.618-0.588-0.500-0.363-0.191 0.000 
 0.7  0.000-0.309-0.588-0.809-0.951-1.000-0.951-0.809-0.588-0.309 0.000 
 0.8  0.000-0.309-0.588-0.809-0.951-1.000-0.951-0.809-0.588-0.309 0.000 
 0.9  0.000-0.191-0.363-0.500-0.588-0.618-0.588-0.500-0.363-0.191 0.000 
 1.0  0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 
 
 
 +----------------------------------------+ 
 |                                        | 
 |                                        | 
 |                                        | 
 |                                        | 
 |                                        | 
 |                                        | 
 |                                        | 
 |                                        | 
 |                                        | 
 |++++++++++++++++++++++++++++++++++++++++| 
 |                                        | 
 |                                        | 
 |                                        | 
 |                                        | 
 |                                        | 
 |                                        | 
 |                                        | 
 |                                        | 
 +----------------------------------------+ 
 
 ORIGIN OF NODAL LINE PLOT IS AT THE BOTTOM LEFT HAND CORNER 
 (i.e. x increases to the right and y increases upwards) 
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          MODE  4  FREQUENCY =   821.6 Hz 
                    DISPLACEMENT W 
   x/a  0.0   0.1   0.2   0.3   0.4   0.5   0.6   0.7   0.8   0.9   1.0 
 y/a 
 0.0  0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 
 0.1  0.000-0.251-0.295-0.095 0.182 0.309 0.182-0.095-0.295-0.251 0.000 
 0.2  0.000-0.477-0.561-0.181 0.347 0.588 0.347-0.181-0.561-0.477 0.000 
 0.3  0.000-0.656-0.773-0.249 0.477 0.809 0.477-0.249-0.773-0.656 0.000 
 0.4  0.000-0.772-0.908-0.293 0.561 0.951 0.561-0.293-0.908-0.772 0.000 
 0.5  0.000-0.811-0.955-0.308 0.590 1.000 0.590-0.308-0.955-0.811 0.000 
 0.6  0.000-0.772-0.908-0.293 0.561 0.951 0.561-0.293-0.908-0.772 0.000 
 0.7  0.000-0.656-0.773-0.249 0.477 0.809 0.477-0.249-0.773-0.656 0.000 
 0.8  0.000-0.477-0.561-0.181 0.347 0.588 0.347-0.181-0.561-0.477 0.000 
 0.9  0.000-0.251-0.295-0.095 0.182 0.309 0.182-0.095-0.295-0.251 0.000 
 1.0  0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 
 
 
 +----------------------------------------+ 
 |             +            +             | 
 |             +            +             | 
 |             +            +             | 
 |             +            +             | 
 |             +            +             | 
 |             +            +             | 
 |             +            +             | 
 |             +            +             | 
 |             +            +             | 
 |             +            +             | 
 |             +            +             | 
 |             +            +             | 
 |             +            +             | 
 |             +            +             | 
 |             +            +             | 
 |             +            +             | 
 |             +            +             | 
 |             +            +             | 
 +----------------------------------------+ 
 
 ORIGIN OF NODAL LINE PLOT IS AT THE BOTTOM LEFT HAND CORNER 
 (i.e. x increases to the right and y increases upwards) 
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          MODE  5  FREQUENCY =   943.3 Hz 
                    DISPLACEMENT W 
   x/a  0.0   0.1   0.2   0.3   0.4   0.5   0.6   0.7   0.8   0.9   1.0 
 y/a 
 0.0  0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 
 0.1  0.000 0.382 0.618 0.618 0.382 0.000-0.382-0.618-0.618-0.382 0.000 
 0.2  0.000 0.618 1.000 1.000 0.618 0.000-0.618-1.000-1.000-0.618 0.000 
 0.3  0.000 0.618 1.000 1.000 0.618 0.000-0.618-1.000-1.000-0.618 0.000 
 0.4  0.000 0.382 0.618 0.618 0.382 0.000-0.382-0.618-0.618-0.382 0.000 
 0.5  0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 
 0.6  0.000-0.382-0.618-0.618-0.382 0.000 0.382 0.618 0.618 0.382 0.000 
 0.7  0.000-0.618-1.000-1.000-0.618 0.000 0.618 1.000 1.000 0.618 0.000 
 0.8  0.000-0.618-1.000-1.000-0.618 0.000 0.618 1.000 1.000 0.618 0.000 
 0.9  0.000-0.382-0.618-0.618-0.382 0.000 0.382 0.618 0.618 0.382 0.000 
 1.0  0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 
 
 
 +----------------------------------------+ 
 |                   +                    | 
 |                   +                    | 
 |                   +                    | 
 |                   +                    | 
 |                   +                    | 
 |                   +                    | 
 |                   +                    | 
 |                   +                    | 
 |                   +                    | 
 |++++++++++++++++++++++++++++++++++++++++| 
 |                   +                    | 
 |                   +                    | 
 |                   +                    | 
 |                   +                    | 
 |                   +                    | 
 |                   +                    | 
 |                   +                    | 
 |                   +                    | 
 +----------------------------------------+ 
 
 ORIGIN OF NODAL LINE PLOT IS AT THE BOTTOM LEFT HAND CORNER 
 (i.e. x increases to the right and y increases upwards) 
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          MODE  6  FREQUENCY =  1309.4 Hz 
                    DISPLACEMENT W 
   x/a  0.0   0.1   0.2   0.3   0.4   0.5   0.6   0.7   0.8   0.9   1.0 
 y/a 
 0.0  0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 
 0.1  0.000-0.501-0.590-0.190 0.364 0.618 0.364-0.190-0.590-0.501 0.000 
 0.2  0.000-0.811-0.955-0.308 0.590 1.000 0.590-0.308-0.955-0.811 0.000 
 0.3  0.000-0.811-0.955-0.308 0.590 1.000 0.590-0.308-0.955-0.811 0.000 
 0.4  0.000-0.501-0.590-0.190 0.364 0.618 0.364-0.190-0.590-0.501 0.000 
 0.5  0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 
 0.6  0.000 0.501 0.590 0.190-0.364-0.618-0.364 0.190 0.590 0.501 0.000 
 0.7  0.000 0.811 0.955 0.308-0.590-1.000-0.590 0.308 0.955 0.811 0.000 
 0.8  0.000 0.811 0.955 0.308-0.590-1.000-0.590 0.308 0.955 0.811 0.000 
 0.9  0.000 0.501 0.590 0.190-0.364-0.618-0.364 0.190 0.590 0.501 0.000 
 1.0  0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 
 
 
 +----------------------------------------+ 
 |             +            +             | 
 |             +            +             | 
 |             +            +             | 
 |             +            +             | 
 |             +            +             | 
 |             +            +             | 
 |             +            +             | 
 |             +            +             | 
 |             +            +             | 
 |++++++++++++++++++++++++++++++++++++++++| 
 |             +            +             | 
 |             +            +             | 
 |             +            +             | 
 |             +            +             | 
 |             +            +             | 
 |             +            +             | 
 |             +            +             | 
 |             +            +             | 
 +----------------------------------------+ 
 
 ORIGIN OF NODAL LINE PLOT IS AT THE BOTTOM LEFT HAND CORNER 
 (i.e. x increases to the right and y increases upwards) 
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          MODE  7  FREQUENCY =  1334.7 Hz 
                    DISPLACEMENT W 
   x/a  0.0   0.1   0.2   0.3   0.4   0.5   0.6   0.7   0.8   0.9   1.0 
 y/a 
 0.0  0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 
 0.1  0.000 0.309 0.190-0.193-0.304 0.000 0.304 0.193-0.190-0.309 0.000 
 0.2  0.000 0.588 0.361-0.367-0.578 0.000 0.578 0.367-0.361-0.588 0.000 
 0.3  0.000 0.809 0.497-0.505-0.796 0.000 0.796 0.505-0.497-0.809 0.000 
 0.4  0.000 0.951 0.584-0.593-0.935 0.000 0.935 0.593-0.584-0.951 0.000 
 0.5  0.000 1.000 0.614-0.624-0.983 0.000 0.983 0.624-0.614-1.000 0.000 
 0.6  0.000 0.951 0.584-0.593-0.935 0.000 0.935 0.593-0.584-0.951 0.000 
 0.7  0.000 0.809 0.497-0.505-0.796 0.000 0.796 0.505-0.497-0.809 0.000 
 0.8  0.000 0.588 0.361-0.367-0.578 0.000 0.578 0.367-0.361-0.588 0.000 
 0.9  0.000 0.309 0.190-0.193-0.304 0.000 0.304 0.193-0.190-0.309 0.000 
 1.0  0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 
 
 
 +----------------------------------------+ 
 |         +         +          +         | 
 |         +         +          +         | 
 |         +         +          +         | 
 |         +         +          +         | 
 |         +         +          +         | 
 |         +         +          +         | 
 |         +         +          +         | 
 |         +         +          +         | 
 |         +         +          +         | 
 |         +         +          +         | 
 |         +         +          +         | 
 |         +         +          +         | 
 |         +         +          +         | 
 |         +         +          +         | 
 |         +         +          +         | 
 |         +         +          +         | 
 |         +         +          +         | 
 |         +         +          +         | 
 +----------------------------------------+ 
 
 ORIGIN OF NODAL LINE PLOT IS AT THE BOTTOM LEFT HAND CORNER 
 (i.e. x increases to the right and y increases upwards) 
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          MODE  8  FREQUENCY =  1536.7 Hz 
                    DISPLACEMENT W 
   x/a  0.0   0.1   0.2   0.3   0.4   0.5   0.6   0.7   0.8   0.9   1.0 
 y/a 
 0.0  0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 
 0.1  0.000-0.251-0.477-0.657-0.772-0.812-0.772-0.657-0.477-0.251 0.000 
 0.2  0.000-0.295-0.561-0.773-0.909-0.955-0.909-0.773-0.561-0.295 0.000 
 0.3  0.000-0.095-0.181-0.249-0.292-0.307-0.292-0.249-0.181-0.095 0.000 
 0.4  0.000 0.182 0.347 0.477 0.561 0.590 0.561 0.477 0.347 0.182 0.000 
 0.5  0.000 0.309 0.588 0.809 0.951 1.000 0.951 0.809 0.588 0.309 0.000 
 0.6  0.000 0.182 0.347 0.477 0.561 0.590 0.561 0.477 0.347 0.182 0.000 
 0.7  0.000-0.095-0.181-0.249-0.292-0.307-0.292-0.249-0.181-0.095 0.000 
 0.8  0.000-0.295-0.561-0.773-0.909-0.955-0.909-0.773-0.561-0.295 0.000 
 0.9  0.000-0.251-0.477-0.657-0.772-0.812-0.772-0.657-0.477-0.251 0.000 
 1.0  0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 
 
 
 +----------------------------------------+ 
 |                                        | 
 |                                        | 
 |                                        | 
 |                                        | 
 |                                        | 
 |                                        | 
 |++++++++++++++++++++++++++++++++++++++++| 
 |                                        | 
 |                                        | 
 |                                        | 
 |                                        | 
 |++++++++++++++++++++++++++++++++++++++++| 
 |                                        | 
 |                                        | 
 |                                        | 
 |                                        | 
 |                                        | 
 |                                        | 
 +----------------------------------------+ 
 
 ORIGIN OF NODAL LINE PLOT IS AT THE BOTTOM LEFT HAND CORNER 
 (i.e. x increases to the right and y increases upwards) 
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          MODE  9  FREQUENCY =  1756.4 Hz 
                    DISPLACEMENT W 
   x/a  0.0   0.1   0.2   0.3   0.4   0.5   0.6   0.7   0.8   0.9   1.0 
 y/a 
 0.0  0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 
 0.1  0.000-0.501-0.811-0.811-0.501 0.000 0.501 0.811 0.811 0.501 0.000 
 0.2  0.000-0.590-0.955-0.955-0.590 0.000 0.590 0.955 0.955 0.590 0.000 
 0.3  0.000-0.190-0.308-0.308-0.190 0.000 0.190 0.308 0.308 0.190 0.000 
 0.4  0.000 0.365 0.590 0.590 0.365 0.000-0.365-0.590-0.590-0.365 0.000 
 0.5  0.000 0.618 1.000 1.000 0.618 0.000-0.618-1.000-1.000-0.618 0.000 
 0.6  0.000 0.365 0.590 0.590 0.365 0.000-0.365-0.590-0.590-0.365 0.000 
 0.7  0.000-0.190-0.308-0.308-0.190 0.000 0.190 0.308 0.308 0.190 0.000 
 0.8  0.000-0.590-0.955-0.955-0.590 0.000 0.590 0.955 0.955 0.590 0.000 
 0.9  0.000-0.501-0.811-0.811-0.501 0.000 0.501 0.811 0.811 0.501 0.000 
 1.0  0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 
 
 
 +----------------------------------------+ 
 |                   +                    | 
 |                   +                    | 
 |                   +                    | 
 |                   +                    | 
 |                   +                    | 
 |                   ++                   | 
 |++++++++++++++++++++++++++++++++++++++++| 
 |                   +                    | 
 |                   +                    | 
 |                   +                    | 
 |                   +                    | 
 |++++++++++++++++++++++++++++++++++++++++| 
 |                   ++                   | 
 |                   +                    | 
 |                   +                    | 
 |                   +                    | 
 |                   +                    | 
 |                   +                    | 
 +----------------------------------------+ 
 
 ORIGIN OF NODAL LINE PLOT IS AT THE BOTTOM LEFT HAND CORNER 
 (i.e. x increases to the right and y increases upwards) 
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          MODE 10  FREQUENCY =  1822.4 Hz 
                    DISPLACEMENT W 
   x/a  0.0   0.1   0.2   0.3   0.4   0.5   0.6   0.7   0.8   0.9   1.0 
 y/a 
 0.0  0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 
 0.1  0.000 0.618 0.380-0.386-0.608 0.000 0.608 0.386-0.380-0.618 0.000 
 0.2  0.000 1.000 0.615-0.624-0.985 0.000 0.985 0.624-0.615-1.000 0.000 
 0.3  0.000 1.000 0.615-0.624-0.985 0.000 0.985 0.624-0.615-1.000 0.000 
 0.4  0.000 0.618 0.380-0.386-0.608 0.000 0.608 0.386-0.380-0.618 0.000 
 0.5  0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 
 0.6  0.000-0.618-0.380 0.386 0.608 0.000-0.608-0.386 0.380 0.618 0.000 
 0.7  0.000-1.000-0.615 0.624 0.985 0.000-0.985-0.624 0.615 1.000 0.000 
 0.8  0.000-1.000-0.615 0.624 0.985 0.000-0.985-0.624 0.615 1.000 0.000 
 0.9  0.000-0.618-0.380 0.386 0.608 0.000-0.608-0.386 0.380 0.618 0.000 
 1.0  0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 
 
 
 +----------------------------------------+ 
 |         +         +          +         | 
 |         +         +          +         | 
 |         +         +          +         | 
 |         +         +          +         | 
 |         +         +          +         | 
 |         +         +          +         | 
 |         +         +          +         | 
 |         +         +          +         | 
 |         +         +          +         | 
 |++++++++++++++++++++++++++++++++++++++++| 
 |         +         +          +         | 
 |         +         +          +         | 
 |         +         +          +         | 
 |         +         +          +         | 
 |         +         +          +         | 
 |         +         +          +         | 
 |         +         +          +         | 
 |         +         +          +         | 
 +----------------------------------------+ 
 
 ORIGIN OF NODAL LINE PLOT IS AT THE BOTTOM LEFT HAND CORNER 
 (i.e. x increases to the right and y increases upwards) 
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    CASE NUMBER  2 
    ************** 
 STATIC IN-PLANE LOADING 
         Nx             Ny             Nxy 
    0.00000E+00    0.00000E+00    0.00000E+00 
 
 BOUNDARY CONDITIONS 
   SIMPLY-SUPPORTED AT x=0 AND x=a 
   CLAMPED AT y=0 AND y=b 
 
          MODE  1  FREQUENCY =   413.2 Hz 
                    DISPLACEMENT W 
   x/a  0.0   0.1   0.2   0.3   0.4   0.5   0.6   0.7   0.8   0.9   1.0 
 y/a 
 0.0  0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 
 0.1  0.000 0.038 0.072 0.100 0.117 0.123 0.117 0.100 0.072 0.038 0.000 
 0.2  0.000 0.123 0.234 0.322 0.378 0.398 0.378 0.322 0.234 0.123 0.000 
 0.3  0.000 0.215 0.409 0.563 0.662 0.696 0.662 0.563 0.409 0.215 0.000 
 0.4  0.000 0.284 0.540 0.743 0.873 0.918 0.873 0.743 0.540 0.284 0.000 
 0.5  0.000 0.309 0.588 0.809 0.951 1.000 0.951 0.809 0.588 0.309 0.000 
 0.6  0.000 0.284 0.540 0.743 0.873 0.918 0.873 0.743 0.540 0.284 0.000 
 0.7  0.000 0.215 0.409 0.563 0.662 0.696 0.662 0.563 0.409 0.215 0.000 
 0.8  0.000 0.123 0.234 0.322 0.378 0.398 0.378 0.322 0.234 0.123 0.000 
 0.9  0.000 0.038 0.072 0.100 0.117 0.123 0.117 0.100 0.072 0.038 0.000 
 1.0  0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 
 
 
 +----------------------------------------+ 
 |                                        | 
 |                                        | 
 |                                        | 
 |                                        | 
 |                                        | 
 |                                        | 
 |                                        | 
 |                                        | 
 |                                        | 
 |                                        | 
 |                                        | 
 |                                        | 
 |                                        | 
 |                                        | 
 |                                        | 
 |                                        | 
 |                                        | 
 |                                        | 
 +----------------------------------------+ 
 
 ORIGIN OF NODAL LINE PLOT IS AT THE BOTTOM LEFT HAND CORNER 
 (i.e. x increases to the right and y increases upwards) 
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          MODE  2  FREQUENCY =   581.5 Hz 
                    DISPLACEMENT W 
   x/a  0.0   0.1   0.2   0.3   0.4   0.5   0.6   0.7   0.8   0.9   1.0 
 y/a 
 0.0  0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 
 0.1  0.000 0.083 0.134 0.134 0.083 0.000-0.083-0.134-0.134-0.083 0.000 
 0.2  0.000 0.257 0.417 0.417 0.257 0.000-0.257-0.417-0.417-0.257 0.000 
 0.3  0.000 0.439 0.710 0.710 0.439 0.000-0.439-0.710-0.710-0.439 0.000 
 0.4  0.000 0.570 0.923 0.923 0.570 0.000-0.570-0.923-0.923-0.570 0.000 
 0.5  0.000 0.618 1.000 1.000 0.618 0.000-0.618-1.000-1.000-0.618 0.000 
 0.6  0.000 0.570 0.923 0.923 0.570 0.000-0.570-0.923-0.923-0.570 0.000 
 0.7  0.000 0.439 0.710 0.710 0.439 0.000-0.439-0.710-0.710-0.439 0.000 
 0.8  0.000 0.257 0.417 0.417 0.257 0.000-0.257-0.417-0.417-0.257 0.000 
 0.9  0.000 0.083 0.134 0.134 0.083 0.000-0.083-0.134-0.134-0.083 0.000 
 1.0  0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 
 
 
 +----------------------------------------+ 
 |                   +                    | 
 |                   +                    | 
 |                   +                    | 
 |                   +                    | 
 |                   +                    | 
 |                   +                    | 
 |                   +                    | 
 |                   +                    | 
 |                   +                    | 
 |                   +                    | 
 |                   +                    | 
 |                   +                    | 
 |                   +                    | 
 |                   +                    | 
 |                   +                    | 
 |                   +                    | 
 |                   +                    | 
 |                   +                    | 
 +----------------------------------------+ 
 
 ORIGIN OF NODAL LINE PLOT IS AT THE BOTTOM LEFT HAND CORNER 
 (i.e. x increases to the right and y increases upwards) 
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          MODE  3  FREQUENCY =   909.9 Hz 
                    DISPLACEMENT W 
   x/a  0.0   0.1   0.2   0.3   0.4   0.5   0.6   0.7   0.8   0.9   1.0 
 y/a 
 0.0  0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 
 0.1  0.000-0.121-0.142-0.046 0.088 0.149 0.088-0.046-0.142-0.121 0.000 
 0.2  0.000-0.357-0.420-0.135 0.260 0.440 0.260-0.135-0.420-0.357 0.000 
 0.3  0.000-0.590-0.694-0.224 0.429 0.727 0.429-0.224-0.694-0.590 0.000 
 0.4  0.000-0.753-0.887-0.286 0.547 0.928 0.547-0.286-0.887-0.753 0.000 
 0.5  0.000-0.811-0.955-0.308 0.590 1.000 0.590-0.308-0.955-0.811 0.000 
 0.6  0.000-0.753-0.887-0.286 0.547 0.928 0.547-0.286-0.887-0.753 0.000 
 0.7  0.000-0.590-0.694-0.224 0.429 0.727 0.429-0.224-0.694-0.590 0.000 
 0.8  0.000-0.357-0.420-0.135 0.260 0.440 0.260-0.135-0.420-0.357 0.000 
 0.9  0.000-0.121-0.142-0.046 0.088 0.149 0.088-0.046-0.142-0.121 0.000 
 1.0  0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 
 
 
 +----------------------------------------+ 
 |             +            +             | 
 |             +            +             | 
 |             +            +             | 
 |             +            +             | 
 |             +            +             | 
 |             +            +             | 
 |             +            +             | 
 |             +            +             | 
 |             +            +             | 
 |             +            +             | 
 |             +            +             | 
 |             +            +             | 
 |             +            +             | 
 |             +            +             | 
 |             +            +             | 
 |             +            +             | 
 |             +            +             | 
 |             +            +             | 
 +----------------------------------------+ 
 
 ORIGIN OF NODAL LINE PLOT IS AT THE BOTTOM LEFT HAND CORNER 
 (i.e. x increases to the right and y increases upwards) 
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          MODE  4  FREQUENCY =  1071.7 Hz 
                    DISPLACEMENT W 
   x/a  0.0   0.1   0.2   0.3   0.4   0.5   0.6   0.7   0.8   0.9   1.0 
 y/a 
 0.0  0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 
 0.1  0.000 0.095 0.181 0.248 0.292 0.307 0.292 0.248 0.181 0.095 0.000 
 0.2  0.000 0.249 0.474 0.652 0.767 0.806 0.767 0.652 0.474 0.249 0.000 
 0.3  0.000 0.309 0.588 0.809 0.951 1.000 0.951 0.809 0.588 0.309 0.000 
 0.4  0.000 0.212 0.403 0.554 0.651 0.685 0.651 0.554 0.403 0.212 0.000 
 0.5  0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 
 0.6  0.000-0.212-0.403-0.554-0.651-0.685-0.651-0.554-0.403-0.212 0.000 
 0.7  0.000-0.309-0.588-0.809-0.951-1.000-0.951-0.809-0.588-0.309 0.000 
 0.8  0.000-0.249-0.474-0.652-0.767-0.806-0.767-0.652-0.474-0.249 0.000 
 0.9  0.000-0.095-0.181-0.248-0.292-0.307-0.292-0.248-0.181-0.095 0.000 
 1.0  0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 
 
 
 +----------------------------------------+ 
 |                                        | 
 |                                        | 
 |                                        | 
 |                                        | 
 |                                        | 
 |                                        | 
 |                                        | 
 |                                        | 
 |                                        | 
 |++++++++++++++++++++++++++++++++++++++++| 
 |                                        | 
 |                                        | 
 |                                        | 
 |                                        | 
 |                                        | 
 |                                        | 
 |                                        | 
 |                                        | 
 +----------------------------------------+ 
 
 ORIGIN OF NODAL LINE PLOT IS AT THE BOTTOM LEFT HAND CORNER 
 (i.e. x increases to the right and y increases upwards) 
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          MODE  5  FREQUENCY =  1248.8 Hz 
                    DISPLACEMENT W 
   x/a  0.0   0.1   0.2   0.3   0.4   0.5   0.6   0.7   0.8   0.9   1.0 
 y/a 
 0.0  0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 
 0.1  0.000 0.197 0.319 0.319 0.197 0.000-0.197-0.319-0.319-0.197 0.000 
 0.2  0.000 0.506 0.818 0.818 0.506 0.000-0.506-0.818-0.818-0.506 0.000 
 0.3  0.000 0.618 1.000 1.000 0.618 0.000-0.618-1.000-1.000-0.618 0.000 
 0.4  0.000 0.420 0.679 0.679 0.420 0.000-0.420-0.679-0.679-0.420 0.000 
 0.5  0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 
 0.6  0.000-0.420-0.679-0.679-0.420 0.000 0.420 0.679 0.679 0.420 0.000 
 0.7  0.000-0.618-1.000-1.000-0.618 0.000 0.618 1.000 1.000 0.618 0.000 
 0.8  0.000-0.506-0.818-0.818-0.506 0.000 0.506 0.818 0.818 0.506 0.000 
 0.9  0.000-0.197-0.319-0.319-0.197 0.000 0.197 0.319 0.319 0.197 0.000 
 1.0  0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 
 
 
 +----------------------------------------+ 
 |                   +                    | 
 |                   +                    | 
 |                   +                    | 
 |                   +                    | 
 |                   +                    | 
 |                   +                    | 
 |                   +                    | 
 |                   +                    | 
 |                   +                    | 
 |++++++++++++++++++++++++++++++++++++++++| 
 |                   +                    | 
 |                   +                    | 
 |                   +                    | 
 |                   +                    | 
 |                   +                    | 
 |                   +                    | 
 |                   +                    | 
 |                   +                    | 
 +----------------------------------------+ 
 
 ORIGIN OF NODAL LINE PLOT IS AT THE BOTTOM LEFT HAND CORNER 
 (i.e. x increases to the right and y increases upwards) 
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          MODE  6  FREQUENCY =  1400.2 Hz 
                    DISPLACEMENT W 
   x/a  0.0   0.1   0.2   0.3   0.4   0.5   0.6   0.7   0.8   0.9   1.0 
 y/a 
 0.0  0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 
 0.1  0.000 0.164 0.101-0.103-0.161 0.000 0.161 0.103-0.101-0.164 0.000 
 0.2  0.000 0.462 0.284-0.288-0.455 0.000 0.455 0.288-0.284-0.462 0.000 
 0.3  0.000 0.742 0.455-0.463-0.729 0.000 0.729 0.463-0.455-0.742 0.000 
 0.4  0.000 0.933 0.573-0.582-0.917 0.000 0.917 0.582-0.573-0.933 0.000 
 0.5  0.000 1.000 0.614-0.624-0.984 0.000 0.984 0.624-0.614-1.000 0.000 
 0.6  0.000 0.933 0.573-0.582-0.917 0.000 0.917 0.582-0.573-0.933 0.000 
 0.7  0.000 0.742 0.455-0.463-0.729 0.000 0.729 0.463-0.455-0.742 0.000 
 0.8  0.000 0.462 0.284-0.288-0.455 0.000 0.455 0.288-0.284-0.462 0.000 
 0.9  0.000 0.164 0.101-0.103-0.161 0.000 0.161 0.103-0.101-0.164 0.000 
 1.0  0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 
 
 
 +----------------------------------------+ 
 |         +         +          +         | 
 |         +         +          +         | 
 |         +         +          +         | 
 |         +         +          +         | 
 |         +         +          +         | 
 |         +         +          +         | 
 |         +         +          +         | 
 |         +         +          +         | 
 |         +         +          +         | 
 |         +         +          +         | 
 |         +         +          +         | 
 |         +         +          +         | 
 |         +         +          +         | 
 |         +         +          +         | 
 |         +         +          +         | 
 |         +         +          +         | 
 |         +         +          +         | 
 |         +         +          +         | 
 +----------------------------------------+ 
 
 ORIGIN OF NODAL LINE PLOT IS AT THE BOTTOM LEFT HAND CORNER 
 (i.e. x increases to the right and y increases upwards) 
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          MODE  7  FREQUENCY =  1566.0 Hz 
                    DISPLACEMENT W 
   x/a  0.0   0.1   0.2   0.3   0.4   0.5   0.6   0.7   0.8   0.9   1.0 
 y/a 
 0.0  0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 
 0.1  0.000-0.273-0.322-0.104 0.199 0.337 0.199-0.104-0.322-0.273 0.000 
 0.2  0.000-0.677-0.798-0.257 0.493 0.835 0.493-0.257-0.798-0.677 0.000 
 0.3  0.000-0.811-0.955-0.308 0.590 1.000 0.590-0.308-0.955-0.811 0.000 
 0.4  0.000-0.545-0.642-0.207 0.396 0.672 0.396-0.207-0.642-0.545 0.000 
 0.5  0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 
 0.6  0.000 0.545 0.642 0.207-0.396-0.672-0.396 0.207 0.642 0.545 0.000 
 0.7  0.000 0.811 0.955 0.308-0.590-1.000-0.590 0.308 0.955 0.811 0.000 
 0.8  0.000 0.677 0.798 0.257-0.493-0.835-0.493 0.257 0.798 0.677 0.000 
 0.9  0.000 0.273 0.322 0.104-0.199-0.337-0.199 0.104 0.322 0.273 0.000 
 1.0  0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 
 
 
 +----------------------------------------+ 
 |             +            +             | 
 |             +            +             | 
 |             +            +             | 
 |             +            +             | 
 |             +            +             | 
 |             +            +             | 
 |             +            +             | 
 |             +            +             | 
 |             +            +             | 
 |++++++++++++++++++++++++++++++++++++++++| 
 |             +            +             | 
 |             +            +             | 
 |             +            +             | 
 |             +            +             | 
 |             +            +             | 
 |             +            +             | 
 |             +            +             | 
 |             +            +             | 
 +----------------------------------------+ 
 
 ORIGIN OF NODAL LINE PLOT IS AT THE BOTTOM LEFT HAND CORNER 
 (i.e. x increases to the right and y increases upwards) 
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          MODE  8  FREQUENCY =  2035.7 Hz 
                    DISPLACEMENT W 
   x/a  0.0   0.1   0.2   0.3   0.4   0.5   0.6   0.7   0.8   0.9   1.0 
 y/a 
 0.0  0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 
 0.1  0.000-0.357-0.220 0.223 0.352 0.000-0.352-0.223 0.220 0.357 0.000 
 0.2  0.000-0.853-0.525 0.533 0.840 0.000-0.840-0.533 0.525 0.853 0.000 
 0.3  0.000-1.000-0.615 0.624 0.985 0.000-0.985-0.624 0.615 1.000 0.000 
 0.4  0.000-0.664-0.409 0.415 0.654 0.000-0.654-0.415 0.409 0.664 0.000 
 0.5  0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 
 0.6  0.000 0.664 0.409-0.415-0.654 0.000 0.654 0.415-0.409-0.664 0.000 
 0.7  0.000 1.000 0.615-0.624-0.985 0.000 0.985 0.624-0.615-1.000 0.000 
 0.8  0.000 0.853 0.525-0.533-0.840 0.000 0.840 0.533-0.525-0.853 0.000 
 0.9  0.000 0.357 0.220-0.223-0.352 0.000 0.352 0.223-0.220-0.357 0.000 
 1.0  0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 
 
 
 +----------------------------------------+ 
 |         +         +          +         | 
 |         +         +          +         | 
 |         +         +          +         | 
 |         +         +          +         | 
 |         +         +          +         | 
 |         +         +          +         | 
 |         +         +          +         | 
 |         +         +          +         | 
 |++++++++++++++++++++++++++++++++++++++++| 
 |        ++         ++         ++        | 
 |         +         +          +         | 
 |         +         +          +         | 
 |         +         +          +         | 
 |         +         +          +         | 
 |         +         +          +         | 
 |         +         +          +         | 
 |         +         +          +         | 
 |         +         +          +         | 
 +----------------------------------------+ 
 
 ORIGIN OF NODAL LINE PLOT IS AT THE BOTTOM LEFT HAND CORNER 
 (i.e. x increases to the right and y increases upwards) 
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          MODE  9  FREQUENCY =  2052.2 Hz 
                    DISPLACEMENT W 
   x/a  0.0   0.1   0.2   0.3   0.4   0.5   0.6   0.7   0.8   0.9   1.0 
 y/a 
 0.0  0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 
 0.1  0.000 0.159 0.302 0.415 0.488 0.513 0.488 0.415 0.302 0.159 0.000 
 0.2  0.000 0.309 0.588 0.809 0.951 1.000 0.951 0.809 0.588 0.309 0.000 
 0.3  0.000 0.176 0.335 0.461 0.542 0.569 0.542 0.461 0.335 0.176 0.000 
 0.4  0.000-0.131-0.249-0.343-0.403-0.423-0.403-0.343-0.249-0.131 0.000 
 0.5  0.000-0.289-0.550-0.757-0.890-0.936-0.890-0.757-0.550-0.289 0.000 
 0.6  0.000-0.131-0.249-0.343-0.403-0.423-0.403-0.343-0.249-0.131 0.000 
 0.7  0.000 0.176 0.335 0.461 0.542 0.569 0.542 0.461 0.335 0.176 0.000 
 0.8  0.000 0.309 0.588 0.809 0.951 1.000 0.951 0.809 0.588 0.309 0.000 
 0.9  0.000 0.159 0.302 0.415 0.488 0.513 0.488 0.415 0.302 0.159 0.000 
 1.0  0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 
 
 
 +----------------------------------------+ 
 |                                        | 
 |                                        | 
 |                                        | 
 |                                        | 
 |                                        | 
 |                                        | 
 |++++++++++++++++++++++++++++++++++++++++| 
 |                                        | 
 |                                        | 
 |                                        | 
 |                                        | 
 |++++++++++++++++++++++++++++++++++++++++| 
 |                                        | 
 |                                        | 
 |                                        | 
 |                                        | 
 |                                        | 
 |                                        | 
 +----------------------------------------+ 
 
 ORIGIN OF NODAL LINE PLOT IS AT THE BOTTOM LEFT HAND CORNER 
 (i.e. x increases to the right and y increases upwards) 
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          MODE 10  FREQUENCY =  2141.1 Hz 
                    DISPLACEMENT W 
   x/a  0.0   0.1   0.2   0.3   0.4   0.5   0.6   0.7   0.8   0.9   1.0 
 y/a 
 0.0  0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 
 0.1  0.000 0.180-0.028-0.144 0.012 0.134 0.012-0.144-0.028 0.180 0.000 
 0.2  0.000 0.482-0.075-0.389 0.031 0.361 0.031-0.389-0.075 0.482 0.000 
 0.3  0.000 0.754-0.117-0.608 0.048 0.566 0.048-0.608-0.117 0.754 0.000 
 0.4  0.000 0.936-0.146-0.755 0.060 0.702 0.060-0.755-0.146 0.936 0.000 
 0.5  0.000 1.000-0.155-0.806 0.064 0.750 0.064-0.806-0.155 1.000 0.000 
 0.6  0.000 0.936-0.146-0.755 0.060 0.702 0.060-0.755-0.146 0.936 0.000 
 0.7  0.000 0.754-0.117-0.608 0.048 0.566 0.048-0.608-0.117 0.754 0.000 
 0.8  0.000 0.482-0.075-0.389 0.031 0.361 0.031-0.389-0.075 0.482 0.000 
 0.9  0.000 0.180-0.028-0.144 0.012 0.134 0.012-0.144-0.028 0.180 0.000 
 1.0  0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 
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 |       +       +        +       +       | 
 |       +       +        +       +       | 
 |       +       +        +       +       | 
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 ORIGIN OF NODAL LINE PLOT IS AT THE BOTTOM LEFT HAND CORNER 
 (i.e. x increases to the right and y increases upwards) 
 



 

 

 

 

 

 

 

 

APPENDIX – 3 – SINE:RANDOM S-N DATA 
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Consider aluminium 2024-T4 with a stress concentration of 2.4. A sinusoidal S-N curve 

was obtained from the MMPDS [73] (or what was previously the US Military Handbook) 

and has been reproduced below for reference (Figure A3- 1). 

 

 
Figure A3- 1 – S-N Curve for Aluminium Alloy 2024-T4 (Kt=2.4) under Sinusoidal 

Loading [73]. 
 

The equivalent stress equation describing the fatigue behaviour was given as 

 

 Log Nx = 14.33 -6.35 log(Seq-3.2) [A3 - 1] 

Where  Seq =  Smax(1-R)0.48 [A3 - 2] 

 

 R = Stress Ratio 

  = 
Maximum
Minimum  [A3 - 3] 
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Consider an rms stress (Srms) of 5000 psirms (34.48 MPa). It is desired to know what life or 

endurance could be expected at this rms stress. Referring to the Rayleigh distribution and 

using a truncated relative stress range from x=2.2 to x=4.8 the following table of values 

was constructed (Table A3- 1). 

 

Table A3- 1 – Parameters for Equivalent Random Fatigue Data from Sinusoidal 
Data for a given rms Stress (Peak Stress based on Rayleigh Distribution) 

Relative 

Stress (x) 

Peak 

Stress 

(x.Srms) 

Seq 

(ksi) 

Number of Cycles at 
Peak Stress Level 

N(x) 
 
 

Relative 
Number of 

Occurrances 
P(x) 

 

P(x)/N(x) 
 
 

 
2.2 11000 15.34 2.78E+07 1.96E-01 7.03E-09 
2.4 12000 16.74 1.40E+07 1.35E-01 9.65E-09 
2.6 13000 18.13 7.49E+06 8.85E-02 1.18E-08 
2.8 14000 19.53 4.25E+06 5.56E-02 1.31E-08 
3 15000 20.92 2.52E+06 3.33E-02 1.32E-08 

3.2 16000 22.32 1.56E+06 1.91E-02 1.23E-08 
3.4 17000 23.71 9.98E+05 1.05E-02 1.05E-08 
3.6 18000 25.11 6.57E+05 5.52E-03 8.41E-09 
3.8 19000 26.50 4.44E+05 2.78E-03 6.26E-09 
4 20000 27.89 3.07E+05 1.34E-03 4.37E-09 

4.2 21000 29.29 2.16E+05 6.21E-04 2.87E-09 
4.4 22000 30.68 1.56E+05 2.75E-04 1.77E-09 
4.6 23000 32.08 1.14E+05 1.17E-04 1.03E-09 
4.8 24000 33.47 8.42E+04 4.77E-05 5.66E-10 

x=0.2 
    

 
 = 

 

 
1.03E-07 

 
 

The number of cycles is given by the inverse of P(x)/N(x) times x i.e. 

 

Number of (random) cycles (Nrms) for a stress of 5000 psirms 

  = 
2.0)1003.1(

1
7  

  = 4.85E7 

This procedure was carried out for a range of values ranging from 1.5 ksirms to 40 ksirms 

(Table A3- 2). The resulting rms S-N data was plotted on a log-log scale as shown in 

Figure A3- 2. 
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Table A3- 2– Equivalent rms S-N Data for Aluminium Alloy 2024-T4 (Kt=2.4) 
Stress (ksi) Cycles 

1.5 2.41E+12 
5 4.86E+07 

10 3.41E+05 
18 6.45E+03 
20 3.21E+03 
25 6.68E+02 
30 2.02E+02 
40 3.11E+01 

 

 

 
Figure A3- 2 - Equivalent rms S-N Curve for Aluminium Alloy 2024-T4 (Kt=2.4). 

 
 

Compare this curve with that of Figure A3- 3, taken from the AFFDL Sonic Fatigue 

Design Guide [10] for 2024 T4 with both countersunk and plain holes (i.e. an inherent 

stress concentration effect). The AFFDL data was generated from a physical test and used 

random vibration load input. The conversion of the sinusoidal data to an equivalent 

random response has worked favourably and it is considered to give a good 

approximation in the absence of actual random test data being available. 
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Figure A3- 3 – AFFDL rms S-N Test Data for Aluminium with Stress Concentration 

Effects. 
 

 
 
 
 
 
 
 
 


