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ABSTRACT
Resilient elements are typically used to isolate delicate equipment from a vibrating host structure.
Conventionally, these isolators are designed to operate in their linear region, but more recently nonlinear
isolators have been employed to increase the frequency over which vibration isolation can be achieved.
Another way of improving the performance of an isolator has been to use active control in conjunction with a
passive linear system. The work presented in this paper concerns the development of an experimental rig for
vibration isolation and is motivated by the intention to combine the advantages of passive nonlinear isolation
with active control.
The structure consists of a mass suspended on four tensioned wires to form a single-degree-offreedom system. The nonlinear stiffness of the wires is such that the system behaves like a hardening
Duffing oscillator. Firstly, a static analysis is carried out, both analytically and experimentally, where the
nonlinearity of the system is determined by the tension, length, cross-sectional area and Young’s modulus of
the wires. For the dynamic analysis, harmonic base excitation is considered. The magnitude of the base
displacement is fixed for all excitation frequencies and the level of nonlinearity is adjusted by varying the
tension in the wires, a higher tension leading to a milder system nonlinearity. Finally, the motion
transmissibility of the system is measured and appears to agree with the theoretical result. The rig forms a
suitable platform for subsequent incorporation of an active control system for combining the benefits of
passive nonlinear isolation with, for example, skyhook damping.
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1 INTRODUCTION
In many engineering structures, undesirable vibrations are a major concern. If uncontrolled,
they can affect the performance and efficiency of the engineering applications. Traditionally, a
linear passive isolator is employed to attenuate undesired vibration. The stiffness of the isolator is
designed to be soft in order to have a wider isolation region [1]. However, in many practical
situations a linear passive isolator has the issue of static deflection. This is because the mounted
isolator cannot support the static load if the spring stiffness is too soft. To overcome this limitation,
nonlinear stiffness isolators have been introduced [2,3]. In this design, the isolator is made to have a
high-static-low-dynamic stiffness (HSLDS) so that it can support a large static load, while having
low dynamic stiffness. Therefore, the system will have a low natural frequency such that a greater
frequency range of vibration isolation can be achieved.
1
*

Corresponding author

An HSLDS isolator can be achieved by combining a positive stiffness spring in parallel with a
negative stiffness spring [2,3,4,5] or by geometrical nonlinearity [6]. In some cases, the resulting
system can be described by the Duffing equation (provided that the motion is not excessive [7]),
which is well known and understood [8,9]. A good review on recent advances in nonlinear passive
isolator has been reported by Ibrahim [10].
A linear passive isolation system also has a trade-off in the choice of damping since good
isolation at high frequencies requires a low level of damping whereas isolation at the fundamental
mounted resonance frequency requires a high level of damping. Karnop [11] introduced the concept
of skyhook damping to resolve this problem. Practically, this can be achieved by active control,
whereby an actuator is placed in parallel with the linear passive isolator. Therefore, the control
force which is supplied by the actuator will help to reduce the vibration at resonance, but without
affecting performance at high frequencies [12-15].
There have been some studies, although perhaps surprisingly few, that have combined a
nonlinear isolator with active control. For example, a study on the design of a tunable stiffness
vibration isolator has been reported in [16]. In that study, a structural beam with a hardening
stiffness property has been incorporated with a pair of electromagnets. As a result, the tunability of
its stiffness is determined by the current supply to the electromagnets. By using the same model, an
adaptive fuzzy-neural network controller has been applied to achieve active vibration control of the
nonlinear isolator [17].
A lightly damped nonlinear isolator has the potential disadvantage of exhibiting the jump up
and jump down phenomenon in which the level of response can jump between two stable solutions
when, for example, the frequency of excitation is slowly varied in the vicinity of resonance. The
implementation of active damping control such as skyhook damping can in principle be employed
to overcome this issue whilst not affecting high frequency isolation. This is the eventual goal of the
work presented.
The main objective of this paper is to describe the design and construction of a rig that
behaves like a Duffing oscillator that features symmetric nonlinear stiffness but is also amenable to
active control. The structure of this paper starts in section 2 with the theory of motion
transmissibility for an isolator modelled as a Duffing oscillator, which is derived using the
harmonic balance method. The equations of motion for the static response of the practical system
comprising four tensioned wires is then presented which enables the system to be represented in
Duffing form. Section 3 provides a brief description of the experimental rig. Section 4 presents a
comparison of the experimental and theoretical results for first the static response and then the
motion transmissibility. Finally, modifications to the rig to facilitate active control are discussed.
2 THEORETICAL ANALYSIS
2.1 Motion transmissibility of a Duffing oscillator
Figure 1 depicts a simple schematic diagram of a single-degree-of-freedom (SDOF) baseexcited Duffing oscillator. It consists of a mass m which is mounted on hardening stiffness (for
positive k3 ) and a constant damping coefficient c. The motion of the base and the displacement of

the mass are given as z  Zcos  t  and x  Xcos t    respectively. Z is the amplitude of the
base excitation, X is the displacement amplitude of the mass,  is the excitation frequency,  is the
phase, and t is time.
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Figure 1-Single-degree-of-freedom model of a nonlinear isolator
The equation of motion of the system can be written in the form of Duffing’s equation as
(1)
mu  cu  k1u  k3u 3  mz
where k1 is the linear stiffness, k3 is cubic stiffness, c is viscous damping, and u=x-z, is the relative
displacement between the mass and the base. Eq. (1) can be nondimensionalised to become
(2)
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with the symbol “ ” denoting differentiation with respect to nondimensional time τ. Note that  is
a factor that determines the degree of nonlinearity of the system. Therefore, the nonlinearity  in
this system takes into account the magnitude of the base excitation Z, the linear stiffness k1 and the
cubic stiffness k3. It is clear that the system defaults to a linear system if   0 .
The solution of Eq. (2) can be attained through analytical and numerical methods, as for
example reported in [18]. In this study the Harmonic Balance (HB) method is applied because it is
mathematically simple and not restricted to weakly nonlinear problem [19]. The solution of the HB
method is based on the assumption that the response is harmonic at the excitation frequency, and
can be expressed as
(3)
û  Uˆcos(   )
where Û and  are the amplitude and phase of the relative displacement with respect to the base
motion.
By using the HB method the frequency response relating Û to the frequency ratio  can be
obtained from
2
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By solving Eq. (5) for Ω yields two solutions,
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(6)

of which only the real solutions, where they exist, are of interest. Note that, Û is the relative
transmissibility. However, the absolute transmissibility is usually of more interest in defining the
performance of an isolator, i.e. the ratio of displacement of the mass to the base, and is given by
ˆ   Uˆ 2
T  1  2Ucos
(7)
a

where, from HB method, cos  is given by
3
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By substituting Eq. (8) into Eq. (7), the absolute motion transmissibility can be expressed as
2Uˆ 2
3
(9)
Ta  1  Uˆ 2  2 (1  2  U 2 )
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2.2 System Modelling
The proposed nonlinear isolator in this work is illustrated in Figure 2. It comprises an isolated
mass m which is attached to four radially orientated wires of initial length L 2 and tension T. For
clarity, only two wires are shown.

Figure 2- Model of a Duffing oscillator comprising a mass suspended on tensioned wires
When the mass moves in the y direction, the corresponding strain ε in each wire can be expressed as



L2 4  y 2  L 2
L2

(10)

As a consequence, the total tension in each wire is T  AE  , where A and E are the cross
section area and the modulus of elasticity of the wire respectively.
Since there are four wires subtending the same angle θ to the horizontal, the applied force
on the mass m in the y direction is related to angular deflection as
f  4 T  AE  sin
(11)
where
y
(12)
sin 
2
L / 4  y2
By using a Taylor-series expansion to the third order and by assuming the displacement y to be
small compared with L, Eq. (12) can be written as
2 y 4 y3
(13)
sin 
 3
L
L
By substituting Eq.(10) and Eq.(13) into Eq. (11), the relationship between the applied static force
and the resulting displacement y can be expressed as
8T
16 AE
T
f 
y  3 (1 
) y3
(14)
L
L
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It is clear that the linear and cubic stiffness coefficients of this Duffing oscillator are given by
8T
16AE 
T 
k1 
and k 3  3 1 
 respectively. From these two known analytical expressions and
L  AE 
L
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the magnitude of the base excitation, the nonlinearity of the system is determined, since
α=(k3/k1)Z2. By assuming that T AE  1 , it becomes apparent that a higher tension will produce a
higher linear stiffness k1, whilst having a negligible effect on k3 and so will give a lower
nonlinearity for a given base motion Z.
3 DESCRIPTION OF THE DESIGNED RIG
The design of the oscillator is based on several requirements. Firstly, it is required to behave
as a single-degree-of-freedom system over a sufficiently wide bandwidth to demonstrate the
expected behaviour from the model. Secondly, it must have a symmetrical hardening characteristic.
This indicates that the stiffness of the system must increase similarly in both directions as it
oscillates from the equilibrium position. Thirdly, the natural frequency of the linearized system is
preferred to be approximately at 15 Hz. This is to avoid the possibility of interaction between the
resonances of the structure and the shaker when the structure’s natural frequency is close to that of
the shaker, as reported in [20]. Finally, the designed system must be lightly damped in order to
demonstrate the benefits of active control, for example in the implementation of skyhook damping.
In order to meet these requirements, a model with an isolated mass which is suspended by
four stretched wires is designed in a symmetric arrangement, as shown in Figure 3. The isolated
mass is designed as a disc shape with a mass of 0.08kg, and made from aluminium. A nylon fishing
line is used as the wire. The isolated mass is suspended by the wires between four pillars which are
placed on a supposedly rigid aluminium foundation base, with dimensions of 0.158m x 0.158m x
0.01m. The length of each wire is 0.07m, and the tension of each wire is adjustable.
Isolated mass

wire

Figure 3- The experimental test rig designed to behave like a hardening Duffing oscillator
4 EXPERIMENTAL STUDIES
4.1 Static Test
Firstly, a static test was carried out by directly measuring the static displacement with a laser
sensor due to an applied static force. Measurements were repeated three times and an average
taken. In this study, the test rig was placed horizontally to avoid gravitational effects. In order to
observe the effect of tension in the wire, two different initial tensions were considered. In the first
experiment, all the wires were adjusted to have similarly low initial tension. Meanwhile, high
tensions were applied in the wires for the second experiment. Figure 4 shows the averaged
experimental results of force-displacement for these two different initial tension values. In the
figure, the dots represent the measured values of the first experiment, and circles represent the
measured values for the second experiment. The solid and dashed lines are the approximate cubic
function curve fits for the first and second experiment respectively. It is reasonably convincing that
5

the static behaviour of the system is consistent with the cubic stiffness assumption of a Duffing
oscillator over this displacement range. The expression for the curve fit for the first experiment is
f1=380.7y + 2x107y3. Therefore, the linear and cubic stiffness in the first experiment can be assumed
to be k1=380.7 N/m and k3=2x107 N/m3 respectively. Meanwhile, the best-fit force-displacement
relationship for the second experiment is f2=760.4y + 2x107y3, where k1=760.4 N/m and k3=2x107
N/m3.

Figure 4- Force-displacement plot of the designed test rig. The measured values (dots) and best-fit
curve (solid line) for the first experiment; the measured values (circles) and the best-fit curve
(dashed line) for second experiment.
4.2 Dynamic Test
The dynamic test in this study considers motion transmissibility. The test rig was mounted on
a VP4 Derritron shaker in the horizontal position as shown in Figure 5, and the setup of the test
equipment is illustrated in Figure 6. The acceleration of the isolated mass and the base excitation of
the shaker were measured by PCB 352C22 accelerometers. Initially, a measurement of the
frequency response function of the ‘linear’ system was conducted using a low level pseudo random
excitation signal, and the Frequency Response Function (FRF) of the system was estimated using
the H1 estimator. The FRFs are not shown here for brevity but the natural frequencies were
observed to be at 10.8 Hz for the first experiment (low tension) and 16 Hz for second experiment
(higher tension).
shaker

Test rig

Figure 5- The designed test rig attached to the shaker in a horizontal position
Figure 7 presents the experimental setup for the system nonlinear measurement. The
harmonic base excitation was varied manually, using a signal generator, from 10Hz to 20Hz in
increasing steps of 1Hz, and also from 20Hz to 10Hz in decreasing steps of 1Hz. The gain was
adjusted manually at each frequency in turn to ensure a base excitation Z of amplitude 1.5x10-4 m
6

for both of experiments (low and high tension). With the linear and cubic stiffnesses previously
obtained the nonlinearity of the system in the first and second experiments is expected to be given
by α1=1.18x10-3 and α2=5.92x10-4 respectively.

Figure 6- Experimental setup for frequency response function test.

Figure 7- Experimental setup for nonlinear measurement.
The motion transmissibility measurement is determined by the ratio of the root-mean-square
(rms) voltage of the isolated mass to the rms voltage of the base for each excitation frequency.
Figures 8(a) and (b) show the experimental result for the first (low tension) and second experiment
(high tension) respectively. The data points in each graph are denoted by ‘.’ for increasing
frequency and ‘+’ for decreasing frequency. The dashed lines represent the analytical results
assuming the estimated values of  given above. The behaviour is qualitatively similar, with both
theory and experiment exhibiting the jump up and jump down phenomenon. However, the
nonlinearity is less exaggerated in the experiment. The solid lines in the figures pertain to
analytical results obtained when adopting lower values of  (α1=5.25x10-4 and α2=2.50x10-4) that
best fit the experimental data.
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Figure 8- Analytical and experimental result of nonlinear motion transmissibility for (a) the wire
with low tension and (b) the wire with high tension. The measured values with increasing frequency
(‘.’), measured values with decreasing frequency (‘+’), the analytical results with previously
estimated values of  (dashed line) and analytical results with  chosen to give the best fit (solid
line).
4.3 Further rig development
Two modifications will be made to the test rig, as illustrated in Figure 9. Firstly is the
application of load cells such that the tensions in the wires can be measured and carefully
controlled. Secondly is the employment of a voice coil actuator to implement active skyhook
damping. The coil will be mounted on the isolated mass and suspended within the magnetic field
provided by a permanent magnet fixed to the base. The stiffness of the system will be unaffected
by this non-contacting arrangement. A reasonably large air gap may be required to accommodate
any unintentional rocking motion of the mass and coil.

Load cell
Pillar with tuning
mechanism

voice coil

Figure 9- The proposed test rig design for active control of the nonlinear isolation system
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5 CONCLUSIONS
In this paper, a design has been presented for a nonlinear isolator system with hardening
stiffness. A static test has been performed to measure its force deflection characteristics and this is
seen to resemble theory closely. The motion transmissibility of the system has also been measured
which exhibits clear nonlinear behaviour that is consistent with that obtained from theory using the
harmonic balance method. This behaviour is undesirable and can, in principle, be ameliorated
without deterioration of isolation at high frequencies by adding skyhook damping. The rig is being
modified in order to demonstrate the benefits of combining active damping with a passive nonlinear
mount.
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