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UNIVERSITY OF SOUTHAMPTON

ABSTRACT

FACULTY OF ENGINEERING AND APPLIED SCIENCE

DEPARTMENT OF ELECTRONICS AND COMPUTER SCIENCE

Doctor of Philosophy

Network Coding for Cooperative Multi-user Wireless Communication Systems

by Hung Viet Nguyen

In the first chapter, Space Time Trellis Codes (STTCs), Space Time Block Codes (STBCs)

and Sphere-Packing-Space-Time Block Codes (SP-STBC) are reviewed. These schemes belong

to the specific family of Multi-Input Multi-Output (MIMO) systems designed for achieving a di-

versity gain. The performance of the SP-STBC scheme is compared to other coded conventional

modulation systems, namely to that of STBC-Phase Shift Keying or Quadrature Amplitude Modu-

lation (STBC-PSK/QAM) and to that of STTC-Phase Shift Keying or Quadrature Amplitude Mod-

ulation (STTC-PSK/QAM). The rest of this chapter reviews other preliminaries pertaining to the

context of cooperative communications and network coding.

In Chapter 2, an in-depth study of the capacity and outage probability of the Continuous-input

Continuous-output Memoryless Channel (CCMC), Discrete-input Continuous-output Memoryless

Channel (DCMC) and of Differential Discrete-input Continuous-output Memoryless Channel (D-

DCMC) is presented. The study also considers various propagation phenomena, namely the small-

scale fading and the large-scale fading. The frame-length is also taken into consideration when

calculating the achievable throughput and outage probability, which serve as useful benchmarks

for our near-capacity coding schemes. Extrinsic Information Transfer (EXIT) charts are used for

designing Irregular Convolutional Coded Unity Rate Coded M-ary Phase Shift Keying (IrCC-URC-

MPSK), Irregular Convolutional Coded Unity Rate Coded Differential M-ary Shift Keying (IrCC-

URC-DMPSK) and Irregular Convolutional Coded Unity Rate Coded Space Time Trellis Coded

M-ary Phase Shift Keying (IrCC-URC-STTC-MPSK) schemes.

In Chapter 3, a novel Distributed Concatenated IrCC-URC-STTC (DC-IrCC-URC-STTC) scheme

is proposed for cooperative single-user systems relying on single-antenna aided relays, based on the

studies conducted in Chapter 1 and Chapter 2. In this contribution, each coding arrangement of the

entire DC-IrCC-URC-STTC scheme is designed for achieving decoding convergence to a vanish-

ingly low Bit Error Ratio (BER) by employing non-binary EXIT-charts. Additionally, the EXIT

charts are employed for calculating the most appropriate positions of the relays by ensuring that

decoding convergence to a vanishingly low BER occurs at a similar Signal-to-Noise Ratio (SNR)

both at the relays and at the destination.

In Chapter 4, Multi-User Cooperative Communications is designed for supporting M users
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with the aid of near-capacity network coding. We first derive the upper and lower Frame Error

Ratio (FER) performance bounds of cooperative multi-user communications systems using net-

work coding. Then, we investigate Near-Capacity Multi-user Network-coding (NCMN) based sys-

tems using the IrCC-URC-MPSK scheme of Chapter 2. In parallel to the investigation of coherent

NCMN systems, we also explored Near-capacity Non-coherent Cooperative Network-coding aided

Multi-user (NNCNM) based systems using the IrCC-URC-DMPSK, which do not require channel

estimation at the receiver’s side. This reduces the complexity imposed, albeit this is achieved at a

3 dB SNR-loss. Moreover, a new technique referred to as the Pragmatic Algebraic Linear Equation

Method (PALEM) was proposed for exactly determining the number of information sources that

may be recovered from the composite NCMN stream, which results in a more accurate evaluation

of the attainable FER performance of the NCMN and NNCNM based systems. The design princi-

ples presented in this contribution can be extended to a vast range of NCMN and NNCNM based

systems using arbitrary channel coding schemes.

In Chapter 5, the NCMN and NNCNM based systems of Chapter 4 are generalised for intro-

ducing the Generalised NCMN (GNCMN) system, which has a multi-layer architecture and it is

capable of operating in multiple modes. More specifically, the GNCMN system may operate upon

employing either individually or in a combined fashion using a single Channel Coding (CC) layer

plus two network coding layers, namely Network Coding 1 (NC1) and Network Coding 2 (NC2).

Additionally, the GNCMN system is capable of simultaneously exploiting the advantages of all the

modes available in each layer of the system as well as appropriately combining the advantageous

modes across all the three layers.

Finally, in Chapter 6, the summary of our findings are presented in order to facilitate our dis-

cussions on future research.
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Chapter 1
Introduction and Overview

The design of an attractive channel coding and modulation scheme depends on a range of con-

flicting factors [1], which are illustrated in Figure 1.1. Different solutions accrue when optimising

different codec features. For example, in many applications the most important codec parameter

is the achievable coding gain, which quantifies the amount of bit-energy reduction attained by a

codec at a certain target Bit Error Ratio (BER). Naturally, attaining a transmit power reduction is

extremely important in battery-powered devices. This transmitted power reduction is only achiev-

able at the cost of an increase implementational complexity, which itself typically, increases the

power consumption and hence erodes some of the power gain. Viewing this system optimisation

problem from a different perspective, it is feasible to transmit at a higher bit rate in a given fixed

bandwidth by increasing the number of bits per modulated symbols. However, when aiming for a

given target BER, the channel coding rate has to be reduced in order to increase the transmission

integrity. Naturally, this reduces the effective throughput of the system and results in an overall

increased system complexity [2].

An anecdotal research road map leading towards the introduction of multi-user cooperative

systems is represented in Figure 1.2. More specifically, we commence with the ultimate goal of

designing a wireless communication system for creating reliable high data rate links. These links

may be supported by utilising different forms of diversity, which are made available by introducing

various techniques, for example multidimensional modulation and coding schemes.

Accordingly, we have conducted a study of Multi-Dimensional Modulation (MDM), which

leads us to the need of investigating Multi-Input Multi-Output (MIMO) systems, where MDM

and coding are combined. As a result of exploring further a range of MIMO-related areas, upon

combining idea of the cooperative communications with that of virtual MIMO systems exploiting

the concept of space time coding concatenated with turbo codes, our single-user cooperative relay

aided systems were designed in Chapter 3. Furthermore, in the context cooperative communica-

tion, network coding was then invoked for constructing the multi-user, multi-layer, multi-mode

cooperative system concept relying on realistic near-capacity coding schemes advocating the turbo
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principle, as detailed in Chapter 4 and Chapter 5. Accordingly, Table 1.1 and Table 1.2 summarises

the important milestones related to the road map of research portrayed in Figure 1.2.

The major novel contributions presented in the thesis can be summarised as follows:

1. We formulated the complementary cumulative distribution function (CDF) F(SNRr|R) of

the receiver’s SNR for characterising the family of DCMC/D-DCMC channels [3, 4].

2. We formulated the outage capacity of the differentially encoded modulation scheme corre-

sponding to different outage probability values ε. This outage capacity is employed as our

bench-marker for the realistic coding schemes both in a single-link scenario and in a network

coding based scenario [3, 4].

3. We conceived the EXIT-chart based design principle that is applied for near-capacity non-

coherent/coherent coded modulation schemes, namely for designing Irregular Convolutional

Code-Unity Rate Code-Differential M-ary Phase Shift Keying (IrCC-URC-DMPSK) [5] and

an Irregular Convolutional Coded-Unity Rate Coded M-ary Phase Shift Keying (IrCC-URC-

MPSK) scheme [6].

4. We amalgamated the ideas of distributed space time coding [7, 8] and near-capacity channel

coding with the cooperative DF approach employing several single-antenna aided relays and

our IrCC-URC-STTC coding arrangement for designing a near-capacity coding scheme. In

other words, we designed a near-capacity coding scheme for optimising the overall system

and devised algorithms for finding relays for cooperation in the most appropriate locations in

order to provide the best possible performance [9].

5. We derived the upper and lower Frame Error Ratio (FER) performance bounds of cooperative

multi-user communications systems using network coding [10]. These bounds guided our

network coding design as well as assist in estimating the FER performance of the systems

without running extremely time-consuming Monte-Carlo simulations.

6. We proposed the detection process to be employed at the Base Station (BS) of the cooper-

ative multi-user communications systems using network coding. Based on the algorithms

employed for recovering the frames at the BS, we proposed a new method that we refer to as

the Pragmatic Algebraic Linear Equation Method (PALEM), which is capable of accurately

characterising the system’s FER performance. The system’s performance estimated by the

PALEM is identical to that obtained by the Monte-Carlo simulations [3].

7. We improved the attainable diversity gain of our system by extending the idea suggested

in [11] for a network coding aided system relying on an idealised channel coding scheme

operating exactly at the CCMC capacity. We then formulated the performance bound of the

system operating in the full-diversity mode [4].
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8. We also incorporated the idea of adaptive network coding suggested in [12] into our sys-

tem for the joint treatment of channel-and network-coding in order to form two adaptive

modes for our system. These adaptive modes may be activated for improving the multiplex-

ing capability of the network coding scheme used in our system. The performance bounds

corresponding to the adaptive modes are also derived [4].

9. We propose an additional random network coding layer in order to allow our system to have a

three-layer coding architecture, which may facilitate the further improvement of our system’s

performance [4].

10. We introduce a novel family of multi-user multi-layer multi-mode cooperative communica-

tion systems that is capable of simultaneously exploiting the advantages of all the modes

available in our system [4].

In this chapter, we first review MDM, which is in a broad sense capable of providing more

independently fading dimensions by increasing the dimensionality of the signal space. More

specifically, the attainable diversity gain may be increased by making use of multiple antennas.

Hence, several MDM aided schemes employing multiple antennas are compared by using the

framework presented in Figure 1.1, namely Space Time Trellis Codes (STTC), Space Time Block

Codes (STBC) and STBC-Sphere Packing (STBC-SP) schemes. Cooperative communications con-

stitutes another solution conceived for enhancing the diversity gain, where single-antenna aided

relays are employed for constructing virtual Multi-Input Multi-Output (MIMO) antennas. Addi-

tionally, network coding is introduced as a general method used for combining the benefits of

coding and cooperative communications. After introducing the concept of MDM aided schemes,

we aim for presenting multi-user cooperative systems in the subsequent chapters.

1.1 Multiple Dimension Modulation

The idea of MDM was embedded into Shannon’s fundamental theorem itself, which relies on in-

creasing the dimensionality of the signal space in order to increase the bandwidth efficiency [51].

Slepian [52] and Ottoson [53] proposed modulation schemes based on equal-energy signals that

were defined as M points on a sphere in the N-dimensional Euclidean space.

The motivation for employing MDM may be readily highlighted by referring to the gain achieved

with the aid of the classic two-dimensional constellation over the one-dimensional constellation.

For example, a 16-Pulse-Amplitude Modulation (PAM) signal loses as much as 9.3 dB over 16-

Quadrature Amplitude Modulation (QAM) at the same spectral efficiency, when comparing their

capacity curves. Furthermore, each additional bit per transmitted signal costs an extra 6 dB in PAM

systems, whereas the associated cost in QAM is only 3 dB. The implication of this is that upon con-

sidering infinitely large constellations, the Signal-to-Noise Ratio (SNR) loss of one-dimensional

constellations with respect to two-dimensional constellations is unbounded [54].



1.1. Multiple Dimension Modulation 5

Year Author Milestone

1948 Shannon [13] Shannon’s capacity theorem was introduced.

1950 Hamming [14] Hamming codes were discovered.

1955 Elias [15] Convolutional codes were introduced.

1957 Prange [16] Cyclic codes were proclaimed.

1959 Brennan [17] Three diversity systems, namely Selection Combining (SC),

Maximal-Ratio Combining (MRC) and

Equal-Gain Combining (EGC), were analysed.

1960 Reed and Solomon [18] Reed Solomon (RS) codes were defined over

certain finite Galois fields.

1966 Forney [19] Concatenated codes were introduced.

1971 van der Meulen [20] A simple relay channel constituted by a source, a destination

and a relay was introduced.

1972 Bahl et al. [21] The Maximum A-Posteriori (MAP) algorithm was invented.

1974 Bahl et al. [22] The symbol based MAP algorithm was proposed.

1977 van der Meulen [23] The model of [20] was generalised and

the transmission efficiency of relays was studied.

1979 Cover and El Gamal [24] Capacity analysis of the full duplex relay channel was presented.

1993 Berrou et al. [25] Turbo codes were discovered.

1997 Tarokh et al. [26] Space Time Trellis Coding (STTC) was introduced.

1996 Foschini et al. [27] Diagonal BLAST was conceived for achieving

a MIMO multiplexing gain.

1998 Alamoti et al. [28] Space Time Block Coding (STBC) was introduced.

Sendonaris et al. [29] The relay model was generalised to the system supporting

multiple nodes, which are capable of transmitting their own data

as well as of serving as relays for others.

1999 Tarokh et al. [30–32] Alamouti’s scheme of [28] was generalised for supporting

systems exploiting more than two transmit antennas.

2000 Ahlswede et al. [33] Widely acknowledged concept of

network coding was formally published.

2002 Hanzo, Liew and Yeap [2] Turbo algorithms were characterised.

2003 Laneman and Wornell [34] Various cooperative diversity protocols were developed for

exploiting spatial diversity in a cooperative scenario.

Table 1.1: Milestones related to the research road map presented in Figure 1.2 (Part 1).
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Year Author Milestone

2004 Laneman et al. [7] Performances of various cooperative diversity protocols, namely

of Decode-and-Forward (DF), of Amplify-and-Forward (AF)

and of relay selection are compared

in terms of their outage behaviours.

Janani et al. [35] The diversity of coded cooperation was increased by borrowing ideas

originated from STCs in conjunction with the application of

turbo codes to the proposed relay aided system.

2005 Snessens et al. [36] A soft DF signalling strategy capable of outperforming the

conventional DF and AF was proposed.

Hu and Li et al. [37] Slepian-Wolf cooperation exploiting distributed source coding in

wireless cooperative communication was advocated.

2006 Li et al. [38] Soft information relaying applied in a BPSK modulated system

employing turbo coding was proposed.

Hu et al. [39] Wyner-Ziv cooperation relying on the Slepian-Wolf cooperation

of [37] in conjunction with a Compress-And-Forward (CAF)

signalling strategy was proposed.

Yeung and Cai [40, 41] Existence of Maximum Distance Separable (MDS)

network codes was shown.

Ho et al. [42] Random Network Coding (RNC) was introduced for

a non-coherent network model.

2007 Xiao et al. [43] The concept of network coding was introduced in the

context of cooperative communications.

2008 Wang et al. [44] The complex field network coding approach capable of

mitigating the throughput loss in conventional cooperative signalling

schemes and of attaining full diversity gain was introduced.

2009 Hanzo et al. [45] Low-complexity cooperative MIMOs and distributed turbo codes

designed for two users cooperating for the sake of improving

their attainable BER performance were presented.

Ming and Skoglund [46] A basic example of the applications of MDS network coding

was introduced in multi-user relay networks.

2010 Rebelatto et al. [47] Generalized Distributed Network Coding (GDNC) designed

based on RS codes was introduced for cooperative communications.

2011 Rebelatto et al. [12, 48] Adaptive GDNC was introduced in the context

of cooperative communications.

2012 Maric et al. [49] Multi-hop network coding based systems relying on

an AF mechanism were studied.

Xiao et al. [50] MDS network codes were investigated in scenarios in the presence

or absence of the direct source-BS links and relying on

orthogonal/non-orthogonal channels.

Table 1.2: Milestones related to the research road map presented in Figure 1.2 (Part 2).
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Unfortunately, the same reasoning does not hold when we extend this concept from two-

dimensional constellations to higher-dimensional constellations. In practice, conventional mod-

ulation schemes, like QAM and Phase-Shift Keying (PSK), use two-dimensional signals facilitated

by the in-phase and quadrature components of a sinusoidal carrier. Four-dimensional signal spaces

can be realised in a similar way by simultaneously exploiting two channels, which can be for ex-

ample two orthogonally polarised electromagnetic waves, or time-division or frequency-division

multiplexed signals transmitted over a common medium [51]. Commencing from the concept of

permutation codes introduced by Slepian [52], Welti and Lees [55] designed a four-dimensional

vector space, while another design implemented by Zetterberg [56] was inspired from an algebraic

point of view. The problem is that for a given carrier frequency f0, there are only two orthogonal

functions, namely sin(2π fot) and cos(2π fot), which can be used for modulating a base-band sig-

nal without expanding its bandwidth. Hence, only the transition from one-dimensional signalling

to two-dimensional signalling allows us to double the transmitted information bit rate, provided

those signalling schemes are based on the use of an in-phase quadrature-phase carrier. By contrast,

a BER performance improvement was reported when evolving from two-dimensional-signalling to

four-dimensional-signalling [55, 57], which was not accompanied by a throughput improvement.

Additionally, the seminal paper by Saha and Birdsall [58] suggested that the four-dimensional

modulation referred to as Quadrature-Quadrature Phase-Shift Keying (Q2PSK) transmits twice

as many bits per second at a given bandwidth compared to that of Quadrature Phase-Shift Key-

ing (QPSK) without any SNR penalty. The evolution from QPSK to Q2PSK was presented in a

way analogous to the transition from BPSK to QPSK. However, the appealing benefits of Q2PSK

eroded after Visintin et al. investigated the minimum bandwidth required for each of those mod-

ulations [57]. This research clearly showed that the bandwidth efficiency of QPSK and Q2PSK

are, in fact, identical, and that there is no advantage in using Q2PSK on Additive white Gaus-

sian Noise (AWGN) channels. Visintin also suggested that in order to get a benefit from using a

four-dimensional basis, a channel coded scheme should be used [57].

Following the idea of the coded multi-dimensional scheme, the joint designs between MDM

and coding, namely group codes, trellis codes as well as convolutional and block codes were pro-

posed [51, 53, 56, 59, 60]. The MDM concept was also applied to Bit-Interleaved Coded Modu-

lation (BICM) in the context of multi-antenna channels in the form of spatial mapping (mapping

across antennas) [61–65]. Later, MDM was combined with Space Time Coding (STC) and BICM in

the form of coded modulation aided MIMO systems [63–66]. In such coded modulation systems,

multidimensional bit-to-symbol mapping is used between the channel coded words and multidi-

mensional constellations.

Advances in channel coding made it feasible to approach Shannon’s capacity limit in systems

equipped with a single antenna. However, these capacity limits can be further extended with the

aid of multiple antennas. MIMO systems provide a linearly increasing capacity as a function of

the transmit power, provided that the extra power is assigned to additional antennas [67]. MIMO



1.1.1. Space Time Trellis Code 8

schemes can be briefly categorised as diversity techniques, multiplexing schemes, multiple access

arrangements and beamforming techniques [45]. In what follows, we consider various MDM aided

diversity techniques, namely Space Time Trellis Codes (STTC), Space Time Block Codes (STBC)

and STBC-Sphere Packing (STBC-SP).

1.1.1 Space Time Trellis Code

Space Time Trellis Codes (STTCs) [31, 68–70] were proposed by Tarokh et al., which incorporate

jointly designed channel coding, modulation, transmit diversity and optional receiver diversity. The

performance criteria for designing STTCs were listed in [68] with the assumption that the channel

is fading slowly and that the fading is non-dispersive. It was illustrated in [68] that the systems

performance is determined by matrices constructed from pairs of distinct code sequences. The di-

versity gain and coding gain of the codes are determined by the minimum rank and the minimum

determinant [68], respectively. The results were then also extended to fast-fading channels [71].

The STTCs proposed in [68] strike the best trade-off among the data rate, diversity gain and trellis

complexity. The effect of multiple propagation paths on the performance of STTCs were investi-

gated in [31] for transmission over slowly varying Rayleigh fading channels. It was shown in [31]

that the presence of multiple paths does not decrease the diversity order guaranteed by the design

criteria used for constructing the STTCs. The results provided in [31] were then also extended to

rapidly-fading dispersive and non-dispersive channels.

Having presented a rudimentary introduction to STTCs, let us now detail encoding and de-

coding processes with the aid of an example, namely that of the 4-state, 4-level Phase Shift Key-

ing (4PSK) STTC using two transmit antennas, Nt = 2. More sophisticated STTCs were designed

for 4PSK and 8PSK [68] by increasing the number S of trellis states to S = {8, 32}. In the 4-state-

4PSK-STTC encoder, at any time instant k, the 4-state 4PSK-STTC encoder transmits the symbols

xk,1 and xk,2 over the transmit antennas Tx1 and Tx2, respectively. The symbols transmitted at the

time instant k are given as follows [68]:

xk,1 = 0.dk,1 + 0.dk,2 + 1.dk−1,1 + 2.dk−1,2 , (1.1)

xk,2 = 1.dk,1 + 2.dk,2 + 0.dk−1,1 + 0.dk−1,2 , (1.2)

where dk,i represents the current input bits, whereas dk−1,i the previous input bits and i = {1, 2} is

the antenna index.

In the 4-state-4PSK-STTC decoder, at any transmission instant, having symbols x1 and x2

transmitted from the antennas Tx1 and Tx2, we would receive:

y1 = h1,1x1 + h1,2x2 + n1 , (1.3)

y2 = h2,1x1 + h2,2x2 + n2 , (1.4)
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at the receiver antennas Rx1 and Rx2, where h1,1, h1.2, h2,1 and h2,2 are the corresponding complex-

valued time-domain channel coefficients. With the aid of a channel estimator, the Viterbi Algorithm

based maximum likelihood sequence estimator [68] first finds the branch metric associated with

every transition in the decoding trellis diagram, which is identical to the state diagram. For each

trellis transition, we have two estimated transmit symbols, namely x̃1 and x̃2, for which the Branch

Metric (BM) is given by:

BM = |y1 − h1,1 x̃1 − h1,2 x̃2|2 + |y2 − h2,1x̃1 − 2, 2x̃2|2 ,

=
2

∑
i=1

|yi − hi,1 x̃1 − hi,2 x̃2|2 ,

=
2

∑
i=1

∣∣∣yi −
2

∑
j=1

hij x̃j

∣∣∣2
. (1.5)

We can generalise Equation (1.5) to Nt transmit antennas and Nr receive antennas as follows:

BM =
Nt

∑
i=1

∣∣∣yi −
Nr

∑
j=1

hij x̃j

∣∣∣2
. (1.6)

Bearing in mind the framework illustrated in Figure 1.1, let us fix the frame length (interleav-

ing delay) to N = 10000 bits, in order to study BER and Frame Error Ratio (FER) performances

for various system throughputs, as summarised in Table 1.3. The BER and FER performances of

STTC systems having two transmit antennas and a single receive antenna are presented Figure 1.3a

and Figure 1.3b. These performance curves were recorded for transmission over fast-Rayleigh fad-

ing channels with respect to various modulation schemes offering different Bit Per Symbol (BPS)

throughputs, namely BPS = {1, 2, 3, 4}, as given in Table 1.3. As seen in Figure 1.3a and Fig-

ure 1.3b, an increase of 3 dB in SNR is required for attaining the same BER or FER, when the

throughput increases by 1 BPS.

Modulation Scheme Coded Modulation Schemes Throughput (BPS)

BPSK STTC2x1-BPSK 1.0

QPSK STTC2x1-QPSK 2.0

8PSK STTC2x1-8PSK 3.0

16QAM STTC2x1-16QAM 4.0

Table 1.3: Throughput of STTC2x1-MPSK systems, when different modulation schemes,

namely BPSK, QPSK, 8PSK and 16QAM, are employed.

Let us take the throughput of the system into account by comparing the system performance

from BER/FER-versus-Eb/N0 perspective, where the values of Eb/N0 and SNR have to satisfy

the following relationship:

Eb

N0
× BPS = SNR. (1.7)
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Figure 1.3: The BER/FER-versus-SNR performance of the STTC2x1 schemes having

throughputs of BPS = {1, 2, 3, 4}, as listed in Table 1.3, provided that the frame length

is fixed to N = 104 bits, when communicating over fast Rayleigh fading channels.

Equation (1.7) may be represented in the logarithmic domain as

Eb

N0
dB + log10(BPS) = SNRdB. (1.8)

Accordingly, our BER/FER-versus-Eb/N0 performance comparison is represented in Figure 1.4

Furthermore, in order to study the effect of the frame length N on the attainable performance of

the system, let us investigate the STTC2x1 scheme relying on the QPSK modulation. Different val-

ues of the frame length, namely N = [102, 103, 104, 105], are used for the QPSK-STTC2x1 scheme.

As seen in Figure 1.5a, the BER-versus-Eb/N0 performance curves of the QPSK-STTC2x1 scheme

remain almost unchanged, when different frame lengths are applied. By contrast, the shorter the

frame, the better the FER-versus-Eb/N0 performance becomes, as seen in Figure 1.5b. It is plausi-

ble that for a fixed BER, a higher FER is associated with a longer frame. This is because although

a longer frame is employed, no interleaver is invoked for exploiting the benefit of having a longer
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Figure 1.4: The BER/FER-versus-Eb/N0 performance of the STTC2x1 scheme across

various bandwidths of BPS = {1, 2, 3, 4} listed in Table 1.3, when communicating over

fast Rayleigh fading channel, provided that the frame length is fixed to N = 104 bits.

frame. This issue will be further explored in Section 2.3.2.2, where interleavers are invoked in

concatenated coding schemes.

1.1.2 Space Time Block Code

The Space Time Block Coding (STBC) concept was conceived by Alamouti in [72] as a simple

two-branch transmit diversity scheme. Using two transmit antennas and a single receive antenna,

the scheme provides the same diversity order as Maximal-Ratio Receiver Combining (MRRC)

with one transmit antenna and two receive antennas, provided that the two antennas experience

independent fading. It was also shown in [72] that the scheme can be readily generalised to two

transmit antennas and Nr receive antennas for providing a diversity order of 2Nr. In order to

exploit both the spatial and the temporal diversities offered by a MIMO system, an STBC transmits
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Figure 1.5: The BER/FER-versus-Eb/N0 performance of the QPSK-STTC2x1 scheme

for the frame lengths of N = [102, 103, 104, 105], when communicating over fast Rayleigh

fading channels.
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a signal matrix S conveying the source information using both spatial and temporal dimensions.

Considering a MIMO system having Nt transmit and Nr receive antennas, an STBC scheme can

be designed for transmitting Q symbols using T time slots. Hence, the STBC scheme may be

described by a set of parameters (NtNrQT) having the normalised throughput of R = Q/T. In

other words, the concept of STBCs is based on a set of matrices S satisfying both the throughput

and the diversity order requirements under certain complexity constraints [73].

A STBC describes the relationship between the original transmitted signals x and the signal

replicas artificially created at the transmitter for transmission over independently fading diversity

channels can be defined by an Nt × T element transmission matrix [2]. The entries of the matrix

are constituted by linear combinations of the input symbols and their conjugates. Hence, a general

form of the transmitted matrix of an STBC scheme may be illustrated as follows:

GNt =


g11 g21 · · · gNt1

g21 g22 · · · gNt2
...

... · · · · · ·
gT1 gT1 · · · gNtT

 , (1.9)

where the entries gij represent a linear combination of the symbols x1, x2, · · · , xk and of their con-

jugates. More specifically, the entries gij represent the elements that are transmitted from antenna

i, i = 1, 2, · · · , Nt within time slot j, j = 1, 2, · · · , T.

Alamouti proposed the simplest version of STBC in [72], where the transmit matrix of the

STBC was specified as follows:

G2 =

x1 x2

x∗2 x∗1

 . (1.10)

As we can see from the transmit matrix G2, at a given time instant T, two signals are simultaneously

transmitted from the pair of antennas T1 and T2. In the next time slot, x∗2 and x∗1 , which are the

conjugates of the symbols x1 and x2, are simultaneously transmitted from the antennas T1 and

T2. Assuming that the complex-valued fading envelope is constant across the corresponding two

consecutive time slots, and independent noise samples are added at the receiver in each time slot,

the received signals can be expressed with the aid of Equation (1.10) as:

y1 = h1x1 + h2x2 + n1 , (1.11)

y2 = −h1x∗2 + h2x∗1 + n2 , (1.12)

where y1 and y2 are the signals received during the two time slots. In order to extract the signals

x1 and x2 from the received signals y1 and y2, we combine the received signals as follows:

x̃1 = h∗1y1 + h2y∗2 ,

= h∗1h1x1 + h∗1h2x2 + h∗1n1 − h2h∗1 x2 + h2h∗2 x∗1 + h2n∗
2 ,

=
(
|h1|2 + |h2|2

)
x1 + h∗1n1 − h2n∗

2 . (1.13)
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Similarly, for signal x2 we have:

x̃2 = h∗2y1 − h1y∗2 ,

= h∗2h1x1 + h∗2h2x2 + h∗2n1 + h1h∗1 x2 − h1h∗2 x∗1 − h1n2 ,

=
(
|h1|2 + |h2|2

)
x2 + h∗2n1 − h1n∗

2 . (1.14)

After cancelling the unwanted signal x2 and x1 in Equation (1.13) and Equation (1.14), respectively,

both signals x̃1 and x̃2 are passed to a maximum likelihood detector for determining the most likely

transmitted symbols.

Modulation Scheme Coded Modulation Schemes Throughput (BPS)

BPSK G2-STBC2x1-BPSK 1.0

QPSK G2-STBC2x1-QPSK 2.0

8PSK G2-STBC2x1-8PSK 3.0

16QAM G2-STBC2x1-16QAM 4.0

Table 1.4: Throughput of G2-STBC2x1 systems, when employing different modulation

schemes, namely BPSK, QPSK, 8PSK and 16QAM.

Again, upon employing the framework illustrated in Figure 1.1, let us first set the frame length

(interleaving delay) to N = 104 bits, and embark on studying the BER and FER performances for

various system throughput values, as listed in Table 1.4. The BER and FER performances of the

G2-STBC system employing a single receive antenna are depicted in Figure 1.6a and Figure 1.6b,

respectively. We employed the modulation schemes given in Table 1.4, namely BPSK, QPSK,

8PSK and 16QAM, which correspond to the system throughput values of 1BPS, 2BPS, 3BPS and

4BPS, respectively.

Similar to the manner advocated in Section 1.1.1, the throughput of the G2-STBC systems

corresponding to the different modulation schemes summarised in Table 1.4 are compared by in-

vestigating both their BER-versus-Eb/N0 and FER-versus-Eb/N0 performances. The relationship

between the values of SNR and Eb/N0 were given by Equation (1.7) or Equation (1.8). As a re-

sult, the BER-versus-Eb/N0 and BER-versus-Eb/N0 performances corresponding to the different

modulation schemes of Table 1.4 are plotted in Figure 1.7.

The effect of using different frame lengths is also studied for the G2-STBC2x1 scheme, where

the BPSK modulation is investigated for a range of frame lengths, namely N = [102, 103, 104, 105].

As seen in Figure 1.8a, the BER-performance of the G2-STBC2x1-BPSK scheme remains un-

changed, when different frame lengths are employed. By contrast, when a longer frame is em-

ployed, a degraded FER-performance is seen in Figure 1.8b, because no interleaver is invoked for

exploiting the advantage of a long frame.
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Figure 1.6: The BER/FER-versus-SNR performance of the G2-STBC2x1 scheme for the

throughput values of BPS = {1, 2, 3, 4} given in Table 1.4, when communicating over

fast Rayleigh fading channels for frame length of N = 104 bits.

1.1.3 STBC-Sphere Packing

In line with the approach suggested in [57], Sphere Packing (SP) modulation was designed jointly

with STBC in [74] for two transmit antennas and for various number of receive antennas, in order

to exploit the benefits of multi-dimensional modulation. In [74], the signals transmitted from

two transmit antennas are chosen from L legitimate space-time signals, which are designed over

the four-dimensional real-valued Euclidean space R4. In other words, the L legitimate space-time

signals transmitted are selected from the four-dimensional real-valued Euclidean space by ensuring

that they have the highest possible minimum Euclidean distance from all other (L − 1) legitimate

signals. In Table 1.5, the value of L and its corresponding throughput and block sizes are listed.

The FER and BER performances of various SP-STBC schemes having L = {4, 16, 64, 256} and

employing two transmit and one receive antennas are presented in Figure 1.9a and Figure 1.9b.
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Figure 1.7: The BER/FER-versus-Eb/N0 performance of the G2-STBC2x1 scheme for

the throughput values of BPS = {1, 2, 3, 4} given in Table 1.4, when communicating

over fast Rayleigh fading channels, while the frame length was set to N = 104 bits.

The SP-STBC-G2 scheme was also concatenated with other channel coding schemes, namely with

Low-Density Parity-Check (LDPC) codes in [75] and with BICM in [76].

In harmony with our approach of conducting the comparisons in Section 1.1.1 and Section 1.1.2,

the throughput of the scheme associated with different signal set sizes, as listed in Table 1.5, the

relationship between the SNR and Eb/N0 values formulated in Equation (1.7) or Equation (1.8)

may be employed for taking the throughput into account in our performance comparisons. As a

result, the BER/FER-versus-Eb/N0 performance is plotted in Figure 1.10, when different signal

set sizes, namely L = 4, 16, 64, 128 were employed for communicating over fast Rayleigh fading

channels using a frame length of N = 104 bits.

Additionally, let us consider the 4-SP-STBC-G2 scheme for studying the influence of apply-

ing different frame lengths, namely N = [102, 103, 104, 105] on the performance of the system.
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Figure 1.8: The BER/FER-versus-Eb/N0 performance of the G2-STBC2x1 scheme com-

pared over different frame lengths, namely N = [102, 103, 104, 105], when communicat-

ing over fast Rayleigh fading channel.

L Block size (bits) Throughput (BPS)

4 2 1.0

8 3 1.5

16 4 2.0

32 5 2.5

64 6 3.0

128 7 3.5

256 8 4.0

Table 1.5: Throughput of SP-aided G2 systems for different SP signal set sizes L [45].
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Figure 1.9: The BER/FER-versus-SNR performance of the SP-STBC2x1-G2 scheme re-

lying on different values of the SP signal set sizes mentioned in Table 1.5, when commu-

nicating over fast Rayleigh fading channels.

It can be seen in Figure 1.11a that the BER-versus-Eb/N0 performance of the scheme remains

unchanged, when the frame length is increased from N = 102 bits to N = 105 bits. However,

the FER-versus-Eb/N0 performance of the scheme seen in Figure 1.11b varies, when the frame

length changes. More specifically, the longer the frame length, the worse the FER-versus-Eb/N0

performance becomes. This again is because no interleavers are employed in the 4-SP-STBC-G2

scheme.

1.1.4 Comparison of STTC, STBC and SP-STBC

Having separately studied the transmit diversity techniques of STTC, STBC and SP-STBC, let us

now compare the BER/FER performances of these techniques at each of the different throughputs

of BPS = 1, 2, 3, 4. In order to highlight the benefits of having a coding gain, the performance
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Figure 1.10: The BER/FER-versus-Eb/N0 performance of the SP-STBC2x1-G2 scheme

relying on different values of the SP signal set sizes mentioned in Table 1.5, when com-

municating over fast Rayleigh fading channels.

of the corresponding system operating without channel coding is also considered. For example,

the performance curve of the BPSK scheme is also included, when comparing the performances of

the STTC2x1-BPSK, G2-STBC2x1-BPSK and 4-SP-STBC-G2 systems. As a result, Figure 1.12

presents performance curves of the above-mentioned schemes, when the frame length of N = 104

is employed, provided that the channel imposes fast Rayleigh fading. More specifically:

BPS = 1: As shown in Figure 1.12a and Figure 1.12b, in the high SNR region STBC2×1-

BPSK provides a slightly better performance than those of STTC2x1-BPSK and 4-SP-STBC in

terms of both BER and FER performances, while STTC2x1-BPSK exhibits a marginal improve-

ment in comparison to 4-SP-STBC.

BPS = 2: The performances of SP-STBC and STBC-BPSK are virtually identical as we can

see in Figure 1.12c and Figure 1.12d. The STTC-based systems are capable of providing a better
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Figure 1.11: The BER/FER-versus-Eb/N0 performance of the 4-SP-STBC2x1-G2

scheme using different frame lengths, namely N = [102, 103, 104, 105], when commu-

nicating over fast Rayleigh fading channels.

BER and FER performance than that of the other two.

BPS = 3: It is shown in Figure 1.12e and Figure 1.12f that SP-STBC exhibits a better perfor-

mance than that of STBC-8PSK. However, STTC-8PSK still has the best performance, especially

in terms of its FER.

BPS = 4: As seen in Figure 1.12g and Figure 1.12h, the descending performance order of the

various schemes is given by STTC, SP-STBC, STBC-QAM and 2x1-QAM, respectively.

In summary, the STTC2x1 scheme exhibits a superior BER/FER performance in comparison

to the other schemes, namely to G2-STBC2x1 and SP-STBC2x1-G2, especially at sufficiently high

SNRs, as seen in Figure 1.12. As a result, the STTC scheme is chosen for our cooperative system

investigated in Chapter 3.
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(g) BER performance, BPS = 4
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Figure 1.12: The BER/FER performance of the STTC2x1, G2-STBC2x1, SP-STBC2x1-

G2 schemes, for the throughput values of BPS = 1, 2, 3, 4, when communicating over

fast Rayleigh fading channels.
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1.2 Cooperative Communications and Network Coding

1.2.1 Cooperative Communications

Classically, relays have been used to extend the range of wireless communication systems [24, 77–

82]. However, in recent years, numerous exciting new applications of relay aided communications

have emerged [83–85]. The applications of cooperative and relay aided communications involve

the Physical Layer (PHY) [86, 87], the Medium Access Control (MAC) [88], the network layer as

well as their cross-layer operation [89], as seen in Figure 1.13. One of the emerging applications

is based on supporting communications between the source and destination nodes with the aid of

cooperative protocols. By designing sophisticated medium access between the source and relay

nodes [88, 90], in conjunction with appropriate modulation and coding [91, 92], it has been found

that the diversity gain of the system can be substantially improved [93]. Moreover, in multi-user

systems, different users can also act as cooperating partners or relays in order to share resources and

assist each other in their information transmission [94]. Another emerging application is the ex-

change of information between multiple users through relay(s). In some cases, the total throughput

of these systems can be drastically increased by exploiting the knowledge of one’s own transmitted

signal [83].

Based on cross-layer operation techniques relying on the PHY, MAC and network layers, co-

operative networks have recently received significant research attention [95, 96]. As seen in Fig-

ure 1.13, cooperative networking may be classified into the following categories:

• Coding [97–104] in the PHY layer

• Power allocation [105–110] in the PHY layer

• Cooperative transmission [111–113] in the PHY layer

• Relay-selection-and-routing in the network layer [114, 115]

• Service-quality improvement [116–118] in cooperative networks

• Channel access [119–121] in cooperative networks.

• Routing [122–124] in cooperative networks.

• Scheduling [125, 126] in cooperative networks.

• Topology control [127, 128] in cooperative networks.

• Resource management [129, 130] in cooperative networks

• Cross-layer design [97] in cooperative networks

Section 1.2.2 is dedicated to reviewing the literature of network coding.
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Figure 1.13: Cooperative Networking

1.2.2 Network Coding

Network coding is capable of increasing the throughput, while minimising the amount of energy

required per packet as well as the delay of packets travelling through the network [131, 132]. This

is achieved by allowing intermediate nodes in a communication network to combine multiple data

packets received via the incoming links before transmission to the destination [133]. According

to [134], the connections between the network coding and other disciplines can be illustrated in

Figure 1.14.

Although, the theory of network coding has been well documented for a single communication

session, the field of concurrent communication sessions still constitutes an open theoretical chal-

lenge [135]. Moreover, transmission errors may appear in a communication network that employs

network coding. These may be random errors, erasures due to lost packets, or more seriously, errors

caused by intentional attacks inflicted by malicious nodes in the network. As discussed briefly in

[136], the employment of classic error correction coding leads to network error correction coding.

Additionally, as explored in [137], it is paramount importance to determine the fundamental limit

of confidential communication in networks in the presence of malicious eavesdroppers.

Network codes may be classified based on different perspectives. For example on the basis of

how the information streams are processed at the relays [134], or depending on the construction
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Figure 1.14: Network Coding: Connections with other disciplines [134].

of network codes [136], depending on the specific the architecture of networks employing network

coding [138], the layer in networks where the network coding operates [139], just to name a few.

As seen in Figure 1.15, let us classify network codes into three main categories, namely the Linear

Network Codes (LNC), Non-linear Network Codes (NLNC) and the family of so-called Hybrid

Network Codes (HNC)1.

It should be noted that the capacity of single-source multicast communications in a network

can be approached by solely using LNC [140], which has many attractive properties. From a

theoretical standpoint, linearity is a beneficial algebraic property supported by exact mathematical

foundations. From an engineering standpoint, the simplicity of linear approaches leads to relatively

low complexity in the encoding and decoding processes, which makes LNC attractive [141]. Hence,

our research interests are focused on LNC. It is worth noting that the specific categories of the LNC

characterised in Figure 1.15 are not strictly unrelated to one another.

1.2.2.1 Linear Network Codes

Let us focus our attention on the LNC branch of the network coding taxonomy presented in Fig-

ure 1.15, where we pay particularly attention to Maximum Distance Separable (MDS) network

codes and to Random Network Codes (RNC). For the details on Generic Network Codes (GNC),

Static Network Codes (SNC) and Convolutional Network Codes (CNC), the interested reader might

like to refer to [142]. For the details on Product Codes (PC) seen in Figure 1.15, please refer

to [136], whereas the specifics of Secure Network Codes (SNC) mentioned in Figure 1.15 can

be found in [143–145]. Below, we summarise the important milestones in the evolution of MDS

1We use the term ‘hybrid network codes’ for the network codes that do not entirely belong to either the linear network

coding or non-linear network coding classes
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network codes and RNCs in Table 1.6.

As seen in Table 1.6, the concept of network coding was introduced by Ahlswede et al. in

1998 [146], which was formally published in 2000 [33].

In 2006, the network coding concept was conceived as a generalisation of classic error cor-

rection codes in [40, 41], which also extended bounds employed in classic coding theory, namely

the Singleton bound, Hamming bound and Gilbert-Vashamov bound, to the network coding field.

Based on the Singleton bound, the existence of Maximum Distance Separable (MDS) network

codes was proved.

In 2006, RNCs were proposed in [42]. The main benefits of RNC are their decentralised opera-

tion and robustness to network changes or link failures, which are considered in the scenario of the

non-coherent network model. It was noted that research in network coding theory considered two

different network models, namely coherent and non-coherent networks. In the coherent network,

the transmitter and receivers are aware of the network characteristics, while in the non-coherent

networks the opposite is true. Naturally, the non-coherent network model is more suitable for most

practical applications [136].

In 2007, SC was introduced in [147] as a branch of RNC, which was described in more detail

in 2008 [148] as a network code capable of correcting various combinations of errors and erasures.

In 2008, the author of [149] proved that the concept of minimum distance plays exactly the

same role as it does in classic coding theory in terms of characterising the capability of correct-

ing/detecting errors. This proof simplifies the design of network codes. Hence, the structure of the

MDS code family established in classic coding theory may also be applied to network coding.

Relying on the initial work in [46] published in 2009, the application of the MDS network

coding in multi-user relay networks was fully characterised in 2011 [150].
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Year Author Milestone

1998 Ahlswede et al. [146] Seminal work on the network coding field introducing

the concept of processing information frames

at intermediate nodes rather than simply forwarding them.

2000 Ahlswede et al. [33] Widely acknowledged concept of the

network coding was formally published.

2006 Yeung and Cai [40, 41] Existence of Maximum Distance Separable (MDS)

network codes was proved for paving the way

applying classic code theory to network coding.

Ho et al. [42] Random Network Coding (RNC) was introduced for

non-coherent network model, which is more suitable

for most practical applications.

2007 Koetter et al. [147, 148] Subspace Codes (SC) was proposed as a branch

of RNC family, which is capable of correcting

various combinations of errors and erasures.

Xiao et al. [43] The concept of network coding was introduced in the

context of relay aided communications.

2008 Zhang [149] Concept of minimum distance in LNC was proved

to be the same as that in classic coding theory,

when characterising the capability in

correcting/detecting errors.

2009 Ming and Skoglund [46] A basic example on the applications of MDS network coding

in multi-user relay networks was introduced.

2010 Rebelatto et al. [47] Generalized Distributed Network Coding (GDNC) was introduced,

which is generalised from the basic model of [46] by allowing

each user to transmit multiple frames during broadcast

and cooperative phases according to a transfer matrix

constructed from generating matrices of RS codes.

2011 Chao et al. [150] Applications of MDS network coding in multi-user

relay networks was fully introduced along with analyses on

Diversity Multiplexing Trade-off (DMT).

Rebelatto et al. [12, 48] Adaptive GDNC was introduced by allowing each user in the

GDNC system to transmit fewer parity frames based on

the feedback from transmission during the broadcast phases

2012 Rebelatto et al. [99] GDNC systems was formally introduced.

Maric et al. [49] Multi-hop network coding based systems relying on

an AF mechanism were studied.

Xiao et al. [50] MDS network codes were investigated in scenarios in the presence

or absence of the direct source-BS links and relying on

orthogonal/non-orthogonal channels.

Table 1.6: Milestones in network coding (2000-2012) with regard to the development and

applications of the Maximum Distance Separable (MDS) based network coding.
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In 2011-2012, relying on the initial results of [47] disseminated in 2010, the authors of [12,99]

formally introduced Generalized Distributed Network Coding (GDNC) relying on employing the

construction of Reed Solomon (RS) codes, which belong to the family of MDS codes.

This is the point where we commence our network coding related work, where our approach

is in line with a recent observation2 presented in [140]. More specifically, we further develop the

concept of GDNC systems and incorporate near-capacity channel coding schemes into the GDNC

systems, in order to conceive a family of multi-user, multi-layer, multi-mode cooperative systems.

1.3 Organisation of the Thesis

The structure of the thesis is portrayed in Figure 1.16. More specifically, various MDM schemes,

namely STTCs, STBCs and Sphere Packing Modulation were introduced earlier in this chapter,

which were compared. These discussion were then followed other preliminaries related to the

context of cooperative multiuser systems. The capacity and outage probabilities of the Continuous-

input Continuous-output Memoryless Channel (CCMC), Discrete-input Continuous-output Memo-

ryless Channel (DCMC) and the Differential Discrete-input Continuous-output Memoryless Chan-

nel (D-DCMC) were presented in Chapter 2. Based on the findings in Chapter 1 and Chapter 2,

distributed coded modulation schemes were designed for cooperative communications in Chapter

3. In Chapter 4, network coding was employed for devising cooperative multi-user communication

systems. Chapter 5 was dedicated to the generalisation of the multi-user network coding aided

system in Chapter 4, in order to conceive multi-user, multi-layer, multi-mode cooperative systems.

Finally, in Chapter 6, our conclusions and future work ideas were presented.

2It is observed by the authors of [140] that in the area of network coding research, the gradual shift from more

theoretical investigations to more practical concerns has demonstrated that network coding research has reached a level

of maturity. As a result, more recent research in network coding is more focused on its practical challenges, implications

and implementations [140].
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Chapter 2
Near-capacity Coded Modulation
Schemes

This chapter aims for conceiving and characterising near-capacity coding schemes. The chap-

ter commences by providing insights concerning the channel capacity of a single transmission

link, including the Continuous-input Continuous-output Memoryless Channel (CCMC), Discrete-

input Continuous-output Memoryless Channel (DCMC) as well as the Differential Discrete-input

Continuous-output Memoryless Channel (D-DCMC). Then, in Section 2.3 we continue by detail-

ing the design procedure of our near-capacity coding schemes with the aid of Extrinsic Information

Transfer (EXIT) charts. The effects of channel estimation errors are also presented by comparing

our coherent and non-coherent schemes.

2.1 Outage probability of a single link

We consider a single transmission link associated with the transmitted and received signals of x

and y, respectively. The received signal can be represented as

y = hx + n , (2.1)

where h = hsh f is the complex-valued fading coefficient that comprises two components, namely

a block fading coefficient (slow fading, large-scale shadow fading or quasi-static fading) hs, which

is constant for all symbols within a frame and a fast fading (small-scale fading) coefficient h f ,

which fluctuates on a symbol-by-symbol basis. Finally, n is the AWGN process having a variance

of N0/2 per dimension.

We refer to C as the maximum achievable transmission rate of reliable communication sup-

ported by the channel characterised by (2.1). Let us assume that the transmitter encodes data at a

rate of R bits/s/Hz. If the channel realisation h has a capacity of C|h < R, which is lower than
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required, the system is declared to be in outage, where the outage probability is given by:

Pe(R) = Pr {C|h < R} , (2.2)

with C|h being the capacity, i.e. the maximum achievable rate of the channel, when h is known.

2.1.1 Continuous-Input Continuous-Output Memoryless Channel

Assuming that x is independent and identically distributed (i.i.d.), the transmission link obeys the

CCMC model. The outage probability for the interleaved channel associated with a transmission

frame length of N symbols is given by [151, 152]

PCCMC
e (R) = Pr

{
1
N

N

∑
n=1

log2

(
1 + |hn|2SNR

)
< R

}
, (2.3)

where SNR is the signal to noise power ratio and hn is the channel coefficient associated with

the nth symbol. For an infinite-length transmission frame having symbol indices spanning from

N −→ ∞, for almost all realisations of the random channel gains [151], we have

PCCMC
e (R) = Pr

{
E

[
log2

(
1 + |h|2SNR

)]
< R

}
, (2.4)

where h represents a channel coefficient pertaining to a symbol in a transmitted frame. Jensen’s

inequality [153] suggests that if f (u) is a strictly concave function of an arbitrary random variable

u, then we have E[ f (u)] ≤ f (E[u]), with equality if and only if u is deterministic. Under these

conditions PCCMC
e (R) becomes

PCCMC
e (R) = Pr

{
log2

(
1 + E

[
|h|2

]
SNR

)
< R

}
,

= Pr
{

E
[
|h|2

]
<

2R − 1
SNR

}
. (2.5)

Assuming that the block fading coefficient hs is a constant for all N symbols within a transmitted

frame, we have

PCCMC
e (R) = Pr

{
|hs|2E

[
|h f |2

]
<

2R − 1
SNR

}
. (2.6)

From Equation (2.6), we can directly infer that the outage probability corresponding to the case in

which signals experience small-scale fading becomes

PCCMC, f
e (R) = Pr

{
E

[
|h f |2

]
<

2R − 1
SNR

}
. (2.7)

By contrast, if the signals do suffer from block fading, but no small-scale fading, it becomes

PCCMC,s
e (R) = Pr

{
|hs|2 <

2R − 1
SNR

}
. (2.8)

Based on Equation (2.8), in Figure 2.1 we have visualised the FER vs SNR performance corre-

sponding to different values of the throughput R, when transmitting over block Rayleigh fading

channels. To elaborate a little further, in this case, PCCMC,large
e (R) of Equation (2.8) is equivalent

to the Frame Error Ratio (FER) of the corresponding transmission link, where we assumed that the

block fading channel coefficient hs remains constant for a transmission frame.



2.1.2. Non-coherent detection 31

10-5

10-4

10-3

10-2

10-1

1

O
ut

ag
e

P
ro

ba
bi

lit
y

(F
E

R
)

0 5 10 15 20 25 30 35 40 45 50

SNR [dB]

. . . . . . . . . . .
CCMC, R = 3.0
CCMC, R = 2.5. CCMC, R = 2.0
CCMC, R = 1.5
CCMC, R = 1.0
CCMC, R = 0.5

Figure 2.1: Outage probability (FER) of the CCMC channel calculated by Equation (2.8),

when the transmission link corresponding to different values of throughput R experiences

the block Rayleigh fading represented by hs of Equation (2.8).

2.1.2 Non-coherent detection

Without accurate channel estimation, Conventional Differential Detection (CDD) generally exhibits

a 3 dB performance degradation in comparison to the performance of the coherent detection relying

on the idealised perfect channel knowledge, provided that the Doppler frequency is not excessive.

Moreover, there exists an irreducible error floor due to the employment of CDD when fading chan-

nels are fluctuating rapidly. In order to alleviate this problem, Multiple-Symbol Differential Detec-

tion (MSDD) [154], which makes a joint decision on the source information by observing multiple

consecutive received symbols/blocks, reduces the performance discrepancy between CDD and the

coherent detection. To reduce the exponentially increasing complexity of MSDD regarding to the

increased detection window length, Multiple-Symbol Differential Sphere Detection (MSDSD) is

a favoured choice in order to reach the Maximum Likelihood (ML) performance with a reduced

detection complexity.

2.1.2.1 Multiple-Symbol Differential M-ary Phase-Shift Keying

In cooperative communication systems, as the number of sources and relays increases, it becomes

unrealistic to obtain accurate Channel State Information (CSI) for the increasing number of mobile-

to-mobile channels. Inaccurate CSI may erode the performance of the near capacity coherent mod-

ulation schemes designed with the aid of EXIT charts relying on the assumption of perfect CSI

estimation. Hence Differential M-ary Phase Shift Keying (DMPSK) can be chosen for the sake of

eliminating the excessive complexity of channel estimation in distributed networks.
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Furthermore, MSDD [154] may be employed in order to mitigate the performance loss of the

non-coherent receivers. Since the differential encoder is ’recursive’ – i.e. has an infinite impulse

response – similar to Recursive Systematic Convolutional (RSC) codes, the (1,1) point of the EXIT

chart can be approached by MSDD having a detection window length as long as the decoding frame

length. However, the MSDD window length is severely limited, because its extension imposes an

exponentially increasing detection complexity. As a remedy, MSDSD [155] was proposed for re-

ducing the complexity, but the employment of a frame-sized detection window length still remains

impractical. Furthermore, having a slightly degraded performance is unavoidable, since MSDSD

constitutes the Max-Log-MAP – rather than MAP – algorithm of MSDD.

For DMPSK schemes, differential encoding is carried out according to:

sn =

 s1 n = 1

xn−1sn−1 n > 1
, (2.9)

where xn carries the source information. For a single transmission link, the signal received over a

Rayleigh fading channel may be expressed as:

yn = snhn + nn, (2.10)

where the AWGN nn has a zero mean and a variance of N0, while hn denotes the fading coefficient

having a temporal correlation of ε{hnh∗n+k} = J0(2πk fd) according to Clarke’s fading model

[154], where J0 denotes the zero-order Bessel function of the first kind and fd is the normalized

Doppler frequency.

In order to observe the received signal across an MSDD decision window of Nw consecutive

symbols, (2.10) may be further developed as:

y = sh + n, (2.11)

where the (Nw × 1)-element matrix y = [yn−Nw+1, · · · , yn]
T models the received symbols within

the MSDD window, while the equivalent fading channel matrix h = [hn−Nw+1, · · · , hn]
T and the

equivalent AWGN matrix n = [nn−Nw+1, · · · , nn]
T are both of size (Nw × 1). The (Nw × Nw)-

element equivalent transmission matrix s of (2.11) is modelled as s = diag{[sn−Nw+1, · · · , sn]}T.

The MSDD aims for minimizing the a posteriori probability of [154]:

Pr (y | s) =
exp

[
−tr

{
yH(

Ryy
)−1y

}]
πNw det(Ryy)

, (2.12)

where the correlation matrix Ryy, whose determinant is a real-valued constant, is given by:

Ryy = sRhhsH + Rnn = sCsH , (2.13)

where the correlation of the fading channel is given by Rhh = Toeplitz{ρ0, · · · , ρNw−1}1. with

ρk = NJ0(2πk fd), while the correlation matrix of the AWGN is given by Rnn = N0 · INw . The

1This notation simply indicates that Rhh is a Toeplitz-structured matrix constituted by the elements {ρ0, · · · , ρNw−1}
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channel correlation matrix in (2.13) is defined as C = Rhh + Rnn. Therefore, the trace operation

in (2.12) may be further formulated as:

tr
{

yH(
Ryy

)−1y
}

= tr
{

yHsC−1sHy
}

=
∥∥∥LHsHy

∥∥∥2
, (2.14)

where the lower triangle matrix L is generated by the decomposition of C−1 = LLH . Based
on the a posteriori probability of (2.12), the Log-MAP algorithm conceived for Multiple-Symbol
Differential Detection aided Differential M-ary Phase-Shift Keying (MSDD-aided-DMPSK) may
be formulated as:

Le(bk | y) = ln

 ∑s∈sk
1

exp
[∥∥LHsHy

∥∥2 + ∑
Nw(log2 M)
j=1,j ̸=k bjLa(bj)

]
∑s∈sk

0
exp

[∥∥LHsHy
∥∥2 + ∑

Nw(log2 M)
i=1,i ̸=k bi La(bi)

]
 , (2.15)

where Le(bk | y) denotes the extrinsic LLR provided for the bit bk, while sk
0 and sk

1 refer to the

constellation set corresponding to the equivalent transmission matrix s when bk is set to 0 and 1,

respectively.

2.1.3 Discrete-Input Continuous-Output Memoryless Channel

By employing the classic Monte Carlo simulation method for averaging the expectation terms, the

DCMC capacity of the transmission link may be calculated by [156]:

CDCMC
(η) = η − 1

L

L

∑
l=1

E

[
log2

L

∑
z=1

exp(ψl,z)
∣∣∣∣
Xl

]
, (2.16)

where L = 2η is the number of modulation levels, while η is the number of modulated bits and

E [A|Xl ] is the expectation of A conditioned on the L-ary signals Xl . Note that ψl,z is a function

of both the transmitted signal and of the channel as defined in [156]. For the system relying on a

single transmit and a single receiver antenna, we have

ψl,z =
−

∣∣h(xl − xz) + n
∣∣2 + |n|2

N0
, (2.17)

where h, x and n are the complex-valued fading coefficient, the transmitted signal and the AWGN,

respectively.

We define the receiver’s faded signal to noise power ratio as SNRr = E[|h|2SNR]. At a given

throughput R, we readily identify the corresponding signal to noise power ratio SNRr|R that is

defined as the SNR value associated with the capacity CDCMC
(η) = R on the CDCMC

(η) -versus-SNR

capacity curve represented by Equation (2.16) and plotted in Figure 2.2, where a throughput of R

may be maintained. The specific values of SNRr|R corresponding to different throughputs R are

listed in Table 2.1. Then, similar to Equation (2.5) and Equation (2.6), the outage probability of

the interleaved DCMC model is equivalent to the probability of the event that we have |h|2SNR <
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SNRr|R, which is expressed as

PDCMC
e (R, η) = Pr

{
E[|h|2SNR] < SNRr|R

}
,

= Pr
{

E[|h|2] <
SNRr|R

SNR

}
,

= Pr
{
|hs|2E[|h f |2] <

SNRr|R
SNR

}
. (2.18)
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Figure 2.2: Capacity curves of the DCMC calculated by Equation (2.16) for uncorre-

lated Rayleigh (fast) fading channel, when employing Binary Phase-Shift Keying (BPSK),

Quadrature Phase-Shift Keying (QPSK), 8 level Phase Shift Keying (8PSK) and 16 level

Phase Shift Keying (16PSK) schemes.

From Equation (2.18), the outage probability corresponding to the scenario, in which the re-

ceived signals experience only fast fading but no block fading can be formulated as

PDCMC, f
e (R, η) = Pr

{
E[|h f |2] <

SNRr|R
SNR

}
. (2.19)

Similarly, it can also be inferred from Equation (2.18) that the outage probability corresponding

to the scenario, when the signals experience only block scale fading but no fast fading may be

expressed by:

PDCMC,s
e (R, η) = Pr

{
|hs|2 <

SNRr|R
SNR

}
. (2.20)

For the sake of comparing different modulation schemes, namely BPSK and QPSK, we define the
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Normalised throughput SNRr|Rn [dB]
Rn = R/η BPSK (η = 1 Bit Per Symbol (BPS)) QPSK (η = 2 BPS)

0.01 -21.45 -18.55

0.20 -7.38 -4.40

0.40 -3.01 -0.01

0.50 -1.20 1.78

0.60 0.59 3.60

0.80 4.92 7.95

0.99 28.37 31.75

Table 2.1: SNRr|R values calculated by the formula given in Equation (2.16) for

DCMC schemes corresponding to considering different normalised throughputs, namely

Rn={0.01, 0.2, 0.4, 0.5, 0.6, 0.8, 0.99}, when communicating over uncorrelated Rayleigh

fading channels.

normalized throughput Rn as

Rn =
R
η

. (2.21)

Accordingly, the SNRr|R values corresponding to different values of the normalised throughput

Rn considered in the DCMC scheme can be calculated from Equation (2.16), as listed in Table 2.1.

Then, by substituting the SNRr|R value acquired from Equation (2.16) into Equation (2.25), the

related outage probability or FER can be computed across various values of the normalised through-

put Rn. As a result, we have Figure 2.3 characterising the relationship between the outage prob-

ability versus the normalised throughput Rn, when employing the BPSK and QPSK modulation

schemes for transmission defined as the probability of exceeding the maximum tolerable FER over

slow Rayleigh fading channel.

2.1.4 Differential Discrete-Input Continuous-Output Memoryless Channel

Let us now consider the DCMC capacity of differentially encoded schemes D-DCMC , having a

throughput R given by

R = ηRc, (2.22)

where η is the number of modulated bits and Rc is the equivalent channel coding rate.

In contrast to the DCMC capacity, where the maximum rate expression was given in Equa-

tion (2.16), we invoke EXIT charts for calculating the D-DCMC channel capacity supported by

the non-coherent detection scheme detailed in Section 2.1.2.1. More specifically, we exploit a

useful property [157] of EXIT charts, namely that the area under the EXIT curve of an inner re-

ceiver component of Figure 2.27 is approximately equal to the achievable capacity of the channel
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Figure 2.3: Outage probability (FER) of the DCMC calculated by Equation (2.25) for

BPSK and QPSK modulation scheme for transmission over the block Rayleigh fading

channel.

supported by the inner component. For example, the area under the EXIT curve of Differential

Quadrature Phase Shift Keying (DQPSK) modem quantifies the attainable capacity for any sys-

tem, such as for example DCMC-DQPSK Unity-Rate Code Differential Quadrature Binary Phase

Shift Keying (URC-DQPSK) and Irregular Convolutional Code and Unity-Rate Code Differential

Quadrature Binary Phase Shift Keying (IrCC-URC-DQPSK) systems. Accordingly, in order to

obtain the capacity curves seen in Figure 2.4, we have carried out the following steps:

• We generate the EXIT curves of various differential modulation schemes, namely those of

Differential Binary Phase Shift Keying (DBPSK) and Differential Quadrature Phase Shift

Keying (DQPSK), for different SNRr values, as exemplified in Figure 2.29.

• We determine a single point on the capacity curves by computing the area under an EXIT

curve and its corresponding SNRr. As a result, the capacity curves are plotted in Figure 2.4

for an uncorrelated Rayleigh fading channel, when employing DBPSK and DQPSK modu-

lation schemes.

As an alternative method, we can obtain the D-DCMC capacity curves by shifting the corre-

sponding DCMC capacity curves plotted in Figure 2.2 to the right by 3dB. As a result, the D-DCMC

curves determined by the shifting method are also plotted in Figure 2.4.

Having plotted the D-DCMC capacity curves, at a given throughput of R, we can now specify

the SNREXIT
r |R required for maintaining this specific throughput, again as seen in Figure 2.4. In

our forthcoming discourse, we will opt for using the D-DCMC capacity curve determined by the
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Figure 2.4: Capacity curves of the D-DCMC determined by the EXIT-chart based method

or by shifting the DCMC capacity curves of Figure 2.2 to the right a distance of 3 dB,

when employing BPSK and QPSK modulation schemes over uncorrelated Rayleigh (fast)

fading channel.

EXIT-chart based procedure. As a result, the SNREXIT
r |R values required are listed in Table 2.2 for

different values of the normalised throughput Rn.

Then, upon replacing SNRr|R of Equation (2.18) by SNREXIT
r |R, the outage probability of the

D-DCMC model may be formulated as:

PD−DCMC
e (R, η) = Pr

{
|hs|2E[|h f |2] <

SNREXIT
r |R

SNR

}
. (2.23)

The outage probabilities for the uncorrelated Rayleigh (fast) and the block Rayleigh (slow)

fading channels can also be inferred from Equation (2.23) as follows:

PD−DCMC, f ast
e (R, η) = Pr

{
E[|h f |2] <

SNREXIT
r |R

SNR

}
, (2.24)

and as:

PD−DCMC,slow
e (R, η) = Pr

{
|hs|2 <

SNREXIT
r |R

SNR

}
. (2.25)

Accordingly, by employing Equation (2.23) and the SNREXIT
r |R values listed in Table 2.2, the

resultant outage probability can be quantified for diverse values of the normalised throughput Rn for

the block Rayleigh fading channel, when DBPSK and DQPSK modulation schemes are employed,

as seen in Figure 2.5.
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Normalised throughput SNREXIT
r |Rn [dB]

Rn = R/η DBPSK (η = 1 BPS) DQPSK (η = 2 BPS)

0.01 -12.03 -10.31

0.20 -3.13 -0.78

0.40 0.26 2.98

0.60 3.44 6.45

0.80 7.89 11.32

0.99 28.00 32.00

Table 2.2: SNREXIT
r |Rn values calculated with the aid of the EXIT charts to be introduced

at a later stage in Section 2.3 for a D-DCMC scheme, when various normalised throughput

Rn, namely 0.01, 0.2, 0.4, 0.6, 0.8 and 0.99, are considered.
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Figure 2.5: Outage probability (FER) of the D-DCMC calculated by Equation (2.23) for

block Rayleigh fading channel, when DBPSK and DQPSK modulation schemes are used.

The outage probability is plotted across different values of the normalised throughput

R/η, namely 0.01, 0.2, 0.4, 0.6, 0.8, 0.99.
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2.2 Outage capacity of a single link

As noted in [151], channel coding cannot significantly improve the achievable error probability in

block fading channels, where the channel coefficients remain constant over the period of a frame.

This is because in this specific scenario the channel is an AWGN channel associated with different

SNRs and the system’s performance is dominated by the low-SNR frames. More specifically, in

the presence of the small-scale fading, where the channel coefficients change for every symbol, the

transmitter can send data at the rate of R < C|h, while maintaining an arbitrarily low error proba-

bility. However, it may not be possible to maintain a vanishingly low Bit Error Ratio (BER) for a

large-scale fading channel, where the channel coefficients remain constant over a frame duration.

Hence, the capacity of large-scale fading channels may become zero in the strict sense. Alterna-

tively, the outage capacity C(ε) introduced in [151] was defined as the highest possible value of

transmission rate R, which was still capable of ensuring that the outage probability (FER) becomes

less than ε. It should be noted that the capacity of the quasi-static fading channels is dependent

on the outage probability ε characterising the desired quality of transmission. Thus, the outage

capacity is different from the capacity represented by Equation (2.16).

Similar to the formulaic relationship established for the CCMC case in [151], it can be inferred

from (2.18) that the outage capacity of the DCMC channel may be formulated as:

SNR(ε, η) = F−1(1 − ε), (2.26)

where F(SNRr|R) is the Complementary Cumulative Distribution Function (CCDF) of the com-

bined fast-and slow-fading (small-and large scale-fading) envelope of |h|2 = |hs|2|h f |2, which is

defined as

F(SNRr|R) = Pr
{
|hs|2 >

SNRr|R
SNR

}
. (2.27)

Note that F(SNRr|R) depends on the transmission rate R, while the corresponding SNRr may be

calculated from Equation (2.16). In order to provide a fair comparison of the different-thoughput

modulation schemes, the CCDF F(SNRr|Rn) of the SNRr is used at the same value of the nor-

malised transmission rate Rn. Accordingly, Equation (2.27) becomes

F(SNRr|Rn) = Pr
{
|hs|2 >

SNRr|Rn

SNR

}
. (2.28)

In this discourse, the uncorrelated Rayleigh fading is chosen for the small-scale fading scenario.

Accordingly, each uncorrelated Rayleigh fading coefficient is uncorrelated and varies on symbol-

by-symbol basis. By contrast, the block fading is also chosen to be Rayleigh distributed, but each

block Rayleigh fading coefficient remains constant during a frame duration and varies indepen-

dently on frame-by-frame basis.
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2.2.1 Coherent schemes

Let us first consider the DCMC capacity. Again, at a given throughput of R and a modulation

scheme characterised by η, we can have Rn = R/η, as defined by Equation (2.21). Then, we can

readily identify the receive signal to noise power ratio SNRr|Rn required for maintaining Rn from

the DCMC capacity curve described by Equation (2.16) and portrayed in Figure 2.2. As a result,

the SNRr|Rn values corresponding to the normalized throughput Rn are summarised in Table 2.1.

The SNRr|Rn values of Table 2.1 are employed for computing the CCDF of F(SNRr|Rn) defined

by Equation (2.28). As seen in Figure 2.6, the CCDF of F(SNRr|Rn) is plotted across different

values of normalised throughput Rn, namely 0.01, 0.2, 0.4, 0.6, 0.8, 0.99.

Having computed the CCDF of F(SNRr|Rn), we can now calculate the minimum required

value of the SNR at a given outage probability η by applying Equation (2.26). For the sake of

comparing different modulation schemes, we define Cn(ε) as the normalised outage capacity, which

is given by

Cn(ε) =
C(ε)

η
, (2.29)

where C(ε) is the outage capacity determined by the relationship of Equation (2.26), while η is the

number of modulated bits used for representing a symbol in the modulation scheme of considera-

tion.

As a result, the normalised outage capacity Cn(ε) of Equation (2.29) may be plotted in Fig-

ure 2.7 for a range of outage probability values ε, namely for ε = 10−1, 10−2, 10−3, when the

BPSK and the QPSK modulation schemes are employed in the block Rayleigh fading channel. Let

us demonstrate the above-mentioned steps by a numerical example as follows.

Example 2.1. Let us consider a specific system employing the parameters summarised in Table 2.3.

Since QPSK modulation is employed in our system, we can substitute η = 2 and L = 22 = 4

into Equation (2.16), in order to calculate the corresponding capacity curve, which is shown in

Figure 2.8. As seen in Figure 2.8, given R = Rcη = 0.5 × 2.0 = 1.0, we have SNRr|R =
1.793 dB. Then, the value of SNRr|R = 1.793 dB is employed for calculating F(SNRr|R) defined

in Equation (2.27). Having computed the CCDF of F(SNRr|R = 1.793) plotted in Figure 2.9, we

can then compute the minimum SNR required for maintaining a given outage probability of ε by

using Equation (2.26). Accordingly, given the value of ε = 10−3, the SNR value corresponding to

the outage capacity in our numerical example can be computed as:

SNR(ε, η)|
ε=10−3,η=2

= F−1(1 − ε)|
ε=10−3

. (2.30)

As a result, the SNR = 31.63 dB obtained from Equation (2.30) corresponds to an outage

probability of ε = 10−3, as shown in Figure 2.9. Naturally, the point having R = 1.0 BPS and

SNR = 31.63 dB constitutes a single point on the outage capacity curve plotted in Figure 2.10.
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Figure 2.6: The CCDF F(SNRr|Rn) of the normalised achievable rate Rn calculated by

Equation (2.28), when the BPSK and the QPSK modulation schemes are employed for

communicating over the block Rayleigh fading channel. The CCDF of F(SNRr|Rn) is

plotted across different values of normalised throughput Rn, namely 0.01, 0.2, 0.4, 0.6,

0.8, 0.99.
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Figure 2.7: Outage capacity of the DCMC calculated by Equation (2.26) upon the CCDF

of F(SNRr|R) plotted in Figure 2.6, for the range of the outage probability η, namely

10−1, 10−2 and 10−3, when the BPSK and the QPSK modulation schemes are employed

for communicating over the block Rayleigh fading channel.
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Parameters G4×8 system

R[BPS] 1.0(QPSK)

Modulation QPSK

L 4

η 2

Rc 0.5

ε 10−3

Table 2.3: The relating parameters of the illustrative system employing QPSK modulation

(number of modulation levels L = 4 and number of modulated bits per symbol η = 2) and

a channel coding scheme having a coding rate Rc = 0.5, which results in the information

rate R = 1.0. The outage capacity corresponding to the outage probability ε = 10−3 is

calculated upon the listed parameters.
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corresponding to R = Rcη = 0.5 × 2.0 = 1.0 is specified on the DCMC capacity curve.
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SNRr|R = 1.793, which is associated with the specific system having the relevant pa-

rameters listed in Table 2.1.

Similarly, other SNR values associated with different values of R may be calculated in order to

form the outage capacity curve plotted in Figure 2.10, provided that the same outage probability of

ε = 10−3 is considered.

The specific point at R = 1.0 BPS and SNR = 31.63 dB for ε = 10−3 recorded in Figure 2.10

may be interpreted as follows. If the SNRr value is equal to or lower than 31.63 dB, the maximum

outage capacity is equal to 1.0 BPS, provided that the outage probability of ε = 10−3 is guaran-

teed. Viewed from a different perspective, if we have SNRr ≤ 31.63 dB at the receiver and the

transmission rate is R = 1 BPS, the best possible quality of transmission is achieved at an outage

probability of ε = 10−3.

2.2.2 Non-coherent schemes

It should be noted that the general outage capacity formula of Equation (2.26) can also be used

for the D-DCMC case, where the CCDF F(SNRr|R) of the achievable rate R is replaced by

F(SNREXIT
r |R), which can be defined as

F(SNREXIT
r |R) = Pr

{
|hs|2 >

SNREXIT
r |R

SNR

}
. (2.31)

Note that the CCDF F(SNREXIT
r |R) depends both on the transmission rate R and on the modu-

lation scheme employed. These two parameters allow us to specify the SNREXIT
r |R value on the

corresponding capacity curve calculated by the EXIT-chart based method, as mentioned in Sec-

tion 2.1.4, where the capacity curves of DBPSK and DQPSK are plotted in Figure 2.4. Similarly
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Figure 2.10: The outage capacity corresponding to ε = 10−3 is calculated by Equa-

tion (2.30) for the system characterised by Table 2.1.

to the DCMC case, we also employ the normalised transmission rate Rn for the sake of comparing

different modulation schemes, namely DBPSK and DQPSK. Hence, Equation (2.31) becomes

F(SNREXIT
r |Rn) = Pr

{
|hs|2 >

SNREXIT
r |Rn

SNR

}
, (2.32)

where SNREXIT
r |Rn is the value corresponding to Rn on the capacity curve. Having calculated

SNREXIT
r |Rn , as listed in Table 2.2, the CCDF F(SNREXIT

r |Rn) of Equation (2.32) is drawn in

Figure 2.11 against the SNR and parameterised by different values of the normalised throughput,

namely Rn = 0.01, 0.2, 0.4, 0.6, 0.8, 0.99, for the scenario of employing the DBPSK and DQPSK

modulation schemes, when communicating over the block Rayleigh fading channel.

Then, the CCDF F(SNREXIT
r |R) of Equation (2.31) or the CCDF F(SNREXIT

r |Rn) of Equa-

tion (2.32) can be used in conjunction with Equation (2.26) for calculating the outage capacity of a

perfect D-DCMC capacity-achieving system. For the sake of comparison between different mod-

ulation schemes, namely DBPSK and DQPSK, the normalised outage capacity Cn(ε) defined by

Equation (2.29) is utilised for characterising the outage capacity of a perfect D-DCMC capacity-

achieving system. As a result, we have Figure 2.12 showing the normalised outage capacity per-

taining to a range of outage probability values ε, namely to ε = 10−1, 10−2 and 10−3, when the

DBPSK and DQPSK modulation schemes are used for communicating over the block Rayleigh

fading channel.
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Figure 2.11: The CCDF of F(SNREXIT
r |Rn) is calculated by Equation (2.32), for the cases
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nicating over the block Rayleigh fading channel.
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Figure 2.12: The normalised outage capacity Cn(ε) of the D-DCMC associated with the

range of outage probability values ε, namely with ε = 10−1, 10−2 and 10−3, is calcu-

lated by Equation (2.26) and Equation (2.31) for the cases of employing the DBPSK and

the DQPSK modulation schemes employed for communicating over the block Rayleigh

fading channel.
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2.3 Near-capacity channel code design

Tüchler and Hagenauer [158, 159] proposed the employment of Irregular Convolutional Codes (Ir-

CCs) for serial concatenated schemes, which are constituted by a family of convolutional codes

having different rates, in order to design a near-capacity system. These IrCCs were specifically de-

signed with the aid of EXIT charts for improving the convergence behaviour of iteratively decoded

systems. Briefly, these schemes were then further developed for a broad class turbo-transceiver

in [45]. Each component code of the IrCCs encodes an appropriately selected fraction of the in-

put bit stream. More explicitly, the appropriate fractions may be selected with the aid of EXIT-

chart analysis in order to shape the inverted EXIT curve of the composite Irregular Convolutional

Code (IrCC) for ensuring that it matches the EXIT curve of the so-called inner decoder constituted

by the detector. In this manner, an open EXIT-chart tunnel can be created at low SNR values, which

implies approaching the channel’s capacity bound [157].

EXIT charts have been introduced as an effective tool conceived for analysing the convergence

properties of iterative decoding aided concatenated coding schemes [160]. As an advantage, this

can be achieved without performing time-consuming Monte-Carlo simulations. EXIT charts can

be used for finding powerful codes exhibiting guaranteed convergence for a given channel [161].

Specifically, near-capacity codes have been successfully designed by applying an EXIT-chart-based

technique, for example in [76, 158, 162].

As a further advance, it was shown in [163,164] that a recursive Unity-Rate Code (URC) should

be employed as an intermediate code in order to improve the attainable decoding convergence. A

URC can be used as a precoder for creating an inner code component having Infinite Impulse

Response (IIR) in order to reach the (1,1) point of perfect decoding convergence in the EXIT chart

and hence to achieve an infinitesimally low BER [76].

According to (2.1) and (2.6), the average SNRr per frame can be expressed as

SNRr =
E[|hs|2]E[|h f |2]E[|x|2]

N0
=

|hs|2
N0

, (2.33)

where we have E[|x|2] = 1, E[|h f |2] = 1 for an uncorrelated Rayleigh fading channel and

E[|hs|2] = |hs|2 for a block fading Rayleigh channel. Thus, given a specific SNRr, we can gener-

ate the EXIT chart [160] of the system. The benefits of this idea will be demonstrated throughout

the rest of this section.

Furthermore, for convenience of signal processing as well as signal transmissions, each channel-

encoded frame of the practical systems [165, 166] tends to be partitioned into an Ns number of

sub-frames, where the average SNRr of (2.33) may be formulated as:

SNRr =
E[|hs|2]

N0
=

∑Ns
i=1 |hs,i|2/Ns

N0
, (2.34)

with hs,i representing the block fading corresponding to the ith sub-frame of the channel-encoded

frame. Hence, the performance of coding schemes subsequently mentioned in this section will be
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evaluated not only in the small-scale fading channel but also in the block fading channel, where the

employment of sub-frame transmission is considered.

2.3.1 EXIT-chart based code design principle

A particularly useful EXIT-chart property [157] is that the area under the EXIT curve of an inner

decoder component is approximately equal to the attainable channel capacity, provided that the

channel’s input symbols are equiprobable. This property [157] may be exploited for determining the

achievable rate of Forward Error Correction (FEC) schemes relying on iterative multi-stage coding.

Then, the achievable capacity may be used for selecting a specific coding scheme from the available

set and may also be used for optimising coding arrangements relying on numerous parameters by

using the achievable capacity as a criterion for comparing all legitimate sets of parameters used for

specifying the coding arrangement.

In the context of employing IrCCs as the outer-most coding stage for a serially concatenated

scheme, the design guidelines provided below illustrate, how the various advantages of IrCCs and

EXIT-charts can be combined. More specifically, the designing guidelines can be formulated in the

following two-step procedure:

• Step1: Create the EXIT curve of the amalgamated inner decoder constituted for example by

the above-mentioned URC having a beneficial IIR with the inner-most detector constituted

by the demodulator. The number of decoding iterations between the URC decoder and the

inner-most detector is decided based on the area under the EXIT curve of this amalgamated

inner decoder. Since the area under this amalgamated inner decoder represents the achievable

DCMC capacity [157], while a high number of iteration would incur a high complexity, the

minimum number of required iterations can be selected at the cost of a marginal capacity

loss.

• Step2: The overall coding rate of the IrCC encoder is chosen to match the achievable capacity

of the amalgamated inner decoder. We employ the EXIT curve matching algorithm of [158]

for generating the optimised weighting coefficients αi. The number of IrCC component codes

can be i = 1, ..., 17 or i = 1, ..., 36. The matching algorithm aims for finding a set of codes

facilitating decoding convergence to a vanishingly low BER at the lowest possible SNRr,

where a narrow but marginally open EXIT chart tunnel would appear in the EXIT chart.

The general principle briefly described by our two-step procedure will be demonstrated with

the aid of the results in Section 2.3.2, Section 2.3.3 and Section 2.3.4 via the specific examples of

designing Irregular Convolutional Coded Unity Rate Coded Space Time Trellis Coded M-ary Phase

Shift Keying (IrCC-URC-STTC-MPSK), Irregular Convolutional Coded Unity Rate Coded M-ary

Phase Shift Keying (IrCC-URC-MPSK) and Irregular Convolutional Coded Unity Rate Coded Dif-

ferential M-ary Phase Shift Keying (IrCC-URC-DMPSK) coding arrangements, respectively.
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2.3.2 IrCC-URC-STTC-MPSK coding scheme

This section is dedicated to the design of the IrCC-URC-STTC-MPSK coding arrangement por-

trayed in Figure 2.13. As seen in Figure 2.13, the bit stream at the transmitter side is first encoded

by the IrCC encoder before it is fed into the interleaver π1, in order to get the interleaved input

stream for feeding the URC encoder. The output of the URC encoder is again scrambled by the in-

terleaver π2 before being encoded by the Space Time Trellis Code (STTC) detailed in Section 1.1.1.

This signal is then transmitted to the receiver side over wireless fading channels, as portrayed in

Figure 2.13 .

At the receiver side, as seen in Figure 2.13, the signals provided by the receive antenna are

demodulated and decoded by the STTC decoder before being processed by the I inner iterations

exchanging extrinsic information between the STTC decoder and the URC decoder. The resultant

soft information extracted from the received signals by the inner iterations are then used as the input

data for the J outer iterations exchanging extrinsic information between the IrCC encoder and the

amalgamated inner component, which is the Unity Rate Coded M-ary Phase Shift Keying (URC-

STTC-MPSK) arrangement. Hence, our design goals are to determine the most appropriate number

of inner and outer iterations, as well as the weighting coefficients of the IrCC subcodes used in the

IrCC encoder.

STTC
−1

π
−1

2

URC
−1

π
−1

1

π2 π1

IrCC
−1

2
π1 π2IrCC2 URC STTC

TRANSMITTER RECEIVER

OuterInner

Iteration Iteration

Figure 2.13: The structure of the Irregular Convolutional Coded Unity Rate Coded Space

Time Trellis Code (IrCC-URC-STTC) coding scheme.

The IrCC-URC-STTC-MPSK coding arrangement featured in Figure 2.13 is later used in our

relay-aided cooperative communications scheme detailed in Chapter 3. In such cooperative sys-

tems, the IrCC-URC-STTC-MPSK coding scheme is invoked for constructing a virtual Multi-Input

Multi-Output (MIMO) scheme constituted by our relay-aided system. More specifically, we apply

the EXIT-chart based design principles outlined in Section 2.3.1 for our IrCC-URC-STTC coding

scheme relying on QPSK modulation, in order to conceive a near-capacity IrCC-URC-STTC-QPSK

scheme.

2.3.2.1 EXIT-chart matching and optimisation of the IrCC-URC-STTC-MPSK scheme

In order to increase the achievable channel capacity of the amalgamated Unity Rate Coded Space

Time Trellis Code Quadrature Shift Keying (URC-STTC-QPSK) inner code and to approach that
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of a Space Time Trellis Coded (STTC) and STTC-QPSK aided system, an iterative decoding pro-

cess exchanging extrinsic information between the URC and STTC decoders should be imple-

mented [167]. We exploit the above-mentioned characteristics of EXIT charts [157] for calcu-

lating the DCMC capacity of the two inner-most coding arrangements, namely that of the Space

Time Trellis Code Quadrature Shift Keying (STTC-QPSK) and URC-STTC-QPSK schemes. Then,

based on the capacity of these two coding arrangements, we determine the most appropriate number

of iterations. As a result, Figure 2.14 shows that once at least I = 3 iterations had been applied, the

achievable channel capacities of the STTC-QPSK and URC-STTC-QPSK systems become near-

identical.

The code design is continued by viewing our three-stage IrCC-URC-STTC-QPSK coding ar-

rangement as the two-stage-concatenated IrCC outer code and the amalgamated URC-STTC-QPSK

inner code. According to the design guidelines introduced in Section 2.3.1, the EXIT chart match-

ing procedure conceived for this coding arrangement is briefly summarised as follows:

Step1: Create the EXIT chart of the URC-STTC-QPSK scheme for different receiver Signal to

Noise Ratios SNRr, as seen in Figure 2.15.

Step2: Fix the overall IrCC code rate to Rc = 0.5 and employ the EXIT curve matching

algorithm [158] for generating the optimised weighting coefficients αj, j = 1, ..., 17, of the 17-

component IrCC codes corresponding to the lowest possible SNRr that allows decoding conver-

gence, where the decoding trajectory reaches the top-right corner of the corresponding EXIT charts.

This observation suggests that a near-capacity performance can be achieved.

Once the steps mentioned above have been completed, we obtain the EXIT curves and the

corresponding weighting coefficients αj, j = 1, ..., 17 for the IrCC encoder, as shown in Figure 2.15.

The EXIT-chart results show that if having J = 24 iterations were affordable, the iterative decoding

trajectory would reach the (1, 1) point of perfect convergence to an infinitesimally low BER.

Furthermore, the area property of EXIT-charts [157,162] mentioned in Section 2.3.1 states that

the area under the normalised EXIT curve of an inner decoder component is approximately equal

to the attainable channel capacity, provided that the channels’ input symbols are equiprobable.

Again, by exploiting the area property of the EXIT-charts [157, 162], the achievable DCMC ca-

pacities of the MIMO2×1-QPSK, the STTC2 × 1-QPSK, URC-STTC2 × 1-QPSK and IrCC-URC-

STTC2 × 1-QPSK aided systems are quantified by generating the EXIT charts of these schemes

across various SNR values. Then, the areas under each of these EXIT charts corresponding to dif-

ferent SNR values are measured for determining the associated capacity curves, as plotted in Fig-

ure 2.14.

It should be noted that the capacity of an inner arrangement sets an upper bound for the ca-

pacity of an outer arrangement. Hence, according to the afore-listed order, the capacity associated

with the inner most arrangement MIMO2×1-QPSK sets the maximum achievable capacity for all

the systems employing the other schemes, namely the STTC2 × 1-QPSK, URC-STTC2 × 1-QPSK
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Figure 2.14: Achievable throughputs of the MIMO2×1-QPSK, the STTC2×1-QPSK ar-

rangement, the URC-STTC2×1-QPSK arrangement (I = 0, 3 iterations between URC

and URC-STTC2×1-QPSK) and the IrCC-URC-STTC2×1-QPSK arrangement (I = 3 it-

erations between URC and URC-STTC2×1-QPSK in conjunction with J = 24 iterations

between IrCC and URC-STTC2×1-QPSK).

and IrCC-URC-STTC2 × 1-QPSK, as seen in Figure 2.14. Additionally, it can be seen from Fig-

ure 2.15 and Figure 2.14 that the IrCC-URC-STTC-QPSK scheme’s capacity curve is only about

(2.3 − 1.6) = 0.7dB away from the STTC-based DCMC capacity curve.

Following the same procedure as illustrated by designing the IrCC-URC-STTC-QPSK, we also

designed other coding arrangements relying on 8PSK and 16PSK, namely the IrCC-URC-STTC-

8PSK and IrCC-URC-STTC-16PSK schemes. The corresponding weighting coefficients of the

IrCC encoder are listed in Table 2.4. It should be noted that the 17 weighting coefficients αi, i =

[1, 2, ..., 17], as listed in Table 2.4, are the 17 coding fractions of the 17 corresponding component

codes (subcodes). More specifically, the ith of subcode having a code rate βi encodes the fraction

αi of the input bit stream, where the values of βi, i = [1, 2, ..., 17] are listed in Table 2.5. Hence,

the values of the weighting coefficient αi and βi always have to satisfy the constraint of:

Rc =
17

∑
i=1

αiβi , (2.35)

where Rc is the coding rate (aggregate coding rate) of the IrCC code.
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0.150, 0.016, 0.090, 0.058,
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Figure 2.15: The EXIT chart curves of the URC-STTC-QPSK having two transmit and

one receive antennas (URC-STTC2×1-QPSK) scheme at SNR = 2.3 dB when I = 3

iterations between URC and STTC2×1-QPSK are configured and of the IrCC having the

overall coding rate Rc = 0.5.

Inner arrangement (Turbo-cliff SNR ) Coefficients: [α1, α2, ..., α17]
URC-STTC-QPSK (2.3 dB) [0.05, 0, 0, 0 0.169, 0.219, 0.036, 0.023,

0.0166, 0.149, 0.015, 0.089, 0.058,

0, 0.093, 0.033, 0.044 ]

URC-STTC-8PSK (4.4 dB) [0 0.171, 0.093, 0, 0, 0.195, 0, 0, 0.099,

0.05, 0, 0, 0.197, 0, 0, 0.025, 0.165]

URC-STTC-16PSK (7.0 dB) [0.203, 0, 0.093, 0 0.102, 0, 0, 0.148, 0,

0, 0 0.055, 0.149, 0, 0, 0, 0.248]

Table 2.4: Subcode weighting coefficients of the IrCC encoder associated with URC-

STTC-QPSK, URC-STTC-8PSK and URC-STTC-16PSK.
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Component Code (Subcode) Code Rate βi, i = [1, 2, ..., 17]

1 β1=0.10

2 β2=0.15

3 β3=0.20

4 β4=0.25

5 β5=0.30

6 β6=0.35

7 β7=0.40

8 β8=0.45

9 β9=0.50

10 β10=0.55

11 β11=0.60

12 β12=0.65

13 β13=0.70

14 β14=0.75

15 β15=0.80

16 β16=0.85

17 β17=0.90

Table 2.5: List of the component (subcode) rates for the IrCC code having 17 components

(subcodes).

2.3.2.2 Performance of IrCC-URC-STTC-MPSK coding scheme

Upon employing the IrCC weighting coefficients listed in Table 2.4, we can now evaluate the BER-

performance of our coding schemes, namely of IrCC-URC-STTC-QPSK, IrCC-URC-STTC-8PSK

and IrCC-URC-STTC-16PSK, which rely on different modulation arrangements, such as QPSK,

8PSK and 16PSK, as shown in Figure 2.16. Observe in Figure 2.16 that our Monte-Carlo simu-

lation results substantiate the predictions obtained by using the EXIT-charts of Figure 2.15, as we

illustrated earlier in Section 2.3.2.1 by the example of the IrCC-URC-STTC-QPSK coding scheme.

For the scenarios of employing 8PSK and 16PSK, the IrCC coefficients and the corresponding

’turbo-cliff’ SNRs facilitating a vanishingly low BER are summarised in Table 2.4, which were

obtained by our EXIT-chart based design, .

Importantly, the value of the ’turbo-cliff’ SNR given in Table 2.4 indicates that as we inferred

from our EXIT-chart analysis, once the SNR value exceeds this value, the BER/FER of the coding

scheme is expected to become infinitesimally low. Indeed, the performance prediction provided

by the EXIT-chart curves, which were created by using the procedure briefly summarised in Sec-

tion 2.3.1, is satisfied by our simulation results presented in Figure 2.16. Explicitly, the BER of the

system supported by our coding schemes, such as the IrCC-URC-STTC-QPSK, IrCC-URC-STTC-
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8PSK and IrCC-URC-STTC-16PSK arrangements, drops to a value below 10−6, when the SNR

value exceeds the corresponding turbo-cliff SNR.
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Figure 2.16: BER performance of IrCC-URC-STTC2×1-MPSK corresponding to different

modulation schemes, namely QPSK, 8PSK and 16PSK over Rayleigh small-scale fading

channel, where the coding rate Rc = 0.5 and the frame length N = 105 are employed,

while the weighting coefficients of the IrCC are given in Table 2.4.

Moreover, in order to apply our near-capacity coding schemes in practical systems [168], it

is necessary to investigate the performance of these schemes when different transmission frame

lengths are employed. Figure 2.17 characterises the performance of our IrCC-URC-STTC2×1-

QPSK scheme, when using different frame lengths of N = {112, 500, 1000, 1500, 2000, 8688, 120 000}
bits. Observe from Figure 2.17 that as expected, the performance of the coding scheme degrades,

when the frame length is reduced. Additionally, it was found that at a frame length of N ≤ 2000

bits, the coding scheme employing 17 IrCC component codes would exhibit a poorer performance

than the coding scheme that invokes only a single IrCC component code. This suggests that one-

component IrCC encoder should be used, when the frame length is reduced to a value below a

certain threshold, such as N ≤ 2000 bits.

For the sake of characterising the relationship of the coding gain versus the interleaver length,

when different numbers of iterations are employed at the receiver side, we compare the FER-

performance corresponding to different configurations determined by parameters, namely the frame

length, the number of the inner iterations and the number of outer iteration, at the same value of

FER, say FER = 10−4. As a result, we have the comparison of coding gain versus interleaver
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Figure 2.17: FER performance of IrCC-URC-STTC2×1-QPSK corresponding to the frame

length of N = 112, 500, 1000, 1500, 2000, 8688 and 120 000 bits, when communicating

over Rayleigh fading channel.

length plotted in Figure 2.18. Note that we conceive a concept of referenced coding gain by refer-

ring to the zero-coding-gain corresponding frame length of N = 112.

2.3.3 IrCC-URC-MPSK coding scheme

In this section, we invoke our design principle summarised in Section 2.3.1 for conceiving a near-

capacity IrCC-URC-MPSK scheme, which may be used in a transmission system portrayed in

Figure 2.19. At the transmitter side seen in Figure 2.19, an information frame of N bits are encoded

by the IrCC encoder having a coding rate of Rc, in order to produce an out-put frame having a frame

length of N/Rc bits. The frame is then interleaved before being encoded again by the URC encoder

for providing a URC-encoder frame of the same length, which is N/Rc bits. The frame from output

of the URC encoder is modulated by a modulation scheme employing η bits for representing a

symbol, before transmitting to the receiver side, as seen in Figure 2.19. It can be inferred that the

SNR and the Eb/N0 of the system are related by:

SNR = Eb/N0
Nη

Rc
(2.36)

At the receiver side pictured in Figure 2.19, the signals received during a single frame duration

are demodulated then decoded by the URC decoder before entering the iteratively decoding process

of J iterations occurring between the inner decoder and the IrCC decoder. The inner decoder com-
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Figure 2.18: Coding gain-versus-delay comparison for IrCC-URC-STTC2×1-QPSK

scheme communicating over uncorrelated Rayleigh fading channel at an FER =
10−4 and Rc = 0.5, when considering different frame length of N =
[112, 500, 1000, 1500, 2000, 8688, 120000] bits, while employing different numbers I = 3

and J = 24, which represents the number of the inner iterations and the outer iterations,

respectively.

ponent is an amalgamated arrangement comprising the demodulation block and the URC decoder,

as seen in Figure 2.19.

It should be noted that there is no iterations within the inner decoder component, since no im-

provement in the capacity is seen when performing iterative decoding at the inner decoder. Hence,

our code design goal is to determine optimal IrCCs for different inner decoder components relying

on different modulation schemes, namely BPSK, QPSK, 8PSK and 16PSK.

It is plausible that the more components used to form an IrCC encoder, the better its EXIT

curve can match to the inner coding arrangement. This implies that the IrCC-URC-MPSK scheme

can perform more closely the corresponding DCMC capacity. Thus, we also employ a more pow-

erful IrCC code, which is constructed from 36 subcodes, in order to create an improved coding

arrangement.

2.3.3.1 EXIT-charts matching and optimisation

As aforementioned at the beginning of this section, a near-capacity IrCC-URC-MPSK channel

coding scheme [45] may be chosen for the sake of approaching the achievable channel capacity.
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Figure 2.19: Architecture of a transmission system employing IrCC-URC-MPSK scheme.
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Figure 2.20: The EXIT curves of the inner decoder URC-QPSK and the outer decoder

17-component IrCC for a single transmission link along with the Monte-Carlo simulation

based decoding trajectory, provided that Rc = 0.5.

For brevity and readability, we present the design procedure for Irregular Convolutional Code, a

Unity-Rate Code and Quadrature Phase-Shift Keying (IrCC-URC-QPSK) using our generically

applicable EXIT-chart aided method outlined in Section 2.3.1. The specific design procedure for

IrCC-URC-QPSK are summarised as follows:

Step1: Create the EXIT curve of the inner decoder constituted by our Unity-Rate Code and

Quadrature Phase-Shift Keying (URC-QPSK) scheme for different SNRr values, namely SNRr =

3.6, 3.4, 3.2, 3.0 and 2.8 dB for the 17-component IrCC, as seen in Figure 2.20, as well as namely

SNRr = 2.7, 2.6, 2.5, 2.4 and 2.3 dB for the 36-component IrCC, as seen in Figure 2.21;

Step2: We opt for the system throughput of R = 1, we fix the IrCC code rate to Rc = 0.5

and employ the EXIT curve matching algorithm of [158] for generating the optimised weighting

coefficients αi, i = 1, ..., 17 (i = 1, ..., 36) of the 17 (36) different-rate component IrCC codes. The

exact values of theses coefficients for the 17-component IrCC code and the 36-component IrCC
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Figure 2.21: The EXIT curves of the inner decoder URC-QPSK and the outer decoder

36-component IrCC having the coding rate Rc = 0.5 for a single transmission link along

with the Monte-Carlo simulation based decoding trajectory.

code) can be found in Figure 2.20 and Figure 2.21, respectively. More specifically, we opt for the

set of codes facilitating decoding convergence to a vanishingly low BER at the lowest possible

SNRr, while ensuring that the Monte-Carlo simulation based decoding trajectory reaches the point

of (1,1) at the top-right corner of the corresponding EXIT chart. This implies that a near-capacity

performance can be achieved, as detailed in [45].

Having implemented the design steps mentioned above, we obtain the EXIT curves and the

corresponding IrCC component-code weighting coefficients αi, i = 1, ..., 17 or i = 1, ..., 36, as

shown in Figure 2.20 or Figure 2.21. Again as partly detailed in [45], these weighting coefficients

αi determine the particular fraction of the input stream to be encoded by the ith IrCC component

code having a code rate of βi, where the value of βi for the 17-component IrCC and 36-component

IrCC is given in Table 2.5 and Table 2.6, respectively. Similar to the condition of Equation (2.35) for

the 17-component IrCC, the values of αi and βi for the 36-component IrCC also obey the following

condition as:

Rc =
36

∑
i=1

αiβi . (2.37)

The EXIT-chart results of Figure 2.20 (Figure 2.21) show that provided J = 20 (J = 36)

iterations were affordable for the case of employing 17-component IrCC (36-component IrCC), the

trajectory would reach the (1, 1) point in Figure 2.20 (Figure 2.21), which guarantees a vanishingly

low BER.
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Component Code (Subcode) Code Rate βi, i = [1, 2, ..., 36]

1 β1=0.10

2 β2=0.15

3 β3=0.20

4 β4=0.25

5 β5=0.30

6 β6=0.35

7 β7=0.40

8 β8=0.45

9 β9=0.50

10 β10=0.55

11 β11=0.60

12 β12=0.65

13 β13=0.70

14 β14=0.75

15 β15=0.80

16 β16=0.85

17 β17=0.90

18 β18=0.10

19 β19=0.15

20 β20=0.20

21 β21=0.25

22 β22=0.30

23 β23=0.35

24 β24=0.40

25 β25=0.45

26 β26=0.50

27 β27=0.45

28 β28=0.50

29 β29=0.55

30 β30=0.60

31 β31=0.65

32 β32=0.70

33 β33=0.75

34 β34=0.80

35 β35=0.85

36 β36=0.90

Table 2.6: List of the component (subcode) rates for the IrCC code having 36 components

(subcodes).
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Again, we can utilise the area property of EXIT-charts [45,157,162], which states that the area

under the normalised EXIT curve of an inner decoder component is approximately equal to the

attainable channel capacity, provided that the channel’s input symbols are equiprobable. Hence, we

exploited the area property of EXIT-charts [157,162] to determine the achievable DCMC capacities

of the URC-QPSK and IrCC-URC-QPSK systems, which are quantified in Figure 2.22. It is seen

in Figure 2.22 that the capacity of the URC-QPSK scheme almost coincides with the DCMC-QPSK

curve. The numerical results of Figure 2.25 also show the attainable channel capacity improvements

corresponding to J = 1,10,20 and 40 iterations. There is only a negligible further improvement for

having J = 40 in comparison to J = 20. It is also demonstrated in Figure 2.22 that the IrCC-

URC-QPSK scheme’s capacity curve is only about (2.8 − 1.8) = 1.0dB away from DCMC-QPSK

capacity curve for J = 20.
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Figure 2.22: Achievable throughputs for the DCMC-QPSK, URC-QPSK and IrCC-URC-

QPSK based systems, when communicating over Rayleigh small-scale fading channel.

We can further improve the performance of the IrCC-URC-MPSK by employing the IrCC codes

consisting of 36 component codes. We aim to exploit the advantage of 36 component IrCC (36co-

IrCC), which is capable of providing more flexible EXIT curve, so its EXIT curve match more

closely to the EXIT curve of inner components than EXIT curve of 17 component IrCC (17co-

IrCC). The similar manner for designing 17co-IrCC results in the EXIT chart drawn in Figure 2.21,

where the 36co-IrCC-URC-QPSK scheme performs only about (2.3 − 1.8) = 0.5dB away from

DCMC-QPSK for J = 40.

We may replicate the same procedure, when considering other modulation schemes, namely
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8PSK and 16PSK. As a result, the EXIT charts relating to the arrangements employing 8PSK and

16PSK modulation schemes are presented in Figure 2.23 and Figure 2.24, respectively. The weight-

ing coefficients for the IrCC code in each modulation scheme are presented in the corresponding

figures, namely in Figure 2.20, Figure 2.21, Figure 2.23 and Figure 2.24. For the sake of readabil-

ity, those weighting coefficients are also listed in Table 2.7.

Inner arrangement (Turbo-cliff SNR ) Coefficients: [α1, α2, ..., α17]
URC-QPSK (2.8 dB) [0.049, 0, 0, 0, 0, 0.241, 0.156, 0.156,

0.122, 0.036, 0.105, 0, 0, 0.071, 0.093,

0, 0.091, 0, 0.039]

URC-STTC-8PSK (6.0 dB) [0.062, 0, 0, 0, 0.247, 0.154, 0, 0,

0.041, 0.169, 0, 0.082, 0.049, 0, 0.090,

0.041, 0.064]

URC-STTC-16PSK (8.9 dB) [0.022, 0, 0.202, 0, 0.116, 0.073,

0, 0.061, 0.151, 0, 0, 0, 0.202, 0, 0,

0.023, 0.145]

Inner arrangement (Turbo-cliff SNR ) Coefficients: [α1, α2, ..., α36]
URC-QPSK (2.3 dB) [0, 0, 0, 0, 0.071, 0.355, 0, 0, 0.11, 0, 0,

0.198, 0, 0, 0.032, 0.091, 0, 0, 0, 0, 0,

0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0.04]

URC-8PSK (5.0 dB) [0, 0, 0, 0.368, 0, 0, 0.072, 0.079, 0.096,

0, 0, 0.163, 0, 0, 0.09, 0, 0.08, 0, 0, 0,

0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0.048

URC-16PSK (8.5 dB) [0, 0.1, 0.082, 0.078, 0.049, 0.053, 0.047,

0, 0.126, 0, 0, 0.099, 0, 0, 0.084, 0, 0.059,

0, 0, 0, 0, 0, 0, 0, 0, 0, 0.104, 0, 0, 0, 0,

0, 0, 0, 0.052, 0.061]

Table 2.7: Subcode weighting coefficients of the IrCC17 and IrCC36 encoders corre-

sponding to different inner components, namely URC-QPSK, URC-8PSK and URC-

16PSK, when communicating over Rayleigh small-scale fading channel. Both the IrCC17

and IrCC36 have the same coding rate of Rc = 0.5.

2.3.3.2 Performance of IrCC-URC-MPSK coding scheme

The simulation results seen in Figure 2.25 supports the accuracy of our EXIT chart analysis pre-

sented in Figure 2.20, where J = 20 steps are required for the trajectory reaching the (1,1) corner

at the SNRr = 2.8 dB. In fact, when employing J = 20 iterations between the IrCC and URC

components, the IrCC-URC-QPSK channel coding scheme has a vanishingly low BER for SNRs

in excess of 2.8dB, provided that the transmission frame length is sufficiently high, say N = 105
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Figure 2.23: EXIT charts for the 17co-IrCC-URC-8PSK coding scheme and the 36co-

IrCC-URC-8PSK coding scheme at the SNRr = 6.0 dB and SNRr = 5.4 dB, respec-

tively. The same coding rate Rc = 0.5 is chosen, and the EXIT curves are obtained in

Rayleigh small-scale fading channel.
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Figure 2.24: EXIT chart for the 17co-IrCC-URC-16PSK coding scheme and the 36co-

IrCC-URC-16PSK coding scheme at the SNRr = 8.9 dB and SNRr = 8.5 dB, respec-

tively. The same coding rate Rc = 0.5 is chosen, and the EXIT curves are obtained in

Rayleigh small-scale fading channel.
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bits, as seen in Figure 2.25.

At this stage we also define the relaying-aided pathloss-reduction instituted by the correspond-

ing reduced-distance. Naturally, this pathloss-reduction becomes unity for each direct source-to-

destination link [169]. We also observe from Figure 2.25 that as expected, a shorter frame length

results in an improved FER performance, hence to strike a compromise, we may opt for a frame size

of N = 104 bits for the system, where FER-performance is more important than BER-performance.

In contrast, in the system, where BER-performance is paid more attention, the system duly opts for

employing a frame size of N = 105 bits for the sake of maximising the system’s BER-performance.
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Figure 2.25: Performance of the IrCC17-URC-QPSK scheme under Rayleigh small-scale

fading conditions, corresponding to different frame lengths, namely N = 104, 105. The

scheme is relied on IrCC17 employing the coding rate Rc = 0.5 and having the weighting

coefficients given in Figure 2.24.

For further insight, we make a comparison in the performance of IrCC-URC-MPSK in the case

of employing 17co-IrCC and that of using 36co-IrCC. As a benefit of having more component codes

in 36co-IrCC, the EXIT curve of 36co-IrCC is capable of matching better to the EXIT curve of the

inner component, which is URC-xPSK, as seen in Figures 2.20, 2.21, 2.23 and 2.24. For example,

the better matching can be seen in Figure 2.21 and Figure 2.20, where the gap between the EXIT

curve of 36co-IrCC and the EXIT curve of the inner component URC-QPSK is smaller than that

between the EXIT curve of 17co-IrCC. As a result, 36co-IrCC exhibits a better performance in

comparison to 17co-IrCC, as presented in Figure 2.26, where an average improvement of 0.5 dB

is exhibited. However, it should be noted that the better performance of coding scheme employing

36co-IrCC can be achieved with a cost of a more complexity, which is 20 extra iterations in the

case of IrCC-URC-QPSK coding scheme.

Bearing in mind the improved performance of the coding scheme employing 36co-IrCC, we

favour 36co-IrCC in forming the non-coherent coding scheme of IrCC-URC-DMPSK, which is
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presented in the next section, Section 2.3.4.
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Figure 2.26: Comparison in performance corresponding to the employment of 36co-IrCC

and 17co-IrCC in the IrCC-URC-MPSK arrangement, when considering different modu-

lation schemes, namely QPSK, 8PSK and 16PSK over Rayleigh small-scale fading chan-

nel. The coding rate of Rc = 0.5 and the fame length of N = 105 are set for this

comparison, while the weighting coefficients of 17co-IrCC and 36co-IrCC are listed in

Table 2.7.

2.3.4 IrCC-URC-DMPSK coding scheme

Again, the EXIT-chart based design guidelines given in Section 2.3.1 is invoked for facilitating

the near-capacity coding design of the IrCC-URC-Multiple-Symbol Differential Detection aided

Differential M-ary Phase-Shift Keying (IrCC-URC-MSDD-aided-DMPSK) scheme, which may be

employed in the system illustrated in Figure 2.27.

In the system described by Figure 2.27, the transmitted frame of N bits at the transmitter side is

first encoded by the IrCC encoder having the coding rate Rc, in order to produce an egress frame of

N/Rc bits. The egress frame is mixed by the first interleaver π1 before being encoded by the URC

in order to introduce the resultant frame of the same size. The frame at the out-put of the URC

encoder is again blended by the second interleaver π2 before being modulated by the differential

modulation for transmitting over wireless channel, as seen in Figure 2.27.

At the receiver side of the system portrayed in Figure 2.1.2.1, the signals received from antenna

during a single frame duration is first processed in I inner iterations by iteratively performing

two steps, namely conducting demodulation using the MSDD method and decoding at the URC

decoder. Once having performed the I inner iterations, the resultant frame is fed into J so-called

outer iterations. It should be noted that each of J outer iterations contains I inner iterations. As
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a result, the receiver illustrated by Figure 2.1.2.1 has to perform totally I × J inner iterations, in

order to retrieve a frame of the received information.

Our goal for designing the IrCC-URC-MSDD-aided-DMPSK scheme is to determine the op-

timal values of I inner iterations, J outer iterations as well as weighting coefficients of IrCC. In

particular, the EXIT-chart tool is employed for formatting the IrCC encoder as well as determining

the D-DCMC capacity of the non-coherent inner most component of the coding scheme, namely

the Differential M-ary Phase Shift Keying (DMPSK) and the Unity Rate Coded Differential M-ary

Phase Shift Keying (URC-DMPSK).
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Figure 2.27: System architecture of the IrCC-URC-MSDD-aided-DMPSK scheme.

2.3.4.1 EXIT-chart design for IrCC-URC-MSDD-aided-DMPSK

Similar to the manner used to designing the coherent scheme in Section 2.3.3, for the sake of sim-

plicity, we present our generic design procedure for the specific example of IrCC-URC-Differential

Binary Phase Shift Keying (IrCC-URC-DBPSK) associated with MSDD Nw = 4 using our gener-

ically applicable EXIT-chart aided method, which is summarised as follows:

Step1: We optimise the number I of inner iterations between URC and MSDD-aided DEModu-

lation (MSDD-aided-DEM), which is also similar to the inner iteration between URC and STTC de-

tailed in Section 2.3.2. We first utilise the useful property of EXIT charts [157], which may be stated

that the area under the EXIT curve of an inner decoder component is approximately equal to the

attainable channel capacity, provided that the channel’s input symbols are equiprobable. Hence we

exploited the area property of EXIT-charts [157] to determine the achievable capacities of the URC-

MSDD-aided-DBPSK(DQPSK) and IrCC-URC-MSDD-aided-DBPSK(DQPSK) systems, which
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are quantified in Figure 2.28. It is seen in Figure 2.28 that the capacity curve of the URC-

MSDD-aided-DBPSK(DQPSK) scheme approaches that of the MSDD-aided-DBPSK(DQPSK)

arrangement, when I > 1 inner iterations are employed for the composite URC-MSDD-aided-

DBPSK(DQPSK) decoder. It is also demonstrated in Figure 2.28 that the attainable capacity im-

provement becomes negligible for I > 2. Therefore, we fix the number of inner iterations to I = 2

thereafter.;

Step2: Having fixed the optimal number I = 2 of inner iteration, we can create the EXIT

curve of the inner decoder component constituted by our URC-MSDD-aided-DBPSK scheme for

different SNRr values, namely from 2.3 dB to 3.0 dB for DBPSK scheme and from 5.2 dB to

6.0 dB for DQPSK scheme with an increasing step of 0.1 dB, as seen in Figure 2.29;

Step3: We then fix the IrCC code rate Rc = 0.5 and employ the EXIT curve matching al-

gorithm of [170] for generating the optimised weighting coefficients αi, i = 1, ..., 36, of the 36

different-rate component IrCC codes. More specifically, we opt for the set of codes facilitating de-

coding convergence to a vanishingly low BER at the lowest possible SNRr, while ensuring that the

Monte-Carlo simulation based decoding trajectory reaches the point of (1,1) at the top-right corner

of the corresponding EXIT chart. This implies that a near-capacity performance can be achieved,

as detailed in [45]. As a result, we obtained the weighting coefficients of the IrCC associated with

SNRr value, as noted in Figure 2.29. Then, these parameters allowed us to generate the respective

trajectories, which exhibits the number J of the outer iterations between IrCC and the amalgamated

arrangement URC-MSDD-aided-Q(B)PSK, as seen in Figure 2.29.

As a result of having implemented the design steps mentioned above, we obtain the EXIT

curves and the corresponding IrCC component-code weighting coefficients αi, i = 1, ..., 36, as

shown in Figure 2.29. Again as detailed in [45], these weighting coefficients αi determine the

particular fraction of the input stream to be encoded by the ith IrCC component code having a code

rate of αi. The EXIT-chart results show that provided a sufficiently high number of iterations, say

J is carried out between the IrCC decoder and the composite URC-MSDD-aided-DBPSK decoder,

the Monte-Carlo simulation based decoding trajectory would reach the (1, 1) point in Figure 2.29,

which guarantees a vanishingly low BER.

The numerical results of Figure 2.28 also show that for a sufficiently high number of say

J ≥ 30 outer iterations, the distance between the capacity curve of the IrCC-URC-MSDD-aided-

DBPSK(DQPSK) scheme and that of the DCMC-MSDD-aided-DBPSK(DQPSK) arrangement is

less than 0.5 dB.

2.3.4.2 Performance of IrCC-URC-DMPSK coding scheme

Setting the parameters determined in the design procedure, namely IrCC coding coefficients as

given in Figure 2.29, the number of inner iterations I = 2, the number of outer iterations J = 30,

we can get the performance of the coding scheme by running corresponding simulations. More
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Figure 2.28: Channel capacity comparison for the MSDD-aided-DBPSK(DQPSK), URC-

MSDD-aided-DBPSK(DQPSK) and IrCC-URC-MSDD-aided-DBPSK(DQPSK) based

systems when fd = 0.03.
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2.4. The employment of sub-frames 69

specifically, the FER/BER-performance of the IrCC-URC-DBPSK(DQPSK) seen in Figure 2.33

is in line with our EXIT chart analysis detailed in Section 2.3.4.1. For example, once the outer

iterations between the IrCC and URC components is set to J = 30, the IrCC-URC-MSDD-aided-

DBPSK channel coding scheme has a vanishingly low BER for SNRs in excess of 5.1 dB, provided

that the transmission frame length is greater or equal to N = 106. However, a negligible perfor-

mance’s degradation of 0.1 dB is recorded, when frame length of 105 symbols is applied in the

system.
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Figure 2.30: The performance of the proposed IrCC-URC-MSDD-aided-DBPSK scheme

in the small-scale Rayleigh fading channel with fd = 0.03.

2.4 The employment of sub-frames

In the small-scale fading channel, the transmitter can send data at the rate of R < C|h, while main-

taining an arbitrarily small error probability, but this idealised performance cannot be maintained

for block fading channel [151]. Let us take one of the near-capacity coding scheme designed in pre-

vious sections to illustrate the scenario. Accordingly, the performance of the proposed IrCC-URC-

MSDD-aided-DBPSK(DQPSK) scheme recorded for transmission over the block Rayleigh fading

channel is presented in Figure 2.32. However, in the practical system [165, 166], each channel-

encoded frame tends to be transmitted in an Nsub number of sub-frames, where the average SNRr

of (2.33) may be formulated as:

SNRr =
E[|hs|2]

N0
=

∑Nsub
i=1 |hs,i|2/Nsub

N0
, (2.38)

with hs,i representing the block shadow fading corresponding to the ith sub-frame of the channel-

encoded frame.
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Figure 2.31: The performance of the proposed IrCC-URC-MSDD-aided-DQPSK scheme

in the small-scale Rayleigh fading channel with fd = 0.03.

It is expected that by allocating each encoded frame into subframes [165, 166], the diversity

degree of the transmission link is increased, thereby improving the performance of the transmis-

sion link over the block fading channel. Let us continue by employing IrCC-URC-MSDD-aided-

DBPSK coding scheme, in order to demonstrate the benefit of the employment of subframes. More

specifically, it can be seen in Figure 2.33 that while the number Nsub of the sub-frames is in-

creasing from Nsub = 1 to Nsub = 104, the performance of the IrCC-URC-MSDD-aided-DBPSK

scheme recorded for transmission over a channel, where both the block shadow fading and the

small-scale Rayleigh fading are taken into consideration, approaches that of the IrCC-URC-MSDD-

aided-DBPSK scheme communicating over the small-scale Rayleigh fading channel.

2.5 Non-Coherent versus Coherent Near-Capacity Schemes

In order to answer the dilemma about whether the coherent system or non-coherent system would

be favoured in a given scenario, we examine the effect of channel estimation error on the perfor-

mance of the coherent system. Let us define θ as the normalised estimation accuracy, which can be

determined by:

θ = 100 × E

[
1 − ||h| − |ĥ||

|h|

]
, (2.39)

where ĥ is the estimated value of the channel coefficient h. It should be noted that if we have
||h|−|ĥ||

|h| > 1, the accuracy is equal to zero, θ = 0. For the sake of readability, the estimated channel

coefficient of ĥ is deemed to be formed by

ĥ = h + nest , (2.40)
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where nest is likened to the estimated noise springing from the inaccuracy of the channel estimator.

We further consider the estimated noise of nest as an AWGN process having a variance of N0,est/2

per dimension at a nominal estimated Signal to Noise Ratio of SNRest. Accordingly, as seen in

Figure 2.34, the normalised channel estimation accuracy of θ given in (2.39) is plotted against

different values of SNRest.
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Figure 2.34: The normalised channel estimation accuracy of θ, when considering different

frame lengths N ranging from N = 101 bits to N = 106 bits.

The benefit of introducing estimated Signal to Noise Ratio of SNRest is that we can examine

the performance’s degradation of the coherent system employing a practical channel estimator,

compared to the performance of the coherent system assuming that the channel state information is

available at the receiver.

It can be inferred from Figure 2.34 that the value of SNRest corresponding to a given value

of the channel estimation accuracy can be calculated. For example, Table 2.8 lists the values of

SNRest associating with different values of normalised channel estimation accuracy, namely from

10% to 100%.

Employing the channel estimation noise conventionally corresponding to SNRest given by Ta-

ble 2.8, we can have the corresponding performance of the system, which is IrCC-URC-QPSK,

when different levels of the channel estimation accuracy are supported by the channel estimator.

As seen in Figure 2.35, the performance’s degradation increases to about 5 dB when the accu-

racy reaches the threshold of 50%. A significant degradation of more than 20 dB in the system’s

performance is recorded, once the accuracy becomes smaller than 40%.

In order to provide a comparative picture about the pros-and-cons of the coherent and non-

coherent system, the performance comparison of the IrCC-URC-QPSK scheme in different regimes,

namely the non-coherent regime and the coherent regime taking into consideration of the channel
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Normalised channel estimation accuracy, θ[%] SNRest [dB]
10% 1.676

20% 2.518

30% 3.554

40% 4.783

50% 6.276

60% 8.127

70% 10.571

80% 14.027

90% 20.015

100% 100.667

Table 2.8: SNRest values corresponding to different values of the normalised channel

estimation accuracy θ ranging from θ = 10% to θ = 100%.
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estimator, is characterised in Figure 2.35. In Figure 2.36, the comparison is presented for the IrCC-

URC-QPSK based systems, all of which employ the same frame length of N = 105. It can be

seen in Figure 2.36 that a degradation of 3.1 dB in FER-performance is exhibited, when we change

from employing the coherent system relying on IrCC-URC-QPSK coding scheme to exploiting the

non-coherent system basing on IrCC-URC-MSDD-aided-DQPSK coding scheme. As also seen in

Figure 2.36, the performance of the system employing IrCC-URC-DQPSK coding scheme is equiv-

alent to that of IrCC-URC-QPSK, provided that the accuracy of the channel estimator is capable of

achieving the value of θ = 60%.
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Figure 2.36: Comparison of the non-coherent versus coherent: IrCC-URC-QPSK scheme

versus IrCC-URC-MSDD-aided-DQPSK, the frame length of N = 105, when communi-

cating over the small-scale Rayleigh fading channel.

2.6 Chapter Summary

In this chapter, we have investigated the capacity and outage probability of the Continuous-input

Continuous-output Memoryless Channel (CCMC), Discrete-input Continuous-output Memoryless

Channel (DCMC) and Differential Discrete-input Continuous-output Memoryless Channel (D-

DCMC). Both the small-scale and the block fading channels have been considered in our investiga-

tion. The frame-length was also taken into consideration when calculating the channel capacity and

outage probability. The Extrinsic Information Transfer (EXIT) chart is invoked for designing the

near-capacity coding schemes of IrCC-URC-MPSK, IrCC-URC-DMPSK and IrCC-URC-STTC-

MPSK. The comparison between non-coherent and coherent system was conducted, and channel

estimation was also taken into consideration. In the following chapters, the near-capacity coding

schemes readily designed in this chapter are employed for building up near-capacity relay-aided

systems.
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The outage probability of the DCMC and D-DCMC may be calculated based on the associated

SNRr value corresponding to a given transmission rate R. The SNRr value may be determined

by looking up the corresponding value on the capacity curve constructed by using Equation (2.16)

or by employing EXIT charts. The employment of EXIT charts used for formulating the capacity

curve may be described in the following steps:

• EXIT curves pertaining to a given modulation scheme are generated for different SNRr

values.

• A single point on the capacity curves is determined by computing the area under the EXIT

curve and its corresponding SNRr.

A three stage near-capacity coding arrangement relying on Irregular Convolutional Codes (IrCC)

may be designed by carrying out the following steps:

• Optimise the inner-most two-stage coding arrangement by finding the most appropriate num-

ber of iterations associated with the affordable complexity.

• Create the EXIT curve of the amalgamated inner decoder, which has been optimised, for

different SNRr values.

• Fix the overall coding rate of the IrCC encoder and then employ the EXIT curve match-

ing algorithm for generating the optimised weighting coefficients αi. The number of IrCC

component codes used was either 17 or 36.



Chapter 3
Distributed Three-Stage Concatenated
Single-Antenna Aided Cooperation

In this chapter, the near capacity coding schemes designed in Chapter 2 are employed for con-

structing a distributed three stage coding scheme, which is composed of Distributed Concatenated

Irregular Convolutional Code, Unity-Rate Code and Space-Time Trellis Code (DC-IRCC-URC-

STTC). The system was designed for supporting a cooperative single-antenna relay aided system,

as also seen in the thesis structure presented in Figure 1.16. More specifically, we consider two typ-

ical scenarios corresponding to the availability/unavailability of the signals from the source node

at the destination node. In the first case the source to destination link is weak and hence it is neg-

ligible, while in the second scenario the availability of the source-to-destination link is taken into

consideration during the decoding process at the destination.

3.1 Relay aided MIMO

The ultimate aim of designing a wireless communication system is to provide reliable high data rate

links. MIMO systems provide a linearly increasing capacity as a function of the transmit power,

provided the extra power is assigned to additional antennas [67]. STTCs [68] and STBCs [72],

which are joint coding and transmit-receive diversity aided MIMO systems, constitute efficient

techniques of communicating over fading channels [31], as detailed in Section 1.1.1 and Sec-

tion 1.1.2, respectively. However, it is impractical to allocate multiple antennas to a shirt-pocket-

sized mobile unit. Cooperative communication systems, which have recently attracted substantial

research efforts [7,8,34,171–173], are capable of creating a Virtual MIMO (VMIMO) system from

multiple single-antenna relays. Depending on the type of the relays, the set of algorithms devel-

oped for cooperative communication can be categorised into two main groups, namely Amplify-

and-Forward (AF) as well as Decode-and-Forward (DF) techniques [7, 8, 34, 171–173].

In a nutshell, a near-capacity three component IrCC-URC-STBC scheme was designed in [161],
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which requires multiple antennas at both the transmitter and receiver sides. We note however that

STTCs are capable of attaining a coding gain in addition to their spatial diversity gain, while the

STBCs of [161] can only achieve a spatial diversity gain [45], but no coding gain.

Against this background, the novel contribution of this chapter is that we amalgamate the ideas

of distributed space time coding [7,8] and near-capacity channel coding with the cooperative DF ap-

proach employing multiple single-antenna relays and use our Irregular Convolutional Coded Unity

Rate Coded Space Time Trellis Code (IrCC-URC-STTC) coding arrangement to design a near-

capacity coding scheme for single-antenna aided cooperative relaying systems. In other words,

our objective is to design a near-capacity coding scheme for optimising the overall system and for

devising the algorithms for finding relays for cooperation in the most appropriate locations in order

to provide the best possible performance.

3.2 Link Configuration in the Absence of the SD Link

This section is dedicated to the characterisation of the above-mentioned first scenario, in which a

source node (S) and a destination node (D) are communicating through two relay nodes (R) due to

the low quality of the signal transmitted from the S node at the D node. Hence the SD link is often

assumed to be unavailable [174].

3.2.1 System Model in the Absence of the SD Link

DestinationSource I II

Relay 1

Relay 2

gsr, dsr

gsr, dsr

dsr + drd = dsd = d

grd, drd

grd, drd

Figure 3.1: The model of the distributed coding system in the absence of the source-

destination link.

Let us now consider the system model depicted in Figure 3.1, where the S node and the D node

are connected via two R nodes. It should be noted that due to the constraint of having a single

antenna at the S, D and R node, at least two R nodes should be employed for forming a VMIMO

system, in order to exploit the benefits of MIMO systems. A transmission session of the system

detailed in Figure 3.1 is accomplished in two transmission periods, namely the first transmission

period is for the transmission from the S node to the R node and the other is for the transmission

from the R nodes to the D node.
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More specifically, during the first transmission period, the S node transmits its coded frame to

the R nodes. Then, after decoding and re-encoding the signals received from the S node, the two

R nodes transmit the resultant coded frame to the D node during the second transmission period.

At the destination, the signals received from the two single-antenna aided relays are combined,

detected and decoded, in order to recover the information transmitted from the S node. Although

the signals are transmitted from two separate R nodes having a single antenna, these signals are

treated, as if they came from a single relay having two transmit antennas. Naturally, the two relays

are required to collaborate, which is further elaborated on Section 3.2.2, where the structure of the

distributed encoder and decoder is described.

Let us now consider the channel model of the system. According to [169,171], the power-gain

(or geometrical pathloss reduction), gsr is expressed as a ratio or as Gsr(dB), which is experienced

by the source-to-relay link with respect to the source-to-destination link as a benefit of its reduced

distance and path loss, which is formulated as:

gsr =
(

dsd

dsr

)α

, (3.1)

where a free space pathloss exponent of α = 2 was considered, while dsd represents the distance

between the S node and the D node. Finally, dsr indicates the distance from the S node to the R

node, as seen in Figure 3.1.

Similarly, the relay-to-destination link’s power-gain, grd expressed as a ratio or Grd(dB), with

respect to the source-to-destination link can be formulated as:

grd =
(

dsd

drd

)α

, (3.2)

where drd is used for representing the distance from the R node to the D node, as illustrated in

Figure 3.1.

Naturally, the power-gain of the source-to-destination link with respect to itself is unity, i.e.

gsd = 1. For the sake of simplicity, we may stipulate another assumption, namely that the R nodes

are located on the straight line from the S node to the D node, which we have:

dsd = dsr + drd = d, (3.3)

where d is used as an alternative of dsd for the sake of brevity. Substituting Equation (3.3) into

Equation (3.1) and Equation (3.2), it can be inferred that

grd =
gsr(√

gsr − 1
)2 . (3.4)

Accordingly, the relation between the link’s power gain and the associated position of the relay

is characterised in Figure 3.2, where typical values of the free space pathloss exponent, namely

α = 2, 3, 4 are investigated.
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Figure 3.2: The link’s power gain versus relay’s position compared in different free space

pathloss exponents, namely α = 2, 3, 4.

Let us take into account the link’s power-gain of Equation (3.1) and Equation (3.2) by defining

SNRt as the ratio of the power transmitted from the transmitter to the noise power encountered at

the receiver1. Following the approach in [169, 171], where the noise power of N0 is assumed to be

constant, we have:

SNRt(source) = SNRt(relay) = SNRt, (3.5)

provided that the transmit power at the source equals that at the relays. Note that SNRt(source) and

SNRt(relay) represent the value of SNRt for the source and relay, respectively. Furthermore, we

define SNRr as the ratio of the received power to the noise power at the receiver as:

SNRr = G + SNRt, (3.6)

where G(dB) is the power gain of the link. According to Equation (3.6) and Equation (3.5) we

arrive at:

SNRr(relay) − Gsr = SNRr(dest.) − Grd, (3.7)

where SNRr(relay) and SNRr(dest.) are the receiver’s SNRs at the relays and the destination, respec-

tively.

According to the system model portrayed in Figure 3.1, the signals propagating in the system

may be described by firstly assuming that i ∈ {1, ..., Mr} with Mr being the number of relay

nodes, while k ∈ {1, ..., Ns} with Ns being the number of symbols per frame transmitted from the

1This definition is unconventional, because it relates physical quantities measured at different locations. However, it

is convenient for illustrating the benefit the geometrical pathloss reduction.
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S node. Then, the kth received signal at the ith relay node during the first transmission period can

be formulated as:

yri ,k =
√

gsri hsri ,kxk + nri ,k , (3.8)

where hsri ,k is the complex-valued Rayleigh fading coefficient between the S node and the ith R

node, which is associated with the kth symbol instant, xk, of the symbol sequence x transmitted

from the S node, while nri ,k is the corresponding AWGN process having a variance of N0/2 per

dimension. Likewise, the lth received symbol at the D node during the second transmission period

can be expressed as:

yd,l =
√

gr1dhr1d,lxr1,l +
√

gr2dhr2d,lxr2,l + nd,l , (3.9)

where l ∈ {1, ..., Nr}; Nr is the number of symbols per frame transmitted from the R node; hrid,l

is the complex-valued Rayleigh fading coefficient between the ith r node and the D node, which is

associated with the lth instant, xri,l , of the symbol sequence xri transmitted by Relay i; nd,l is the

AWGN having a variance of N0/2 per dimension.

3.2.2 Distributed Concatenated IrCC, URC and STTC

The distributed coding scheme used for the system model portrayed in Figure 3.1 is presented in

Figure 3.3. In the DC-IrCC-URC-STTC coding scheme depicted in Figure 3.3, a two-stage encoder

constituted by an Irregular Convolutional Code and Unity-Rate Code (IrCC-URC) is employed at

the S node. By contrast, at both the two R nodes and D node, the three-stage coding scheme con-

stituted by the IrCC-URC-STTC is employed. It should be noted that the collaboration of the two

R nodes has to guarantee that at any instant only the signals of a single STTC component of the

single-antenna R nodes is transmitted. Thus, the signals received at the D node are a combination

of the signals received from the two relays during the second transmission period. Then, the signals

received at the D node are treated, as if they arrived from a single relay transmitter equipped with

two co-located transmit antennas. In our investigation, we will employ both QPSK and 8PSK mod-

ulation for the two-stage IrCC-URC coding scheme of the S node, while only QPSK modulation is

used for the three-stage IrCC-URC-STTC, in order to highlight benefits of our EXIT chart assisted

design approach.
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As seen in Figure 3.3, the information bit sequence u is encoded by the IrCC encoder at the

S node for producing the coded sequence c, before passing c through the interleaver π1. The in-

terleaved bit sequence is encoded by the URC encoder and then modulated using 8PSK or QPSK,

in order to form the transmitted symbol sequence x. The signals yr1 and yr2 received at the both

relays, as presented in Equation (3.8), are iteratively decoded by the IrCC-URC decoders, as seen

in Figure 3.3, in order to estimate the original information bit sequences, u1 and u2, at R node 1

and 2, respectively. Then the estimated bit sequences of u1 and u2 are passed through the IrCC-

URC-STTC encoding process relying on the pair of interleavers, π1 and π2, which are located

between the IrCC encoder and URC encoder as well as between the URC encoder and the STTC

encoder, respectively. These two interleavers facilitate the provision of hitherto in exploited extrin-

sic information for the iterative decoding process at the destination, where the iterations exchanging

extrinsic information between the STTC decoder and the URC decoder are performed I times, be-

fore one of J times iteration between the URC decoder and the IrCC decoder is carried out, as

detailed in Section 2.3.2. In other words, once I inner iterations are accomplished, one iteration

of J outer iterations is triggered before passing the information back to the inner iterations. This

process is repeated, until all the affordable number of J outer iterations are performed, as seen in

the destination block of Figure 3.3.

Then, QPSK modulation is employed at the output of the R node’s STTC encoder. Note that

the sequences transmitted by each of the relays, namely xr1 and xr2 presented in Equation (3.9), are

created by choosing only one predefined output of the two-antenna 4-state STTC encoder of [68].

The sequence received at the D node, namely yd given in Equation (3.9), is then subjected to the

inverse process: yd is demodulated, and finally the resultant sequence is decoded by two iterative

decoders, namely by the URC-STTC decoder and the IrCC-[amalgamated-URC-STTC] decoder of

Figure 3.3. The decoded information bit sequence u′ seen in Figure 3.3 is compared to the original

one for evaluating the performance of the system.

The URC, IrCC and STTC component codes have the code rates of RURC, RIrCC and RSTTC,

respectively. Thus, the code rates of the concatenated coding arrangements, namely of the IrCC-

URC and IrCC-URC-STTC can be expressed as:

RIrCC−URC = RIrCC × RURC, (3.10)

and

RIrCC−URC−STTC = RIrCC × RURC × RSTTC . (3.11)

The overall throughput of the proposed two-hop cooperative system can be calculated by:

η =
Ni

Ns + Nr
[BPS] , (3.12)

where Ni is the number of information bits transmitted within a duration of (Ns + Nr) symbol pe-

riods, while Ns and Nr are the number of symbols transmitted by the S node and the R node within
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a transmission session, respectively. In what follows, a numerical example is presented for demon-

strating how the parameters of the system are determined by Equation (3.10), Equation (3.11) and

Equation (3.12)

Example 3.1. Let us assume that either 8PSK or QPSK is used for the source-relay transmission,

while QPSK is employed for the transmission between the R nodes and D node. In addition, the

URC, IrCC and STTC component codes have the code rates of RURC = 1.0, RIrCC = 0.5 and

RSTTC = 1.0, respectively.

Accordingly, the number of symbols transmitted by the S node may be calculated by:

Ns =
Ni

RIrCC−URC × log2 L
, (3.13)

where L is the number of modulation levels, which is equal to L = 4, when a QPSK modulation

scheme is used. As a result of employing QPSK modulation, substituting Equation (3.10) into

Equation (3.13), we may obtain

Ns =
Ni

0.5 × 1.0 × log2 4
,

= Ni. (3.14)

Likewise, Nr that is the number of symbols transmitted by the R node, which can be computed as:

Nr =
Ni

RIrCC−URC−STTC × log2 L
. (3.15)

It should be noted that we calculate Nr as if we had a single relay having two co-located antennas.

Since QPSK modulation is employed for the relay-destination link, we still have L = 4. Hence,

substituting Equation (3.11) into Equation (3.15) results in the following value of Nr:

Nr =
Ni

RIrCC−URC−STTC × log2 L
,

=
Ni

0.5 × 1.0 × 1.0 × log2 4
,

= Ni. (3.16)

Then, substituting Equation (3.17) and Equation (3.14) into Equation (3.12) leads to the system’s

overall throughput of η as:

η =
Ni

Ns + Nr
[BPS] ,

=
Ni

Ni + Ni
[BPS] ,

= 0.5 [BPS] . (3.17)

Similarly, when an 8PSK modulation scheme is used for the source-relay link and QPSK is

applied for the relay-destination link, the above steps may be replicated for obtaining the corre-

sponding system’s overall throughput of η = 0.6[BPS].
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Note that once the system’s overall throughput has been calculated, as demonstrated in Ex-

ample 3.1, the relationship between the Eb/N0 and SNR values of the system can be formulated

as:

Eb

N0
=

SNR
η

. (3.18)

The relationship stipulated by Equation (3.18) is necessary for the sake of a fair performance com-

parison of the different systems having different throughputs caused by using different parameters.

3.2.3 System Capacity and Relay Selection

In this section, we first derive the bounds for relay channels’ DCMC capacity corresponding to

the capacity of our DC-IrCC-URC-STTC scheme. Then the near-capacity coding arrangements

designed in Section 2.3 are applied for the appropriate transmission links of the DC-IrCC-URC-

STTC system. Furthermore, the results of our EXIT-chart based design are employed for choosing

relays, in order to optimise the system’s BER-performance.

3.2.3.1 Relay Channel Capacity

According to [173], the achievable CCMC capacity of a full duplex relay aided system can be

calculated as follows:

Crelay
CCMC ≥ max

p(X1,X2)
min{I(X1; Y2|X2), I(X1, X2; Y3)}, (3.19)

where X1,X2,Y2 and Y3 are the signals transmitted from the S node and R node, as well as the

signals received at the R node and the D node, respectively. Furthermore, p (X1, X2) is the joint

probability of signals transmitted from the S and R nodes. Applying the above general formulas

to our half-duplex system, and assuming that the source-destination link is not considered, while a

pair of relays is viewed as a single equivalent relay having two transmit antennas, we can formulate

the relay’s achievable DCMC capacity as:

Crelay
DCMC ≥ max

p(X,Xr)
min

{
Ns

Ns + Nr
× E[I(X; Yr)] ,

Nr

Ns + Nr
× E[I(Xr; Yd)]

}
, (3.20)

where η is calculated from Equation (3.12), X = [x1, x2, ..., xNs ] represents the signals transmitted

from the s node with xk formulated in Equation (3.8), while Xr = [xr1,1, xr2,1, ..., xr1,Nr , xr2,Nr ]

are the signals transmitted from the equivalent twin-antenna aided relay node with xri ,l formulated

in Equation (3.9). Furthermore, Yr = Yri = [yri ,1, ..., yri ,Ns ] and Yd = [yd,1, ..., yd,Nr ] are the

signals received at the equivalent relay node and the D node, with yri ,k and yd,l calculated from

Equation (3.8) and Equation (3.9), respectively.
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3.2.3.2 Relay Selection

In order to allow our coding scheme detailed in Figure 3.3 to attain the best possible performance,

a pair of appropriate relays should be utilised. Without any loss of generality, we can assume that a

sufficiently high number of relays are roaming between the source and destination. For the sake of

employing appropriate active relays, one can either choose two relays at an appropriate position or

equivalently choose two relays at an arbitrary position, provided that accurately controlled transmit

powers are used both at the S node and at the two R nodes. These two strategies have the same

influence on the system, since they result in the same received power.

Without any loss of generality, the first strategy is invoked by adopting two approaches, in order

to choose the activated ones from the set of available relays. The first approach is straightforward.

By contrast, our second approach relies on a more sophisticated novel proposition, namely on

ensuring that the appropriately shaped EXIT tunnel of the system remains open:

1. Based on the first approach, we can simply pick two arbitrary relays that are about half-

way between the S node and the D node. This approach can be generalised by picking two

arbitrary relays that are close to each other and they both have a similar distance from both

the S node and D node.

2. The more sophisticated EXIT-chart based approach appoints the optimal relays, which are

those that facilitate the creation of an open EXIT tunnel, as presented in Section 2.3.2.1 and

Section 2.3.3.1, leading to the (1,1) point at sufficiently high SNRr values at both the S node

and D node, provided that the SNRt value is also sufficiently high.

Denoting the SNR difference between the BER turbo-cliffs of our concatenated coding

arrangements, namely those of the IrCC-URC and the IrCC-URC-STTC arrangements as

A(dB) or a in terms of their ratio and using Equation (3.7), we have :

A = SNRr(relay) − SNRr(dest.) = Gsr − Grd . (3.21)

In other words, satisfying Equation (3.21) means that the relay’s position facilitates the cre-

ation of an open EXIT chart tunnel at both the R and D nodes simultaneously. As a result,

BER/FER of both the source-relay link and of the relay-destination link becomes vanishingly

low at the same SNRt value. Note that the relationship between A and a is simply:

a = 10
A
10 . (3.22)

Combining Equations 3.1, 3.2, 3.4 and 3.21, we arrive at the optimal relay-position condi-

tions as follows:

dsr =
d(

1 +
√

a
) , drd =

d ×
√

a(
1 +

√
a
) ,

gsr =
(
1 +

√
a
)2 , grd =

(
1 +

√
a
)2

a
. (3.23)
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Let us continue to use the numerical parameters of the system considered in Example 3.1, in order to

illustrate our novel proposition stipulated by Equation (3.23) with the aid of the following example.

Example 3.2. Let us again consider the illustrative system context described in Example 3.1. In this

system, either 8PSK or QPSK is used for the source-relay transmission while QPSK is employed

for the transmission between the R nodes and D node. The further details of the illustrative system,

which is generalised in Figure 3.3, are that the URC, IrCC and STTC component codes have the

code rates of RURC = 1.0, RIrCC = 0.5 and RSTTC = 1.0, respectively.

Following Equation (3.23), we can look up in Figure 2.15, Figure 2.20 and Figure 2.23 the

decoding convergence SNR points of the corresponding EXIT charts, which are the SNRr values

associated with the BER turbo cliff of the corresponding coding scheme, in order to infer to the

value of A ( or a). As a result, we can find the value of A = 0.5 dB and A = 3.7 dB for the cases

of using QPSK and 8PSK, respectively, as summarised in Table 3.1 and Table 3.2.

Coding Schemes Convergent Point, SNRr [dB]

IrCC-URC-STTC-QPSK 2.3

IrCC-URC-QPSK 2.8

IrCC-URC-8PSK 6.0

Table 3.1: Convergence-SNRs extracted from EXIT charts, namely of the IrCC-URC-

STTC-QPSK scheme presented in Figure 2.15, of the IrCC-URC-QPSK scheme given

in Figure 2.20 and of the IrCC-URC-8PSK scheme characterised in Figure 2.23. These

EXIT charts were obtained in a Rayleigh small-scale fading scenario.

By substituting the values of A into Equation (3.23), we can infer the optimal position of the

relays, which are detailed in Table 3.2. Accordingly, the optimal position of the relays results in

gsr = 4.24 and grd = 3.77 for the QPSK case and gsr = 6.41 and in grd = 2.73 for the 8PSK. The

corresponding distances, namely dsr and drd, are evaluated from Equation (3.1) and Equation (3.2),

which become 0.48d as well as 0.52d for QPSK and 0.39d as well as 0.61d for 8PSK, respectively.

Distributed Coding Scheme A (Convergence Optimal Position
Source-Relay Relay-Destination SNR Difference)

IrCC-URC-QPSK IrCC-URC-STTC-QPSK 0.5 dsr = 0.48d, drd = 0.52d

IrCC-URC-8PSK IrCC-URC-STTC-QPSK 3.7 dsr = 0.39d, drd = 0.61d

Table 3.2: Optimal positions of the relays.
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3.2.4 Relay Positioning and its Power Gain

In this section, we characterise the achievable BER versus Eb/N0 performance corresponding to

the two different relay-selection approaches, in order to verify the results of our EXIT-chart aided

design provided in Section 3.2.3. Although perfect relaying is not required for the success of our

coding scheme, we produce benchmark results for the perfect-relaying scenario, where no errors

are imposed by the source-relay link, in order to specify the achievable upper bound performance.

Note that the term ‘perfect relay’ implies that there are no errors occurring on the source-to-relay

transmission links, while the term ‘practical relay’ indicates that the quality of the source-to-relay

transmission link reflects the performance of the channel coding scheme used. Moreover, we as-

sume that the knowledge of the relays’ position is available. It was suggested by [175] that the

AF regime should be used when the relay position is close to the D node, while DF regime should

be employed when activating relays close to the S node. This is because close to the D node a

DF-based is likely ti inflict severe error-propagation, whilst closer to the S node it is capable of

flawlessly reproducing the original signal of the S node. Accordingly, we investigate the eight

configurations of the system portrayed in Figure 3.3. These configurations listed in Table 3.3 are

different in terms of the position and type of relays activated as well as in the modulation scheme

used for the source-to-relay transmission links, which are summarised as follows:

1. Configuration 1: A pair of relays located at the half-way position is activated, which are

assumed to be capable of perfect relaying. The IrCC-URC-QPSK scheme of Section 2.3.3

and IrCC-URC-STTC-QPSK of Section 2.3.2 are employed for the source-to-relay and relay-

to-destination links, respectively.

2. Configuration 2: A pair of relays located at the half-way position is activated and the source-

to-relay transmission links are supported by practical error-prone relaying. The IrCC-URC-

QPSK and IrCC-URC-STTC-QPSK schemes are employed for the source-to-relay and relay-

to-destination links, respectively.

3. Configuration 3: A pair of relays located at the half-way position is activated, which are as-

sumed to be capable of perfect relaying. The IrCC-URC-8PSK and IrCC-URC-STTC-QPSK

schemes are employed for the source-to-relay and relay-to-destination links, respectively.

4. Configuration 4: A pair of relays located at the half-way position is activated and the source-

to-relay transmission links are supported by practical error-prone relaying. The IrCC-URC-

8PSK and IrCC-URC-STTC-QPSK schemes are employed for the source-to-relay and relay-

to-destination links, respectively.

5. Configuration 5: A pair of relays located at the optimal position is activated, which are

assumed to be perfect relays. The IrCC-URC-QPSK and IrCC-URC-STTC-QPSK schemes

are employed for the source-to-relay and relay-to-destination links, respectively.
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6. Configuration 6: A pair of relays located at the optimal position is activated and the source-

to-relay transmission links are supported by the practical relays. The IrCC-URC-QPSK

scheme and IrCC-URC-STTC-QPSK are employed for the source-to-relay and relay-to-

destination links, respectively.

7. Configuration 7: A pair of relays located at the optimal position is activated, which are

assumed to be perfect relays. The IrCC-URC-8PSK and IrCC-URC-STTC-QPSK schemes

are employed for the source-to-relay and relay-to-destination links, respectively.

8. Configuration 8: A pair of relays located at the optimal position is activated and the source-

to-relay transmission links are supported by practical error-prone relays. The IrCC-URC-

8PSK and IrCC-URC-STTC-QPSK schemes are employed for the source-to-relay and relay-

to-destination links, respectively.

Configuration Position of relays Type of relays Scheme in use

1 Half way Perfect S −− > R: IrCC-URC-QPSK

R −− > D: IrCC-URC-STTC-QPSK

2 Half way Practical S −− > R: IrCC-URC-QPSK

R −− > D: IrCC-URC-STTC-QPSK

3 Half way Perfect S −− > R: IrCC-URC-8PSK

R −− > D: IrCC-URC-STTC-QPSK

4 Half way Practical S −− > R: IrCC-URC-8PSK

R −− > D: IrCC-URC-STTC-QPSK

5 Optimal Perfect S −− > R: IrCC-URC-QPSK

R −− > D: IrCC-URC-STTC-QPSK

6 Optimal Practical S −− > R: IrCC-URC-QPSK

R −− > D: IrCC-URC-STTC-QPSK

7 Optimal Perfect S −− > R: IrCC-URC-8PSK

R −− > D: IrCC-URC-STTC-QPSK

8 Optimal Practical S −− > R: IrCC-URC-8PSK

R −− > D: IrCC-URC-STTC-QPSK

Table 3.3: Configurations of the system presented in Figure 3.3, corresponding to different

modulation schemes employed for transmission from the S node to the R nodes, as well

as the position and type of the relays in use.

As shown in Figure 3.4 and Figure 3.5, when having access to relays at the half-way position,

a 3.0 dB Eb/N0 improvement is attained for QPSK case, while a 2.0 dB Eb/N0 improvement is

achieved for 8PSK, when we compare the Eb/N0 values required for having a BER of 10−5 with

and without the relays. Quantitatively, observe from Figure 3.4 and Figure 3.5 that Eb/N0 values

of -0.3 dB, 2.7 dB are required for QPSK case and 0.2 dB, 2.2 dB for 8PSK, respectively. Note
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Figure 3.4: BER-performance comparison of the distributed coding aided system of Fig-

ure 3.3, when operating in different configurations activating the R nodes located half-way

between the S node and the D node, namely the configuration 1 and 2 given in Table 3.3

for a Rayleigh small-scale fading scenario.
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Figure 3.5: BER-performance comparison of the distributed coding aided system of Fig-

ure 3.3, when activating the R nodes located half-way between the S node and the D
node, which corresponds to the configuration 3 and 4 listed in Table 3.3, where the 8PSK

modulation scheme is employed for the transmission link spanning from the S node to

the R nodes. A Rayleigh-distributed small-scale fading scenario is considered for all the

transmissions in the system.
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in Figure 3.4 that the idealistic perfect relay scheme operates beyond the realistic relay channel’s

capacity, which was calculated by evaluating the are under our realistic system’s inner decoder’s

EXIT curve, as detailed in Section 2.1.4. As seen in Figure 3.6 and Figure 3.7, selecting the relays in

the vicinity of the optimal position defined by Equation (3.23) has the potential of providing either

a 3.2 dB Eb/N0 improvement or a 4.0 dB Eb/N0 improvement at a BER of 10−5 in comparison to

the scenario dispensing with relaying, which is either 0.2 dB or 2.0 dB better than that of relaying

having the relays at about the mid-way position corresponding to the cases of QPSK and 8PSK.

Note that the performance gain of selecting relays at the optimum location, as opposed to using

relays at the half-way location, will be higher when we have a higher value of A, which quantifies

the difference between the two convergence SNRr values given by Equation (3.21).
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gsr = 4.24, grd = 3.77
dsr = 0.48d, drd = 0.52d

No Relay. Perfect, optimal
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Figure 3.6: BER-performance comparison of the distributed coding aided system of Fig-

ure 3.3, when activating the R nodes nearby the optimal position determined by Equa-

tion (3.23). The scenarios considered corresponds to the configuration 5 and 6 listed in

Table 3.3, where the QPSK modulation scheme is employed for the transmission link

spanning from the S node to the R nodes, while all the transmissions in the system are

affected by the Rayleigh-distributed small-scale fading.

As seen in Figure 3.4, the performance of the practical relay scheme, which may impose error-

propagation owing to its decision-errors, is either about 0.5 dB or 3.6 dB from that of the idealised

perfect relay scheme, which is due to the effects of error propagation imposed by the R nodes.

More explicitly, the SNRr(relay) value is too low to achieve a sufficiently low BER, although the

SNRr(dest.) is sufficiently high to attain a low BER, when the R nodes are located half-way between

the S and D nodes. By definition, the optimal relay selection method aims for solving this problem

by activating relays exactly at the optimal locations, so that the system may reach the SNRr(relay)

and SNRr(dest.) values required for simultaneously achieving a low BER at both the R and D
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nodes. According to Equation (3.23), the optimal relay nodes in the scheme considered are located

at normalised positions of 0.48d and 0.39d closer to the S node, in order to achieve gsr = 4.24,

grd = 3.77 for QPSK case and gsr = 6.41, grd = 2.73 for 8PSK case, respectively. The optimal

relay-aided performance seen in Figure 3.6 and Figure 3.7 shows that the practical relaying scheme

is now capable of operating a mere 0.1 dB and 0.2 dB away from the corresponding perfect relaying

scheme for the cases of QPSK and 8PSK, respectively.
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Figure 3.7: BER-performance of the distributed coding aided system pictured in Fig-

ure 3.3, when selecting R nodes nearby the optimal position determined by Equa-

tion (3.23). The scenarios considered corresponds to the configuration 7 and 8 mentioned

in Table 3.3, where the 8PSK modulation scheme is chosen for the transmission link span-

ning from the S node to the R nodes, provided that all the transmissions in the system are

carried out over Rayleigh-distributed small-scale fading channels.

Figures 3.4, 3.5, 3.6 and 3.7 also show that our coding scheme is capable of operating at 1.0 dB

and 1.1 dB away from the relay realistic channel’s capacity corresponding to the cases of mid-

way relaying and optimal relaying for QPSK. These SNR-discrepancies are 5.0 dB and 1.1 dB

for 8PSK. Note that the relay channel’s capacity defined by Equation (3.20), when employing the

relays near the optimal position stipulated by Equation (3.23), is always better than that of the

relays roaming near the mid-way position. Equation (3.20) also suggests that there should be a

different optimal position, when the objective function is that of maximising the relay channel’s

capacity. However, satisfying our optimal condition defined in Equation (3.23) always provides

the best possible performance for our coding scheme, which is hence also better than that of the

optimal position chosen for maximising the relay channel’s capacity.
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3.3 Distributed Coding Scheme with the Presence of SD Link

3.3.1 System Model in the Presence of the SD Link

In this section, we expand the model previously investigated in Section 3.2 by exploiting the weak

signals transmitted from the S node during the first transmission period and received by the D

node. As portrayed in Figure 3.8, the source node, the two relay nodes and the destination node use

a single antenna for transmitting and receiving signals within the two transmission periods. During

the first transmission period, the S node transmits its coded frame to both the R and D nodes. Then,

after decoding and re-encoding the signals received from the S node, the R nodes transmit the

resultant coded frame to the D node during the second transmission period. At the destination, the

signals received during the two transmission periods are combined in order to recover the original

signals. This regime is different from the system model used in Section 3.2.1, where the signals

I II

DestinationSource

Relay 1

Relay 2

gsr, dsr

gsr, dsr

dsr + drd = dsd = d

grd, drd

grd, drd

gsd, dsd

Figure 3.8: The system model of the distributed coding scheme, which is extended from

the system model portrayed in Figure 3.1 by additionally taking into account the signals

received from the source-destination link.

received at the D node comprise two components corresponding to the two transmission periods.

The kth and lth symbols received at the D node during the first and second transmission period can

be expressed as:

yI
d,k =

√
gsdhsd,kxk + nI

d,k , (3.24)

yI I
d,l =

√
gr1dhr1d,lxr1,l +

√
gr2dhr2d,lxr2,l + nd,l . (3.25)

3.3.2 Encoder and Decoder in the Presence of the SD Link

In the coding scheme illustrated in Figure 3.9, the weak signals received at the destination during

the first transmission period are stored and then jointly and iteratively decoded with the aid of the

signals received from the two relays during the second transmission period. Given this structure,

we introduce two kinds of iterations within the decoder at the destination node, namely the inner
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iterations referring to the iteration inside the decoders used during either the first or second trans-

mission periods and the outer iteration implying the iteration between the two decoders used during

two transmission periods.
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3.3.3 Achievable Rate and Relaying Strategy

In this section, another novel method conceived for selecting relays is investigated. The relay-

based achievable rate is also discussed. Additionally, EXIT charts are employed for determining

the number of both inner and outer iterations during iterative decoding process.

3.3.3.1 Dynamically Selected Relays

In this section we compare two EXIT-chart based approaches involved for appointing relays in

order to allow the DC-IrCC-URC-STTC coding scheme of Section 3.2 to attain its best possible

performance.

1. The first EXIT-chart based approach was presented in Section 3.2.3.2.

2. The second EXIT-chart based approach dynamically selects the relays that are located at

beneficial positions so that the SNRr encountered at the relays is always close to but slightly

above the SNRr value required for attaining convergence to an infinitesimally low BER. For

example, observe in Figure 2.20 that this was γ = SNRr(relay) = 2.8 dB, when employing

the IrCC-URC-QPSK scheme presented in Section 2.3.3. Moreover, the path gains and SNR

values have to meet the following condition:

GSR = SNRr(relay) − SNRt

= γ − SNRt . (3.26)

Using Equations 3.1, 3.2, 3.4 and 3.26, we can calculate the positions of the relays, dsr and

drd, as well as the corresponding path gains, gsr and grd, given a certain transmit power level

by using the following formulas:

gsr = 10(γ−SNRt)/10, (3.27)

grd =
10(γ−SNRt)/10(

10(γ−SNRt)/20 − 1
)2 , (3.28)

dsr = d × 10−(γ−SNRt)/20, (3.29)

drd = d ×
(

1 − 10−(γ−SNRt)/20
)

. (3.30)

As we can see in Figure 3.10 and Figure 3.11, the approach of dynamically selecting the relays

at beneficial positions, so that the SNRr encountered at the relays is always slightly above the turbo-

cliff SNR improves the attainable performance, when Eb/N0 is low. However, the dynamically

selected relays offer the same performance as the relays located close to the optimal position when

Eb/N0 is sufficiently high. However, no error propagation is imposed by source-to-relay link, when

employing dynamic relays. This property is essential for the EXIT-chart based analysis of the relay

achievable rate and for designing the iterative decoder at the D node, when the signals received

during both transmission periods are exploited by the iterative decoding process.
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Figure 3.10: BER-performance of the system portrayed in Figure 3.3, when employing

optimal relays defined by Equation (3.23) versus when using relays characterised by Equa-

tion (3.27), while all transmissions in the system are affected by the Rayleigh-distributed

small-scale fading. QPSK modulation scheme was used for the source-relay transmission.
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Figure 3.11: BER-performance of the system portrayed in Figure 3.3, when employing op-

timal relays defined by Equation (3.23) in comparison to using dynamic relays stipulated

by Equation (3.27), where all transmissions in the system are affected by the Rayleigh-

distributed small-scale fading. The source-relay transmission is relied on the 8PSK mod-

ulation scheme.
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3.3.3.2 Relay Channel Capacity

According to [173], the upper bound and lower bound of the CCMC of a full duplex relay aided

system can be calculated as follows:

Crelay
CCMC ≤ max

p(X1,X2)
min{I(X1; Y2, Y3|X2

), I(X1, X2; Y3)}, (3.31)

Crelay
CCMC ≥ max

p(X1,X2)
min{I(X1; Y2|X2

), I(X1, X2; Y3)}, (3.32)

where X1,X2,Y2 and Y3 are the signals transmitted from the S node and R node, as well as the

signals received at the R node and the D node, respectively. Furthermore, p (X1, X2) is the joint

probability of signals transmitted from the S and R nodes. The upper bound and lower bound of

the CCMC capacity for a half duplex relaying can be calculated from Equation (3.31) and Equa-

tion (3.32) as follows:

Crelay
CCMC ≤ max

p(X1,X2)
min{I(X1; Y2, Y3), I(X1, X2; Y3)}, (3.33)

Crelay
CCMC ≥ max

p(X1,X2)
min{I(X1; Y2), I(X1, X2; Y3)}. (3.34)

Let us now apply the Inequality (3.34) to our half duplex system presented in Section 3.3.1,

and assume that the signals transmitted from the source during the second transmission period are

available at the destination, and that a pair of relays is viewed as a single equivalent relay having

two transmit antennas. Then, we can formulate the upper bound and lower bound of the relay

channel’s DCMC capacity as follows:

Crelay
CCMC ≤ max

p(X1,X2)
min{ Ns

Ns + Nr
× E[I(X; Y I

d , Yr),
Ns

Ns + Nr
× E[I(X; Y I

d)]

+
Nr

Ns + Nr
× E[I(Xr; Y I I

d )]}, (3.35)

Crelay
CCMC ≥ max

p(X1,X2)
min{ Ns

Ns + Nr
× E[I(X; Yr)],

Nr

Ns + Nr
× E[I(Xr; Y I I

d )

+
Ns

Ns + Nr
× E[I(X; Y I

d)} (3.36)

where X = [x1, x2, ..., xNs ] represents the signals transmitted from the S node with xk formu-

lated in Equation (3.8), while Xr = [xr1,1, xr2,1, ..., xr1,Nr , xr2,Nr ] are the signals transmitted from

the equivalent twin-antenna based relay node with xri ,l formulated in Equation (3.9). Further-

more, Yr = Yri = [yri ,1, ..., yri ,Ns ] are the signals received at the equivalent two-antenna based

relay node with yri ,k calculated from Equation (3.8). Furthermore, Y I
d = [yI

d,1, ..., yI
d,Nr

] and

Y I I
d = [yI I

d,1, ..., yI I
d,Ns

] are the signals received at the D node during the first and second trans-

mission periods, where yI
d,k and yI I

d,l can be calculated from Equation (3.24) and Equation (3.25),

respectively. From Equation (3.35) and Equation (3.36), we can compute a range of diverse channel

capacities pertaining to our systems as presented in Figure 3.12 and 3.13. Moreover, using these

figures, we can calculate relay channel’s capacity, as summarised in Table 3.4.
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Figure 3.12: Optimal position based relay channel’s capacity over the Rayleigh-distributed

small-scale fading channel, when the QPSK modulation scheme is employed for source-

relay transmission.
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Figure 3.13: Optimal relay channel’s capacity, when communicating over the Rayleigh

small-scale fading channel, where the 8PSK modulation scheme is employed for source-

relay transmission.
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3.3.3.3 EXIT-chart for Determining the Number of Outer Iterations

As discussed in Section 3.3.3.1, no errors are imposed by the source-relay links, when dynamic

relays are activated. This property guarantees the accuracy of our EXIT chart analysis. Hence,

in this section, we calculate both the EXIT chart and the Monte-Carlo simulation based decod-

ing trajectory using the dynamic relay appointment condition formulated in Equation (3.27) with

γ = 2.8 dB. When the number of inner iterations between the URC and IrCC schemes within

Combine-two-blocks-10iters-trajectory.gle
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Figure 3.14: The EXIT matching of two amalgamated coding blocks, namely the block

containing the IrCC-URC-QPSK scheme and the other relying on IrCC-URC-STTC-

QPSK, with the number Iin = 30 of iterations between IrCC and URC.

the amalgamated coding block of Figure 3.8, namely between the IrCC-URC and Irregular Convo-

lutional Coded Unity Rate Coded Space-Time Trellis Code employing two transmit antennas and

one receive antenna (IrCC-URC-STTC2x1) is Iin = 30, we infer from Figure 3.14 that Iout = 3

outer iterations are required between the two amalgamated blocks for ensuring that the Monte-

Carlo simulation based bit-by-bit decoding trajectory reaches the upper edge of the graph shown in

Figure 3.14.

3.3.4 Optimal Relays versus Dynamic Relays

As seen in Figure 3.15, if Iout = 3 and Iin = 30 are applied to the decoder at the destination, an

SNR improvement of 3.5 dB, 3.3 dB and 3.1 dB is achieved when employing dynamic, optimal and

mid-way relays, respectively. Our simulation result also show that the BER performance matched
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exactly the EXIT chart predictions presented in Section 3.3.3.3.
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Figure 3.15: BER performance comparison in different position based scenarios, namely

the scenario employing the mid-way relays, the scenario selecting the optimal relays and

that activating the dynamic relays, when considering the presence of the signals transmit-

ted from the S node at the D node. A Rayleigh channel was considered.

3.4 Chapter Summary

In this chapter, we have proposed a DC-IrCC-URC-STTC scheme for single-antenna based co-

operative relaying. We formulated the associated design principles relying on EXIT charts for

arbitrary three-stage concatenated cooperative systems. In order to ensure for our near-capacity

coding scheme that it provides the best possible performance, we formulated and investigated an

optimal condition for selecting the relays by ensuring that they are capable of maintaining an open

EXIT chart tunnel both at the R and D nodes at the same value of SNRr. The optimal relay scheme

also mitigated the problem of potential error propagation often imposed by the relays, which was

achieved by selecting relay nodes near the optimal locations for ensuring that the received SNR

value required at the relay and destination nodes can be maintained simultaneously. Moreover, a

dynamic method of relay-selection was proposed in Section 3.3.3.1, in order to make use of the

signals transmitted from the source to the destination with the aid of the iterative decoding process

used at the destination node in order to improve the achievable performance.

For the sake of convenient comparison, Table 3.4 summarised the channel capacity of different

IrCC-URC-STTC based schemes.
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Systems Throughput (bit) Eb/No (dB) Distance (dB)

IrCC-URC-QPSK 1 1.8 1.0

IrCC-URC-8PSK 1.5 5.0 1.0

IrCC-URC-STTC2x1-QPSK 1 2.3 0.7

NON-SD Transmission QPSK

DC-IrCC-URC-STTC2x1-QPSK-QPSK

no-SD link (mid-way, perfect) 0.5 -1.22 0.5

DC-IrCC-URC-STTC2x1-QPSK-QPSK

no-SD link (mid-way, actual) 0.5 -1.22 1.0

DC-IrCC-URC-STTC2x1-QPSK-QPSK

no-SD link (optimal, perfect) 0.5 -1.5 0.9

DC-IrCC-URC-STTC2x1-QPSK-QPSK

no-SD link (optimal, actual) 0.5 -1.5 1.1

DC-IrCC-URC-STTC2x1-QPSK-QPSK

no-SD link (dynamic) 0.5 -1.4 1.0

NON-SD Transmission 8PSK

DC-IrCC-URC-STTC2x1-8PSK-QPSK

no-SD link (mid-way, perfect) 0.6 1.1 -2.5

DC-IrCC-URC-STTC2x1-8PSK-QPSK

no-SD link (mid-way, actual) 0.6 1.1 1.1

DC-IrCC-URC-STTC2x1-8PSK-QPSK

no-SD link (optimal, perfect) 0.6 -0.9 0.9

DC-IrCC-URC-STTC2x1-8PSK-QPSK

no-SD link (optimal, actual) 0.6 -0.9 1.1

DC-IrCC-URC-STTC2x1-8PSK-QPSK

no-SD link (dynamic) 0.6 -0.9 1.1

SD Transmission QPSK

DC-IrCC-URC-STTC2x1-QPSK-QPSK

SD link (mid-way, perfect) 0.5 -1.2 0.5

DC-IrCC-URC-STTC2x1-QPSK-QPSK

SD link (mid-way, actual) 0.5 -1.2 1.0

DC-IrCC-URC-STTC2x1-QPSK-QPSK

link (optimal, perfect) 0.5 -1.5 0.9

DC-IrCC-URC-STTC2x1-QPSK-QPSK

SD link (optimal, actual) 0.5 -1.5 1.1

DC-IrCC-URC-STTC2x1-QPSK-QPSK

SD link (dynamic) 0.5 -1.4 1.0

Table 3.4: Comparison of various distributed coding schemes in terms of their throughput

and the distance between their performance curves and the corresponding DCMC capacity,

when communicating over Rayleigh small-scale fading channels.



Chapter 4
Near-Capacity Network Coding for
Multi-User Cooperative
Communications

In this chapter, we conceive multiple-user cooperative systems relying on the near-capacity cod-

ing schemes designed in Chapter 2. The chapter is commenced by deriving the upper and lower

bounds for the FER performance of cooperative multi-user communications systems using net-

work coding, in order to investigate idealised systems, where all the links are supported by perfect

channel capacity-achieving codes operating right at the Continuous-input Continuous-output Mem-

oryless Channel (CCMC) capacity. Then, our realistic near-capacity coding schemes are integrated

into these multi-user cooperative systems for designing novel Near-Capacity Multi-user Network-

coding (NCMN) based systems.

Aiming for characterising the NCMN based systems, the performance of the idealised multi-

user systems operating right at Shanon’s capacity is compared to that of the systems operating at the

practically achievable capacity and to the realistic systems using our near-capacity channel coding

scheme. In the NCMN based systems, both small-scale uncorrelated Rayleigh fading and slow

fading channels are considered. In particular, near-capacity network coding schemes are studied

along with the attainable capacity of the network coding systems.

Our design philosophy conceived for NCMN based systems may be invoked for arbitrary multi-

user topologies using near-capacity channel codes having various throughputs.

4.1 From Network Coding to Generalised Dynamic Network Codes

Network coding is a recently introduced paradigm conceived for efficiently disseminating data in

wireless networks, where the data flows arriving from multiple sources are combined for increasing



4.2. Generalised Dynamic-Network Codes 103

the throughput, for reducing the delay and/or for enhancing the robustness [176]. Similarly to the

DF principle, the relay nodes store the incoming packets in their own buffer and transmit their linear

combinations. The coefficients invoked for their linear combinations may be random numbers over

a large finite field [42, 177] or from parity-check matrices of error control codes [47, 178]. The

linear combination operation is typically performed over finite Galois Fields (GF) [47].

Dynamic Network Codes (DNCs) were recently proposed by Xiao and Skoglund [46], where

each of the M users also acts as a relay for the other users. In this system, each user broadcasts

a single Information Frame (IF) of its own both to the Base Station (BS) and to the other users

during the first Time Slot (TS). Then, during the 2nd to the (M)th TS, each user transmits (M − 1)

Parity Frames (PFs) to the BS. Each of these PFs consists of nonbinary linear combinations of the

Information Frames (IFs) that it could successfully decode.

Generalised Dynamic Network Codes (GDNCs) were proposed in [47, 99] by interpreting the

problem as being equivalent to that of designing linear block codes defined over GF(q) for erasure

correction. The authors of [47,99] extended the original Dynamic Network Coding (DNC) concept

by allowing each user to broadcast several (as opposed to a single) IFs of its own during the Broad-

cast Phase (BP), as well as to transmit several nonbinary linear combinations, which are also con-

sidered as PFs, during the Cooperative Phase (CP). A transmission session of Generalised Dynamic

Network Code (GDNC) comprises two phases, namely the BP and the CP. In [46, 47, 99, 179], the

range of diversity order in each system was estimated in order to roughly compare the expected

performance of different systems. The FER performance of the GDNC scheme was determined

in [47, 99] by calculating the rank of the matrix characterising GDNCs. This method, which we

refer to as the Pure Rank Based Method (PRBM), always provides an optimistic estimate of the

attainable FER performance of GDNCs.

4.2 Generalised Dynamic-Network Codes

In this section, we detail the formation of the cooperative multiple-user system portrayed in Fig-

ure 4.1, where M users cooperatively communicate with a common BS. A transmission ses-

sion of the cooperative multiple-user system is conducted in two groups of phases, the Broadcast

Phases (BPs) and the Cooperative Phases (CPs). The details of these phases are described as fol-

lows.

4.2.1 System Model

During the BPs, each user broadcasts k1 number of its own IFs. An information frame (packet or

message), namely Im(t), t = [m, M + m, ..., (k1 − 1)M + m] transmitted by User m, takes place

during the specific broadcast phase t, t = [m, M + m, ..., (k1 − 1)M + m], which is selected from

the whole set of k1M BPs. These k1M BPs are comprised of k1 groups of M BPs, where the k1
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groups are presented in Figure 4.1 by (B1) . . . (Bk1).

Then, during the Mk2 CPs, each user transmits k2 number of PFs, namely �1m(t
′), t

′ =

[m, M + m, ..., (k2 − 1)M + m], containing nonbinary linear combinations of its own IFs and of

the IFs transmitted by the other (M − 1) users. The notation �m(t
′) in Figure 4.1 denotes the

parity frame transmitted by User m during the cooperative phase k2(m − 1) + t
′
, and � represents

the specific nonbinary linear combination, where the parity coefficients will be defined imminently

in the context of Figure 4.1. Similar to the BPs, the Mk2 CPs include k2 groups of M CPs, where

the k2 groups are presented in Figure 4.1 by (C1) . . . (Ck2). Note that the number (M − 2) is used

for indicating a set of (M − 2) links employed for transmitting IFs from either User m or User f to

the other (M − 2) users. The set of (M − 2) links does not include the links used for transmitting

IFs to the BS.

Moreover, it should be noted that a single phase is defined as a time period, in which a user

performs a single transmission and the transmissions are conducted by M users via the appropri-

ately created orthogonal channels either in the time-, frequency- or code-domain. We consider

orthogonal channels in the time domain.

Example 4.1.
Let us consider a specific example of the general system model presented in Figure 4.1, where the

system has M = 2 users and each user transmits k1 = 2 IFs during the BPs as well as the k2 = 2

PFs during CPs, respectively. In this system, there are Mk1 = 4 BPs as well as Mk2 = 4 CPs, and

the details of the transmission phases are portrayed in Figure 4.2. The Mk1 = 4 BPs are arranged

in k1 = 2 groups, namely B1 and B2, corresponding to the k1 = 2 IFs transmitted by each user

during the BPs. By contrast, while the Mk2 = 4 CPs are allocated to k2 = 2 groups, namely C1

and C2, which correspond to the k2 = 2 PFs transmitted by each of the two users during the CPs.

The arrangement of the broadcast and CPs seen in Figure 4.2 is summarised as follows

Broadcast phases

(B1) Broadcast phase 1 : User 1
I1(1)−−→ BS and User 2,

(B1) Broadcast phase 2 : User 2
I2(2)−−→ BS and User 1,

(B2) Broadcast phase 3 : User 1
I1(3)−−→ BS and User 2,

(B2) Broadcast phase 4 : User 2
I2(4)−−→ BS and User 1,

Cooperative phases

(C1) Cooperative phase 1 : User 1
�1(1)=3I1(1)+5I2(2)+2I1(3)+5I2(4)−−−−−−−−−−−−−−−−−−−−→ BS,

(C1) Cooperative phase 2 : User 2
�2(2)=7I1(1)+7I2(2)+4I1(3)+5I2(4)−−−−−−−−−−−−−−−−−−−−→ BS,

(C2) Cooperative phase 3 : User 1
�1(3)=3I1(1)+7I2(2)+3I1(3)+3I2(4)−−−−−−−−−−−−−−−−−−−−→ BS,

(C2) Cooperative phase 4 : User 2
�2(4)=4I1(1)+6I2(2)+1I1(3)+2I2(4)−−−−−−−−−−−−−−−−−−−−→ BS.

1The � operation in this context was first introduced in [46, 179].
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Figure 4.1: General model of the NCMN based system relying on M users.
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Figure 4.2: The model of the specific system supporting M = 2 users, where each user

transmits k1 = 2 IFs and k2 = 2 PFs.

G4×8 =


1 0 0 0 | 3 7 3 6

0 1 0 0 | 5 7 7 4

0 0 1 0 | 2 4 6 1

0 0 0 1 | 5 5 3 2

 . (4.1)

4.2.2 Transfer Matrix

A transmission session of the system can be equivalently represented by the transfer matrix. The

transfer matrix Gk1 M×k1 M+k2 M (or G for shorthand) seen in Figure 4.5 comprising the identity ma-

trix Ik1 M×k1 M (or I for shorthand) and the parity matrix Pk1 M×k2 M (or P for shorthand) represents

a transmission session of the system, where all the frames transmitted during that session are suc-

cessfully decoded. This transfer matrix can be derived from the appropriately selected systematic

generator matrix G of an (n, k, dmin) linear block code [47] and [99], which is shown in Figure 4.3.

The linear block code employed should be a Maximum Distance Separable (MDS) code for the

sake of satisfying the maximum minimum distance bound [180]. The systematic generator matrix

G of the Reed Solomon (RS) codes constituting a well-known class of MDS codes is provided by

the software application SAGE [181].

In Example 4.1, if all the frames transmitted within a session are successfully decoded, the
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P1,1 P1,2 · · · P1,n−k

P2,1 P2,2 · · ·

. . .
...

...
...

1

0

0

0 0

· · · 0

0

· · · 1

...
...

. . .
...

· · ·

Ik×k

Gk×n

Pk×n−k

P2,n−k

Pk,n−k· · ·Pk,1 Pk,2

1

Figure 4.3: Generator matrix Gk×n used to form the transfer matrix characterising a trans-

mission session of the NCMN based stem presented in Figure 4.1.

transmission session can be equivalently represented by the transfer matrix G4×8 of Equation (4.1).

In order to demonstrate how the transfer matrix associated with an arbitrary transmission session is

formed, for ease of readability, let us initially consider a simple system as presented in Example 4.2.

Example 4.2.
We investigate a system supporting M = 2 users communicating with a BS [46]. In a transmission

session, each user transmits k1 = 1 information frame during the BP and k2 = 1 parity frame

during the CP. The details of transmission phases are illustrated in Figure 4.4 and summarised as

follows

Broadcast phases

(B1) Broadcast phase 1 : User 1
I1(1)−−→ BS and User 2,

(B2) Broadcast phase 2 : User 2
I2(2)−−→ BS and User 1,

Cooperative phases

(C1) Cooperative phase 1 : User 1
�1(1)=I1(1)+I2(2)−−−−−−−−−−→ BS,

(C2) Cooperative phase 2 : User 2
�2(2)=I1(1)+2I2(2)−−−−−−−−−−−→ BS.

Again, if all the frames transmitted within the session are successfully decoded, the transmission

session can be equivalently represented by the matrix G2×4 [47, 99]

G2×4 =

[
1 0 | 1 1

0 1 | 1 2

]
, (4.2)

where G2×4(i, i) = 1, i = [1, 2] represents the successful decoding of the IFs Ii(i) at the BS,

which was transmitted by User i during the broadcast phase Bi. Having G2×4(1, 3) = ”1” or

G2×4(2, 4) = ”2” means that the parity frame transmitted by User 1 or User 2 during the coop-

erative phase C1 or C2 is successfully decoded at the BS, and the linear combining coefficient of

the information frame I1(1) or I2(2) in this parity frame has a value of ”1” or ”2”, respectively.

Note that having G2×4(2, 3) = ”1” or G2×4(1, 4) = ”1” indicates that information frame I2(2)
or I1(1) is successfully decoded by User 1 or User 2, and the parity frame transmitted by User 1
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Figure 4.4: The model of the system supporting M = 2 users, where each user transmits

k1 = 1 IFs and k2 = 1 PFs.

or User 2 during the cooperative phase C1 or C2 is successfully decoded at the BS, provided that

the linear combining coefficient of the information frame I1(1) or I2(2) in this parity frame has a

value of ”1” or ”1”, respectively.

To elaborate further, the system might experience an actual transmission session containing

(k1M + k2M) = 4 phases depending on the success or failure of a specific transmission attempt
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as follows

Broadcast phases

(B1) G
′
2×4(1, 3) = G2×4(1, 3),

[User 1 =0−→ BS] : G
′
2×4(1, 1) = 0,

[User 1 =1−→ User 2] : G
′
2×4(2, 4) = G2×4(2, 4),

(B2) G
′
2×4(2, 4) = G2×4(2, 4),

[User 2 =0−→ BS] : G
′
2×4(2, 2) = 0,

[User 2 =1−→ User 1] : G
′
2×4(1, 4) = G2×4(1, 4),

Cooperative phases

(C1) [User 1 =0−→ BS] : G
′
2×4(i, 3) = 0, i = 1, 2,

(C2) [User 2 =1−→ BS] :,

where ′ →′ represents the transmission direction, while ′ == 1′or′ == 0′ means that the frame

is successfully/unsuccessfully recovered at the destination, respectively. We define G
′
2×4 as the

corresponding ’modified’ transfer matrix, where the terminology ’modified’ implies that the entries

of G
′
2×4 are modified from those of the original transfer matrix G2×4 of Equation (4.2) according

to the actual transmission session detailed in Equation (4.3). As a result, G
′
2×4 is formed as

G
′
2×4 =

[
0 0 | 0 1

0 0 | 0 2

]
, (4.3)

where the diagonal elements ’1’ at the left of Equation (4.2) become ’0’ owing to the unsuccessful

[User 1 =0−→ BS] and [User 2 =0−→ BS] transmissions in (4.3B1) and (4.3B2). The ’0’ elements

in the third column of Equation (4.3) indicate the unsuccessful [User 1 =0−→ BS] transmission in

(4.3C1).

Let us now generalise this model. The transfer matrix Gk1 M×k1 M+k2 M (or G for shorthand)

in Figure 4.5 comprising the identity matrix Ik1 M×k1 M (or I for shorthand) and the parity matrix

Pk1 M×k2 M (or P for shorthand) represents a transmission session of the system, where all the frames

transmitted during that session are successfully decoded. Accordingly, the binary flag ICo
m (t) seen

in Figure 4.5 represents the success or failure of decoding an information frame at the BS, namely

Im(t), t = [m, M + m, ..., (k1 − 1)M + m], transmitted by User m, m ∈ {1, ..., M}, which is set

during the specific broadcast phase t selected from the entire set of k1M BPs according to:

ICo
m (t) =

 1 : If Im(t) is successfully recovered

0 : Otherwise
. (4.4)

The k2 PFs transmitted by each of the M users contain nonbinary linear combinations of its own

IFs with the successfully decoded IFs among k1(M − 1) IFs transmitted by the (M − 1) other

users. The variables Pm,s(t) in Figure 4.5 correspond to the parity coefficient of the information

frame It mod M(t) contained in the sth parity frame transmitted by User m during the cooperative
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phase [M(s − 1) + m], s ∈ {1, ..., k2}. The index r is determined by the rule that we get r = M if

we have t mod M = 0, otherwise we get r = t mod M. Let us denote the corresponding entry of

Pm,s(t) in the modified matrix G
′

as P
′
m,s(t), which is determined by

P
′
m,s(t) =

{
Pm,s(t) : r = m . (4.5)

Then, for the case that we have r ̸= m, the entry P
′
m,s(t) is specified by

P
′
m,s(t) =

 Pm,s(t) : User r =1−→ User m

0 : User r =0−→ User m
. (4.6)

The column [M(s − 1) + m] of the parity matrix P shown in Figure 4.5 contains the set of parity

coefficients valid for the specific nonbinary linear combination, which forms the sth parity frame

transmitted by User m during the cooperative phase [M(s − 1) + m]. Hence, the entire column

P
′
m,s(t) variables, ∀t = [1, 2, ..., k1M] will be set to zeros, if the BS could not successfully receive

the sth parity frame:

P
′
m,s(t) =

 Pm,s(t) : [User m
sthparity frame==1−−−−−−−−−−−−→ BS]

0 : Otherwise, ∀t = [1, 2, ..., k1M]
. (4.7)

In brief, the modified transfer matrix G
′

is formed by modifying the entries of the original

transfer matrix G based on Equation (4.4), Equation (4.6) and Equation (4.7) in turn.
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4.3 Recovering of the Information Frames at the Base Station

Let us first consider a transmission session of the system described in Example 4.1, where the

original transfer matrix G4×8 is given by Equation (4.1). The actual transmission session results in

a modified matrix G
′
4×8 formulated as2

G
′
4×8 =


0 0 0 0 | 0 0 3 0

0 0 0 0 | 0 0 7 0

0 0 1 0 | 0 0 6 1

0 0 0 0 | 0 0 3 2

 . (4.8)

According to Figure 4.5, the modified matrix G
′
4×8 consists of the two following sub-matrices

I
′
4×8 =


0 0 0 0

0 0 0 0

0 0 1 0

0 0 0 0

 , (4.9)

P
′
4×8 =


0 0 3 0

0 0 7 0

0 0 6 1

0 0 3 2

 . (4.10)

If we denote the k1M IFs transmitted by the two users as X4×8 = {I1(1), I2(2), I1(3), I2(4)}, we

have

X4×8I
′
4×8 = Y I′ ,4×8, (4.11)

X4×8P
′
4×8 = YP′ ,4×8, (4.12)

where Y I′ ,4×8 and YP′ ,4×8 represent the signals received by the BS during the k1M = 4 BPs and

k2M = 4 CPs, respectively. This implies that the BS knows the matrix Y I′ ,4×8 and YP′ ,4×8, which

may be presented by the following matrices of decimal numbers

Y I′ ,4×8 =
[

0 0 3 0
]

, (4.13)

YP′ ,4×8 =
[

0 0 37 11
]

. (4.14)

Accordingly, Equation (4.11) is equivalent to the following linear equation:

0 × I1(1) + 0 × I2(2) + 1 × I1(3) + 0 × I1(4) = 3,

I1(3) = 3, (4.15)

2It should be noted that all operations are conducted upon GF(q). For the sake of readability, we present our numerical

example in decimal numbers.
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while Equation (4.12) may be represented by the following linear equations

3 × I1(1) + 7 × I2(2) + 6 × I1(3) + 3 × I1(4) = 37, (4.16)

0 × I1(1) + 0 × I2(2) + 1 × I1(3) + 2 × I1(4) = 11. (4.17)

Upon substituting Equation (4.15) into Equation (4.16) and Equation (4.17), we may eliminate the

appearance of the I1(3), in order to arrive at

3 × I1(1) + 7 × I2(2) + 3 × I1(4) = 29, (4.18)

2 × I1(4) = 8. (4.19)

Observe at the left side of Equation (4.19) that there is a single term, i.e.2 × I1(4). Hence, we can

recover the information frame I1(4) as follows:

2 × I1(4) = 8,

I1(4) = 4. (4.20)

Similarly, we again substitute Equation (4.20) into Equation (4.18) for the sake of eliminating the

appearance of I1(4), in order to obtain:

3 × I1(1) + 7 × I2(2) + 3 × I1(4) = 29,

3 × I1(1) + 7 × I2(2) = 17. (4.21)

Again, observe in Equation (4.21) that instead of having a single term at the left of Equation (4.21),

we have two additive terms. As a result, having an exhaustive search becomes impractical for a

large set of possible values. This means that we cannot detect all the IFs. Hence, in our specific

example the BS can only recover two out of the Mk1 = 4 IFs, where the recovered frames are

given by Equation (4.15) and Equation (4.20).

Generally, as the system proceeds through an actual transmission session, the corresponding

modified transfer matrix G
′

consisting of its identity matrix I
′

and its parity matrix P
′

is formed,

where I
′

is generated from Equation (4.4), while P
′

is determined in turn by Equation (4.6) and

Equation (4.7). The frames successfully received at the BS can be represented as

XI
′
= Y I′ , (4.22)

XP
′
= YP′ , (4.23)

where X = {I1(1), I2(2), ..., IM(k1M)} is a matrix representing the IFs transmitted by the M

users during the transmission session of the system, while the matrices of Y I′ and YP′ represent the

frames successfully received at the BS during the BPs and CPs, respectively. In line with [47, 99],

we assume that the BS is aware of how each parity frame was constructed, hence G′ is known at the
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BS. Since the matrix I
′

may be different from I, the BS can certainly recover a set XI′ of frames,

which is a subset of X, from Y I′ as

XI′ = Y I′ . (4.24)

Upon substituting XI′ given by Equation (4.23) into Equation (4.22), we arrive at:

(
X − XI′

)
P

′
= YP′ − XI′ P

′
. (4.25)

Then, a set X̃P′ of IFs is retrieved from Equation (4.25) by a two-step algorithm, which is based

on the classic Gaussian elimination [182] algorithm. The following is the summary of the algorithm

1. Convert the matrix P
′
of Equation (4.25) into an upper triangular matrix P

′
UT and change the

matrix YP′ correspondingly. Using the following algorithm steps:

i := 1

j := 1

while (i ≤ k2M and j ≤ k2M) do

nonzero := i

For k := i + 1 to k2M do

if p
′
[k, j] ̸= 0 then

nonzero := k

end if

end for

if p
′
[nonzero, j] ̸= 0 then

swap rows i and nonzero in both P
′

and YP′

divide each entry in row i by p
′
[i, j] in both P

′
and YP′

for u := i + 1 to k2M do

subtract p
′ [i, j]∗ row i from row u in both P

′
and YP′

end for

i := i + 1

end if

j := j + 1

end while;

2. Replace backwards in the matrix P
′
UT with the aid of the new version of YP′ to determine

X̃P′ .
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while (a row having a single entry in P
′
UT := true) do

search for a row having a single entry in P
′
UT

if single-entry-row := f ound then

calculate the corresponding frame

replace this frame to all the row of P
′
UT

end if

a row having single entry in P
′
UT := f alse

end while;

Note that the variable nonzero used in the above-detailed algorithm represents the location of the

entry that is not equal to zero.

Ultimately, the entire set of IFs recovered at the BS is given by X̃P′
∪

XI′ out of the X frames

transmitted.

4.4 Pragmatic Method versus Rank-based Method

In this section, the method referred to as Purely Rank-Based Method (PRBM), which is a term used

in Section 4.1 to refer to the method employed by the authors of [47, 99], is detailed. The results

of the PRBM to those of our novel Pragmatic Algebraic Linear Equation Method (PALEM), which

is capable of providing more accurate FER results for the characterisation of network codes than

those provided by PRBM.

4.4.1 Purely Rank-Based Method

The FER performance of the system was determined in [47,99] by calculating the rank of the mod-

ified matrix G
′
, which always provides an optimistic estimate of the attainable FER performance of

GDNCs. Let us characterise the system’s performance estimated by the PRBM employed in [47,99]

by recalling Example 4.2, where the modified transfer matrix G
′
2×4 has the form of

G
′
2×4 =

 0 0 | 0 1

0 0 | 0 2

 . (4.26)

According to the prediction of the PRBM, the BS can recover Rank(G
′
2×4) = 1 frame, where G

′
2×4

is given in Equation (4.6). It is readily inferred from Equation (4.26) that

I
′
2×4 =

 0 0

0 0

 , (4.27)

P
′
2×4 =

 0 1

0 2

 . (4.28)
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Having the all-zero I
′
2×4 of Equation (4.27) means that no IFs were received correctly by the BS

before the end of the BPs. As a result of Equation (4.24), this leads to the all-zero matrix Y
′

I′ 2×4
.

Hence, the IFs presented by the matrix X2×4 = {I1(1), I2(2)} may be recovered by relying on:

X2×4P
′
2×4 = YP′ 2×4, (4.29)

where the matrix YP′ 2×4 represents the signals received at the BS during the CPs. Note that getting

IFs, namely I1(1) and I2, from Equation (4.29) resembles determining two variables, namely I1(1)

and I2(2), from the following equation

1 × I1(1) + 2 × I2(2) = Y, (4.30)

where Y is known, provided that the value of I1(1) and I2(2) belongs to a set having a finite but

extremely large number of elements. As a result, in fact the BS cannot recover any of two IFs,

namely I1(1) and I2(2).

4.4.2 Pragmatic Algebraic Linear Equation Method

Based on the algorithms employed in the recovery of the frames at the BS as presented in Sec-

tion 4.3, we proposed a new method that we refer to as the Pragmatic Algebraic Linear Equation

Method (PALEM), which is capable of providing accurate FER performance results. The PALEM

can be represented in form of the following three main steps:

1. Specify the rank of the transfer matrix G and I
′
: rank(G) = RF, rank(I

′
) = RI′

2. Set all the specific variables that can be recovered with the aid of the matrix I
′

in the entire

modified transfer matrix G
′

to zero for the sake of forming a new transfer matrix G
′′
.

3. Let us now denote the number of recoverable variables by Nc, which is a function of RF, RI′ ,

RP′′ and KF, where RP′′ is the rank of the parity matrix P
′′
, and KF is the number of variables

that can be recovered with the aid of the matrix P
′′
. Hence, we have

Nc =

 RF : RI′ + RP′′ = RF

RI′ + KF : RI′ + RP′′ < RF
, (4.31)

where KF is calculated by using the following rules

KF =

 Ts : a single-term row found in P
′′
U,T

0 : otherwise
. (4.32)

Note that Ts is the accumulated number of single-term rows found in P
′′
U,T and its modified

versions, where the modified version of P
′′
U,T is formed by setting the entire column corre-

sponding to the single term found to zero. For the sake of constructing a systematic search

procedure, once a single term was found, Ts is incremented according to Ts = Ts + 1, and
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the matrix P
′′
U,T or its modified version is further updated for the next search step required for

recovering the next variable. The search process is repeated, until no more single-term row

can be found in the most recent matrix version, which was generated from P
′′
U,T.

Let us use the following example to describe how PALEM operates.

Example 4.3.
Let us continue to use the system detailed in Example 4.1, where again the original G4×8 transfer

matrix based system is represented as

G4×8 =


1 0 0 0 | 3 7 3 6

0 1 0 0 | 5 7 7 4

0 0 1 0 | 2 4 6 1

0 0 0 1 | 5 5 3 2

 . (4.33)

There might be an actual transmission session, which leads to a modified transfer matrix G
′

of

G
′
4×8 =


0 0 0 0 | 0 0 3 0

0 0 0 0 | 0 0 7 0

0 0 1 0 | 0 0 6 1

0 0 0 0 | 0 0 3 2

 . (4.34)

Bearing in mind the structure of the matrix G
′
, we have the corresponding identity matrix I

′
and

parity matrix P
′

expressed in the following form:

I
′
=


0 0 0 0

0 0 0 0

0 0 1 0

0 0 0 0

 . (4.35)

According to the PALEM, we have the following result:

1. We have the following ranks for G and G
′
: rank(G) = RF = 4, rank(I

′
) = RI′ = 1;

2. Set all the specific variables that can be recovered with the aid of the matrix I
′

in the entire

modified transfer matrix G
′

to zero for the sake of forming a new transfer matrix G
′′
. Ac-

cordingly, we may obtain the new transfer matrix G
′′

and its corresponding parity matrix P
′′

as

G
′′
4×8 =


0 0 0 0 | 0 0 3 0

0 0 0 0 | 0 0 7 0

0 0 0 0 | 0 0 0 0

0 0 0 0 | 0 0 0 2

 , (4.36)

P
′′

=


0 0 3 0

0 0 7 0

0 0 0 0

0 0 0 2

 . (4.37)
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3. We can infer the upper triangular version P
′′
U,T of the transposed matrix P

′′
as

P
′′
U,T =


−3 −7 0 0

0 0 0 0

0 0 0 0

0 0 0 2

 . (4.38)

From the matrix P
′′
U,T, the next modified version P

′′′
U,T is formed as

P
′′′
U,T =


−3 −7 0 0

0 0 0 0

0 0 0 0

0 0 0 0

 . (4.39)

The matrices P
′′′
U,T and P

′′
U,T suggest that KF = Ts = 1. This results in Nc = RI′ + KF = 2,

since we have RI′ + RP′′ = 3 < RF = 4, where Nc = 2 means that the BS can recover two

IFs.

4.5 The System’s Outage Probability

In this section the system’s outage probability is formulated in order to facilitate the derivation of

its bounds. For the sake of readability, we briefly summarise the main formulae, while the details

of the derivations are presented in Appendix A.

Let Um,t be a set of user indices corresponding to the specific users that succeeded in correctly

recovering an IF Im(t) transmitted by User m during TS t. Let us denote the number of members

in the user set Um,t by ||Um,t||. Furthermore, let the complement set of Um,t be U∗
m,t. We always

have ||U∗
m,t|| = M − ||Um,t||, 1 ≤ ||Um,t|| ≤ M. Then, according to [46, 47, 99, 179, 183], there

exist at least (k1||Um,t|| + k2||Um,t||) frames, which contain the IFs transmitted by all the users

in the set Um,t. Accordingly, an outage is declared for the IF Im(t), when the direct transmission

Im(t) and at least ||Um,t||k2 out of the remaining (k1||Um,t|| − 1 + ||Um,t||k2) received frames are

in outage. This occurs with a probability of [47, 99]

Po,m(U∗
m,t) =

Q

∑
q=0

(
Q + K
K + q

)
PK+q+1

e

(1 − Pe)
q−Q︸ ︷︷ ︸

=To,m(q)

, (4.40)

where (n
k) is the binomial coefficient, while we have

Q = k1||Um,t|| − 1, (4.41)

K = k2||Um,t||, (4.42)

provided that Pe is the outage probability of the single link, which is defined in [152] for the CCMC

scenario.
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Note that there might be more than (k1||Um,t||+ k2||Um,t||) frames [46,47,99,179,183], which

contain the IFs transmitted by all users of the set Um,t. If the availability of those extra frames is

taken into account, we will arrive at the true outage probability PTrue
o,m (U∗

m,t) for the IF Im(t), which

always satisfies

PTrue
o,m (U∗

m,t) ≤ Po,m(U∗
m,t) . (4.43)

Notably, PTrue
o,m (U∗

m,t) is the outage probability for a given U∗
m,t. The system’s total outage proba-

bility Po for all possible sets of U∗
m,t can be calculated by [99]

Po =
M−1

∑
||U∗

m,t||=0

P
||U∗

m,t||
e

(1 − Pe)||U
∗
m,t||−M+1

PTrue
o,m (U∗

m,t), (4.44)

where P
||U∗

m,t ||
e

(1−Pe)
||U∗

m,t ||−M+1 is the probability of ||U∗
m,t|| out of (M − 1) inter-user channels in time slot

t being in outage.

4.5.1 The Upper Bound of the Outage Probability

In this section, by focusing on the low Pe << 1 region, we first approximate the term To,m(q)

of Equation (4.40). Having approximated the term To,m(q) of Equation (4.40) leads to the upper-

approximation of the Po,m(U∗
m,t) given by Equation (4.40), which is further employed for evaluating

the probability PTrue
o,m (U∗

m,t) by utilising Inequality (4.43). Then, the approximation of PTrue
o,m (U∗

m,t)

is deployed for formulating the upper bound of the outage probability Po of Equation (4.44).

Let begin by considering the ratio of two successive terms in Equation (4.40), namely that of

To,m(j) and To,m(j + 1), which may be expressed as:

Ro,m(j) =
To,m(j + 1)

To,m(j)
=

(Q − j)Pe

(K + j + 1)(1 − Pe)
, (4.45)

where j ∈ {0, .., Q − 1}. Then, we can infer that

Ro,m(Q − 1) ≤ Ro,m(j) ≤ Ro,m(0). (4.46)

By exploiting a series expansion [184], we can rewrite Equation (4.40) as

Po,m(U∗
m,t) = To,m(0)

1 − [Ro,m(j)]Q

1 − Ro,m(j)
. (4.47)

Substituting Inequality (4.46) in Equation (4.47) leads to the upper and lower approximation of the

probability Po,m(U∗
m,t), where the upper-approximation (lower-approximation) is used for deriving

the upper bound (lower bound) of the outage probability Po of Equation (4.44). Note that the term

To,m(0) can be obtained from Equation (4.40), while the terms, namely Ro,m(0) and Ro,m(Q − 1),

can be calculated by using Equation (4.45). As a result accomplishing the substitutions, we arrive

at

Po,m(U∗
m,t) ≤

(Q+K
K )

P−(K+1)
e

(βPe)Q+1 − (1 − Pe)Q+1

(βPe + Pe − 1)︸ ︷︷ ︸
=Mu

, (4.48)
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Po,m(U∗
m,t) ≥

(Q+K
K )

P−(K+1)
e

(αPe)Q+1 − (1 − Pe)Q+1

(αPe + Pe − 1)︸ ︷︷ ︸
=Ml

, (4.49)

where we have β = Q/(K + 1) and α = 1/(K + Q). Let us now consider the scenario of

Pe << 1. The term Mu of Equation (4.48) may be simplified to:

Mu <
1 − Pe

1 − Pe − B
F+1 Pe︸ ︷︷ ︸

=Mmax
u

, (4.50)

where we have B = (Mk1 − 1) and F = Mk2. Then, the Inequality (4.48) becomes

Po,m(U∗
m,t) <

(
Q + K

K

)
PK+1

e Mmax
u︸ ︷︷ ︸

=Pmax
o,m (U∗

m,t)

. (4.51)

By combining Equation (4.43), Equation (4.44) and Equation (4.51), we can infer that

Po <
M−1

∑
||U∗

m,t||=0

(
Q + K

K

)
P

K+1+||U∗
m,t||

e

(1 − Pe)||U
∗
m,t||−M+1

Mmax
u︸ ︷︷ ︸

=TUpper
o (||U∗

m,t||)

. (4.52)

Let us then exploit the fact that (Q+K
K ) ≤ (B+F

F ) and focus our attention on the case, where we have

||U∗
m,t|| = M − 1, in order to further approximate Equation (4.52) as

Po <
(Q+K

K ) − (B+F
F )[

TUpper
o (||U∗

m,t||)
]−1 |||U∗

m,t||=M−1

︸ ︷︷ ︸
=Ω

+
M−1

∑
||U∗

m,t||=0

(
B + F

F

)
TUpper

o (||U∗
m,t||). (4.53)

Let us consider the ratio Ro of TUpper
o (i) and TUpper

o (i + 1) in Equation (4.53), which allows us to

arrive at the following result

Ro =
TUpper

o (i)

TUpper
o (i + 1)

=
1 − Pe

P1−k2
e

, i ∈ {0, .., M − 2} . (4.54)

Similar to the manner of formulating Po,m(U∗
m,t) in Equation (4.47) from Equation (4.40) and Equa-

tion (4.45), Inequality (4.53) can be expressed as

Po < Ω +
(

B + F
F

)
PM+k2

e Mmax
u

[
(Ro)M − 1

Ro − 1

]
︸ ︷︷ ︸

=PUpper
o

. (4.55)

Hence, we define the strict upper bound of the system’s outage probability as:

PUpper
o = Ω +

(
B + F

F

)
PM+k2

e Mmax
u

[
(Ro)M − 1

Ro − 1

]
, (4.56)

where the terms of Ω, Ro and Mmax
u are defined in Equation (4.53), Equation (4.54) and Equa-

tion (4.55), respectively.
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4.5.2 The Lower Bound of the Outage Probability

In contrast to the upper-bound-related assumption of Inequality (4.49), here we assume that the

Inequality (4.48) is known in order to further approximate the probability PTrue
o,m (U∗

m,t) of Equa-

tion (4.44). Then, the approximation is employed for formulating the upper bound of the outage

probability Po given by Equation (4.44).

It may be inferred from Equation (4.44) that

Po >
P
||U∗

m,t||
e

(1 − Pe)||U
∗
m,t||−M+1

PTrue
o,m (U∗

m,t)|||U∗
m,t||=0. (4.57)

Note that we always have PTrue
o,m (U∗

m,t)|||U∗
m,t||=0 = Po,m(U∗

m,t)|||U∗
m,t||=0, which can be taken into

account in Equation (4.40), yielding:

PTrue
o,m (U∗

m,t)|||U∗
m,t||=0 =

B

∑
b=0

(
B + F
F + b

)
PF+b+1

e

(1 − Pe)
b−B . (4.58)

Note that having ||U∗
m,t|| = 0 makes Q of Equation (4.41) and K of Equation (4.42) become:

Q|||U∗
m,t||=0 = k1M − 1,

= B, (4.59)

K|||U∗
m,t||=0 = k2M,

= F. (4.60)

By considering B and F in Equation (4.58) as the special case of Q and K in Equation (4.49),

respectively, we can use Equation (4.49) to obtain:

PTrue
o,m (U∗

m,t)|||U∗
m,t||=0 ≥

(
B + F

F

)
PF+1

e Mmin
l , (4.61)

where we have

Mmin
l = Ml |Q=B,K=F

=

(
Pe

B+F

)B+1
− (1 − Pe)B+1

Pe
B+F + Pe − 1

. (4.62)

Upon substituting Equation (4.61) into Equation (4.57), we arrive at

Po >

(
B + F

F

)
PF+1

e
Mmin

l
(1 − Pe)1−M︸ ︷︷ ︸

=PLower
o

. (4.63)

Hence, we define the strict lower bound of Po as:

PLower
o =

(
B + F

F

)
PF+1

e
Mmin

l
(1 − Pe)1−M , (4.64)

where the term Mmin
l is given in Equation (4.62).
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4.6 System Parameters

4.6.1 System Diversity Order

As mentioned in Section 4.2.1, each of the M users broadcasts the k1 IFs to the other M − 1 users

during BPs. Then, during CPs each of M users transmits the k2 IFs to the BS. If all the inter-user

transmissions are successful, all the PFs formed by a user are linearly independent combination of

the IFs, which were successfully received during BPs. As a result, an IF is conveyed to the BS by

(Mk2 + 1) independent paths, which leads to the diversity order of (Mk2 + 1). By contrast, the

unsuccessful inter-channel transmissions may lead to the case where some of the PFs transmitted

by a user are not linearly independent combinations of the IFs. The worst case is when each of the

other (M − 1) user is able to produce only a single linearly independent combination (PF), while

the user itself is always capable of constructing k2 linearly independent combinations. As a result

of such worst case, there are (M + k2) independent paths for carrying the IF to the BS, which

induces the diversity order of (M + k2). In line with the above-mentioned analysis, it was proved

in [99, 179] that the diversity order D of the system is bounded by

M + k2 ≤ D ≤ Mk2 + 1. (4.65)

The authors of [46, 47, 99, 179] formulated the diversity order D in Equation (4.64) as follows

D = lim
SNR→∞

− log2 Po

log2 SNR
, (4.66)

where SNR is the signal to noise power ratio, while Po was estimated on the basis of the best and

worst cases instead of using Po, assuming that Pe ≈ (2R − 1)/SNR is the outage probability of

the transmission link relying on a ’perfect capacity-achieving’ code, which operates exactly at the

CCMC channel capacity having a transmission rate of R.

Similarly, we may infer from the PUpper
o defined in Equation (4.56) that the most influential

term is PM+k2
e . Likewise, it can be seen in the PLower

o formula given in Equation (4.64) that the

term having most significant influence is PF+1
e = PMk2+1

e . Hence, by using the most influential

terms of PUpper
o and PLower

o instead of Po in Equation (4.66), it may be seen that the upper and

lower bounds of the probability Po are in harmony with the estimated diversity order given by

Equation (4.64).

4.6.2 System Parameter Sets

Let us assume that all the links in the system have the same information rate R [47, 99]. For nota-

tional convenience, we characterise the system by using the set of parameters (R, M, k1, k2, G, RNCMN , DNCMN),

where the system’s overall information rate RNCMN is calculated as:

RNCMN = Rin f oR =
k1R

k1 + k2
, (4.67)
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provided that the network coding information rate Rin f o is expressed as [47, 99]

Rin f o =
k1

k1 + k2
. (4.68)

We then define Eb/N0 as the energy per bit to noise power spectral density ratio, which can be

computed in our system as:

Eb/N0 =
SNR

RNCMN
= SNR

k1 + k2

k1R
. (4.69)

For ease of readability, we summarise all these parameters in Table 4.1.

Parameters Description

R [BPS] Information rate calculated in Bit Per Symbol (BPS) for all the links in the system

Rc The code rate of the IrCC encoder as described in Section 2.3

K [iteration] The number of inner iterations described in Section 2.3

J [iteration] The number of outer iterations described in Section 2.3

N [bit] The number of information bits in a frame

M [user] The number of users in the system

k1 [frame] The number of IFs transmitted by each of the M users

during BPs within a transmission session

k2 [frame] The number of PFs transmitted by each of the M users

during the CPs within a transmission session

G Original transfer matrix corresponding to the case where all the frames

transmitted within a transmission session are successfully decoded

Rin f o[BPS] The network code’s information rate defined by Equation (4.68)

RNCMN[BPS] The system’s overall information rate defined by Equation (4.67)

DNCMN Diversity order of the system determined by Equation (4.64)

Table 4.1: The main parameters of the system.

4.7 Network Coding Design

4.7.1 Cooperative System Approach

According to [173], the upper bound and lower bound of achievable rate in a full duplex relay aided

CCMC can be calculated as follows:

Crelay− f ull
CCMC ≤ max

p(X1,X2)
min{I(X1; Y2, Y3|X2

), I(X1, X2; Y3)}, (4.70)

Crelay− f ull
CCMC ≥ max

p(X1,X2)
min{I(X1; Y2|X2

), I(X1, X2; Y3)}, (4.71)
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where X1,X2,Y2 and Y3 are the signals transmitted from the user considered and the other users, as

well as the signals received at the other users and the BS, respectively. Furthermore, p (X1, X2) is

the joint probability of signals transmitted from the user considered and from the other (M − 1)

users. The upper bound and lower bound of a half duplex CCMC can be computed from Equa-

tion (4.70) and Equation (4.71) by:

Crelay−hal f
CCMC ≤ max

p(X1,X2)
min{I(X1; Y2, Y3), I(X1, X2; Y3)}, (4.72)

Crelay−hal f
CCMC ≥ max

p(X1,X2)
min{I(X1; Y2), I(X1, X2; Y3)}. (4.73)

In order to take into account Equation (4.72) and Equation (4.73) in the system model of Figure 4.1,

we assume that M users (sources) communicate with M relays and the BS (destination). This model

is detailed in Figure 4.6.

BSUsers

Relays

BS

User mUser m

User m

User m

BS

Antenna 1

User mR−D:

S−R:

S−D:

Source − Destination (S−D)

Source
 − R

elay (
S−R)

Relay − Destination (R−D)

Relay M − 1

Relay 1

Antenna MK1

MISO MK1×1

M

(M − 1) + 1

SIMO 1×M−1

SISO

SISO MAX

Figure 4.6: Equivalent system model for capacity calculation employing the cut-through

theory approach used in Chapter 3.
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1. In the Source-Destination (S-D) link, each of the M users transmits k1 frames to the BS

during the BPs, thus the capacity of the S-D link may be calculated as:

CS−D =
Mk1

M(k1 + k2)
CSISO,

=
k1

k1 + k2
CSISO, (4.74)

where CSISO represents the capacity of the Single-Input Single-Ouput (SISO) channel con-

sidered.

2. In the Source-Relay (S-R) link seen in Figure 4.6 each of the M users broadcasts to (M − 1)

other users acting as (M − 1) relays as well as transmitting to itself, which is considered as

a special relay. The capacity of the S-R link may then be formulated as:

CS−R =
Mk1

M(k1 + k2)
CSIMO1×M−1 +

Mk1

M(k1 + k2)
CSIMOMAX ,

=
k1

k1 + k2
CSIMO1×M−1 +

k1

k1 + k2
CSISOMAX , (4.75)

where CSIMO1×M−1 represents the capacity of the SISO channel, while SISOMAX is the max-

imum capacity of the SISO channel within the SNR range considered.

3. In the Relay-Destination (R-D) link also seen in Figure 4.6, each of the M users now plays

a role as a relay transmitting k2 PFs. The transmission of a parity frame may in fact be

equivalently deemed to be the transmission of multiple signal replicas of a Multi-Input Multi-

Output (MIMO) channel, where the number of transmit antennas is equal to the number of

IFs contained in the parity frame. Thus, we can formulate the capacity of the R-D links as

follows:

CR−D =
Mk2

M(k1 + k2)
CMISOMk1×1 ,

=
k2

k1 + k2
CMISOMk1×1 . (4.76)

Applying Equation (4.73) to our half duplex DCMC system presented in Section 4.2.1, given that

the single links in the system are supported by links operating exactly at the DCMC capacity

CDCMC, we may formulate the upper bound and lower bound of the achievable rate of the relay

channel as follows [173, 185]:

Ccoop
DCMC ≥ min{CS−R, CS−D + CR−D},

≥ min{ k1

k1 + k2
CSIMO1×M−1 +

k1

k1 + k2
CMAX

SISO ,

k1

k1 + k2
CSISO +

k2

k1 + k2
CMISOMk1×1},

≥ min{Rin f oCSIMO1×M−1 + Rin f oCMAX
SISO ,

Rin f oCSISO + (1 − Rin f o)CMISOMk1×1}, (4.77)
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Figure 4.7: Channel capacity of network coding aided systems supporting M users.

where the system’s overall information rate Rin f o = k1/(k1 + k2) was introduced in Table 4.1.

The channel capacity can be calculated based on Equation (4.77). As seen in Figure 4.7, given an

information rate Rin f o = k1/(k1 + k2), the channel capacity can be improved by increasing both

k1 and k2 as well as increasing the number of users actively cooperating in the system.

4.7.2 Network Coding Approach

Observing the Rin f o expression of Equation (4.67) and the DNCMN formula of Equation (4.64), it

becomes plausible that we may conceive different systems having the same network coding rate

Rin f o, but different diversity orders of DNCMN by independently adjusting k1, k2 and M. In other

words, using Equation (4.67) and Equation (4.64), we are able to design a network-coding system

having the highest possible diversity order at a given overall normalised data rate of RNCMN . A

higher diversity order implies that the system is capable of achieving an improved FER perfor-

mance.

In order to employ the generic design principles mentioned above, let us now consider specific

systems having the parameters summarised in Table 4.2 for both coherent and non-coherent channel

coding schemes. The systems employ the transfer matrices, namely the matrix G2×4 given in

Equation (4.2), the matrix G4×8 and the matrix G6×12, where the matrix G4×8 was provided by [47,
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99]:

G4×8 =


1 0 0 0 | 3 7 3 6

0 1 0 0 | 5 7 7 4

0 0 1 0 | 2 4 6 1

0 0 0 1 | 5 5 3 2

 , (4.78)

while the matrix G6×12 was given in [99]

G6×12 =



1 0 0 0 0 0 | 11 2 4 6 14 12

0 1 0 0 0 0 | 1 11 13 10 14 10

0 0 1 0 0 0 | 2 4 2 10 5 9

0 0 0 1 0 0 | 6 13 12 11 8 12

0 0 0 0 1 0 | 4 12 12 2 6 6

0 0 0 0 0 1 | 11 13 10 14 10 4


. (4.79)

It should be noted that the meaning of the entries in the transfer matrix in general case is described in

Figure 4.1, where the left side of the transfer matrix G portrayed in Figure 4.5, which is also referred

to as the identity matrix I, represents the transmission in the system during BPs. The right side of

the transfer matrix G referred in Figure 4.5 to as the parity matrix P reflects the transmissions in the

system during CPs, where each column in the P represents a PF transmitted during a corresponding

CP. In particular, the use of the entries in G4×8 of Equation (4.78) is illustrated in Example 4.1.

Similarly, the usage of the entries in the transfer matrix G6×12 for representing transmission phases,

namely 6 BPs in 3 groups (B1, B2, B3) and 6 CPs in 3 groups (C1, C2, C3), can be summarised as

follows:

Broadcast phases

(B1) BP 1 : User 1
I1(1)−−→ BS and User 2, (4.80)

(B1) BP 2 : User 2
I2(2)−−→ BS and User 1, (4.81)

(B2) BP 3 : User 1
I1(3)−−→ BS and User 2, (4.82)

(B2) BP 4 : User 2
I2(4)−−→ BS and User 1, (4.83)

(B2) BP 5 : User 1
I1(5)−−→ BS and User 2, (4.84)

(B2) BP 6 : User 2
I2(6)−−→ BS and User 1, (4.85)

Cooperative phases

(C1) CP 1 : User 1
�1(1)=11I1(1)+1I2(2)+2I1(3)+6I2(4)+4I1(5)+11I2(6)−−−−−−−−−−−−−−−−−−−−−−−−−−−−−→ BS, (4.86)

(C1) CP 2 : User 2
�2(2)=2I1(1)+11I2(2)+4I1(3)+13I2(4)+12I1(5)+13I2(6)−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−→ BS, (4.87)

(C2) CP 3 : User 1
�1(3)=4I1(1)+13I2(2)+2I1(3)+12I2(4)+12I1(5)+10I2(6)−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−→ BS, (4.88)

(C2) CP 4 : User 2
�2(4)=6I1(1)+10I2(2)+10I1(3)+11I2(4)+2I1(5)+14I2(6)−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−→ BS, (4.89)

(C3) CP 5 : User 1
�1(5)=14I1(1)+14I2(2)+5I1(3)+8I2(4)+6I1(5)+10I2(6)−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−→ BS, (4.90)

(C3) CP 6 : User 2
�2(6)=12I1(1)+10I2(2)+9I1(3)+12I2(4)+6I1(5)+4I2(6)−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−→ BS. (4.91)
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As shown in Table 4.2, the transfer matrices are specifically selected for ensuring having fair

comparisons. More specifically, we have the same parameter values such as the transmission rate

R = {0.5, 1.0}, the number of users M = 2 and the network coding rate Rin f o = 0.5, when

comparing the G2×4 based system and the G4×8 based system. Furthermore, the benefit of employ-

ing additional users in the system is highlighted by comparing the G2×4 and G4×8 based systems

supporting M = 2 users to the G6×12 based system supporting M = 3 users. Note that all the three

systems detailed in Table 4.2 have the same overall rate of RNCMN , provided that the same channel

coding scheme is employed.

As a result, the more complex transfer matrix, for example the matrix G4×8, supports a higher

diversity order, for example 4 ≤ D4×8 ≤ 5 (as opposed to 3 ≤ D2×4 ≤ 3) as seen in Table 4.2,

hence it is associated with a better detection reliability, but may impose a higher detection com-

plexity at the BS. Similarly, it is expected that the system relying on the matrix G6×12 associated

with the diversity order of 5 ≤ D6×12 ≤ 7 outperforms the system employing the transfer matrix

G4×8 pertaining to a lower diversity order of 4 ≤ D4×8 ≤ 5.

4.7.3 Near Capacity Multi User Network Coding Aided Systems

The capacity of NCMN based systems can be characterised by capacity of the transmission link

from a certain user in the system to the BS. This link in the NCMN based systems can be equiva-

lently considered as an equivalent single-link model, where the equivalent transmission rate Re of

the link is computed as

Re = Rin f oR , (4.92)

where the information rate of R and the network-code’s information rate of Rin f o are defined in

Table 4.1. Then, the equivalent transmission rate of Re is used for determining the capacity of the

channel, which is detailed in Section 2.1.3 and Section 2.1.4 for the DCMC capacity and D-DCMC

capacity, respectively. In what follows, two examples are invoked for detailing the calculation of the

above-mentioned capacity of the NCMN based systems in two scenarios, namely in the coherent

and the non-coherent based NCMN.

Example 4.4. The coherent based NCMN system.

Let us consider a specific example of a NCMN system having a network-coding information rate of

Rin f o = 0.5. This system employs a channel coding scheme characterised by an information rate

of R = 0.5 and by a coding rate of Rc = 0.5. The configuration of the system used in this example

results in a µ number of modulated bits given by:

µ =
R
Rc

=
0.5
0.5

,

= 1 . (4.93)
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Parameters Coherent G2×4 system Non-coherent G2×4 system
R[BPS] 1.5(8PSK), 1.0(QPSK), 0.5(BPSK) 1.0(DQPSK), 0.5(DBPSK)

Rc 0.5 0.5

I [iteration] 0 2

J [iteration] 30 30

N [bit] 106, 105 106

M [user] 2 2

k1 [frame] 1 1

k2 [frame] 1 1

G G2×4 G2×4

RNCMN [BPS] 0.75(8PSK), 0.5(QPSK), 0.25(BPSK) 0.5(DQPSK), 0.25(DBPSK)

DNCMN 3 ≤ D2×4 ≤ 3 3 ≤ D2×4 ≤ 3

Parameters Coherent G4×8 system Non-coherent G4×8 system
R[BPS] 1.5(8PSK), 1.0(QPSK), 0.5(BPSK) 1.0(DQPSK), 0.5(DBPSK)

Rc 0.5 0.5

I [iteration] 0 2

J [iteration] 30 30

N [bit] 106, 105 106

M [user] 2 2

k1 [frame] 2 2

k2 [frame] 2 2

G G4×8 G4×8

RNCMN [BPS] 0.75(8PSK), 0.5(QPSK), 0.25(BPSK) 0.5(DQPSK), 0.25(DBPSK)

DNCMN 4 ≤ D4×8 ≤ 5 4 ≤ D4×8 ≤ 5

Parameters Coherent G6×12 system Non-coherent G6×12 system
R[BPS] 1.5(8PSK), 1.0(QPSK), 0.5(BPSK) 1.0(DQPSK), 0.5(DBPSK)

Rc 0.5 0.5

I [iteration] 0 2

J [iteration] 30 30

N [bit] 106, 105 106

M [user] 3 3

k1 [frame] 2 2

k2 [frame] 2 2

G G6×12 G6×12

RNCMN [BPS] 0.75(8PSK), 0.5(QPSK), 0.25(BPSK) 0.5(DQPSK), 0.25(DBPSK)

DNCMN 5 ≤ D6×12 ≤ 7 5 ≤ D6×12 ≤ 7

Table 4.2: The parameters of the NCMN systems relying on the transfer matrices, namely

the G2×4, G4×8 and G6×12, on the IrCC-URC-MPSK scheme presented in Section 2.3.3

and on the IrCC-URC-DMPSK detailed in Section 2.3.4.
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Having µ =1 BPS means that a modulation scheme relying on BPSK may be employed by each

user in the system. Similar to the method invoked in Section 2.1.3 for determining the receive SNR
value SNRr corresponding to a given throughput of R, which is also considered as the information

rate in this context, the capacity of the above-mentioned NCMN system is determined by following

a similar approach, namely by finding the value of SNRr. We define SNRe|Re as the equivalent

SNRr value corresponding to a given throughput of Re = Rin f oR = 0.25. The SNRe|Re value

is determined by identifying a point on the DCMC capacity curve generated from Equation (2.16),

which is repeated here for the sake of convenience:

CDCMC(η) = η − 1
2η

l=2η

∑
l=1

E

[
log2

z=2η

∑
z=1

exp(ψl,z)|Xl

]
, (4.94)

where η = log2(L) is the asymptotic DCMC capacity, and L is the number of modulation levels.

The expression of E [A|Xl ] represents the expectation of A conditioned on the L-ary signals Xl ,

whereas the formula for calculating ψl,z is given by Equation (2.17).

As a result of having η = 1 and Re = 0.25 in this example, the corresponding equivalent

receive SNR value of SNRe|Re = −6.1 dB may be found on the DCMC capacity curve, as seen in

Figure 4.8a.

For the scenario when the NCMN system employs non-coherent modem schemes, EXIT charts

may be invoked for estimating the NCMN system’s capacity. Let us consider the following example

for characterising our method.

Example 4.5. Non-coherent detection based NCMN system.

Let us now consider another NCMN system having a network-coding information rate of Rin f o =
0.5. Let us assume that this system relies on a non-coherent detection scheme associated with an

information rate of R = 1.0 and with a coding rate of Rc = 0.5. Accordingly, the number of

modulated bits can be calculated as:

µ =
R
Rc

=
1.0
0.5

,

= 2 . (4.95)

It can be inferred from the value of µ = 2 BPS that a QPSK or 4QAM scheme, may be employed for

each transmission link in the system. It should be noted that the capacity of the above-mentioned

NCMN system determines the achievable capacity of a transmission link having a throughput of

Re = Rin f oR = 1/2 BPS.

In contrast to the method employed in Example 4.4, where Equation (4.94) was used for gen-

erating the capacity curve, as an alternative, we can exploit EXIT charts in order to estimate the

capacity of our non-coherent system. More specifically, EXIT curves corresponding to different

SNRr values are generated. Then, the area under each EXIT curve is quantified for represent-

ing the maximum information rate that may be error-freely transmitted over the channel, when the

associated SNRr value is achieved at the receiver.

In order to determine the attainable system capacity, the corresponding throughput Re is used

for determining the equivalent receive SNR value SNRe|Re , which is defined similarly in Exam-
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Figure 4.8: Example of calculating the capacity of the network-coding based system re-

lying on a coherent BPSK (non-coherent DQPSK) scheme having an information rate

of R = 0.5 (R = 1.0) and a coding rate of Rc = 0.5, when communicating over fast

Rayleigh fading channel.
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ple 4.4. This SNRe|Re value may be used for representing the system capacity, as also mentioned

in Example 4.4.

As a result of having η = 1 and Re = 0.5 in this example, the corresponding equivalent receive

SNR of SNRe|Re = 0.266 dB may be found on the D-DCMC-QPSK capacity curve, as seen in

Figure 4.8b. Then, this SNRe|Re value may be used as the achievable capacity for the system

described in this example.

As a result, the equivalent achievable capacity of the NCMN system can be determined by

applying the principle presented in Example 4.4 and Example 4.5. The results recorded for various

configurations of the system are summarised in Table 4.3.

Network-Coding SNRe|Re [dB]
Rate Coherent, Rc = 0.5

Rin f o η = 1 BPS (BPSK) η = 2 BPS (QPSK)

1/3 Re = 1/6, SNRe|Re =-8.375 Re = 1/3, SNRe|Re =-5.403

1/2 Re = 1/4, SNRe|Re =-6.101 Re = 1/2, SNRe|Re =-3.120

2/3 Re = 1/3, SNRe|Re =-4.293 Re = 2/3, SNRe|Re =-1.305

Non-coherent, Rc = 0.5

η = 1 BPS (DBPSK) η = 2 BPS (DQPSK)

1/3 Re = 1/6, SNRe|Re =-4.001 Re = 1/3, SNRe|Re =-1.661

1/2 Re = 1/4, SNRe|Re =-2.239 Re = 1/2, SNRe|Re =0.263

2/3 Re = 1/3, SNRe|Re =-0.785 Re = 2/3, SNRe|Re =1.814

Table 4.3: SNRe|Re values calculated on the basis of the principle illustrated in Exam-

ple 4.4 and Example 4.5.

It should be noted that the values given in Table 4.3 may be considered as the achievable ca-

pacity of the corresponding NCMN systems, when communicating over fast fading channels. By

contrast, when slow-fading channels are considered, we can obtain the achievable capacity of the

NCMN systems by calculating the associated outage capacity, as detailed in Section 2.2. Accord-

ingly, we have the different achievable capacity curves corresponding to various configurations

of the NCMN system presented in Figure 4.9. Accordingly, the performance curves plotted in

Figure 4.9 may be used as the performance of the NCMN system employing ideal/perfect coding

schemes relying on coherent or non-coherent modem and operating at exactly DCMC or DDCMC

capacity. When comparing the curves associated with the coherent detection and that pertaining

to the non-coherent detection in Figure 4.9a and Figure 4.9b, the average of the distance between

them is approximately 3 dB, which is similar to the corresponding distance in the fast fading en-

vironment presented in Section 2.1 and to that in the quasi-static fading environment detailed in

Section 2.2.
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Figure 4.9: Outage capacity of the NCMN system relying on the coherent and non-

coherent schemes, when communicating over wireless channels influenced by both the

fast Rayleigh and block Rayleigh fadings. A coding rate of Rc = 0.5 was used in con-

junction with various network coding rates, namely Rin f o = 1/3, 1/2, 2/3.
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4.8 Pure Rank, Pragmatic Algebraic and SIMULation Methods

In Section 4.4, we have illustrated the optimistic performance obtained by the PRBM of Sec-

tion 4.4.1 in contrast to those attained by the PALEM of Section 4.4.2 through the numerical

examples. More specifically, by numerical examples, we have proved that the PRBM results in

optimistic decisions on evaluating the system’s performance. By contrast, the PALEM always

reflects accurately the system’s performance. Hence, it was concluded in Section 4.4.2 that the

PALEM is capable of accurately determining the system performance. However, the difference in

the performance of the system when employing the PRBM and PALEM is an open issue, which

has yet been characterised by the end of Section 4.4. In this section, we further substantiate the

difference in the system’s performance, as a result of employing the PRBM and PALEM.

In order to compare the results suggested by the two methods, we examine the NCMN based

systems, namely the coherent G2×4 system and the coherent G4×8 system, as specified in Table 4.2.

More specifically, Figure 4.10 characterises the performance of the NCMN based systems and

substantiates our analysis provided in Section 4.4, where the performance found with the aid of

the PRBM of Section 4.4.1 was always superior, but optimistic in comparison to that obtained by

the actual simulations. More explicitly, it is shown in Figure 4.10 that the deviation between the

performance curves obtained by actual Monte-Carlo simulations and those suggested by PRBM

was found to be in the range of 0.3 dB to 0.5 dB at an FER of 10−4.

As expected, the estimate of the system’s performance obtained by the PALEM of Section 4.4.2

is similar to those provided by Monte-Carlo simulations, as seen in Figure 4.10. Moreover, as

seen in Figure 4.11, for the non-coherent systems, performance suggested by both the Monte-Carlo

simulations and PALEM is identical, which again confirmed the analysis presented in Section 4.4.2.

As a result, the less complex PALEM may be used for replacing the Monte-Carlo simulations in

evaluating the NCMN system’s performance.

4.9 Performance Bounds of the Systems

In this section, we first compare the upper and lower bounds derived in Section 4.5 to our nu-

merical results. The results associated with the G2×4-based and G4×8-based systems of [47, 99]

are also presented for direct comparison with our results. Then, the upper and lower bounds are

further examined in the NCMN based systems relying on the realistic IrCC-URC-MPSK(IrCC-

URC-DMPSK) coding schemes detailed in Section 2.3.3 (Section 2.3.4).

Specifically, we consider the G2×4-based system represented by (R = 0.5, M = 2, k1 =

1, k2 = 1, G2×4, Rin f o = 0.5, 3 ≤ D2×4 ≤ 3) and the G4×8-based one characterised by (R =

0.5, M = 2, k1 = 2, k2 = 2, G4×8, Rin f o = 0.5, 4 ≤ D4×8 ≤ 5), as seen in Table 4.2. The two

systems of our choice are comparable, since they have the same R, M and Rin f o values. Hence, both
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Figure 4.10: FER versus SNR performance of the G2×4 and G4×8 based systems employ-

ing the realistic IrCC-URC-BPSK and IrCC-URC-QPSK schemes instead of assuming

a perfect capability-achieving code, when communicating over wireless channels influ-

enced by both the fast Rayleigh and block Rayleigh fadings. The specifics of the schemes

are summarised in Table 4.2
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Figure 4.11: FER performance of the non-coherent G2×4 and G4×8 systems employing

the IrCC-URC-MSDD-aided-DMPSK, when communicating over wireless channels in-

fluenced by both the fast Rayleigh and block Rayleigh fadings, where the details of the

systems are presented in Table 4.2.
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systems are supported by an ideal/perfect channel coding scheme operating exactly at the CCMC

capacity and having a data rate R = 0.53. As detailed in Table 4.2, the more complex transfer

matrix G4×8 [47,99] has a higher diversity order of 4 ≤ D4×8 ≤ 5 (as opposed to 3 ≤ D2×4 ≤ 3),

hence it is associated with a higher detection complexity at the BS. The differences in the diversity

order are also reflected by the different slope of both the bounds and of the performance curves, as

seen in Figure 4.12.
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Figure 4.12: The outage probability bounds and FER performance of the G2×4 and G4×8

systems employing an ideal/perfect channel coding scheme operating at the CCMC ca-

pacity and having a data rate of R = 0.5, when communicating over wireless channels

influenced by both the fast Rayleigh and block Rayleigh fadings.

It can be seen in Figure 4.12 that the system’s performance curves obtained from both the

Monte-Carlo simulations and the PALEM of Section 4.4.2 are identical, which validates the anal-

ysis presented in Section 4.4 and the results presented in Section 4.8. The PRBM of Section 4.4.1

always suggests a superior performance in comparison to the actual performance obtained by sim-

3The data rate R = 0.5 is chosen for fairly comparing our results with the results presented in [47, 99], where the

data rate R = 0.5 was also selected for the ideal/perfect channel coding scheme operating at the CCMC capacity
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ulations, as demonstrated by the specific example of Section 4.4.2. Observe furthermore in Fig-

ure 4.12 that the system’s actual FER performance curve is always between the upper bound and

lower bound. The PRBM-based performance estimate in fact violates the strict lower bounds at

low SNRs.

We then apply the upper and lower bound for the coherent based NCMN systems employing the

realistic IrCC-URC-MPSK coding schemes presented in Section 2.3.3. It is substantiated in Fig-

ure 4.13 that the system’s actual FER performance curves are always between their upper bound

and lower bound. Thus, the upper and lower bounds may be used for estimating the performance

of other NCMN systems, without extremely time-consuming simulations. This is particularly ben-

eficial, when a large transfer matrix is employed. Similarly, for NCMN systems relying on the

realistic non-coherent schemes detailed in Section 2.3.4, the FER-performance curves seen in Fig-

ure 4.14 substantiate that the system’s actual FER performance curves are again always between

their upper and lower bounds. This again suggested that the performance of NCMN systems can be

accurately characterised by the upper and lower bounds, rather than by extremely time-consuming

simulations. The convenience of using the bounds becomes particularly remarkable, when a large

transfer matrix is employed.

Hence, by combining the results of the channel coding design presented in Section 2.3, the

bounds of the system’s outage probability can be further exploited for estimating the approximate

performance of the NCMN system without Monte-Carlo simulations, which would be very time-

consuming. The the system performance results estimated by the upper and lower bounds are

presented subsequently in Section 4.10.

4.10 Near-capacity Coherent/Non-coherent based System

In this section, the performance of the NCMN based systems are compared to highlight the benefits

of network coding. Near-capacity results are then presented from different perspectives, namely

the distance between the FER-performance of our systems relying on a perfect capacity-achieving

channel coding scheme and that of the systems employing our coherent realistic coding scheme of

IrCC-URC-MPSK. Additionally, the system capacity curves, which are defined and calculated in

Section 4.7.3 are benchmarked against the system’s FER-performance, in order to highlight how

our system may be improved. Moreover, the performance of the coherent based systems when

considering errors induced by channel estimators is compared to that of the non-coherent systems

for suggesting the scenarios, where the coherent or non-coherent based systems are duly selected.

Again, we consider the G2×4 and G4×8 based systems employing the IrCC-URC-BPSK(QPSK)

coding schemes, which were designed in Section 2.3.3. More details pertaining to the two systems

are summarised in Table 4.2. As a result, the FER versus SNR performance of the G2×4 and

G4×8 based systems employing the IrCC-URC-BPSK(QPSK) scheme and the corresponding ide-
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(a) QPSK modulation scheme
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Figure 4.13: FER performance comparison between G2×4, G4×8 and G6×12 based

systems employing the IrCC-URC-QPSK(8PSK) scheme and idealised/perfect DCMC-

QPSK(8PSK) channel coding schemes and their corresponding bounds, when communi-

cating over wireless channels influenced by both the fast Rayleigh and block Rayleigh

fadings.
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(a) DBPSK modulation scheme
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Figure 4.14: FER versus SNR performance of the G2×4 and G4×8 based systems employ-

ing the realistic channel coding scheme IrCC-URC-BPSK(QPSK) and idealised/perfect

CCMC and DCMC channel coding schemes, when communicating over wireless chan-

nels influenced by both the fast Rayleigh and block Rayleigh fadings.
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alised/perfect CCMC and DCMC channel coding schemes is shown in Figure 4.15. It can be seen

from Figure 4.15 that the difference in the diversity order of the G2×4 and G4×8 based systems, as

specified in Section 4.7, is reflected by the different slope of the performance curves. As a benefit,

the G4×8-based system outperforms the G2×4-based system by about 4.2 dB to 4.4 dB at an FER of

10−4 in the cases of using the CCMC, DCMC, IrCC-URC-BPSK and IrCC-URC-QPSK channel

coding schemes.

Another important result gleaned from Figure 4.15 is that the performance of the NCMN sys-

tems using idealised/perfect CCMC channel coding schemes represents the best-case performance

bound of all NCMN system using realistic channel coding schemes, provided that those schemes

have the same equivalent data rate R. Furthermore, the performance of the NCMN systems rely-

ing on idealised/perfect DCMC channel coding schemes set the best-case performance bounds of

all NCMN system supported by realistic coding schemes, provided that those schemes invoke the

same data rate R as well as the same modulation scheme.

Similar to the coherent scenario, it can also be seen from Figure 4.16 that the performance of the

NCMN systems using the idealised/perfect D-DCMC capacity-achieving channel coding schemes,

namely the D-DCMC-BPSK and D-DCMC-QPSK schemes, represents the best-case performance

bound of all NCMN systems using realistic channel coding schemes, provided that those schemes

employ the same modulation scheme as well as have the same equivalent data rate R.

As regards to the distance between the performance curves associated with the realistic scheme

and those pertaining to the idealised/perfect DCMC schemes, it can be seen in Figure 4.15 that

the performance of the G4×8 and G2×4-based systems using our IrCC-URC-BPSK(QPSK) scheme

was within 0.8 dB from that of the corresponding systems relying on the assumption of using an

idealised/perfect DCMC-achieving channel coding scheme at an FER of 10−4. In the non-coherent

systems, a similar distance ranging from 0.5 dB to 0.7 dB is exhibited in Figure 4.16.

4.10.1 Benefits of Network Coding

Regarding the benefits of network coding, the following questions may be posed:

1. What is the capacity of the NCMN systems?

2. How far is the performance of a NCMN system from its capacity?

Question 1 was partially answered in Section 4.7.3, where the capacity of the NCMN system

was determined by considering network coding as a specific stage of the multi-stage coding scheme.

In order to further elaborate on both questions, let us study Figure 4.17, where the FER-performance

of the system employing various network coding schemes having the same network coding rate of

Rin f o = 1/2 is plotted in comparison to its capacity given in Table 4.3. As seen in Figure 4.17, the

more powerful the network coding, the closer the FER-performance of our system to its capacity,
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Figure 4.15: FER versus SNR performance of the G2×4 and G4×8 based systems employ-

ing the realistic IrCC-URC-BPSK(QPSK) and the idealised/perfect CCMC and DCMC-

achieving channel coding schemes, when communicating over wireless channels influ-

enced by both the fast Rayleigh and block Rayleigh fadings.

where the capacity is calculated by using the method detailed in Section 4.7.3. Indeed, we have to

answer another provoking question about which powerful network code we should choose in order

to have an FER-performance as close to capacity as desired. A straightforward solution is to simply

increase the diversity order DNCMN of our system. As seen in Table 4.2, the diversity orders of

the G2×4, G4×8 and G6×12 based systems are D2×4 = 3, 4 ≤ D4×8 ≤ 5 and 5 ≤ D6×12 ≤ 7,

respectively. This means we can examine the performance of different network codes, until the

appropriate network code is found. This however would require an extreme amount of simulation-

related work.

Alternatively, we can invoke the performance bounds derived in Section 4.5, in order to explore

the system’s FER-performance for finding the most appropriate network code. More specifically,
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Figure 4.16: FER versus SNR performance of the G2×4 and G4×8 based systems em-
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D-DCMC channel coding schemes, when communicating over wireless channels influ-

enced by both the fast Rayleigh and block Rayleigh fadings.
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fadings.
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it may be inferred from Equation (4.64) that the performance of the system approaches its lower

bound more closely, when the SNR value increases. Hence, we can use the lower bound of the

system performance for estimating its capacity, when employing large transfer matrices. More

explicitly, it can be seen in Figure 4.17 that as the size of the transfer matrix increases from G2×4 to

G4×8, G6×12, G20×40, G200×400, G1000×2000, G10000×20000 and G12000×24000, the distance from the

NCMN system capacity having a network coding rate of Rin f o = 1/2 is reduced to 1.7 dB from

24.8 dB, where a further marginal improvement is exhibited when employing a transfer matrix

having a larger size than the matrix G12000×24000.

As regards to the benefits of network coding, it can be seen in Figure 4.17 that a significant

system’s performance improvement is exhibited, compared to the scenario operating without em-

ploying the network code. In particular, an FER-performance improvement of 21.6 dB, 25.1dB

and 26.9 dB is demonstrated at a FER = 10−5, when employing network-coding relying on the

matrices G2×4, G4×8 and G6×12, respectively, as seen in Figure 4.17. Furthermore, when a net-

work code relying on a larger transfer matrix, say G12000×24000 is used, a maximum improvement

of approximately 44 dB may be expected in the context of our system.

It should be noted that as seen in Figure 4.17, the FER-versus-SNR performance of the system

relying on the IrCC-URC-QPSK channel coding scheme may exceed the FER-versus-SNR perfor-

mance of single link employing the IrCC-URC-QPSK scheme, when an appropriate network-code

is used in the system. In particular, when a powerful network-code corresponding to a large trans-

fer matrix of G10000×20000 is employed in our system, the FER-versus-SNR performance reaches

its limit. Once the limit of the system’s performance is achieved, no further FER-versus-SNR

performance improvement is attained, even if more complex network codes are invoked. The per-

formance limit of the system is about 1.6 dB from the corresponding network-coding capacity,

which was defined and calculated in Section 4.7.3.

4.10.2 Sub-frame Transmission for Approaching the Capacity

By observing the upper and lower bounds of Equation (4.56) and Equation (4.64), we notice that

the performance of NCMN systems may be improved by reducing the Pe term, which means that

the performance of each single link in the NCMN systems is improved. As presented in Sec-

tion 2.4, the employment of subframes is capable of improving the single link transmission in slow

fading scenarios. Moreover, in practical systems, such as the Long Term Evolution (LTE) and

LTE-Advanced [165, 166] systems, each channel-encoded frame tends to be transmitted in Nsub

sub-frames.

Let us continue to use the G2×4 and G4×8 based systems relying on the IrCC-URC-QPSK

scheme for characterising the performance improvements obtained by activating the subframe-

based operation at each transmission link of the systems. Figure 4.18 characterises the FER per-

formance of the systems obtained by Monte-Carlo simulations, when the number of sub-frames
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increases from Nsub = 1 to Nsub = 103. It should be noted that when the number of subframes

exceeds Nsub = 103, no further improvement is seen in the system’s performance. As observed in

Figure 4.18, the G4×8 based system significantly outperforms the G2×4 based system, when Nsub is

Nsub ≤ 102. However, only a marginal difference is exhibited, when Nsub approaches Nsub = 103.

As shown in Figure 4.18, the performance of the G2×4 and G4×8 based systems converges to

that of the single link transmission in the fast fading scenario. In other words, the performance of

the single link transmission in the fast fading environment sets the best-possible bound for that of

the network coding based systems in the context of our considerations. As a result, the combination

of sub-frame based transmissions and network coding is capable of providing an approximately

19 dB (or 13 dB) performance improvement, when comparing the G2×4 (or G4×8) based systems

employing either Nsub = 1 or Nsub = 103 sub-frames at an FER of 10−5. Another important

result gleaned from Figure 4.18 is that if either the network coding scheme used or the number of

sub-frames Nsub is given, we can optimise one of these two parameters, so that the system achieves

its best possible performance.
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Figure 4.18: FER performance the G2×4 and G4×8 based systems employing the IrCC-

URC-QPSK scheme, when employing the different number of sub-frames Nsub =
1, 101, 102, 103, when communicating over wireless channels influenced by both the fast

Rayleigh and block Rayleigh fadings.

4.10.3 Non-coherent versus Coherent Systems

In this section, we compare the performance of NCMN systems relying on either the coherent

scheme designed in Section 2.3.3 or the non-coherent scheme presented in Section 2.3.4. In order

to make realistic comparison, the error imposed by the channel estimation used in the coherent sys-
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tems is taken into consideration, when deciding whether the non-coherent or the coherent systems

should be chosen.

As shown in Figure 2.36 of Section 2.5, the performance of the IrCC-URC-QPSK scheme is

superior to that of the IrCC-URC-MSDD-aided-DQPSK scheme, when considering a fast Rayleigh

fading scenario, provided that the accuracy probability of the channel estimation is θ ≥ 60%4.

Hence, we investigate the NCMN system’s performance, when employing the IrCC-URC-QPSK

scheme relying on a channel estimator having different accuracy, namely θ = 50%, 60%, 100%.

Then, the performance of the NCMN system relying on the IrCC-URC-QPSK scheme taking into

consideration the different levels of channel estimation accuracy is compared to that of the NCMN

system employing the IrCC-URC-MSDD-aided-DQPSK scheme.

As seen in Figure 4.19, the coherent IrCC-URC-QPSK scheme outperforms the non-coherent

IrCC-URC-MSDD-aided-DQPSK scheme, when the accuracy of the channel estimation is θ =

100%. However, the performance of the system relying on the non-coherent scheme becomes su-

perior to that of the system relying on the coherent scheme, when the channel-estimator’s accuracy

becomes lower than θ = 60%. In conclusion, we can conceive an NCMN system capable of oper-

ating in both coherent and non-coherent modes. These modes may be switched by comparing the

accuracy of the channel estimation with a pre-calculated threshold, say θ = 60%.

4.11 Augmenting Multiplexing and Diversity Capability of Network
Coding

The NCNM system’ performance can be further redeemed by looking at different perspectives of

the network coding. In the first perspective, by investigating the system’s multiplexing facet and the

system’s diversity facet, the network coding performance can be improved by enhancing diversity

facet or by redeeming the multiplexing facet or in fact by combining individual measures, in order

to attain a combined gain.

1. As regards to the diversity aspect, the performance of our system can be further improved

by exploiting the broadcast nature of wireless communications. More specifically, a user can

additionally listen to PFs transmitted by the other users during their CPs, in order for this

user to acquire knowledge about the other users’ IFs that were not received correctly due to

the outages of inter-user transmissions occurring during the BPs. This approach was recently

studied in [11] for the idealised simplifying scenario of two users in the context of a system

assuming the employment of an idealised so-called perfect capacity-achieving channel code.

4According to our analysis in Section 2.5, the performance of the single link transmission relying on the IrCC-URC-

QPSK schemes is superior to that of the transmission supported by the IrCC-URC-DQPSK scheme, when the accuracy

of the channel estimator is in excess of θ = 60%. As a result, the threshold θ = 60% of channel estimation may be used

for switching the single link transmission from the coherent modem to the non-coherent modem, vice versa. Thus, it is

expected that the same threshold of θ = 60% may be employed for switching in the NCMN systems.
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Figure 4.19: The performance of the systems operating in different scenarios, namely in

the scenario employing non-coherent IrCC-URC-MSDD-aided-DQPSK scheme, in the

case relying on the coherent IrCC-URC-QPSK with the aid of the channel estimator hav-

ing different level of accuracy, i.e. θ = 50%, 60%, 100%, when communicating over

wireless channels influenced by both the fast Rayleigh and block Rayleigh fadings.

Naturally, the realistic general case requires further investigations.

2. As regards to the multiplexing aspect, the general philosophy of the diversity versus multi-

plexing trade-off (DMT) is that the specific trade-off would rely on the particular channel

conditions that the system experiences. When experiencing sufficiently high quality chan-

nels, the multiplexing gain of the system can be increased for example by reducing a number

of the PFs transmitted. By contrast, an increased diversity may be achieved by increasing the

number of PFs, when the channel conditions degrade. Furthermore, another mechanism may

be invoked for the channel coding scheme, namely a channel coding scheme having a higher

information rate R may be employed, when a good channel condition is encountered. This

results in employing an adaptive channel coding scheme, which was also invoked in [186].

The second perspective, which is seen from the context of collaboration between channel cod-

ing and network coding. Channel coding and network coding may indeed be intrinsically further

combined to improve the attainable system performance by adopting two options as follows.

1. The first option is that of implementing iterative decoding for exchanging extrinsic informa-

tion between the channel code and network code. This idea has been studied in [187, 188]

by performing iterative decoding with the aid of the PFs transmitted by a single relay, where

network coding was performed. As a result, a significant performance improvement was
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recorded. However, extending the iterative decoding scheme of [187, 188] to our scenario,

while considering multiple-relays/users5 leads to an extremely high complexity. Hence it be-

comes impractical for joint channel-network code design. This conclusion is also suggested

by a recent contribution presented in [189].

2. The second option advocates introducing an adaptive mechanism, which relies on a feedback

flag directly reflecting the performance of the network coding scheme. This feedback flag

can be employed to control the channel coding scheme, and vice versa, the feedback flag

provided by the channel coding scheme may be utilised for controlling the operation of net-

work coding. The authors of [12] applied this adaptive flag-controlled mechanism under the

idealised simplifying assumption of using an ideal/perfect channel code.

In brief, the both perspectives as discussed above lead to the improved diversity aspect and the

improved multiplexing aspect of the network coding, which is investigated in next chapter.

4.12 Chapter summary

In this chapter, the FER-performance upper and lower bounds of cooperative multi-user commu-

nications systems were derived. The system’s FER-performance was also evaluated by Monte

Carlo based simulations, in order to verify the accuracy of those bounds. These bounds guided our

network coding design and assisted us in estimating the FER performance of the NCMN system

without running extremely time-consuming Monte-Carlo simulations. More specifically, the lower

bound may be used as the system’s performance, when considering the high-SNR region

The capacity of NCMN systems was devised for the sake of benchmarking the performance of

the NCMN system in different configurations. Additionally, the derived lower performance bounds

was then employed for estimating the size of the transfer matrix required for attaining a given

diversity order or for operating at a given distance from the benchmark system’s capacity.

We proposed the detection model used for recovering the information frames at the Base Sta-

tion. Accordingly, based on the algorithms employed for recovering the transmitted frames at

the base station, we proposed a new method that we referred to as the Pragmatic Algebraic Linear

Equation Method or PALEM. This method is capable of accurately characterising the system’s FER

performance. The system’s performance estimated by our PALEM was compared to that obtained

by the Pure Rank Based Method used in [47, 99]. Our proposed PALEM was shown to provide

identical results in comparison to that suggested by Monte-Carlo simulations, while the PRBM

always leads to optimistic system performance results.

Furthermore, we investigated the NCMN based systems using the IRCC-URC-MPSK scheme

of Section 2.3.3 as well as employing IrCC-URC-DMPSK counterpart of Section 2.3.4. These

5In our scenario, each user itself plays a role as a relay. Hence, our the model has multiple-users and multiple-relays.
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schemes approach their corresponding DCMC and D-DCMC capacities within approximately 1 dB

at a FER of 10−5. The performance of the NCMN systems relying on our realistic channel cod-

ing schemes, namely on the IrCC-URC-MPSK and IrCC-URC-DMPSK arrangement, was bench-

marked against the corresponding NCMN based systems employing the idealised/perfect channel

coding schemes operating at exactly the CCMC, DCMC and D-DCMC capacities.

The effect of errors imposed on the channel estimation is also taken into consideration, when

comparing the non-coherent and coherent detection based systems. It was confirmed by our simu-

lation results that the threshold θ = 60% of the channel estimation accuracy may still be used for

deciding whether coherent or non-coherent demodulation based schemes should be activated.

The employment of sub-frame transmissions was shown to be useful for approaching the sys-

tem capacity, when the associated amount of delay is affordable in the system. The sub-frame

transmission regime is capable of bringing the system’s performance close to the performance of a

single link in rapidly fading environments, when as many as Nsub = 103 sub-frames are used for

conveying a transmission frame.

In the next chapter, a usage of measures conceived for improving the diversity gain of the system

as well as for enhancing the multiplexing capability of the system, as suggested in Section 4.11, are

investigated, in order to create a range of generalised NCMN systems.



Chapter 5
Generalised Near-Capacity Multi-user
Network-coding:
Multilayer-and-Multimode Architecture

In this chapter, the Near-Capacity Multi-user Network-coding (NCMN) philosophy introduced

in Chapter 4 is generalised for conceiving the concept of Generalised Near-Capacity Multi-user

Network-coding (GNCMN), which has a multi-layer architecture and is capable of operating in

multiple modes at each layer. More specifically, the GNCMN scheme is capable of closely ap-

proaching to its capacity by employing sub-frame based transmissions. As discussed in Sec-

tion 4.11, both the multiplexing and diversity aspects of the GNCMN system can be improved

by employing our adaptive network coding technique, as suggested in [12]. This scheme ex-

ploits the Parity Frames (PFs) transmitted during the Cooperative Phases (CPs) at each user for

approaching the performance of full-diversity networking coding [11]. Moreover, a triple-layer

coding scheme is devised for improving the achievable time diversity gain [190]. Additionally,

with the aid of the feedback characterising the accuracy of the channel estimation presented in Sec-

tion 2.5, the GNCMN becomes capable of activating either our coherent detection aided Irregular

Convolutional Coded Unity Rate Coded M-ary Phase Shift Keying (IrCC-URC-MPSK) detailed

in Section 2.3.3 or the non-coherent detection assisted Irregular Convolutional Coded Unity Rate

Coded Differential M-ary Phase Shift Keying (IrCC-URC-DMPSK) arrangement described in Sec-

tion 2.3.4. Having integrated the above-mentioned functionalities into our GNCMN system, we

can then combine them appropriately, in order to achieve the combined benefits of amalgamating

two or more of them.
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5.1 Architecture of Generalised Near-Capacity Multi-user Network-
coding System

The general architecture of the GNCMN system shown in Figure 5.1 can be structured into three

coding layers, namely Channel Coding (CC), Network Coding 1 (NC1) and Network Coding

2 (NC2). In our triple-layer coding system, H frames of a user’s information are processed in

NC2, before feeding the Θ resultant encoded frames to NC1, as seen in Figure 5.1. In the NC1

layer, M users cooperatively transmit Mk1 Information Frames (IFs) to the same destination node

during a transmission session, where k1 is the number of IFs transmitted by each of the M users

during the transmission session. Once the frames to be transmitted have been constructed according

to the processes performed at NC1 and NC2, each of the frames is encoded by the channel coding

scheme, as shown in Figure 5.1.

5.1.1 Near-capacity Channel Coding

In the channel coding layer shown in Figure 5.1, we assume that all the links in the system are

supported by channels having the same information rate R. As seen in Figure 5.1, the channel code

of the GNCMN system is capable of operating either in a coherent mode, when a channel estimator

is available or in a non-coherent mode, when system cannot afford incorporating a channel esti-

mator. Moreover, the accuracy of the channel estimator is also taken into consideration, in order

to introduce a more flexible switch-over mechanism. More specifically, the feedback characteris-

ing the accuracy of the channel estimator is exploited for determining, whether the coherent mode

associated with high-quality channel estimation or the non-coherent mode should be activated.

In order to achieve an infinitesimally low BER in both the coherent and non-coherent modes,

turbo detection may be employed at both the user’s unit and the BS. Therefore, a recursive URC

[164] having an infinite impulse response may be employed as an intermediate code, as seen in the

channel coding section of Figure 5.1. If the user’s unit and the BS can indeed afford the high decod-

ing complexity imposed by a near-capacity IrCC scheme, then a near-capacity performance may

be achieved by employing the three-stage IrCC-URC-MPSK coding arrangement of Figure 2.19

or IrCC-URC-DMPSK coding arrangement of Figure 2.27, as detailed in Section 2.3.3 or Sec-

tion 2.3.4.

Additionally, the sub-frame transmission mode presented in Section 4.2.2 can also be used in

both the coherent and non-coherent channel coding schemes. Once the sub-frame transmission is

activated, the GNCMN system becomes capable of providing an adjustable diversity gain at the

link level. Hence, the total diversity gain of the GNCMN system is constituted by three adjustable

components, namely the diversity at the link-level, the diversity at the NC1 level and the diversity at

the NC2 level. More specifically, the diversity obtained at the NC1 level can be adjusted by scaling

the transfer matrix G, as detailed in Section 4.2.2, while that of the NC2 level can be customised by
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changing the number of the IFs N decoded, whereas that of the link-level can be manipulated by

adjusting Nsub, namely the number of sub-frames in a transmitted frame, as detailed in Section 2.4.

5.1.2 Network Coding 1

As analysed in Section 4.11, both the diversity and multiplexing aspects of the network coding

are improved in the GNCMN system. As a result, the NC1 portrayed in Figure 5.1 is capable of

operating in various regimes, which are determined by activating an appropriately selected set of

the following four modes:

• The Conventional mode (C mode) is used for the default operation of NC1.

• The Full Diversity mode (FD mode) can be activated for improving the system’s diversity

gain.

• Two adaptive modes, namely modes A1 and A2, can be chosen for improving the multiplex-

ing gain of the system.

5.1.2.1 The Conventional mode

The C mode is the default mode for the normal operation of NC1. The operation principle of the

C mode is detailed in Section 4.2 and Section 4.3. However, for the convenience of presenting

other new modes, namely the FD mode, A1 mode and A2 mode, the operating principle of the

C mode is briefly summarised in our example depicted in Figure 5.2. In the normal operation

of the system portrayed in Figure 5.2, each of the M = 2 users transmits k1 = 1 Information

Frame (IF) during Mk1 = 2 Broadcast Phases (BPs) (B1 and B2) and k2 = 2 PFs during Mk2 = 4

CPs (C1, C2, C3 and C4), respectively. Let us denote an IF transmitted by User m as Im(t), t =

[m, M + m, ..., (k1 − 1)M + m], which takes place during the specific broadcast phase t, t =

[m, M + m, ..., (k1 − 1)M + m]. Then, the arrangement of the BPs and CPs in Figure 5.2 can be

summarised in the following transmission example:

Broadcast phases

G
′
2×6 = G2×6,

(B1U2) : User 1 =0−→ User 2 ⇒ G
′
2×6(1, i) = 0, i = [4, 6], (5.1)

(B1B) : User 1 =0−→ BS ⇒ G
′
2×6(1, 1) = 0, (5.2)

(B2U1) : User 2 =0−→ User 1 ⇒ G
′
2×6(2, i) = 0, i = [3, 5] (5.3)

(B2B) : User 2 =0−→ BS ⇒ G
′
2×6(2, 2) = 0, (5.4)
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Figure 5.2: Model of NC1 of Figure 5.1, supporting M = 2 users, where each user

transmits k1 = 1 IF and k2 = 2 PFs.

Cooperative phases

(C1U2) : User 1 =1−→ User 2 ⇒ NOT considered, (5.5)

(C1B) : User 1 =1−→ BS, ⇒ G
′
2×6(i, 3) unchanged, i = 1, 2, (5.6)

(C2U1) : User 2 =1−→ User 1 ⇒ NOT considered, (5.7)

(C2B) : User 2 =0−→ BS ⇒ G
′
2×6(i, 4) = 0, i = 1, 2, (5.8)

(C3U2) : User 1 =0−→ User 2 ⇒ NOT considered, (5.9)

(C3B) : User 1 =1−→ BS ⇒ G
′
2×6(i, 5) unchanged, i = 1, 2 (5.10)

(C4U1) : User 2 =0−→ User 1 ⇒ NOT considered, (5.11)

(C4B) : User 2 =0−→ BS ⇒ G
′
2×6(i, 6) = 0, i = 1, 2. (5.12)

Note that BkU (or BkB) represents a user-to-User transmission (or a user-to-BS transmission) dur-

ing the broadcast phase Bk, while ClU (or Cl B) indicates a user-to-User transmission (or a user-

to-BS transmission) during the cooperative phase Cl . Additionally, the arrow ’−→’ represents the

transmission direction, while the variable �i(j) seen in Figure 5.2 represents the jth PF of User i,
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whereas the notation ‘(= 0)’ (or ‘(= 1)’) above the arrows of Equation (5.1)-Equation (5.12)

indicates that the frame was unsuccessfully (or successfully) recovered at the receiver.

Employing our convention used in Section 4.2.2, if all the frames transmitted in a session are

successfully received at both the M = 2 users and the BS, then the transmission session can be

described by the following transfer matrix [99]:

G2×6 =

 1 0 | 3 5 1 7

0 1 | 2 4 3 6

 . (5.13)

Note that the transfer matrix G2×6 is constructed from the generator matrix of Reed Solomon (RS)

code formed over the Galois Field GF(8). Please refer to Section 4.2.2 for more specifics of the

transfer matrix.

As defined in Section 4.2.2, the modified transfer matrix G
′
2×6 is used for representing an actual

transmission session. Hence, the modified G
′
2×6 has the entries modified with respect to those of

the original transfer matrix G2×6 of Equation (5.13) according to the success/failure of each trans-

mission phase within an actual transmission session, as seen in Equation (5.1)-Equation (5.12).

More specifically, according to the numerical example of the transmission session given in Equa-

tion (5.1)-Equation (5.12), the entries of G
′
2×6 can be calculated by applying the general principles

stipulated by Equation (4.4)-Equation (4.7), in order to lead to the modified matrix G
′
2×6 as:

G
′
2×6 =

 0 0 | 3 0 1 0

0 0 | 0 0 0 0

 . (5.14)

For the generalised case, please refer to the Section 4.2.2 for the details of the transfer matrix

Gk1 M×(k1 M+k2 M) (or G for shorthand) and the modified transfer matrix G
′

k1 M×(k1 M+k2 M) (or G
′
for

shorthand).

Accordingly, the NC1 information rate Rin f o is determined by Equation (4.68) as

Rin f o =
k1

k1 + k2
. (5.15)

5.1.2.2 The Full Diversity mode

In contrast to the C mode described in Section 5.1.2.1, where the inter-user transmissions during

the cooperative phases are not taken into consideration, the GNCMN system in the FD mode is

capable of exploiting the inter-user transmissions during cooperative phases, for improving inter-

user transmissions in broadcast phases, as mentioned in Section 4.11. More specifically, if each user

in our system is equipped with a network-coding decoder, which is identical to the network-coding

decoder used at the BS, the user can decode all the IFs and PFs successfully received, in order to

improve its knowledge about IFs transmitted by the other users. Then, the improved knowledge

is exploited to construct the subsequent PFs transmitted by the user. The process of decode-and-

update is repeatedly kicked off, as soon as the user receives a PF transmitted by another user in the
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system. The decode-and-update process at a certain user is no longer required, as soon as all IFs

transmitted by the other users during the broadcast phases are comprehensively known by the user.

Let us continue to consider the numerical example given in Equation (5.1)-Equation (5.12). It is

worth noting that the transmissions in (C1U2) of Equation (5.5), (C2U1) of Equation (5.7), (C3U2)

of Equation (5.9) and (C4U1) of Equation (5.11) are not utilised in the C mode. If a network coding

decoder is invoked by each of the M users, the cooperative transmissions, namely (C1U2) of Equa-

tion (5.5) (C2U1) of Equation (5.7), (C3U2) of Equation (5.9) and (C4U1) of Equation (5.11), can

be exploited for recovering the erroneous frames that were corrupted by the outage of the inter-user

channels during BPs as follows.

• Cooperative Phase 1, (C1U2)

Cooperative phases

(C1U2) : User 1 =0−→ User 2 ⇒ CONSIDERED. (5.16)

At User 2, the entries of the contemporary modified matrix G
′
U2,2×6,C1

for transmissions from

User 1 to User 2 can be specified as

Broadcast phases

G
′
U2,2×6,C1

= G2×6,

(B1U2) : User 1 =0−→ User 2 ⇒ G
′
U2,2×6,C1

(1, 1) = 0, (5.17)

⇒ G
′
U2,2×6,C1

(1, i) = 0, i = [4, 6], (5.18)

User 1 =1−→ User 1 ⇒ G
′
U2,2×6,C1

(1, i) unchanged, i = [3, 5], (5.19)

(B2U1) : User 2 =0−→ User 1 ⇒ G
′
U2,2×6,C1

(2, i) = 0, i = [3, 5], (5.20)

User 2 =1−→ User 2 ⇒ G
′
U2,2×6,C1

(2, 2) = 1, (5.21)

⇒ G
′
U2,2×6,C1

(2, i) unchanged, i = [4, 6], (5.22)

and

Cooperative phases

(C1U2) : User 1 =1−→ User 2 ⇒ G
′
U2,2×6,C1

(i, 3) unchanged, i = [1, 2], (5.23)

(C2U1) : NOT transmitted yet ⇒ G
′
U2,2×6,C1

(i, 4) = 0, i = [1, 2], (5.24)

(C3U2) : NOT transmitted yet ⇒ G
′
U2,2×6,C1

(i, 5) = 0, i = [1, 2], (5.25)

(C4U1) : NOT transmitted yet ⇒ G
′
U2,2×6,C1

(i, 6) = 0, i = [1, 2]. (5.26)

It is worth noting that in the broadcast phases, namely (B1U2) of Equation (5.17) and (B2U1)

of Equation (5.20), we always have User j =1−→ User j, j = [1, M]. Accordingly, the modified

matrix G
′
U2,2×6,C1

can be obtained as

G
′
U2,2×6,C1

=

 0 0 | 3 0 0 0

0 1 | 0 0 0 0

 . (5.27)
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Relying on G
′
U2,2×6,C1

, User 2 can recover IF I1(1) that could not be recovered owing to

the inter-user outage occurring during the broadcast phase (B1U2) of Equation (5.17). It

should be noted that after Cooperative Phase 1, User 2 has a comprehensive knowledge of

all the IFs, namely I1(1) and I2(2). Since User 2 has the knowledge of all the IFs, no further

detection process is needed for User 2. The comprehensive knowledge of the IFs is used

for constructing the subsequent PFs transmitted by User 2 during the CPs of (C2U1) and

(C4U1).

Let us denote the knowledge of User 2 about all IFs transmitted within the transmission

session considered by Υ2(ΓIF), where ΓIF = {I1(1), I2(2)} represents all the IFs transmitted

within a transmission session, while I2(i) denotes the IF transmitted by User 2 during BP

i, i = [1, 2]. As a result, having

Υ2(ΓIF) = {I1(1), I2(2)} , (5.28)

means that User 2 has a comprehensive knowledge of both IFs, namely of I1(1) and I2(2).

If the cooperative phase of (C1U2) detailed in (5.16) were not to be considered at User 2,

the corresponding modified matrix G
′
U2,2×6 generated for transmissions to User 2 would be

represented by:

G
′
U2,2×6 =

 0 0 | 0 0 0 0

0 1 | 0 0 0 0

 . (5.29)

Relying on the modified matrix G
′
U2,2×6, User 2 would only be capable of recovering its own

IF I2(2). This would lead to the knowledge Υ2(ΓIF) of User 2 becoming:

Υ2(ΓIF) = {I2(2)} . (5.30)

It can be readily inferred from (5.28) and (5.30) that exploiting the network decoder at each

user can help improve the inter-user transmissions degraded by outage encountered in inter-

user channels during broadcast phases.

• Cooperative Phase 2, (C2U1)

Let us now take into consideration the inter-user transmission during the cooperative phase

C2U1 of Equation (5.24) as:

Cooperative phases

(C2U1) : User 2 =1−→ User 1 ⇒ CONSIDERED. (5.31)

Similar to the process of Cooperative Phase 1, the current modified matrix G
′
U1,2×6,C2

gen-

erated for transmissions from User 2 to User 1 up to Cooperative Phase 2 is formed by its
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corresponding entries, which are specified by:

Broadcast phases

G
′
U1,2×6,C2

= G2×6,

(B1U2) : User 1 =0−→ User 2 ⇒ G
′
U1,2×6,C2

(1, i) = 0, i = [4, 6], (5.32)

User 1 =1−→ User 1 ⇒ G
′
U1,2×6,C2

(1, 1) = 1, (5.33)

⇒ G
′
U1,2×6,C2

(1, i) unchanged, i = [3, 5], (5.34)

(B2U1) : User 2 =0−→ User 1 ⇒ G
′
U1,2×6,C2

(2, 2) = 0, (5.35)

⇒ G
′
U1,2×6,C2

(2, i) = 0, i = [3, 5], (5.36)

and by:

Cooperative phases

(C1U2) : User 1 =0−→ User 2 ⇒ G
′
U1,2×6,C2

unchanged, (5.37)

(C2U1) : User 2 =1−→ User 1 ⇒ G
′
U1,2×6,C2

(i, 4) unchanged, i = [1, 2], (5.38)

(C3U2) : NOT transmitted yet ⇒ G
′
U1,2×6,C2

(i, 5) = 0, i = [1, 2], (5.39)

(C4U1) : NOT transmitted yet ⇒ G
′
U1,2×6,C2

(i, 6) = 0, i = [1, 2]. (5.40)

Note that in the cooperative phase (C1U2) of Equation (5.37), the result of the transmissions

from User 1 to User 2 has no effect on the entries of G
′
U1,2×6,C2

, since the detection process

considered takes place at User 1. Note that the equivalent transmission from User 1 to User

1 is always successful, namely we have User 1 =1−→ User 1, as specified in Equation (5.33)

and Equation (5.34). As a result, the modified matrix G
′
U1,2×6,C2

can be represented by

G
′
U1,2×6,C2

=

 1 0 | 3 0 0 0

0 0 | 0 4 0 0

 . (5.41)

Again, by employing the modified matrix G
′
U1,2×6,C2

of (5.41), User 1 can recover all the IFs,

namely I1(1) and I2(2). Hence, no further network decoding process is required at User 1,

since a comprehensive knowledge of all IFs is extracted by User 1. Then, this comprehensive

knowledge is used for forming the subsequent PF, which is broadcast during the cooperative

phase (C3U2). Therefore, after the cooperative phase (C2U1), the knowledge Υ1(ΓIF) of

User 2 about all the IFs can be represented by:

Υ1(ΓIF) = {I1(1), I2(2)} . (5.42)

With the result of the network-decoding process both at User 1 and at User 2 in mind, we can

now formulate the modified matrix G
′
2×6,Full−Diversity for transmissions to the BS in the case of

having network-decoder at each user in the system. For the sake of brevity, the modified matrix
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G
′
2×6,Full−Diversity is also denoted as G

′
2×6,FD, which has entries specified as follows.

Broadcast phases

G
′
2×6,FD = G2×6,

(B1U2) : User 1 =0−→ User 2 ⇒ G
′
2×6,FD(1, i) = 0, i = [4, 6], (5.43)

(B1B) : User 1 =0−→ BS ⇒ G
′
2×6,FD(1, 1) = 0, (5.44)

(B2U1) : User 2 =0−→ User 1 ⇒ G
′
2×6,FD(2, i) = 0, i = [3, 5] (5.45)

(B2B) : User 2 =0−→ BS ⇒ G
′
2×6,FD(2, 2) = 0, (5.46)

Cooperative phases

(C1U2) : User 1 =1−→ User 2 ⇒ Υ2(ΓIF) = {I1(1), I2(2)} , (5.47)

⇒ Full knowledge achieved,

Υ2(ΓIF) = {I1(1), I2(2)} ⇒ G
′
2×6,FD(1, i) = G2×6(1, i), i = [4, 6], (5.48)

(C1B) : User 1 =1−→ BS, ⇒ G
′
2×6,FD(i, 3) unchanged, i = 1, 2,

(C2U1) : User 2 =1−→ User 1 ⇒ Υ1(ΓIF) = {I1(1), I2(2)} , (5.49)

⇒ Full knowledge achieved,

Υ1(ΓIF) = {I1(1), I2(2)} ⇒ G
′
2×6,FD(2, i) = G2×6(2, i), i = [5], (5.50)

(C2B) : User 2 =0−→ BS ⇒ G
′
2×6,FD(i, 4) = 0, i = [1, 2], (5.51)

(C3U2) : User 1 =0−→ User 2 ⇒ No longer of interest, (5.52)

(C3B) : User 1 =1−→ BS ⇒ G
′
2×6(i, 5) unchanged, i = [1, 2] (5.53)

(C4U1) : User 2 =0−→ User 1 ⇒ No longer of interest, (5.54)

(C4B) : User 2 =0−→ BS ⇒ G
′
2×6(i, 6) = 0, i = [1, 2]. (5.55)

Accordingly, we can obtain the modified transfer matrix of G
′
2×6,FD as

G
′
2×6,FD =

 0 0 | 3 0 1 0

0 0 | 0 0 3 0

 . (5.56)

As seen from the modified matrix G
′
2×6,FD of Equation (5.56), the BS is now in a position to recover

both IFs, namely I1(1), I2(2), while with the aid of G
′
2×6 given by Equation (5.14) only the IF of

I1(1) is recovered in the C mode, when no network-decoder is provided at each user.

Let us now generalise the processes at each user operating in FD mode by firstly denoting

Υl(ΓIF) as the knowledge of User l about all IFs transmitted within a certain transmission session,

where ΓIF = {I1(1), I2(2), ..., IM(k1M)} represents the set of all the IFs in the transmission ses-

sion, while Γl(b) denotes the IF transmitted by User l during the bth BP. Accordingly, the processes

occurring at User l during Mk2 CPs of a transmission session are represented by an algorithm hav-

ing Mk2 iterations, each of which is accomplished by conducting the following four sequences;
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Sequence 1: Construct a modified transfer matrix G
′

for all transmissions to User l in the

system. The guidance for formulating the modified transfer matrix G
′
can be found in Section 4.2.2.

Sequence 2: Apply the principle of the frame recovery described in Section 4.3, in order to

recover all detectable IFs of the (M − 1)k1 IFs;

Sequence 3: Update the knowledge Υl(ΓIF) of User l about all the (M − 1)k1 IFs;

Sequence 4: Build a subsequent PF required to transmit in subsequently assigned CP by using

the current knowledge Υl(ΓIF) of User l.

In brief, once the FD mode is activated, a user in the system can exploit the benefits of network

coding and of the broadcast nature of wireless communications by exploiting the PFs transmitted

by the other users, in order to improve inter-user communications. The improved inter-user trans-

missions amongst the M users would result in an improved diversity gain for the system. More

specifically, due to the broadcast nature of wireless communications, all users in the system are ca-

pable of listening to the PFs destined to the BS. Naturally, each of the M users has to be equipped

with a network coding decoder for decoding the PFs with the aid of its own IFs and by addition-

ally using the IFs successfully received from the other users during the BPs. As a benefit of the

additional decoding process, each user becomes capable of compensating for not knowing the IFs

transmitted from the other (M − 1) users, which is caused by outage of inter-user channels during

the BPs. Once a user successfully receives a PF, the result of the decoding process at this particular

user will provide updated knowledge about the IFs transmitted by the other users. The updated

knowledge is then exploited during subsequent PFs transmitted by the user.

5.1.2.3 The Adaptive modes, A1 mode and A2 mode

In general, channel coding and network coding may indeed be intrinsically further combined to

improve the attainable system performance by adopting two options. The first option is that of im-

plementing iterative decoding for exchanging extrinsic information between the channel code and

network code. This idea has been studied in [187,188] by performing iterative decoding with the aid

of the PFs transmitted by a single relay, where network coding was performed. As a result, a signif-

icant performance improvement was recorded. However, extending the iterative decoding scheme

of [187, 188] to the scenario, where multiple-relays/users1 are taken into consideration, leads to

an extremely high complexity. Hence it becomes impractical for such joint channel-network code

design. This conclusion is also suggested by a recent contribution presented in [189]. Alternatively,

the inter-operation of channel- and network-coding may be exploited to provide an improved per-

formance, as suggested in [12].

The second option advocates introducing an adaptive mechanism, which relies on a feedback

flag directly reflecting the performance of the network coding scheme. This feedback flag can be

1In our scenario, each user itself plays the role of a relay. Hence, our the model has multiple-users and multiple-relays.
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employed to control the channel coding scheme, and vice versa, the feedback flag provided by

the channel coding scheme may be utilised for controlling the operation of network coding. The

authors of [12] applied this adaptive flag-controlled mechanism under the idealised simplifying

assumption of using an ideal/perfect channel code.

In our system, we have opted for further developing this adaptive feedback flag based solution

for the proposed near-capacity channel code, where each users will transmit a changeable number of

PFs. The changeable number of PFs is calculated from the feedback flags sent from the base station

(BS). The feedback flags indicate successful/unsuccessful transmission of the Information Frames

(IFs) received at the BS. Additionally, the multiplexing gain of NC1 can be increased by reducing

the number of transmitted PFs, as suggested by the analysis in Section 4.11. In line with [12],

we assume that the BS is capable of sending back to the users a modest amount of information

containing feedback flags. Then, the reduced number of PFs can be calculated by making use of

the successful/unsuccessful IF feedback flags sent from the BS. More specifically, let us denote the

number of PFs transmitted by User j in a transmission session by k2,j. It was suggested in [12] that

in order to increase the achievable multiplexing gain, the value of k2,j has to be adaptively adjusted

for each transmission session according to two potential approaches.

In the first adaptive (A1) mode, the diversity gain remains unaltered, while the value of k2,j is

adaptively adjusted as

k2,j =

 0 : If ∆ = 1

k2 : Otherwise
, (5.57)

where the feedback flag ∆ is an acknowledgement bit sent by the BS to indicate the success-

ful/unsuccessful reception of all the Mk1 IFs transmitted by all the M users during their BPs.

The value of ∆ obeys the following rule:

∆ =

 1 : If Mk1 IFs successfully decoded

0 : Otherwise
. (5.58)

In the second adaptive (A2) mode, the minimum diversity order of DNCMN = (M + k2) is

guaranteed, while the value of k2,j is adaptively adjusted as

k2,j =


0 : If ∏M

j=1 Λj = 1

1 : Else if Λj = 1

k2 : Otherwise

, (5.59)

where the feedback flag Λj is an acknowledgement bit sent by the BS to indicate the success-

ful/unsuccessful reception of all the k1 IFs transmitted by User j during his/her BPs. The value of

Λj can be specified as:

Λj =

 1 : If k1 IFs successfully decoded

0 : Otherwise
. (5.60)
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As a result of applying the adaptive feedback-flag based mechanism, the average adaptive net-

work code rate Rin f o,Adaptive representing the Rin f o,A1 and the Rin f o,A2 can be calculated by

Rin f o,A =
E[Number of IFs transmitted per session]

E[Number of all frames transmitted per session]
,

=
Mk1

Mk1 + E[ΣM
j=1k2,j]

. (5.61)

The value E[ΣM
j=1k2,j]A1 (or E[ΣM

j=1k2,j]A2), when the system is supported by the A1 mode (or the

A2 mode), can be computed as [12]

E[ΣM
j=1k2,j]A1 = Mk2

(
1 − (1 − Pe)

Mk1
)

, (5.62)

E[ΣM
j=1k2,j]A2 = Mk2

(
1 − (1 − Pe)

Mk1
)
− M (k2 − 1)

(1 − Pe)
−k1

(
1 − (1 − Pe)

(M−1)k1
)

, (5.63)

where the probability Pe represents the outage probability of a single link in our system. Accord-

ingly, the average adaptive network code rate corresponding to the two adaptive modes, namely the

A1 mode and the A2 mode, becomes:

Rin f o,A1 =
Mk1

Mk1 + Mk2

(
1 − (1 − Pe)

Mk1
) ,

=
k1

k1 + k2

(
1 − (1 − Pe)

Mk1
) (5.64)

and

Rin f o,A2 =
Mk1

Mk1 + Mk2

(
1 − (1 − Pe)

Mk1
)
− M(k2−1)

(1−Pe)−k1

(
1 − (1 − Pe)

(M−1)k1
) ,

=
k1

k1 + k2

(
1 − (1 − Pe)

Mk1
)
− (k2−1)

(1−Pe)−k1

(
1 − (1 − Pe)

(M−1)k1
) . (5.65)

As a result of having improved average network code rates, namely the Rin f o,A1 and the Rin f o,A2 ,

we accordingly have the associated average multiplexing gain as:

Ω2 =
Rin f o,A2

Rin f o
,

=
k1 + k2

k1 + k2

(
1 − (1 − Pe)

Mk1
)
− (1 − Pe)

k1 (k2 − 1)
(

1 − (1 − Pe)
(M−1)k1

) ,(5.66)

where Rin f o is the network coding rate in the C mode given in Equation (4.68)

Rin f o =
k1

k1 + k2
. (5.67)

Additionally, we can infer from Equation (5.64) and Equation (5.65) that the average network

coding rate Rin f o,A1 and Rin f o,A2 increase when the outage probability Pe decrease. Since we have
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the outage probability 1 ≥ Pe ≥ 0, the adaptive network coding rate formulated in Equation (5.64)

and in Equation (5.65) can reach its maximum value, when the outage probability becomes zero

Pe = 0. Thus, we have:

Max
{

Rin f o,A1

}
= Rin f o,A1 |Pe=0,

= 1 (5.68)

and

Max
{

Rin f o,A2

}
= Rin f o,A2 |Pe=0,

= 1. (5.69)

Having the average adaptive network coding rate reached its maximum value of 1 corresponds to the

scenario where PFs are no longer required to be transmitted to the BS, provided that a sufficiently

high SNR value is experienced by our system.

5.1.3 Network Coding 2

In order to enhance the reliability of our system, NC2 may be activated in order to form the triple-

layer coding architecture depicted in Figure 5.1. In the NC2 layer, a random network code [42] is

applied across the H IFs, namely across I1, ...IH, in order to generate the Θ network-coded frames

of Z1, ..., ZΘ, where Θ ≥ H. As a result, a linear combination of the H IFs having a length of

N bits each forms a network-coded frame Zj, Zj = ∑H
i=1 αij Ii, where scalars αij (i ∈ [i, ..., H]

and j ∈ [1, ..., Θ]) may be chosen randomly and uniformly from a GF(2q). If the GF(2q) is

sufficiently large, the expected number of successfully received frames required by the BS for

successfully decoding the H IFs is approximately H [42, 191]. Thereafter, we assume that the

reception of H network-coded frames at the BS is sufficient for the BS to recover H corresponding

IFs. Accordingly, we define the conventional information rate of NC2 as:

Rin f o2 =
H
Θ

. (5.70)

Bearing in mind the channel code rate Rc defined in Section 2.2.1 and the network code rate Rin f o

of Equation (5.67), we can define the aggregate code rate of the GNCMN system as:

RGNCMN = R × Rin f o × Rin f o2 . (5.71)

Once NC2 is activated in our system, the reception of H coded frames at the BS is sufficient

for it to recover H IFs. Hence, an outage is declared, when the number of frames received at the

BS is less than H, and this outage occurs with the probability of:

PNC2
o =

H−1

∑
i=0

(
Θ

i

)
(1 − Po)iPΘ−i

o , (5.72)

where Po is the outage probability of the system when NC2 is not in operation.
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5.1.4 Parameters of the General Near-Capacity Multi-user Network-coding systems

For sake of readability, we summary the explanations for all the parameters of the GNCMN system

in Table 5.1. It should be noted that the parameters belonging to the channel coding layer are

identical to those listed in Table 4.1.

Accordingly, the values of the parameters described in Table 5.1 are listed in Table 5.2. Then,

the different values of the parameters in Table 5.2 are employed for configuring different GNCMN

systems investigated in the subsequent sections of this chapter.

5.2 Performance Bounds in the Full Diversity Mode and the Adaptive
Modes

This section is dedicated for deriving the performance bounds associated with newly introduced

modes, namely the FD mode presented in Section 5.1.2.2, the A1 mode and the A2 mode detailed

in Section 5.1.2.3.

5.2.1 Full Diversity Performance Bounds

Let us again use the notations defined in Section 4.5 for conveniently deriving the performance’s

bounds of the NC1 system employing the FD mode, as presented in Section 5.1.2.2. For the sake

of readability, those notations detailed in Section 4.5 are repeated here.

Let Um,t = {um,t, um,t ∈ [1, ..., M]} for ∀m ∈ {1, ...M} be a set of user indices corresponding

to the specific users that are able to correctly recover an information frame Im(t) transmitted from

User m during time slot t. Note that User m itself is always included in this set. Let us call ||Um,t||
the number of members in the set of users Um,t, which is also the number of users that are capable

of correctly detecting the information frame Im(t), and it is always true that

1 ≤ ||Um,t|| ≤ M , (5.73)

where we use ||A|| to represent the cardinality of the set A.

We then again define the complement set of Um,t as U∗
m,t = {1, ..., M} r Um,t that comprises

the indices of those users that cannot correctly recover the information frame Im(t). Hence we have

||U∗
m,t|| = M − ||Um,t|| . (5.74)

Let Pe be the error probability of a single link corresponding to a given SNR. Assuming that

all the links/users in the network employ the same channel coding scheme, the probability that U∗
m,t

users cannot recover the information frame Im(t) is approximately P
||U∗

m,t||
e , which is accurate at the

high SNR region.
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Parameters Description

Layer Channel Coding
R [BPS] Information rate calculated in Bit Per Symbol (BPS) for all the links in the system

and mentioned in Section 2.1

Rc Code rate of IrCC encoder described in Section 2.3

K [iteration] The number of inner iterations described in Section 2.3

J [iteration] The number of outer iterations described in Section 2.3

N [bit] The number of information bits in a frame

Nsub [bit] The number of sub-frame in a transmitted frame, when activating

the sub-frame transmission, which is detailed in Section 2.4

Layer NC1
Operation mode Operation modes of the NC1 comprise single modes,

namely the C, FD, A1 and A2 modes. These single modes may be combined

for forming the combined modes, namely the FD + A1 and FD + A2 modes,

as detailed in Section 5.1.2

M [user] The number of users supported by the NC1 layer, as defined in Section 4.2

k1 [frame] The number of IFs transmitted by each of M users

during broadcast phases within a transmission session,

as stipulated in Section 4.2.1 and Section 5.1.2

k2 [frame] The number of PFs transmitted by each of M users

during cooperative phases within a transmission session,

as stipulated in Section 4.2.1 and Section 5.1.2

G Original transfer matrix corresponding to the case where all the frames

transmitted within a transmission session are successfully decoded.

The details pertaining to the matrix G are presented

in Section 4.2.2 and Section 5.1.2

Rin f o[BPS] The network-coding’s information rate defined by Equation (4.68)

RNCMN[BPS] The system’s overall information rate defined by Equation (4.67)

DNCMN Diversity order of the system determined by Equation (4.64)

Layer NC2
H The number of IFs at the input of the NC2,

as mentioned in Section 5.1.3

Θ The number of IFs at the output of the NC2,

as mentioned in Section 5.1.3

Rin f o2 The coding rate of the NC2, which is defined by Equation (5.70)

Table 5.1: The descriptions of parameters employed in the General Near-Capacity Multi-

user Network-coding system depicted in Figure 5.1.
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Parameters Channel Coding layer
Coherent Non-coherent

R[BPS] 1.5(8PSK), 1.0(QPSK), 0.5(BPSK) 1.0(DQPSK), 0.5(DBPSK)

Rc 0.5 0.5

K [iteration] 0 2

J [iteration] 30 30

N [bit] 106, 105 106

Nsub [bit] 1, 10, 101, 102, 103 1, 10, 101, 102, 103

Parameters NC1 layer
Mode C, FD, A1, A2, FD + A1, FD + A2

G G2×4, G4×8, G6×12

M [user] 2

k1 [frame] 1(G2×4), 2 (G4×8), 3 (G6×12)

k2 [frame] 1(G2×4), 2 (G4×8), 3 (G6×12)

Rin f o 0.5

DNCMN D2×4 = 3, 4 ≤ D4×8 ≤ 5, 5 ≤ D6×12 ≤ 7

Parameters NC2 layer
H 10

Θ 20

Rin f o2 1/2

Table 5.2: The parameters of the GNCMN system portrayed in Figure 5.1. The parameters

comprise three groups representing the three layers, namely the CC layer, the NC1 layer

and the NC2 layer.

Let us call Um,t(I) as the set of all IFs transmitted by the users in Um,t during the broadcast

phases, including Im(t). Since each user broadcasts k1 number of frames, we have:

||Um,t(I)|| = k1||Um,t|| . (5.75)

There are at least ||Um,t(I)|| + ||Um,t||k2 packets [47, 179], which contain the information

packets transmitted by all the users of Um,t, where the ||Um,t(I)|| information packets are trans-

mitted during the broadcast phases, while the ||Um,t||k2 parity packets are transmitted during the

cooperative phases.

It should be noted that due to the employment of the network coding by each user, the outage of

inter-channel transmission during broadcast phases is compensated, as demonstrated by the numer-

ical example in Section 5.1.2.2. As a result of the compensation, we can consider that the equivalent

number ||UFD
m,t || of users that can correctly recover the information frame Im(t) is greater than or
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equal to the actual number ||Um,t||. Thus, we have:

||UFD
m,t || ≥ ||Um,t||, (5.76)

||U∗,FD
m,t || = M − ||UFD

m,t ||, (5.77)

||UFD
m,t (I)|| = k1||UFD

m,t ||, (5.78)

where ||UFD
m,t (I)|| is the equivalent set of all IFs transmitted by the users in UFD

m,t , while ||U∗,FD
m,t || is

the complement set of ||UFD
m,t ||. Accordingly, an outage for the information packet Im(t) is declared

when the direct transmission Im(t) and at least ||UFD
m,t ||k2 out of the remaining ||UFD

m,t (I)|| − 1 +

||UFD
m,t ||k2 received packets are in outage, which occurs with a probability given by

PFD
o,m(U∗,FD

m,t ) = Pe

∑
||UFD

m,t (I)||−1
i=0 (||U

FD
m,t (I)||−1+||UFD

m,t ||k2

||UFD
m,t ||k2+i

)P
||UFD

m,t ||k2+i
e

(1 − Pe)
i+1−||UFD

m,t (I)||

 , (5.79)

It is suggested by [46,47,179,183] that there might be more than (k1||UFD
m,t ||+ k2||UFD

m,t ||) frames,

which contain the IFs transmitted by all users of the set UFD
m,t . If we take into consideration the

availability of those extra frames, the actual outage probability PFD,Ac
o,m (U∗,FD

m,t ) for the information

frame Im(t) has to satisfy

PFD,Ac
o,m (U∗,FD

m,t ) ≤ PFD
o,m(U∗,FD

m,t ) . (5.80)

Note that PFD,Ac
o,m (U∗,FD

m,t ) is the outage probability for a given value of U∗,FD
m,t . The system’s total

outage probability PFD
o for all possible sets of U∗,FD

m,t can be computed by

PFD
o =

M−1

∑
||U∗,FD

m,t ||=0

P
||U∗,FD

m,t ||
e

(1 − Pe)||U
∗,FD
m,t ||−M+1

PAc
o,m(U∗,FD

m,t ). (5.81)

Bearing in mind the equations of (5.76),(5.77) and (5.78), we can follow the manner conducted in

Section 4.5, in order to come up with the upper bound as:

PFD
o < Ω +

(
E + F

F

)
PM+k2

e Mmax
u

1 − RM
o

1 − Ro︸ ︷︷ ︸
=PUpper,FD

o

, (5.82)

where we define PUpper,FD
o as the strict upper bound of the system’s outage probability PFD

o . The

lower bound is specified by

PFD
o >

(
E + F

F

)
PF+1

e
Mmin

l
(1 − Pe)1−M︸ ︷︷ ︸

=PLower,FD
o

, (5.83)

where we define PLower,FD
o as the strict lower bound of PFD

o . Note that we have:

PUpper,FD
o = PUpper

o , (5.84)

PLower,FD
o = PLower

o , (5.85)
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where PUpper
o and PLower

o are upper and lower bounds of the system’s performance in the conven-

tional mode, which are previously derived in Section 4.5. It should be noted that the outage prob-

ability corresponding to the maximum (minimum) diversity order of Equation (4.66) is employed

for deriving the upper (lower) bound associated with the C mode and FD mode.

5.2.2 Adaptive System’s Performance Bounds

This section is to present two approaches used for estimating the performance bounds of the system

relying on the adaptive mechanism described in Section 5.1.2.3.

5.2.2.1 Adaptive Mode 1

In can be readily inferred from Equation (5.57) and Equation (5.58) that invoking the A1 mode

has no influence on the results of the detection process conducted at the BS. This is because none

of PFs are transmitted when the BS already recovered all the IFs. As a result, with a given SNR

value, the FER-versus-SNR performance of the systems remains unchanged when the A1 mode

is applied. This means that if a specific value of FER is given, the corresponding SNR values of

SNR|FER
and SNRA1|FER

on the FER-versus-SNR performance must comply with:

SNR|FER
= SNRA1|FER

. (5.86)

Let us then define Ω1|FER
as the multiplexing gain at an FER value when employing the A1 mode.

Naturally, the value of Ω1|FER
is shown by the difference difference between two values, namely

Eb/N0|FER
and Eb/N0,A1|FER

, on the the FER-versus-Eb/N0 performance curves corresponding to

the C mode and the A1 mode, which may be represented by

Ω1 =
Eb/N0|FER

Eb/N0,A1|FER

,

=
SNR|FER
RGNCMN

SNRA1 |FER
RGNCMN,A1

, (5.87)

where RGNCMN and RGNCMN,A1 are the GNCMN system’s code rates associated with the C

mode and A1 mode, respectively. Upon replacing Equation (5.71) and Equation (5.86) into Equa-

tion (5.87), we yield

Ω1 =
RGNCMN,A1

RGNCNM
,

=
Rin f o2Rin f o,A1R

Rin f o2Rin f oR
,

=
Rin f o,A1

Rin f o
. (5.88)

Additionally, by substituting Rin f o of Equation (5.15) and Rin f o,A1 of Equation (5.64) into Equa-

tion (5.88), we obtain the formula for calculating the multiplexing gain Ω1 associated with the A1
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mode as

Ω1 =
Rin f o,A1

Rin f o
,

=
k1 + k2

k1 + k2

(
1 − (1 − Pe)

Mk1
) , (5.89)

As a benefit of Equation (5.86), we can formulate the performance bounds of the system op-

erating in the A1 mode by adding the multiplexing gain into the performance bounds of the con-

ventional system, which are given in Equation (4.55) and Equation (4.63). Accordingly, the perfor-

mance bounds of the system when activating the A1 mode may be represented by

Ω1PLower
o < PA1

o < Ω1PUpper
o , (5.90)

where PA1
o is the outage probability of the system employing the A1 mode, while PUpper

o and PLower
o

is defined in Equation (4.55) and Equation (4.63), respectively.

5.2.2.2 Adaptive Mode 2

In contrast to the A1 mode, it is suggested by Equation (5.59) and Equation (5.60) that upon in-

troducing 0,1 or k2 PFs, an increased multiplexing gain can be achieved at the cost of a decreased

diversity gain. As a result of the decreased diversity gain, the condition given in Equation (5.86)

is no more satisfied, thus the manner used for deriving the performance bounds associated with the

A1 mode cannot be utilised for formulating the performance bounds of the system operating in the

A2 mode. For the sake of brevity, we summarise the derivations in the following, while the details

of the derivations are presented in Appendix C.

Bearing in mind the definitions and notations relating to Equation (5.73), Equation (5.74) and

Equation (5.75). Let us additionally define Dm,t = {dm,t, dm,t ∈ [1, ..., ||Um,t|| − 1]} as a set of

user indices belonging to Um,t except for User m, provided that all the IFs transmitted by all users

of Dm,t have been successfully recovered by the BS by the end of BPs. Bearing Equation (5.59)

and Equation (5.60) in mind, there are at least Γ frames containing the IF transmitted by all the

users of Um,t, where the value of Γ is specified by:

Γ = ||Um,t||(k1 + k2) + (1 − k2)||Dm,t|| . (5.91)

Accordingly, the outage probability for the information frame Im(t) may be calculated as:

PA2
m (U∗

m,t) =
O

∑
i=0

(O+S−||Dm,t||k2+||Dm,t||
S−||Dm,t||k2+||Dm,t||+i )

P−S−i−1
e (1 − Pe)

i−O , (5.92)

where we define O = ||Um,t||k1 − 1 and S = ||Um,t||k2.

Having ||Um,t|| − ||Dm,t|| ≥ 1 [12] would lead to an approximation of Γ, which would ap-

proximate PA2
m (U∗

m,t) given by Equation (C.7) as:
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PA2
m (U∗

m,t) ≥

=PA2,S
m (U∗

m,t)︷ ︸︸ ︷
O

∑
i=0

(O+S
S+i )PO+i+1

e

(1 − Pe)
i+1−S , (5.93)

PA2
m (U∗

m,t) ≤
O

∑
i=0

PO+i+1
e

(1−Pe)O−i[
(O+k2+||Um,t||−1

k2+||Um,t||−1+i )
]−1

︸ ︷︷ ︸
=PA2,G

m (U∗
m,t)

. (5.94)

However, there might be more than Γ frames [46,47,99,179], which contain the IFs transmitted

by all users of Um,t. If the availability of those extra frames is taken into account, we will have

PA2,Ac
m (U∗

m,t) ≤ PA2
m (U∗

m,t) , (5.95)

where PA2,Ac
m (U∗

m,t) is the actual probability of the outage for the information frame Im(t). Notably,

PA2,Ac
m (U∗

m,t) is the outage probability for a given U∗
m,t. The system’s outage probability for all

possible U∗
m,t can be calculated by

PA2 =
M−1

∑
||U∗

m,t||=0

P
||U∗

m,t||
e PA2,Ac

m (U∗
m,t)

(1 − Pe)||U
∗
m,t||−M+1

. (5.96)

By focusing our attention on the region corresponding to a low Pe or small ||U∗
m,t||, Inequal-

ity (5.93) can be further approximated as

PA2 > PA2 |||U∗
m,t||=0︸ ︷︷ ︸

=(1−Pe)M−1PA2,S
m (U∗

m,t)|||U∗
m,t ||=0

, (5.97)

when we take into account that PA2,Ac
m (U∗

m,t)|||U∗
m,t||=0 = PA2,S

m (U∗
m,t)|||U∗

m,t||=0. Additionally, upon

substituting Inequality (5.94) and Inequality (5.95) into Equation (5.96), a further approximation

can be derived as:

PA2 ≤
M−1

∑
||U∗

m,t||=0

P
||U∗

m,t||
e PA2,G

m (U∗
m,t)

(1 − Pe)||U
∗
m,t||−M+1

. (5.98)

Then, following a number of further steps commencing from Inequality (5.97) and Inequality (5.98),

we arrive at:
PA2,L < PA2 < PA2,U , (5.99)

where PA2,L is given by:

PA2,L = PC,Lower
o , (5.100)

while PA2,U is calculated by:

PA2,U =

PK
e (1−Pe)

1−Pe−O
K Pe[

(k1+k2−1
k2

) − (O−1+K
K−1 )

]−1

+

PK
e (1−Pe)

1−Pe−O
K Pe

[
(Ro,A2 )M−1

Ro,A2−1

]
[
(O+K−1

K−1 )
]−1 , (5.101)
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where we have Ro,A2 = 1 − Pe and K = k2 + M.

Notably, the system’s performance is also affected by the multiplexing gain Ω2. Similar to the

definition of the multiplexing gain Ω1, we can define the multiplexing gain Ω2 as:

Ω2 =
Rin f o,A2

Rin f o
. (5.102)

Since the average network-coding rate Rin f o,A2 associated with the A2 mode is given by Equa-

tion (5.65) as

Rin f o,A2 =
k1

k1 + k2

(
1 − (1 − Pe)

Mk1
)
− (k2−1)

(1−Pe)−k1

(
1 − (1 − Pe)

(M−1)k1
) , (5.103)

we arrive at the multiplexing gain Ω2 as:

Ω2 =
k1 + k2

k1 + k2

[1−(1−Pe)Mk1 ]−1 − (k2−1)(1−Pe)k1[
1−(1−Pe)(M−1)k1

]−1

. (5.104)

Then, the bounds of the system’s performance reflecting both the achievable diversity gain and

multiplexing gain can be represented by

Ω2PA2,L︸ ︷︷ ︸
=PA2,Lower

o

< Ω2PA2︸ ︷︷ ︸
=PA2

o

< Ω2PA2,U︸ ︷︷ ︸
=PA2,Upper

o

, (5.105)

where PA2
o is the system’s outage probability when A2 is activated, while PA2,Lower

o and PA2,Upper
o

are the corresponding lower and upper bounds of PA2
o , respectively. Finally, the probability PA2,L

and PA2,U are given in Equation (5.100) and Equation (5.101), respectively.

5.2.3 The Bounds and Monte-Carlo based Performance

In this section, the bound of the system’s performance derived in Section 5.2.1 and Section 5.2.2

are compared to the corresponding system’s performance obtained by running Monte-Carlo simu-

lations. Let us demonstrate our findings by studying the system employing G4×8 in the NC1 and

relying on the coherent IrCC-URC-QPSK scheme in the CC layer. The sub-frame transmission

having Nsub = 1 is activated for this comparison.

As seen in Figure 5.3a, the performance curve associated with the FD mode outperforms that

associated with the C mode. The performance curve corresponding to the perfect inter-user trans-

mission (Perfect-inter as denoted in Figure 5.3a) substantiates the analysis in Section 5.1.2.2 and

Section 5.2.1. More specifically, the performance of the perfect inter-user transmission sets the

limit for the performance of the system advocating the FD mode. Additionally, the lower perfor-

mance bound for both performance of the system supported by either the C mode or the FD mode

is established by approximating the outage probability in the perfect inter-user scenario, thus the

upper bound of the system performance in both the C mode and the FD mode duly coincide to

the performance of the system ideally having inter-user transmissions error-free, as manifested in
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Figure 5.3: The performance bounds and the corresponding FER performance obtained by

Monte-Carlo simulations for the GNCMN system relying on two layers of NC1 and CC,

when considering the system employing the matrix G4×8 in the NC1 and relying on the

IrCC-URC-QPSK scheme in the CC layer, while NC2 is not . The sub-frame transmission

is activated by choosing Nsub = 1. Both the block Rayleigh fading and the fast Rayleigh

fading are considered, when a frame is transmitted in the Nsub = 1 subframe regime over

the wireless channel.
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Figure 5.3a. Importantly, the derivation of the performance bounds in Section 5.2.1 is verified by

the performance curves pertaining to the C mode and the FD mode in Figure 5.3a.

As regards to the performance bounds associated with the A1 mode and the A2 mode, it can be

seen in Figure 5.3b that the curves representing the system’s performance obtained by simulations

locate within their upper and lower bounds. This substantiates the derivation of the performance

bounds for the A1 and A2 modes, as detailed in Section 5.2.2.1 and Section 5.2.2.1, respectively.

As regards to the benefit of utilising the single modes, namely the FD mode, the A1 mode and

the A2 mode, as listed in Table 5.2, in comparison to the C mode, it is suggested by Figure 5.3 that

the order of the better performance is the one associated with the C mode, the FD mode, the A2

mode and the A1 mode, respectively. It is also shown in Figure 5.3b that the performance of the

system operating in the A1 mode is superior to that of the system operating in the A2. The details

regarding the advantageous performance of A1 in comparison to the A2 mode is further detailed in

Section 5.3.

5.3 Multiplexing and Diversity Enhancement in the Network Cod-
ing 1

5.3.1 Diversity Gain in Full Diversity Mode

In the conventional scheme of [47,99] as detailed in Section 5.1.2.1, the inter-user communications

only take place during the BPs. By contrast, as illustrated by a specific example in Section 5.1.2.2

for the FD mode, a user may exploit the benefits of network coding and of the broadcast nature of

wireless communications during both the BPs and CPs. Explicitly, the PFs transmitted during the

CPs can be additionally detected by the other users, in order to improve the inter-user communi-

cations. The improved inter-user transmissions amongst the M users would result in an improved

diversity gain for the system. More specifically, due to the broadcast nature of wireless commu-

nications, all users in the system are capable of listening to the PFs destined to the BS. Naturally,

each of the M users has to be equipped with a network coding decoder for decoding the PFs with

the aid of its own IFs and by additionally using the IFs successfully received from the other users

during the BPs. As a benefit of the additional decoding process, each user becomes capable of

compensating for not knowing the IFs transmitted from the other (M − 1) users, which is caused

by outage of inter-user channels during the BPs.

Moreover, in the C mode, the system is potentially capable of approaching the full diversity,

and this is reflected by the formula of Inequality (4.64) as:

M + k2 ≤ D ≤ Mk2 + 1. (5.106)

However, achieving the maximum diversity order of D = Mk2 + 1 is not guaranteed in all scenar-

ios. Thus, the FD mode is employed for broadening scenarios, where the maximum diversity order
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is achieved. These scenarios are corresponding to having a full knowledge of the IFs transmitted

by the other users at the user under consideration. Therefore, having a full knowledge of the IFs of

all the other users is the best scenario created by the FD mode. This best scenario is equivalent to

the case, where all of the inter-user transmissions carried out during the BPs are successful. If this

condition holds, our system always achieves its maximum diversity order given in [11] as:

DMax
NCMN = Mk2 + 1. (5.107)

Hence, the system’s performance associated with the idealised simplifying assumption of hav-

ing perfect inter-user channels, where the inter-user channels are error free, sets a limit for the

maximum attainable diversity gain of the near-full-diversity process.

5.3.2 Multiplexing and Diversity Gains from the Adaptive Mechanism

5.3.2.1 Maximum Adaptive Rate in Network Coding 1

Let us continue to consider the adaptive network code rate Rin f o,A (either Rin f o,A1 given in Equa-

tion (5.64) or Rin f o,A2 formulated in Equation (5.64) may be calculated by

Rin f o,A =
E[Number of IFs/session]

E[Number of frames/session]
,

=
Mk1

Mk1 + E[ΣM
j=1k2,j]

. (5.108)

The value of the adaptive network coding rate Rin f o,A given in Equation (5.108) increases when

the SNR increases as seen in Figure 5.4. It can be also seen in Figure 5.4 that the A2 mode can

provide the improved network coding rate Rin f or,A2 in comparison to the Rin f or,A1 of the A1 mode.

Furthermore, we can infer from Equation (5.108) that the maximum value of the adaptive network

coding rate can be calculated by:

Max
{

Rin f o,A
}

= Max

{
Mk1

Mk1 + E[ΣM
j=1k2,j]

}
,

= 1 , (5.109)

provided that the value of E[ΣM
j=1k2,j] approaches zero. The condition of E[ΣM

j=1k2,j] = 0 would be

satisfied, when PFs are no longer required to be transmitted to the BS, provided that a sufficiently

high SNR value is experienced by our system.

5.3.2.2 Multiplexing Gain versus Diversity Gain in the Adaptive Network Coding

In order to investigate the relationship between the multiplexing aspect and the diversity aspect

of our system, in this section we will first define in turn the multiplexing gain characterising the

improved multiplexing of the system and then the diversity gain reflecting the improved diversity

of the system. It should be noted that in order to have a fair comparison, the gains are compared in

the same basis, for example SNR value of the system.
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Figure 5.4: Network coding rate Rin f o,A of Equation (5.108) corresponding to various

near-capacity schemes employed in the CC layer when the adaptive mechanism is ap-

plied in the NC1 layer relying on different transfer matrices, namely G2×4, G4×8 and

G6×12.Both the block Rayleigh fading and the fast Rayleigh fading are considered, when

a frame is transmitted in the Nsub = 1 subframe regime over the wireless channel. The

details of the systems are listed in Table 5.2.
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Let us consider the multiplexing gains, namely Ω1 of Equation (5.89) and Ω2 of Equation (5.104),

which can be repeated here as

Ω1 =
k1 + k2

k1 + k2

(
1 − (1 − Pe)

Mk1
) , (5.110)

Ω2 =
k1 + k2

k1 + k2

[1−(1−Pe)Mk1 ]−1 − (k2−1)(1−Pe)k1[
1−(1−Pe)(M−1)k1

]−1

. (5.111)

It can be readily seen in Equation (5.110) and Equation (5.111) that the values of Ω1 and Ω2 in-

crease as the value of the single link outage probability Pe decreases, as a result of having increasing

SNR value. When the value of Pe becomes vanishingly small due to benefiting from an extremely

high SNR value, we have

lim
Pe→0

Ω1 = lim
Pe→0

 k1 + k2

k1 + k2

(
1 − (1 − Pe)

Mk1
)

 ,

=
k1 + k2

k1
, (5.112)

and

lim
Pe→0

Ω2 = lim
Pe→0

 k1 + k2

k1 + k2

[1−(1−Pe)Mk1 ]−1 − (k2−1)(1−Pe)k1[
1−(1−Pe)(M−1)k1

]−1

 ,

=
k1 + k2

k1
, (5.113)

Accordingly, we define ϱ as the maximum value of the Eb/N0-improvement obtained by employing

the adaptive feedback-flag based mechanism, which may be formulated as

ϱ = Max {10 log (Ω1)} [dB],

= Max {10 log (Ω2)} [dB],

= 10 log
(

k1 + k2

k1

)
[dB]. (5.114)

If the matrix G2×4, the matrix G4×8 or the matrix G6×12 is used at the NC1, we have k1 =

k2 = 1, k1 = k2 = 2 or k1 = k2 = 3, respectively, as listed in Table 5.2. As a result of replacing

k1 = k2 = 1 or k1 = k2 = 2 or k1 = k2 = 3 into Equation (5.114), we may obtain the maximum

value of the multiplexing gain as

Ωmax
1,2 = 10 log

(
k1 + k2

k1

)
[dB],

= 3[dB]. (5.115)

Hence, it is expected that the multiplexing gains, namely Ω1 and Ω2, increasingly approaches the

Ωmax
1,2 = 3 dB, when increasing the SNR value applied in the GNCMN system employing the

matrix G2×4, the matrix G4×8 or the matrix G6×12. As seen in Figure 5.5a presenting various gains
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affecting the performance of the system relying on the IrCC-URC-QPSK scheme when activating

the A1 mode or the A2 mode, both multiplexing gains, Ω1 and Ω2 increase along with the increase

of the SNR value. The Ωmax
1,2 = 3 dB sets an upper bound for both the multiplexing gains.

We deem that the diversity gain can be represented by changes in FER-versus-SNR perfor-

mance of the system, when a new regime is employed in our system. The new regime can be the

adaptive mechanism, the measure to approach the system’s full-diversity or even a combination of

the adaptive mechanism and the full-diversity measure. For example, when the adaptive mecha-

nism is applied into our system, the changes in FER-performance of the system associating with a

given SNR value reflects the effect of changing the number of PFs transmitted within transmission

sessions on the FER-performance of the system. Furthermore, as analysed in Section 5.2.2.1 and

Section 5.2.2.2, the attainable diversity gain may be characterised by the FER-versus-SNR perfor-

mance of the system, when the adaptive mode is employed. More specifically, if either the A1 or

the A2 mode is activated in our system, the attainable FER-performance of the system associated

with a given SNR value directly reflects the effects of decreasing the number of PFs, as described

in Equation (5.57)-Equation (5.60). Therefore, let us define the diversity gain Φ1 and Φ2 achieved

in our system by applying the A1 and A2 mode, respectively:

Φ1 = SNRC − SNRA1 , (5.116)

Φ2 = SNRC − SNRA2 , (5.117)

where SNRC, SNRA1 and SNRA2 denotes the SNR value required by the system using the C

mode, A1 mode and A2 mode, respectively. It is worth noting that the SNRC, SNRA1 and SNRA2

corresponding to a specific FER can be obtained with the aid of simulation results.

In the system supported by the A1 mode, none of the PFs are transmitted, when the BS already

recovered all the IFs, as detailed in Equation (5.57) and Equation (5.58). As a result, the FER-

versus-SNR performance of the system remains unchanged at a given SNR value, when the A1

mode is applied. Hence, the diversity gain Φ1 corresponding to the system exploiting the A1 mode

is Φ1 = 0, as seen in Figure 5.5. Let us define the total-gain Σ1 as the sum of the diversity gain

and multiplexing gain in the case of employing the A1 mode, which can be formulated as:

Σ1 = Ω1 + Φ1, (5.118)

where Ω1 and Φ1 are defined in Equation (5.110) and Equation (5.116), respectively. As a result

of having a diversity gain of Φ1 = 0 for the A1 mode, the total-gain Σ1 is equal to the multiplexing

gain Ω1, as also seen in Figure 5.5.

By contrast, introducing 0, 1 or k2 PFs in the CPs of the A2 mode detailed in Equation (5.59)

and Equation (5.60) provides the improved multiplexing gain Ω2 seen in Figure 5.5, which is also

reflected by the network coding rate Rin f o,A2 plotted in Figure 5.4. As seen in Figure 5.5, although

the system supported by the A2 mode has the higher multiplexing gain Ω2, the overwhelming
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degradation2 of the related diversity gain Φ2 results in an inferior total gain of Σ2, which is defined

as:

Σ2 = Ω2 + Φ2, (5.119)

where Ω2 and Φ2 are defined in Equation (5.111) and Equation (5.117), respectively. Hence, it is

expected that the system employing the A1 mode outperforms the system invoking the A2 mode in

our investigations.

5.4 The Combined Modes in Network Coding 1

In order to study the benefit of employing the combined modes, namely the (FD + A1) mode and

the (FD + A2) mode mentioned in Table 5.2, let us consider the GNCMN system comprising two

layers, namely the CC layer and the NC1 layer. The parameters associated with the two layers are

summarised in Table 5.2. Figure 5.6 and Figure 5.7 present our results related to a subset of the

system parameters. More specifically, we consider the IrCC-URC-QPSK and IrCC-URC-8PSK

coding schemes of Section 2.3.3 for the CC layer and employ the matrix G4×8 and the G6×12 of

Section 4.7.2 in the NC1 layer.

As seen in Figure 5.6 and Figure 5.7, the FD mode helps to improve the system’s performance

in comparison to that of the system operating in the C mode. More specifically, as regards to the

achievable diversity enhancement, the FER-performance curves of Figure 5.6 and Figure 5.7 sub-

stantiate the analysis provided both in Section 5.1.2.2 and in Section 5.3.1, demonstrating that the

FER-performance of the system employing the FD mode is bounded by that of the idealised sys-

tem relying on the idealised simplifying assumption of error-free inter-user channels, which is also

referred to as the perfect inter-user scenario. The discrepancy is shown in Figure 5.6 and Figure 5.7

to be within 0.1 dB at an FER of 10−4.

As regards to the achievable multiplexing gain analysed in Section 5.1.2.3 and Section 5.3.2, it

is seen in Figure 5.6 and Figure 5.7 that the adaptive modes are capable of providing a significant

Eb/N0-performance improvement in comparison to that of the system operating in the C mode.

For instance, it is shown in Figure 5.6 that an average Eb/N0-performance improvement of 2.0 dB

and 1.3 dB is recorded at an FER = 10−4, when applying the A1 mode and A2 mode of the

G4×8-based system, respectively. The attainable Eb/N0-improvement increases upon increasing

the Eb/N0 value and reaches its maximum of ϱ = 10log( k1+k2
k1

) = 3 dB, when the Eb/N0 value

becomes sufficiently high, as suggested by the analysis provided in Section 5.3.2.

As analysed in Section 5.3.2.2, although the less complex A1 mode exhibits a lower multi-

plexing gain, it is capable of assisting the system in achieving a better FER performance than that

of the system employing the A2 mode, as seen in Figure 5.6 and Figure 5.7. This is because the

2The degradation in diversity gain Φ2 is caused by introducing 0, 1 or k2 PFs in the A2 mode, rather than employing

0 or k2 PFs in the A1 mode as detailed in Equation (5.57)-Equation (5.60).
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Figure 5.5: The diversity-versus-multiplexing gain breakdown of the G4×8 based systems

of Figure 5.1 relying the NC1 and CC layers, when considering both the A1 mode and the

A2 mode at NC1 layer and activating the IrCC-URC-QPSK and IrCC-URC-DBPSK at

the CC layer, as listed in Table 5.2. Both the block Rayleigh fading and the fast Rayleigh

fading are considered, when a frame is transmitted in the Nsub = 1 subframe regime over

the wireless channel. For the sake of brevity, the SNR-performance used for characterising

the diversity gains in the A1 and A2 modes is presented in Section D.1.
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Figure 5.6: FER performance of the system portrayed in Figure 5.1, relying on the NC1

and CC layers, where the G4×8 matrix is employed at the NC1 layer for operating in

the full-diversity mode and adaptive mechanism, while the IrCC-URC-MPSK scheme is

activated at the CC layer, as listed in Table 5.2. Both the block Rayleigh fading and the

fast Rayleigh fading are considered, when a frame is transmitted in the Nsub = 1 subframe

regime over the wireless channel.
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Figure 5.7: FER performance of the system portrayed in Figure 5.1, relying on the NC1

and CC layers, where the G6×12 matrix is employed at the NC1 layer for operating in

the full-diversity mode and adaptive mechanism, while the IrCC-URC-MPSK scheme is

activated at the CC layer, as listed in Table 5.2. Both the block Rayleigh fading and the

fast Rayleigh fading are considered, when a frame is transmitted in the Nsub = 1 subframe

regime over the wireless channel.
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superior multiplexing gain of the A2 mode fails to compensate for the diversity-gain loss caused

by transmitting less PFs. This result is in line with the conclusions presented in [12]. Further-

more, the superior performance supported by the A1 mode remains undiminished, when the system

activates simultaneously the adaptive mode (A1 or A2) and the FD mode, as seen in Figure 5.6

and Figure 5.7.

As expected, upon combining the adaptive modes, namely A1 and A2 with the FD mode,

the system’s performance can be increased further, as evidenced by Figure 5.6 and Figure 5.7. As

shown in Figure 5.8 for example, where the matrix G6×12(G4×8) is employed at the NC1, while the

IrCC-URC-QPSK scheme is activated at the CC layer having the sub-frame transmission Nsub = 1,

a significant FER versus Eb/N0-performance improvement of approximately 30.0 dB(28 dB) can

be achieved at an FER of 10−4 by activating the most appropriate mode, namely the FD + A1

mode.

5.5 Gain by Network Coding 2

5.5.1 Design of Network Coding 2

As mentioned both in [191, 192] and in Section 5.1.3, the scalar of αij (i ∈ [i, ..., H]) used in

NC2 can be chosen from random coefficients defined over GF(28), which is sufficiently large for

providing the Θ number of virtually unlimited sets of αij, where the resultant Θ sets of αij form

Θ vectors that are linearly independent of each other. According to [192], the coefficients αij

may be obtained by obeying the constraints imposed by the specific structure of the Vandermonde

matrix [193]. Then, the coefficient matrix may be pre-generated and be stored by the users as well

as by the BS for encoding and decoding. Accordingly, the users only transmit the indices of the

coefficient sets employed for encoding the IFs to be transmitted to the other users or the BS, as

part of the session setup information, before transmitting actual data. As a result, no overhead

pertaining to the random coefficients is transmitted during the actual communications session. In

order to simply demonstrate the benefit of random network coding in the context of our system, we

consider Θ = 20, H = 18 and the fixed coding rate Rin f o2 = N/Θ according to Equation (5.70),

as summarised in Table 5.2.

5.5.2 Performance of the System assisted by Network Coding 2

Once NC2 is activated, the time diversity across H = 18 frames is exploited by scattering over

Θ = 20 encoded frames at the output of the NC2, in order to improve the system’s performance.

In fact, the system’s performance is significantly improved by employing the NC2 scheme. More

specifically, as shown in Figure 5.9a, a significant FER versus Eb/N0-performance improvement

of approximately 34 dB can be achieved at an FER of 10−4 by activating the most appropriate

modes of the triple-layer coding scheme presented in Figure 5.1. It should be noted that the (FD +
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Figure 5.8: The performance gain of the system portrayed in Figure 5.1, relying on the

NC1 and CC layers, obtained by selecting the appropriate modes in the NC1 layer, while

the IrCC-URC-QPSK scheme is activated at the CC layer, as listed in Table 5.2. Both

the block Rayleigh fading and the fast Rayleigh fading are considered, when a frame is

transmitted in the Nsub = 1 subframe regime over the wireless channel.
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A2) mode is the most appropriate mode supporting the best performance of the system under

investigation, as readily seen in Figure 5.9b, where the region having the FER range of 10−2 to

10−1 and the Eb/N0 range of 8.25 dB to 10.00 dB in Figure 5.9a is magnified. The reason for this

is that the system’s performance supported by the different modes, namely the A1, A2, FD + A1

and FD + A2 modes, varies with respect to the others. More specifically, in the region characterised

by Figure 5.9b, the order of the modes associated with the performance arranged from high to low

is as follows: FD + A2, A2, FD + A1 and A1. By contrast, in the high Eb/N0 region, say

Eb/N0 ≥ 13 dB, the order of the modes associated with the performance arranged from high to

low is given by FD + A1, A1, FD + A2 and A2. Hence, the appropriate mode supporting the best

performance of the system may be selected by determining the operating region of the NC1.

In order to study the factor deciding the operating region of the NC1 layer as well as to investi-

gate the most appropriate value of Rin f o2 associated with the highest improvement of the system’s

performance, let us consider the performance of the different systems pertaining to different values

of Rin f o2, as presented in Figure 5.10. As a result of reducing the network coding rate Rin f o2 at the

NC2 layer, the system’s performance characterised in Figure 5.10 is improved. However, when the

rate Rin f o2 falls below the point corresponding to Rin f o2 = 10/20 = 1/2, the performance of the

system decreases, as seen in Figure 5.10. This may be interpreted by assuming that the point having

Rin f o2 = 10/20 = 1/2 is a threshold, where the gain provided by activating the NC2 reaches its

maximum value. Thus, reducing the coding rate achieves no further network coding gain, while the

multiplexing gain is reduced, which is determined by Equation (5.71).

For further study, once the hardware capability of the GNCMN system allows us to support a

higher value of H in the NC2, we may extend our scope for finding the optimal parameters of the

NC2, namely the optimal value of H and Θ, in order to attain the best possible performance of

the system, provided that the parameters of the CC and NC1 layers are given. For example, it is

suggested by Figure 5.10 that the rate of Rin f o2 = 1/2 is the optimal network coding rate in the

scenario considered and that given Rin f o2 = 1/2, the performance associated with higher values

of the parameter Θ, say Θ = 200, is better than that associated with the smaller value of Θ = 20,

when comparing Figure 5.10a and Figure 5.10b. Hence, it may be desirable to examine the optimal

value of H and Θ, provided that the network coding rate Rin f o2 = 1/2 remains unaltered.

In order to address the issue regarding the optimal value of the parameter H and Θ in the

NC2 layer, we activate one of the modes in the NC1 relying on the matrix G4×8, namely mode C,

and employ the IrCC-URC-QPSK scheme in the CC layer relying on the sub-frame transmission

associated with Nsub = 1. Then, the performance of the system is investigated for different values

of Θ, namely for Θ = 2, 20, 2 × 102, 2 × 103, 2 × 104, 2 × 105. Note that we fix the network

coding rate to Rin f o2 = 1/2 and assume that the parameter Θ and H are related by Equation (5.70)

as

Rin f o2 =
H
Θ

. (5.120)
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Figure 5.9: The benefit of employing the NC2 (H = 10 and Θ = 20) in the GNCMN

system portrayed in Figure 5.1, relying on the NC2, NC1 and CC layers, as listed in

Table 5.2, when the matrix G4×8 is employed at the NC1 layer, while the IrCC-URC-

QPSK activated at the CC layer for the Nsub = 1 sub-frame transmission over the wireless

channel influenced by both the block Rayleigh and the fast Rayleigh fadings.
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Figure 5.10: The performance of the GNCMN system portrayed in Figure 5.1, relying

on the NC2, NC1 and CC layers, as listed in Table 5.2, when employing different values

of Rin f o2 at the NC2, while the matrix G4×8 is selected for operating in the C mode

at the NC1 layer, whereas the IrCC-URC-QPSK scheme is used for transmitting in the

Nsub = 1 sub-frame regime over wireless channels influenced by both fast Rayleigh and

block Rayleigh fadings.
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Thus, we have to investigate different values of Θ, in order to determine the optimal value of

Θ and H associated with the best Eb/N0-versus-FER performance. It can be readily seen in

Figure 5.11 that when the value of Θ increases from Θ = 2 to Θ = 2 × 104, the Eb/N0-versus-

FER performance of the system is improved. However, when the value of Θ becomes higher than

Θ = 2 × 104, no further performance improvement is exhibited. Hence, we may deem Θ =

2 × 104 to be the optimal value for the system under investigation. As for the general case, the

issue of finding the optimal value of Θ, provided that the other parameters of the system are given,

is set aside for future work.
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Figure 5.11: The performance of the GNCMN system portrayed in Figure 5.1, relying on

the NC2, NC1 and CC layers, as listed in Table 5.2, corresponding to different values of Θ

at the NC2 layer, namely Θ = 2, 20, 2 × 102, 2 × 103, 2 × 104, 2 × 105, when the matrix

G4×8 along with the C mode is used at the NC1, while the IrCC-URC-QPSK is employed

at the CC layer for supporting the Nsub = 1 sub-frame transmission over wireless channels

influenced by both fast Rayleigh and block Rayleigh fadings.

5.6 Near Capacity System Performance

In this section, we first compare the performance of the system supported by the realistic channel

coding scheme IrCC-URC-QPSK presented in Section 2.3.3 to that of the system relying on the

ideal/perfect coding scheme operating exactly at the DCMC capacity detailed in Section 2.1.3,

when activating various configurations at the NC1 and NC2. Then, we again use the method applied

in Section 4.7.3 for determining the capacity of the GNCMN system, before addressing the issues

of how to approach the capacity.
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5.6.1 Achievable Capacity of the Ideal/Perfect Coding Scheme

Let us consider Figure 5.12, where the Eb/N0-versus-FER performance of the system employ-

ing the realistic IrCC-URC-QPSK scheme is plotted along with that of the system relying on the

ideal/perfect channel coding scheme operating at the DCMC capacity. At the NC1, all the available

modes, namely the C, A1, A2, FD + A1 and FD + A2 modes, are investigated, while the optimal

coding rate Rin f o2 = 1/2 determined in Section 5.5.2 is set at the NC2. It can be seen in Figure 5.12

that in all the cases plotted, the performance curves associated with the realistic IrCC-URC-QPSK

scheme are approximately 1.0 dB apart from their corresponding performance curve supported by

the ideal/perfect coding scheme at an FER = 10−4. In other words, the FER-performance of the

IrCC-URC-QPSK system is approximately 1.0 dB within its capacity, which is the performance of

the system relying on the ideal/perfect coding scheme operating at the DCMC capacity.

5.6.2 Approaching the GNCMN capacity

In contrast to the achievable capacity discussed in Section 5.6.1, we discussed metric, namely

the system’s capacity, in Section 4.7.3, where the estimate limit of the system’s performance was

investigated. Let us continue by employing the approach invoked in Section 4.7.3 for determining

the GNCMN system’s capacity. Accordingly, the capacity of the GNCMN based systems can be

characterised by the transmission links capacity spamming from a certain user supported by the

system to the BS. This link in the GNCMN based systems may be viewed as an equivalent single-

link model, where the equivalent transmission rate Re of the user-to-BS link in the GNCMN system

can be formulated as

Re = Rin f o2Rin f oR , (5.121)

where R is the information rate of a single link in the GNCMN system, while the network-coding

scheme’s rate Rin f o of the NC1 and the network-coding arrangement’s rate Rin f o2 of the NC2 are

described in Table 5.1. Then, the equivalent transmission rate Re of Equation (5.121) may be used

for determining the capacity of the channel, which is detailed in Section 2.1.3 and Section 2.1.4 in

the case of the DCMC capacity and D-DCMC capacity, respectively. Let us invoke the following

numerical example, in order to illustrate the method employed for determining the capacity of the

GNCMN system.

Example 5.1 (The coherent detection based GNCMN system).
Let us consider a specific example of the GNCMN system having the parameters listed in Table 5.3.

Accordingly, the network-coding’s information rate of NC1 is Rin f o = 0.5. This system employs a

channel coding scheme characterised by an information rate of R = 0.5 and by a coding rate of

Rc = 0.5. The configuration of the system in this example results in the number of modulated bits
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Figure 5.12: The performance of the GNCMN system portrayed in Figure 5.1, relying

on the NC2, NC1 and CC layers, having parameters listed in Table 5.2, when comparing

the two scenarios at the CC layer, namely that employing the realistic coding IrCC-URC-

URC-QPSK and that employing the corresponding ideal/perfect coding scheme operating

at the DCMC capacity. The performance is recorded in various modes of the NC1 relying

on the matrix G4×8, namely the C , A1, A2, FD + A1 and FD + A2 modes, while the

Rin f o2 at the NC2 is fixed at the optimal value of Rin f o2 = 1/2, as determined in Sec-

tion 5.5.2. Both the block Rayleigh fading and the fast Rayleigh fading are considered,

when a frame is transmitted in the Nsub = 1 subframe regime over the wireless channel.
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Parameters CC layer
Coherent Non-coherent

R[BPS] 1.0(QPSK) 1.0(DQPSK)

Rc 0.5 0.5

I [iteration] 0 2

J [iteration] 30 30

N [bit] 106 106

Nsub [bit] 1, 10, 102, 103 1, 10, 102, 103

Parameters NC1 layer
Mode C, FD, A1, A2, FD + A1, FD + A2

G G2×4, G4×8, G6×12

M [user] 2

k1 [frame] 1(G2×4), 2 (G4×8), 3 (G6×12)

k2 [frame] 1(G2×4), 2 (G4×8), 3 (G6×12)

Rin f o 0.5

DNCMN D2×4 = 3, 4 ≤ D4×8 ≤ 5, 5 ≤ D6×12 ≤ 7

Parameters NC2 layer
H 10

Θ 20

Rin f o2 1/2

Table 5.3: Parameters for an example of the GNCMN system portrayed in Figure 5.1.

expressed as follows:

µ =
R
Rc

=
1.0
0.5

,

= 2 . (5.122)

Having µ =2 BPS means that the coherent (non-coherent) modulation scheme relying on QPSK

(DQPSK) may be employed at each user in the system. Similar to the method invoked in Sec-

tion 2.1.3(Section 2.1.4) for determining the receive SNR value (SNRr) corresponding to a given

throughput R, which is also considered as the information rate in this context, the capacity of the

above-mentioned GNCMN system may be equivalently determined by identifying the corresponding

value of SNRr.

For the convenience of presentation, we define SNRe|Re as the equivalent SNRr value cor-

responding to a given throughput of Re. According to Equation (5.121), the value of Re in the

numerical example can be determined by

Re = Rin f o2Rin f oR,

= 0.5 × 0.5 × 1.0,

= 0.25, (5.123)
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where Rin f o = 0.5,Rin f o2 = 0.5 and R = 1.0 are given in Table 5.3. Then, the SNRe|Re value is

determined based on the DCMC capacity curve generated from Equation (2.16), which is repeated

here for the sake of convenience as:

CDCMC(η) = η − 1
2η

l=2η

∑
l=1

E

[
log2

z=2η

∑
z=1

exp(ψl,z)|Xl

]
, (5.124)

where η = log2(L) is the asymptotic DCMC capacity and L is the number of modulation levels.

The expression of E [A|Xl ] represents the expectation of A conditioned on the L-ary signals Xl ,

whereas the formula of calculating ψl,z is given by Equation (2.17). For the non-coherent modula-

tion scheme detailed in Section 2.1.4, the SNRe|Re value is determined on the D-DCMC capacity

curve generated with the aid of EXIT charts, as presented in Section 2.3.4.

As a result of obtaining Re = 0.25 in this example, the corresponding equivalent receive SNR

value of SNRe|Re = −6.9 dB (SNRe|Re = −2.73 dB) may be found from the DCMC-QPSK (D-

DCMC-QPSK) capacity curve, as seen in Figure 5.13. This SNRe|Re value can be benchmarked

as the achievable capacity of the system in the configurations considered.

It should be noted that the value of the system’s capacity is determined on an SNR basis. By

contrast, when considering it on an Eb/N0 basis, the equivalent coding rate Re = 0.25 must be

taken into account, in order to infer to the corresponding equivalent Eb/N0 value in ratio as

Eb/NR
0 |Re =

SNRR
e |Re

Re
, (5.125)

which can be presented in dB as:

Eb/N0|Re = SNRe|Re − 10 × log(Re). (5.126)

Accordingly, the value of Eb/N0|Re in the DCMC scenario is

Eb/N0|Re = SNRe|Re − 10 × log(Re),

= −6.9 − 10 × log(0.25)

= −0.88 dB, (5.127)

and that of the Eb/N0|Re in the D-DCMC scenario is

Eb/N0|Re = SNRe|Re − 10 × log(Re),

= −2.73 − 10 × log(0.25),

= 3.29 dB. (5.128)

Having calculated the capacity of the GNCMN system, as demonstrated in Example 5.1, we

can now consider the distance between the FER-performance curve of a GNCMN system and its

capacity. It is worth noting that the distance must be compared at a vanishingly low value of FER,

say at an FER = 10−4. For example, Figure 5.14 characterises the distance between the system’s

capacity and the Eb/N0-versus-FER performance of the system employing Rin f o2 = 1/2 at the

NC2 and invoking the matrix G6×12 at the NC1 activating the C as well as the FD modes and relying
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Figure 5.13: Example for calculating the capacity of the network-coding based system re-

lying on the coherent (non-coherent) channel coding scheme channel coding scheme hav-

ing an equivalent information rate of Re = 0.25, when communicating over fast Rayleigh

fading channels.
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on the IrCC-URC-QPSK scheme at the CC layer supported by Nsub = 1 frame transmission. Note

that the value of Eb/N0 = −0.88 dB calculated in Equation (5.127) is the system’s Eb/N0 limit.

Accordingly, a relatively large gap of approximately 11 dB is exhibited at an FER = 10−4. This

leads to a question regarding which particular solution may be employed for reducing the gap of

11 dB.
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Figure 5.14: The Eb/N0-versus-FER performance of the GNCMN system portrayed in

Figure 5.1, which comprises the NC2, NC1 and CC layers and has all parameters listed in

Table 5.2. The system employs Rin f o2 = 1/2 at the NC2, invokes the G6×12 matrix at the

NC1 layer operating in the C and FD modes and relies on the IrCC-URC-QPSK scheme

at the CC layer supported by Nsub = 1 frame transmission, when communicating over

wireless channels influenced by both the fast Rayleigh and block Rayleigh fadings.

In order to answer the above-mentioned question, let us study Figure 5.1, where the GNCMN

system comprising three layers, namely CC, NC1 and NC2, is characterised. Thus, a straightfor-

ward solution is to optimise each individual layer in a scenario, when the parameters of the other

layers are given. More specifically:

• At the CC: The employment of sub-frames and our near-capacity coding design can be

utilised for improving the system’s performance;

• At the NC1: Selecting the appropriate transfer matrices, as detailed in Section 4.7, has the

potential of enhancing the system’s performance. Additionally, activating a suitable mode

of the available ones, namely of the C, FD, A1, A2, FD + A1 and FD + A2 modes, may

improve the system’s performance;

• At the NC2: Applying the optimal network coding rate Rin f o2 can help improve the system’s
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performance.

Hence, in the following sections, the above-mentioned issues of optimization at each layer are

discussed in detail.

5.6.3 Potential Solutions at Channel Coding Layer

Let us continue to employ the IrCC-URC-QPSK scheme to demonstrate the benefits of the sub-

frame transmission regime at the CC portrayed in Figure 5.1. Figure 5.15 characterises the per-

formance of the IrCC-URC-QPSK scheme in the different fading scenarios, namely in the fast

Rayleigh fading environment given Figure 5.15a and in the quasi-static block-fading Rayleigh en-

vironment presented Figure 5.15b. It is readily seen in Figure 5.15a that the performance of the

system supported by the IrCC-URC-QPSK scheme is merely 0.5 dB away from the correspond-

ing DCMC capacity, when the system operates in the environment influenced by the fast Rayleigh

fading. By contrast, once the system encounters quasi-static Rayleigh block-fading, the system’s

performance is degraded substantially, as seen in Figure 5.15b. As a result, a significant gap of

approximately 40 dB is seen, when comparing the system’s performance seen in Figure 5.15b and

the corresponding DCMC capacity in Figure 5.15a at an FER = 10−4.

As a remedy, the sub-frame transmission regime detailed in Section 2.4 may be invoked at

the CC layer for improving the system’s performance in quasi-static Rayleigh block-fading en-

vironments. It can be seen in Figure 5.16 that the higher the number of sub-frames (Nsub) per

transmission frame, the better the system’s performance becomes. Particularly, if the system is

designed to allow a transmission frame partitioned into Nsub ≥ 104 sub-frames, the performance

of the system supported by the IrCC-URC-QPSK scheme is capable of operating at a mere 0.5 dB

from the corresponding DCMC capacity. It should be emphasised that when Nsub is higher than

Nsub = 104, no further improvements are observed. It may be further inferred that once the system

is permitted to partition a transmission frame into Nsub = 104 sub-frames, there is no need for em-

ploying the NC1 and NC2. If the NC1 and NC2 are still activated, the performance of the system

would be degraded. This is because the FER-versus-SNR performance is no longer improved, but

the multiplexing gain is reduced. However, in order to make the system capable of automatically

adjusting its operational mode, the adaptive modes at both the NC1 and NC2 have to be activated.

We will further discuss this issue later in Section 5.6.4 and Section 5.6.5

5.6.4 Solutions at the Network Coding 1 Layer

As discussed in Section 5.6.3, there is no need for employing the NC1, when the number of sub-

frames used for conveying a transmission frame becomes as high as Nsub = 104. However, invok-

ing a large number of sub-frames Nsub may result in an unaffordable delay incurred by a user. For

example, a frame in the Long Term Evolution-Advanced (LTE-Advanced) standard is of 10ms du-
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Figure 5.15: The influence of the fast and block Rayleigh fadings on the performance of

the IrCC-URC-QPSK scheme detailed in Section 2.3.3.

ration [84,165]. Let us consider a scenario, in which the number of subframes is set to Nsub = 104

at the CC layer for transmitting a single transmission frame, while the fading coefficients remain

constant during the time period of a frame length and vary independently frame by frame. In order

to have a beneficial time diversity, each of the 104 sub-frames must be mapped to a single LTE-

Advanced frame having a length of 10ms [84, 165]. In other words, 104 LTE-Advanced frames

are used for conveying a single transmission frame, which is divided into Nsub = 104 sub-frames.

Consequently, a transmission frame incurs a delay of 104 × 10ms=100s, which is too high a delay

for interactive communications. Hence, let us now consider a scenario employing Nsub = 10 sub-

frames per transmission frame, which leads to a moderate delay of 10× 10ms=100ms. It should be

noted that the employment of network coding can also lead to an additional delay, which is as much

as k1 frame lengths. For example, if the matrix G6×12 is employed at the NC1, the delay becomes
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Figure 5.16: The benefit of employing different the sub-frames, namely Nsub =
1, 10, 102, 103, 104, in performance of the IrCC-URC-QPSK scheme detailed in Sec-

tion 2.3.3, when communicating over a wireless channel influenced by both the fast

Rayleigh and block Rayleigh fadings.

k1 = 3 times of the delay for a transmission frame, which is equal to 3 × 100 = 300ms.

Having opted for Nsub = 10, let us now investigate the benefit of employing the NC1. As seen

in Figure 5.17, the network coding significantly improves the attainable system performance. More

specifically, the more powerful the network coding, the better performance in comparison to that of

the system relying solely on sub-frame transmission, as seen in Figure 5.17b. At an FER = 10−4,

the distance to the Eb/N0 value corresponding to the system’s capacity having Re = 0.5 from the

performance curve of the system employing the G4×8 and G6×12 matrices is as low as 2.0 dB and

2.7 dB, respectively, as seen in Figure 5.17b. By contrast, that of the system solely supported by

the Nsub = 10-based transmission regime is approximately 7 dB, as seen in Figure 5.16. Hence,

a gain of (7-2.0=5 dB) and (7-2.7=4.3 dB) may be achieved by employing the G4×8 and G6×12

matrices at the NC1 layer, respectively. Note that Figure 5.17a characterises the SNR-versus-FER

performance of the system relying on the G4×8 and G6×12 matrices at the NC1 layer operating in

the FD, FD + A1 and FD + A2 modes of Figure 5.1.

It should be noted that when the adaptive mechanism of Section 5.1.2.3 is applied at the NC1

layer by activating the A1 and A2 modes of Figure 5.1, the performance of the system may be

improved beyond the SNR value associated with the capacity having Re = 0.25 and approaches

that associated with the capacity having Re = 0.5, as seen in Figure 5.17b. This can be interpreted

by considering Equation (4.95), which is repeated here as

Re = Rin f oR . (5.129)
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(b) Eb/N0-versus-FER performance

Figure 5.17: The benefit of employing the NC1 in the GNCMN system pictured in

Figure 5.1. The system consists of the NC1 and CC layers having all the parame-

ters listed in Table 5.2, where the G4×8 and G6×12 matrices are employed at the NC1

layer, while the IrCC-URC-QPSK scheme is activated at the CC layer for supporting the

Nsub = 10, 103 sub-frame transmission regimes over wireless channels influenced by both

the fast Rayleigh and block Rayleigh fadings.
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Once the adaptive mechanism is employed, the coding rate Rin f o becomes Rin f o,A, as described in

Section 5.3.2.1. Accordingly, when a sufficiently high Eb/N0 value is encountered, the value of

Rin f o,A may approach its maximum of Rin f o,A = 1. As a result, upon integrating Equation (5.129)

and Equation (5.109), the maximum value of Re can be calculated as

Re,max = Max
{

Rin f o,A
}︸ ︷︷ ︸

=1

R,

= R . (5.130)

Since the IrCC-URC-QPSK scheme is employed at the CC, we have R = 1, which leads to

Re,max = R,

= 1 . (5.131)

Having Re,max = 1 in Equation (5.131) is equivalent to having Rn = 0.5, as defined by Equa-

tion (2.21). Therefore, according to Table 2.1, we have the corresponding value of SNRe|Re,max =

1.78 dB. Then, upon applying the formula of Equation (5.125), the corresponding Eb/N0|Re,max

value displayed in Figure 5.17b can be calculated as

Eb/N0|Re,max = SNRe|Re,max − 10 × log(Re, max),

= 1.78 − 10 × log(1)

= 1.78 dB. (5.132)

As a result of having an increased adaptive network coding rate Rin f o,A upon increasing trans-

mit power, the system experiences an increased multiplexing gain. Note that the multiplexing gain

has no effect on the FER-versus-SNR performance of the system, as seen in Figure 5.17a. How-

ever, a substantially increased multiplexing gain ultimately leads to a considerably improved FER-

versus-Eb/N0 performance, as seen in Figure 5.17b. It is because values of increased multiplexing

gain exceed the increment of the SNR values required to achieve the increased multiplexing gain.

As a result, reduced Eb/N0 values might actually be associated with a fixed or even increased SNR

values owing to the changes in the coding rate, which potentially allows our system to provide an

improved FER-versus-Eb/N0 performance.

5.6.5 Solutions at the Network Coding 2 Layer

As demonstrated in Section 5.5, NC2 of Figure 5.1 has potential of further assisting the system

in improving further its performance in some scenarios. In a delay-tolerant system that allows

us to have a delay as high as N frame durations, NC2 is capable of facilitating approaching the

achievable capacity, as determined in Example 5.1.

Let us illustrate the above-mentioned issue by considering the GNCMN system of Figure 5.1

relying on the IrCC-URC-QPSK scheme of Figure 2.19 and on the basis of Nsub = 10 sub-frame
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transmission, while the G6×12 matrix is employed at the NC1, where the FD + A1 and FD +

A2 modes may be used for the sake of supporting the best attainable performance, as seen in

Figure 5.17. Then, we investigate the benefit of employing the NC2 for the sake of approaching the

system’s capacity.

Parameters CC layer
Coherent

R[BPS] 1.0(QPSK)

Rc 0.5

I [iteration] 0

J [iteration] 30

N [bit] 106

Nsub [bit] 10

Parameters NC1 layer
Mode FD, FD + A1, FD + A2

G G2×4, G4×8, G6×12

M [user] 2

k1 [frame] 3(G6×12)

k2 [frame] 3(G6×12)

Rin f o 0.5

DNCMN 5 ≤ D6×12 ≤ 7

Parameters NC2 layer
H 10

Θ 20

Rin f o2 1/2

Mode Adaptive (Fixed)

Table 5.4: Parameters for an example of a GNCMN system used for illustrating the benefit

of NC2.

Accordingly, Table 5.4 lists the parameters used in our investigations. It should be noted that

NC2 is capable of operating in two modes

• The Fixed mode is the mode, when system has a fixed rate for the NC2. In other words, in

the fixed mode, we always have Rin f o2 = H/Θ, which is equal to Rin f o2 = 1/2, as listed in

Table 5.4.

• The Adaptive mode may be activated, when the system can afford the delay of acquiring the

feed-back information acknowledging the number of frames that are correctly recovered at

the BS. Upon receiving the feed-back information from the BS, the users supported by the

system may decide to refrain from transmitting the rest of the Θ encoded frames. Hence, the
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adaptive rate at the NC2 may be expressed by:

Rin f o2,A =
Θ

E[Number of encoded frames transmitted]
. (5.133)

Note that when the system experiences an increasing value of SNR, we have

lim
SNR→+∞

E[Number of encoded frames transmitted] = Θ. (5.134)

Bearing Equation (5.134) in mind, the rate Rin f o2,A of Equation (5.133) achieved in the high

SNR region may be approximated as:

Max
{

Rin f o2,A
}

=
Θ

Θ
,

= 1. (5.135)

As seen in Figure 5.18, when the adaptive mode is activated at NC2, the performance of the

system relying on the G6×12 matrix at the NC1 operating in the C mode tends to approach its ca-

pacity within a distance of 1.5 dB at an FER = 10−4. When we further activate the adaptive mode

at both the NC1 and NC2, namely the FD + A1 and FD + A2 modes at the NC1 and the adaptive

mode at the NC2, it is expected that the performance curves closely approach their corresponding

capacity, which is the one associated with the Re = 0.5, as seen in Figure 5.18b. However, there

is a distance of approximately 4.4 dB seen in Figure 5.18b, when we compare the capacity asso-

ciated with Re = 0.5 and the performance curve of the system employing the NC1 activating the

FD + A1 mode and the NC2 operating in the adaptive mode. We set aside for future study the issue

of optimising the parameters in order to match the two adaptive modes at both the NC1 and NC2.

It is seen in Figure 5.18b that the increased aggregate multiplexing gain of both NC1 and NC2

requires reduced Eb/N0 values for maintaining a fited FER value. This is because the value of

the aggregate multiplexing gain is higher than the increment of SNR value required to obtain the

aggregate multiplexing gain. It should be noted that the increasing multiplexing gain has no impact

on the FER-versus-SNR performance, where the effect of the adaptive mechanism employed at

the NC1 is excluded, as seen in Figure 5.18a.

5.7 Coherent versus Non-coherent Systems

In this section, the dilemma regarding the employment of coherent versus non-coherent systems

will be further discussed. As we can readily see from Section 5.1, which describes the system

architecture, there is a large number of system parameters. Hence, we only used a small subset

of legitimate configurations in order to support our observations pertaining to employment of the

coherent or non-coherent scheme at the CC layer.

In Section 4.10.3, the performance of the Near-Capacity Multi-user Network-coding (NCMN)

system is compared for different scenarios, namely for the case of employing the coherent IrCC-

URC-QPSK scheme of Figure 2.19 when taking into consideration the accuracy of the channel
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Figure 5.18: The benefit of employing the NC2 in the GNCMN system pictured in Fig-

ure 5.1. The system comprise NC2, NC1 and CC layers having all the parameter listed in

Table 5.4, where H = 10 and Θ = 20 are employed at the NC2 layer operating in both the

fixed and adaptive modes, while the G4×8 and G6×12 matrices are employed at the NC1

layer, whereas the IrCC-URC-QPSK scheme is activated at the CC layer for supporting

the Nsub = 10 sub-frame transmission regime over wireless channels influenced by both

the fast Rayleigh and block Rayleigh fadings.
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estimation and the case of employing the non-coherent IrCC-URC-DQPSK scheme of Figure 2.27.

We have considered different levels of channel estimation accuracy in Section 4.10.3. According to

our analysis provided in Section 2.5, the performance of the single link transmission relying on the

coherent IrCC-URC-QPSK scheme is superior to that supported by the non-coherent IrCC-URC-

DQPSK scheme, provided that the accuracy of the channel estimator is better than θ = 60%, as

defined in Section 2.5. Hence, it is expected that the same threshold of channel estimation, namely

θ = 60%, is appropriate for the GNCMN system.

In order to substantiate our above-mentioned analysis, we investigate the performance of the

GNCMN system employing the coherent IrCC-URC-QPSK scheme at the CC layer of Figure 5.1,

when the accuracy of the channel estimator is θ = 50%, 60%, 100%. Then, the performance of the

coherent detection based GNCMN system is compared to that of the non-coherent system relying

on the IrCC-URC-DQPSK scheme. We chose the specific sub-sets of the parameters at the NC1

and NC2, which are summarised in Table 5.5.

Parameters CC layer
Coherent Non-coherent

R[BPS] 1.0(QPSK) 1.0(DQPSK)

Rc 0.5 0.5

I [iteration] 0 2

J [iteration] 30 30

N [bit] 106 106

Nsub [bit] 1 1

θ 50%,60%,100% Not Applicable

Parameters NC1 layer
Mode FD + A1, FD + A2

G G6×12

M [user] 2

k1 [frame] 3

k2 [frame] 3

Rin f o 0.5

DNCMN 5 ≤ D6×12 ≤ 7

Parameters NC2 layer
H 10

Θ 20

Rin f o2 1/2

Mode Fixed

Table 5.5: Parameters for an example of a GNCMN system employed for characterising

the threshold used for deciding whether coherent or non-coherent scheme is duly utilised.
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As seen in Figure 5.19, the GNCMN system supported by the coherent IrCC-URC-QPSK

scheme outperforms the GNCMN system relying on the non-coherent IrCC-URC-DQPSK arrange-

ment, when the accuracy of the channel estimation is θ = 100%. However, the performance of the

system relying on the non-coherent scheme becomes superior to that of the system relying on the

coherent scheme, when the channel-estimator’s accuracy becomes lower than θ = 60%. Hence, we

can conceive an GNCMN system capable of operating in both coherent and non-coherent modes.

These modes may be switched by comparing the accuracy of the channel estimation with a pre-

calculated threshold, say θ = 60%.

5.8 Chapter Summary

In this chapter, we have generalized the system presented in Chapter 4, in order to devise a novel

system having a triple-layer coding architecture, which is named as the GNCMN system. In par-

ticular, we have developed three other single modes in addition to the existing mode of the system

presented in Chapter 4 in order to form the first network coding layer, namely NC1. Furthermore,

we configured the NC1 to operate in combined modes, where the single modes can be activated

simultaneously, in order to attain the best possible performance. In addition to the performance

bounds derived in Chapter 4 for the conventional mode of the NC1, the performance bounds for

the other single modes of the NC1 have been derived for conveniently studying the system perfor-

mance. We have introduced another network coding layer termed as NC2, which advocates random

network codes. The outage capacity and the DCMC capacity presented in Chapter 2 is invoked for

evaluating the achievable capacity of the GNCMN system. Moreover, the issue of selecting coher-

ent or non-coherent modulation at the channel coding layer has been also discussed.

It was confirmed by our simulations results that the additional full-diversity mode devised for

NC1 may assist the system in approaching its full-diversity regime, where the inter-user channels

are error free. Indeed, the quantitative discrepancy is merely 0.1 dB at an FER = 103. Additionally,

the two adaptive modes, namely A1 and A2, are capable of improving the attainable multiplexing

gain, which can reach the value of 3 dB at sufficiently high SNRs. Moreover, the FD mode and

adaptive modes may be combined for exploiting the improvement of both the diversity gain and

multiplexing gain.

The additional NC2 layer may be used for further improving the system’s performance, albeit

this is achieved at the cost of increasing both the transimission delay and complexity of the system.

It was found that the optimal network coding rate of the NC2 layer is Rin f o2 = 1/2. Given a

specific network coding rate of Rin f o2 = 1/2, a longer delay results in an improved performance

supported for NC2. As a result, given a specific system performance requirement, the NC2 config-

uration may be optimised by determining the most appropriate network coding rate Rin f o2 and the

number of frames used in each coding session H.
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Figure 5.19: Performance comparison of the GNCMN system comprising the NC2, NC1

and CC layers, depicted in Figure 5.1 in different configurations corresponding to dif-

ferent set of parameters listed in Table 5.5. The G6×12 matrix is employed at the NC1,

while H = 10 and Θ = 20 are set at the NC2 layer, as listed in Table 5.5. Both the

coherent IrCC-URC-QPSK and the non-coherent IrCC-URC-DQPSK schemes are em-

ployed at the CC layer, where different levels of the channel estimation accuracy, namely

θ = 50%, 60%, 100%, are considered for communicating over wireless channels influ-

enced by both the fast Rayleigh and block Rayleigh fadings.



5.8. Chapter Summary 204

The sub-fame transmission technique may also be used for improving the attainable system

performance, if the system tolerates an increased delay. Then, the delays caused by the NC2 layer

has to be adjusted in order for the system to meet its required performance.

Again, the channel estimation accuracy of θ = 60% was shown to be the threshold used for

deciding whether the non-coherent or the coherent modulation scheme should be used.



Chapter 6
Conclusions and Future Works

In this chapter, we first summarise our work and findings presented throughout previous chapters

in Section 6.1 before offering our future works in Section 6.2.

6.1 Conclusions

It was found in the literature of MDM presented in Section 1.1 that MDM should be concate-

nated with channel coding for achieving its best performance. Hence, we invoked on studying

an amalgamated coded modulation scheme comprising a powerful channel code and MDM. As a

result, an comparative study on the performance of the Multi-Dimensional Modulation (MDM)

schemes, namely Space-Time Trellis Codes (STTCs), Space-Time Block Codes (STBCs) and

Sphere-Packing-Space-Time Block Codes (SP-STBC), is presented in Section 1.1. The perfor-

mance of these schemes was compared for different throughputs and frame lengths. The results

of the comparison suggested in Section 1.1.4 that the STTC scheme should be favoured for its su-

perior performance among the three schemes. As a result, the STTC scheme was chosen for our

single-user cooperative system detailed in Chapter 3.

We have reviewed the literature of cooperative communications in Section 1.2.1, where a space

diversity gain may be achieved by employing appropriate relays. This led to our distributed coding

scheme proposed for single-user cooperative communications in Chapter 3. Based on the literature

of cooperative communications in Section 1.2.1, it became explicit that network coding has been

prevalently applied in cooperative communications, as shown in Figure 1.13. Hence we intensified

our research on the “applications of network coding in cooperative communications”. Specifically,

in Chapter 4 we proposed multi-user network coding aided cooperative systems presented and

further generalised them to the multi-user multi-layer multi-mode cooperative systems detailed in

Chapter 5.

In order to benchmark our near-capacity coding design, we investigated both the capacity and
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the outage probability of the Continuous-input Continuous-output Memoryless Channel (CCMC),

of the Discrete-input Continuous-output Memoryless Channel (DCMC) as well as that of the Differ-

ential Discrete-input Continuous-output Memoryless Channel (D-DCMC). The outage probability

of the DCMC and D-DCMC may be calculated based on the associated SNRr value corresponding

to a given transmission rate R. The SNRr value may be determined by looking up the correspond-

ing value on the capacity curve constructed by using Equation (2.16) or by employing EXIT charts.

The employment of EXIT charts used for formulating the capacity curve may be described in the

following steps:

• EXIT curves pertaining to a given modulation scheme are generated for different SNRr

values.

• A single point on the capacity curves is determined by computing the area under the EXIT

curve and its corresponding SNRr.

We exemplified and formulated our near-capacity coding arrangements, namely namely our

Irregular Convolutional Coded Unity Rate Coded M-ary Phase Shift Keying (IrCC-URC-MPSK),

Irregular Convolutional Coded Unity Rate Coded Differential M-ary Phase Shift Keying (IrCC-

URC-DMPSK) and Irregular Convolutional Coded Unity Rate Coded Space Time Trellis Coded M-

ary Phase Shift Keying (IrCC-URC-STTC-MPSK) schemes, in order to approach the corresponding

channel capacity. The typical three stage near-capacity coding arrangement relying on Irregular

Convolutional Codes (IrCC) may be designed by carrying out the following steps:

• Optimise the inner-most two-stage coding arrangement by finding the most appropriate num-

ber of iterations associated with the affordable complexity.

• Create the EXIT curve of the amalgamated inner decoder, which has been optimised, for

different SNRr values.

• Fix the overall coding rate of the IrCC encoder and then employ the EXIT curve match-

ing algorithm for generating the optimised weighting coefficients αi. The number of IrCC

component codes used was either 17 or 36.

For deciding whether the IrCC-URC-MPSK scheme or the IrCC-URC-DMPSK scheme should

be employed, a comparison of non-coherent versus coherent systems was carried out and the effects

of channel estimation were also taken into consideration. More specifically, our simulation results

of Figure 2.36 suggested that a θ = 60% channel estimation accuracy may be used for deciding

whether coherent or non-coherent modulation arrangements should be activated.

The employment of sub-frame based transmissions was shown in Figure 2.33 to achieve a

substantial performance improvement for our near-capacity coding scheme of Section 2.3.4 for

transmission over channels subject to slow fading, where the channel coefficients varied on a frame-

by-frame basis. If a system can afford a delay of Nsub = 103 frame duration, the performance of
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the coding schemes recorded in slow-fading environment would be the same as that in fast fading

environment, as evidenced by Figure 2.33.

In Section 3.3.2, we proposed a DC-IrCC-URC-STTC scheme for single-user single-antenna

based cooperative relaying. In Section 3.2.4, we formulated and investigated an optimality crite-

rion for selecting the relays by ensuring that they are capable of maintaining an open EXIT chart

tunnel. The optimal relaying scheme also mitigated the problem of potential error propagation of-

ten imposed by the relays, which was achieved by selecting those specific relay nodes that were

roaming near the optimal locations, where optimum in this context entailed for ensuring that the

received SNR value required at the relay and destination nodes can be maintained simultaneously.

Moreover, in Section 3.3.3.1, the dynamic relay-selection method was proposed, in order to make

use of the signals transmitted from the source to the destination for the iterative decoding process

employed at the destination node in order to improve the performance.

The upper and lower FER-performance bounds of Near-Capacity Multi-user Network-coding (NCMN)

based systems were derived in Section 4.5. The system’s FER-performance was also evaluated by

Monte Carlo based simulations in Figure 4.12, in order to verify the accuracy of those bounds.

These bounds guided our network coding design in Section 4.7.2 and assisted us in estimating the

FER performance of the NCMN system without running extremely time-consuming Monte-Carlo

simulations in Section 4.10.1. The capacity of NCMN systems was devised for the sake of bench-

marking the performance of the NCMN system in different configurations. Additionally, the lower

bound of the system’s outage probability may be employed for estimating the size of the transfer

matrix required for attaining a given diversity order.

Based on the algorithms of Section 4.3 employed for recovering the transmitted frames at the

base station, we proposed a new method that we referred to as the Pragmatic Algebraic Linear

Equation Method (PALEM) for accurately characterising the system’s FER performance. In Sec-

tion 4.9, the system’s performance estimated by our PALEM was also compared to that obtained

by the method used in [47], which we termed as Pure Rank Based Method (PRBM). Our proposed

PALEM was shown to provide identical results in comparison to that suggested by Monte-Carlo

simulations, while the PRBM always leads to optimistic results for the system performance.

We investigated our NCMN based systems combined with the IRCC-URC-MPSK and IrCC-

URC-DMPSK schemes detailed in Chapter 2. These schemes approach their corresponding DCMC

and D-DCMC capacities within approximately 1 dB at a FER of 10−5. The performance of the

NCMN systems relying on our realistic channel coding schemes, namely on the IrCC-URC-MPSK

and IrCC-URC-DMPSK arrangement, was benchmarked against the corresponding NCMN based

systems employing the idealised/perfect channel coding schemes operating at exactly the DCMC

and D-DCMC capacities. The effects of errors imposed on the channel estimation were shown to

be the same as those happening in the single link transmission scenario.

We generalized the NCMN system presented in Chapter 4, in order to devise a novel sys-
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tem having a triple-layer coding architecture, which was termed as the Generalised Near-Capacity

Multi-user Network-coding (GNCMN) system. In particular, we developed three other single

modes in addition to the existing mode of the system presented in Chapter 4, in order to form

the first network coding layer, namely Network Coding 1 (NC1) layer. Furthermore, we configured

NC1 to operate in combined modes, where the single modes can be activated simultaneously, in

order to attain the best possible performance. In addition to the performance bounds derived in

Chapter 4 for the conventional mode of the NC1, the performance bounds derived for the other

single modes of the NC1 have been derived for conveniently studying the system performance.

We have introduced another network coding layer termed as the Network Coding 2 (NC2) layer,

which advocated random network codes. The outage capacity and the DCMC capacity presented

in Chapter 2 were invoked for evaluating the achievable capacity of the GNCMN system. More-

over, the issue of selecting coherent or non-coherent modulation at the physical layer has also been

discussed. More specifically:

• It was confirmed by the simulations results of Figure 5.6 and Figure 5.7 that the addi-

tional full-diversity mode devised for the NC1 may assist the system in approaching its

full-diversity regime, where the inter-user channels are error free. The discrepancy seen

in Figure 5.6 and Figure 5.7 is merely 0.1 dB at an FER = 103. Additionally, the two adap-

tive modes, namely A1 and A2 of Section 5.1.2.3, are capable of improving the attainable

multiplexing gain, which can reach the value of 3 dB at sufficiently high SNRs. Moreover,

the FD mode of Section 5.1.2.2 and adaptive modes of Section 5.1.2.3 may be combined for

exploiting an improved diversity gain and multiplexing gain.

• The additional NC2 layer of Section 5.1.3 may be used for further improving the system’s

performance at the cost of increasing both the transimission delay and complexity of the sys-

tem. It was found that the optimal network coding rate of the NC2 is Rin f o2 = 1/2. Given a

specific network coding rate of Rin f o2 = 1/2, a longer delay results in an improved perfor-

mance supported by the NC2. As a result, given a specific system performance requirement,

NC2 may be optimised by determining the most appropriate network coding rate Rin f o2 and

the number of frames H used in each coding session.

• The sub-fame transmission regime of Section 5.6.3 may also used for improving the achiev-

able system performance, if the system is capable of tolerating an increased delay. Once, the

delay stipulated by the sub-frame transmission is fixed, the delay caused by the NC2 has to

be adjusted in order for the system to meet its required performance.

• Again, in Figure 5.19 the channel estimation accuracy of θ = 60% was shown to be the

threshold used for deciding whether the non-coherent or the coherent modulation scheme

should be used.
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6.2 Future work

Our future work may pursue the following ideas.

In Chapter 3, the general idea of distributed coding schemes invoked for cooperative com-

munications can be expanded to another three-stage coding arrangement, namely to IrCC-URC-

STBC-SP, which was already partially investigated in Chapter 2. More specifically, it was shown

in [75, 194–196] that the performance of STBC-SP systems can be further improved by concate-

nating SP-aided modulation with channel coding and performing symbol-to-bit demapping as well

as channel decoding iteratively. A powerful IrCC-URC-STBC-SP coding scheme was designed

for single-link transmission in [195]. We may apply this coding scheme for our cooperative model

presented in Chapter 3. First, we may use IrCC-URC-MPSK for the source-relay link and IrCC-

URC-STBC-SP for the relay-destination link. Then, we may apply SP for both the source-relay

and the relay-destination links, in order to ultimately conceive a novel Distributed Concatenated

IrCC-URC-STBC-SP (DC-IrCC-URC-STBC-SP) aided cooperative system.

In the Channel Coding (CC) layer of the GNCMN system presented in Figure 5.1, the coding

scheme is designated for single-antenna aided transmission units. If the allocation of multiple

antennas is applicable at each transmission unit in the GNCMN system, the channel coding schemes

designed for our multi-antenna based system, namely for the IrCC-URC-STTC scheme detailed in

Section 2.3.2, may be integrated into the CC layer of the GNCMN system, in order to conceive

multi-antenna based multi-user, multi-layer, multi-mode cooperative systems.

Issues pertaining to the GNCMN optimisation need further study. As analysed in Section 5.6.5,

when an adaptive mechanism is activated at both the NC1 and NC2 layers, the parameters of the two

layers have to be configured so that both the information rates, namely Rin f o,A of Equation (5.108)

and Rin f o2 of Equation (5.133), simultaneously converge to their maximum, which is equal to

unity. Another suggestion was given in Section 5.5.2, where it was expected that the optimal value

of the parameter Θ under the provision of other parameters in the GNCMN system may support the

best possible system performance. To optimise the entire GNCMN system, a function reflecting

the throughput or the diversity order of the system needs to be formed based on all the system

parameters listed in Table 5.1.

The application of cognitive radio have also attracted the interest of researchers [197, 198].

Cognitive radio may be integrated into our GNCMN system at the link level, where the knowledge

of channel state information may be utilised for introducing adaptive channel coding and modula-

tion into our system. Cognitive radio may be applied at the system’s scale, where the knowledge of

the entire system transmission quality can be exploited for selecting the appropriate transmission

regime of the system.



Appendix A
System’s outage probability

This section is dedicated to deriving in details the performance bounds of the Near-Capacity Multi-

user Network-coding (NCMN) system depicted in Figure 4.1. It should be noted that we presented

an abstract version of the derivations in Section 4.5, hence the more concrete version of the deriva-

tion will be presented in the following for the sake of interested readers. Accordingly, in this sec-

tion, we will first formulate the general formula of the system’s outage probability in Section A.1.

Major terms of the formulae derived in Section A.1 are reduced to a closed form for facilitating the

derivations of the performance bounds in Section A.1.2.

A.1 Formulation of the System’s Outage Probability

Let Um,t = {um,t, um,t ∈ [1, ..., M]} for ∀m ∈ {1, ...M} be a set of user indices corresponding

to the specific users that are able to correctly recover an information frame Im(t) transmitted from

User m during time slot t. Note that User m itself is always included in this set. Let us denote by

||Um,t|| the number of members in the set of users Um,t, which is also the number of users that are

capable of correctly detecting the information frame Im(t), and we always have

1 ≤ ||Um,t|| ≤ M , (A.1)

where we use ||A|| to represent the cardinality of the set A.

We then define the complement set of Um,t as U∗
m,t = {1, ..., M} r Um,t that comprises the

indices of those users that cannot correctly recover the information frame Im(t). Hence we have

||U∗
m,t|| = M − ||Um,t|| . (A.2)

Let Pe be the error probability of a single link corresponding to a given SNR. Assuming that

all the links/users in the network employ the same channel coding scheme, the probability that U∗
m,t

users cannot recover the information frame Im(t) is approximately P
||U∗

m,t||
e , which is accurate in the

high SNR region.
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Let us denote the set of all information frames transmitted by the users in Um,t during the

broadcast phases as Um,t(I), including Im(t). Since each user broadcasts k1 number of frames, we

have:

||Um,t(I)|| = k1||Um,t|| . (A.3)

There are at least ||Um,t(I)|| + ||Um,t||k2 frames [47, 179], which contain the information

frames transmitted by all the users of Um,t, where the ||Um,t(I)|| information frames are trans-

mitted during the broadcast phases, while the ||Um,t||k2 parity frames are transmitted during the

cooperative phases.

Example A.1. In this example, we consider a system having M = 10 users, where each user

transmits k1 = 2 information frames during the broadcast phases and k2 = 2 parity frames during

the cooperative phases, respectively.

Let us assume U1,1 = {1, 2, 3} to be the set of user indices corresponding to the users that

are able to correctly recover the information frame I1(1) transmitted by User 1 during broadcast

phase 1. During the broadcast phases, the number ||U1,1(I)|| of information frames transmitted

by all users of U1,1 is ||U1,1(I)|| = k1||U1,1|| = 6, and all users of U1,1 transmit ||U1,1||k2 = 6

parity frames during the cooperative phases. We note that ||U1,1(I)|| + ||U1,1||k2 = 12 frames

containing information frames are transmitted by the users in the set U1,1.

Let us consider the information frame I2(2) transmitted by User 2 during broadcast phase 2.

Assuming that we have U2,2 = {2, 4, 6} and U2,2 r (U1,1 ∩U2,2) = {4, 6}, there are || {4, 6} ||k2 =
4 extra frames containing the information frame I2(2) transmitted by User 2 in U1,1.

Hence, there exist at least ||U1,1(I)|| + ||U1,1||k2 = 12 frames containing information frames

transmitted by all users of the set U1,1.

It was shown in [99, 177] that there exist specific network codes that are capable of recovering

X frames, if at least X frames are correctly decoded at the BS. More specifically, the network-

coded codewords of such network codes are supposed to be linearly independent for all possible

source-relay channel outage situations [179]. Hence, based on the assumption of having Y linearly

independent frames received at the BS, a frame would be in outage only if (Y − X + 1) frames or

more out of Y frames were in outage, where X is the number of the information frames transmitted

from the sources. Accordingly, an outage is declared for the information frame Im(t) when the

direct transmission Im(t) and at least ||Um,t||k2 out of the remaining ||Um,t(I)|| − 1 + ||Um,t||k2

received frames are in outage, which occurs with a probability given by [47, 99]

Po,m(U∗
m,t) = Pe ·

[
||Um,t(I)||−1

∑
q=0

(
||Um,t(I)|| − 1 + ||Um,t||k2

||Um,t||k2 + q

)
P||Um,t||k2+q

e (1 − Pe)
||Um,t(I)||−1−q

]
,

=
Q

∑
q=0

(
Q + K
K + q

)
PK+q+1

e (1 − Pe)
Q−q ,

=
Q

∑
q=0

TA2
q , (A.4)
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where (n
k) represents the binomial coefficients, while we have Q and K defined as

Q = ||Um,t(I)|| − 1,

= k1||Um,t|| − 1, (A.5)

and

K = ||Um,t||k2. (A.6)

However, there might be more than ||Um,t(I)||+ ||Um,t||k2 frames [46,47,99,179], which contain

the information frames transmitted by all users of Um,t. If the availability of those extra frames is

taken into account, we will have

PTrue
o,m (U∗

m,t) ≤ Po,m(U∗
m,t) , (A.7)

where PTrue
o,m (U∗

m,t) is the true probability of the outage for the information frame Im(t). Notably,

PTrue
o,m (U∗

m,t) is the outage probability for a given U∗
m,t. The system’s outage probability Po for all

possible U∗
m,t can be calculated by [99]

Po =
M−1

∑
||U∗

m,t||=0

P
||U∗

m,t||
e

(1 − Pe)||U
∗
m,t||−M+1

PTrue
o,m (U∗

m,t), (A.8)

where P
||U∗

m,t ||
e

(1−Pe)
||U∗

m,t ||−M+1 is the probability of ||U∗
m,t|| out of M − 1 inter-user channels in time slot t

being in outage. Upon replacing Inequality (A.7) into Equation (A.8), we have:

Po ≤
M−1

∑
||U∗

m,t||=0

P
||U∗

m,t||
e

(1 − Pe)||U
∗
m,t||−M+1

Po,m(U∗
m,t), (A.9)

where Po,m(U∗
m,t) is determined by Equation (A.4).

Focusing on the region of low Pe values or small ||U∗
m,t||, we always have

Po > (1 − Pe)M−1PTrue
o,m (U∗

m,t)|||U∗
m,t||=0,

> (1 − Pe)M−1Po,m(U∗
m,t)|||U∗

m,t||=0, (A.10)

since:

PTrue
o,m (U∗

m,t)|||U∗
m,t||=0 = Po,m(U∗

m,t)|||U∗
m,t||=0 . (A.11)

Bearing in mind that the condition of having linearly independent network-coded codewords

at the BS is always met, when no errors are imposed by the source-relay channels, ||U∗
m,t|| = 0.

As a result, by replacing ||U∗
m,t|| = 0 into the probability Po,m(U∗

m,t) given by Equation (A.4), the

probability Po,m(U∗
m,t)|||U∗

m,t||=0 can be expressed as

Po,m(U∗
m,t)|||U∗

m,t||=0 = Pe ·
[

Mk1−1

∑
i=0

(
Mk1 − 1 + Mk2

Mk2 + i

)
PMk2+i

e (1 − Pe)
Mk1−1−i

]
,

=
B

∑
b=0

(
B + F
F + b

)
PF+b+1

e (1 − Pe)
B−b , (A.12)
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while for the sake of brevity we denote B and F as

B = Mk1 − 1, (A.13)

and

F = Mk2. (A.14)

In the next sections, we will calculate the range of the outage probabilities Po,m(U∗
m,t) and

Po,m(U∗
m,t)|||U∗

m,t||=0, in order to determine the upper and lower bounds of the system’s outage

probability from Inequality (A.9) and Inequality (A.10).

A.1.1 Outage probability of a given frame

In this section, we specify the range of outage probabilities Po,m(U∗
m,t) of Equation (A.4) and

Po,m(U∗
m,t)|||U∗

m,t||=0 of Equation (A.12), which have an identical formulation, if we consider values

Q,K equivalent to B,F, respectively. Let us consider a function f (n) as a ratio of two consecutive

terms in either Equation (A.4) or Equation (A.12)

f (n) =
Termn+1

Termn
=

( Q+K
K+n+1)PK+n+1

e (1 − Pe)
Q−n−1

(Q+K
K+n)PK+n

e (1 − Pe)
Q−n

=
(Q − n)Pe

(K + n + 1)(1 − Pe)
, (A.15)

where we have Termn = (Q+K
K+n)PK+n+1

e (1 − Pe)
Q−n. We can then find the derivative f

′(n) of the

function f (n) with respect to the variable n as follows

f
′
(n) =

−(Q + K + 1)Pe

(K + n + 1)2(1 − Pe)
. (A.16)

As seen in (A.16), we have f
′(n) < 0 for ∀n ∈ {0, .., Q − 1}, which suggests that the function

f (n) increases, as long as the variable n decreases. Thus, we have the following approximation

f (Q − 1) ≤ f (n) ≤ f (0),
Pe

(K + Q)(1 − Pe)
≤ f (n) ≤ QPe

(K + 1)(1 − Pe)
. (A.17)

Given an arbitrary number S, we have the following series expansion [184]

Sk+1 − 1
S − 1

= 1 + S + S2 + · · · + Sk. (A.18)

In addition, we can rewrite Equation (A.4) as

Po,m(U∗
m,t) =

Q

∑
q=0

Termq,

= Term0 + Term0 f (n) + Term0[ f (n)]2 + · · · + Term0[ f (n)]Q,

= Term0

[
1 + f (n) + [ f (n)]2 + · · · + [ f (n)]Q

]
, (A.19)
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where we have Term0 = (Q+K
K )PK+1

e (1 − Pe)
Q, which comes from the general formula of Equa-

tion (A.4). Applying the series expansion of Equation (A.18) for Equation (A.19), we obtain the

outage probability Po,m(U∗
m,t) as follows

Po,m(U∗
m,t) = Term0

[ f (n)]Q+1 − 1
f (n) − 1

. (A.20)

It is clearly seen that the probability Po,m(U∗
m,t) in Equation (A.19) increases, as the ratio f (n)

increases. Taking the approximation of Inequality (A.17) into account, we arrive at the following

inequalities:

Po,m(U∗
m,t) ≤ Po,m(U∗

m,t)| f (n)= f (0),

≤ Term0
[ f (0)]Q+1 − 1

f (0) − 1
,

≤
(

Q + K
K

)
PK+1

e (1 − Pe)
Q︸ ︷︷ ︸

=Term0

[
[ f (0)]Q+1 − 1

f (0) − 1

]
, (A.21)

and

Po,m(U∗
m,t) ≥ Po,m(U∗

m,t)| f (n)= f (Q−1),

≥ Term0
[ f (Q − 1)]Q+1 − 1

f (Q − 1) − 1
,

≥
(

Q + K
K

)
PK+1

e (1 − Pe)
Q︸ ︷︷ ︸

=Term0

[
[ f (Q − 1)]Q+1 − 1

f (Q − 1) − 1

]
. (A.22)

Based on Inequality (A.17), we have

f (0) =

=β︷ ︸︸ ︷
Q

(K + 1)
Pe

(1 − Pe)
,

=
βPe

1 − Pe
, (A.23)

and

f (Q − 1) =

=α︷ ︸︸ ︷
1

(K + Q)
Pe

(1 − Pe)
,

=
αPe

1 − Pe
, (A.24)

where we have β = Q/(K + 1) and α = 1/(K + Q). Upon substituting Equation (A.23) into

Inequality (A.21), we have

Po,m(U∗
m,t) ≤

(
Q + K

K

)
PK+1

e (1 − Pe)
Q

= (βPe)Q+1−(1−Pe)Q+1

(1−Pe)Q(βPe+Pe−1)︷ ︸︸ ︷[
[ βPe

1−Pe
]Q+1 − 1

βPe
1−Pe

− 1

]
,

≤
(

Q + K
K

)
PK+1

e

[
(βPe)Q+1 − (1 − Pe)Q+1

βPe + Pe − 1

]
. (A.25)
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Similarly, by substituting f (Q − 1) of Equation (A.24) into Inequality (A.22), we arrive at:

Po,m(U∗
m,t) ≥

(
Q + K

K

)
PK+1

e (1 − Pe)
Q

= (αPe)Q+1−(1−Pe)Q+1

(1−Pe)Q(αPe+Pe−1)︷ ︸︸ ︷[
[ αPe

1−Pe
]Q+1 − 1

αPe
1−Pe

− 1

]
,

≥
(

Q + K
K

)
PK+1

e

[
(αPe)Q+1 − (1 − Pe)Q+1

αPe + Pe − 1

]
︸ ︷︷ ︸

=Mu

. (A.26)

A.1.1.1 Approximated maximum value of the probability Po,m(U∗
m,t)

Let us now consider the term Mu in Inequality (A.26), where Mu can be rewritten as:

Mu =
(1 − Pe)Q+1 − (βPe)Q+1

1 − Pe − βPe
. (A.27)

Focusing our attention on the case of Pe << 1 leads to the expressions (1 − Pe)Q+1 < (1 − Pe)

and (βPe)Q+1 ≈ 0. We then take these expressions into consideration and arrive at the following

approximation

Mu <
1 − Pe

1 − Pe − βPe︸ ︷︷ ︸
=Mu1

, (A.28)

where Mu1 is reformulated as

Mu1 =
1 − Pe

1 − Pe − βPe
,

= 1 +
βPe

1 − Pe − βPe
. (A.29)

According to Equation (A.5), Equation (A.6) and Equation (A.23), the value β may be expressed

as

β =
Q

K + 1
,

=
||Um,t(I)|| − 1
||Um,t||k2 + 1

,

=
||Um,t||k1 − 1
||Um,t||k2 + 1

. (A.30)

It is plausible that β increases upon increasing the cardinality ||Um,t||, where ||Um,t|| ∈ [1, ..., M].

Hence, we can infer that

β ≤ β|||Um,t||=M,

≤ Mk1 − 1
Mk2 + 1︸ ︷︷ ︸

=βmax

, (A.31)
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where we have βmax given by

βmax =
Mk1 − 1
Mk2 + 1

. (A.32)

Observing the term Mu1 given in Equation (A.29), we find that the term Mu1 increases as the value

β increases, provided that Pe << 1. Hence, we can infer that

Mu1 ≤ Mu1 |β=βmax ,

≤ 1 +
Mk1−1
Mk2+1 Pe

1 − Pe − Mk1−1
Mk2+1 Pe︸ ︷︷ ︸

=Mmax
u

, (A.33)

where Mmax
u is represented as

Mmax
u = 1 +

Mk1−1
Mk2+1 Pe

1 − Pe − Mk1−1
Mk2+1 Pe

. (A.34)

By combining the Inequality (A.28) and Inequality (A.33), we have

Mu < Mu1 ≤ Mmax
u ,

Mu < Mmax
u . (A.35)

Upon substituting Mmax
u of Equation (A.34) into the Inequality (A.35), we obtain

Mu < 1 +
Mk1−1
Mk2+1 Pe

1 − Pe − Mk1−1
Mk2+1 Pe︸ ︷︷ ︸

=Mmax
u

. (A.36)

Upon substituting the approximation of Mu given by Inequality (A.36) into Inequality (A.26), we

arrive at the approximation of the probability Po,m(U∗
m,t) in the following form:

Po,m(U∗
m,t) ≤

(
Q + K

K

)
PK+1

e

[
(βPe)Q+1 − (1 − Pe)Q+1

βPe + Pe − 1

]
︸ ︷︷ ︸

=Mu

,

<

(
Q + K

K

)
PK+1

e

[
1 +

Mk1−1
Mk2+1 Pe

1 − Pe − Mk1−1
Mk2+1 Pe

]
︸ ︷︷ ︸

=Mmax
u︸ ︷︷ ︸

=Pmax
o,m (U∗

m,t)

, (A.37)

where the approximate maximum value Pmax
o,m (U∗

m,t) of the probability Po,m(U∗
m,t) is given by

Pmax
o,m (U∗

m,t) =
(

Q + K
K

)
PK+1

e

[
1 +

Mk1−1
Mk2+1 Pe

1 − Pe − Mk1−1
Mk2+1 Pe

]
︸ ︷︷ ︸

=Mmax
u

,

=
(

Q + K
K

)
PK+1

e Mmax
u . (A.38)
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A.1.1.2 Approximated minimum value of the probability Po,m(U∗
m,t)|||U∗

m,t||=0

Let us repeat the approximation given by Inequality (A.26) as follows

Po,m(U∗
m,t) ≥

(
Q + K

K

)
PK+1

e

[
(αPe)Q+1 − (1 − Pe)Q+1

αPe + Pe − 1

]
, (A.39)

where α = 1/(Q + K). Upon replacing Q and K in Inequality (A.26) by B and F, respectively,

we obtain the approximation of Po,m(U∗
m,t)|||U∗

m,t||=0 in Equation (A.12) with the aid of Inequal-

ity (A.39) as:

Po,m(U∗
m,t)|||U∗

m,t||=0 =
B

∑
b=0

(
B + F
F + b

)
PF+b+1

e (1 − Pe)
B−b ,

≥
(

B + F
F

)
PF+1

e

[
(α

′
Pe)Q+1 − (1 − Pe)Q+1

α′Pe + Pe − 1

]
, (A.40)

where α
′ = 1/(B + F). Furthermore, we substitute B = Mk1 − 1 and F = Mk2 into (A.40) to

obtain

Po,m(U∗
m,t)|||U∗

m,t||=0 ≥
(

Mk1 + Mk2 − 1
Mk2

)
PMk2+1

e

[
( Pe

Mk1+Mk2−1)Mk1 − (1 − Pe)Mk1

Pe
Mk1+Mk2−1 + Pe − 1

]
.

(A.41)

A.1.2 Bounding the system’s outage probability

In this section, we use the probability Pmax
o,m (U∗

m,t) of (A.38) and the approximation of Po,m(U∗
m,t)|||U∗

m,t||=0

given by (A.41) for deriving the upper and lower bounds of the system’s outage probability Po.

A.1.2.1 Upper bound of the system’s outage probability

This section is dedicated for deriving the upper bound expression of the system’s outage probability

determined by Inequality (A.9), which is repeated here as:

Po ≤
M−1

∑
||U∗

m,t||=0

P
||U∗

m,t||
e

(1 − Pe)||U
∗
m,t||−M+1

Po,m(U∗
m,t). (A.42)

Let us begin by replacing Pmax
o,m (U∗

m,t) given in Equation (A.38) into Inequality (A.42), in order to

arrive at

Po <
M−1

∑
||U∗

m,t||=0

P
||U∗

m,t||
e

(1 − Pe)||U
∗
m,t||−M+1

Pmax
o,m (U∗

m,t)︸ ︷︷ ︸
>Po,m(U∗

m,t)

,

<
M−1

∑
||U∗

m,t||=0

P
||U∗

m,t||
e

(1 − Pe)||U
∗
m,t||−M+1

(
Q + K

K

)
PK+1

e Mmax
u︸ ︷︷ ︸

=Pmax
o,m (U∗

m,t)

,

<
M−1

∑
||U∗

m,t||=0

(
Q + K

K

)
P
||U∗

m,t||
e

(1 − Pe)||U
∗
m,t||−M+1

PK+1
e Mmax

u︸ ︷︷ ︸
=TUpper

o

. (A.43)
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We then define the value TUpper
o as

TUpper
o =

P
||U∗

m,t||
e

(1 − Pe)||U
∗
m,t||−M+1

PK+1
e Mmax

u ,

=
P
||U∗

m,t||
e

(1 − Pe)||U
∗
m,t||−M+1

P

=K=||Um,t ||k2︷ ︸︸ ︷
=||Um,t||︷ ︸︸ ︷(

M − ||U∗
m,t||

)
k2 +1

e Mmax
u . (A.44)

Accordingly, Inequality (A.43) becomes

Po <
M−1

∑
||U∗

m,t||=0

(
Q + K

K

)
TUpper

o . (A.45)

Furthermore, Inequality (A.45) can be rewritten as

Po <
M−1

∑
||U∗

m,t||=0

[(
Q + K

K

)
−

(
B + F

F

)]
TUpper

o︸ ︷︷ ︸
=∆

+
M−1

∑
||U∗

m,t||=0

(
B + F

F

)
TUpper

o︸ ︷︷ ︸
=χ

. (A.46)

Bearing in mind the fact that (Q+K
K ) ≤ (B+F

F ), the term ∆ defined in Inequality (A.46) always

conforms to an inequality as:

∆ < 0. (A.47)

Focusing our attention to the case of having ||U∗
m,t|| = (M − 1), we infer to the approximation as:

∆ ≤ ∆ |||U∗
m,t ||=M−1︸ ︷︷ ︸
=Ω

, (A.48)

where the term Ω is defined as:

Ω = ∆ |||U∗
m,t ||=M−1

,

=
[[(

Q + K
K

)
−

(
B + F

F

)]
TUpper

o

]
|||U∗

m,t ||=M−1

,

=
[[(

k1 − 1 + k2

k2

)
−

(
Mk1 − 1 + Mk2

Mk2

)]
TUpper

o

]
|||U∗

m,t ||=M−1

. (A.49)

Let us now reduce the term TUpper
o given by Equation (A.44). Consider the ratio Ro of two

consecutive terms TUpper
o ||U∗

m,t|| corresponding to two consecutive indices of ||U∗
m,t||, we define the

following ratio

Ro =
TUpper

o ||U∗
m,t||

TUpper
o ||U∗

m,t||+1

,

= Pk2−1
e (1 − Pe). (A.50)
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Hence, we can rewrite the term χ of Inequality (A.46) as follows

χ =
(

B + F
F

) M−1

∑
||U∗

m,t||=0
TUpper

o ||U∗
m,t||,

=
(

B + F
F

) (
TUpper

o M−1 + TUpper
o M−2 . . . + TUpper

o 0

)
,

=
(

B + F
F

) (
TUpper

o M−1 + TUpper
o M−1(Ro)1 + . . . + TUpper

o M−1(Ro)M−1
)

,

=
(

B + F
F

)
TUpper

o M−1

[
1 + (Ro)1 + . . . + (Ro)M−1

]
, (A.51)

where TUpper
o M−1 is formulated as

TUpper
o M−1 = PM−1+(M−M+1)k2+1

e (1 − Pe)M−1−(M−1)Mmax
u ,

= PM+k2
e Mmax

u . (A.52)

Again, let us exploit the series expansion of

Sk+1 − 1
S − 1

= 1 + S + S2 + · · · + Sk, (A.53)

where S is an arbitrary number.

Upon exploiting Equation (A.52) and Equation (A.53) in Equation (A.51), we finally obtain χ

as follows

χ = TUpper
o M−1

[
1 + (Ro)1 + . . . + (Ro)M−1

]
,

= TUpper
o M−1

[
(Ro)M − 1

Ro − 1

]
,

= PM+k2
e Mmax

u︸ ︷︷ ︸
=TUpper

o M−1

[
(Ro)M − 1

Ro − 1

]
. (A.54)

Upon employing the results of Equation (A.48) and Equation (A.54), we can further approxi-

mate Inequality (A.46):

Po <
M−1

∑
||U∗

m,t||=0

[(
Q + K

K

)
−

(
B + F

F

)]
TUpper

o︸ ︷︷ ︸
=∆

+
M−1

∑
||U∗

m,t||=0

(
B + F

F

)
TUpper

o︸ ︷︷ ︸
=χ

,

< Ω︸︷︷︸
≥∆

+
(

B + F
F

)
PM+k2

e Mmax
u

[
(Ro)M − 1

Ro − 1

]
︸ ︷︷ ︸

=χ︸ ︷︷ ︸
=PUpper

o

. (A.55)

Hence, we define the strict upper bound of the system’s outage probability as:

PUpper
o = Ω +

(
B + F

F

)
PM+k2

e Mmax
u

[
(Ro)M − 1

Ro − 1

]
, (A.56)

where the terms of Ω, Mmax
u and Ro are defined by Equation (A.49), Equation (A.34) and Equa-

tion (A.50), respectively.
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A.1.2.2 Lower bound of system’s outage probability

Below we repeat Inequality (A.10), which provides the formula for determining the lower bound

of system’s outage probability as

Po > (1 − Pe)M−1Po,m(U∗
m,t)|||U∗

m,t||=0 . (A.57)

By combining Inequality (A.57) and the approximation of Inequality (A.41) for expressing the

probability Po,m(U∗
m,t)|||U∗

m,t||=0, which is repeated as follows:

Po,m(U∗
m,t)|||U∗

m,t||=0 ≥
(

Mk1 + Mk2 − 1
Mk2

)
PMk2+1

e

[
( Pe

Mk1+Mk2−1)Mk1 − (1 − Pe)Mk1

Pe
Mk1+Mk2−1 + Pe − 1

]
,

(A.58)

we arrive at

Po > (1 − Pe)M−1Po,m(U∗
m,t)|||U∗

m,t||=0,

> (1 − Pe)M−1
(

Mk1 + Mk2 − 1
Mk2

)
PMk2+1

e

[
( Pe

Mk1+Mk2−1)Mk1 − (1 − Pe)Mk1

Pe
Mk1+Mk2−1 + Pe − 1

]
︸ ︷︷ ︸

=PLower
o

,

(A.59)

where we define PLower
o as the strict lower bound of the system’s outage probability, which is given

by

PLower
o =

(
Mk1 + Mk2 − 1

Mk2

)
PMk2+1

e

(1 − Pe)1−M

[
( Pe

Mk1+Mk2−1 )Mk1 − (1 − Pe)Mk1

Pe
Mk1+Mk2−1 + Pe − 1

]
. (A.60)



Appendix B
Modem Channel Emulator

The Modem Channel Emulator Method (MCEM) is used for avoiding repeating the same simula-

tion by employing simulation results previously produced. It is especially beneficial for running

simulation, in order to obtain performances of systems comprising a large number of transmission

links, namely the NCMN system presented in Figure 4.1 and the GNCMN system portrayed in

Figure 5.1. Hence, the MCEM was employed for obtaining the simulation results presented in

Chapter 4 and Chapter 5.

Assume that in a simulation we have transmitted N f number of frames, which were built from

Nb number of bits. The length L of the frame is given by

N =
Nb

N f
. (B.1)

The average FER given by simulation has to obey:

FER =
E f

N f
, (B.2)

where E f is the number of erroneous frames within the N f transmitted frames. Similarly, the

corresponding average BER has to satisfy:

BER =
Eb

Nb
, (B.3)

where Eb is the number of erroneous bits within the Nb number of transmitted bits.

It is desirable to calculate BER for a given transmitted frame, which is erroneous. We as-

sume that these erroneous bits are distributed equally to all erroneous frames, then the number of

erroneous bits within an erroneous frame is represented by:

E f
b =

Eb

E f
. (B.4)

Since we have the frame length N specified in (B.1), the BER f calculated for an erroneous frame
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is given by:

BER f =
E f

b
L

,

=
Eb/E f

Nb/N f
,

=
BER
FER

, (B.5)

If BER and FER are known by simulations, which have been conducted, then it is possible

to emulate the system without having to rerun the simulations. As a result, the operation of the

MCEM can be carried out by following two main steps.

1. Firstly, from the known FER, a new transmission frame is judged to be erroneous or not

by using a process briefly illustrated in Figure B.1. The FER is equal to the occurrence’s

probability Pe of an erroneous frame, which is proportional to the shaded region. An error-

free frame occurs with a probability of Pc = (1 − FER), which is also proportional to the

unshaded region. Then, this process is akin to throwing a stone/dart onto the circular chart

of Figure B.1. Accordingly, the frame will be considered erroneous if the stone lands on

the shaded region. By contrast, if the stone lands on the unshaded region, the frame is then

considered error free.

2. The second step in the emulation is as follows. If the frame is error free, then we do not

corrupt the frame. Otherwise, we need to decide if each of the bits within the frame is

erroneous. Similar to the manner conducted in the previous step for frames, we again can

corrupt the bits within the erroneous frame according the BER for the erroneous frame.

More specifically, we need to throw E f
b number of stones onto another circular chart, where

the shaded region is proportional to Pe = BER f . Each time a stone lands on the shaded

region, we corrupt one corresponding bit.

In order to obtain BER and FER associated with a given SNR value, which is between two

SNR points of the previous simulation, interpolation method can be applied to get the associated

BER and FER.
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Pc

Pc + Pe = 1

Pe

Figure B.1: Illustration of probabilities, where Pe is the probability of erroneous detection

and Pc is the probability of correct detection.



Appendix C
Adaptive mode 2: Performance Bound
of the System Performance

This section is dedicated to deriving in details the performance bounds of the GNCMN system

depicted in Figure 5.1. The GNCMN system comprises the Channel Code (CC) and Network

Coding 1 (NC1), where NC1 operates in the A2 mode detailed in Section 5.1.2.3. Note that we

presented an abstract version of the derivation in Section 5.2.2.2, hence the more concrete version

of the derivation will be presented in the following for the sake of interested readers.

In contrast to the A1 mode of Figure 5.1, it is suggested by Equation (5.59) and Equation (5.60)

that changing the number of parity frames k2 transmitted in the cooperative phases results in an

increased multiplexing gain at the cost of a reduced diversity gain. As a result of the decreased

diversity gain, the condition given in Equation (5.86) is no longer satisfied, thus the procedure used

for estimating the performance bounds associated with the A1 mode presented in Section 5.2.2.1

cannot be employed for formulating the performance bounds of the system employing the A2 mode.

Alternative, we need to derive the two components affecting the performance of the system,

namely the outage probability of the system associated with the reduced diversity gain and the

increased multiplexing gain achieved by activating the A2 mode. Accordingly,

• In Section C.1, the system’s outage probability corresponding to the scenario of applying the

A2 mode is formulated in Section C.1.

• In Section C.2, the important terms in the formula of the system’s outage probability derived

in Section C.1 are reduced for facilitating the derivations of the performance bounds.

• In Section C.3, the system’s performance bounds are derived by combining the two compo-

nents affecting the system performance.
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C.1 Outage Probability of the System Employing the A2 Mode

Let us now invoke the approach exploited in Section 4.5 for determining the performance bounds of

the system having the NC1 layer operating in the C mode of Figure 5.1. Let Um,t = {um,t, um,t ∈ [1, ..., M]}
for ∀m ∈ {1, ...M} be a set of user indices corresponding to the specific users that are able to cor-

rectly recover an Information Frame (IF) Im(t) transmitted from User m during time slot t. Note

that User m is always included in this set. Let us denote the number of members in the set of users

Um,t, which also represents the number of users capable of correctly detecting the information

frame Im(t) by ||Um,t||, and we always have

1 ≤ ||Um,t|| ≤ M , (C.1)

where we use ||A|| to represent the cardinality of the set A.

We then define the complement set of Um,t as U∗
m,t = {1, ..., M} r Um,t that comprises the

indices of those users that cannot correctly recover the information frame Im(t). Hence we have

||U∗
m,t|| = M − ||Um,t|| . (C.2)

Let Pe be the error probability of a single link corresponding to a given SNR. Assuming that

all the links/users in the network employ the same channel coding scheme, the probability that U∗
m,t

users cannot recover the information frame Im(t) is approximately P
||U∗

m,t||
e , which is accurate in the

high SNR region.

Let us denote the set of all IFs transmitted by the users in Um,t during the broadcast phases by

Um,t(I), including Im(t). Since each user broadcasts k1 number of frames, we have:

||Um,t(I)|| = k1||Um,t|| . (C.3)

Let us additionally define Dm,t = {dm,t, dm,t ∈ [1, ..., ||Um,t|| − 1]} as the set of user indices be-

longing to Um,t but excluding User m, provided that all the IFs transmitted by all users of Dm,t have

been successfully recovered by the BS by the end of BPs. Accordingly, we have [12]

||Um,t|| − ||Dm,t|| ≥ 1 . (C.4)

Bearing in mind Equation (5.59) and Equation (5.60), there are at least Γ frames containing the

IF transmitted by all the users of Um,t, where the value of Γ is specified by:

Γ = ||Um,t(I)|| + (||Um,t|| − ||Dm,t||)k2 + ||Dm,t|| , (C.5)

where the ||Um,t(I)|| IFs are transmitted during the broadcast phases, while the ||Um,t|| PFs are

transmitted during the cooperative phases. Taking Inequality (C.4) into consideration, we may

arrive at an approximation of Γ as:

||Um,t(I)|| + k2 + ||Um,t|| − 1 ≤ Y ≤ ||Um,t(I)|| + ||Um,t||k2 , (C.6)
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It was proved in [99,177] that there exist network codes that facilitate recovery of X information

frames, provided that at least X frames are correctly decoded at the BS. More specifically, the

network codewords of such network codes are supposed to be linearly independent for all possible

source-relay channel outage situations [179]. Hence, under the assumption of having Y linearly

independent frames received at the BS, a frame would be in outage only if at least (Y − X + 1)

frames out of Y frames were in outage, where X is the number of the IFs transmitted from the

sources. Then, it may be shown that the outage probability is given by:

PA2
m (U∗

m,t) = Pe ·

||Um,t(I)||−1

∑
i=0

(||Um,t(I)||+(||Um,t||−||Dm,t||)k2+||Dm,t||−1
(||Um,t||−||Dm,t||)k2+||Dm,t||+i )P||Um,t||k2+i

e

(1 − Pe)
i+1−||Um,t(I)||

 , (C.7)

where (||Um,t(I)||+(||Um,t||−||Dm,t||)k2+||Dm,t||−1
(||Um,t||−||Dm,t||)k2+||Dm,t||+i ) is the binomial coefficients. By substituting Inequal-

ity (C.6) into Equation (C.7), we arrive at :

PA2
m (U∗

m,t) ≥ Pe ·

||Um,t(I)||−1

∑
i=0

(||Um,t(I)||+||Um,t||k2−1
||Um,t||k2+i )P||Um,t||k2+i

e

(1 − Pe)
i+1−||Um,t(I)||


︸ ︷︷ ︸

=Pm(U∗
m,t)

, (C.8)

PA2
m (U∗

m,t) ≤ Pe ·

||Um,t(I)||−1

∑
i=0

(||Um,t(I)||+k2+||Um,t||−2
k2+||Um,t||−1+i )P||Um,t||k2+i

e

(1 − Pe)
i+1−||Um,t(I)||

 . (C.9)

For the sake of brevity, we define Q, V and K as:

Q = ||Um,t(I)|| − 1 = k1||Um,t|| − 1, (C.10)

V = k2 + ||Um,t|| − 1, (C.11)

K = k2||Um,t||. (C.12)

As a result, Inequality (C.8) may be rewritten as:

PA2
m (U∗

m,t) ≥ Pe ·

||Um,t(I)||−1

∑
i=0

(||Um,t(I)||+||Um,t||k2−1
||Um,t||k2+i )P||Um,t||k2+i

e

(1 − Pe)
i+1−||Um,t(I)||

 ,

≥
Q

∑
i=0

(
Q + K
K + i

)
PK+i+1

e (1 − Pe)
Q−i ,

≥
Q

∑
i=0

ΥA2
i , (C.13)

where the term ΥA2
i is defined as

ΥA2
i =

(
Q + K
K + i

)
PK+i+1

e (1 − Pe)
Q−i . (C.14)
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Accordingly, Inequality (C.9) can be rewritten as:

PA2
m (U∗

m,t) ≤ Pe ·

||Um,t(I)||−1

∑
i=0

(||Um,t(I)||+k2+||Um,t||−2
k2+||Um,t||−1+i )Pk2+||Um,t||−1+i

e

(1 − Pe)
i+1−||Um,t(I)||

 ,

≤
Q

∑
i=0

(
Q + V
V + i

)
PV+i+1

e (1 − Pe)
Q−i ,

≤
Q

∑
i=0

TA2
i , (C.15)

where the term TA2
i is defined as

TA2
i =

(
Q + V
V + i

)
PV+i+1

e (1 − Pe)
Q−i . (C.16)

However, there might be more than Γ frames [46,47,99,179], which contain the IFs transmitted

by all users of Um,t. If the availability of those extra frames is taken into account, we will have

PA2,true
m (U∗

m,t) ≤ PA2
m (U∗

m,t) , (C.17)

where PA2,true
m (U∗

m,t) is the true probability of outage for the information frame Im(t).

Notably, PA2,true
m (U∗

m,t) is the true outage probability for a given U∗
m,t. The system’s outage

probability PA2 for all possible U∗
m,t can be calculated by

PA2 =
M−1

∑
||U∗

m,t||=0

P
||U∗

m,t||
e

(1 − Pe)||U
∗
m,t||−M+1

PA2,true
m (U∗

m,t). (C.18)

Regarding the upper bound of PA2 specified in Equation (C.18), Inequality (C.9) and Inequal-

ity (C.17) may be substituted into Equation (C.18) in order to infer that

PA2 =
M−1

∑
||U∗

m,t||=0

P
||U∗

m,t||
e

(1 − Pe)||U
∗
m,t||−M+1

PA2,true
m (U∗

m,t),

≤
M−1

∑
||U∗

m,t||=0

P
||U∗

m,t||
e

(1 − Pe)||U
∗
m,t||−M+1

PA2
m (U∗

m,t),

≤
M−1

∑
||U∗

m,t||=0

P
||U∗

m,t||
e

(1 − Pe)||U
∗
m,t||−M+1

Q

∑
i=0

TA2
i . (C.19)

As regards to the lower bound, we can further employ the approximation of PA2
m (U∗

m,t) men-

tioned in Inequality (C.8) as

Pm(U∗
m,t) = Pe ·

||Um,t(I)||−1

∑
i=0

(||Um,t(I)||+||Um,t||k2−1
||Um,t||k2+i )P||Um,t||k2+i

e

(1 − Pe)
i+1−||Um,t(I)||

 , (C.20)

By focusing our attention on the region corresponding to a low Pe or small ||U∗
m,t||, we have

PA2 > (1 − Pe)M−1PA2,true
m (U∗

m,t)|||U∗
m,t||=0,

> (1 − Pe)M−1Pm(U∗
m,t)|||U∗

m,t||=0, (C.21)



C.2. Outage Probability of an Information Frame in Adaptive 2 228

where we exploited:

Pm(U∗
m,t)|||U∗

m,t||=0 = PA2,true
m (U∗

m,t)|||U∗
m,t||=0,

= Pe ·
[

Mk1−1

∑
i=0

(
Mk1 − 1 + Mk2

Mk2 + i

)
PMk2+i

e (1 − Pe)
Mk1−1−i

]
, (C.22)

Upon substituting Inequality (C.20) into Inequality (C.21), we arrive at

PA2 > (1 − Pe)M−1Pm(U∗
m,t)|||U∗

m,t||=0,

> (1 − Pe)M−1
Q

∑
i=0

ΥA2
i |||U∗

m,t||=0, (C.23)

where we have
Q

∑
i=0

ΥA2
i |||U∗

m,t||=0 =
Q

∑
i=0

(
E + F
F + i

)
PF+i+1

e (1 − Pe)
E−i . (C.24)

For the sake of brevity, we define E and F as

E = Mk1 − 1, (C.25)

F = Mk2. (C.26)

C.2 Outage Probability of an Information Frame in Adaptive 2

In order to derive the upper bound for the system’s probability PA2 of Equation (C.18), which con-

tains the PA2,true
m (U∗

m,t) referred to as the true probability of outage for the information frame Im(t),

we employ the connection between the two probabilities, namely PA2,true
m (U∗

m,t) and PA2
m (U∗

m,t),

represented in Inequality (C.17). Likewise, we may derive the lower bound of the system’s proba-

bility represented by Inequality (C.21) by considering the term PA2
m (U∗

m,t)|||U∗
m,t||=0.

Let us now specify the range of the outage probabilities PA2
m (U∗

m,t) of Equation (C.15) and

PA2
m (U∗

m,t)|||U∗
m,t||=0 of Equation (C.23). It is noted that the term TA2

i of Equation (C.16) and the

term ΥA2
i |||U∗

m,t||=0 of Equation (C.24) have an identical formulation, if we conceive values Q of

Equation (C.10), V of Equation (C.11) equivalent to E of Equation (C.25), F of Equation (C.26),

respectively. As a result, the close form for the term PA2
m (U∗

m,t) may be also applied for formu-

lating the term PA2
m (U∗

m,t)|||U∗
m,t||=0. Accordingly, let us consider a function f (n) as a ratio of two

consecutive terms in Equation (C.15), which is formulated as:

f (n) =
TA2

n+1

TA2
n

=
( Q+V

V+n+1)PV+n+1
e (1 − Pe)

Q−n−1

(Q+V
V+n)PV+n

e (1 − Pe)
Q−n

=
(Q − n)Pe

(V + n + 1)(1 − Pe)
, (C.27)

where we have TA2
n = (Q+V

V+n)PV+n+1
e (1 − Pe)

Q−n. Following a few steps, we can express the

derivative f
′(n) of the function f (n) with respect to the variable n as follows

f
′
(n) =

−(Q + V + 1)Pe

(V + n + 1)2(1 − Pe)
. (C.28)
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As seen in Equation (C.28), we have f
′(n) < 0 for ∀n ∈ {0, .., Q − 1}, which suggests that the

function f (n) increases, as long as the variable n decreases. Thus, we use the following series

expansion:

f (Q − 1) ≤ f (n) ≤ f (0),
Pe

(V + Q)(1 − Pe)
≤ f (n) ≤ QPe

(V + 1)(1 − Pe)
. (C.29)

Given an arbitrary number S, we have the equation

Sk+1 − 1
S − 1

= 1 + S + S2 + · · · + Sk. (C.30)

Furthermore, we can rewrite Equation (C.15) as

PA2
m (U∗

m,t) =
Q

∑
i=0

TA2
i ,

= TA2
0 + TA2

0 f (n) + TA2
0 [ f (n)]2 + · · · + TA2

0 [ f (n)]Q,

= TA2
0

[
1 + f (n) + [ f (n)]2 + · · · + [ f (n)]Q

]
, (C.31)

where we have TA2
0 = (Q+V

V )PV+1
e (1 − Pe)

Q, which transpires from the general formula of Equa-

tion (C.15). Upon substituting Equation (C.30) into Equation (C.31), we arrive at the outage prob-

ability expression PA2
m (U∗

m,t) as follows

PA2
m (U∗

m,t) = TA2
0

[ f (n)]Q+1 − 1
f (n) − 1

, (C.32)

Observe the probability PA2
m (U∗

m,t) in Equation (C.31) increases, as the function f (n) increases.

Taking Inequality (C.29) into account, we arrive at the following inequalities:

PA2
m (U∗

m,t) ≤ PA2
m (U∗

m,t)| f (n)= f (0),

≤ TA2
0

[ f (0)]Q+1 − 1
f (0) − 1

,

≤
(

Q + V
V

)
PV+1

e (1 − Pe)
Q︸ ︷︷ ︸

=TA2
0

[
[ f (0)]Q+1 − 1

f (0) − 1

]
, (C.33)

and

PA2
m (U∗

m,t) ≥ PA2
m (U∗

m,t)| f (n)= f (Q−1),

≥ TA2
0

[ f (Q − 1)]Q+1 − 1
f (Q − 1) − 1

,

≥
(

Q + V
V

)
PV+1

e (1 − Pe)
Q︸ ︷︷ ︸

=TA2
0

[
[ f (Q − 1)]Q+1 − 1

f (Q − 1) − 1

]
. (C.34)

Upon recalling Inequality (C.29), we may arrive at:

f (0) =

=βA2︷ ︸︸ ︷
Q

(V + 1)
Pe

(1 − Pe)
,

=
βA2 Pe

1 − Pe
, (C.35)
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and

f (Q − 1) =

=α︷ ︸︸ ︷
1

(V + Q)
Pe

(1 − Pe)
,

=
αPe

1 − Pe
, (C.36)

where we have βA2 = Q/(V + 1) and αA2 = 1/(V + Q). Upon substituting Equation (C.35)

into Inequality (C.33), we have

PA2
m (U∗

m,t) ≤
(

Q + V
V

)
PV+1

e (1 − Pe)
Q

=
(βA2

Pe)Q+1−(1−Pe)Q+1

(1−Pe)Q(βA2
Pe+Pe−1)︷ ︸︸ ︷ [ βA2 Pe

1−Pe
]Q+1 − 1

βA2 Pe

1−Pe
− 1

,

≤
(

Q + V
V

)
PV+1

e

[
(βA2 Pe)Q+1 − (1 − Pe)Q+1

βA2 Pe + Pe − 1

]
︸ ︷︷ ︸

=Mu,A2

. (C.37)

Similarly, by substituting f (Q − 1) of Equation (C.36) into Equation (C.34), we obtain

PA2
m (U∗

m,t) ≥
(

Q + V
V

)
PV+1

e (1 − Pe)
Q

=
(αA2

Pe)Q+1−(1−Pe)Q+1

(1−Pe)Q(αA2
Pe+Pe−1)︷ ︸︸ ︷ [ αA2 Pe

1−Pe
]Q+1 − 1

αA2 Pe

1−Pe
− 1

,

≥
(

Q + V
V

)
PV+1

e

[
(αA2 Pe)Q+1 − (1 − Pe)Q+1

αA2 Pe + Pe − 1

]
. (C.38)

Having formulated the range of the term PA2
m (U∗

m,t) in Inequality (C.37) and Inequality (C.38), let

us now dedicate Section C.2.1 to further simplifying the term Mu,A2 of Inequality (C.37) before

forming the upper bound of the PA2
m (U∗

m,t). Then, in Section C.2.2, the probability Pm(U∗
m,t)|||U∗

m,t||=0

of Equation (C.22) is also approximated for facilitating the lower bound derivations.

C.2.1 Approximation of the Probability PA2
m (U∗

m,t)

In order to further approximate the probability PA2
m (U∗

m,t) of Inequality (C.37), let us now consider

the term Mu in Inequality (C.37), where Mu,A2 may be rewritten as:

Mu,A2 =
(1 − Pe)Q+1 − (βA2 Pe)Q+1

1 − Pe − βA2 Pe
. (C.39)

Paying more attention to the case of Pe << 1 in Equation (C.39) leads to the expressions (1 −
Pe)Q+1 < (1 − Pe) and (βA2 Pe)Q+1 ≈ 0. We can then take these expressions into consideration

to arrive at the following approximation

Mu,A2 <
1 − Pe

1 − Pe − βA2 Pe︸ ︷︷ ︸
=Mu1,A2

. (C.40)
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where Mu1,A2 is reformulated as

Mu1,A2 =
1 − Pe

1 − Pe − βA2 Pe
,

= 1 +
βA2 Pe

1 − Pe − βA2 Pe
. (C.41)

According to Equation (C.10) and Equation (C.11), the value βA2 of Equation (C.35) may be ex-

pressed as

βA2 =
Q

V + 1
,

=
||Um,t(I)|| − 1

k2 + ||Um,t|| − 1 + 1
,

=
||Um,t||k1 − 1
k2 + ||Um,t||

. (C.42)

It is plausible that βA2 of Equation (C.42) increases upon increasing the cardinality ||Um,t||, where

||Um,t|| ∈ [1, ..., M]. Hence, we can infer that

βA2 ≤ βA2 |||Um,t||=M,

≤ Mk1 − 1
k2 + M︸ ︷︷ ︸
=βmax

A2

, (C.43)

where we have

βmax
A2

=
Mk1 − 1
k2 + M

. (C.44)

Observing the term Mu1,A2 in Equation (C.41), we find that the term Mu1,A2 increases, as the value

of β increases, provided that Pe << 1. Hence, we can infer from Equation (C.41) that

Mu1,A2 ≤ Mu1,A2 |β=βmax ,

≤ 1 +
Mk1−1
k2+M Pe

1 − Pe − Mk1−1
k2+M Pe︸ ︷︷ ︸

=Mmax
u,A2

, (C.45)

where Mmax
u,A2

is represented as

Mmax
u,A2

= 1 +
Mk1−1
k2+M Pe

1 − Pe − Mk1−1
k2+M Pe

. (C.46)

By combining Inequality (C.40) and Inequality (C.45), we come up with

Mu,A2 < Mu1,A2 ≤ Mmax
u,A2

,

Mu,A2 < Mmax
u,A2

. (C.47)

Substituting Mmax
u,A2

of Equation (C.46) into Inequality (C.47), we arrive at

Mu,A2 < 1 +
Mk1−1
k2+M Pe

1 − Pe − Mk1−1
k2+M Pe︸ ︷︷ ︸

=Mmax
u,A2

. (C.48)
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Then substituting Mu,A2 given by Inequality (C.48) into Inequality (C.37) yields:

PA2
m (U∗

m,t) ≤
(

Q + V
V

)
PV+1

e

[
(βPe)Q+1 − (1 − Pe)Q+1

βPe + Pe − 1

]
︸ ︷︷ ︸

=Mu,A2

,

<

(
Q + V

V

)
PV+1

e

[
1 +

Mk1−1
k2+M Pe

1 − Pe − Mk1−1
k2+M Pe

]
︸ ︷︷ ︸

=Mmax
u,A2︸ ︷︷ ︸

=Pmax,A2
m (U∗

m,t)

, (C.49)

where the maximum value Pmax,A2
m (U∗

m,t) of the probability PA2
m (U∗

m,t) is given by

Pmax,A2
m (U∗

m,t) =
(

Q + V
V

)
PV+1

e

[
1 +

Mk1−1
k2+M Pe

1 − Pe − Mk1−1
k2+M Pe

]
︸ ︷︷ ︸

=Mmax
u,A2

,

=
(

Q + V
V

)
PV+1

e Mmax
u,A2

. (C.50)

C.2.2 Approximation of the probability Pm(U∗
m,t)|||U∗

m,t||=0

As afore-mentioned, we may exploit the similarity in the formulae of PA2
m (U∗

m,t) given in Equa-

tion (C.15) and of PA2
m (U∗

m,t)|||U∗
m,t||=0 provided by Equation (C.23), in order to approximate the

probability Pm(U∗
m,t)|||U∗

m,t||=0. The approximation is then employed for deriving the system’s

lower bound in Section C.3.2.

For convenience, let us repeat Inequality (C.38) here as follows

PA2
m (U∗

m,t) ≥
(

Q + V
V

)
PV+1

e

[
(αA2 Pe)Q+1 − (1 − Pe)Q+1

αA2 Pe + Pe − 1

]
, (C.51)

where we have αA2 = 1/(Q + V). Upon replacing Q and V in Inequality (C.51) by E and F,

respectively, into Inequality (C.51), Equation (C.22) may be rewritten as:

PA2
m (U∗

m,t)|||U∗
m,t||=0 = Pe ·

[
Mk1−1

∑
i=0

(
Mk1 − 1 + Mk2

Mk2 + i

)
PMk2+i

e (1 − Pe)
Mk1−1−i

]
,

=
E

∑
i=0

(
E + F
F + i

)
PF+i+1

e (1 − Pe)
E−i ,

≥
(

E + F
F

)
PF+1

e

[
(α

′
A2

Pe)Q+1 − (1 − Pe)Q+1

α
′
A2

Pe + Pe − 1

]
, (C.52)

where we have α
′
A2

= 1/(E + F). We further substitute E = Mk1 − 1 into Equation (C.52) to

arrive at

PA2
m (U∗

m,t)|||U∗
m,t||=0 ≥

(
Mk1 + F − 1

F

) PF+1
e

[
( Pe

Mk1+F−1 )Mk1 − (1 − Pe)Mk1

]
Pe

Mk1+F−1 + Pe − 1
.

(C.53)
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C.3 Adaptive mode 2: Upper and Lower Bounds

In this section, we use the probability Pmax,A2
m (U∗

m,t) of Equation (C.50) and the bound of PA2
m (U∗

m,t)|||U∗
m,t||=0

given by Inequality (C.53) for deriving the upper bound and lower bound of the system’s outage

probability Po.

C.3.1 Upper bound in Adaptive mode 2

This section is dedicated to the derivation of formula for the upper bound of the system’s outage

probability determined by Inequality (C.19), which is repeated here for convenience:

PA2 ≤
M−1

∑
||U∗

m,t||=0

P
||U∗

m,t||
e

(1 − Pe)||U
∗
m,t||−M+1

PA2
m (U∗

m,t), (C.54)

By substituting Pmax,A2
m (U∗

m,t) given in Equation (C.50) into Inequality (C.54), we arrive at:

PA2 <
M−1

∑
||U∗

m,t||=0

P
||U∗

m,t||
e

(1 − Pe)||U
∗
m,t||−M+1

Pmax,A2
m (U∗

m,t)︸ ︷︷ ︸
>PA2

m (U∗
m,t)

,

<
M−1

∑
||U∗

m,t||=0

P
||U∗

m,t||
e

(1 − Pe)||U
∗
m,t||−M+1

(
Q + V

V

)
PV+1

e Mmax
u,A2︸ ︷︷ ︸

=Pmax,A2
m (U∗

m,t)

,

<
M−1

∑
||U∗

m,t||=0

(
Q + V

V

)
P
||U∗

m,t||
e

(1 − Pe)||U
∗
m,t||−M+1

PV+1
e Mmax

u,A2︸ ︷︷ ︸
=TUpper

o,A2

. (C.55)

We then define the value TUpper
o,A2

as

TUpper
o,A2

=
P
||U∗

m,t||
e

(1 − Pe)||U
∗
m,t||−M+1

P

=k2+||Um,t ||−1︷︸︸︷
V +1

e Mmax
u,A2

,

=
Pk2+M

e

(1 − Pe)||U
∗
m,t||−M+1

Mmax
u,A2

. (C.56)

Accordingly, Inequality (C.55) becomes

PA2 <
M−1

∑
||U∗

m,t||=0

(
Q + V

V

)
TUpper

o,A2
. (C.57)

Furthermore, Inequality (A.43) can be rewritten as

Po <
M−1

∑
||U∗

m,t||=0

[(
Q + V

V

)
−

(
E + G

G

)]
TUpper

o,A2︸ ︷︷ ︸
=∆A2

+
M−1

∑
||U∗

m,t||=0

(
E + G

G

)
TUpper

o,A2︸ ︷︷ ︸
=χA2

, (C.58)
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where G is defined as

G = k2 + M − 1 . (C.59)

Bearing in mind the fact that (Q+V
V ) ≤ (E+G

G ), the term ∆ A2 defined by Inequality (C.58)

always satisfies

∆ A2 < 0. (C.60)

Paying more attention to the case of having ||U∗
m,t|| = (M − 1), we infer the following bound:

∆ A2 ≤ ∆
A2 |||U∗

m,t ||=M−1︸ ︷︷ ︸
=ΩA2

, (C.61)

where the term ΩA2 is defined as:

ΩA2 = ∆
A2 |||U∗

m,t ||=M−1
,

=
[[(

Q + V
V

)
−

(
E + G

G

)]
TUpper

o,A2

]
|||U∗

m,t ||=M−1

,

=
[[(

k1 − 1 + k2 + 1 − 1
k2

)
−

(
Mk1 − 1 + k2 + M − 1

k2 + M − 1

)]
TUpper

o,A2

]
|||U∗

m,t ||=M−1

,

=
[[(

k1 + k1 − 1
k2

)
−

(
Mk1 − 2 + k2 + M

k2 + M − 1

)]
TUpper

o,A2

]
|||U∗

m,t ||=M−1

,

=
[(

k1 + k2 − 1
k2

)
−

(
Mk1 − 2 + k2 + M

k2 + M − 1

)]
Pk2+M

e Mmax
u,A2

. (C.62)

Let us now reduce the χA2 of Inequality (C.58) containing the term TUpper
o,A2

given by Equa-

tion (C.56), which may be reduced by considering the ratio Ro,A2 of two consecutive terms TUpper
o,A2 ||U∗

m,t||
corresponding to two consecutive indices of ||U∗

m,t||, yielding

Ro,A2 =
TUpper

o,A2 ||U∗
m,t||

TUpper
o,A2 ||U∗

m,t||+1

,

= 1 − Pe. (C.63)

Accordingly, we can rewrite the term χA2 of Inequality (C.58) as follows

χA2 =
(

E + G
G

) M−1

∑
||U∗

m,t||=0
TUpper

o,A2 ||U∗
m,t||

,

=
(

E + G
G

) (
TUpper

o,A2 M−1
+ TUpper

o,A2 M−2
. . . + TUpper

o,A2 0

)
,

=
(

E + G
G

) (
TUpper

o,A2 M−1
+ TUpper

o,A2 M−1
(Ro,A2)

1 + . . . + TUpper
o,A2 M−1

(Ro,A2)
M−1

)
,

=
(

E + G
G

)
TUpper

o,A2 M−1

[
1 + (Ro,A2)

1 + . . . + (Ro,A2)
M−1

]
, (C.64)
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where TUpper
o,A2 M−1

is formulated as

TUpper
o,A2 M−1

= Pk2+M
e Mmax

u,A2
, (C.65)

and Mmax
u,A2

is given by Equation (C.46).

Again, we exploit the series expansion of

Sk+1 − 1
S − 1

= 1 + S + S2 + · · · + Sk, (C.66)

where S is an arbitrary number. By substituting Equation (C.65) and Equation (C.66) into Equa-

tion (C.64), we arrive at

χA2 =
(

E + G
G

)
TUpper

o,A2 M−1

[
1 + (Ro,A2)

1 + . . . + (Ro,A2)
M−1

]
,

=
(

E + G
G

)
TUpper

o,A2 M−1

[
(Ro,A2)

M − 1
Ro,A2 − 1

]
,

=
(

E + G
G

)
Pk2+M

e Mmax
u,A2

[
(Ro,A2)

M − 1
Ro,A2 − 1

]
,

=
(

k1M + k2 + M − 2
k2 + M − 1

)
Pk2+M

e Mmax
u,A2

[
(Ro,A2)

M − 1
Ro,A2 − 1

]
. (C.67)

Upon employing the results of Equation (C.61) and Equation (C.67), we can further approximate In-

equality (C.58) as

PA2 <
M−1

∑
||U∗

m,t||=0

[(
Q + V

V

)
−

(
E + G

G

)]
TUpper

o,A2︸ ︷︷ ︸
=∆ A2

+
M−1

∑
||U∗

m,t||=0

(
E + M

M

)
TUpper

o,A2︸ ︷︷ ︸
=χA2

,

< ΩA2︸︷︷︸
≥∆ A2

+
(

E + G
G

)
Pk2+M

e Mmax
u,A2

[
(Ro,A2)

M − 1
Ro,A2 − 1

]
︸ ︷︷ ︸

=χA2︸ ︷︷ ︸
=PU,A2

,

<

[(
k1 + k2 − 1

k2

)
−

(
Mk1 − 2 + k2 + M

k2 + M − 1

)]
Pk2+M

e Mmax
u,A2︸ ︷︷ ︸

=ΩA2

+
(

k1M + k2 + M − 2
k2 + M − 1

)
Pk2+M

e Mmax
u,A2

[
(Ro,A2)

M − 1
Ro,A2 − 1

]
︸ ︷︷ ︸

=χA2

,

< ΩA2 + χA2︸ ︷︷ ︸
=PU,A2

, (C.68)

where Mmax
u,A2

and Ro,A2 are defined in Equation (C.46) and Equation (C.63), respectively, while

the probability PU,A2 is given by:

PU,A2 = ΩA2 + χA2 . (C.69)
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Notably, the outage probability of the network coding system supported by the A2 mode is also

affected by the multiplexing gain Ω2, which is given by Equation (5.66) as:

Ω2 =
k1 + k2

k1 + k2

(
1 − (1 − Pe)

Mk1
)
− (1 − Pe)

k1 (k2 − 1)
(

1 − (1 − Pe)
(M−1)k1

) .(C.70)

Bearing in mind the influence of both the diversity and multiplexing aspects, the upper bound

of the system’s outage probability in the A2 mode may be expressed as:

Ω2PA2︸ ︷︷ ︸
=PA2

o

< Ω2PA2,U︸ ︷︷ ︸
=PA2,Upper

o

, (C.71)

where PA2
o is the system’s outage probability when A2 is activated, while PA2,Upper

o is the corre-

sponding upper bound of PA2
o .

C.3.2 Lower bound in Adaptive mode 2

For convenience, let us repeat Inequality (C.21) here, which formulates the lower bound of the

system’s outage probability as

PA2 > (1 − Pe)M−1PA2
m (U∗

m,t)|||U∗
m,t||=0 . (C.72)

Again, for convenience, let us repeat the Inequality (C.53) formulating the bound of the probability

Pm(U∗
m,t)|||U∗

m,t||=0:

PA2
m (U∗

m,t)|||U∗
m,t||=0 ≥

(
Mk1 + M − 1

M

)
PM+1

e

[
( Pe

Mk1+M−1 )Mk1 − (1 − Pe)Mk1

Pe
Mk1+M−1 + Pe − 1

]
,

(C.73)

By combining Inequality (C.72) and Inequality (C.73), we obtain the following

PA2 > (1 − Pe)M−1PA2
m (U∗

m,t)|||U∗
m,t||=0,

> (1 − Pe)M−1
(

Mk1 + M − 1
M

)
PM+1

e

[
( Pe

Mk1+M−1)Mk1 − (1 − Pe)Mk1

Pe
Mk1+M−1 + Pe − 1

]
︸ ︷︷ ︸

=PL,A2

,

(C.74)

where we define PL,A2 as the strict lower bound of the system’s outage probability, which is given

by

PL,A2 =
(

Mk1 + M − 1
M

)
PM+1

e
(1 − Pe)1−M

[
( Pe

Mk1+M−1)Mk1 − (1 − Pe)Mk1

Pe
Mk1+M−1 + Pe − 1

]
. (C.75)

Similarly to the above derivation of the upper bound expressed in Inequality (C.71), the sys-

tem’s outage probability is also affected by the associated multiplexing aspects. Hence, the lower
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bound of the system’s outage probability in the A2 mode may be represented by:

Ω2PA2,L︸ ︷︷ ︸
=PA2,Lower

o

< Ω2PA2︸ ︷︷ ︸
=PA2

o

, (C.76)

where PA2
o is the system’s outage probability when A2 is activated, while PA2,Lower

o is the corre-

sponding lower bound of PA2
o . Combining Inequality (C.71) and Inequality (C.76), we have

Ω2PA2,L︸ ︷︷ ︸
=PA2,Lower

o

< Ω2PA2︸ ︷︷ ︸
=PA2

o

< Ω2PA2,U︸ ︷︷ ︸
=PA2,Upper

o

, (C.77)

where PA2,Lower
o and PA2,Upper

o are the corresponding lower and upper bounds of PA2
o , respectively.

Finally, the probabilities PA2,U , PA2,L and Ω2 are given by Equation (C.69), Equation (C.75) and

Equation (C.70), respectively.



Appendix D
Additional Results

D.1 The FER-versus-SNR performance of the A1 and A2 modes

This section presents the SNR-versus-FER performance of the system of Figure 5.1 discussed in

Section 5.3.2.2 regarding the multiplexing gain versus diversity gain in the adaptive network cod-

ing. More specifically, Figure D.1 characterises the G4×8 based systems in both the non-coherent

and coherent scenarios, which were presented in Figure 5.5. As seen in Figure D.1, the FER vs

SNR performance curves of the C mode and the A1 mode are identical, hence there is no change in

diversity gain, when the system switches to the A1 mode from the C mode of Figure 5.1. As a re-

sult, a diversity gain of zero is seen in Figure 5.5. By contrast, when switching to the A2 mode from

the C mode, a degradation is experienced in the FER vs SNR performance, as seen in Figure D.1.

As a result, a negative diversity gain is observed in Figure 5.5.
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(a) Coherent IrCC-URC-QPSK scheme

Figure D.1: The FER-versus-SNR performance reflecting the diversity gain of the system

portrayed in Figure 5.1. The system comprise the Channel Coding (CC) and Network

Coding 1 (NC1) layers, where the NC1 layer employed the G4×8 matrix operating in

both the A1 and A2 modes. The CC layer was supported by both the non-coherent IrCC-

URC-DPSK scheme and coherent IrCC-URC-QPSK scheme, for supporting the Nsub = 1

sub-frame transmission regime over wireless channels influenced by both the uncorrelated

Rayleigh and block Rayleigh fadings, as presented in Figure 5.5.
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