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The Question

For a dynamical system represented by a set of
input output pairs, how should we define initial
conditions to discuss robust stability?
•Adding nonzero initial conditions to the purely
I/O theory, e.g., Georgiou & Smith [1];

•Turning ISS/IOS theory of Sontag et al. [2] into
a purely I/O theory.

Signal Spaces & System

Signal spaces. Given normed signal space V (e.g.,
L∞(R)), τ ∈ ℝ and ω ∈ (τ,∞], we let (detailed
definition not given here).
•V+

[τ ] ≜ ℙ+
τ V (e.g., L∞[τ,∞));

•V [τ, ω): interval space (e.g., L∞[τ, ω));
•V[τ,ω): contains unbounded signal (e.g., Le∞[τ, ω));
•V+

a[τ ] ≜
∪
t>τ V[τ,t): ambient space.

where ℙ+
τ is an operator which maps time function

f : (t1, t2) → ℝn to time function g : [τ, t2) → ℝn

such that f
∣∣∣[τ,t2) = g. (τ ∈ (t1, t2) ⊂ [−∞,+∞]).

We can similarly define ℙ−τ (i.e., if dom(f ) = (t1, t2),
then dom(ℙ−τ f ) = (t1, τ )) and V−a[τ ]. Let

Va[τ ] ≜ V+
a[τ ] ⊕ V−a[τ ]. (1)

System. Given normed signal spaces U ,Y , W ≜
U × Y and initial time t0 ∈ ℝ and △> 0, a system
Q is defined to be the behaviour denoted by BQ[t0]:⎧⎨⎩w ∈ Wa[t0]

∣∣∣∣∣w = (u, y)T is input-output
pair of Q, t0− △∈ dom(w)

⎫⎬⎭ (2)

The system Q is said to be well defined if
1 the input u is free, i.e., for all u ∈ Ua[t0] with
t0− △∈ dom(u), there exists a y ∈ Ya[t0] such
that (u, y)T ∈ Wa[t0] is an input-output pair of Q.

2 for any w = (u, y)T and w̃ = (ũ, ỹ)T in BQ[t0], if
ℙ−t0w = ℙ−t0w̃ and ℙ+

t0
u = ℙ+

t0
ũ, then ℙ+

t0
y = ℙ+

t0
ỹ.

An operator Φ : U+
a[t0]→ Y

+
a[t0] is said to be causal if⎧⎨⎩∀ u, v ∈ U

+
a[t0],

∀t ∈ dom(u, v,Φu,Φv) :
⎡⎣ ℙ−t u = ℙ−t v =⇒
ℙ−t (Φu) = ℙ−t (Φv)

⎤⎦
Awell defined systemQ is said to be causal if the fol-
lowing natural defined operators in (3) are all causal.

Initial Conditions

For a well defined system Q, we know that ∀w− ∈
B−Q[t0] ≜ ℙ−t0BQ[t0], ∀u+ ∈ U+

a[t0], there exists one and
only one y+ ∈ Y+

a[t0] such that w−⊕w+ ∈ BQ[t0] with
w+ = (u+, y+)T . Thus for any fixed w− ∈ B−Q[t0],
we can naturally define an operator Qw− by:

Qw− : U+
a[t0]→ Y

+
a[t0], u+ 7→ y+. (3)

Next we define an equivalence relation ∼ on B−Q[t0]
as follows: for any w−, w̃− ∈ B−Q[t0], we say

w− ∼ w̃− if and only if Qw− = Qw̃− (4)
The set of all equivalence classes in B−Q[t0] related to
∼ is denoted as SQ[t0] called the initial state space
of Q. Note that for any xt0 ∈ SQ[t0], we can easily
define an operator Qxt0

: U+
a[t0]→ Y

+
a[t0] from (3).

The size of any initial state in SQ[t0] is character-
ized by the following defined real valued function
d : SQ[t0] → ℝ≥0, for any xt0 ∈ SQ[t0], define

d(xt0) ≜ inf
w−∈xt0

‖w−‖[t0−△, t0] (5)

Closed-loop System
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Fig. 1: Closed-loop system [P,C]. wi = (ui, yi)T ,
(i = 0, 1, 2), w0 = w1 + w2, w1 ∈ BP [t0], w2 ∈ BC[t0]

Let behaviours BP [t0] with initial state space SP [t0]
and BC[t0] with initial state space SC[t0] represent
two well defined subsystems called the plant P and
controller C, respectively.
The closed-loop system [P,C] represented by the
behaviour BP//C[t0] is defined as the interconnection
of the plant P and controller C shown in Fig. 1:⎧⎨⎩

⎛⎝w0
w1

⎞⎠ ∈ W2
a[t0]

∣∣∣∣∣∣∣∣
w0 is input, w1 ∈ BP [t0],

w0 − w1 ∈ BC[t0]

⎫⎬⎭ (6)

It is natural to define the initial state of the closed
loop system [P,C] by SP [t0] × SC[t0], here we do
not require [P,C] to be well defined. The size of
any element in the product space SP [t0] × SC[t0] is
defined in the usual way.

Well-posedness of [P,C]

Fixed any xt0 ∈ SP [t0] × SC[t0]. For any w0+ ∈ W+
[t0], a pair (w1+, w2+) ∈ B+

P [t0] ×B+
C[t0] is a solution if it

satisfies w0+ = w1+ + w2+ (see Fig. 1) on time domain of dom(w1+, w2+). The closed-loop system [P,C] is
said to have the existence property if ∀xt0,∀w0+, the solution exists. [P,C] is said to have the uniqueness
property if ∀xt0,∀w0+, any two solutions equal at any same time domain. To define the following closed-loop
operator in (7) for any fixed xt0, we let (w1+, w2+) be the solution with maximal time domain of existence:

Πxt0
P//C :W+

[t0]→W
+
a[t0], w0+ 7→ w1+. (7)

[P,C] is said to be well-posed if it has the existence and uniqueness properties and Πxt0
P//C is causal for any

xt0. We next define the graph GP of the plant P and the graph GC of the controller C respectively by
GP ≜W+

[t0−△] ∩BP [t0], GC ≜W+
[t0−△] ∩BC[t0].

The Idea

The initial state space is defined by a set of equivalent classes of past input-output signals up to initial
time. The size of any initial state is defined by the smallest input-output pairs in terms of norm in that
corresponding equivalent class. A robust stability theorem with initial conditions is then given.

Robust Stability Theorem

Theorem. Given normed signal spaces U ,Y , W ≜ U × Y , initial time t0 ∈ ℝ and △> 0. Let P denoted
by BP [t0] with initial state space SP [t0] and C denoted by BC[t0] with initial state space SC[t0] be causal
well defined systems representing the nominal plant and the controller, respectively. Suppose that [P,C] is
well-posed relatively continuous and time-invariant. Let [P,C] be input to output stable, i.e., there exist
functions β(·, ·) ∈ KL and γ(·) ∈ K∞ such that, ∀xt0 = (x1t0, x2t0)T ∈ SP [t0]×SC[t0], ∀w0+ ∈ W+

[t0], ∀t > t0,∣∣∣∣(Πxt0
P//Cw0+)(t)

∣∣∣∣ ≤ β (d(xt0), t− t0) + γ(‖w0+‖[t0,t)), (8)

Let P̃ denoted byBP̃ [t0] with initial state spaceSP̃ [t0] be causal well defined system representing the perturbed
plant of P . If [P̃ , C] has the uniqueness property, and there exists a causal surjective operator Φ : GP → GP̃
and functions β0(·, ·) ∈ KL, σ(·) ∈ K∞, σ0(·) ∈ K∞, such that, ∀t > h ≥ t0, ∀w ∈ GP ,

‖Φw‖[t0−△,t0] ≥ σ−1
0 (‖w‖[t0−△,t0]), (9)

|((Φ− I)w)(t)| ≤ β0(‖w‖[t0−△,h] , t− h) + σ(‖w‖[h,t)). (10)
and ℙ−t (Φ− I) is compact for any t ≥ t0, and if there exist two functions ρ(·), ε(·) of class K∞ such that

σ ◦ (I + ρ) ◦ γ(s) ≤ (I + ε)−1(s), ∀s ≥ 0. (11)
Then the closed loop system [P̃ , C] is also input to output stable, i.e., there exist functions β̃(·, ·) ∈ KL and
γ̃(·) ∈ K∞ such that, ∀x̃t0 ∈ SP̃ [t0] ×SC[t0], ∀w̃0+ ∈ W+

[t0], ∀t > t0,∣∣∣∣(Πx̃t0
P̃ //C

w̃0+)(t)
∣∣∣∣ ≤ β (d(x̃t0), t− t0) + γ(‖w̃0+‖[t0,t)). (12)
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