
PHYSICAL REVIEW E APRIL 2000VOLUME 61, NUMBER 4
Fluid flow induced by nonuniform ac electric fields in electrolytes on microelectrodes.
I. Experimental measurements
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Under the influence of an ac electric field, electrolytes on planar microelectrodes exhibit fluid flow. The
nonuniform electric field generated by the electrodes interacts with the suspending fluid through a number of
mechanisms, giving rise to body forces and fluid flow. This paper presents the detailed experimental measure-
ments of the velocity of fluid flow on microelectrodes at frequencies below the charge relaxation frequency of
the electrolyte. The velocity of latex tracer particles was measured as a function of applied signal frequency
and potential, electrolyte conductivity, and position on the electrode surface. The data are discussed in terms of
a linear model of ac electroosmosis: the interaction of the nonuniform ac field and the induced electrical double
layer.

PACS number~s!: 82.70.Dd, 47.65.1a, 82.45.1z, 85.90.1h
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I. INTRODUCTION

The ac electrokinetic manipulation of particles is rapid
becoming a major area of research, with particular appl
tions in biotechnology. The techniques employed in this fi
allow characterization, identification, and separation of d
ferent particle types in solution quickly and efficiently@1–3#.
Recently, these methods have been applied to the su
crometer scale for the characterization and separation o
tex spheres@4–6#, viruses@7–9#, DNA, and proteins@10#.
The electric fields are applied to particles in solution by m
croelectrodes fabricated using semiconductor-manufactu
processes@11#. The high electric field strengths can indu
fluid flow, and such flows have been observed in many
electrokinetic experiments@9,12#.

This paper describes a recently identified fluid flow whi
is observed at low frequencies~below ;1 MHz! @12#. On
coplanar electrodes, the direction of this flow is always p
pendicular to the electrode edge, driving fluid onto the el
trode surface. This type of flow has been used for the se
ration of submicrometer particles@13#. It has been
demonstrated that the fluid flow cannot be explained by e
trothermal mechanisms@12#; instead the mechanism of ele
troosmosis has been postulated as the origin@14,15#. Electro-
osmotic flow arises from the force exerted on the electr
double layer by a tangential electric field@16#. In the planar
microelectrode arrays used for ac electrokinetics, diverg
electric fields are generated, and as a result a compone
the electric field lies tangential to the electrical double la
which is induced on the electrode surface. Therefore, ion
the diffuse double layer experience a force that has a t
average that acts from the edge, across the surface o
electrode. This mechanism has been termed ac ele
osmosis@14,15#.

This paper presents details of the fluid velocity measu
using titanium microelectrodes, over a wide range of exp
mental conditions. The velocity data are presented as a f
PRE 611063-651X/2000/61~4!/4011~8!/$15.00
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tion of applied signal frequency, potential, electrolyte co
ductivity, and distance from the electrode edge. In order
characterize the frequency variation of the double layer,
impedance of the microelectrodes was measured. Prev
observations@14,15# have indicated the importance of ele
trode polarization@17# in the mechanism responsible for th
fluid flow. The results are compared to a circuit model whi
qualitatively describes the ac electro-osmotic flow@15#.

II. EXPERIMENTAL METHOD

Measurements of fluid motion were made on microel
trode structures fabricated using microelectronic manufac
ing techniques. Pairs of plate electrodes were fabricated
planar glass substrate~microscope slide! using photolithog-
raphy @11#, consisting of layers of 10-nm titanium, 100-n
gold, and 20-nm titanium. The purpose of the top layer
titanium was to reduce the effects of corrosion at low f
quencies and high potentials. The electrodes were 2 mm
and 100mm wide, and the gap between the electrodes w
25 mm. A photograph of an electrode array is shown in F
1~a!, with a schematic diagram in Fig. 1~b!.

ac signals were provided by a function generator~Thurlby
Thandar Inst. TG120, RS components, UK! and the voltage
and frequency measured independently using a digital os
loscope~Hewlett-Packard, USA!. Three different concentra
tions of KCl in water were used for the electrolytes wi
conductivities measured using a Hewlett-Packard impeda
analyzer HP4192A and a conductivity cell~Semtec, UK!.
The impedance of the electrodes when covered in electro
was also measured using the impedance analyzer. Su
crometer fluorescently loaded latex spheres of two differ
sizes, 557- and 216-nm diameters, were used as tracer
ticles to measure fluid velocity. Particle movement was o
served using a fluorescence microscope~Nikon Microphot!,
and recorded using a digital camera andS-VHS video~JVC!.
The video was transferred to a computer and analyzed fr
4011 © 2000 The American Physical Society
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4012 PRE 61N. G. GREENet al.
by frame to give data in the form of individual particle p
sition as a function of time.

III. RESULTS

A. Impedance measurements

For ease of reference, the three solutions of KCl will
referred to asA, B, andC. The conductivities of the electro
lytes were measured~at 20 °C! as A: 2.131023 Sm21; B:
8.631023 Sm21; andC: 8.431022 Sm21. In order to char-
acterize the polarization of the electrodes, and therefore
variation in potential dropped across the double layer and
electrolyte, the impedance of the electrode array when c
ered with electrolyte was measured as a function of
quency. Taking the total impedance of the system to b
capacitor and resistor in parallel, the capacitance and
conductance were determined as a function of frequen
The results are shown in Fig. 2. The limiting values at h
frequencies correspond to the capacitance and conduct
of the bulk electrolyte, since double-layer effects from t
electrode-fluid interface are not present at these frequen
Deviation from the bulk values at lower frequencies is due
the polarization of the electrodes@17#.

B. Observed particle movement

Movement of the two different sizes of particles was o
served simultaneously over a range of applied voltages
frequencies in each electrolyte. A schematic diagram of
observed particle trajectories for a fixed voltage is shown
Fig. 3~a!. At high frequencies, movement was only observ

FIG. 1. ~a! A photograph of the coplanar plate microelectro
array used in this paper. The two electrodes are 2 mm long and
mm wide, and separated by a 25-mm gap.~b! A schematic diagram
of the coplanar plate microelectrode array showing the definition
the axes used in the theory.
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close to the electrode edge, and particles collected in a b
on the electrode surface before dispersing much more slo
under the influence of diffusion. As the applied frequen
was decreased, the magnitude of the particle velocity ros
a maximum and the particles moved across the entire e
trode surface and out of the field of observation. As the f
quency was decreased further, the magnitude of the par
motion decreased, but particles continued to move across
entire electrode surface in the field of observation. A
quence of experimental images of this variation in behav
can be found in Ref.@12#. The frequency variation in the
velocity did not appear to depend on voltage, but was diff
ent in the different electrolytes, while the magnitude of t
velocity increased with voltage.

The particle movement is assumed to be the effect
viscous friction on the particles from a moving fluid, rath
than a force acting on the particle such as dielectrophor
@18#. Dielectrophoresis always acts toward or away from
electrode edge, but the particles were observed to move
the electrode edge onto the surface. In addition, observa
at different heights above the electrodes showed parti
moving in convection patterns at high potentials.

At the low and high frequency limits, where the flo
velocity was slight, positive dielectrophoresis was observ
The use of the two sizes of particles enabled the effects
dielectrophoresis to be clearly differentiated from flu
driven movement: the difference in the dielectrophore

00

f
FIG. 2. The measured impedance of the electrode array cov

by the three electrolytes, plotted as a function of frequency. T
different curves for the three electrolytes are marked as show
the figures, with the measured capacitance shown in~a! and the
measured conductance shown in~b!.
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FIG. 3. ~a! A schematic diagram of the observed movement of particles on the electrode array. At high frequencies~i!, the movement was
slight and maximum close to the electrode edge, falling off rapidly with distance. In this case, the particles had a tendency to gather
on the electrode surface, which then dispersed much more slowly under the effects of diffusion. At intermediate frequencies~ii !, the velocity
close to the electrode edge was a maximum and the particles moved rapidly across the electrode surface, continuing from th
observation. At low frequencies~iii !, the velocity at the edge of the electrodes was reduced but the particles continued to move ac
field of observation at a significant rate.~b! An experimental graph showing the displacement of a typical particle relative to the elec
edge as a function of time. The experimental conditions were 2 V peak to peak at 1.01 kHz in electrolyteA. ~c! An experimental graph of
the step averaged velocity against distance from the edge of the electrode, for three frequencies showing the same trends as desc~a!.
The potential was 2 V peak to peak with electrolyteA. ~d! An experimental graph of the step averaged velocity against distance for a s
particle in electrolyteA at 2 V peak to peak and 1.01 kHz. The curve is matched with a fifth order polynomial~the equation shown in figure!
that accurately describes the behavior of the velocity over the range of interest, in this case 5–20mm.
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force magnitude is approximately 6.6@3#, while the velocity
of the particle due to the fluid remains constant for the t
sizes. The difference in the effects of the two forces allow
them to be separated and the data from frequencies w
dielectrophoresis was observed were omitted.

C. Measurements of fluid velocity

In order to quantify the fluid velocity, measurements we
made of the position of the fluorescent particles on the e
trodes as a function of time. The microscope objective w
focused on the electrodes, and only particles in focus,
within approximately 1mm of the surface, were used as flo
tracers. 557- and 216-nm-diameter particles were observe
three different voltages: 1, 2, and 5 V peak to peak. For eac
electrolyte and voltage, the frequency was stepped do
from 100 kHz, with approximately three points per deca
and several minutes of video were recorded at each
quency to allow measurement of several particles.

A typical plot of displacement versus time for one partic
is shown in Fig. 3~b! for electrolyteA at 1.01 kHz, and 2 V
peak to peak. The displacement plotted is the distance a
o
d
re

e
c-
s
.,

at

n
e
e-

ng

thex axis@see Fig. 1~b!#, with the origin at the electrode edg
and the positive direction away from the gap. The avera
velocity between each point on this graph was then ca
lated and plotted against the mean position. Figure 3~c!
shows velocity curves for particles in electrolyteA at 2 V
peak to peak, and three different frequencies. The tr
shown here was similar for each of the three voltages.
high frequencies, the velocity curve was almost symmetr
around the edge of the electrode with a maximum value
the edge, but falling off sharply with distance. In the partic
lar case shown in the figure~8.3 kHz!, the velocity is ap-
proximately 70mm/s at the edge. At a distance of 10mm
from the edge, the velocity has decreased significantly an
no longer measurable. As the frequency was decreased
velocity at the edge increased and the distance across
electrode over which the fluid moved also increased. At 6
Hz, the velocity reached a maximum value of approximat
200 mm/s close to the edge, and fell off sharply to a val
under 10mm/s at 30mm. Particles were still observed mov
ing at the limit of observation, which was approximately 4
mm. As the frequency was decreased further, the velo
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FIG. 4. The experimental data represented as step averaged velocity against frequency for several positions on the electro
~a!–~c! show the results for electrolyteA for voltages of 1, 2, and 5 V peak to peak, respectively.~d!–~f! show the results at the sam
voltages for electrolyteB, and~g! and ~h! show the results for electrolyteC at 2 and 5 V peak to peak.
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close to the electrode edge decreased, but the fluid contin
to move across the whole electrode surface. At 20.5 Hz,
maximum value was approximately 40–50mm/s, and this
maximum value occurred between the edge and a distanc
10 mm. At 40 mm, the particle velocity had decreased
approximately 20mm/s.

Each set of velocity data was matched with a best-fit po
nomial. Figure 3~d! shows the data for electrolyteA at 2 V
and 1.01 kHz, together with a fifth order polynomial matc
ing curve. The values of the velocity at several points: 5,
ed
e

of

-

-
,

15, 20, and 30mm, were calculated from these curves.
each point, the average value was calculated and the ran
velocities taken to be the uncertainty. Two alternative me
ods of analyzing the time-displacement data were examin
and a comparison of all three methods is summarized in
Appendix.

The complete set of velocity data is shown in Fig.
Figures 4~a!–4~c! show velocity versus frequency curves f
electrolyteA at 1, 2, and 5 V. Figures 4~d!–4~f! show the
results for electrolyteB for the same potentials and Figs. 4~g!
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and 4~h! show the results for electrolyteC at 2 and 5 V. The
velocities calculated using this method for electrolyteC at 1
V were small with a large uncertainty, and this data set is
presented. In general, the eight graphs show similar be
iors. As frequency decreases the velocity rises to a maxim
value and then decreases. The frequency at which the m
mum velocity occurs increases with electrolyte conductiv
and decreases with the distance from the edge. For a fi
frequency, the velocity increases with voltage and with
creasing distance. These relationships will be explored
ther in Sec. IV.

The exception to the general description is Fig. 4~c!,
which shows the data for electrolyteA at 5 V. Inspection of
the curves for the data close to the edge suggests tha
velocity has a maximum observed value of approximat
500 mm/s. However, at this velocity, the particles will cro
a distance of 20mm between consecutive video frames. As
result the analysis method is likely to be too approximate
allow accurate determination of the velocity for experimen
points that are only 5mm apart. This issue is discussed mo
fully in the Appendix.

IV. DISCUSSION

It has been shown previously that the fluid flow describ
in this paper cannot be explained in terms of electrother
effects arising from heating of the fluid by the electric fie
@12#. The electrothermal force is frequency dependent, wit
characteristic frequencyf ce related to the charge relaxatio
time of the fluid@12#, and for the three electrolytes used
this paperf ce can be calculated to be 500 kHz for electroly
A, 2 MHz for electrolyteB, and 19 MHz for electrolyteC.
Below this frequency the magnitude of the electrotherm
force rises rapidly over one decade to a maximum value,
then remains constant as the frequency decreases. Ta
Fig. 4~a! as an example, it can be seen that the measu
velocity starts to rise rapidly at a frequency two orders
magnitude belowf ce, and reaches a maximum three orde
of magnitude belowf ce. The velocity does not remain con
stant, and an order of magnitude calculation of the expec
electrothermally induced velocity@12# gives a value of ap-
proximately 1mm/s at 10mm in from the edge, much les
than the observed values. In addition, the velocity magnit
for electrothermal flow is expected to be proportional toV4

@12#, which again is not observed experimentally@as can be
seen from Figs. 5~a! and 5~b!#. Finally, the magnitude of the
electrothermal velocity should increase with conductivity b
the observed fluid flow velocity decreases. It can therefore
concluded that the observed fluid flow is unlikely to be
lated to electrothermal effects.

Other authors have also reported movement of parti
close to the surface of electrodes@19,20#. In these publica-
tions, the movement was attributed to fluid flow arising fro
the interaction of divergent fields around the particles a
conduction currents in the double layer. For the type of fl
flow described in this paper, the driving mechanism is
lated to electrode polarization processes, as has been out
in previous publications@14,15# and is referred to as a
electro-osmosis. An adequate theory based on this idea
mains to be constructed, but there are some qualitative
semiquantitative arguments that can be presented in favo
t
v-
m
xi-
,
ed
-
r-

the
y

o
l

d
al

a

l
d

ing
ed
f
s

d

e

t
e

-

s

d
d
-
ed

re-
nd
of

the existence of electro-osmosis in divergent ac elec
fields.

In the linear approximation, the electro-osmotic veloc
is proportional to the charge in the double layer and
tangential electric field@14#. In divergent ac fields the force
exerted on the induced charges has a nonzero time ave
and acts from the electrode edge across the surface o
electrode, exactly as observed experimentally.

In order to investigate the relationship between expe
mental measurements of fluid flow and electrode polari
tion, the method in Ref.@14# was used. Experimental mea
surements of the electrode impedance were analyzed to
the normalized voltage across the electrolyte and the do
layer. Since the measured impedance at high frequencie
the impedance of the bulk electrolyte, the impedance of
double layer can be obtained by assuming a simple se
circuit ~the values for the voltage drop and impedance r
resent an average across the entire electrode surface!. The
voltages across each component can subsequently be de
as a function of frequency. The results of this analysis
shown in Fig. 6 for the three electrolytes, with the real a
imaginary parts of the potential across the electrolyte plot
against frequency. The real part@Fig. 6~a!# is minimum at
low frequencies, rising sharply to a maximum value at hi
frequencies. The converse is true for the potential across
double layer. If a simple linear approximation is consider
the ac electro-osmotic velocity is proportional to the prod
of the tangential electric field and the charge density in
diffuse double layer. Since the potential across the elec
lyte is very small at low frequencies, the tangential elect
field at the double layer is similarly small. The surfa

FIG. 5. Comparison of the experimental velocity at 10mm from
the edge of the electrode for electrolyteA ~a! andB ~b! at the three
experimental voltages, demonstrating that the three curves hav
proximately the same frequency of maximum velocity.



th
re
ity
xi
en
ar
,
f

ca

t
n-
ci
rr

tr
ly
s

e
ici
e

iz
su
r/
tr

p

p-
8

nt
icts

eri-
lue

tes
ve-

in

a
al
u
rt
fre

in-
of

t

ce-

4016 PRE 61N. G. GREENet al.
charge density is proportional to the potential across
double layer, and is very small at high frequencies. The
fore, from this simple model, the ac electro-osmotic veloc
would be zero at high and low frequency limits and ma
mum at an intermediate frequency, similar to the experim
tal observations. This frequency will correlate with the ch
acteristic frequency of the electrode polarization process
can be seen in Fig. 6~b!, where the imaginary component o
the potential across the electrolyte is plotted. This figure
be compared with Fig. 7~a!, which shows the velocity at 10
mm as a function of frequency for the three electrolytes a
V peak to peak. The frequency of maximum velocity i
creases with conductivity, and the characteristic frequen
of the velocity and impedance measurements clearly co
late.

These observations provide evidence that ac elec
osmosis is responsible for the fluid flow. However, the ana
sis can be taken further by modeling the double layer a
distributed linear capacitor, as described in Ref.@15#. An
equivalent circuit was constructed with the electrolyte d
scribed as a concentric series of resistors following sem
cular paths between the electrodes, terminated at either
by a discrete component of double-layer capacitance@15#.
Each resistor has a different length, and the current polar
each component of the capacitance at a different time, re
ing in a variation in the potential at the double laye
electrolyte interface across the electrode. The elec
osmotic velocity is@15#

FIG. 6. The normalized voltage across the electrolyte, plotted
real ~a! and imaginary~b! parts, calculated from the experiment
impedance measurements by modeling the electrolyte and do
layers as impedances in series. At low frequencies, the real pa
the voltage across the electrolyte is a minimum, and, at high
quencies, the converse is true.
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«V0
2V2

hx~11V2!2 , ~1!

where« is the permittivity of the electrolyte,V0 is the po-
tential applied to the electrodes,h is the viscosity of the
electrolyte, andx is the distance from the center of the ga
between the electrodes. The nondimensional frequencyV is
given by

V5vx
«

s

p

2
k, ~2!

wherev is the angular frequency of the field,s is the con-
ductivity of the electrolyte, andk is the reciprocal Debye
length of the double layer. Equation~1! gives a bell-shaped
profile for the frequency dependence of the velocity, a
proaching zero at high and low frequency limits. Figure
shows the experimental velocities for electrolytesA ~a! andB
~b! at 2 V, and electrolyteC at 5 V ~c!. For comparison,
curves of the theoretical velocity multiplied by a consta
correction factor are shown as solid lines. The model pred
symmetrical curves with a maximum atV51 for each of the
three electrolytes. As can be seen from Fig. 8, the exp
mental curves are approximately symmetrical about a va
of V of order 1, although the value for the three electroly
was not the same. This model explains the variation in
locity as a function of frequency and distance, as shown
Figs. 3~a!, 3~c!, and 4, since the velocity is a function ofV

s

ble
of
-

FIG. 7. ~a! The experimental velocities at 10mm for 5 V in the
three electrolytes. The frequency of the maximum velocity
creases with increasing electrolyte conductivity, but the values
the maximum velocity decreases.~b! The experimental velocities a
10 and 20mm for 1 V peak to peak in electrolytesA and B. The
order of magnitude of the velocities for each of the two displa
ments is the same in both electrolytes.



-
a

re
le

ng
a
m

n-
re

c

a

iv-
ss

s.

e,
ro-
ing
of

e-

, a
the
the

e of
ue
he

plied
o-

ve-
me
the

ace
at
d on
he
t re-
e-
by

een
of

al
osis.

de-
her
ied
e
ex-

be
osis

ata

an

rt

way
e

e

PRE 61 4017FLUID FLOW INDUCED BY . . . . I. . . .
rather than simply the frequencyv. The bell-shaped experi
mental velocity curves are approximately twice as wide
the predicted curve, and are likely to be caused by a sp
in relaxation times associated with the geometry and e
trode polarization.

The predicted velocity as a function ofV is proportional
to 1/x, but the experimental velocities, although decreasi
do not follow this trend. This is probably due to the fact th
the electric field in the experimental electrodes differs fro
the simple electric field geometry assumed in the model.

Equation~1! also predicts that the velocity remains co
stant with electrolyte conductivity, contrary to the measu
decrease. Figure 7~a! shows the data for 5 V peak to peak in
the three electrolytes, demonstrating the decrease in velo
with increasing electrolyte conductivity. Equation~1! can be
matched with the experimental data by multiplying it by

FIG. 8. The experimental velocity data for~a! electrolyteA at 2
V peak to peak,~b! electrolyteB at 2 V peak to peak, and~c!
electrolyteC at 5 V peak to peak~dashed lines!, plotted against the
dimensionless frequencyV. The theoretical curves~solid lines! are
derived from Eq.~1!, multiplied by a correction factor. The thre
lines are for distances from the electrode edge of 10, 20, and
mm. The values for the correction factor were~a! 0.13, ~b! 0.055,
and ~c! 0.015.
s
ad
c-

,
t

d

ity

correction factor that varies both with electrolyte conduct
ity and applied potential. The correction factor is much le
than 1 for the higher conductivities, but for electrolyteA the
correction factor was of order 0.1 for all three voltage
However, as can be seen in Fig. 7~b!, the experimental ve-
locities for 1 V peak to peak in electrolytesA andB at dis-
tances of 10 and 20mm are of the same order of magnitud
and the correction factor was of order 0.1 for both elect
lytes. This may be an indication that a theory derived us
the linear model for the double layer applies at low values
the potential.

The experimental data are unlikely to be correctly d
scribed by the linear approximation outlined in Ref.@15#. In
order to account for the observed behavior of the fluid
more detailed theory must be derived, which includes
Navier-Stokes equation and a better description of
double-layer structure@21#.

V. CONCLUSION

Detailed experimental measurements have been mad
the velocity profile of electrolytes experiencing a force d
to an ac electric field on coplanar plate microelectrodes. T
measurements have been analyzed as a function of ap
signal potential, frequency, electrolyte conductivity, and p
sition on the electrode. It has been found that the fluid
locity on parallel coplanar electrodes always acts in the sa
direction, from the gap between the electrodes across
electrode surface. The velocity at any position on the surf
is zero at low and high frequency limits, with a maximum
a characteristic frequency that does not appear to depen
voltage but does depend on electrolyte conductivity. T
measurements indicate that electrothermal effects are no
sponsible for this type of fluid flow. The experimental v
locities can be related to the polarization of the electrodes
a nonuniform electric field. The experimental data have b
compared with a simple model based on the interaction
the nonuniform electric field and the induced electric
double layer, a mechanism referred to as ac electro-osm
The frequency dependent behavior has been found to be
scribed by the model, but the expected velocities were hig
than the experimental by a value that varied with appl
potential and electrolyte conductivity. At low potentials, th
predicted velocities are in reasonable agreement with the
periments.

In our subsequent paper a more detailed theory will
presented that describes the mechanism of ac electro-osm
in microelectrodes. A comparison with the experimental d
will also be presented.
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APPENDIX: METHODS FOR CURVE MATCHING

Three methods were examined to determine the best
of obtaining the fluid velocity from the displacement-tim
measurements.
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~1! The first method involved matching a curve to t
displacement vs. time curve@Fig. 3~b!# for each particle. The
equation for the best-fit line was then differentiated to g
the reciprocal velocity as a function of distance. The valu
for each particle for a particular position, voltage, frequen
and electrolyte were averaged, and the spread in values t
to be the uncertainty.

~2! The second method involved calculating the avera
velocity over a step between two positions, and assign
this value to the midpoint of the step. The data for all p
ticles for a particular voltage, frequency, and electrolyte w
then plotted against distance. A best-fit curve was th
matched to the combined data set, the velocity at a posi
calculated, and the uncertainty taken to be the maxim
spread of values on either side of the curve.

~3! The third method was the one described in the m
body of the paper. The average velocity over the step
tween two points was again calculated and assigned to
midpoint of the step. The velocity was plotted against d
placement for each particle, and matched to a best-fit cu
The velocity values for a particular position, voltage, fr
quency, and electrolyte were then averaged, and the varia
in calculated values taken to be the uncertainty.

Figure 9 shows a comparison of the velocity data obtai
from each of the three methods for 5 V peak to peak
electrolyteC. The three curves match closely for all of th
2-V data but there are slight differences for the 5-V data.
stated in the main text of the paper, the second and t
methods have the drawback that a particle will pass ac
;20 mm in one frame of the video for the highest velociti
~;500 mm/s!. Since these two methods average the veloc
over the frame, it is not possible to assign an accurate ve
ity to several points 5mm apart in the step. The first metho
on the other hand, extrapolates a curve across the step
can make an estimate of the behavior. However, this res
in large variations in values and a large uncertainty. La
uncertainties were found for the data in general, even w
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the velocities were not high as can be seen in Fig. 9. T
second method also produced large uncertainties since
variation due to Brownian motion, which is small in the di
placement data, can be large in the step average velo
data. The third method, for which the curves matched th
produced by the second method, eliminates to a certain
tent the random variation of Brownian motion for a sing
particle and produced much smaller values of uncertain
These smaller values are more likely to be the experime
uncertainty produced for example by the digitizing of t
video images. However, since each particle was conside
individually, little or no data could be obtained at 40mm
with the third method. Although, the velocity data at th
higher magnitudes~5 V peak to peak in electrolyteA, for
example! is less likely to be accurate, the third method w
chosen. However, it should be noted that for all three me
ods, the velocity agreed in all cases where the velocities w
less than 300mm/s.

FIG. 9. A comparison of the three methods of curve match
the data for 5 V peak to peak in electrolyteC. Curves for 10mm
~squares!, 20 mm ~triangles!, and 40mm ~circles! are plotted. The
solid lines show the results of the first method, the dashed li
those of the second method, and the dotted lines those of the
method. There was no 40-mm curve from the third method.
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