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In this supplemental material, we provide a technical description of an array of asymmetric split rings
(ASRs) that exhibits cooperative asymmetry induced
transparency (CAIT).
Asymmetric split rings in the metamaterial array

We base our analysis of the CAIT response on a general formalism we developed [1] to describe collectively
interacting metamaterial arrays of magnetodielectric resonators. When applied to 2D arrays of strongly coupled
asymmetric split rings (ASRs), this model yielded an excellent agreement [2] with the experimental transmission
resonance measurements in Ref. [1].
To show how CAIT arises from cooperative phenomena, we consider an ensemble of N identical ASRs, each
composed of two circular arcs, or meta-atoms (see Fig. 1
of the main text), lying on or near (within a tenth of
a wavelegth) of the z = 0 plane. The meta-atoms are
labeled by indices j (j = 1, . . . , 2N ) such that ASR `
(` = 1, . . . , N ) comprises meta-atoms 2` − 1 and 2`. Although, in general, each meta-atom j occupies an area
comparable to that of the metamaterial unit-cell [3], we
can produce the qualitative behavior of an ASR by approximating meta-atom j as a point source for the electromagnetic (EM) field at position rj , where the arcs of
an ASR are separated by u ≡ r2` − r2`−1 ≡ uû [2]. In
this work, we assume the ASRs are oriented such that
û = êx .
We assume each meta-atom j supports a single mode of
current oscillation that behaves as an effective LC circuit
with resonance frequency ωj [1]. If the split rings were
symmetric, the individual meta-atoms would have identical resonance frequencies ωj = ω0 . An asymmetry in the
arc lengths shifts the meta-atom resonance frequencies
by δω so that for ASR `

other hand, are oriented so that identical current flows
in an ASR produce opposite magnetic dipoles in its constituent meta-atoms. That is, the right (j = 2`) and left
(j = 2` − 1) meta-atoms in ASR ` have magnetic dipole
orientations m̂2` = −m̂2`−1 ≡ m̂ = û × d̂ = êz . In
this way, identical current flows in an ASR’s meta-atoms
produce an electric dipole, while equal and opposite flows
produce a magnetic dipole. The dynamics of the oscillating dipoles within each meta-atom j are described by
the slowly varying normal variable [1]
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where k0 ≡ ω0 /c.

Asymmetry induced coupling of collective modes

In this section, we show how the asymmetry in the
ASRs couples collective modes of the system. Of particular importance to CAIT are the phase matched electric (PME) mode, in which all electric dipoles oscillate in
phase, and the phase matched magnetic (PMM) mode, in
which all magnetic dipoles oscillate in phase. The PME
mode is phase-matched with EM plane-waves propagating perpendicular to the array and can be easily excited
by an incident field. For ASRs in a square lattice, we
show that the PME and PMM modes couple almost exclusively to each other. This exclusivity yields the simplified response of the PME and PMM modes described
by Eqs. (3a) and (3b) of the main text.
To describe the dynamics of the metamaterial comprising an ensemble of ASRs, we employ the column vector
of normal variables,


ω2`−1 = ω0 − δω ,
ω2` = ω0 + δω .

(1a)
(1b)

Oscillating currents in meta-atom j produce an electric
dipole dj (t) = dj (t)d̂ and magnetic dipole mj (t) =
mj (t)m̂j , where dj and mj are the electric and magnetic dipole amplitudes, respectively. The resulting electric and magnetic dipole radiation damps current oscillations in the meta-atom at rates ΓE and ΓM , respectively
[1]. All ASRs in the array have the same orientation so
that every meta-atom’s electric dipole points in the direction d̂ ≡ êy . The magnetic dipole directions m̂j , on the



b(t) = 

b

b1 (t)
b2 (t)
..
.
2N −1





 .

(t) 

(3)

b2N (t)
We associate collective modes of the system with eigenvectors of the coupling matrix CSSR [introduced in Eq. (2)
of the main text], i.e., eigenmodes of a metamaterial
where all ASRs are replaced by symmetric split rings
(SSRs). The nth collective mode corresponds to the
eigenvector vn of the interaction matrix CSSR normalized
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such that vm
vn = δmn . The state b(t) can be expanded
as
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a plane wave of frequency Ω impinging on the array with
positive frequency component
i(kz−Ωt)
E+
,
in (r, t) = d̂Ee

(8)

n

where cn (t) ≡ vnT b(t) is the amplitude of the collective
mode n. By expressing b in the basis of collective modes
{vn : n = 1, . . . , 2N }, we find that the asymmetry results
in the evolution of the amplitudes,
X

ċn = (−iδn − γn /2) cn − iδω
cm vnT Avm + fn , (5)
m

where δn and γn are the frequency shift and decay rate
th
of mode n, corresponding to the
 n eigenvalue of CSSR .
The matrix element vnT Avm represents the coupling
between modes m and n, caused by the asymmetry [see
Eq. (2) of the main text]. The driving of mode n is given
by fn = vnT F, where F is the column vector of incident
field driving terms for the individual meta-atoms. For
the uniform incident field we consider here and in the
main text,
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Due to their orientation, the ASR magnetic dipoles do
not directly couple to the incident field.
We identify the PME (PMM) mode as the eigenvector of CSSR that most resembles all electric (magnetic)
dipoles oscillating in phase with equal amplitudes [2].
The coupling between the PME amplitude cE and the
T
AvE , can dominate
PMM amplitude cM , given by vM
over their coupling to other modes for particular arrangements of ASRs. For example, in the 41 × 41 (medium)
array considered in the main text, the asymmetric couT
AvE ≈ 0.9993 and the maximal
pling coefficient is vM
coupling of the PME and PMM modes to other collective
modes is vnT AvE , vnT AvM < 0.04 for n ∈
/ {E, M }. The
PME and PMM modes thus obey the simplified dynamics
given by
ċE = (−iδE − γE /2) cE − iδωcM + fE
ċM = (−iδM − γM /2) cM − iδωcE .

(7a)
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In sum, if the incident field does not directly drive any
other modes, the near exclusive coupling of the PME and
PMM modes to each other forms an effective two-mode
system for the metamaterial. This further justifies the
use of the phenomenological model in the main text.

Scattered light, transmittance and reflectance

To analyze the light scattering properties of the array,
including its reflectance and transmittance, we consider

where k ≡ Ω/c, and E is the electric field amplitude.
The incident wave is detuned from the mean meta-atom
resonance frequency by ∆ ≡ Ω−ω0 . According to Eq. (2)
of the main text, driving by the incident wave induces a
cooperative response of the array. The oscillating electric
and magnetic dipoles emit a scattered field ES .
By examining the scattered field a distance R from the
array much greater than the size of the array, one can
determine the far field amplitude of the scattered field
propagating along a direction k̂. Here, we define the
far field amplitude E(k̂) of the electric field such that
the positive frequency component of the electric field at
position R ≡ Rk̂ is given by
E+ (R, t) ≈

ei(kR−Ωt)
E(k̂).
kR

(9)

So as to consider the transmittance through the metamaterial array, we assume a 2D barrier is placed around
the array in the z = 0 plane so that fields can propagate through the array, but not around it. We denote
the incident field that would diffract through the barrier if the array were not present as EI . By comparing
the incident field suffering from Fraunhofer diffraction [4]
with Eq. (9), one obtains the far field amplitude of the
diffracted incident field
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where A represents region in the barrier containing the
hole and r⊥ ≡ xêx + yêy . The field transmitted through
the array (kz > 0) is then ET (k̂) ≡ EI (k̂) + ES (k̂). On
the other hand, the field reflected from the array (kz < 0)
is determined only by the scattered field ES (k̂).
The barrier surrounds an Nx × Ny lattice, centered at
the origin. With lattice spacing a the aperture in the
barrier therefore covers an Nx a × Ny a rectangular region
so that, according to Eq. (10), the diffracted incident field
has the far field amplitude
EI (k̂) = −i
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The scattered fields, on the other hand, result from
electric and magnetic dipole radiation emitted by the
meta-atoms. Their far field amplitudes are given by [4]
ES (k̂) =
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varying electric and magnetic dipoles, respectively, of
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meta-atom j. From Eq. (2), which relates the electric
and magnetic dipoles to the amplitudes bj , we can express the scattered far field amplitude as
s
2N hp
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where bj (∆) ≡ ei∆t bj (t) is the steady state amplitude of
bj corresponding to the detuning ∆ of the incident field.
Here d̂j ≡ d̂ for all meta-atoms j. Owing to the different
curvatures of the left and right arcs, the magnetic dipole
orientations m̂j ≡ (−1)j m̂.
In this work, we define the reflectance and transmittance in terms of the backward (k̂ = −êz ) and forward
scattered (k̂ = êz ) fields, respectively. Since the electric
dipoles and incident field are oriented along d̂ = êy , and
the magnetic dipoles are parallel to êz , the forward and
backward scattered fields will be polarized along d̂. We
therefore define the forward transmittance and backward
reflectance as
R≡
T ≡

d̂ · ES (−êz )
d̂ · EI (êz )

,

d̂ · (EI (êz ) + ES (êz ))
d̂ · EI (êz )

(14a)
,

(14b)

One could similarly define the reflectance and transmittance amplitudes in terms of the incident and scattered
fields integrated over some solid angle about ±êz . We
have checked that in the numerical simulations discussed
in the text, integration over a sufficiently small solid angle does not alter the phase or amplitude dependence of
the transmitted and reflected fields.
Fields scattered from an array on PMM resonance

To show how excitation of the PMM mode suppresses
scattering of the EM field, we present the far field intensity |ES (k̂)|2 of the field scattered by two arrays: the
41 × 41 (medium sized) array of ASRs discussed in the
text, and an array where the ASRs have been replaced
by SSRs (δω = 0). For an incident field resonant on the
PMM mode, we numerically calculate the response of the
arrays according to the full model [Eq. (2) of the main
text and Eq. (5)], and determine their scattered fields
[Eq. (13)]. In the ASR array, the asymmetry δω = 0.1Γ
couples the PME and PMM modes allowing the PMM
mode to be excited [see Eq. (7)].
When the array of SSRs is illuminated, the cooperative response of the material results in a nearly uniformly
excited array of oscillating electric dipoles, as shown in
Fig. 1(a). Although the PME mode dominates the response, variations in the excitation profile occur because
the incident field also drives other modes that have electric dipole contributions. The array of electric dipoles

FIG. 1. The response of an array of SSRs [(a) and (c)] and
an array of ASRs [(b) and (d)] to an incident field resonant on the PMM mode. The electric and magnetic dipole
responses are characterised
by c`,+ and c`,− respectively;
√
c`,± ≡ (b2` − b2`−1 ) / 2. Panels (a) and (b) show electric
dipole excitations |c`,+ |2 of the arrays, while panels (c) and
(d) show magnetic dipole excitations |c`,− |2 . All quantities
are normalized to the driving amplitude (F0 /Γ)2 [Eq. (6)].
The black dots indicate the positions of the meta-molecules.
The non-uniformity of the electric and magnetic responses
is due to the inhomogeneity of the PME and PMM modes
as well as the less dominant contributions of other collective
modes to the metamaterial response.

reflect the incident field, as illustrated in Fig. 2(a). Since
the SSR magnetic dipoles are neither driven directly by
the incident field nor coupled to the SSR electric dipoles
via asymmetry, the PMM mode is unexcited, as shown
in Fig. 1(c).
By contrast, when the array of ASRs is illuminated on
PMM resonance, the asymmetry induced coupling (δω =
0.1Γ) allows the collective, subradiant PMM mode to be
excited at the expense of the PME mode [See Fig. 1(b,d)].
As a consequence, scattering is suppressed, as shown in
Fig. 2(b). The asymmetry induced coupling thus leads
to CAIT on resonance with the cooperatively narrowed
PMM mode.

Characterizing a transmission resonance

For a given transmittance amplitude T (∆), a transmission resonance occurring at δT is characterized by peak
transmittance |T (δT )|2 , resonance width w, and group
delay τg of a resonant pulse passing through the metamaterial.
To determine the resonance width, we can approximate
the intensity transmittance |T (∆)|2 to second order in
∆−δT by a Gaussian of height |T (δT )|2 , and full width at
half max (FWHM) w. Comparing the Taylor expansions
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We consider an Nx × Ny (N = Nx Ny ) square lattice
of ASRs with lattice spacing a and lattice vectors a1 =
aêx and a2 = aêy . In the uniform mode approximation,
The PME and PMM modes consist of uniformly excited
electric and magnetic dipoles, respectively. Explicitly,
these modes correspond to the vectors
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FIG. 2. The far field log-intensity logp
10 |(ES (k̂)| /I0 ) (k̂ ≡
kx /k0 êx + ky /k0 êy − kz /k0 êz , kz ≡ k02 − kx2 − ky2 ) of the
field reflected from an array of (a) SSRs (δω = 0) (b) ASRs
(δω = 0.1) driven by an incident field resonant on the PMM
mode. The intensities are normalized to the peak of the far
field intensity of the diffracted incident field I0 = |EI (êz )|2 ,
and values of log10 |(ES (k̂)|2 /I0 ) < −4 are not plotted. The
SSR array scatters the incident field in small angles about the
forward and backward directions, resulting in reflection, while
the asymmetry of the ASRs couples the electric dipoles to the
cooperatively narrowed PMM mode, resulting in CAIT.

of the two, we have
|T (∆)|2 ≈ |T (δT )|2 +

1 d|T |2
2 d∆2

2

!

where the FWHM of the Gaussian is
s
8(log 2)|T (δT )|2
.
w= −
d|T |2 /d∆2 |∆=δT

,
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In this work, we estimate the width of the resonance to be
the FWHM w of the Gaussian that best fits the intensity
transmittance near the peak.
The group delay τg of a resonant pulse passing through
the metamaterial is determined by the phase of the transmittance amplitude arg(T ). Specifically,
= −i
∆=δT

(18)

1

The alternating signs in vM indicate that the currents
in each ASR flow out of phase with each other in the
PMM mode, while in the PME mode all currents flow
in phase. In the uniform mode limit, an incident plane
wave propagating perpendicular to the array can only
drive the PME mode, while the asymmetry couples the
PME and PMM modes only to each other. As such,
the metamaterial response to a field of frequency Ω =
ω0 + ∆ is given by the Fourier components of the mode
amplitudes as
(19)

∆=δT

4 (∆ − δT )
≈ |T (δT )| exp − log 2
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d
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The scattered field in the far field from the steady state
metamaterial response

The scattered EM fields are generated by the excitations of the resonators. Each resonator acts as a source
of scattered radiation and the regular metamaterial array
produces a field pattern of a diffraction grating. In the
uniform approximation the excitations are described by
Eq. (19). The sum over the meta-atoms in the scattered
field expression (13) therefore considerably simplifies. We
obtain in the limit k ≈ k0
s
3N k 3
ES (k̂, Ω) = −
D(k)k̂×
8π0
i
h
p
p
ΓE gE (k̂) + im̂ ΓM gM (k̂) . (20)
k̂ × d̂

(17)
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The uniform mode approximation for scattering
from a planar array

We use the phenomenological two-mode model
[Eq. (7)] to estimate the reflectance and transmittance
from a uniformly excited planar array of ASRs in which
case we neglect boundary effects. We refer to this assumption as the uniform mode approximation. For the
uniform PME and PMM modes the frequency shifts
δE,M , collective decay rates γE,M , and asymmetry δω
fully describe the cooperative response to an incident
plane wave.

The scattered field is modulated by the diffraction
P −ik·r`pat/N ,
tern of N unit-cell resonators D(k̂) =
`e
where the summation runs over all ASRs ` at positions
r` . In the studied system we obtain the familiar field
amplitude of a 2D square array of Nx × Ny diffracting
apertures
D(k̂) =

sin(Nx kx a/2) sin(Ny ky a/2)
.
N sin(kx a/2) sin(ky a/2)

(21)

Owing to the subwavelength lattice spacing a, only the
zeroth order Bragg peak (kx = ky = 0) exists. The cone
of the emitted radiation in the forward and backward
directions ±êz narrows as a function of the number of
unit-cell resonators N .
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In Eq. (20), gE (k̂) and gM (k̂) are, respectively, proportional to the electric and magnetic dipole emission of
an ASR along direction k̂. They are given in terms of
collective mode amplitudes by




k·u
k·u
gE (∆, k̂) = cE cos
− icM sin
, (22a)
2
2




k·u
k·u
gM (∆, k̂) = cM cos
− icE sin
. (22b)
2
2
In the limit |k · u|  1, the scattered electric (magnetic)
dipole radiation is almost solely generated by the PME
(PMM) mode. The small mixing of these two contributions results from the finite separation u of the two
meta-atoms in each unit-cell resonator.
We calculate the scattered fields from the steady-state
solution of Eqs. (7),
ZM (∆)
fE ,
(δω)2 − ZE (∆)ZM (∆)
δω
=
cE ,
ZM (∆)

cE = − i

(23a)

cM

(23b)

where for each mode n, we have defined
Zn (∆) ≡ ∆ − δn + iγn .

(24)

The PME and PMM amplitudes are both proportional
to the driving fE (∆), which is given by
r
fE (∆) = i

6π0 p
ΓE N E .
k3

(25)

Having solved the steady-state response of PME mode
amplitude [Eq. (23a)] and the scattered fields emitted
by an excited PME mode [Eq. (20)], one finds that the
incident plane wave produces the forward and backward
scattered fields
ES (±êz , Ω) =

3N ΓE
ZM (∆)
E
d̂, (26)
2
(δω)2 − ZE (∆)ZM (∆)

Reflectance and transmittance

One obtains the transmittance and reflectance by comparing the scattered fields to the forward propagating
component of the incident field, EI (êz ) [Eq. (10)]. The
reflectance associated with the backward scattered field
[Eq. (14a)] and the transmittance of the forward scattered field [Eq. (14b)], in the uniform mode approximation, are given by
R=

R0 γE /2 [γM /2 − i (∆ − δM )]
,
(δω)2 − (∆ − δE + iγE /2) (∆ − δM + iγM /2)
(27)

T =1+R ,

(28)

where
R0 = −

3(ΓE /γE )
2π(a/λ)2

(29)

is the reflectance of the system on resonance with the
PME mode when the split rings are symmetric (δω = 0),
and λ ≡ c/(2πω0 ).
Equation (23a) indicates that, when cooperative effects reduce γM far below (δω)2 /γE , a field resonant on
the PMM mode does not excite the PME mode. Rather,
the PMM mode is excited, and the asymmetry induced
coupling between the PME and PMM modes destructively interferes with the driving of the PME mode by
the incident field. The PME mode remains unexcited,
and the scattered field and reflection are suppressed as
indicate by Eq. (27). A transmission resonance therefore
forms when γM  (δω)2 /γE .
Collective mode resonance linewidths and line shifts

To determine the EM response of the array in the uniform mode approximation, one only needs in Eq. (27)
collective line shifts δE,M and linewidths γE,M of PME
and PMM modes. In the case of cooperative interactions,
these depend on the number of resonators N in the system. In Fig. 3, we show numerically calculated δE,M and
γE,M as a function of N . These are evaluated by diagonalizing CSSR appearing in Eq. (2) of the main text. Here
δE,M and γE rapidly reach their approximate asymptotic
values for array sizes around N ' 1000. Identifying the
asymptotic behavior allows an efficient calculation of the
collective mode parameters, the transmittance, and reflectance in the phenomenological uniform model even
for large arrays.
The asymptotic value of γE can also be determined analytically in an infinite array of SSRs (δω = 0) with subwavelength lattice spacing a. In such a system, the PME
mode emits only in the forward and backward directions,
corresponding to the zeroth order diffraction peak. In the
absence of Ohmic losses, energy conservation therefore
requires |R|2 + |T |2 = 1 in an infinite array. Therefore,
according to Eqs. (27) and (28), an incident wave resonant on the PME mode would experience a reflectance
amplitude R0 = −1. At the same time Eq. (29) relates
R0 to the collective decay rate γE , which then implies
lim γE =

N →∞

3
ΓE .
2π(a/λ)2

(30)

This precisely corresponds to the asymptotic value of γE
for large array sizes shown in Fig. 3.
The radiative decay rate γM of the PMM mode, on the
other hand, asymptotically approaches zero. Since the
magnetic dipoles are perpendicular to the array, they do
not emit in the forward and backward directions, but as
the array size increases, interference of radiation from the
various meta-atoms diminishes PMM emission in other
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order in γE γM /(δω)2 . Expanding T in ∆ − δM one finds

(b)

1

δE/Γ, δM/Γ

γE/Γ, γM/Γ

(a)

0.1

T (∆) ≈ 1+

0.7

0.01
100

N

1000

0.5

1000

N

2000

FIG. 3. The collective decay rates (a) and collective resonance
frequency shifts (b) of the PME (solid blue lines) and PMM
(dashed green lines) modes as functions of N the number of
ASRs in a square lattice (Nx = Ny ; a = 0.4λ; ΓE = ΓM ;
u = 0.18λ). The decay rate γE of the PME mode and the
shifts δE and δM asymptotically approach constant values for
sufficiently large N . The decay rate of the PMM mode γM ∝
1/N for large N .

i γE (∆ − δM ) 1
−
2
(δω)2
4

Narrowing of the transmission resonance

In this section, we show how increasing the size of
the metamaterial array allows one to narrow the spectral width of the transmission window and increase the
group delay of a pulse passing through the array. For
simplicity, we assume δM − δE  γE so that we can
neglect any difference between the PME and PMM resonance frequencies. We further assume that the array
is sufficiently large that γE can be approximated by its
asymptotic value [Eq. (30)] so that R0 ≈ −1. In doing so,
one finds that a local maximum in transmittance occurs
on PMM resonance. The reflectance amplitude on PMM
resonance is thus,

γE (∆ − δM )
(δω)2

2
. (32)

The width of the transmission window is determined
by the intensity transmittance |T |2 , which can be approximated near PMM resonance using Eq. (32). From
Eq. (16), one finds the approximate resonance width
p
(δω)2
w = 4 log 2
.
γE

(33)

The quality, or inverse spectral width, of the transmission resonance therefore varies as 1/(δω)2 . Similarly, the
group delay is approximated by [Eq. (17)]
τg =

directions. The PMM mode therefore has zero emission
in an infinite array. This finding is consistent with Fig. 3
which shows that asymptotically γM ∝ 1/N , and the
value of γM can also be extrapolated for large arrays.



γE
2(δω)2

(34)

The group delay thus also scales with 1/(δω)2 .
Since both the quality of the transmission window and
the group delay of a resonant pulse scale inversely with
(δω)2 , one could increase both quality and group delay
by reducing the asymmetry. If δω becomes too small,
however, the intensity transmittance on PMM resonance
decreases. To lowest order in γE γM /(δω)2 , deviation of
the peak transmittance from 1, ξ ≡ 1 − |T (δM |2 , is
ξ≈

1 γE γM
.
2 (δω)2

(35)

(31)

Thus, even as a smaller δω enhances the resonance quality and group delay of a resonant pulse, it reduces the
peak transmittance. To ensure the peak transmittance
remains sufficiently high, we define a maximum tolerable
deviation ξmax  1 such that γE γM /[2(δω)2 ] < ξmax .
This imposes a lower bound on the degree to which δω
can be reduced while still maintaining the transmission
resonance
γE γM
(δωmin )2 >
.
(36)
2ξmax

When the asymmetry of ASRs satisfies (δω)2  γE γM ,
reflectance on PMM resonance is suppressed, and transmittance is enhanced.
To determine the properties of the transmission window, we assume the asymmetry is large enough so that
one can express the transmittance properties to zeroth

But, as Fig. 3 illustrates, γM ∝ 1/N , decreasing as the
array gets larger. One can therefore decrease the lower
bound on (δω)2 by increasing N . For example, to quadruple the resonance quality and group delay while maintaining the peak transmittance, one would simultaneously
quadruple the number of ASRs (doubling the side lengths
of the array) and halve the asymmetry δω.

R(δM ) ≈ −

γE γM /4
(δω)2 − γE γM /4

[1] S. D. Jenkins and J. Ruostekoski, Phys. Rev. B 86, 085116
(2012).
[2] S. D. Jenkins and J. Ruostekoski, New Journal of Physics
14, 103003 (2012).

[3] V. A. Fedotov, N. Papasimakis, E. Plum, A. Bitzer,
M. Walther, P. Kuo, D. P. Tsai, and N. I. Zheludev,
Phys. Rev. Lett. 104, 223901 (2010).
[4] A. Zangwill, Modern Electrodynamics (Cambridge University Press, Cambridge, 2013).

