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ABSTRACT
Traditional multi-fidelity surrogate models require that the

output of the low fidelity model be reasonably well correlated
with the high fidelity model and will only predict scalar re-
sponses. The following paper explores the potential of a novel
multi-fidelity surrogate modelling scheme employing Gappy
Proper Orthogonal Decomposition (G-POD) which is demon-
strated to accurately predict the response of the entire com-
putational domain thus improving optimization and uncertainty
quantification performance over both traditional single and
multi-fidelity surrogate modelling schemes.

NOMENCLATURE
CCC Correlation matrix
fff Vector of fluctuations from the ensemble mean
FFF Matrix of fluctuations from the ensemble mean
k No. of POD snapshot vectors
mmm Masking vector
sss POD snapshot vector
s̄ss POD ensemble mean
SSS POD snapshot ensemble
uuu Incomplete snapshot vector
VVV Matrix of Eigenvectors
ααα Vector of POD modal coefficients
βββ G-POD reconstruction model coefficients
ΛΛΛ Vector of Eigenvalues
ϕϕϕ Eigenfunctions

ΦΦΦ Matrix of Eigenfunctions

INTRODUCTION
The majority of engineering design optimization workflows

employ a simulation based on a discretized geometry followed
by a series of post-processing operations to convert nodal or cell
centred information into a number of key scalar values. These
values are then used as either objectives or constraints by an op-
timization algorithm which, in the case of a costly simulation,
may involve some form of surrogate model to reduce the number
of simulations required. In some cases the overall cost of the op-
timization can be substantially reduced through the application of
a multi-fidelity surrogate model, whereby data from high fidelity
simulations is augmented by data from low fidelity simulations
resulting in a more accurate model.

Figure 1(a) illustrates the classical example of the benefits
of multi-fidelity surrogate modelling using an example recreated
from Forrester et al. [1]. Here it can be observed that sampling
an expensive function at four points and constructing a surrogate
model through these points produces a relatively inaccurate re-
sponse. However, Figure 1(a) illustrates that a much more accu-
rate prediction of the expensive function can be made if the four
expensive sample points are augmented by 11 additional sam-
ple points from a cheap function within a multi-fidelity surrogate
model. In this case the resulting surrogate model is indistinguish-
able from the true function and predicts the global optimum al-
most exactly.
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FIGURE 1. EXAMPLE MULTI-FIDELITY SURROGATE MOD-
ELS USING SIMILAR (a) & DISSIMILAR (b) LOW FIDELITY
FUNCTIONS.

Figure 1(b), however, illustrates the potential pitfalls of
blindly employing such a technique. In this case a surrogate
model is constructed from the same four expensive sample points
but the cheap sample points are taken from a different function,
one which bears little resemblance to the expensive function. In
this case the resulting multi-fidelity model is very similar to the
single fidelity model, no benefit has been obtained from includ-
ing the additional information. In cases where the cheap and
expensive functions are poorly correlated the resulting multi-
fidelity surrogate may actually be considerably less accurate than
the single fidelity model.

In real world engineering design optimizations the applica-
tion of traditional multi-fidelity surrogate modelling techniques,

such as Co-Kriging [2], therefore requires there to be some level
of underlying correlation between the high and low fidelity func-
tions for the optimization to benefit. A surrogate based optimiza-
tion of airfoil drag based on high fidelity RANS simulations, for
example, would benefit little from being augmented with drag in-
formation from an inviscid panel code as there is no underlying
correlation for a multi-fidelity surrogate to exploit. However, a
surrogate model predicting lift coefficient would benefit as this
output is much more closely correlated. This highlights a funda-
mental flaw of traditional multi-fidelity surrogate models, even
though there is correlation in the results of these simulations at
some level, for example the airfoils pressure profile, the require-
ment to post-process this data into scalar quantities of interest, as
this is what traditional optimizers and surrogate models are based
upon, prevents such correlations from being fully exploited.

The following paper explores the potential of a novel sur-
rogate modelling and design optimization approach based on
gappy proper orthogonal decomposition (G-POD) in which the
G-POD is used to predict the nodal values of a high fidelity sim-
ulation using the nodal values of a low fidelity simulation. The
reconstructed high fidelity simulation values can then be post-
processed to determine the scalar quantities of interest. The pre-
sented approach is capable of accurately predicting the high fi-
delity simulation nodal data and therefore the high fidelity ob-
jective and constraints which can be either used directly by the
optimization algorithm or used to provide additional data for a
surrogate model. The applicability of this approach is demon-
strated with respect to both the design optimization and uncer-
tainty quantification of two engineering problems and compared
to traditional surrogate modelling approaches.

We commence this paper by introducing both proper orthog-
onal decomposition (POD) and G-POD in terms of both their
mathematics and previous applications within engineering and
design. The proposed G-POD multi-fidelity design optimization
framework is then presented in detail and contrasted to other sim-
ilar strategies within the literature. The predictive capability of
the presented approach is then demonstrated using an airfoil drag
polar and a simple airfoil design problem. These problems are
used to illustrate the performance advantages of the presented
approach compared to conventional single and multi-fidelity sur-
rogate modelling design optimizations strategies. Finally the per-
formance of the proposed G-POD approach is demonstrated with
respect to predicting the nodal variations of a gas turbine rotor
model under a transient cycle in the presence of uncertainties in
heat transfer coefficient.

POD & G-POD
Proper orthogonal decomposition (POD) has found many

applications within the fields of computational fluid dynamics
(CFD) [3, 4], reduced order modelling [5], design optimization
[6–9] and surrogate modelling [10,11]. POD aims to decompose
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an ensemble of data snapshots into a set of orthogonal basis func-
tions which are optimal in the sense that no other basis functions
capture as much information in as few dimensions.

As per Sirovich’s method of snapshots [12], POD begins by
first defining a data ensemble SSS consisting of k snapshot vectors
sss,

SSS = [sss1,sss2, ...,sssk]. (1)

Once defined the data ensemble is decomposed into a mean s̄ss and
a matrix of fluctuations FFF ,

SSS = s̄ss+FFF , (2)

where,

s̄ss =
1
k

k

∑
i=1

sssi. (3)

The orthogonal basis functions are then calculated by consider-
ing the solution to the following Eigenvalue problem,

CCCVVV = ΛΛΛVVV , (4)

where ΛΛΛ is a vector of Eigenvalues and CCC is the correlation matrix
defined as, CCC = FFFT FFF . Given the matrix of Eigenvectors VVV , the
matrix of k Eigenfunctions can be calculated as,

ΦΦΦ = FFFVVV . (5)

Using these Eigenfunctions, a corresponding vector of modal co-
efficients and the mean, each of the original snapshots can be
exactly reconstructed,

sssi = s̄ss+ΦΦΦααα i. (6)

POD is attractive because not all k basis functions are required to
recreate each snapshot to a desired level of accuracy. Instead the
cumulative percentage variation [13], based on the magnitude of
the Eigenvalues can be used to select the first l most important
basis functions. Equation 6 therefore becomes,

sssi ≈ s̄ss+
l

∑
j=1

ααα i j ϕϕϕ j. (7)

With a set of basis functions calculated from an initial snap-
shot ensemble gappy proper orthogonal decomposition can be
used to reconstruct any missing data from a new snapshot. This
technique has been used in the past for the reconstruction of im-
ages from corrupted data [14], to map between design spaces of
variable complexity [15], to predict aerodynamic flow fields [3,4]
and even airfoil performance [16, 17].

Given a snapshot vector uuu with both known and unknown
data, the first operation in reconstructing the missing data is to
define a so called “mask” vector, mmm containing a Boolean indica-
tor as to whether the information contained in the corresponding
element of uuu is missing or not,

mmmi = 1 if uuui is known (8)
mmmi = 0 if uuui is unknown, (9)

where i here denotes the ith data element in the vector uuu. This in-
dexing is extremely easy to implement with the help of Matlab’s
logical operators.

The aim of G-POD is to define a set of modal coefficients, βββ ,
which best reconstruct the missing data based on a minimisation
of the error between the known data and a POD reconstruction
of that known data using those modal coefficients [16]. Once
the index has been defined the mean (defined from the previous
POD) is subtracted from the incomplete snapshot vector,

fff = uuu− s̄ss, (10)

with the missing values defined by the mask vector having been
ignored. The modal coefficients are then calculated by solving
the following set of linear equations,

(ΦΦΦT ΦΦΦ)βββ = ΦΦΦT fff , (11)

where only the l most important basis functions defined by the
POD and only the data from these basis functions corresponding
to known data in uuu is used.

The resulting set of modal coefficients, βββ , can then be used
along with the POD basis functions to recreate the missing data
from the original snapshot vector, uuu.

G-POD FOR MULTI-FIDELITY OPTIMISATION
Traditional surrogate modelling based design optimizations

generally follow a similar process to that illustrated in Fig. 2.
An initial design of experiments sampling plan is defined for the
design variables of interest with computational simulations then
performed at each of these design points. These simulations are
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FIGURE 2. A TRADITIONAL OPTIMIZATION WORKFLOW.

then post-processed to obtain the necessary objective and con-
straint functions for the optimization. A surrogate model can
then be constructed for each objective and constraint and used to
perform a search of the design space, typically using an evolu-
tionary algorithm. Any potentially good designs that have been
identified by this search can then be evaluated using the compu-
tational simulation. Typically the process repeats until a stopping
criterion has been reached or a predefined budget of simulations
has been exhausted.

In the case of a multi-fidelity optimization, simulations are
performed using a high and low fidelity computational model
with objectives and constraints resulting from both models com-
bined within a single multi-fidelity surrogate model [2]. Gen-
erally the low fidelity simulations are carried out over a much
larger sampling plan than the high fidelity simulations. If well
correlated this additional data helps to improve the accuracy of
the multi-fidelity surrogate model and therefore helps to accel-
erate the optimization. Both single and multi-fidelity surrogate
modelling based optimizations have been demonstrated to be
very effective on a wide range of problems throughout the lit-
erature [18–22].

Taking inspiration from Willcox’s [4] G-POD prediction of
flow field data using pressure sensor information, the proposed
G-POD based optimization methodology, illustrated in Fig. 3,
takes a slightly different approach. As per a traditional surrogate
based optimization, a design of experiments is defined and both
low and high fidelity simulations are carried out at these points.
However, unlike a more traditional multi-fidelity approach, both
the low and high fidelity sampling plans are identical. Once the
simulations have been carried out, information from the low and
high fidelity computational domains for each design point is then
combined within a snapshot ensemble and the POD performed.
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FIGURE 3. PROPOSED G-POD OPTIMIZATION WORKFLOW.

In this instance “computational domain” refers to nodal values
throughout the simulation of interest, in the case of a computa-
tional fluid dynamics (CFD) simulation this may be nodal values
of pressure or velocity while in the case of a finite element anal-
ysis (FEA) this may be nodal values of stress or displacement.

Additional low fidelity simulations can then be performed
throughout the design space and, using the nodal information
from these simulations as known data within a snapshot vec-
tor, the G-POD technique can be used to predict the unknown
nodal quantities from the corresponding high fidelity computa-
tional domain. Given this prediction standard post-processing
techniques can then be used to calculate the objectives or con-
straints of interest.

With a suitably cheap low fidelity simulation and post-
processing process the evolutionary algorithm performing the de-
sign search could even directly employ the G-POD prediction to
perform the search thereby removing the need for a traditional
surrogate model to be used at all. Alternatively, if the expense
of low fidelity simulation still prevents such a direct optimiza-
tion being performed the G-POD predictions could be used to
enhance more traditional surrogate models of the objectives and
constraints. This additional information could be spread through-
out the design space in a similar manner to a multi-fidelity sur-
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FIGURE 4. NACA 0012 CFD MESH.

rogate model or close to the original high fidelity sampling plan
resulting in a pseudo-gradient enhanced surrogate.

The proposed approach has a number of similarities with
other G-POD based design methods presented within the litera-
ture. Bui-Thanh and Willcox [16], for example, used G-POD to
perform airfoil inverse design. Using a snapshot ensemble con-
sisting of airfoil geometry and pressure distributions the authors
used G-POD to calculate the airfoil geometry given a desired
pressure distribution. In the approach presented here, however,
no explicit geometry information is provided when the snapshots
are defined, instead the process operates purely on the results
of the simulation. Bui-Thanh and Willcox’s approach could be
modified for direct design by providing the airfoil geometry as
the known data and using G-POD to predict the flow field al-
though the technique may require further modification to predict
flow fields for conditions where the geometry does not change,
for example, as airfoil angle of attack varies.

LOW SPEED AIRFOIL DRAG POLAR PREDICTION
To better illustrate the presented multi-fidelity G-POD ap-

proach consider now its application to the prediction of the drag
polar of the NACA 0012 airfoil. The airfoil will be simulated
using both the commercial CFD package, ANSYS Fluent and a
simple inviscid panel code [23].

The Fluent simulation employs a structured mesh with a CH
topology generated using ANSYS ICEM 14.0. The mesh itself
consists of approximately 32,000 elements and is illustrated in
Fig. 4. Flow around the airfoil is modelled in Fluent using a pres-
sure farfield boundary condition with the specified Mach number
and with the x and y velocity components defined according to
the angle of attack. The density of air is defined using the ideal
gas law while the fluid viscosity is defined using Sutherland’s
law. The simulation also employs the Spalart-Allmaras turbu-
lence model. Each airfoil simulation is run using a first order
scheme for 500 iterations after which the simulation switches to
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FIGURE 5. NACA 0012 PRESSURE PREDICTIONS.

a second order scheme for a further 3500 iterations. Although
perhaps a little excessive this ensures that the drag and lift co-
efficients have converged acceptably for all angles of attack and
for different airfoil designs. A single Fluent simulation of the
airfoil takes approximately three minutes using a standard desk-
top computer. In the following example the NACA0012 airfoil
is simulated at Mach 0.1 between ±5°angle of attack. The lower
fidelity panel code is implemented in Matlab and employs a total
of 200 panels (100 on each surface) around the airfoil geome-
try. A single simulation of the NACA 0012 using this code takes
approximately one second to perform.

The Fluent simulation compares well to the experimental
data from Abbott and Doenhoff [24] with the simulation predict-
ing a drag coefficient of 9.73×10−3 at 0° angle of attack, 0.7%
less than experimental result of 9.8× 10−3. Although the panel
code cannot predict the drag coefficient of the airfoil very ac-
curately it does produce a relatively accurate prediction of the
airfoil’s pressure coefficient which allows the simulation to ac-
curately predict the lift generated by the airfoil. The Fluent and
panel simulations predict lift coefficients of 0.542 and 0.596 re-
spectively for the NACA 0012 at 5°which is close to experimen-
tal result of 0.550. Figure 5 illustrates that apart from a slight un-
der prediction in the suction side pressure at the leading edge and
an over prediction at the trailing edge there is very little differ-
ence in pressure distributions resulting from the two simulations
at 5°.

To create a G-POD multi-fidelity prediction of the drag po-
lar of the NACA 0012 between -5°and +5°angle of attack we first
define a sampling plan defining the initial Fluent and panel code
simulations. In this case three sample points have been defined at
angles of attack of -5°, 0°and +5°. Having performed the Fluent
simulations the velocities, pressures, temperatures and turbulent
viscosity values at every single node are extracted along with the
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FIGURE 6. G-POD DRAG POLAR PREDICTION.

pressure distribution from the panel code and used to define three
snapshot vectors. A POD is then performed using this ensemble
with the basis functions and pressure distributions at intermedi-
ate angles of attack coming from the panel code used in a G-POD
to predict the nodal properties of the corresponding Fluent sim-
ulation. These quantities are then post-processed to calculate the
drag coefficient.

It should be noted that the cost of the proposed G-POD pro-
cess, including both the initial POD and gappy reconstruction,
is negligible compared to the cost of a single high fidelity CFD
simulation. Using this approach the reconstruction of the above
nodal quantities is almost instantaneous. The cost of the nodal
reconstruction is much more dependent on the expense of the un-
derlying low fidelity simulation used to provide the known data
for the gappy reconstruction. In this case the 2D panel code runs
in under a second but for larger more complex 3D cases this com-
putation time may increase considerably.

Figure 6 illustrates the resulting mulit-fidelity G-POD pre-
diction of the drag polar of the NACA 0012 as compared to
81, high fidelity, Fluent simulations equally distributed between
±5°. Using G-POD in this manner the prediction of drag ap-
pears to be very accurate with a maximum absolute error (MAE)
of 7.05×10−5, a root mean square error (RMSE) of 3.92×10−5

and an r2 correlation of 0.9996.
As a comparison to the G-POD drag polar prediction, con-

sider now the performance of two popular surrogate modelling
techniques, Kriging [25] and Co-Kriging [2]. Figure 7 presents
the results of surrogate models constructed using these methods.
In the case of both of these models the same three high fidelity
sampling points that were employed in the creation of the G-
POD model are used. In the case of the Co-Kriging model, a
multi-fidelity surrogate modelling technique, the drag values at
these three points are augmented by panel code drag predictions
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FIGURE 7. SURROGATE DRAG POLAR PREDICTIONS.

from an additional 11 points equally spaced between ±5°.
Figure 7 clearly illustrates that the Kriging model does not

have enough information to accurately represent the drag polar.
This results in an overestimation of the Kriging hyperparame-
ter defining the rate of correlation decrease leading to a Kriging
model with sudden jumps from a constant mean to the sample
point value. The Co-Kriging model produces a slightly better
prediction of the drag polar but is mislead by the extremely poor
predictions of drag from the panel code used to construct the
model.

As noted previously the G-POD prediction could be used
directly in any subsequent search of the design space if the com-
bined cost of both the low fidelity model and any necessary post-
processing are comparable to that of a surrogate model. Figure
7 also illustrates an alternative approach if this is not the case.
Here a Kriging model has been constructed using drag values
obtained from 11 equally spaced G-POD predictions from Fig.
6. This surrogate model now has the accuracy of the G-POD
model while retaining the evaluation speed of a standard Kriging
model. Although 11 G-POD simulations have been used here,
the drag values from the three original Fluent simulations could
also have been retained and augmented with eight G-POD drag
predictions in between them. As G-POD recreates the original
snapshots exactly the drag prediction at these points is almost
identical to that from the original simulation.

HIGH ANGLE OF ATTACK DRAG POLAR PREDICTION
While the previous section illustrated the predictive capa-

bilities of the G-POD approach with regard to a drag polar, the
angles of attack used could be considered relatively moderate. To
further assess the approach consider now the application of the
G-POD approach to the prediction of the drag polar of the NACA
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FIGURE 8. HIGH ANGLE OF ATTACK DRAG POLAR PREDIC-
TIONS.

0012 airfoil from 0° to 15° angle of attack. As the angle of at-
tack approaches 15° a separation bubble begins to develop on
the trailing edge of the airfoil. This should make it much harder
for the multi-fidelity G-POD approach to accurately predict the
nodal quantities of the high fidelity CFD simulation as the snap-
shots employed do not adequately capture the evolution of this
particular flow feature.

As with the drag polar example in the previous section a total
of three high fidelity simulations will be performed, this time at
0°, 7.5° and 15°angle of attack. Once again the pressure distribu-
tion resulting from the panel code simulation will be used along
with G-POD to predict the nodal quantities for intermediate an-
gles of attack. Figure 8 illustrates the G-POD prediction along
with the corresponding Kriging and Co-Kriging predictions.

Both the Kriging and Co-Kriging predictors offer a rela-
tively poor representation of the drag polar over this range of
angles of attack. The Kriging prediction results in an r2 correla-
tion of 0.6612, a RMSE of 6.04×10−3 and a MAE of 9.6×10−3.
Unlike the previous case, where the Co-Kriging prediction was
slightly more accurate than the Kriging prediction, in this case
the accuracy is substantially reduced with the resulting model
exhibiting an r2 correlation of 0.640, a RMSE of 1.31× 10−2

and a MAE of 2.43×10−2. Over the majority of the drag polar,
the multi-fidelity G-POD approach is much more accurate than
both of these traditional surrogate modelling approaches. From
0° to 15°, G-POD predicts the drag polar with an r2 correlation
of 0.915, a RMSE of 3.83× 10−3 and a MAE of 1.52× 10−2.
Figure 8 also illustrates that the G-POD prediction is much more
accurate below an angle of attack of 10°, in this region the model
predicts the drag polar with an r2 correlation of 0.995, a RMSE
of 3.83×10−4 and a MAE of 5.55×10−4.

In conclusion, this example illustrates that while the ap-

(a) (b)

FIGURE 9. FFD CONTROL LATTICES.

proach works well for low to moderate angles of attack as soon
as effects such as separation start to come into play the multi-
fidelity G-POD based approach begins to loose accuracy. This
reduction in accuracy may, however, be countered through an in-
crease in the number of high fidelity snapshots in such regions or
a reduction in the bounds of the design space that the G-POD ap-
proach is used to represent. Never-the-less over the 0-15°domain
the G-POD approach offers a considerable improvement over the
accuracy of Kriging and Co-Kriging for an equivalent cost.

TWO VARIABLE DESIGN SPACE PREDICTION
While the accurate prediction of an airfoil’s drag polar with

a small number of expensive simulations is useful in itself for
robust and multi-point design optimizations, G-POD is operating
only in one dimension. Let us now investigate the proposed G-
POD approach in the context of a design optimization, in this
case the optimization of the NACA 0012 airfoil for minimum
drag.

As before the airfoil is simulated using both high and low
fidelity CFD but this time at a fixed angle of attack of 2°. A
freeform deformation (FFD) based parameterization is used to
morph the nodes defining the computational mesh and panel co-
ordinates. In this case the airfoil geometry is enclosed in a lattice
of 35 FFD control points [26], illustrated in Fig. 9(a), where the
control points on the second and fourth horizontal line are per-
mitted to move vertically by ±1% of the airfoils chord. Figure
9(b) illustrates the geometry resulting from perturbations to four
FFD control points resulting in a reduction in camber close to the
leading edge and an increase in camber at the trailing edge.

Morphing the computational domain using FFD has been
used with great success in the literature to perform aerodynamic
design optimizations [27–29] as it reduces the amount of noise
in the design space caused by variations in mesh topology. The
consistent node numbering and connectivity from one design to
another also simplifies the G-POD strategy presented here by re-
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FIGURE 11. TWO VARIABLE G-POD PREDICTION.

moving the need to map flow field information between meshes.
Consider now a two variable optimization of the NACA

0012 where only the two FFD control points at the trailing edge
of the airfoil are permitted to vary. Figure 10 illustrates the re-
sulting design space created from a 21×21 grid of high fidelity
CFD simulations. It should also be noted that the movement of
the control points has been normalized to between zero and one
and that the star in Fig. 10 indicates the design with the minimum
drag from those considered on the 21×21 grid.

In order to predict the design space using multi-fidelity G-
POD a four point sampling plan is used with one point at each
corner of the design space (see Fig. 11). A POD is then per-
formed of the high fidelity CFD flow field and the pressure dis-
tribution from the low fidelity CFD for the corresponding de-
signs. Predictions of the high fidelity flow field are then made

TABLE 1. TWO VARIABLE DESIGN SPACE PREDICTION AC-
CURACY.

Method r2 RMSE MAE

G-POD 0.998 4.09×10−5 8.56×10−5

Kriging 0.281 3.27×10−4 6.24×10−4

Co-Kriging 0.453 2.22×10−4 5.88×10−4

Kriging & 21 G-POD 0.998 4.24×10−5 8.48×10−5

Kriging & 8 G-POD 0.982 1.35×10−4 1.99×10−4

at unknown points using the pressure distribution from the low
fidelity simulation at that point and G-POD.

Figure 11 illustrates the multi-fidelity G-POD prediction of
the two variable airfoil design space using the same 21×21 grid
of points used in the construction of Fig. 10. Whilst there is
some degree of noise in the prediction, the G-POD approach does
accurately represent the variation in drag throughout the design
space. This is confirmed statistically in Tab. 1, where the G-
POD prediction of drag correlates extremely well with the true
values, r2 = 0.998, and the maximum absolute error (MAE) and
root mean square error (RMSE) are very low at 8.56×10−5 and
4.09×10−5 respectively. Although the G-POD prediction is gen-
erally accurate the additional noise in the response has resulted
in a slight inaccuracy in the prediction of the optimal design.

Consider now Kriging and Co-Kriging predictions of the
same design space using the same four point sampling plan. Fig-
ure 12(a) illustrates the resulting Kriging model which, as with
the drag polar does not contain enough information to produce
a reasonable surrogate model. Once again the rate of change
of correlation resulting from the hyperparameter optimization is
too large producing a model with a rapid change in response
away from each sample point towards the mean. The Co-Kriging
model, Fig. 12(b), which contains the four high fidelity sample
points and an additional 25 low fidelity sample points, is slightly
more accurate than the Kriging model (according to the statistics
in Tab. 1) but performs no better at predicting where the optimum
design is. Both the Kriging and Co-Kriging models perform con-
siderably worse than the G-POD approach. The r2 correlation of
both responses are less than half that of G-POD while the RMSE
and MAE are both an order of magnitude greater.

As per the drag polar prediction, let us now consider using
the results from a number of G-POD predictions to augment the
Kriging model of Fig. 12(a). Figure 12(c) illustrates the predic-
tion of a Kriging model constructed from four high fidelity CFD
drag coefficients and G-POD predicted drag coefficients at the
same low fidelity points used to construct the Co-Kriging model
of Fig. 12(b). In this case there is a substantial improvement in
the accuracy of the model all be it at a marginal increase in total
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FIGURE 12. TWO VARIABLE KRIGING (a), CO-KRIGING (b) & KRIGING PREDICTIONS USING G-POD DERIVED DATA THROUGHOUT
THE DESIGN SPACE (c) & AT POINTS PERTURBED FROM THE HIGH FIDELITY SAMPLE POINTS (d).

computational cost over that to create the Co-Kriging model due
to the cost of post-processing the high fidelity flow field predic-
tion. As indicated by the statistics in Tab. 1 this model is as ac-
curate as the pure G-POD prediction but with the noise removed
from the response due to the smoothing effect of the surrogate
model. In this case the prediction of the optimum exactly corre-
sponds with that of the true design space, Fig. 10.

As previously noted as well as providing points to populate
the rest of the design space with, G-POD predictions could also
be used to predict points close to existing high fidelity points
thereby producing a pseudo gradient enhanced surrogate model.
Figure 12(d) illustrates such a model where the four high fidelity
CFD points have each been augmented by two additional G-POD
predictions a short distance away in the direction of each design
variable. According to the statistics presented in Tab. 1 the re-

sulting surrogate model is less accurate in terms of RMSE and
MAE than both the G-POD prediction and the Kriging & G-POD
prediction but is still extremely well correlated with the true de-
sign space. The prediction of the global optimum is also quite
close to the true optimum indicated in Figures 10 and 12(c).

LOW SPEED AIRFOIL OPTIMIZATION
With initial surrogate models of the two variable design

space defined let us now consider the application of these mod-
els within a design optimization. Recalling the optimization pro-
cesses outlined in Figures 2 and 3 we take the standard single
and multi-fidelity models and search them using an evolutionary
algorithm to locate the optimum design. In this case the genetic
algorithm provided by Forrester et al. [20] is used with a popula-
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FIGURE 13. TWO VARIABLE OPTIMIZATION HISTORIES.

tion size of 50 and run for 100 generations. This design point is
then evaluated using the high fidelity CFD code and the resulting
drag used to update the surrogate model. The model is searched
again and the process repeats for, in this case, a total of 12 times.

Figure 13 illustrates the drag values found over the course
of three optimizations. The Kriging optimization, denoted by the
solid line, illustrates the history of an optimization commenced
from the initial surrogate model illustrated in Figures 12(a). The
Co-Kriging optimization, denoted by the dash-dot line, illustrates
the history of an optimization commenced from the initial sur-
rogate model illustrated in Fig. 12(b). Despite the poor initial
representations of the design space both of these models eventu-
ally locate the optimum design. The improved accuracy of the
Co-Kriging model gives it a slightly better optimization perfor-
mance and allows it to find the optimum two updates before the
Kriging based optimization.

Figure 13 also illustrates the performance of a Kriging & 8
G-POD based optimization. Represented by the dashed line in
this plot, this strategy commences from the surrogate model il-
lustrated in Fig. 12(d). The optimization history for this strategy
presented in Fig. 13 demonstrates a considerable acceleration in
convergence towards an optimum over the other two strategies.
In fact within two updates the optimization has converged to the
optimum design.

Not presented in Fig. 13 is the convergence history for an
optimization commencing from the Kriging & 21 G-POD model
illustrated in Fig. 12(c). As noted previously, this surrogate
model exactly predicts the location of the global optimum. The
first update simulation would therefore fall on the exact global
optimum.

It should also be noted that the slight differences in the final
optimal drag values in Fig. 13 are due to a constraint within the
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FIGURE 14. COMPARISON OF AIRFOIL DESIGNS RESULTING
FROM EACH OPTIMIZATION.

search of the design space preventing two updates being too close
together. Update points are prevented from being within 5×10−3

of any previous sample point. If the genetic algorithm results in
a point within this range then a random perturbation is applied to
the coordinates of the update point to move it away from the pre-
vious point. This process aims to prevent ill-conditioning in the
correlation matrices used to construct the surrogate models and
prevents the optimizations from stalling. Both figures 12(a) and
12(b) illustrate that the Kriging and Co-Kriging models suggest
that the high fidelity sample point in the top left corner of the
design space is the optimum. Without a perturbation to this pre-
dicted optimum from the previously sampled point the optimiza-
tion would stall and produce no further improvement. It should
be noted, however, that other updating schemes such as expected
improvement [30] could also be used to ensure that updates do
not fall on points already evaluated. Figure 14 illustrates the fi-
nal airfoil designs. Each of the optimizations have resulted in
broadly the same modifications to the baseline airfoil with only
slight differences in the final designs due to the above constraint
on the placement of update points.

UNCERTAINTY QUANTIFICATION OF A 2D ROTOR
The drag polar prediction and two variable aerodynamic de-

sign optimization have demonstrated the capabilities of the pre-
sented multi-fidelity G-POD approach with respect to fluid dy-
namics simulations. Let us now consider the application of this
approach to a mechanical case study, specifically the prediction
of uncertainties in a gas turbine engine rotor.

Figure 15 illustrates a simplified geometric model of the ro-
tors in a two shaft gas turbine engine. Consisting of a three stage
low pressure (LP) compressor, an eight stage high pressure (HP)
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FIGURE 15. 2D GAS TURBINE ROTOR GEOMETRY.

compressor, a two stage HP turbine and a six stage LP turbine
this model was created as part of the Collaborative and Robust
Engineering using Simulation Capability Enabling Next Design
Optimization (CRESCENDO) project to demonstrate the feasi-
bility of whole engine design optimization. Although a 3D model
of the static engine components exists here we shall investigate
the use of G-POD using only the rotor model.

The rotor undergoes a transient thermo-mechanical simula-
tion over a so called “square cycle” using the proprietary Rolls-
Royce finite element package, SC03 [31, 32]. The rotor model
consists of a total of 3494, second order, six node triangular el-
ements with the cycle comprising of conditions at idle followed
by an acceleration to max take-off, a deceleration to idle and a
final acceleration to cruise. Thermal boundary conditions have
been applied to each of the model’s faces to represent convective
heat transfer and radiation. Pressures, temperatures, heat transfer
coefficients and flow directions have been specified for both oil
and air for each of the cycle conditions. Given the model’s 2D
nature and relatively small number of degrees of freedom a sin-
gle analysis can be performed on a desktop computer in under 5
minutes.

Within gas turbine design it is common to have to calculate
the impact of uncertainties in heat transfer coefficients (HTCs) on
temperatures and displacements. Consider now, therefore, using
multi-fidelity G-POD to calculate the variation in displacements
and temperatures in the above rotor model if the HTCs in the
cavities of the HP compressor, HP turbine and LP turbine are
permitted to simultaneously vary by ±10%.

Unlike the previous aerodynamic examples the same simu-
lation setup will be used to provide both the low and high fidelity
simulation data. The low fidelity simulation will be a truncation
of the high fidelity simulation with only the first 100 of the 156
time steps analysed. This is analogous to the work of Forrester et
al. [33] who performed multi-fidelity design optimization using
a mixture of fully and partially converged CFD simulations. The
G-POD process will therefore begin with a series of complete
simulations carried out over the range of HTC scaling param-
eters with data from cheaper simulations over a portion of the
cycle used in a G-POD to predict the response of the rotor over
the remaining cycle. The completed data sets can then be used to
calculate the variation in temperature and displacement for every
single node in the model for the given range in HTC.

This case study therefore illustrates a considerable advan-
tage of the G-POD approach over traditional surrogate modelling
approaches. The scalar nature of such surrogates prevents them
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FIGURE 16. NODAL TEMPERATURE PREDICTION ERRORS.

from predicting the variance across the entire model. The multi-
fidelity G-POD strategy proposed here cannot, therefore, be di-
rectly compared to a traditional surrogate modelling strategy as
was the case in the previous examples. Instead it shall be com-
pared to an equivalent costing number of full fidelity simulations.

After a short study it was determined that 81 rotor simula-
tions at equally spaced values of ±10% HTC gave an acceptably
converged mean and standard deviation. This will therefore be
considered as the standard to which the subsequent prediction
methods shall be compared.

To summarize the G-POD strategy consists of 9 full fidelity
simulations in which the rotor has been analysed over the com-
plete cycle and 72 low fidelity simulations in which the rotor is
simulated for only the first 6000 seconds, i.e., up until the accel-
eration from idle to cruise conditions. As noted above each of
these truncated simulations runs for 100 time steps as opposed to
156 for the complete simulation which means that each simula-
tion costs 64% of the equivalent full fidelity simulation. Includ-
ing the 9 full fidelity simulations, the G-POD strategy is therefore
68% of the total cost of carrying out 81 complete rotor simula-
tions. We therefore compare the G-POD strategy, not only to the
results of the 81 simulation prediction but also to a 55 simulation
prediction of equivalent cost to the G-POD approach.

Figure 16 illustrates the maximum error in the calculation of
mean and standard deviation of all of the 9142 nodes within the
rotor model taken as a percentage of the maximum nodal tem-
perature at each time step. Similarly Figures 17 and 18 illustrate
the maximum error in the calculation of nodal mean and standard
deviation for both x and y displacements taken as a percentage
of the maximum nodal value at each time step. In all three plots
the errors are taken relative to the 81 simulation calculation with
the 55 full fidelity simulation prediction represented by the solid
line and the G-POD prediction represented by the dashed line.

As the G-POD strategy produces the same results as the 81
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simulations over the first 6000 seconds of the cycle there is zero
error in the calculations of mean and standard deviation for any
node for either temperatures or displacements. The 55 simulation
case, however, exhibits some quite large errors in this region, in
particular over the first 2000 seconds where the simulation accel-
erates the rotor from idle to take-off conditions. The maximum
error in the y displacement standard deviation, for example, is
over 4% of the maximum standard deviation of the target 81 sim-
ulation case.

Between 6000 and 8000 seconds, however, the accuracy of
the G-POD predictions of the nodal mean and standard devia-
tions are more mixed. For some time steps the prediction is more
accurate than the results of the equivalent costing 55 simulation

case and in some cases the prediction is less accurate. Over the
course of the cycle, however, the maximum error in the G-POD
prediction in the final 2000 seconds is considerably lower than
the maximum error in the 55 simulation prediction.

G-POD in this instance has reduced the cost of the uncer-
tainty quantification of a gas turbine rotor by over 30% and pro-
duced more accurate results over the course of the cycle, no error
in either the nodal mean or standard deviation is greater than 1%
compared to the equivalent costing number of full fidelity simu-
lations.

CONCLUSIONS
The current paper has explored the potential of a novel

multi-fidelity G-POD strategy for surrogate modelling, design
optimization and uncertainty quantification. Unlike traditional
surrogate modelling strategies the proposed G-POD approach
operates at the level of the nodal values within the computational
domain prior to any form of post-processing. By using nodal data
from low fidelity simulations a G-POD is used to predict nodal
data within the equivalent high fidelity simulation which can then
be post-processed as normal and employed directly within an op-
timization or used to augment a surrogate model.

The presented approach has been demonstrated to produce
more accurate predictions of the drag polar of an airfoil and a
two variable aerodynamic design space than equivalent costing
Kriging and Co-Kriging models. The improvement in accuracy
of the variation in drag throughout the airfoil design space was
demonstrated to offer a considerable improvement in optimiza-
tion performance. The approach has also been demonstrated to
be competitive at reducing the cost of predicting the nodal uncer-
tainties within a thermo-mechanical gas turbine rotor model.

Whilst this approach clearly has a great deal of potential to
reduce computational effort within optimizations and improve
surrogate model predictions, there remain a number of issues
which still remain to be investigated. The current paper applied
the G-POD approach to test cases with a relatively small num-
ber of dimensions. The applicability of this approach at higher
dimensions and the definition of an appropriate sampling plan
for this technique therefore remain to be investigated. Similarly
the applicability of the technique to other more complex design
problems employing three dimensional simulations also requires
investigation. Also not considered within this paper is the re-
evaluation of the POD basis functions as further high fidelity
simulations are performed as an optimization progresses which,
on higher dimensional problems may act to improve the accuracy
of the prediction throughout the design space. Finally, further in-
vestigations into the application of this methodology to the pre-
diction of transient responses need to be performed to determine
appropriate limits for the application of this technique.
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