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NEUTRON STAR OSCILLATIONS FROM STARQUAKES

by Lucy Keer

Glitches are sudden increases in the otherwise extremely regular spin rate of pulsars.
One theory proposed to account for these glitches is the starquake model, in which the

spinup is caused by a sudden rearrangement of the neutron star crust.

Starquakes can be expected to excite some of the oscillation modes of the neutron star.
These oscillations are of interest as a source of gravitational waves, and may also modify
the pulsar radio emission. In this thesis we develop a toy model of the starquake and

calculate which modes of the star are excited.

We start by making some order-of-magnitude upper estimates on the energy made avail-
able by the starquake and the amplitude of the modes excited, before moving on to a
more detailed calculation based on a specific model of the starquake in which all strain is
lost instantaneously from the star at the glitch. To find out which modes are excited by
the starquake, we construct initial data describing the change in the star at the glitch,

and then project this against the basis of normal modes of the star.

We first carry out this procedure for a simplified model in which the star has spun down
to zero angular velocity before the starquake. We find that the majority of the energy

released goes into a mode similar to the fundamental mode of a fluid star.

Finally, we describe the extension of this model to the more realistic case where the star
is rotating before the glitch. We calculate the change in the normal modes of the star
to first order in the rotation; these are no longer orthogonal, but we construct a scheme
that still enables us to project our initial data against this set of modes, and discuss

some preliminary results of the model.
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Chapter 1

Introduction

1.1 Neutron star physics

Neutron stars are complicated. These dense remnants, formed by the gravitational
collapse of some massive stars, contain a mass of one or two times the mass of the Sun
within a radius of only around 10 km. For an object this compact, the effects of general
relativity become important, making neutron stars a good candidate for the emission
of gravitational waves. Neutron stars have a stratified structure, with a solid crust and
an outer core composed of superfluid neutrons and superconducting protons, while the
properties of matter at the high densities of the inner core are still poorly understood.
Further complications are introduced to the stellar structure by the extremely high
magnetic fields of some neutron stars, of up to around 10'# gauss, and by their rotation,

which can reach frequencies of up to around 700 Hz.

Disentangling these effects is a challenging problem. One of the most promising ap-
proaches is to use the methods of seismology: the determination of an object’s prop-
erties from its characteristic modes of oscillation after a disturbance from equilibrium.
Originally used with great success to determine the composition of the Earth through
measurement of the waves produced by large earthquakes, seismology has since been
adapted to study the interior of the Sun (helioseismology) and other stars (asteroseis-

mology).

In this thesis, we will study a scenario which is in fact highly analogous to that in
geophysics: the generation of stellar oscillations by starquakes, sudden, catastrophic
losses of strain in the solid crust. These have been suggested as an explanation for the

sudden speed-ups in rotation, or glitches, observed in many younger neutron stars.

We will develop a simple toy model for a starquake and study the spectra of oscillations

produced. The properties of these oscillations will be affected by the elastic crust and
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the fluid core, as well as the rotation of the star. We will also briefly discuss the potential

for observing these observations through the detection of gravitational waves.

This introductory chapter will concentrate on the observational and theoretical back-
ground that will be needed throughout the rest of the thesis. After a brief overview
in this section of some of the main relevant areas of neutron star physics, we move on
to summarise basic equations and results in fluid dynamics, elasticity and gravitational

wave theory that will be useful for later chapters.

1.1.1 Observing neutron stars

The idea of a star composed of tightly packed neutrons was proposed by Baade and
Zwicky as early as 1934 [12], only two years after the neutron was discovered. The
possibility of making any electromagnetic observation of such a small, cold object seemed
unlikely, but theoretical speculation continued until the unexpected discovery by Bell
and Hewish in 1967 of a ‘pulsar’: a new celestial source of regular radio pulses. The

small inferred size of the source region suggested a neutron star as a possible origin [37].

The picture that gradually emerged was of a rotating, magnetised neutron star [34], [64],
slowly spinning down as it loses energy to magnetic dipole radiation. The radio pulses
were identified with a ‘lighthouse beam’ of radiation sweeping across the earth as the

star rotates.

Since then, neutron star observations have been made across the electromagnetic spec-
trum, in optical, X-ray and gamma ray wavelengths. In addition, many neutron stars
have been found that have binary companions. These new sources of information have
helped us further constrain the properties of neutron stars. In this section we will briefly
discuss some of the observational characteristics of neutron stars most relevant to this

thesis.

1.1.1.1 Radio observations

Radio emission is still the richest source of information about neutron stars. Around 1900
pulsars have been discovered [88], and almost all known neutron stars are observed in the
radio band. Distance measurements show that the majority of pulsars are concentrated
in the plane of the galaxy, within a radial distance of about 10 kiloparsecs from the
centre [54].

The most obvious feature of the radio pulse is the extremely regular period P of the
signal. It is also possible to observe a steady period increase P. This fits with a slowing

down of the star’s rotation due to the torque produced by magnetic dipole radiation.
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Figure 1.1: P — P diagram showing period of rotation of pulsars in seconds
against dimensionless period derivative.

The magnetic dipole model predicts a magnetic field strength of B ~ \/ﬁ, and an
approximate age (the ‘characteristic age’) of the pulsar 7, ~ %. These two properties
can therefore be seen to give important information about the properties of the star and
are often plotted in a P — P diagram. This is done in Figure 1.1 using data from the
ATNF Pulsar Database [57].

Perhaps the most immediately striking feature of the diagram is that pulsars split roughly
into two populations, with short-period, low-magnetic-field stars as a separate group in
the bottom left. These millisecond pulsars are found in binary systems and are thought
to be older pulsars spun up by the accretion of matter on to their surface from the

companion star [51].
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1.1.1.2 Binary systems

Around 80% of millisecond pulsars, and 1% of normal pulsars, are observed to be in
a binary system [50]. The companion star may be an ordinary star, a white dwarf or
another neutron star. These systems can provide new information about neutron stars

that is impossible to infer from isolated stars.

One of the most important features of binary systems is that for a few special cases it is
possible to constrain the mass of the stars in the system from information contained in
the pulse signal. For an accurate determination, it is necessary to have good knowledge
of the inclination angle of the binary system. In those systems where this can be done,
mass measurements range from 1Mg to a recent high measurement of 2My [27]. A

summary of current measurements is provided in [47].

1.1.2 Formation of a neutron star

Neutron stars are remnants formed from the gravitational collapse of a massive star. This
collapse occurs when a star has run out of energy gained from the fusion of elements
within its core, and its thermal pressure can no longer stay in equilibrium with the

gravitational force.

At this point, the majority of stars will evolve to a point where the gravitational forces are
instead balanced by the electron degeneracy pressure: this pressure is a consequence of
the Pauli exclusion principle stating that no two electrons can occupy the same quantum

state. A star supported by this type of pressure is called a white dwarf.

However, there is a maximum mass sustainable by an object supported by relativistic,
degenerate electrons; stars that exceed this Chandrasekhar limit [20] are no longer stable.
This is the case for more massive stars of typically around 8 Mg, and over, where nuclear

fusion in the core proceeds all the way to the endpoint of iron nuclei.

At this point, the core implodes rapidly, triggering a complex process of shock formation
and ultimately a supernova explosion [33]. This explosion expels all the outer matter
of the progenitor star, leaving only the core. This core cools fast, soon reaching a
new equilibrium at nuclear density, the density at which the mean density of matter
reaches the density of an atomic nucleus. Matter is then expelled outwards in a Type
II supernova, leaving a compact core behind. This core is the neutron star, and is
supported by the degeneracy pressure of neutrons. The neutron star has a typical mass
of around 1.4M and a radius of around 10km. This scenario may occur for stars with

initial masses in the region of 8 — 20Mg [75].

For some of the most massive stars, the supernova explosion fails to eject enough mate-

rial and the star reaches the Oppenheimer-Volkoff mass limit [62], the maximum mass
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sustainable by degenerate neutrons. In this case the star can undergo complete collapse
to a black hole.

1.1.3 Structure of a neutron star

Neutron star matter spans a huge range of densities, from a surface density of around
105 g cm™3 up to extremely high densities of around 10" g cm™3 in the inner core,

014

higher than the nuclear density po = 2.8 x 101 g cm™3 of a heavy atomic nucleus [88].

Laboratory measurements of nuclear properties are only available up to just below nu-
clear density, where the nuclei predicted to occur are ones that can be produced experi-
mentally [68]. Beyond this point, theoretical models of the interaction between nucleons
can be used to predict the properties of the matter up to just above nuclear density.

The dense nuclear matter in the inner core is still not well understood theoretically.

Figure 1.2 shows the composition of a neutron star. The star can be divided into two
main regions, a solid crust and a liquid interior. The outer part of the crust consists of a
rigid, crystal lattice of atomic nuclei. Near the surface, these are mainly ordinary nuclei,
and at low densities the most energetically favourable nucleus is iron. At increasing
densities it instead becomes energetically favourable to reduce the number of electrons
by converting protons to neutrons through inverse beta decay. This leads to the creation
of increasingly neutron-rich nuclei, up to the point of neutron drip at a density of around
4 x 10" gem ™3, where neutron states become unbound [68]. The density of free neutrons
between nuclei then increases until it is comparable to that of the nuclei: at this point
the nuclei merge to create a fluid of neutrons together with a small fraction of protons
and electrons. This marks the crust-core transition and occurs at a density of around

po, around 1 km below the surface.

In the fluid core, the neutrons are expected to be superfluid and the protons supercon-
ducting [14]. The properties of the dense nuclear matter in the inner core are not well
understood, but the star may contain exotic material. This could consist of hyperons, a

Bose condensate of pions or kaons, or deconfined quark matter [88], [46].

1.1.4 The neutron star equation of state

The thermodynamic properties of a neutron star are encoded in the equation of state, a
relation P = P(p,T') between the pressure P, density p and temperature 7" of the star.

For low temperatures, we can take the T' = 0 barotropic limit, obtaining an equation of
state P = P(p).

Realistic equations of state are calculated numerically, and take into account the detailed

physics of interactions between nucleons in the neutron star core. The equation of state
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Figure 1.2: Cross-section of a neutron star, showing the composition of the
main regions of the star. The outer crust is a lattice of atomic nuclei. At
higher densities the proportion of free neutrons increases. The core is a fluid of
superfluid neutrons and superconducting protons, while the composition of the
inner core is unknown.

depends strongly on the unknown properties of the inner core, so there is wide variation
in possible equations of state; a survey is provided by Haensel, Potekhin and Yakovlev
[35].

It is also common to use simpler analytic models which capture some of the qualitative
features of the equation of state. Polytropes have an equation of state of the form P =
kp". Polytropic equations of state govern some idealised systems such as an ideal Fermi
gas of nonrelativistic (I' = 2) or ultrarelativistic (I' = %) neutrons, and so equations of
state of this type can be a useful approximation to the more complicated physics of a

realistic neutron star model.

Given a barotropic equation of state P = P(p), each pressure-density equation of state
uniquely determines a relationship between masses and radii for neutron stars [49], and
also fixes the maximum allowed mass. This means that observational data on the masses

of neutron stars is very useful in constraining the neutron star equation of state [48].
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1.2 Gravitational waves

General relativity predicts the existence of gravitational waves, propagating waves of
spacetime curvature generated by varying mass distributions. As well as providing a
test of general relativity, direct detection of gravitational waves would be of great use
to astronomy, as these waves can provide information complementary to that currently

available from electromagnetic observations.

In particular, gravitational waves are generated by the bulk movement of a source rather
than being radiated by individual particles. This means that gravitational wave frequen-
cies are directly related to the dynamical timescales of the source. Gravitational waves
are not scattered by matter in the same way as electromagnetic waves, so can provide
more direct information about the source. For neutron stars, this could be extremely

useful as a way to probe the physics of the dense matter interior.

In this section we will first outline the basic theory of gravitational wave generation, and

then briefly discuss the outlook for detection of gravitational waves.

For convenience, throughout this section we will work in geometrised units where G =
¢ = 1. This simplifies many formulae, and we can convert back to SI or cgs units when
calculating physical quantities. We will use Greek indices for spacetime tensors, and

Latin ones when we are using only the spatial part.

1.2.1 Gravitational wave theory

Before discussing gravitational wave generation, it will be useful to summarise some basic
equations of general relativity. In this theory, spacetime is described by a metric gqgs.
The tidal gravitational forces experienced by particles in this spacetime are governed
by the curvature of the metric. This curvature can be quantified through the Riemann
curvature tensor Ropg.s. In a local inertial frame the Riemann curvature tensor can be

written in terms of the metric as

1
Rapns = 5 (9as.87 + Yory,856 — GBy,06 — 9Bs,ary) - (1.1)

Einstein’s field equations

Gaﬁ = 87TT045 (12)

then relate the stress-energy tensor T3 of the matter distribution to the curvature of

the metric through the Einstein tensor G5, where

1
Gag = Rag — §Rga5. (1.3)
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The Ricci tensor R,p is constructed from the Riemann curvature tensor as

R.s = R aABs (1.4)

while R is the Ricci scalar R := g“ﬁRag.

1.2.1.1 The linearised Einstein equations

In this section, we will largely follow the presentation in Schutz [75]. Our aim is to
find the wave field far from the source, where we can expect the amplitude of the waves
to be very small. This allows us to find coordinates where we can split the spacetime
into a background piece, which we take as flat Minkowski spacetime 7,3, and a piece

describing small perturbations:

JoB = Nap + haﬁa (1.5)

where |hog| < 1. The linearised Einstein field equations (1.2) then become

Gap = =5 [hapu™ + Nl ™ = happ™ — Rguat] = 81Tug (1.6)

N =

to first order in h,g. Here ﬁag is the trace reverse of the metric perturbation, ﬁag =
hag = 31 .

This can be simplified using the freedom we have to change the metric. We can stay
within the regime of small perturbations by making a gauge transformation: a coordinate
change x® — 2/% = 2 + £%, where £ is a small vector. This is equivalent to switching

to a new metric perturbation

]_7’/045 = BO‘B - gaﬁ - 55,04 + naﬁgu,u- (17)

We will now use up some of this gauge freedom to pick £% so that it satisfies the gauge

condition & = h* - This puts us into Lorenz gauge, where

Wb 5 =0, (1.8)

and so the linearised Einstein field equations (1.6) simplify to

2
<—§t2 - v2) neP = —167T5. (1.9)

This has the form of an inhomogeneous wave equation with the stress-energy tensor 7,3

as its source.
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1.2.1.2 Generation of gravitational waves

To find the wave field produced by a source, we will need to solve the weak-field Einstein
equation above. Using the coordinates (,z") for the background Minkowski metric 7,4,

this has a formal integral solution

— - Top(t — R
hasttsaty =4 [ 20 =B g, (1.10)
A R
where R = |2 — y¢|, and the integral is taken over the past light cone A of the event
(t,z%) [85]. To make further progress, though, we will have to make some simplifying

approximations.

We choose the origin of coordinates to be inside the source, far from the observer at
(t,z"). Because we are far from the source, |y‘| < |z°|, and so we can take R ~ r := |2/
in the denominator of the integral. We also make the slow motion approzimation, which
is that the typical velocity v in the source region is much smaller than the speed of light:

v < 1 [75]. We can then take t — R ~ t — r, and so our approximate integral solution is

B oy
() % /Taﬂ(t ~ )y, (111)

We are mainly interested in the spatial part ﬁij. Using conservation of the stress-energy

tensor, 7% .3 = 0, we can show that

d? 00,.i,.5 73 ij 13
dt2/T xmjdx:2/Tjdx, (1.12)
and so
Rk (t, 2h) & gd—Q /Tooxjxkd3:r (1.13)
’ 7 dt? ‘ ‘

This is the quadrupole approximation, and f TOxizid3x is called the mass quadrupole

moment of the source,
ok :/ Tt — r)ad *d>x. (1.14)
\%

1.2.1.3 Transverse-traceless gauge

We have not yet used all our available gauge freedom: we can remain in the Lorenz class
of gauges by adding to £“ any vector (% with (—g—; + V2> (“ = 0. We will now fix
our gauge completely, by specialising to transverse-traceless gauge, where the wavefield

takes on a particularly simple form:



10 Chapter 1 Introduction

e Iirst we will choose hogU 0 = 0, where U? is the time basis vector of our coordinate

system. This means that h,9 = 0 for all indices a.

e We then keep only the spatial part of h,s which is transverse to the direction of
propagation n/, using the projection tensor
pJ E = 57 E— njnk (1.15)

orthogonal to n’/. This is achieved automatically if the perturbation is already in

Lorenz gauge.

e Finally we remove the trace of h,g.

Together these conditions give us the transverse-traceless wavefield

hIl =0, (1.16)

_ _ 1 _
hiTjT = P*;P! by — §Pij(Pklhkl). (1.17)

For example, if we choose our axes so that the wave propagates in the z—direction, the

metric perturbation becomes

00 0 0
0 hy hx O

hlh = . : (1.18)
00 0 0

From this we can see that there are only two independent components, corresponding
to two independent polarisations of the wave. These are called the ‘plus’ and ‘cross’
polarisations because of their effect on a circle of test particles in the x — y plane (see
Figure 1.3).

1.2.1.4 The energy carried away by gravitational waves

In general relativity, we can always choose a local frame in which the gravitational field
vanishes; we can only see the effect of the field by looking at how the proper separation
between two particles changes. This means that there is no way of unambiguously
defining the energy in a gravitational wave at one spacetime point. However, it is

possible to define an averaged stress-energy tensor for the waves [40],[41].

This can be found by expanding the Einstein tensor to second order in the h,g and
averaging over one wavelength in spatial directions and over one period of the wave in

time:
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OO0

> time

OO0 D0

Figure 1.3: Diagram showing the effect of a passing gravitational wave on a circle
of test particles perpendicular to the direction of propagation of the wave, for a
purely ‘plus’ polarised wave (top) and a purely ‘cross’ polarised wave (bottom).

(Gag) = G+ (GL)) + (GE)) + O(h®). (1.19)

The background G term is zero for flat space, and the GO term linear in h will vanish

when averaged over a wavelength. This leaves

(G%) == —8rTSY, (1.20)

which defines the stress-energy tensor for the gravitational waves. In TT gauge

1 - _
GW
T :%mg’ah”wf@. (1.21)

The energy flux in, for example, the z-direction is then

w2

F="To: = 327w

(R, (1.22)

1.2.2 Detection of gravitational waves

Indirect evidence for gravitational waves already exists: the effects of energy loss from
gravitational wave emission were first seen in the double neutron star system discovered
by Hulse and Taylor [39],[81]. The decrease in orbit period observed in this system
matches the predictions of general relativity to within 1% and so provides an important
test for the theory. Even more stringent recent tests include the double pulsar system
PSR J0737-3039A /B, which has been found to agree to within 0.1% [42].

The direct detection of gravitational waves using an Earth-based detector is a huge
technical challenge. The current network of ground-based detectors includes LIGO Liv-
ingston and Hanford, VIRGO and GEOG600. These use laser interferometry to detect
changes in the lengths of the two arms of the detectors. LIGO is now sensitive to frac-

tional changes in length of order 10722, [69], with maximum sensitivity at frequencies
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of around 100 — 1000 Hz. The LIGO detectors are currently being updated, and Ad-
vanced LIGO should have sensitivity increased by a factor of around 10, depending on

the chosen detector configuration [77].

There are a wide range of possible gravitational wave sources which may be detected;
for the purposes of detection these are normally split into inspiral, continuous, burst
and stochastic signals [6]. Inspiral signals come from the final stages of a neutron star
or black hole binary, as the compact objects merge together [2]. This should produce a

distinctive signal, increasing in frequency until the merger.

Other types of signal from single compact stars or binaries are divided into continu-
ous and burst types. Continuous signals can be produced from spinning neutron stars.
These could generate a gravitational wave signal if they are deformed from an axisym-
metric rotation shape by crustal ‘mountains’ [4]. Another possible source of continuous

gravitational radiation would be a secular instability such as the r-mode instability [10].

Bursts are, as the name implies, short-lived signals produced by a variety of violent
astrophysical events such as core-collapse supernovae or neutron star collapse to black
holes [1]. This type of signal is particularly interesting to us, as a neutron star glitch

should produce a rapidly damped burst of radiation.

The fourth class, stochastic signals, are those produced by a large population of in-
dependent sources, which would be expected to show up as noisy ‘gravitational wave
background radiation’. A stochastic signal may be produced as a relic of events in the

early universe after the Big Bang [5].

1.3 Equations of motion for an ideal fluid

As we saw in Section 1.1.3, the core of a neutron star is fluid. The defining property of
a fluid is that it shows very little resistance to shear strain — in fact, we will consider
ideal fluids, in the zero viscosity limit of no strain. We will also be modelling our fluid

as non-relativistic, so will use a Newtonian description throughout.

We will derive a few of the most important equations governing fluid flow below, which
will be needed throughout this thesis. The derivations here follow those in Landau and
Lifshitz [44].

1.3.1 Conservation of mass

A basic property of a fluid is that mass is conserved (at least in Newtonian gravity, where
there is no gravitational radiation). We will consider what happens in a ‘test volume’ V'

fixed with respect to the observer measuring the properties of the fluid. Conservation of
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mass means that the decrease per unit time of the mass of the fluid in V is equal to the

flux of mass flowing through its surface 9V in unit time. For a fluid of density p(z%, ),

d

- — pdV—/ pv'dS;. (1.23)
dt Jv ov

Here dS; is a surface element defined to be positive pointing out of the volume. We can

rewrite this as

/V (gﬁ + Vi (pzﬂ')> dv =0, (1.24)

and since this equation holds for any volume V', we have the equation of continuity,

op i
5 Vi (pv*) = 0. (1.25)

1.3.2 Euler’s equations

We next consider the forces acting on a small volume of fluid. In this case we will take

the small volume 6V moving with the fluid element, so that

Dvi
Dt

where f; is the force per unit volume acting on the fluid element. Here the derivative

D% is the derivative taken with respect to the moving fluid, known as the convective

derivative. This can be written as

PLSY = 0V, (1.26)

D 9 dito 0
E:a_‘_ dt 8952 —a-ﬁ-(v Vz), (1.27)

leading to Fuler’s equation,

+ (V) = =, (1.28)

1.3.3 Eulerian and Lagrangian perturbations

Most of our work will be within the framework of perturbation theory, where we study
the behaviour of solutions under small perturbations to the background properties of
the star. There are two important descriptions of a fluid perturbation that we will use.

These are the Eulerian and Lagrangian perturbations (see, for example, [76] or [26]).
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The Eulerian description takes a ‘macroscopic’ perspective, measuring the change in a
quantity Qo at a fixed point in space. If Qq(x,t) describes the quantity before the per-
turbation and Q(z¢,t) describes it afterwards, then the Eulerian perturbation is defined

as

6Q = Q(a',t) — Qo(z',t). (1.29)

The Lagrangian description takes the ‘microscopic’ approach, following the fluid elements
as they are displaced by the perturbation. To do this, we introduce a displacement vector
¢ mapping fluid elements in the unperturbed star to their new locations in the perturbed

one. The Lagrangian perturbation is then defined as

AQ = Qe +€.t) — Qola', t). (1.30)

The two types of perturbation can be related by

AQ = 6Q + £'V,Q. (1.31)

In the case of the Lagrangian change in the velocity Av?, we can also obtain a useful
expression in terms of the displacement field £. The Lagrangian change in the velocity
of a fluid element is its velocity in the perturbed flow relative to that in the unperturbed

flow, i.e.

Avt = —(2° AN
o = S+ )

dxi_ig
dt  dt’

(1.32)

1.4 Elasticity

In constrast to a fluid, an elastic solid can sustain a shear stress. A perfectly elastic
solid will recover its original shape after any small stress, including a shear stress, is
removed. This will be very important in our modelling of the solid crust of a neutron

star, and so we will develop the equations of motion for an elastic solid below.

1.4.1 The strain tensor
We can measure the deformation of an elastic body that undergoes a displacement &

by taking the gradient S;; = V;§; of the displacement vector. This second rank tensor
can be split into three irreducible parts [18]:

1
Sij = §@9ij + 25 + Rij, (1.33)
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where © = S;; is the expansion, ¥;; = %(iji + V&) — %@gij is the shear, R;; =
% (V& — Vi&;) is the rotation, and g;; is the metric tensor. We ignore R;j, because a

local rotation of a volume element produces no corresponding stress force, and take

1 1
uij = 30gi + Xij = 5 (V& + Vi&;) (1.34)

as our definition of the strain tensor.

1.4.2 The stress tensor

The forces acting in an isotropic elastic material can also be described by means of a
second rank tensor. If we consider two small neighbouring regions of the solid, the first
region exerts a force dF; on the second through their surface of contact dS; (defined
with the positive sense pointing from the first to the second). As this force is linearly

proportional to the contact area, we have a relationship

dF; = T;7dS;, (1.35)

and the second order tensor T;; relating dF; and dS; is the stress tensor. We can then

compute the total elastic force acting on a volume V' to be

E:—/ T;7dS, :—/ V;T;7dV. (1.36)
oV \%

This should be true for any volume, so we find that the elastic force density f; is

z‘elastic _ —VjTij- (1.37)

As with the strain tensor, we can split the stress tensor into a pure trace and a symmetric

trace-free part:

T, = Poy + T, (1.35)

Here P can be identified with the pressure. As the shear part ]}S]hear is trace-free, we

can write the pressure in terms of the stress tensor as

1 .
P = ngi. (1.39)
The stress tensor (1.38) for an elastic material can be compared with that for an ideal

fluid, which can only sustain an isotropic stess Tg}uid = Pg;;.
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In an elastic solid, we expect both the expansion and shear parts of the strain tensor
to cause a corresponding stress in the star. We assume Hooke’s Law, i.e. that this
relationship is linear: P = —K© and Tijhear = —2ud;;, where K and p are constants
[43]. These constants are called the bulk modulus and shear modulus respectively. This
means that in linear elasticity, the stress tensor can be written in terms of the strain

tensor as

Tij = —K®gij — 2u¥;;. (1.40)

felastz’c
7

The elastic force density is then found to be

, , 1 . .
fflasm = KV;0+2uV;%;7 = (K + 3/L> V,-(Vjéj) + pV;V72E;. (1.41)
In this thesis we will mainly be interested in the incompressible case, where © = 0. In

this case the stress tensor becomes

T = —2p%;, (1.42)

with

fielastic _ 'uvjngi_ (1.43)

as the corresponding force density.

1.5 Plan of the thesis

The thesis starts with two introductory chapters, the first on general neutron star physics
and the second focussed on neutron star glitches. In Chapter 3 we then move on to give
some order-of-magnitude estimates of the energy made available by a starquake and the

amplitude of the oscillations excited.

The next three chapters develop the background needed to make a more detailed physical
model of a starquake. We start by studying equilibrium models of a rotating star in
Chapter 4, finding analytic solutions for the case of an incompressible solid star. In
Chapter 5 we discuss modes of oscillation of neutron stars. In particular we derive the
mode spectrum for the same model of an incompressible solid star and investigate it
numerically. Chapter 6 contains the mathematical background needed to show that we
have an orthogonal set of oscillation modes to project against, and illustrates this with

a series of toy models of mode excitation by initial data.
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We are then in a position to use this work to produce a toy model of a starquake, in
the special case where the star spins down to zero angular velocity before glitching. We
carry this out in Chapter 7, constructing initial data for the glitch and projecting it

against our basis of normal modes.

Chapters 8 and 9 deal with the extension of this model to include rotation. In Chapters
8 we investigate the change in the oscillation modes to first order in the rotation, while
in Chapter 9 we extend the projection scheme to take into account the fact that the

modes are no longer orthogonal, and discuss some preliminary results.






Chapter 2

Glitches

Pulsars normally rotate at an extremely regular rate, with most of the change over time
attributable to the gradual slowdown from magnetic dipole radiation. Accounting for
this steady change, pulsars keep time to an accuracy of one part in 10! or more [54].
However, not all variations in pulse period can be explained in this way. There is a small
contribution from ‘timing noise’, small random deviations in the pulse period. This is
particularly pronounced in the youngest pulsars [51]. More dramatically, some pulsars

have been observed to show a sudden speedup in rotation rate, known as a ‘glitch’.

First observed in the Vela pulsar in 1969 [71], [73], the cause of glitches is still unknown
and an active area of research. Two of the leading mechanisms advanced to explain
glitches will be discussed in the chapter. We will also discuss one of these mechanisms,
the starquake model, in more depth, and obtain some order-of-magnitude estimates for

the energies released in a glitch.

2.1 Glitch observations

Glitches are known to occur in a significant fraction of pulsars — out of 700 pulsars
monitored at Jodrell Bank, 128 have been observed to glitch [29].

Figure 2.1 shows the P — P diagram with those pulsars that have been known to glitch
marked. It can be seen clearly that with the exception of one millisecond pulsar, the
glitching pulsars fall into the top right portion of the diagram. This indicates that
they are younger pulsars (characteristic ages of 10% — 108 years) with reasonably strong
magnetic fields (upwards of 102 gauss). Within this population, the youngest pulsars
glitch most often, with the rate falling off with age [29].

The size of a glitch can be characterised by the ratio %, where v is the spin frequency

of the pulsar, and Av is the change in spin frequency during the glitch. This size varies

19
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Figure 2.1: P — P diagram showing period of rotation of pulsars in seconds
against dimensionless period derivative. Pulsars which have been seen to glitch
at least once are marked with yellow circles.

widely, with glitches being measured across the range % =107 — 107°. Different
pulsars have characteristic glitching patterns. As examples, we can look at two of the
best studied glitching pulsars, the Crab and Vela pulsars, which have both been under
observation since 1968 [76]. The Crab is one of the youngest known pulsars, a remnant
from the supernova recorded in the year 1054. It undergoes relatively small glitches of
size % ~ 1078, and glitch sizes are distributed over a wide range [86]. The Vela pulsar
is older, with characteristic age 11000 years. Vela glitches are larger, with a much more

regular size of around £% = 1077 [29].

After a glitch, many pulsars relax to close to their original spin rate: for example, this
is the case in the Vela Pulsar [58]. However in some neutron stars, such as the Crab,

the change in spin rate is permanent (or at least is retained until the next glitch) [55].
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2.2 Overview of glitch models

2.2.1 Superfluid model

A connection between pulsar glitches and the superfluid core of the star was first pro-
posed by Baym, Pethick and Pines [15]. A more detailed scenario was then suggested
by Anderson and Itoh [9].

Superfluidity allows the neutron star to contain two components with differing rotation
speeds. The rotation rate of the pulsar is determined by its radio beam from the magnetic
poles, which are attached to the crust. The pulsar’s magnetic field will then ensure that
the electrons and protons in the fluid interior stay strongly coupled to this component.
However, the superfluid neutrons in the interior form a separate component, parts of

which may be more weakly coupled to the crust.

This happens because rotation in a superfluid is quantised, with each superfluid vortex
carrying a fixed amount of angular momentum. The rotation of the whole component
is then proportional to the area density of these vortices, and so it can only slow down

if the vortices move outwards towards the crust.

This outward migration of the vortices should be able to occur in the liquid interior, but
as they reach the solid crust they may become pinned to the nuclei in the crystal lattice.
This fixes the angular momentum of this part of the superfluid, so that it is unaffected

by the gradual slowdown of the neutron star through magnetic braking.

A glitch would then be triggered by an event that could suddenly increase the coupling
between the two components by producing a sudden collective unpinning of these vor-
tices. This would release large amounts of angular momentum to the crust, giving rise
to the glitch event. Various mechanisms for this unpinning have been proposed [8], [32],
[60].

The superfluid model has the ability to account for large glitches, and so is the leading

candidate for explaining the behaviour of pulsars such as the Vela.

2.2.2 Starquake model

The idea of starquakes in the crust of a neutron star as a possible explanation for glitches
was first advanced by Ruderman in 1969 [74], soon after the first glitch observations.

This mechanism was later considered in more detail by Baym and Pines [16].

Figure 2.2 illustrates the main stages of the starquake model. At this point we will
introduce some notation that we will use throughout the thesis, and refer to the four main

stages of the starquake model as Stars A-D. The star starts in a relaxed configuration
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Figure 2.2: Schematic of the starquake model. As the star spins down from
an initial, relaxed configuration (Star A), strain builds up in the crust. When
this reaches a critical level (Star B), the crust cracks and strain is removed.
Immediately after the starquake the star is out of equilibrium (Star C), and
oscillates briefly before settling down to a new equilbrium state (Star D).
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(Star A), with some initial angular velocity £24. As the star loses energy and spins down,
it becomes less oblate. While a fluid star would be able to freely adjust its shape to
the new spin rate, the solid crust of a neutron star will resist the deformation from its
relaxed state; consequently, it will stay more oblate than a fluid star would. It is this

residual oblateness that is then removed by the starquake.

In the starquake model, there is some maximum level of strain that the crust can with-
stand. This occurs at some critical angular velocity Q2p, which is shown in Star B of the

figure. At this critical level, the crust cracks and relieves some of the strain.

This release of strain means that the star is now relaxed and loses its residual oblateness.
The moment of inertia decreases, and so by conservation of angular momentum there
must be a corresponding increase in the star’s angular velocity. This is the glitch we

observe.

Immediately after the glitch, the star will briefly be out of equilibrium — this is Star C of
the figure. It is this stage of the model that we will be most interested in, as we expect
oscillation modes of the star to be excited. These oscillations will then quickly damp
down and the star will reach a new equilibrium state, Star D, which is spinning at the

new, faster angular velocity Qp.

This model is unable to account for the largest glitches, as we shall see below. However,
it is still of interest in describing the behaviour of the youngest pulsars, such as the
Crab.

2.3 The Baym and Pines starquake model

Baym and Pines [16] developed an early model of a starquake, using an order-of-
magnitude calculation of the ellipticity change in the star at the glitch to make estimates
of the time between glitches. Later in the thesis we will build on this model, so we will
discuss it in some detail here. The starquake model of Baym and Pines characterises the
distortion of the rotating neutron star using a single parameter, the oblateness parameter
€. This is defined by

I=1I5(1+¢), (2.1)

where I is the moment of inertia of the distorted star and Ig is that of the star while
nonrotating and spherical. For the incompressible stellar models we will mainly be

considering in this thesis, Is would be that of a spherical star of the same volume.

The value of € can be found by minimising the total energy of the star. For a rotating

Newtonian neutron star this can be split into the parts
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E = Eg+ Erot + Egrav + Estrain- (22)

Here Eg is the energy the star would have if spherical, and F,ot = g—; is the rotational
kinetic energy. The last two terms are corrections due to the oblatenesss of the star
arising from the gravitational and strain energy respectively. We now need to express
these energies directly in terms of the oblateness €. Fgray can be expanded to second

order in ¢ as

Egrav = Ligrav,0 + Aé?, (2'3)

The term linear in € vanishes because the spherical shape where ¢ = 0 minimises the
gravitational energy. A is a constant proportional to M?G /R, where M is the mass of

the star, R is its radius and G is the gravitational constant.

We then assume that the crust is formed at an initial ‘reference’ value of the oblateness
eref- As the star slows down and the oblateness decreases, the strain energy will increase

as

Estrain = B(E - 6ref)Q- (24)

B is a constant that depends on the Coulomb energy of the crust, and generally B < A

(we will confirm this in the next section). The total energy can now be written as

L2
E=FEg+ o7+ Ae® 4 B(e — eref)?, (2.5)

where Fg is the energy of the nonrotating star. The oblateness € can then be found by

minimising F with respect to e, while keeping the angular momentum L = I} fixed:

IsQ? B

= . 2.6
g 4(A+B)+A+B5ref ( )
Initially € = eyef, SO by rearranging we find that the reference oblateness is
s
I — ) 2.
Eref A ( 7)
where € is the initial angular velocity. We can then alternatively write € as
Is 2, B
=— [+ -=-095). 2.8
T iA+B) ( T 0> (28)
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2.3.1 Numerical estimates for a typical neutron star

At this point, it will be useful to get an idea of the relative sizes of these energies by
putting in some typical numerical values for a neutron star. We can make an estimate

for A using the exact value for a homogeneous incompressible star [16],

3 M*G
= — 2.9
25 R (29)
For a 10 km radius star with a mass of 1.4M, we have
A~ 6 x 10°2 erg. (2.10)

As a rough estimate for the value of B, we can start by using our formula (2.4) for the

strain energy to find the mean stress in the crust,

1 aEStrain
o= , 2.11
‘ Verust Oe ( )
where Vst is the volume of the crust. In terms of Fgirain this is
0 = (e — €ref), (2.12)
with
2B
w= 2.13
Vcrust ( )
as the mean shear modulus of the crust. Rearranging this expression, we have
1 2w
B = §chrust =S (R* = R} ner) (2.14)
where R and Rjnner are the outer and inner radii of the crust. Using an estimate of 103°
erg cm 3 for the shear modulus of the crust [79], we find that
B~ 6 x 10" erg (2.15)

assuming our 10 km radius star has a 1 km thick crust. This confirms that B < A.

We can also estimate the size of the kinetic energy contribution E,.t. For a homogeneous

star, the moment of inertia Ig is

Is = “MR?. (2.16)
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Using the same values of mass and radius,

Is ~ 1 x 10% g cm?. (2.17)

The kinetic energy is T' = %ISQQ for uniform rotation; for our estimates we will just use
the fact that it is of order

T = Is0?. (2.18)

As an example, we will take the Crab pulsar, with an angular velocity Q = 190 s~!.
Then

T ~ 4 x 10% erg, (2.19)

again a few orders of magnitude smaller than the gravitational binding energy. As these

energies will recur frequently throughout, we will define

B
b= 7 ~9x 1079, (2.20)
T Q \?
tEA~7x10_7<1HZ> : (2.21)

For the Crab Pulsar, we have t ~ 1073, Looking back at our formula (2.8) for the
oblateness of the star, we can now see that the first term of the right hand side dominates,
assuming that the initial angular velocity )y is of the same order as the current angular

velocity €.

2.3.2 The stress in the crust

We already have a formula for the mean stress o in the crust, (2.12). Substituting in
the oblateness of the star (2.6), this becomes

0 — 02

AT D) (2.22)

O':,UIS

A starquake occurs when the stress in the crust reaches some critical value, o, and the
crust cracks. This has the effect of ‘resetting’ the reference oblateness of the star to a
new smaller value. This negative shift Aes will change the oblateness (2.6) of the star
by

A€ot (2.23)
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The angular momentum J must be conserved at the glitch, so

J=Is(1+e)Q=1I5(1+¢e+As)(Q+AQ), (2.24)

where A() is the change in angular velocity at the glitch. Keeping terms up to first order

in the small quantities € and A2 we have that

0 =eAQ + QA (2.25)

This relates the change in oblateness at the glitch Ae to an observable quantity, the

fractional change in spin rate at the glitch:

_ae
5

We can then use this to compare the model to glitch observations. In particular, we will

Ae = (2.26)

look at what the model predicts for the time between starquakes.

2.3.3 Time between starquakes

Given the change in oblateness at the glitch (2.23), we can use our formula for the stress

o in the crust (2.12) to find the stress relieved in the quake:

A
Ao = p(Acper — Ag) = 5 nAe. (2.27)

We can then compare this with the rate at which stress is built up again after the quake
to find the time between glitches. Making the approximation % < 1, the formula for
the stress (2.22) becomes

Q2 o Q2
= pulg—9 " 2.28
so that the rate of change of stress ¢ is
: pls
~——00 2.29
We label 7 = —% as the time characterising the rate at which the pulsar slows down.
In terms of T,
ulg 2
PRI it Relll 2.30
2A T ( )

The time ¢, until the star reaches the critical strain level and quakes again is given by
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|Ao|  w?
tg="—— =37 |Ael, (2.31)
where
_[242 (2.32)
“a =\ Bls’ :

To get an idea of whether this model can account for glitches, we can compare the quake
separation time ¢, (2.31) with the observed time between glitches. We will do this for

the Crab Pulsar, where glitches occur every few years.

Using these values of A, B and Ig, we calculate w? (2.32) to be

wp ~1.2%x 107 s (2.33)

We can now make estimates for the time between quakes. For the Crab, we have an
angular velocity Q = 190 s~!, characteristic time 7" = 2260 years and typical oblateness
change Ae = 0.9 x 1077 [76]. We then find that for our 10 km radius star with a 1 km

crust, the time between quakes ¢, is predicted to be

ty(Crab) ~ 700 years, (2.34)

two orders of magnitude higher than the observed time. The value of wg depends
sensitively on the radius of the star and thickness of the crust. Putting in upper estimates
of R =13 km, Rjyner = 11 km, we still find that the predicted time,

tq(Crab) ~ 76 years, (2.35)

is much too large. The parameters A, B, Ig have been calculated for more realistic
equations of state by Pandharipande et al. [65]. These give lower values of ¢, of down
to around 10 years, but the model still has difficulties with accounting for the observed
interval between glitches. The lowest values of ¢, originally predicted by Baym and Pines
were all for stars with properties now known to be unrealistic, including masses below

0.5 M.

It may be possible to obtain more realistic estimates of ¢, by relaxing one of the ideali-
sations in the Baym and Pines model. For example, the model assumes a ‘steady state’
model of starquakes, in which the stress always builds back up to the same critical level

o before cracking. In a realistic model, the critical stress level may change over time.

In any case, starquakes may still be expected to occur at some level in neutron stars.
Given that the starquake model is arguably conceptually simpler that the superfluid

model, it is worth modelling in more detail.



Chapter 3
Energy estimates for starquakes

Before making any detailed calculations, we can get more insight into the starquake

mechanism for glitches by making some estimates for the energy released by the quake.

As an extremely rough estimate, we could take the rotational kinetic energy available

to the star and multiply it by the fractional change in velocity characterising the glitch,

s (30). o)

This estimate can be found in the literature [3]. However, the actual value of the change
in energy will depend strongly on the detailed physics of the glitch. This in turn depends
on the mechanism that triggers the glitch. Estimates have been made based on different
versions of the superfluid model [78], [84]. Here we will concentrate on the starquake

model, and make some new estimates for the energy released in the glitch in this case.

To do this, we will start by building on the Baym and Pines model of Section 2.3. We
will continue to use the language of Section 2.2 and Figure 2.2, in which Stars A to D
represent the stages of the glitch model. After starting relaxed (Star A) at some initial
angular velocity €24, the glitch occurs when the star has slowed down to some velocity

g where it has built up a critical level of strain (Star B).

To make these estimates, we will need to specify how the star changes at the glitch. At
this point we would expect the crust to crack or otherwise deform to relieve some of this
strain. We will consider the extreme case where all of the strain is lost. As this will be

our model throughout the thesis, it is worth emphasising this point:

Our model for the glitch is that all the strain is lost from the star. In terms
of our model of Stars A-D, this means that the ‘reference state’ of the star
(the state at which the star is relaxed) is reset at the glitch, so that the new

reference state is that of Star B.

29
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The strain energy released by the glitch then has to go somewhere. Later in the thesis,
we will look at a specific toy mechanism for the glitch, in which the strain energy is
simply lost from the system that we model — we can think of this as putting it all into
heating the star. In this case, the shape of the star is unchanged immediately after the
glitch, so that there is no difference in shape between Star B and the out-of-equilibrium,
unstrained Star C. Star C will then settle to a new equilibrium state, Star D, with a

faster spin rate.

In this case, with the strain energy lost from the system, the energy available to go into
oscillations comes only from the change in the star’s gravitational and kinetic energy as
it settles to a new equilibrium state. This is the energy difference between Stars C and
D, AEcp = Ep — FE¢.

Although this is perhaps the simplest option to model, it is not necessarily the most
realistic. We can also imagine taking the strain energy of the star before the glitch and
putting it into, for example, the kinetic energy of the star after the quake (if the crust

cracks or otherwise moves about).

The upper bound on this would be to put all the strain energy made available into
gravitational or kinetic energy. This would correspond to the total energy immediately
after the glitch being that of Star B. This gives us an upper limit on the energy available
to go into oscillations at the glitch, AEgp = Eg — Ep.

In this chapter, for the purposes of making upper estimates on the amplitude of oscilla-
tions we will take AEpp as the change in energy at the glitch . In the first section, we
will use an argument based on the Baym and Pines energy model to calculate AEgp.
We will then use this to make an estimate for the maximum amplitude of the oscillations
of the star after the glitch, and investigate the implications of this for gravitational wave

emission.

3.1 The energy made available at a starquake

To start with, we will briefly restate a few of the main results of the Baym and Pines
starquake model. For each equilibrium configuration A, B and D we can write the energy

in the form

1
E =FEg+ 5[5(1+8)§22+A52 + B(e — &ref)?, (3.2)

where Eg is the energy of the spherical star and the three corrections are kinetic, grav-
itational and strain energy respectively. By minimising with respect to the ellipticity e

at fixed angular momentum J, we find that
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1502 B
€= +
4(A+B) A+B

Eref- (3.3)

We will make the B < A assumption throughout this section, so that

Is02
e — ZA (1 —b) + beret + O(b?), (3.4)

where b = %. We can then apply this to the stages of our starquake model. Star A is
unstrained, so that e 4 = e,¢. This yields an ellipticity of

IsO?
= i 3.5
EA= T (3.5)
The star then spins down to angular velocity Qp, still relaxed at €4 so that
s 1y (3.6)
g = — £ .
B AA A
to first order. We will now introduce the variables
1502
t = 3.7
s, (37)
QQ _ QQ
X=-4_—B (3.8)
2
so that the ellipticities of Stars A and B become
t
5A:Z(1+X), (3.9)
t
5321(1+bX). (3.10)

As we saw in Section 2.3, t is generally a small parameter (2.21). We will use this fact
to simplify later equations. We would also expect X, which is related to the difference

in angular velocity between Star A and Star B, to be small.

Next we consider what happens after the starquake. At the glitch, all strain is lost, so
that the reference ellipticity is set to that of Star B. This removal of strain will cause the
star to be temporarily out of equilibrium (Star C). It will then oscillate before damping

down to the new equilibrium state Star D.

We can calculate the ellipticity of this star again by using our general expression (3.3).

Star D is rotating with angular velocity {2p and unstrained at ellipticity g, so that
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1593, B
= . A1
€D 4(A—|—B) A—i—BgB (3 )
We can rewrite this as
t{/p\?/ 1 b(1 4 bX)
_ ' 12
D=7 (QB> <1+b>+ 140 (312)

To first order in b, this becomes

raf) e

where we have written this in terms of the still unknown angular velocity 2p of Star
D. Next we will show that we can find 2p, given the fact that angular momentum is

conserved at the glitch.

3.1.1 Conservation of angular momentum

Conservation of angular momentum means that

QB(1+€B):QD(1+5D)- (314)

Substituting in the expressions for ep (3.10) and ep (3.13), we obtain

() (- @)))] e

The right hand side has a term of order 23,, but we can simplify this by making one

t Qp
1+ - (140X)=—
+7 (1 +0X) a5

final approximation, which is that we know the fractional change in angular velocity at

the glitch is small. Defining this as

Qp —Qp

O (3.16)

©
Il

we have that

t

1
+4

(1+bX) = [l—i-z—&-i((1+z)3+b<1—(1+z)3>>]. (3.17)

Since z < 1, to first order in z we can write this

L (L+bX) =12+ (1432~ 3b). (3.18)
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Solving for z,

btX

z= 17300 (3.19)

As a check, we see that if b = 0 (zero strain energy) this reduces to z = 0, as expected.

We will keep only terms up to second order in either b or ¢, so that

1
2= JhiX. (3.20)

Putting the angular velocities back into this,

Sp —Qp - lbt (9124_9%3) ] (3.21)
Qp 4 0%

We would expect the change in angular velocity between the unstrained state, Star

A, and the state at the glitch, Star B, to be relatively small, given the observed time

between glitches, so that X = (% — 1) is small. This gives us a consistency constraint

for the model: we can only use it for a change in spin at the glitch Ag% that give a

sensible result for X. This is equivalent to specifying that

4 AQpp
— 1. 3.22
o Qp O (3.22)
The constraint on the spin-up at the glitch is then
AQpp _8 b t
<1 — == ). 2
Qp ~ 0 (10—5> <10—3> (3:23)

This means that the model only works for the smaller glitches such as those of the Crab.

We can then substitute our result for z back into the elllipticity ep (3.13). If we keep
only terms up to first order in either b or ¢, no terms depending on z remain and we are
left with just

ep = (3.24)

| =+

3.1.2 The change in energy at the glitch

Now we have the ellipticities of stars B and D, we can find their energy and hence the

change in energy at the glitch. Star B has energy

1
Ep = Es+ 5 Is(1+ e3)Q% + Ach + B(ep —€4)%, (3.25)
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which we can rewrite in terms of b and ¢ as

1
EB:Es-f-A|:2t(1+53)+5%+b(53—5,4)2:| . (326)

To be consistent with our approximation for ep, we will keep terms up to fourth order

in either b or t, so that

t 32 X  Xx? 1
Ep=Es+A|-+— )2 ) b =X 2
B=FEg+ [2+16+<<4+16>t>b TR (3.27)

After the glitch, Star D has energy

1
Ep = Bs + 5 Is(1+ ep)Q% + Ae% + B(ep — ep)?, (3.28)

which can be rewritten as

1
Ep=FEs+ A [2t<1+€p)+62D+b(6D—€B)2] , (3.29)
or, again keeping terms up to fourth order,

t  3t2 X Xt
Ep=Es+A|-+"— )2 ). .
D s + [2+16+(<4+16>t)b] (3.30)

We can now calculate the maximum energy available to go into oscillations, AEgp =

Ep — Ep. The lowest order term of this is

1
AEgp = EAth%, (3.31)
ie.
1 (92 2 (1502
AEpp = 1 (Qg‘ - 1> <SAB) . (3.32)
B

3.2 Amplitude of the oscillations

We now want to find the maximum amplitude of the oscillation modes excited, by
equating this change in energy AEpp with the kinetic energy of oscillations (Emode) gp-
This energy has the form

(Emode) pp = Isw’akp (3.33)
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where w is the frequency of the oscillations and agp is a dimensionless number charac-

1 /AEgp
~ — 3.34
QBD w IS ’ ( )

terising their amplitude. Then

ie.

1 B

~ | — —Xt. 3.35
anb <w> " (3.35)

3.2.1 Numerical estimates for the amplitude

We can now make a rough upper estimate of the amplitude of these oscillations, given
an estimate of the maximum breaking strain of the crust, upreak. The strain in the star

must be less than this, so that

€A —EB 5 Ubreak - (336)
To lowest order in ¢ and b we have
tX
EA=EB~ (3.37)

SO

1 | B
@BD S_, 4upreak <w> T . (338)
S

The frequency w depends on what type of mode is excited. We will make an estimate
assuming that the energy goes into a fundamental fluid mode (‘f-mode’). We will discuss
this mode in more detail in Chapter 5; for now, we just need the approximate frequency
w ~ 2000 Hz. Putting in an upper estimate of upeax = 0.1 [38] and using our previous
estimates of A (2.10), B (2.19) and Ig (2.17), we have

app < 8x 1074 (“‘Brelak). (3.39)

However, we also have the constraint of the observed fractional change in spin at the
glitch z. Given this, our model actually specifies the amplitude of oscillations: we have
found the parameter X in our amplitude estimate (3.35) in terms of z (3.20). For
consistency, we should expect this amplitude to be smaller than the upper limit based

Oon Upreak-

To calculate this, we will rewrite (3.35) in terms of z as
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4 A (/1
~ — v - . '4
QOBD \@ IS < > z (3 0)

Note that this is independent of the rotation rate 2. We have previously seen that
our model only makes sense for smaller glitches of amplitude z < 1078, typical of Crab

glitches. Putting this and again using our previous estimates of A and Ig in we have

<28)0/0217;z>_1 (102—8>’ (3.41)

which is smaller than our upper estimate (3.39).

[SIE

b _
~2x107% [ —
aBD x 10 (10_5>

This dimensionless amplitude estimate app for a star of radius R corresponds to dis-
placements at the surface of the order ér ~ agpR, i.e. surface oscillations of around 1
cm. This could be of interest in terms of electromagnetic radiation from the shaking of

field lines at the surface.

3.3 Gravitational wave estimates

Next we will use this calculated maximum amplitude to make some estimates for the
gravitational wave emission. In this section we will assume that an [ = 2, m = 0
spheroidal oscillation mode has been excited, with the amplitude agp ~ 2 x 1076 just

calculated.

We will discuss oscillation modes in more detail in Chapter 5; for now, we just need
the fact that with this type of stellar oscillation, the pulsating stellar surface can be

described by the polar equation

r(0,t) = R(1 + agpe” ! Py(cosb)). (3.42)

In Section 4.3 we will show that for any given time ¢ this is the equation of an ellipsoid

.292 y2 22

(1= 282 cos(wh))?  (1— 252 cos(wt))? ' (1+ app cos(w))?

= R? (3.43)

to first order in app. This is a reasonable choice of oscillation mode given that the
rotating star also has this shape (we will show this explicitly in Chapter 4), and that the
starquake produces a change in ellipticity of the star. In Chapter 7 we will construct a

specific starquake toy model that has this [ = 2, m = 0 character.

For the purposes of making an estimate of gravitational wave emission, we will also
make the assumption that the star has a constant density throughout. In this case the

corresponding eigenfunction for this mode has the form
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§(r,0,0) = appr <2P2<cose>f " OUDQ(CZC;S%) . (3.44)

Again, we will show this in Chapter 4.

3.3.1 The gravitational wave field of the star

To find the gravitational wave field, we first need to calculate the quadrupole moment
tensor (1.14). Integrating over the volume of the ellipsoid, we find that the nonzero

components of this tensor are

MR? ,

Ly = Iy = - (1—appe ™), (3.45)
MR? ,

L.=— (1+2appe™"), (3.46)

The quadrupole gravitational wave field (1.13) for outgoing spherical radiation is then

- ) 2w?

hjk(t, x') = - k(1 — wt). (3.47)
We can choose a T'T gauge transverse to the direction of the motion of the wave by using
a projection (1.16). For waves travelling at an angle 6 to the z-axis and with y = 0, the
normal vector to the direction of motion is n; = (sin#,0,cos ), and so the projection
tensor (1.15) is

cos? 6 0 —sinfcosf
P = 0 1 0 . (3.48)
—sinfcosf O sin2 0

Using this projection, we find that in TT gauge the wavefield is

MR eiwr—t) cos? 0 0 —sinfcosf
RTT = _302app sin gt . 0 1 0 . (3.49)
—sinfcosf 0 sin? 0

This gives us the waveform as seen by an observer with spatial axes (x,y, z) aligned with
those of the star. A final simplification can be made by rotating to a new set of observer

axes (I, 7, 2) where the Z-axis points along the direction of propagation of the wave:
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cosf 0 —sinb x
0 1 0 y |- (3.50)

sinf 0 cos@

IS PRSI 7Y
Il

Calling the rotation matrix R;;, the wave field in the new coordinate system is

B B MR2 eiw(r—t) 100
h?ﬁw = Rk z‘lehEZT = —SWQCYBD sin2 0 r 010 (351)
0 00
From this, we can see that the wave is purely in the ‘plus’ polarisation, with
MR2 iw(r—t)
= —3w”app sin ¢ . 3.52
hy = —3w? 29

r

3.3.2 Gravitational wave luminosity of the star

We can calculate the rate energy is carried away from the star by gravitational waves
using the energy flux formula (1.22) developed in Section 1.2. With our form (3.51) for

the gravitational wave field this becomes

2 . 4
W oy 1 9 o g opsintd
This can then be integrated over a sphere of radius r to get the total luminosity,
dE 3G

Here we have switched to working explicitly in terms of G and ¢ using the conversion

factor g This is in agreement with the results of Chau [23].

To find the damping timescale of the wave, we need to know how much energy is stored in
the oscillations of the star. We can find this by calculating the energy at the point in the
oscillation cycle where the star is spherical. This means that there is no gravitational
energy perturbation, so we only need to calculate the kinetic energy of the pulsation

mode. For a mode with eigenfunction ¢!, we have

1
E= pwz/ |€2]dV. (3.55)
2 v

Substituting in our mode eigenfunction (3.44), we find that the initial energy Ej in the

star’s oscillation is
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1
Ey = —gpagBD Wi RS, (3.56)

This can then be compared with the luminosity (3.54), to find that the energy as a

function of time satisfies

E(t) = Ege2r, (3.57)
where 7 is the damping timescale
25¢°
TS SO R (3.58)

The energy E hi, and so the wavefield decays as

3G tw(r—t)
hy(t) = —@wQQBD sin? OMR2E . e . (3.59)

3.3.3 Numerical estimates

We now make estimates for a homogeneous fluid star with a mass of 1.4M and a radius
of 10 km. We will again put in an estimate of 2000 Hz for the excited mode, appropriate
for an f-mode. The damping timescale (3.58) is then

7~ 0.07s. (3.60)

Taking the Crab’s rotation rate of 30Hz as a typical example, we can put in our value

of agp ~ 2 x 1076, For a source at a distance of 1 kiloparsec, the strain h is then

1
2 T -1 b T2 z
1x10-2 (Y 2 = 61
frp ~ 110 (2000}1z 1kpe 10-5 10-5 )’ (3.61)

where we have used our value for the amplitude app (3.41). For the purposes of com-

paring to a detector sensitivity curve, we are more interested in the characteristic strain,

ha /T ~ 4 x 10724 Hz2. (3.62)

This level of strain should be detectable with third generation detectors. Figure 3.1
shows a preliminary sensitivity curve for the Einstein telescope [70]. Our upper estimate

is plotted for a star oscillating at an fmode frequency 2000Hz and lies above the curve.

The figure also shows the planned Advanced LIGO sensitivity curve for a representative
choice of detector configuration (the Zero Det, High Power configuration) [77]. Our

upper estimate on the strain level is below this curve.
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3.4 Estimates for solid quark stars

The estimates given so far have been for a normal neutron star with a crust around 1
km thick. More exotic models have however been proposed, including quark stars with
a large solid core [33, 87]. These models are of interest in terms of gravitational wave
emission as they are expected to be able to sustain a larger maximum ellipticity [63, 36].
More relevant to us here is the possibility that a solid star of this type could be expected

to undergo a much larger quake.

In this section we will make some estimates for this scenario, based on a solid star with

a shear modulus of pgiq ~ 4 x 1032 erg cm™=3 [87].

For a completely solid star, our formula for B (2.19) becomes

2

Bsolid - ?MRgv (363)
which for a 10 km radius star becomes
Biotia ~ 8 x 10%, (3.64)
so that
B
beotid = —214 L1 x 1072, (3.65)

a much larger value than our previous estimate of b ~ 1075 for a star with a fluid core.
This means that the star in our model can sustain larger glitches: our criterion (3.21)

that the difference in angular velocity between Stars A and B is small yields

1 AQgp
<1 3.66
bsoiat 0 "~ (3.66)

so that

AQpp
B

Zeolid = <2x107°. (3.67)

We are thus able to use this model for glitches of around a factor of 100 larger than for

a normal neutron star model.

Using our new values of zg;q and bgiq, the amplitude of the oscillations in our model
(3.40) is

N|=

— bsolid - w/277 -1 Zsolid
o~ 1x1072 )
(@BD)soriq ~ 1 X 10 <105> (2000 Hz) 106 )’ (3.68)
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and the corresponding value of the characteristic strain is

(hiv/T) ~5x 1072 Hz "3, (3.69)

a factor of 100 larger. This is plotted on the sensitivity curve in Figure 3.1, again for an
oscillation at 2000 Hz, and this time is above the projected sensitivity curves for both
ET and Advanced LIGO.
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Figure 3.1: A plot of the proposed Advanced LIGO (blue) and Einstein Tele-
scope (red) sensitivity curves, with our upper estimates for the characteristic
strain produced by a normal neutron star with a fluid core (marked by a cross)
and by a solid quark star (marked by a diamond). Both of these are plotted for
a typical f-mode frequency of 2000 Hz.






Chapter 4

Equilibria of rotating stars

4.1 Overview

To be able to model the way the neutron star changes at the starquake, we need to be
able to construct equilibrium models of the star before and after the glitch. We will do

this analytically for the case of a completely solid, incompressible elastic star.

To describe rotation we will use a perturbative approach, where the centrifugal force is
treated as a small perturbation to a non-rotating, spherical background model. This is
a reasonable assumption in the slow rotation limit, where the centrifugal force is small
compared to the gravitational force at the surface of the star [80]. To do this we will

use the Lagrangian and Fulerian perturbation schemes described in Section 1.3.3.

The aim is to calculate how the star is deformed by rotation, in terms of a displacement
field mapping the positions of particles in the nonrotating background star to their new
positions under rotation. This will form the basis of our initial data for the starquake

toy model we develop in later chapters.

In the next section we will start by finding the structure of the background, spherical
star. We will then look at the simpler case of a rotating fluid star. This will also be
useful in understanding the full elastic calculation, which we carry out in the final section

of the chapter.

4.2 The background model: a spherical fluid star

Our background model is a spherical star in hydrostatic equilibrium, so that the back-

ground pressure p and gravitational potential ® satisfy

—Vip—pV;® =0. (4.1)
43
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We will look for radially symmetric solutions p = p(r), ® = ®(r). The gravitational

potential ® is governed by Poisson’s equation

o 20
dr? ~ rdr
We try a solution of the form ® = Ar? + B and find that A = %WG,O. To fix B, we

use the fact that ® is continuous at the surface » = R of the star. This can be seen by

= 47Gp. (4.2)

integrating Poisson’s equation (4.2) above over a small cube of volume V' on the surface
of the sphere. This means that we can match ®™ to the exterior gravitational field
Pt = —@, where M is the mass of the star. We find that B = —2rGR?p, and so the

gravitational potential inside the star is

_271'

O(r) = 3 Gpr® — 2rGR?p. (4.3)

We can then substitute ® back into the equation of hydrostatic equilibrium (4.1) and
integrate to find p:

plr) = T GRR? ) (14)

The constant of integration has been fixed by using the defining property of the surface,
p(R) =0.

4.3 Rotation of an incompressible fluid star

We now perturb the spherical background star by adding a centrifugal force governed

by the potential

¢ = Q*r?sin? 6, (4.5)

where €2 is the angular velocity of the perturbed, rotating star. It will later be useful if

we rewrite this as

QQ 2
¢ = 3T (1 — Py(cos#)), (4.6)
where Py(cosf) = Z(3cos?f — 1) is the second Legendre polynomial. Properties of

the Legendre polynomials are discussed in, for example, Arfken and Weber [11]. The
centrifugal force will induce perturbations in the pressure and gravitational potential of
the star. We will use the Eulerian description of the perturbations (see Section 1.3.3).

These perturbations 0p and d® will satisfy the force equation
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= pVi¢© = =V;0p — pVi(59). (4.7)

Making perturbations to the density of an incompressible star is slightly more subtle.
Incompressibility means that the Lagrangian perturbation of the density Ap = 0, and we
will use this to find the Eulerian perturbation §p = Ap—n'V;p. Here 1’ is the Lagrangian
perturbation field mapping particles to their new configurations in the rotating star. The
background density of the star p is constant inside the star and zero outside. Formally

we can write

p(r) = p(1 = H(r — R)), (4.8)

where H(x) is the Heaviside step function

0 <0
H(z) = % r=0-. (4.9)
1 z>0
The derivative of the density is then
dp
— =—pi(r—R 4.10
L st ), (410)

where §(z) is the Dirac delta function, % [H(xz)] = 0(x). Using this, the Eulerian

perturbation §p becomes

op=pd(r—R)n’", (4.11)

where 7" is the radial component of 7. We can see that this vanishes everywhere except
at the surface. This means that dp = 0 inside the star, but we must take care with the

boundary conditions.

4.3.1 The perturbed gravitational potential
The perturbed gravitational potential ® also satisfies Poisson’s equation,

V25® = 47nGop. (4.12)

Away from the surface we have dp = 0, and so this is just Laplace’s equation. The

general solution regular inside the star is then
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3™ (r,6, ¢) = Z Z Bim 'Yim (6, ¢), (4.13)

=0 m=—1
where the Y},,s are spherical harmonics [11]. Outside the star we need regular solutions

of the form

0o l

5™ (r,0,0) => > Cim 7 z+1 Yim (0, 6), (4.14)

=0 m=-1

for arbitrary constants Bj,, and Cj,.

From the form of the centrifugal potential we can guess that we will only need to consider

solutions with m = 0 and [ = 2, so that

5®(r,0) = Bor?Py(cos b) (4.15)

inside the star, where P5(cosf) is a Legendre polynomial. However, in considering how
to match these solutions at the surface we will stick with the general case — it will be

useful for reference in later chapters.

We obtain our first matching condition by integrating Poisson’s equation (4.12) for 6®

over a small volume V on the surface. Applying Stokes’ theorem,

V;0®dS" = 4nGpn" (R, 0, ¢). (4.16)
oV

On the left hand side, only the top and bottom sides of V' contribute to the integral, so

we have

(6D)™t  §(6d)™
— =~ —4xGon" (R ) 4.1
874 a,r ™ 1077 ( 707 ¢) ( 7)

Integrating once more, we find a second condition, which is that §® is continuous at the

surface. We can combine these two conditions to eliminate Cj,, and show that

oo

l
> 2+ 1)Bi R Yo = 4nGpn (R, 6, 9). (4.18)
=0 m=-—1

For our current problem, where the gravitational potential takes the simplified form

(4.15) above, this condition becomes

AxGpy' (R, 0, ¢) = —5ByRPs(cos 6). (4.19)
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4.3.2 Finding the rotation shape

We can now return to the force equation (4.7), which can be integrated to find that

pp¢ — dp — pd® = C, (4.20)

where C is a constant. Substituting in the centrifugal potential ¢¢ and the form of the
gravitational perturbation (4.15), we see that the pressure perturbation dp must have

the form

022 0?2
dp(r,0) = C + 3T —p (32 + 3> 72 Py(cos 6). (4.21)

To find the two unknown constants By and C, we can use the fact that the pressure of
the star vanishes at the surface. This means that the Lagrangian perturbation of the

pressure Ap will be zero at r = R, so that

4nGp*R

3
Substituting in the boundary condition (4.19) for the gravitational potential, we have
that

5p(R,0) = 17" (R, 0). (4.22)

5
p(R,0) = —ngpRQPg(cos 0). (4.23)
This can then be compared to our previous expression (4.21) for Jp, to find the con-
stants By = %2, C = —QQ3R2, so that the final forms of the pressure and gravitational

perturbations are

op(r,0) = —(r* — R?) — 2p92r2P2(cos 0). (4.24)

and

P = %T’ZPQ(COS 0). (4.25)

We also find the radial displacement at the surface to be

2
ul GRPQ(COS ). (4.26)

"(R,0) = —

This is the only part of the displacement field 7° of the rotating fluid star that we can
find unambiguously. We will discuss the reasons for this in Chapter 6. However, the
radial displacement at the surface is enough to give us the surface shape of the star.

This can be described by the polar equation
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r(0) = R(1 + aaPa(cos b)), (4.27)

where as = —S‘r’%;p. We will now describe this shape in more detail. It will be helpful
to introduce Cartesian coordinates, with the z-axis pointing along the axis of rotation.
By axisymmetry it is sufficient to consider the star’s shape in the x — z plane. First we

show that the polar equation (4.27) above is the equation of an ellipse

2 22

accurate to first order in ¢ = a — ¢ (i.e. valid for small differences in the major and
minor axes of the ellipse). To show this, we can first write the ellipse equation (4.28) in

spherical coordinates x = rsinf, z = r cos 0:

r?sin20  r?cos?6

=1. 4.2
z (a—¢)? (4.29)
We then expand to first order in ¢, finding that
r(0) =c |1+ S(cos?0—1)] . (4.30)
c

To compare with our equation for the surface of the star (4.27), we need to find € in
terms of the unperturbed radius R. We know that the radial displacement 1" is zero
when Py(cosf) = 0, i.e. when cos?# = Z. At this point r(f) = R, i.e.

R=c— —. (4.31)

Using this, we can then show that

_ 2¢e —
r(0) =R |1+ u(3 cos> —1)| =R |1+ MPQ(COS 0)] . (4.32)
3c 3c
Finally, we can rewrite this using
a = R+ Niyitial <R, g) =R- %7 (4.33)
c=R+ n{nitial(Rv 0) =R+ a (434)

to show that @ = ay to first order, giving us the stellar surface as in (4.27).
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4.4 Rotating elastic star

We now turn to the case where the star is a completely solid elastic body currently
rotating at angular velocity €2. As before, we will assume that the star is incompressible.
The elastic star will have some ‘reference’ angular velocity, 24, at which the star is
unstrained. At this angular velocity, the star will have a shape equivalent to that of a

completely fluid star.

Figure 4.1 sketches this situation. We wish to find the displacement field, which we have
labelled £AB, connecting particles of the star in its current state — labelled Star B — with
their position in its unstrained reference state, Star A. To find this, we will need to also
use maps between the background, nonrotating star, labelled Star S, and A and B. We
will call these maps %4 and 75B.

The special case where Star A is spherical and nonrotating is discussed in Love’s ‘Theory
of Elasticity’ [52]. Baym and Pines [16] quote results for the displacement and strain
fields in the general case. In this section we give details of how to calculate these,
following a similar method to that used by Franco, Link and Epstein [30] for a two-

component rotating star.

Q,

A

unstrained

\ EAB
Q

B

strained

Figure 4.1: Schematic describing the perturbation method for calculating the

equilibrium state of a rotating elastic star
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We already know that to first order the shape of Star A can be found as a perturbation
about a spherical, nonrotating background (Star S in the figure), by the same method
used for a fluid star in Section 4.3. The rotation at angular velocity 24 will induce a
centrifugal force governed by the potential (¢¢)54 = Q212 (% — %Pg(cos 9)), producing
pressure and gravitational perturbations 6p>* (4.24) and §®5* (4.24) in the star. We

can also find the radial displacement at the surface (n7)5*(R)

Next, we perturb the star again so that it rotates at a different angular velocity €2, intro-
ducing a further centrifugal potential (¢)AB = (Q2 — Q2 )r? (% - %Pg(cos 0)), and new
perturbations dpAB, §®AP to the pressure and gravitational perturbations. This pertur-
bation of the star will induce a strain field that can be calculated from the displacement

field (¢7)AB mapping the relaxed star A to the new strained configuration, Star B.

We can write the total pressure perturbation taking us from S to B as the sum 0p°F =
5p>A + 5pAB,| and similarly for 6®5B = §®5A 4 §®AB and (n))SB = ()4 + (¢€)AB. We

also have a total centrifugal potential

Q2T2

(69 = (@)% + (6" = =

Using these quantities allows us to keep working in terms of perturbations about a

(1 — Py(cosb)). (4.35)
spherical background, which will be easier when imposing boundary conditions.

4.4.1 Equations of motion

The background, Star S, still has an isotropic stress tensor
Tij = —pdij (4.36)

identical to that of the fluid star, and we can write the background equation of hydro-

static equilibrium (4.1) as

VT — pV;® = 0. (4.37)
J

We then perturb the background star by adding a centrifugal force governed by the
potential (cZ)C)SB. This will induce Lagrangian perturbations ApSE, A®SB in the pres-
sure and gravitational perturbations. There will also be an induced strain field, which

depends only on the displacement field (fAB)i. The Lagrangian perturbations satisfy

— Vi(¢9)%B = ASB [V;T;7 — pV,; @] . (4.38)

We can use the commutation relation (see e.g. Shapiro and Teukolsky [76]),
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AV, Ty = VAT = V(6 Vi) Ty, (4.39)

so that the perturbed equation of motion is

— Vi(¢9)%® = V;(AT™); 7 — pV;AD5P, (4.40)
where we have used the background equation (4.37) to cancel terms.

The perturbed stress tensor ATSB is made up of an isotropic pressure contribution from

the perturbation from S to the unstrained state A,

ATEA = (6p)>*i, (4.41)

plus the perturbation from A to B, which picks up an extra shear strain term charac-

teristic of incompressible elastic material (1.42),

ATHB = (5p)P6s; + 2uupy®. (4.42)

Taking the divergence gives

Vi (ATP) j = VApPP 4+ V;(2u(uP) ), (4.43)

and for an incompressible star we have (1.43)

2uV;(uiy®) = pV2 (AP (4.44)

Putting this back into the perturbed equation of motion (4.40) we finally obtain

— Vi(¢9)%® = =ViApE + uV(E1P), — pV; AP, (4.45)

Along with the perturbed equation of motion, we also have Poisson’s equation for the

perturbed gravitational potential:

VZA®SE = 47G6p°B. (4.46)

As with the fluid case (4.11), the continuity equation for incompressible perturbations

gives an expression for the perturbed density,

3p>® = pd(r — R)(§°P)". (4.47)
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4.4.2 Boundary conditions

Before solving for the displacement field £€AB, it will be helpful to collect together all

the boundary conditions for the problem. The conditions on the perturbed gravitational
potential can be found from Poisson’s equation (4.46) in the same way as for the fluid

case (4.16). We find that §®5B must be continuous at the surface but that the derivative
8(505B)
or

has a discontinuity. Combining these conditions, we have

——F(1)%B(R) r* Py(cos 0), (4.48)

r

where we have written 758 = (1/)SBPy(cos #). From this we can also find the Lagrangian
perturbation A®SP to be

dnGpr 470G pr?

A(I)SB —
3 5R

()P (R) Py (cos 6). (4.49)

We also have conditions on the displacement field at the surface. As with the fluid
problem, particles on the surface of the background star where T;; = 0 should still have

a zero stress tensor at the perturbed surface, so that

— (APB(R))dir + 2B (R) = 0. (4.50)

In spherical coordinates, the relevant components of the strain tensor are [43]

agAB
uhB = = (4.51)
qutp = 067 _ &7 | 1067 (4.52)
ro or r r or ’
Substituting these in to the boundary condition (4.50) gives
SB 8& AB
— (APB(R) + 2t (R) =0, (4.53)
for the rr component, while the rf component becomes
o AB AB 19 AB
So™" &7 1067F_ (4.54)

or r r 00

4.4.3 Solving for the displacement field

It will be useful to write



Chapter 4 Equilibria of rotating stars 53

ph®® = —Ap>® — pADS® 4 p(¢*)5", (4.55)

so that our equation of motion (4.45) becomes

VihSB + VIV, (6)2B = 0. (4.56)

Taking the divergence, we find that

V2hSB =0, (4.57)

so hSB must satisfy Laplace’s equation, and the general solution regular at r = 0 and

with the same symmetries as the centrifugal potential is

hSB = Hyr?Py(cos ) + H. (4.58)

We also need to find the form of the displacement field (¢/)AB. To do this, we will need
to go back to the force equation (4.45), and decompose the displacement vector EAB into

radial and tangential parts:

2B = UAB(1)Py(cos O)e, + VAB(r)V Py(cos 6). (4.59)

where e, is a radial unit vector. As the divergence of £€*P is zero, the vector Laplacian
term of the equation of motion (4.56) is just V2EAB = _V x V x 2B, In terms of our

decomposition this is

% (UAB _ (VAB)/) Py(cosf)e, (460)
- ((UAB)/ - (VAB)”) V Py(cos0).

VAP = W x V x ¢AP = -

Inserting this back into the force equation (4.56), we find that the e, component becomes

rHy = % (UAB — (VABY)) | (4.61)

while the V P, component is

rHy = ((VABY — (UABY). (4.62)

We can also rewrite the incompressibility condition V;(¢48)? = 0 using this decomposi-

tion, obtaining
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6VAB = 2pUAB 4 r2(UABY (4.63)

Eliminating Hy and VAP from these three equations, we can obtain a third order equa-

tion in UAB

3 (UABY" 4+ 3r2(UABY — 120 (UABY + 12U0AF = 0. (4.64)

The general solution finite at the origin is

UAB(r) = Dr + Er’, (4.65)
1
VAB(r) = 5Dr2 + gEr“, (4.66)

D and F constants. By substitution back into the radial component of the force equation
(4.45), we find that Hy = —7FE, so that

1
UAB(r) = Dr — ?ngg, (4.67)

1
VAB(r) = §Dr2 — %H2r4. (4.68)

At this point, we need to refer back to the boundary conditions.

First we have the (r) component (4.54) of the traction condition at the surface, which

can be written in terms of UAB and VAB ag

R(VABY(R) — 2VAB(R) + RUAB(R) = 0. (4.69)

From this we find that D = 8525 o that

UAB(r) = Hy BN (4.70)
721 ’ :
8R?2 5
AB () = —— 2 =) 4.71
Va2(r) H2<427‘ 42r> (4.71)

To fix Hy we can then use the (rr) component (4.53), which becomes

— ApSB(R) 4 2u(UABY (R) Py(cos §) = 0. (4.72)

We can write ApSE in terms of hSB as
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— Ap°P = uhSP + pADE — ()P, (4.73)

and from the boundary condition for the perturbed gravitational potential (4.49) we
find that at the surface,

_ 8nGpR
15

where we have made the split 1/SB = 5/54 4 ¢/AB_ The first term (n.)5*(R) is just the

radial displacement at the surface of a completely fluid star, which we have already

ADB(R) ((7)%*(R) + U(R))Py(cos ), (4.74)

found in Section 4.3 to be

504 R

/\SA A

R)=— . 4.75
(MR =~ A (1.75)
Substituting this in along with the form of UAP at the surface (4.70) gives

STGpR O4R?

APB(R) = ( 3

> Py(cos@). (4.76)

Inserting this and the centrifugal potential (¢¢)SB (4.35) back into our expression for
ApSB (4.73), we have

8rGpR* Q% R? Q’R?
—Ap(R) = [MH2R2 + < =P Hy, — A4 > Py(cos ) + P ] Py(cos )
63 3 3
022 (4.77)
+,U,H0 — £ 3

Finally, we can then put this back into the rr condition (4.53). Comparing constant

terms, we have

while comparing terms proportional to P»(cos#) gives

19uHo R4 8tGpR* Hy Q4 R? n P2 R? _

. 4.
21 63 3 3 0 (4.79)

Rearranging,

21p(Q% — %)
Hy, = : 4.80
> 574+ 8TGp? R? (4.80)
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4.4.4 Results

At this point, it will be helpful to simplify our expressions by introducing some more

concise notation, writing

5
= 4.81
8tGp ( )
and
5T
=—. 4.82
87Gp?R? (4.82)

The parameter b gives the ratio of the strain energy to the gravitational energy of the
star [16]. This is b = £ in the notation we have used in Chapter 3. In terms of these

parameters Hs (4.80) is

21 A,

Hy= ——— 2 (02— Q2). 4.
2 5R21+b( ) (4.83)

4.4.4.1 Displacement field and surface shape of the star

We can now find the displacement field: UAP (4.70) and VAP (4.71) become

1 A
AB 2 2 3 2
UAB(r) 5R21+b( 2) (3r° —8R°r) (4.84)
1 A 5
AB _ - 02 02 Jo4 2 2
1% (T)_5R21+b(9 QA)<27’ 4R*r > (4.85)
At the surface
02— 02
AB A
= - AR—*~. 4.
U (R) R 50 (4.86)

To find the surface shape of Star B we can then add this surface displacement to that
already calculated for the fluid star, (4.26):

(%) (R) = ") (R) + (n*®)" (R). (4.87)
Rewriting the fluid star displacement as
(1")** (R) = —ARQ% Py(cos ), (4.88)

we find that that the surface shape of the strained star is
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Q2 + b2
ﬁpg(cos 0). (4.89)

If we take the special case where the elastic star is relaxed at zero spin and currently

()" (R) = —AR

spinning at angular velocity €2, it will have surface shape

2

Q
q(R) = —AR

Comparing with a fluid star also spinning at € using (4.88), the ratio of surface dis-

Py(cos@). (4.90)

placements is

"(R 1
malf) _ 1 (4.91)
Niwa(B)  1+0b
which can be written as
r 1
Tel (4.92)

T - 19,
Mfuid 1+72pg’};

dd

where g = [42 = 2GpR. This result is quoted in Love [52]. This is a smaller

]T:R -
deformation than for a fluid star, as expected given that the elastic star will resist a

deformation of its shape from its relaxed state.

4.4.4.2 The perturbed gravitational potential

We can also find the scalar quantities associated with the displacement field £4B: the
perturbed gravitational potential 6®*B and the perturbed pressure p*B. Starting with
§®AB | we have already found §®5B in terms of 1/>P (4.48):

B 47Gp
5R

Substituting in (7.)SA(R) (4.88) and UAP (4.86) we get

558 = (.)*(R) + UAB(R))r? Py(cos 0) (4.93)

4nGp Q* + Q% ,
— P, 4.94
. A T ! »(cos 6), (4.94)

which using the definition of A (4.81) becomes

5058 =

10% + bQ%
2 1+%b
We can then find @B = §®5B — §B5A, Here §®5A is the perturbation for a fluid star
(4.25), so that

5B = 2 Py(cos 6). (4.95)
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103 — 02
SPAB = 5’1‘74_Z)T2P2(cos 6). (4.96)

4.4.4.3 The perturbed pressure

Next we find the pressure perturbations dpS® and dp”B. Starting from our expression
for hSB (4.55), we know that

op°B = —u(Ho + Hor?Py(cos 6)) — pd®5B 1 p((bc)SB' (4.97)

Inserting in Hy (4.78), Ho (4.83), and (¢°)5B (4.35),

pQZRQ 21 A Q%2
5pB = — 3 + HERET T b(Q2 — 02)r?Py(cos 9)) — pd®B + P~ (1- P2(C0(S 9)))
4.98

Finally, substituting in 6®58 (4.95) and rearranging we have

21 A 192 + b2 0? )
(5SB: 7792_92 L. S 2P 0 P2 2‘
p [umgHb( - BB 2y cosn) + B0 )
(4.99)
Finally we can find dp”B by subtracting the value 6p5* (4.24):
21p A p 2 +00%  pQ? 5p03 P2 — Q2
5 AB _ (227 Q2 _ Q2 r A _ A 2P 0 A
b [5R21+b( A+ 5T 3 o | Teleost T3
(4.100)

4.4.4.4 Summary

These results will be used to find initial data for our starquake toy model, so we will
collect together the most important ones here. The initial data will consist of a displace-
ment field between the star immediately after the glitch and the new equilibrium state
after the glitch. This will be built using the displacement field

¢AB = UABPy(cosB)e, + VABV P, (4.101)

where

(r’—R?).
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99

URP(r) = a3 (97 = O4) (30% = 8R?r),
1 A 5
VAB( ) Wl_i_b( 2_9124) <27"4 4R2’l“2>
The corresponding scalar perturbations are
1034 — Q2
SOAB = 5’1‘7_’_1)7"2132(605 0),

21 A 02 + b2 02 5p02
AB o 2 2 p A P PA| 2
= |l — - — — P 0
op 5R21—|—b( ) 2 1+%b 3 6 " Pa(cos 0)
02— 02
P . A(TQ RQ)

We also have the surface shape of the star,

0% + 02

(n")°® (R) = AR b A Py(cosb).

(4.102)

(4.103)

(4.104)

(4.105)

(4.106)






Chapter 5

Oscillation modes of fluid and

elastic stars

To find out which oscillation modes are excited in our glitch model, we will first have to
calculate the full spectrum of modes of our star after the glitch. This is Star D of the

model, a solid, rotating, incompressible elastic star.

In this chapter, we will neglect rotation, returning to consider its effects in Chapter 8,

and concentrate on calculating the influence of elasticity on the mode spectrum.

After giving a brief introduction to oscillation modes, we will give a general discussion of
radial modes in a fluid star, along with an analytic example of this type of mode. As a
build-up to the elastic problem, we will then discuss the oscillations of an incompressible
fluid star. These have one type of mode, the ‘Kelvin mode’, which corresponds to the f-
mode of a more general fluid model. Finally, we will study the oscillations of a completely
solid, elastic incompressible star. This problem was first studied analytically in 1898 by
Bromwich [19]; we will follow this analysis and then investigate further numerically in
the case of the [ = 2 eigenfunctions, the ones most interesting for our glitch model. This
will allow us to understand the spectrum of eigenvalues in more depth and to calculate

the corresponding eigenfunctions.

5.1 Introduction

A star that is briefly disturbed from equilibrium will oscillate with a characteristic set of
vibration patterns, analogous to those produced by hitting a drum. The wave pattern
and frequency of these oscillations depends sensitively on the force that is working to
restore the displaced elements of the star to their equilibrium positions. This means
that stellar oscillations can be an extremely useful probe of the physics of the interior

of a star.

61
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The simplest types of oscillation are the purely radial pulsation modes. The more
complicated nonradial modes are classified by the main type of restoring force acting on
the star. In a system as complex as a neutron star, there are many possible restoring

forces, leading to a rich spectrum of oscillation modes.

In a non-rotating fluid star, the restoring forces arise from the fluid pressure and from the
gravitational field. Cowling [24] classified the nonradial oscillations of a polytropic fluid
star into high-frequency, predominantly radial p-modes sourced mainly by the pressure
force, and lower frequency, predominantly tangential g-modes sourced by the gravita-
tional field. The fundamental mode, known as the f-mode, has a frequency intermediate
between these two classes. Cowling’s classification has been retained for more general

stellar models with similar qualitative features [26].

An elastic material like the neutron star crust can support new classes of modes restored
by shearing forces. A arbitrary displacement vector € can be decomposed into a part of
the form U(r)e, + V(r)VY}, and a second part of the form W (r)(e, x VY},), where
the Y}, are spherical harmonics. Oscillation modes with eigenfunctions of the first type
are known as spheroidal (or polar) modes, and those of the second type are toroidal (or

azial or torsional) modes [83].

Toroidal modes produce a ‘twisting’ motion confined to concentric spheres of the star;
this kind of pure shearing motion cannot be supported by a non-rotating fluid star.
The fluid p-, g- and f-modes all belong to the category of spheroidal modes. In the
elastic crust there can also be new classes of spheroidal modes, which have been labelled
s-modes and i-modes [59]. The s-modes are shear-dominated and affect the whole crust,

while i-modes are interfacial modes concentrated mainly at the fluid-elastic boundary.

We will discuss oscillations of fluid and elastic stars further in this chapter, using simpli-
fied analytic models as illustration. Neutron stars can also support several other types of
oscillations. For us, the most important will be those produced by rotation of the star,
which are restored by the Coriolis force. These inertial modes include a purely toroidal
subclass which have been labelled m-modes [66], in analogy with the Rossby ocean waves
produced by the Earth’s rotation. We will discuss modes of a rotating star further in

Chapter 8, when we introduce rotation into our glitch model.

5.2 Oscillation modes in a fluid star

We will start by deriving the equations for small perturbations of a background fluid
star. The background star will be assumed to be in hydrostatic equilibrium with pressure

P, density p and gravitational potential ®:

VP + pV;® = 0. (5.1)



Chapter 5 Oscillation modes of fluid and elastic stars 63

We assume that the star has a barotropic equation of state

P =P(p). (5.2)

Following the method of the discussion in Shapiro and Teukolsky [76], we will make

Lagrangian perturbations to the background quantities, obtaining

d i
A <p;t VP + pv,@) —0. (5.3)

The perturbed equation of state will be

AP Ap
==t A4
P 1 P ) (5 )
where
d(log P)
h=—-*= .
' d(log p) (55)

is the adiabatic index for the perturbations. This may be different to the adiabatic index

I" of the background star. To find oscillation modes we will assume a time dependence

&(r,t) = &(r) cos(wt + 0) in our force equation, and also use the relation Add—zf = %, so
that
—wWpti = —A (VP + pV;®). (5.6)
The right hand side can be expanded with the commutation relation
AV; = V;A — (V€)Y (5.7)

Using this, and simplifying the result with the hydrostatic equilibrium equation (5.1),

we obtain

_ (,L)?pgi =—-V,;AP + A/;)VZ‘P — pV;AD. (5.8)

It will be useful for us to rewrite this equation so that all terms are expressed only in
terms of the unperturbed variables P and ®, and the displacement &;. From conservation
of mass we have that % = —V,;¢', and by using this along with the equation of state
(5.4) for the perturbations we can rewrite AP and Ap in terms of the displacement ¢°.
Finally, we can expand the last term in terms of the Eulerian perturbation §®. Putting

these together we have
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—w?pt = Vi (T1PV;E) — (ViE)ViP + (Vi) VP — pVid® — p¢/ (V; V). (5.9)

The gravitational perturbation 6® can also be written in terms of ¢! if required, as a

solution of Poisson’s equation
5” 3
G/ i — /1|d x. (5.10)

5.3 Radial perturbations

In this section we will concentrate on purely radial perturbations £(r). Although not
directly useful for the case of gravitational wave emission, this simpler case will be useful
for later reference, in particular for understanding how to project initial data against
our mode spectrum. For these radial perturbations our equation (5.9) above simplifies

to become

d 4 dP do
=4 (rlp o 5)) AP L0 gvre). ()

In this section, we will again follow the method of Shapiro and Teukolsky [76]. The last
term can be rewritten using Poisson’s equation V2® = 47Gp. We can also integrate
Poisson’s equation for the perturbations, V26® = —47GpV,£%, to find that the last two

terms cancel, leaving

;i(rl e 6))—4dp§+wp§—0 (5.12)

The boundary conditions for this system are

1. £ =0 at the centre r =0,

2. AP = 0 at the surface, i.e. fluid elements at the surface of the unperturbed
star stay at the surface. We can see from our equation of state (5.4) for the
perturbations that AP = —I'1¢* V,;P. Since P also vanishes at the surface, it is
sufficient to demand that ¢ is finite at r = R.

5.3.1 The homogeneous background star

A useful special case that can be solved analytically is when the background star is

homogeneous (the density p is constant). We have already used this as a background
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model in Chapter 4, where we found the pressure P (4.4) and gravitational potential ®
(4.3).

5.3.1.1 Perturbing the background

To find the eigenfunctions £(r) of this system, we can substitute the background pressure
(4.4) back into the radial perturbation equation (5.12) that we derived earlier. Following

[76], we will then change variables in our radial equation (5.12), so that

2 2
(1-a2) ¢ + ( - 43;) ¢ + (A - 2) £=0, (5.13)
T x
with z = &, / = %7 A= % + F% — 2. Our boundary conditions then become
£0) = 0, (5.14)
(1) finite. (5.15)

We look for a series solution and find that the acceptable solutions finite at the centre

are polynomials of the form

n
&= 't (5.16)
=0

with odd coefficients zero, and even coefficients satisfying

Cit2 7i2+5i+4—A

= 5.17
ci 2+ 7+ 10 (5.17)

To satisfy the second boundary condition this series must terminate, so
A=n’+5n+4, n=0,24... (5.18)

Eigenfrequencies w can then be calculated from A. The first five eigenfunctions &, are

plotted in Figure 5.1, with normalisation chosen so that {(1) = 1.

We will use these eigenfunctions again for a simple model of mode excitation in Section
6.3.
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Figure 5.1: The first five eigenfunctions for the compressible radial perturbations
of a homogeneous star. The amplitude of each eigenfunction is plotted against
the normalised radial coordinate x = .

5.4 Nonradial modes for an incompressible fluid star

The oscillation modes of a homogeneous, incompressible fluid star were first found by
Kelvin in 1863 [82]. Although this is not a very realistic stellar model, it is of interest
because the frequencies and associated eigenfunctions can be calculated analytically.
This will make it a good testbed for many of the problems we will want to investigate
in later chapters, including working out which modes are excited by glitch initial data,

and studying the possibilities for gravitational wave emission.

We have already found the pressure p (4.4) and gravitational potential ® (4.3) of an
incompressible fluid star. We will now make incompressible perturbations to this back-
ground configuration, rather than the compressible radial perturbations of the last sec-

tion. These incompressible perturbations will have to be non-radial.

As in Chapter (4), we will make Eulerian perturbations dp, ®, dp to the background
quantities. We have already found the form (4.13) of the perturbed gravitational poten-
tial, as well as the boundary conditions (4.18) it satisfies at the surface. For convenience

we repeat them here:

[e%S) l

0™ (r,0,6) => > Bin Vi (6, 6), (5.19)

=0 m=—1
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l

=373 (2 + 1) B R = 4nGptr(R. 0, 9). (5.20)
=0 m=-1

We also know the form (4.11) taken by the density perturbation dp:
dp = pd(r — R)E". (5.21)

Making Eulerian perturbations to the background equations of hydrostatic equilibrium

yields the force equation

d*&;
dt?

1
=~ Vi(dp) - Vide. (5.22)

To find the allowable modes we again look for displacements with time-dependence

E(r,0,¢,t) = £(r,0,¢)e ™!, so that % = —w?¢'. We then take the divergence of our

force equation (5.22), remembering that for an incompressible fluid V;£* = 0 so that

VZp =0 (5.23)
inside the star. This has solutions
[e'e) l
op(r,0,0) =D Y Apr'Yim(0,9), (5.24)
=0 m=-1

where the A;,, are arbitrary constants representing the amplitudes of the perturbations,
and the Yj,, are the normalised spherical harmonic functions as defined in, for example,
Arfken [11].

We also have a boundary condition for the pressure perturbation, which is that the
Lagrangian perturbation vanishes at the surface. Substituting in the Eulerian pressure

perturbation dp (5.24) and the background pressure p (4.4) gives

4
A R'Y i — =5 Gp*RE (R.6,6) = 0. (5.25)

Finally these last two equations give us a relation between the constants Ay, and By,

By = —————— Ay, 5.26
l P) l ( )

and so §®™ can be written as

00 l
M =" %" Mrlmm, (5.27)
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which is our final form for the perturbed gravitational potential.

5.4.0.2 Finding the oscillation modes

Now that we have the perturbed quantities dp (5.24) and 0P (5.27) expressed in terms
of the single set of coefficients A;,,, we can substitute them back into the force equation
(5.22) to find that the displacement vector £ satisfies

00 l
-3 Z AL ) (5.29)

Finally, we can cancel factors of A;,, in our force equation finding that the only allowable

oscillation modes w satisfy

o 8mGp I(1-1)
w® = .
3 20+ 1
This is the result that Kelvin derived in 1863. In the cases [ = 0 and [ = 1 we can see

(5.29)

that the frequency is zero.

We can also show that the Lagrangian perturbation of the pressure as well as the density
is zero for this class of modes. We assumed that this was the case at the surface, but
by substituting the displacement vector (5.28) and pressure perturbation (5.24) into
Ap = §p + £'V;p, we can see that

Ap = (5.30)
holds throughout the star.

For representative neutron star parameters (mass 1.4Mg, radius 10 km) the lowest, | = 2

mode has a frequency of around 2kHz.

5.5 Oscillations of an incompressible elastic star: analytic

work

We will now introduce elasticity to the problem, and calculate the oscillation modes of
a solid, incompressible elastic star, following the method of Bromwich [19]. In this case
our force equation (5.22) has an extra elastic force term ffastic = uV;Vi&i (see the

discussion of the rotating elastic star in Section 4.4), so that

— pw?&i = =Vi(8p) + uV; V& — pVi(5®). (5.31)
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This can be rearranged and written in vector form as

1
(V2 +E%)E = ;V(ép + pd®), (5.32)
where
k2 = w22 (5.33)
7

This is an inhomogeneous vector Helmholtz equation, and we will start by solving this
to find the form of the eigenfunctions &£&. Later we will impose boundary conditions to

find the allowable modes of oscillation.

The background solution is that of the previous fluid problem, with isotropic pressure
p and gravitational potential ® as derived in (4.4) and (4.3) respectively. As with the
fluid star, the gravitational potential perturbation §® satisfies Laplace’s equation. We
will specialise to axisymmetric solutions here, because the rotation shape of the star is

axisymmetric, and so

50 =Y Byr'P(cost), (5.34)
=0

inside the star, where B; are constants. To simplify expressions, summation over [ will

be implied in the rest of this section.

5.5.1 Finding the eigenfunctions

The solution to the Helmholtz equation (5.32) will have the form § = &+ §,,, where £,

is the complementary solution satisfying the homogeneous equation
(V2 + k)€ =0, (5.35)

and &, is the particular solution for the full inhomogeneous equation.

5.5.1.1 Complementary solution

The solution to the homogeneous equation can be split into three parts

£.=6& t& +&;, (5.36)

where
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£ =Vo, (5.37)
& =V x (xo), (5.38)
§3 = %V X &9, (5.39)

with ¢ and x solutions of the scalar Helmholtz equation, and c a constant vector we

will choose below to suit our problem [45].

In an incompressible star, these vectors & must be divergence free. This is satisfied
automatically by €, and &5, whereas &€, must obey V - &, = V2p = 0. Substituting this

into the Helmholtz equation, we see that £&; = 0.

To satisfy the scalar Helmholtz equation, we choose
\ = Dji(kr) Py(cos 9), (5.40)

where j;(z) is a spherical Bessel function and P is a Legendre polynomial as before. We

can see that &, is then a solution of the vector Helmholtz equation because

(V2 + k)€, = (V2 +kH)V x (xe) = V x [e(V2x + k%X)] (5.41)

and so &, satisfies the vector Helmholtz equation if x satisfies the scalar one. This can

also be shown in a similar way for &;.

We will choose the constant ¢ by looking at the surface boundary conditions. One of
our conditions is that the tangential components of the surface strain vanish at r = R.
It will be useful to pick c so that &, and &5 are tangential to the surface, so we take

c =re,.

We can now write &5 and &5 directly in terms of x. We have

& = —Drji(kr)(e, x VP). (5.42)
From this we can find that
(l+1)1 1
& = "Dk e, + (L Dilbr) + Dri(i) ) VR, (543

where we have used the identities

e, x (e, x VP) = —VP, (5.44)

and
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1(1+1)

V x(e,xVP)=— 2

Pe,. (5.45)

5.5.1.2 Particular solution

We can show that the particular solution must have the form §, = V¥ for some scalar
U by taking the curl of the force equation (5.32). We find that

(V2 4 B2)(V x &) = ;v X V(3p + pod®) = 0, (5.46)

so V x§, =0 and and &, can be written as §, = VW. This means that ¥ satisfies

Laplace’s equation V2W¥ = 0, with general solution

U = CrlP(cosh), (5.47)

and so

¢, =1Cr'""'Pe, + Cr'V P, (5.48)

We can also use this to find an expression for dp and §®. Substituting the form of &,
back into the force equation (5.32), we then find that

1
U= D). 4
VU= o (04 pi0) (5.49)
Integrating,
1 I
P (0p + pd®) = Cr'P(cosh), (5.50)

where the integration constant has been found to be zero by evaluating the expression
at r =0.

5.5.2 Finding the oscillation modes

We will search for spheroidal and toroidal modes separately, so before imposing boundary

conditions it will be helpful to split &€ into these parts:

Espheroidal — U(T)er + ‘/‘(74)Vpl7 (551)
storoidal =W(r)(e, x VP). (5.52)
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Comparing with our previous expression for &5, &3 and &, (5.37), we see that the toroidal

part only requires §,, while the spheroidal part requires £5 + §,. Specifically, we have

U(r) =101 + it i— D %Djl(k:r), (5.53)
Vi) = Ol + %Djl(kr) + Drjl(kr), (5.54)
W(r) = —Drji(kr). (5.55)

In spherical coordinate components,

: o, ll+1) D 4 D : dp,
spheroidal __ -1 nd -1 il / @l
I3 ICr "+ " jl(kr)] Pe, + [CT + krjl(kr) + Djl(kr)] 78 &
(5.56)
and
goroidal — Dy (kr)ey. (5.57)

5.5.2.1 Boundary conditions

We have already derived the necessary boundary conditions in previous sections, but
for completeness we restate them here. As with the rotating elastic problem studied in

Section 4.4, we have the surface boundary condition (4.72),

— Apdir + 2puq- = 0. (5.58)

We also have the boundary condition for the gravitational potential at the surface (4.18),

derived for the rotating fluid star in Section 4.3:

- (2l + 1)BlRl71-Pl = 47er§T(R7 0, ¢)7 (559)
so that
4nGp 7t

5.5.2.2 Finding the toroidal modes

For the toroidal modes we only need the &5 vector, which in components is
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0
Etoroidal — 52 — 0 . (561)
—Djy(kr ) dap;
Our boundary condition here reduces to just
ure(R) = 0. (5.62)

In spherical coordinates,

1 agr a&i) §¢
Qtyy = %o _ % .
Yre = sing ) + or r’ (5.63)

so that at r = R,

0 dP, ap,
~ 5 <Djl(k7‘) = > + Djl(kr) = =0, (5.64)
leading to the boundary condition
kRj)(kR) — j1(kR) =0 (5.65)

For any value of [, we can then find the eigenvalues w,, numerically by finding the roots
K, =w, \/%R of the function

ftoroidal(Kvl) = Kjl/(K> - ]l(K) =0. (566)

5.5.2.3 Finding the spheroidal modes

In constrast to the toroidal modes, where the displacement has no radial component,
the spheroidal modes are affected by gravity, which makes them more complicated to
analyse. This problem was first studied by Bromwich in 1898 [19], and we shall follow a

similar method. In components, the spheroidal displacement field ¢spheroidal — £,1t&;1s

(iCr - 1+ Dl(l+1) Gi(kr)) P,
Esphermdal _ (C -1 + D (]l(k’?") + k'r]l (k’f’)))dpl ) (567)
0

The surface boundary conditions (5.58) are

o6,
a or

=0, (5.68)
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for the rr component, and

r

0 56’ 1 a‘fr o
2 () P18 g (5.69)

for the 70 condition. It will make the algebra slightly easier if we follow Bromwich in

defining

di(z) = i), (5.70)

so that the displacement field (5.67) becomes

IO + D1+ 1)y (kr)] P,
&= | 17O+ (D (walkr) + kruf(kr)) 55 | - (5.71)
0

Substituting this into the two boundary conditions (5.68) and (5.69), we obtain

—Ap+2u [Z(l +1)R"2 <C + %(z + 1)¢l(kR)> P +IR"Y(I +1)Dy}(ER))P,| =0,
(5.72)

2C(1 —1) + % 2 (1 = 1) ¢y (kR) — 2kRy/(kR) — k> R*(kR)] = 0.
(5.73)

It is also possible to express Ap in terms of C' and D, by using the relation between
the Eulerian perturbations dp and 0P (5.50) we obtained while finding the particular
solution. Making use of the boundary condition for the gravitational potential (5.59),
we find that

2(1 —1 D
Ap(R, ) = _l2(ll+1)ngz_1 C+ —(+ Dn(kR)| — puw?CR, (5.74)
where
= 4”2’) R (5.75)

This can then be substituted back into the (rr) boundary condition (5.72), and combined
with the (79) boundary condition (5.73) to yield

20(1— 1) {1 + u(glpfl)} <c U+ 1)?@@3))

—k*R?C + 2RI(I + 1) DY/ (kR) = 0.

(5.76)
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Again following Bromwich, we simplify this by relabelling

Q= Zw(kR), (577
K = kR, (5.78)
_ (kR)
X = wl(kR) : (5.79)
_ lgpR
0= POEEIE (5.80)

so that the boundary conditions become

201D+ 0)[C+ (1 +1)Q] — CK? +2(1+ 1) XKQ =0 (5.81)

for the rr condition and

20 -1)C+Q[2(1* - 1) —2XK — K?*| =0. (5.82)

for the 79 one. We can then eliminate C' and @ to find

2

(I+1)(K +21X) + {H@—Q(Zl)

Substituting back the original variables, we find that for given [, the eigenvalues are the

] (K +2X)=0. (5.83)
roots Kj, of the equation

Jspheroidal <K7l7 Z) - <l * (2?951) (Z) a 2(ZK—2 1)) <K i QZ§E§§> (5.84)

+(I+1) (K+2li§§§§> )

This can then be solved numerically to find the allowed frequencies wy, = %

1S

5.5.3 Finding the spheroidal eigenfunctions
We can also find the eigenfunctions corresponding to these frequencies. To do this, we

can use the 79 condition (5.82) to find a relationship between C' and D and so eliminate

C from our form (5.87) for the eigenfunctions:

C = qnD, (5.85)
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where

1 . 202 +1-1) ,
n === |2j; (kiR -~ kR kinR). 5.86
In = SRS [ Ji (ki )+< MR I >]]l( nR) (5.86)

Our spheroidal eigenfunctions then become

- Lo+ 1 L1 . dPp,
spheroidal _ D -1 L P D -1, = / i}
l |:lqlnr + r kln]l(klnr):| 1ert+ [QW" + k?”jl(klnr) +]l(klnr):| a0 €y,
(5.87)
where
I(l+1) 1
Uinte) = Do [t + L) (6559
In
_ 1. .
Vin(2) = Dip, [Qhﬂ“l e i(Rinr) + i (kznr)} (5.89)

and the k;,, = \/gwln are the roots of the equation fspheroidal (x,l, %) (5.84) derived

above.

5.5.4 Other perturbed quantities

Using our eigenfunctions &, we can find the perturbed scalar quantities ¢ and §p. First,

we can use the boundary condition on 0®, (5.20), to show that

6@y, = By,r’Py(cos ) (5.90)

with

(21 + 1) By, " P(cos ) = 47Gp(&,) (R, 0, 6). (5.91)

Substituting in the radial part of the spheroidal eigenfunctions (5.87),

AnGp I0+1) 1 2
. P, 92
In @+ D) n |lain 7l klnjl(k:lnR) r°Py(cos ) (5.92)

We can also find dp using the relation (5.50) between dp and 0P

0P, = pwl?nCrlPl(cos 0) — pd Py, (5.93)

so that
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5pln = Dln ,U'kl2n QW”Z -

4G p? (1+1) 1
In Rl kln

1T — jl(k:lnR)> 7“2] Py(cosf). (5.94)

5.6 Oscillations of an incompressible elastic star: numeri-

cal investigation

To further investigate the eigenvalue spectrum and associated eigenfunctions, we will
need to carry out some of the work numerically. We will find toroidal and spheroidal
eigenvalues by finding roots of the nonlinear equations (5.66) and (5.84) in Mathemat-
ica. We can then plot the corresponding eigenfunctions by using these eigenvalues in

conjunction with the analytic eigenfunction forms (5.57) and (5.87).

For this work we will specialise to the case of [ = 2, m = 0 modes, as these are the
ones we find to be excited by our initial data for our first glitch model, where the glitch
occurs at zero angular velocity. Obtaining this initial data will be discussed later in
Chapter 7, but its [ = 2 character should already seem plausible given that we will be
constructing it using the rotating equililbrium solutions developed in Chapter 4. These
have an angular P5(cos 6)-dependence which matches that of the [ = 2 eigenfunctions

found in the previous section.

Other values of [ become important for rotating stars, but as the [ = 2 are the most

important for our model we will restrict to looking at those here.

In general, we can parametrise our background stars by their radius, density and shear
modulus (R, p, u). We can make an arbitrary rescaling of the first two, as the only free

parameter in determining the spacing of the eigenvalues (5.84) is the ratio %.

For our numerical work we first scale to unit radius, R = 1. Instead of rescaling the
density p directly, we make the more useful physical choice of rescaling the frequencies
against a typical mode frequency, the [ = 2 fundamental Kelvin mode wg of a fluid star,

which we calculated earlier in Section 5.4. Specialising the result (5.29) to [ = 2, we

16
Wi = \/T;\/Gp. (5.95)

We rescale so that wx = 1, which is equivalent to fixing p. Finally, for comparison with

have

our earlier energy results in Chapter 3, we switch from the ratio of shear modulus to

density % to the ratio of strain energy to gravitational energy (4.82),

B 574

Y Raberert (5.96)
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ftoroidal (K)
(@}

Figure 5.2: A plot of the function fioroiqal- The roots of this function (marked
as black dots) are the toroidal eigenfrequencies.

Combining this with the scaling choices above, we obtain

Sl

p_5(%)
= . (5.97)

wo
oo

5.6.1 Finding the eigenvalues
5.6.1.1 Toroidal eigenvalues

The toroidal eigenvalues are the roots of the function fioreidar (5.66), which for | = 2

becomes

ftoroidal(Ka 2) = K]é(K) - JQ(K) =0. (598)

This function is shown in Figure 5.2. Toroidal modes will not be excited in our initial
glitch model, where the star has zero angular velocity after the glitch. However, these will
become important later once rotation is taken into consideration, and there is coupling
between toroidal and spheroidal modes. The toroidal modes are also simpler to analyse
because the roots of fioroidal have no dependence on %, so they are worth considering
first. However, the corresponding frequencies do depend on %: wn = K, % (%). We

can see that in the fluid limit B = 0, these frequencies are zero as expected.
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5.6.1.2 Spheroidal eigenvalues

In the [ = 2 case, the equation we use to find the eigenvalues (5.84) becomes

Fepheroidal (m,2, i) = (2 o Z(lﬁ) - f) (a: + 23&8) +3 (a: + 4;%53) . (5.99)

where we have scaled to unit radius R = 1. We find that the quantity zgg; can be

expressed in terms of cylindrical Bessel functions J;(x) as

via) _ Iy @)
V() - JH-%(fU)7

and so f diverges when z is a root of J; 1. It is therefore easier numerically to find
2

(5.100)

roots of

B B
g <27 x, A> = J% (.CI}) fspheroidal (2’ x, A> . (5-101)

We carry this out in Mathematica using the external package RootSearch [28]; by plot-
ting these functions in Mathematica we can also verify that finding the roots of g gives
us all the roots of f. To interpret the results, we need to convert back from the roots
T, to the frequencies (wn)2. It will also be helpful to scale these to some typical mode
frequency. In this case we will use the I = 2 fundamental Kelvin mode wx of a fluid
star, which we calculated earlier in Section 5.4. Specialising the result (5.29) to | = 2,

we have

16
Wi = \/T;\/Gp. (5.102)

We can then plot the scaled eigenvalues o‘j—j as a function of %; the first 30 of these
K

are shown in Figure 5.3. Concentrating on a given value of %, we can see the start
of an infinite set of eigenvalues. The squared frequency w? scales linearly with % and

hence with the shear modulus p: this is typical of modes of an elastic solid, which have

frequency ~ \/% .

The exception to this is the behaviour of the modes closest to the fluid Kelvin mode
wg. Around this value, we see avoided crossings between modes. This is characteristic
of systems where two different types of mode have a similar frequency [7]: in this case
these are the single fluid-like mode close to the Kelvin mode frequency, and one of the

elastic modes of the star.
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Figure 5.3: Plot showing how the [ = 2 mode frequencies of an incompressible
elastic star vary with the ratio of elastic to gravitational energy %. On the
y-axis, frequencies are scaled by the fundamental [ = 2 Kelvin mode of an
incompressible fluid star, wg. For typical neutron star parameters, wg ~ 2000
Hz.
5.6.2 Finding the eigenfunctions
5.6.2.1 Toroidal eigenfunctions
These functions have the form (5.52)
g5 (@) = W(z) (e X VYin), (5.103)
where
W(l’) = Dgnjl (kgnm) . (5.104)

and the eigenvalues wo,, = koy, % are the roots of fioroidal 5.57. As with the eigenvalues,

we have scaled the equations so that the radius R = 1.
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Figure 5.4: Plot of the W part of the first toroidal [ = 2 eigenfunctions, as a
function of the fractional radius z = 5, for % = 0.1. The n = 1 eigenfunction
is shown in black and the highest, n = 10 eigenfunction in green.

Figure 5.4 shows a plot of the first ten toroidal eigenfunctions for % = 0.1. The lowest,
n = 1 eigenfunction is shown in black hand and has no nodes; each eigenfunction gains

one more node with increasing n.

5.6.2.2 Spheroidal eigenfunctions

The form of the corresponding spheroidal eigenfunctions has been already been found

analytically (5.87). For [ = 2, this becomes

i dP:
;};hermdal(x) = Ugn(aj‘)Pg e, + Vgn(x)d—;eg, (5.105)
with
6 .
U () = Coyp, [2q2n$ + k]g(k’gnx)] , (5.106)
2nL
1 .
Van(x) = Cap [QQnSU + mh(bnﬂﬁ) + jé(kznﬂﬁ)] (5.107)

where the Cb,, are arbitrary constants and
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1 . 10 .
qon = 5 |:2]é(k2n) + <k2 - k2n>:| jg(kgn.%'). (5108)

As an example, Figure 5.5 shows the first ten eigenfunctions for % = 0.01. The majority
of the eigenfunctions, shown in grey, are elastic modes. These form an ordered sequence
with the lowest n = 1 mode having one stationary point, the n = 2 mode having two,

etc. These modes also have a very small amplitude at the surface.

The eighth eigenfunction, marked in red, has a frequency just above wg and exhibits very
different behaviour to the rest of the set. In particular, it has a much larger amplitude
at the surface. This is consistent with this eigenfunction having a hybrid fluid-elastic
character: the overall shape of the eigenfunction is similar to the linear [ = 2 Kelvin
mode eigenfunction 5.28 for a completely fluid star, while the elastic character of the

mode is evident in the oscillations superimposed on this.

This behaviour is generic for all values of % in the range % = 1075 — 1 that we have
studied. As % gets smaller, the gap between mode frequencies gets smaller, so that the
single hybrid mode is pushed to higher n. By % = 1075, the hybrid mode is at n = 877.

For lower values of %, where the star is closer to a fluid star, we should expect the
linear, fluid-mode-like behaviour to be recovered. This is indeed what we see in Figure

5.6, where the hybrid mode is plotted for four different values of %

Another way to obtain some insight into the behaviour of the eigenfunctions is to pick a
value of n and track the variation of the eigenfunction with % As an example, Figure
5.7 is a surface plot for n = 3, showing how the U part eigenfunction changes between
% = 1072 and % = 1. We can see that the eigenfunction changes continuously, but
goes through three distinct phases. For the smallest values of % on the right, the three
lowest eigenfunctions are all elastic-type eigenfunctions, and so the n = 3 eigenfunction
is the third elastic eigenfunction with three stationary points. As % gets larger there is
a transitional area where the third mode has a hybrid character. For values of % larger
than around 0.1, the hybrid mode is found at n = 1 or 2, and so the n = 3 eigenfunction
is again an elastic-type function, this time the second such function with two stationary

points.

The contours projected onto the base of the graph show the how the zeroes of the eigen-
function vary with %. This makes it clear that the intermediate, hybrid eigenfunction

has a very different character, with no zeroes.
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Figure 5.5: Plot of the U and V radial parts of the first ten eigenfunctions, as
a function of the fractional radius x = , for % = 0.01. The hybrid fluid-like
mode is marked in red; the other modes have an elastic character.



84 Chapter 5 Oscillation modes of fluid and elastic stars

Figure 5.6: Plot showing the U radial part of the hybrid fluid-like mode for a
range of values of %.
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Figure 5.7: Surface plot showing how the U radial part of the n = 3 eigenfunc-
tion varies with % The eigenfunction goes through three distinct phases: in
the middle region around % = 0.1 there is a transitional area where this mode
has a hybrid fluid-elastic character. The contours projected onto the base of the
graph show the zeroes of the eigenfunction; there are none for the hybrid mode.






Chapter 6
Mode excitation by glitches

To find out which oscillation modes of the star are excited, we need to be able to project
initial data against the basis of oscillation modes of our model. These are the modes of

an incompressible, solid elastic star discussed in Chapter 5.

We will construct the initial data for our glitch model in Chapter 7, using the equilibrium
solutions of Chapter 4. However, to carry out the projection we will also need to show
that we have an orthogonal basis of eigenfunctions of the star after the glitch to project

against.

In this chapter, we will build up to this projection problem by considering a series of three
simpler models of mode excitation: one-dimensional motion in a fluid channel, radial
oscillations of a fluid star and finally a simple nonradial oscillation problem, again for
a fluid star. In the process, we will also develop the mathematical background required

to show that the eigenfunctions are orthogonal, even for our case of an elastic star.

We will start with the fluid channel problem, where the eigenfunctions are trigonometric
and the initial data can be written in terms of them as a simple Fourier series; this will

help clarify the details of how we plan to carry out the projection.

For the more complicated stellar oscillation models, we will need to show that the eigen-
functions are orthogonal, so we next describe how to do this. We will show that it is
sufficient to demonstrate that the operators in the equations governing the oscillation
modes are Hermitian, given our boundary conditions. We then do this first for the

simpler case of radial excitation and consider an example of radial mode excitation.

Finally, we will show that the eigenfunctions are orthogonal for the case of nonradial
oscillations of an incompressible elastic star: this is the result we need for our glitch toy
model. As preparation for this, we then discuss a very simple ‘starquake’ model where
we excite a nonradial fmode in an incompressible fluid star; the mode equation in this
case is a special case of that for an incompressible elastic star in the limit of vanishing

shear modulus u, so we can use the result just derived.

87
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6.1 A simple example: fluid in a channel

To clarify the projection problem, we will first discuss a very simple system consisting of
one-dimensional motion of waves in a fluid channel with sides at + =0 and x = L. We
will assume that the unperturbed fluid is static, and that it obeys a polytropic equation
of state P = kp'.

We then disturb the fluid, introducing a horizontal displacement &(x). This will produce
corresponding changes § P, §p in the pressure and density, and from the equation of state

we see that

b _ pop

. 6.1
5 ; (6.1)
The Euler equation (1.28) for the fluid motion is
d%¢ 1d(6P)
Zs_ - 6.2
dt? p dx (62)
and by conservation of mass (1.25) we also have that
dg
) — =0. 6.3
ptog (6.3)

We can eliminate dp from this using the equation of state (6.1), and by combining with
conservation of mass we can obtain a wave equation in terms of £ and the background

quantities only:

P p e 0, (6.4)

a2~ a2

where a = 4/ % is the sound speed of the fluid. We also make the assumption that the
velocity perturbation has a time dependence dv(x,t) = dv(x) cos(wt + ), so that the

general solution has the form

& = Acos (wt + 0) sin (% + B) : (6.5)

A and [ constants.

6.1.1 Oscillation modes

To determine the oscillation modes of the fluid, we need to impose boundary conditions.
We choose to require that the displacement &(z) vanishes at the sides of the channel.
The condition at x = 0 gives § = 0, while that at © = L means that the frequency w

must satisfy
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where n is an integer. The corresponding eigenfunctions are

&nlz,t) = Ay, cos (wt + 60,) sin <%x> , (6.7)

a

so that the most general solution can then be written as a sum of these eigenfunctions

a

£z, 1) = i Ay, cos (wt + 0,,) sin (@x) . (6.8)
n=1

Substituting this back into the Euler equation (6.2) and integrating, we find that the

pressure perturbation is

oo
A,nma® nw
6P = > ZPT sin (wt + 6,) cos () 6.9
Z oL sin (wt + 6,,) cos — (6.9)
n=1
this also fixes the density perturbation. (The constant of integration in both cases can

be shown to be zero from the requirement that mass is conserved in the channel.)

6.1.2 Representing initial data as a sum of oscillation modes

We now wish to represent an arbitrary initial perturbation as a sum of the oscillation
modes. First we note that our wave equation (6.4) is a second order differential equation

in &, so initial conditions on the displacement and velocity

&(x,0) = f(x), (6.10)
%(m,O) =g(x) (6.11)

should fully determine the solution. We show explicitly below that the two undetermined
sets of coefficients { A, } and {6,,} do in fact give us this freedom to independently choose

an arbitrary initial displacement and velocity.

For this simple example this can be done using ordinary Fourier analysis: we multiply
our initial displacement by sin (%x) and integrate between x = 0 and x = L to find
that

Ay, cos(0y,) = ;/OL f(z) sin (%:p) . (6.12)

Similarly, we have that
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Ay sin(,) = —sz /OL g(x) sin (%x) , (6.13)

and together these fully determine the solution. These results rely on the standard
orthogonality relations of trigonometric functions. In the more complicated examples
considered later, we will come across different sets of eigenfunctions. We need to show

that we can still find an orthogonal basis to project against.

6.2 Orthogonality of eigenfunctions: general background

In this section, we will use the notation of Friedman and Schutz [31] and write our

eigenvalue problems in the form

W A€+ C& =0, (6.14)

where A and C are operators. For example, for the incompressible elastic star of Chapter

5 we can rewrite the mode equation (5.31) so that the operators A and C' would be

A& = pé, (6.15)
Cé& = -V (0p) + pV3€; — pV(6D) (6.16)

We wish to show that the eigenfunctions of an incompressible elastic star are orthogonal
with respect to the operator A, i.e. that for two eigenfunctions £, n with different

eigenvalues w® # w", we have

(n, Ag) = 0. (6.17)

Here the inner product is defined by an integral over the volume V of the star

(n,€) Z/Vn*-SdV- (6.18)

This will follow if the operators A, C' are Hermitian (or self-adjoint), i.e. if

(n, A&) = (€, An)", (6.19)
(n,C&) = (& Cn)", (6.20)
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given the boundary conditions that we have. We start by showing this. In the process,

2

we will also demonstrate that the eigenvalues w” are always real. The argument is a

standard one, very similar to that found in most quantum mechanics textbooks [72].

We start with the mode equation (6.14) for two eigenfunctions 7, &:

(w")?An = —Cn, (6.21)
(wh)?A€ = —CE. (6.22)

Next we take the inner product of £ with the first equation, and the inner product of n

with the second:

(W)?(&, An) = —(€,Cn), (6.23)
(w*)*(n, A&) = —(n, CE). (6.24)

Taking the complex conjugate of this last equation and using the fact that the operators
A, C are Hermitian (6.19), (6.20) yields

[9)2] (¢, an) = —t&,Cm). (6.25)

The right hand side of this is now identical to that of our first inner product (6.23), so
that

{wn? = w2 '} € am =o. (6.26)

In the special case where & = 1, we then have

@2 = @], (6.27)

showing that the eigenvalue (w®)? is real for every eigenfunction ¢. If (wé)? > 0, the
frequency w? itself is real and the eigenfunction &(z,t) = eiwsté (x) is oscillatory in nature.
If (wf)? < 0, the frequency is imaginary and the perturbation can grow exponentially
(the system is dynamically unstable) [26]. In the systems we have analysed in Chapter

5, all the eigenvalues are positive.

For € # m our equation (6.26) then becomes

{@n? = @92} (g am) =o. (6.28)
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If (w)? # (w")?, by the definition of A (6.15) we have

(&, pm) =0, (6.29)

i.e. the eigenfunctions are orthogonal with respect to this inner product.

We will now discuss two special cases in detail. One is that of purely radial oscillations,
considered in Section 5.12; we will use this relatively straightforward example to demon-
strate how to carry out projection of initial data against the basis of modes. The second
is that of oscillations of the incompressible, self-gravitating elastic star of Section 5.5.
This case is particularly important to us, as we will later be using this basis of modes
in our starquake model. We will then illustrate how to use this in a toy model, for the

special case of a purely fluid star.

6.3 Radial mode excitation for a fluid star

For our next illustrative example, we will consider the case of excitation of radial modes
of a fluid star. This is not the stellar model we will be using in our glitch calculations,
but it does allow us to test some of the projection theory in a simpler context. We found
the general equation (5.12) governing these modes in Section 5.3. First we will need to

show that this can be put into self-adjoint form.

6.3.1 Orthogonality of eigenfunctions for radial oscillations

To show orthogonality, we will start by writing our mode equation (5.12) in the form

w?aé + c€ =0, (6.30)

where a and ¢ are the operators
at = pt, (6.31)

1 P / ! 1 /
& =T1P" + (20— + TP ) &' + = (20 P — 4rP 4 2T'1rP') €. (6.32)
r r
The boundary conditions are

E=0 at r=0, (6.33)

¢ finite at r=R. (6.34)
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Currently, the operators a and ¢ are not Hermitian. However, we can show that we can
always put a second order linear equation with real coefficients into Hermitian form by

multiplying by a suitable integrating factor. In general, this equation will have the form

LE=P(r)é" +Q(r)¢ + R(r)é =0, (6.35)

with P, ) and R real. Taking the inner product with another eigenfunction 7, we have

(n,LE) = (n, P(r)€") + (n, Q(r)¢') + (n, R(r)§) (6.36)

which written out in full becomes

R 2
1) = [ [P0)5S + QG + Roe] (6.37)

To see if this is Hermitian, we now want to compare this with

R 2, % *
e = [ € [P0 + Q0 + Ry an (6.38)

where we have used the fact that P, @ and R are real. To make this comparison, we
need to ‘shift the operators across’ from £ to . We can accomplish this by integrating

by parts twice on the first term and once on the second, obtaining

R 2
(n, L&) = /0 I3 [CZ'?(P(T)U*) — %(Q(T)U*) + R(T)n*} dr + boundary term. (6.39)

We will deal with the boundary term later. Expanding the integral out, we get

R dy dpP dy*  (d?P  dQ i

Comparing this term-by-term with the previous equation, we find that for L to be

Hermitian we need

dP
= — 6.41
Q=" (6.41)
i.e. our operator L needs to be of the form
d dg
L'¢=— — . 42
e= 4 (snGE) +olrse (6.42)

This is know as Sturm-Liouville form [17]. We can transform any second order linear

operator L (6.35) to this form by multiplying through by the integrating factor
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h(r) = sz") exp [ / (gg:;) dx] . (6.43)

We also need the boundary term of the inner product (6.39) to be zero. This term is

d d
boundary term = 77>"P—5 —— ("P){+n"Q¢ , (6.44)
dr dr r—ab

so for a Hermitian operator we need

[p(x) <n*j§ - *jﬁ)]r:aﬁ =0. (6.45)

This can be satisfied for a wide range of boundary conditions [61]; we will show this just

for our case of radial oscillations (6.30), where we have

P(r)=T4P, (6.46)
1
Q(r) = ) (I P). (6.47)
In this case the integrating factor is
h(r) = r2. (6.48)
Multiplying through by this, we get
WAL+ CE =0, (6.49)

with the Hermitian operators A and C' defined by

A¢ = wr?p, (6.50)

d
Ct=— (T1Pr?) + (—2I1P — 4rP + 21w P’ + w?r?p) €. (6.51)

We also need to check that the constraint on the boundary conditions (6.52) is satisfied.

In our case this becomes

[r P (77 . —¢£ Ch’)]T:QR =0. (6.52)

This is clearly satisfied at » = 0, and also at the surface r = R where the pressure P

vanishes. The eigenfunctions are then orthogonal with respect to the operator A:
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(n, A&) =0 (6.53)

for different eigenfunctions n, & with w727 #* wg.

6.3.2 Using initial data to calculate mode excitation

To give an analytic example of mode excitation, we will now specialise to the case of
compressible perturbations on a homogeneous background star, studied in Section 5.3.
Our equation for the perturbations (5.13) can be put into the Sturm-Liouville form of

the previous section as

% (2% — 2)¢') + (2 — Az?)e = 0. (6.54)

We have seen that the eigenfunctions of this problem are polynomials

&= ezt (6.55)

with odd coefficients zero, and even coefficients satisfying

Ciya P+ bi+4—A
¢ 24+Ti+10

, (6.56)

where

A=n’>+5n+4, n=0,2,4... (6.57)

The first two eigenfunctions are

éo(z) = V5, (6.58)
&i(z) = o <—7:c3 + x) : (6.59)

We now want to use our basis of orthonormal eigenfunctions to represent an arbitrary

initial perturbation, with initial displacement and velocity

{({L‘, 0) - f({L‘), (6.60)
d§

2 (@.0) = g(2). (6.61)
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We know that a general perturbation £ has the form

E(z,t) = Z an&n cos(wpt + 6,), (6.62)
n=0

where a, and 6,, are constant, so

f(@) =) an&n cos(6n), (6.63)
n=0
g(z) = — Z apwn&n sin(6y,). (6.64)
n=0

Using our orthonormality condition, we can then multiply by w(z)&,,, where w(z) = 22

is the weight function, and integrate over [0, 1] to find that

1

an cos(6y,) :/ f(z)€2?d, (6.65)
01

—anpwnén sin(6y,) :/ g(x)énade. (6.66)
0

We can then reconstruct the original functions f(z) and g(x) as a sum of these coeffi-

cients. To find the amplitude a, of each excited mode, we can take

0 = (( /0 1 f(x)gnxde>2 + :% ( /0 1 g($)£n$2dx>2> | (6.67)

The phases #,, can be found from

N[

1 2
n n d
tan(fy,) = — lfo f@)nz"de. (6.68)
fo g(x)gnxde
As an example, consider the initial data
&(x,0) = 2°, (6.69)
d§
2 (@.0)=0. (6.70)

Using (6.65), we find

1
amCOSHm:/ Emzdda (6.71)
0
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and

A sin 0, = 0. (6.72)

The second condition fixes #,, = 0 for all values of n. We can then substitute the first

two eigenfunctions (6.58) (6.59) into (6.71) to fix our amplitudes as

S

apg =

: (6.73)

a) = — (6.74)

SN

We can check these by reconstructing our original displacement in terms of our basis of

normalised eigenfunctions

&0 = Vb, (6.75)
150 7 4
1= (—590 + x) : (6.76)
We find that, as expected,
V5 2 15 7 4 5
aoo + a1§1 = 7(\/590) 51 3 (—596 + :c) =z (6.77)

6.4 Orthogonality of eigenfunctions for oscillations of an

incompressible elastic star

First, though, we will show that the eigenfunctions of the star in our glitch model are
orthogonal. This is the case of a completely solid, elastic incompressible star, discussed

in Section 5.5. In this case the mode equation (5.31) can again be written in the form

9.5 .

where the operators A and C are defined by

A& = pg (6.79)
C;& = VT, = pVid. (6.80)
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Here T is the stress-energy tensor

Ty = —0pdij + p(Vi&; + V&) (6.81)

The boundary condition (5.58) at the surface » = R can then be written in terms of Tj;

as

(Tij — EFV1poi; )it = 0. (6.82)

The operator A is just multiplication by a scalar function, so it is Hermitian. We need
to show that the operator C is also Hermitian. As we found in Chapter 5 that all the
eigenfunctions and associated quantities dp, d® are all real, this just involves showing

that C is symmetric,

(n, C&) = (&, Cn). (6.83)

The symmetry of the operator C' has been shown for the cases of nonradial oscillations
of stationary, perfect fluid stars [21, 53, 31] and for the incompressible fluid star [22].

We will follow a similar method here.

Writing the inner product out in full,

<n",q.j§j> :/ijTl-jnidV—i—/Vp(Vi&I))nidV. (6.84)

It is then sufficient to show that each term of the right hand side is symmetric in & and
7', given our boundary conditions. We will then have (n, C¢) — (¢,Cn) = 0, and so C is

symmetric.

To do this for the Tij term, we first integrate by parts:

/vaijnidv— —/(vjni)TijdVJr/ n'T,’ dS;. (6.85)
\%4 \%4 ov

For the surface term, we can use the boundary conditions (6.82) to substitute in 7j;, so
that

o d
/6 § 7T, dS; = /8 § n*g?”di; ds,, (6.86)

where we have used the spherical symmetry of the background star. This term is sym-

metric in £ and 7.

For the volume term, we expand out Tz-j so that
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— / (V)T dv = — / (Vi) (000 + uVig! +uvig) v (687)
|4 14

The first term of this is zero by incompressibility, while the third term is already sym-
metric. To deal with the second term, we will integrate half by parts with respect to
Vi, and half with respect to V;, so that

- / p(Vn') (Vig?) dV = % [ / 'V (uVieh)dv — / ' V;€1dS;
v v v (6.88)

+ [ @V - [ usjvjnidsi}
1% v
Using the product rule on the volume terms, this becomes
; . 1 : . ; .
- [y (@) av =3 | [ @ iehav+ [ vvea
+ / (Vip)& (Vnh)dV + / péEIN, N mtdv (6.89)
1% 1%
~ [ ivigas;- [ uff'vjnidsi] .
ov ov
The shear modulus p is constant over the surface of the star, and so its derivative V;u

is non zero only at the surface,

Vi = —pd(r — R)7;. (6.90)

The terms containing V;u then cancel with the two surface terms to leave

—/ w(Vin') (vigﬂ')dv—/ univjvigﬂ'dwr/ AT (6.91)
Vv 1% 1%

These two terms are zero, as can be seen by commuting V; and V; and using the

incompressibility condition so that finally we have

j r rd i j
[vimivav= [ weas,— [ wemie) (6.92)
1% 1% T %

Returning to the §® term of (6.84), we can show that this is symmetric by again inte-

grating by parts, so that

/ pVi6®n'dV = — / SOV, (pn') + / pé®n'dS;. (6.93)
14 14 ov

Considering the volume integral first, we have
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Vi(pn') = n'Vip = —pd(r — R)y", (6.94)

so in fact the integrand is only nonzero at the surface. Rewriting it as a surface integral,

/ pVi0PndV =2 / pddn'dsS;. (6.95)
14 oV

We can then use the fact that d® is a solution of Poisson’s equation,

)
§o=-G | —2P By, (6.96)
v |t — 2"

Using the continuity equation (4.11) to rewrite dp, we obtain

) 2¢r 7
/V PV 50 dV = —2G / /6 § PEN 6, (6.97)

’xz _x/z’

which is symmetric in £ and 7.

We have now shown that C is a symmetric operator, and so the eigenvalues of a self-

gravitating elastic incompressible star are orthogonal with respect to A = p:
(n, AE) =0, wi # wi. (6.98)

6.5 Nonradial mode excitation: a ‘starquake’ toy model

As an example of nonradial mode excitation, we will consider a toy model of a rotating
incompressible star, in which a ‘starquake’ is produced by the sudden artificial removal
of all angular momentum from the star. The star will then be out of equilibrium,
and oscillate about its spherical equilibrium configuration. Although this is a highly
unrealistic example, it is useful for understanding how to represent a given nonradial
perturbation as a sum of oscillation modes, as we can already take advantage of the
work done in Section 5.4 calculating the fundamental Kelvin mode of an incompressible

fluid star, and of our calculations of rotation shapes in Chapter 4.

6.5.1 Initial data and trivial displacements

We now wish to find out which modes of the star are excited by given initial data for the

displacement and velocity fields. For a nonradial problem these are now vector functions:

&(r') =€0",0), (6.99)
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dg}
dt

(r') = %(ri, 0). (6.100)

The initial data should describe the equilibrium state of the star before the ‘starquake’ as
a perturbation of the star in the equilbrium state it settles down to afterwards. In this toy
model, the equilibrium state after the starquake is a spherical star, so the displacement
vector field 56 should connect points in the spherical star to the corresponding points in

the rotating star.

In Section 4.3, we found that the only part of this we can calculate unambiguously for a
fluid star is the radial displacement field at the surface of the star. We will now discuss
this in more detail. The problem is related to the fact that an ideal fluid is insensitive
to shear stresses, so that it is possible to reorder fluid elements without affecting the
macroscopic properties of the fluid. This means that the Eulerian perturbations of
the pressure and gravitational potential (4.24) and (4.25) are not enough to uniquely

determine the displacement field of the star.

Different displacement fields that correspond to the same set of macroscopic properties
are said to differ by a trivial displacement (see Friedman and Schutz [31]). For these

trivials, the corresponding Eulerian perturbations all vanish.

We can make one obvious choice for the displacement field of the whole star by taking
the u — 0 limit of the displacement field of a rotating incompressible elastic star, which

VN
rot*

we calculated previously, egs. (4.84) and (4.85). This is labelled in Figure 6.1 a) as £

p<2°
87Gp?R?

- 5

g = (3r3 — 8R?r) Py(cos 0)e, + <2r4 - 4R2r2> V Py(cos 9)] . (6.101)
However, this initial displacement is not a sum of the eigenfunctions of the background
spherical star. We have already found the general form (5.28) of these eigenfunctions,

rewritten here as

oo m=l

gli{elvin = Z Z (lAlmrl_l}/lmer- + AlmerY'lm> ) (6102)
=0 m=-—1

and £, cannot be put into this form. Instead, we will try to match the radial component

of iy at the surface to & ;.. This can be done, and we find that Agy = —% and
all other coefficients are zero. This gives us a set of initial data
i 50 2
Sinitial = ~ g, (2r¥20er + 17V ¥a0), (6.103)
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] >0
Erot
- 5 rotating
a) star
spherica| c Erot _ Einitial
background (trivial displacement)
star
J=0
b) =2
— > Kelvin mode

Einitial

Figure 6.1: Diagram illustrating the difference between the displacement field of
the rotating star £, found by taking the y — 0 limit of the rotating elastic star,
and the initial data & ;. we use for the starquake. a) i+ maps the spherical,
nonrotating background star to its rotating configuration. b) & .., maps the
background star to the [ = 2 Kelvin mode of the star, with the amplitude chosen
to match the surface shape of the rotating star. c¢) The difference between these,
oy — &l iy, is a trivial displacement.

labelled in Figure 6.1 c). We can show that this is an acceptable substitute for &, by
showing that the Eulerian perturbations of fluid quantities match in both cases, meaning
that the difference &y — & ....; is a trivial displacement (Figure 6.1 b)). This gives us

confidence that the macroscopic properties of the star are the same in both cases.

We can expect issues of this kind to arise in any projection problem for a fluid star, so
this analysis should provide useful insight for the more realistic case of a fluid star with
a solid core. However, to construct our initial data for the glitch in later chapters we will
be considering completely solid elastic stellar models, for which there is no ambiguity in

finding the displacement field.



Chapter 7

The glitch toy model: glitch at

Zero spin

We are now in a position to bring in many of the elements developed in previous chapters,
and construct our first full toy model of a starquake. In this initial toy model, we assume
that the star spins down to zero angular velocity before ‘glitching’, which we model as

a sudden loss of strain from the star.

This toy model may appear to be too much of a simplification, in that we have lost
the key observational feature of the glitch, the sudden change in frequency of the star.
However this model does give us considerable insight into constructing the initial data,
and into the types of oscillation mode excited. In both cases there are enough new ideas
to be introduced that it is worth discussing this model in detail, before adding in the

extra complications of rotation in Chapter 9.

The basic idea of the model is to project initial data describing the starquake against the
set of normal modes of the star after the glitch, in order to see which ones are excited.

This process has three stages:

e First we construct the initial data, which will take the form of a displacement
field describing how far particles in the star are displaced from equilibrium after
the glitch. To do this, we will need to find the new equilibrium state of the star
after the starquake. This will require the equilibrium models of a rotating star

developed in Chapter 4.

e Next,we calculate the oscillation modes of this new equilibrium state. We will see
that for this purpose we can approximate the star as spherical, so the oscillation

modes are those of the elastic star found in Chapter 5.

e Finally, we can project the initial data against this set of modes. This relies on

these eigenfunctions being an orthogonal set, which we have shown in Chapter 6.
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We will start the chapter by giving an overview of our model for the glitch. We will
then make some energy estimates to get an order-of-magnitude idea of the amplitudes
of the modes that are likely to be excited in this model, as a check before we move on
to a detailed construction of the initial data for the model. Finally, we will project this

initial data against the normal modes of the star after the glitch and discuss the results.

7.1 Overview of the glitch model

In our toy model for a glitch, we assume that the star is completely solid and incom-
pressible. As in Chapter 3, we will describe our model using our terminology of Stars
A-D, first introduced in Section 2.2. The stages of the model are illustrated in Figure
7.1.

Star A is relaxed and spinning with angular velocity €24. In its relaxed state, the star

will have the same shape as a completely fluid star.

This star will then spin down as it loses energy. This will cause it to become less oblate,
inducing a strain field in the star as it is deformed from its relaxed configuration. We
expect the starquake to occur at the point where the strain has built up to some critical

level where the crust can no longer support it.

We will model the special case where the starquake occurs when the star has reached
zero angular velocity — this is Star B in the figure. This is now a strained configuration,
and the strain field can be calculated from the displacement field £€AB(2?) that connects

particles in the unstrained Star A to their new positions in Star B.

We now need to specify our model of the glitch. We will use a special case of the model
in Chapter 3:

We again assume that all the strain is lost from the star at the glitch, so that
the new, unstrained reference state of the star is that of Star B. Furthermore,
we assume that this energy is just lost from the star (goes into heat), rather
than going into kinetic or gravitational energy. This means that the mass
distribution of the star will not be changed at the glitch: particles in Star C

immediately after the glitch are not displaced from their positions in Star B.

After the glitch, the star will now be out of equilibrium (Star C), and so it will start
to oscillate. These oscillations will be damped until the star finally reaches a new equi-
librium configuration (Star D). This equilibrium state is deformed from its unstrained
state, Star C, and so has some residual strain constructed from the displacement field

£€°P. This means that although it has zero spin, it is not completely spherical.
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Relaxed at
current spin

gAB l Spin-down
Q=0

Strain built up
during spin-down

n
£°¢=0 l GLITCH - strain removed
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' C I equilibrium,
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Figure 7.1: Diagram showing the main stages of the glitch model when the
glitch occurs at zero spin. The star starts relaxed and spinning with initial
velocity 24. It then spins down to zero angular velocity, building up strain. The
glitch is described by a sudden loss of strain, and the star then settles to a new
equilibrium state. The equilibrium states A, B and D are found as perturbations
about a spherical background, S. The maps n track the displacements of particles
in S to their new positions in Stars A — D, while the ¢ displacement fields map
between A — D.
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7.2 Energy estimates for the glitch model

In this section, we make some estimates of the energy released at the glitch, using the
method of Chapter 3. This time, though we will be assuming that the glitch occurs at
zero angular velocity, so that Qp = 0. We will also be using our glitch model in which
the strain is lost from the star at the glitch, so that the change in energy is the difference
between the energies of Stars C and D (rather than that between B and D as in Chapter
3).

Specialising our results (3.5), (3.6) to Q2 = 0, we find that to first order in b = £, the
ellipticities of Stars A and B are

IO
= 7.1
fA= 0 (7.1)
ep=bea. (7.2)
The energy of Star B in this case has no kinetic energy term:
Ep=Es+ Ae} + B(ea —ep)*. (7.3)

In our model, the star loses its strain energy at the glitch, so that immediately afterwards

its energy is

Ec = Eg + Ac%,. (7.4)
It then settles down to the new equilibrium state Star D, with Qp = 0. Using our

formula for the ellipticity of D (3.11) we have

T ALB P

€D (7.5)

This is O(b?), so that to the order we are working we can take the shape of Star D as

spherical, and ep = 0. Its energy then only contains a strain contribution,

Ep = Es + Be%, (7.6)

and this is also O(b?), so that we can take its energy to be that of the spherical star,
Ep = Eg. The energy available at the glitch is then the difference in energy between
Stars C and D,

AEcp = Ec — Ep = Ae%,. (7.7)
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We can write this as

2 2
AE = <ISQA> b2, (7.8)

This is the energy available to be converted into oscillations at the glitch. We expect

the mode energy Fi04e to have the form
Brode ~ Isw?aZ (7.9)

where w is the frequency of the oscillations and a¢p is a dimensionless number charac-
terising their amplitude. Equating this to the energy in the initial data AE (7.8), we
find that for b < 1,

1/Qa\? 1502
2 (AN 2istia

For a star of density p and shear modulus 1 we have the approximate scaling [16]

A~ Gp*R?, (7.11)
B ~ uR3, (7.12)
Is ~ pR®. (7.13)

The oscillation mode frequency will depend on what kind of mode is excited. We have
seen in Chapter 5 that our background star has two types of modes: elastic modes with
a frequency w ~ %, and a single mode similar to the f-mode of a fluid star. For these

estimates we will use this fluid-type mode, which has scaling

w~+/Gp. (7.14)

We will see later that this is a good choice for our particular initial data. Combining

these, we get an estimate for the surface amplitude of the oscillations,

04 (B 19

We can use this as a consistency check for the scaling of the detailed amplitude calcu-

lations to follow.
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7.3 Initial data for the glitch model

7.3.1 Plan of the calculation

Our initial data takes the form of a displacement and velocity field connecting the state
of the star immediately after the glitch — Star C of our scheme — with the new equilibrium
state, Star D.

We describe Stars A-D in terms of their deformation from the spherical background,
Star S. This star has pressure p and gravitational potential ®, and is in hydrostatic

equilibrium

— vip — pVﬁI) =0. (7.16)

The spherically symmetric solutions of this have pressure

p(r) = =-Gp*(R* —r?), (7.17)
where R is the radius of the star.

To keep track of Lagrangian perturbations between different configurations, we label
maps from the spherical background to Stars A-D with displacement fields 7, and maps
between Stars A-D with displacement fields & (see Figure 7.1). In this notation, the

initial data we want to calculate is the displacement field £PC.

We are also able to independently specify the initial velocity field, éDC. In this toy
model we take fDC = 0, because we are assuming that the strain is suddenly removed

from the star but the particles of the star remain at rest.

We find the initial data €PC by constructing a sequence of equilibrium models to describe
Stars A, B and D. Equilibria of this type were constructed in Chapter 4, so here we start

by summarising the equations and boundary conditions that we need.

Each model obeys an equation of motion of the type

— pVi(Q%r% cos® 0) = —V,;Ap + V,Tij — pV;Ad, (7.18)

where the centrifugal force is balanced by pressure, strain and gravitational potential

perturbation terms.

Star C is out of equilibrium and so does not satisfy this equation of motion. However, we
will see that in this case it is sufficient to specify the surface shape of Star C immediately
after the glitch, which is the same as that of Star B.
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For each equilibrium solution, we also have Poisson’s equation for the gravitational
perturbation (4.46)

V2350 = 47Gép, (7.19)

and the continuity equation (4.47)

5p+ Vi(pe") = 0. (7.20)

The perturbations are also constrained to be incompressible,

Vi =0. (7.21)

At the surface, we have the traction boundary condition (4.50),

— (Ap(R))dir + 2puir(R) = 0, (7.22)

while the gravitational perturbation d® must satisfy the jump conditions (4.17)

5]t =0, (7.23)

d R+-e€
{dr(&p)] L= AnGp&r (R, 0,9). (7.24)

7.3.2 Details of the calculation

Star A is an unstrained equilibrium configuration spinning at angular velocity €24, and

so satisfies the system of equations

—pVi(Q4r? cos? ) = =V, ApSA — pV,;ADSA (7.25)
V2505A = 4nGopSA (7.26)
p°% + Vi(p(€*4)) = 0, (7.27)

along with the surface boundary condition

— (APSA(R)) i + 2uuit (R) = 0, (7.28)

and the jump conditions (7.23), (7.24) on §®5A. These are the same equations as a fluid

star rotating at the same rate. In this case we are unable to fix the full displacement
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field n5A. However, we are able to find the radial component of n°* evaluated at the

surface,

5RO
87Gp

(n")>(R,0) = Py (cos §). (7.29)

This is enough to find the surface shape of Star A, which we will find is all that is

required for our model.

Star B is a strained, nonspinning equilibrium configuration which was relaxed when

spinning at angular velocity )4, and so satisfies

0=—V;Ap™® — V; T3P — pV;AD5P, (7.30)
V2585B = 47 Gop°E, (7.31)
3p% + Vi(p(¢®)) =0 (7.32)

along with the boundary condition

— (AP*B(R))dir + 2mi5P (R) = 0, (7.33)

The pressure and gravitational potentials are perturbations about the spherical back-
ground S, while the strain force VjTZ/}B is built from the displacement field £éAB between
the unstrained Star A and the current configuration. This displacement field was cal-
culated in Chapter 4 (4.84), (4.85); here we specialise to the case where the star was

relaxed at €24 and is currently not spinning, Q5 = 0.

E2B(r,0) = UAB(r)Py(cos 0)e, + VAB(r)V Py, (7.34)

where Py(cosf) are the | = 2 Legendre polynomials, and the radial functions U”B and

VAB are

1 02
AB P 3 2
UA(r) = — G,oR21+b(3T SR*r), (7.35)
1 02 5
VAB() — _ A (204 yR22) . 7.36
(r) 8STGpRZ1+ b <2r " (7.36)

Using this, we can also find the surface shape of Star B,

5R b
—— 0% Px(cos h). (7.37)

r\SB
6) = —
(") (&, 0) 8nGpl+b
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Star C is out of equilibrium so we are unable to calculate maps between it and Star B
in the same way. However, in our model it is sufficient to use the constraint that the
surface shape is the same as that of Star B, n°B(R) = n>°(R).

Star D is an equilibrium configuration, so we can again write the equations of motion

for it as a perturbation about Star S:

0=-V,Ap°° — V,T5P — pV; AP, (7.38)
V2505P = 47 G pSP, (7.39)
0p°° + Vi(p(&®P)) =0 (7.40)

Here the strain force term VjTgD depends on the deformation from the unstrained

configuration C. As before we also have the surface boundary condition

— (AP™P(R))dir + 20uGP (R) =0, (7.41)

To find the ¢°P displacement field, we first write it in the form

EP(r,0) = UP(r) Py(cosB)e, + VP (r)V Py, (7.42)

as for €AB. To fix UCP and VEP, we follow a similar method to that of Franco, Link
and Epstein [30], defining AP such that

phSP = —ApSP — pASSP (7.43)

and using the mode equation (7.38) to find that

hSP = Hyr?Py(cos ), (7.44)

Hy constant. Substituting this back into the mode equation and using the incompress-
ibility condition (7.21), the displacement field is

1
UP(r)=Cr — ?ng?’, (7.45)

1 5
Vel () = §Cr2 - EHQT“, (7.46)

where C' is another constant. This can be fixed along with Hy by using the boundary
conditions (7.41). From the (rf) condition we get that C' = £ H>R?, so that
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UP(r) = @ (8R*r — 3r%), (7.47)

H 5
CD H2 2.2 4
4 — . 4
VEE(r) = o1 < R*r — 57 > (7.48)
For the (rr) condition, we can first write ApSP in terms of 5P and A®SP (7.43). To
find A®SP| we use the jump conditions (7.23) and (7.24) on A® to express it terms of

the displacement field at the surface,

87tGp
15
We can then substitute in the form of UP (7.47), and the surface shape of Star C, n/5¢.

It is at this point that we use our model assumption that Star C has the same surface
shape as Star B, (7.37).

APSP = r (€ + UCP(r)) Pa(cos). (7.49)

Rearranging for Hs, we find

21 KQ?
Hy = A 7.50
> 8rGpR2 (1+ K)?’ (7.50)
and so the displacement field £€°P (7.42) is then given, with the radial functions
UP(r) = ! 5 b S04 (8R*r — 3r%). (7.51)
8rGpR (1 +b)?
1 5
yep ARM? — Zpt ). 7.52
r) = 8mGpR* ( 1+b ( 2" (7.52)
For b < 1 we find that at the surface
5R
UP(R) ~ — b, 7.53
(R) ~ = el (7.53)

This shows the same scaling (7.15) as in our previous energy estimates in Section 7.2.
We then find that the surface shape of Star D, ()SP(R), is

sp K207
(R,0) = —/\R(1 yop 5 P (cos0), (7.54)

where we have also used the surface shape of Star C, (7.37).

In our model, we only determined the change in the displacement field at the star: we
have not specified the pressure perturbation 6p°P. However, for a homogeneous star the
shape of the star is enough to determine the gravitational potential perturbation, and

we are able to calculate this. We have
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5D5P = Byr?Py(cos ), (7.55)
with
drGp sp
By = — . .56

Inserting in the value of A and rearranging, we get that

SD __
087 = 2 (1+K)?

2 Py(cos h). (7.57)

To find §®P, we then need to subtract §®5C, which is the same as §®5P (as the star’s
shape is unchanged immediately after the glitch). We derived this previously in Chapter
4 for arbitrary spin (4.95). Specialising to Q = 0 we get

1 KO
sc 1L A2
0> = STk Py(cos ) (7.58)
so that
1 KQ?
P = _—_— "4 ,2p . .
) 20+ K)2r »(cos 0) (7.59)

7.3.3 Summary

For future reference, we collect together the main results of this section to obtain our
initial data for the glitch model. This initial data takes the form of a map from the

new equilibrium state Star D to Star C, so we will actually need the negative of the

displacement field calculated here, £€P¢ = —¢CP. The initial displacement then takes
the form
¢PC(r,0) = UPC(r) Py(cos f)e, + VPC(r)V Py, (7.60)
where
UPC(r) = - ! b (8R*r — 3r®) (7.61)
8TGpRZ (11 )7 * | '
YOy = -1 b2 (a2 - 20 (7.62)
8nGpR? (1 + b)2 A 2 ’ '

while the initial velocity is zero:
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£°%(r,0) = 0. (7.63)

The corresponding perturbed gravitational potential is

KQ?
5pCP = A 27“2P2(cos 0). (7.64)

1
2(1+K)
7.4 Projecting the initial data

In this section, we will take the calculated initial displacement field and project it against
a basis of the eigenfunctions of Star D. In the current model where the star spins down
to zero angular velocity before glitching, we can approximate Star D as spherical — this
is shown in Appendix A. The eigenfunctions of D are then those of the spherical elastic

star, calculated in Section 5.5.

This projection will give us the amplitudes of the modes excited. We will first outline

how to do this, before moving on to discussing the results.

7.4.1 Theory

We will be projecting against a basis of eigenfunctions with the full, time-dependent

form

£z, 1) = £y (x)e™". (7.65)

Here, we have used the superscript a as a shorthand to label each mode, i.e. a = (n,l, m).
The initial data is then a sum over these modes, with each eigenfunction £% excited
by some amplitude b*. The initial data is real, so to ensure that the sum over the

eigenfunctions is also real we write it as

() = 5 3 [ty (@) + vy ()] (7.66)
€D () = %Z [iwebefy (@) — by ()] (7.67)

The complex conjugate is not really necessary in this chapter, where we are projecting
against the real eigenfunctions of a nonrotating star. However, it will be required later
when we extend to the rotating case and the eigenfunctions have an imaginary part, so

for consistency we keep it in here.
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We saw in Section 6.2 that these eigenfunctions are orthogonal with respect to the
density p, which is constant throughout the star. We will scale our eigenfunctions so

that they are orthonormal:

(€762 = 57, (7.68)

Our aim is to find these amplitudes %, by using the orthogonality properties of the

eigenfunctions £¢. First we take the inner product with one of the eigenfunctions, 5(%):

(€ €") = % > |6 (€€ ) + 7 (€066 - (7.69)

«

(6087 = 15 [ () - v (). o

Using orthogonality of the eigenfunctions,

(€6 6™) = % (v* +v7), (7.71)

<§fo),§'“3> - %wﬁ (bﬁ - b*ﬁ) . (7.72)

Finally, we rearrange to get the amplitudes b®. We have

b6 — 2 <§§)),§ID> _ P, (7.73)
so that eliminating b*° gives
B D\ _ % zp L g 5 D\ _ 8
<§(0),§ >_ 5w — (2<§(0),§ > b ) (7.74)
and the amplitudes are then
8 _ _i B ¢ID . B [¢B  £ID
F==1n (e &)+ (€ €™)) - (7.75)

7.4.2 Results

We can now use this result to project our initial displacement field (7.82) and (zero)
velocity field against an orthonormal basis of the [ = 2 spheroidal eigenfunctions (5.105)

calculated in Section 5.5. We have shown that these have the form
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dP:
€, (7) = Ugn(z) P €y + Vzn(af)aT;GQ, (7.76)
where the radial functions U and V are
6 .
Uap(x) = Cay, [qunx + 7 jg(kgnx)] ) (7.77)
2nL
The (5, are constants fixed by normalisation, and ¢o, is the constant
19,. 10 )
Pn =5 [QJé(kzn) + <I<:2 - k2n>} J2(k2n), (7.79)

with

kop = w2n\/? . (780)
1

Here we have scaled the eigenfunctions so that z is the fractional radius, x = . The
frequencies woy, are scaled so that wx = 1, where wg is the [ = 2 fundamental Kelvin

mode of a fluid star; this is equivalent to specifying that

167Gp
Vo=t (7.81)

We also need to rescale our initial data (7.82) in the same way. After rescaling we have

€PC(z,0) = UPC(2) Py(cos )e, + VP (2)V Py, (7.82)
where
UPC(z) = S22 b (8z — 32?) (7.83)
2 b 5
DC _ s Y 02 2 Y.4
Vi (z) = 51107 0% <4ac 57 > . (7.84)

The remaining free parameter is 2%. We will choose to scale our initial data so that

Q4 =1. (7.85)

We can now project the scaled initial data against our basis of eigenfunctions, obtaining

the amplitudes b® (7.75) using the methods of the last section.
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Physically, we are more interested in the energy in each mode than its amplitude. As
the modes we are interested in are all m = 0 modes, there is a point in each oscillation
where the star is spherical and all the energy is kinetic. This means that we can use the

kinetic energy in each mode to calculate energy in each mode,

1
B = L@ P / €2 av. (7.86)
Vv

As our eigenfunctions are orthonormal, this just becomes

[e3 ]‘ o (03
B = (w )2|b> |2 (7.87)

Figure 7.2 shows the results of the projection for different values of %, ranging from
the high value of £ = 0.1 7.2(a) down to the physical range of & = 107° 7.2(e) and
% = 107 7.2(f). The w-axis shows the radial number of the mode, while the y-axis
shows the energy in that mode. In all of these plots, the most energy goes into the
hybrid fluid-elastic mode discussed in Section 5.5; this is the mode with the frequency
closest to the fundamental Kelvin mode of a purely fluid star. For the higher values of
%, a significant proportion of the energy also goes into the lowest order modes: these are
the shear modes with the lowest number of radial nodes. However, for physical values

of %, almost all the energy (99.99% for % = 107°) goes into the fluid-elastic mode.

Finally, we can also check that we are reproducing the initial data correctly by recon-
structing the sum over the eigenfunctions (7.65) with our calculated amplitudes b*. We
should expect to converge to the initial data as we add more modes in to the sum. Figure
7.3 shows the results of this for the illustrative case % = 0.1. The U and V parts of the
initial data are plotted in the top row 7.3(a),7.3(b).

The middle row shows the results of summing progressively more eigenfunctions with

our calculated amplitudes: defining the partial sum

=2

1
(N, ) = 53 (o) (2) + D¢l (@) (7.88)
a:l

we have plotted UPatal(N ) 7.3(c) and VP¥Ual(N 2) 7.3(d) for N = 1,...,10. The
largest contribution is from the N = 3 mode: this is the hybrid fluid-elastic mode for
B
Z =0.1.
A

To test how the partial sums converge with increased N, in the last row we have plot-
ted the U 7.3(e) and V' 7.3(f) parts of the absolute value of the difference between
gpartial (N ) and the initial data,

goomverge (N ) = fpartial(]\]’ x) — ng () (7.89)
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Figure 7.2: Figure showing the results of the projection for different values of
%. The z-axis shows the radial number of the mode, while the y-axis shows
the energy in that mode. The largest amount of energy goes into the hybrid

fluid-elastic mode; this becomes more pronounced as % is made smaller.



Chapter 7 The glitch toy model: glitch at zero spin 119
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(a) U part of initial data (b) V part of initial data
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(e) Convergence for U (f) Convergence for V/

Figure 7.3: Figure showing the reproduction of the initial data as a sum of
eigenfunctions for the case % = 0.1. The U and V parts of the initial data
are shown in the top row. In the middle row, the partial sums UPatal( [V, x)
and VP¥Hal(N 2) are shown for N = 1 (black line) up to N = 10 (green
line); largest contribution is from the N = 3 eigenfunction (dark blue), which
is the fluid-elastic hybrid mode. The bottom row plots the absolute value of
the difference between the partial sums and the initial data, U™'¢¢(N, z) and
Vconverge(N7 ‘,1:,).

We can see that the contributions become progressively smaller as [N increases.






Chapter 8

Oscillation modes: adding

rotation

To model mode excitation of a glitching star, we will also need to account for the fact
that the star is rotating. In this chapter we will add the effects of rotation in to our

computation of the oscillation modes of our model.

We will assume that the star is rotating slowly, in the sense that the centrifugal force is
small compared to the gravitational force at the surface of the star; this is a reasonable
assumption for most pulsars. This approach was used for fluid stars by Cowling and
Newing [25], and has also been developed in the geophysics literature [13, 67, 56]. Here we
will mainly use the method of Strohmayer [80]. However, for consistency with previous
chapters we will use somewhat different notation, so it will be useful to rederive some

of the main results of the paper in our notation.

For a slowly rotating star of mass M, radius R and angular velocity €2, we have that

GM
O’R < VR (8.1)

so that we can define a small dimensionless quantity

Q
e=— <1, (8.2)
Wi

Wy = \/(?‘f. (8.3)

We then expand our mode equation for the nonrotating star in this small parameter,

where

keeping only terms up to first order. In general rotation at angular velocity € will

121
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introduce a Coriolis force — x & and a centrifugal force © x (2 x &) in the rotating
frame of the star. At first order in € the centrifugal force can be neglected, so that the

star can still be treated as spherical.

We will later be projecting our initial data against this set of modes; the initial data will
be second order in the angular velocity 2. However, we can still get consistent results
up to first order in € by projecting against the rotation modes we have calculated to

first order in this chapter.

8.1 Rotational corrections to the eigenfunctions

8.1.1 The mode equation for a rotating star

First, we write the mode equation of a nonrotating elastic incompressible star (5.31) as

A€ +CE=0, (8.4)

where the operators A (6.79) and C (6.80) are defined as in Chapter 6,

AE = pt (8.5)
CéE =pV2 —Vop—pVo. (8.6)

Next, we transform to a frame R rigidly rotating with the star. The velocity in the

rotating frame can be defined with respect to the inertial frame I as

4" (4] o

The acceleration in the rotating frame is then

2 R 2 I I
e e

The second term is the Coriolis force and the third term the centrifugal force. Dropping

the I label, we can then write the mode equation (8.4) as

A€ + BE+CE =0, (8.9)

where the new operator B is defined by
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B€E2pﬂx%+pﬂxﬂx£. (8.10)

We will be looking for normal mode solutions of the form &(x,t) = e™!¢(x), so that

—w?AE +iwBE+ CE = 0. (8.11)

First, though, we will make the slow rotation approximation, linearising in the small

parameter ¢ (8.2).

8.1.2 Perturbations about the nonrotating star

We will now write the eigenfunction ¢ and eigenvalue w as

£ = &0y + &) (8.12)
W = w() t EW(1)- (8.13)

where we use the subscripts (0), (1) to indicate the order of the expansion in the rota-

tional parameter e.

The operators become

A= Aq, (8.14)
B = EB(l), (815)
C = C(g)- (8.16)

To first order, our operator B (8.10) only retains the Coriolis term, i.e.

5B1§(0) = QpQ (2 X 5(0)) y (817)

or, using the definition of ¢ (8.2),

Blf(o) = 2w*p (2’ X 5(0)) . (818)

We can now put these definitions into the mode equation (8.11). To zeroth order in ¢

we get

— woAoéo + Codo =0, (8.19)
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i.e. the mode equation for the nonrotating star, as expected. To first order in € we have

—wip A& — 2wowm Ao T iweBuéo + Cola) =0. (8.20)

These two equations hold for any eigenfunction f(%) and corresponding eigenvalue w?o)
of the nonrotating star. With the mode labels made explicit, the zeroth and first order

equations in € become

2
B (“55)) A& + Coéio) =0 (8.21)
and
2
N (“’ffn) A(0)8(1) — 290wy A0)&0) T iwiny Bay& + Co)éy = 0- (8.22)

The eigenfunctions ) form a complete set for the nonrotating star. We will write )

as a sum over this set as
a af B
&y = 200 (8:23)
B
where the \(j) are constants. Substituting this into the first order equation (8.20) gives

2
afs « B a .« a e « af 8 _
B B

Now we utilise the zeroth order equation (8.21), writing

2
B _{(,,B B
C(O)f(o) = (w(0)> A(O)f(o) (8.25)

The first order equation (8.26) becomes

2 2
afs a 153 a .« o e « afl B 8 _
=2 A (W<o>> A(o) = 2w A€+ Bus + D AT (W(m) A& =0
B B
(8.26)
Rearranging we get

a )2 B 2 af B a a e a
B

At this point, we can put the operators A (8.5) and By (8.18) back in. This gives
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2 2
=2 (o) (o)) Nl — 2ttty + 2y (2 €fy) =0 (829
B

We can use this equation to find rotational corrections to the eigenfunctions and eigen-

values.

8.1.3 Rotational corrections to the eigenvalues

To find the corrections to the eigenvalues, we can take an inner product of our equation
(8.27) with 0%

a Z ((w%)f B (w50)>2> )‘?15) <§(06)’ A(O)éégo)> — 2w W (h <f€6)7 A(O)ffé)>

+iw(o) <€E’6>, B<1>5<%>> =0.

(8.29)

We have shown in Section 6.5 that the eigenfunctions are orthogonal with respect to the

operator A(g):

<§?o), A(o>€@)> =0, a#p. (8.30)

Using this, we find that all terms of the sum are zero, and

= 20 (€ Ay ) + 1 () By ) = 0. (8.31)

Rearranging, we get an expression for the corrections to the eigenvalues,

(€ B

?
Wl = - . 8.32)
=27 4 (
<§(0)7 A(O)§(0)>
Substituting in the operators A(g) (8.5) and B(y), (8.18), we have
o # S
w(py = Wy < ( )> . (8.33)

<556>’p5(65)>

8.1.4 Rotational corrections to the eigenfunctions

To reproduce the results for corrections to the eigenfunctions, we will instead take the

inner product of our equation (8.27) with another eigenfunction 52’0), with v # «:
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-2 ((‘”%)2 B (‘”50))2> N €y A0l — 29900 (o A0y

+iw(o) <5?o>’ B<1>5<°6>> =0.

(8.34)

The second term is zero, as v # «. Also all terms of the sum except 8 = ~ are zero,

leaving

2 2
<(‘*’<0>) - (‘*’?0)) ) A <5?0)’ A<0>5(70)> ) <570)’ B<1>5<0>> =0 (8.35)
This gives us a formula for the first order corrections to the eigenfunctions for a # ~,

iw €y Buy&l
AT = ©) (Sl Potin) . (8.36)

’ (“%))2 - (“%))2 <5ZO)’A(0)520)>

Next, we will demonstrate that for o = =y, we can choose the coefficient )\(10)‘ to be zero.

Here we follow an argument of Rae [72]. First, suppose we have taken an orthonormal

set of zeroth order eigenfunctions:

<§(70)7 p§?0)> =1, (8.37)

and we want each rotationally corrected eigenfunction to be normalised in the same way,

ie.

(€, pg") =1, (8.38)
& =g +e > ADED): (8.39)

Writing out the inner product in full, we have

(€loy €0y )+ SN (& 00y )+ SN (€0 063 ) + OOE = 1. (8.40)

The first term is 1 as the zeroth order eigenfunctions are orthonormal (8.37). In the

sums, only the v = «a terms are nonzero, which leaves

()7 = A%, (8.41)

This means that the constant )\(1) is purely imaginary:
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A = ib (8.42)

where b is real. Then we can write our eigenfunction 7 as

& = (1+ib) & +2 Y AR (8.43)
aFy

To first order in b, we have exp(ib) =~ 1 + ib, so that to the same order

& =€ +e > ADED) (8.44)
aFEy

The exp(ib?) is just an overall phase factor in the definition of 5?0)’ which can be chosen

arbitrarily. We will pick

b=0, (8.45)

so that our coeflicients )\?10)‘ are zero.

8.2 Specialising to spheroidal and toroidal corrections

When calculating explicit values for the eigenfunctions and eigenvalues, it will be neces-

sary to consider the spheroidal and toroidal parts separately. We will call the spheroidal

zeroth order eigenfunctions SE’E)), with

Sty (r) = U™ (1) Yin# + VIV Y, (8.46)

as in previous chapters. The toroidal zeroth order eigenfunctions T° (%) are
Ty (r) = W (r)# X VY. (8.47)

8.2.1 Eigenvalue corrections
The formula (8.33) for the corrections to the eigenvalues becomes
(S0 (255))
© o (8.48)

(o)

for corrections to spheroidal eigenvalues and

(wWny)s = iws
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<T(06),p <z x T(%))> |

<T(%) | pT(0)> (8.49)

(W(l))% = Wy

for corrections to toroidal eigenvalues.

Full derivations of these corrections and those for the eigenfunctions can be found in

Strohmayer [79]; here we will just state the results,

R
W YA fo [erannl + (V’nl)2] p(T)dr
(wy)s™ = fOR [(Un)202 + 11+ 1)(Vo)2] p(r)dr (8.50)

for the spheroidal corrections and

(W)™ = : (8.51)
for the toroidal corrections.
8.2.2 Eigenfunction corrections

For the eigenfunctions, we will also need to separate out the spheroidal and toroidal
corrections. We will write the full spheroidal eigenfunctions S = Sy +&5(1) as
a _ qo Y oy ay Y
ST =54 +ey ([SS] 18T + [ST](l)T(O)) : (8.52)
¥

specialising our formula for the corrections A(}) (8.36) where the [SS]}) are spheroidal

corrections to the spheroidal eigenfunctions,

iw <Sg)),p (z x S(%))>

((@8)* = (d)*) (55050

and the [ST ]‘()‘17) are toroidal corrections to the spheroidal eigenfunctions,

[SS]?S = , aF#, (8.53)

g iws <S(70), 0 (z X T(%)>>
V(@) = @) (S rS0))

Again, we will just state the results of Strohmayer. A spheroidal zeroth order eigen-

a F# 7. (8.54)

functions with mode label a = (n,1,m) only couples to spheroidal modes with the same
[ and m value, and to toroidal modes with the same m and I’ =1 —1or !’ = [ + 1.

Specifically, the corrected spheroidal eigenfunctions are



Chapter 8 Oscillation modes: adding rotation 129

(5mm) = Sy 4 Z (LT sy + [STI ' " T 1

(8.55)
nlm,n/l+1m
ST ).
where
[Ss]nlm,n/lm _ QmUJ*wSlm fo nlU n+ UTLlV n+ V’nlv 'l] pr dT (8 56)
1 n! ‘

M (wim)2 — (w2 (R [ 2RI+ 1) (V) } pridr
[ST}nlm,n’l—lm _ _ 2iw. wim(] fo wi—1(Uni + (L +1)Viy )] pridr (8.57)

(1) l(2l+1) (( nlm) _ nl 1m\2 )fO Win— 1 7‘2d7’
(gt im Ziw,wg™ (L —m + 1) fO Wats1(IVou = Unt)] predr (8.58)

1) (I+1)(20+1) (( nim2 (2 )fo wit1)” pridr

Note that the second and third of these have a different sign to those of Strohmayer;

this is because of an opposite sign convention to his for the toroidal eigenfunctions.

In the same way, we will write the full toroidal eigenfunctions as

T =Tf +ey ([TS]‘(’Q)S(V) [TT]?V)T(”O)) (8.59)
vy

where the spheroidal corrections to the toroidal eigenfunctions are

R (T30 (2% 85))) )
7S] ) ((wg)z B (w})Q) < (0),pT(V)>’ # 7 (8.60)

and the toroidal corrections to the toroidal eigenfunctions are

W P |2 X
X i <T(70) ( T(O‘)>>
7 ,  QFE . .

The toroidal eigenfunctions only couple to spheroidal eigenfunctions with the same m

value and [ =1 — 1 or [ = [ + 1; the coefficients [TT]??) are all zero. In full, we have

nlm nlm nlm,n/l—1m an/l—1m nlmn/l+1m on/l+1m
=10 “Z lexis Sy TSl Sty (8.62)

where
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nlm,n m TWsW nlml‘l‘l)(l‘l-m)
s N—1im _ 2 ( /
U ey (e - @) .
WU = (= Vi) pr % (559
I [+ 10 = 1) (Ve 1)?] pr
; nlm
T gprlman'ttim 2iw, ™Il —m + 1)
[ ](1) (2l+ 1) <( nlm) _ (wg’l+1m)2>
(8.64)

foR (W (U i1+ U+ 2)Vaar)] pridr |
fo [ wia1) + (L D)+ 2) (Vn’l—s—l)ﬂ or2dr

Again, these have the opposite sign to those of Strohmayer.

8.3 Numerical investigation of the eigenfunctions

Our initial data for the glitch will still be axisymmetric for the rotating case, so we
can specialise to m = 0. The toroidal and spheroidal corrections to the eigenvalues
(8.50),(8.51) both vanish in this case.

As in our previous numerical work in Chapters 5 and 7, we will scale the equations so
that the radius R = 1. We will also scale the frequencies so that the [ = 2 fluid Kelvin
mode wig =1 (7.81), i.e

45 Gr=1. (8.65)

With this choice, the parameter o, (8.3) becomes

V5
00 =5 (8.66)

In spherical coordinate components, the full eigenfunctions (8.52), (8.62) for m = 0 look
like

U"lOPl -~ 0
gnio _ o ddl‘;z +e Z 0
n'=1 nl0,n/1—10131n'1—10 nl0,n’30yy n’14+10
0 [ST] w Py + [ST] w Py

(1) (1)

(8.67)
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and
0 o [TS]?llg)’”/l*10Uzg)l’10Pl_1 + [TS]?ll()),n’lHoU((L)')lHoPlH
10 10,n'1—10y n/l—10dP; 10,7/ 1410 rn/ dP,
o _ 0 +e Z [TS]Z) n (?))l 10 dlel + [TS]Z) n'l+ (7(1))l+10 dl;_l
W/nlOP2 n/=1 0
(8.68)

To calculate these eigenfunctions numerically, we will have to truncate the infinite sums
over the radial eigenvalue n’ at some finite number. It will be useful to define the partial

sum

.\ nl0 Unlopl N
(Spamal)N = V”lo% +e€ Z (correction terms...), (8.69)
0 n'=1

where the sum is taken up to the mode with n’ = N; similarly, for the toroidal eigen-

functions we define

0 N
(Tpartial) o _ 0 +e Z (correction terms...) (8.70)
N — e . .
Wm0 Py n/=1

As an initial test of our glitch model for the rotating case, we will only investigate the
case % = 0.1. Although this is not a realistic physical value, it is a useful first test case
for how to carry out the projection, because the hybrid fluid-elastic mode in this case
is at a low radial eigenvalue number of n = 3. This means that we can truncate at a
relatively low n’ in the sum and still retain this mode. Specifically, we will choose to

truncate at n’ = 10.

For the spheroidal eigenfunctions, the rotational corrections are to the ¢ component only.
To see the convergence of these corrections, we will calculate the partial sums (Spartial)%o
for N =1,...,10. We then plot the ¢ component of the functions (Sconverge)%o, defined

as

converge\nl0 _ partial nl0 . partial nlo
(S v =[S S , (8.71)
N 10
for N =1,...,9, to show that the absolute value of the corrections decreases as more

modes are included.

This is shown in Figure 8.1 for [ =2 and n = 1,2,3. The | = 2 spheroidal modes are of
greatest interest to us, because this is the form of the displacement field in our initial

data, and so we can expect these to be excited the most.
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The corrections to the toroidal eigenfunctions are in the r and 6 components only. To
show the convergence of these corrections, we plot the r-components of the functions

(Tconvelfge)ano7 defined similarly as

(Tconverge)%o = ‘ (Tparti;ﬂ)nlo . (Tpartia1> nl0 (872)

N 10

This is shown in Figure 8.2, again for the cases of | =2 and n = 1,2, 3.
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Figure 8.1: Figure showing the convergence of the rotational corrections to the
spheroidal [ = 2 eigenfunctions for a) n = 1, b) n = 2, ¢) n = 3, as the
corrections are truncated at progressively higher values of the radial eigenvalue
N. TIn particular, the ¢ component of the functions (Severee)220 (8.71) is
plotted for N =1 (plotted in black) up to N =9 (plotted in green).
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Figure 8.2: Figure showing the convergence of the rotational corrections to the
toroidal [ = 2 eigenfunctions for a) n = 1, b) n = 2, ¢) n = 3, as the corrections
are truncated at progressively higher values of the radial eigenvalue N. In
particular, the r component of the functions (7°°"ver&®)2% (8 72) is plotted for
N =1 (plotted in black) up to N =9 (plotted in green).



Chapter 9

Extending the toy model: adding

rotation

In this chapter, we extend the glitch model to the more realistic case where the star does
not spin down to zero angular velocity before glitching, but instead glitches at some
known angular velocity which we label Q2p. This extended toy model is summarised in

Figure 9.1.

As in the zero glitch case, we are able to calculate the displacement field £éAB between
the unstrained Star A and the configuration before the glitch, Star B, using the results
of Chapter 4. We then model the glitch, as before, as a sudden loss of all strain from the
star. The star will then settle to a new, less oblate equilibrium state, Star D, spinning
at a new angular velocity Q2p. Because angular momentum is conserved at the glitch,

the star must now be spinning faster: Qp > Qp.

We start by making some estimates of the energy released in the glitch, and the ampli-
tudes of the modes excited, before moving on to make a detailed calculation of the initial
data: this time, this will include a nonzero velocity field as well as the displacement field.
We then discuss how to project this initial data against the modes of Star D, given that

it is now rotating and so the modes are no longer orthogonal.

9.1 Energy estimates for the glitch model

As in the zero-spin model of the previous chapter, we will start by making some order-
of-magnitude estimates for the change in energy of the star at the glitch. This will be
similar to the analysis of Chapter 3, except that the change in energy in our model is
only that between Star C and Star D.

135
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Relaxed at
current spin
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Figure 9.1: Diagram showing the main stages of the glitch model, this time for
the general case where Star B is still rotating with angular velocity Q2p at the
glitch. After the glitch the star settles to a new equilibrium rotating at angular

velocity Qp.
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The energy of Star C differs from that of Star B (3.26) in that the strain energy has

been removed, so that it has energy

1
Ec=Es+ A [2t(1+63) +EQB:| (9.1)

The star still has the same ellipticity as Star B, (3.10):

ec=¢ecp=-(14+0bx). (9.2)

EEN

We then use conservation of angular momentum (3.14) as before to find the ellipticity

of Star D up to second order in both b and ¢, (3.24), which we repeat here:

(9.3)

A~ =+

EpD =

The energy of Star D is then (3.29)

1
Ep=FEgs+ A 5t(1+€D)+6%+b(50—83)2 , (9.4)

We can then find the change in energy AEcp = Ep — Ec. The lowest order term is

fourth order in the small parameters,

1
AEcp = 1—6A b2 X242 (9.5)

Note the extra factor of b compared to the energy change AEpp (3.31) in Chapter 3;
this means that the energy released in our model will be considerably less than that in

our earlier upper estimate.

Next, we can estimate the amplitude of the oscillation modes by putting the change in

energy at the glitch AEqcp into kinetic energy of the form

Frode ~ Igw?a? (9.6)

where, as before, w is the frequency of the oscillations and « is a dimensionless number

characterising their amplitude.

Equating this to the energy in the initial data AE (7.8), we find that

Isw?a® ~ AB2 X212, (9.7)

ie.
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[ A btX

Substituting back in the original variables,

1 (B\ [AIs02 (O

which can be rewritten in a more useful form as

SR o

We can see that this reduces to the previous expression (7.10) for the case where the

star spins down completely before ‘glitching’: Q2 = 0. Later we will compare this to

the results from the detailed calculation carried out in the next section.

9.2 Calculation of initial data

We will now move on to making a full calculation of the initial data. Our initial data
will still take the form of a displacement and velocity field connecting Stars C and D.
The first difference is that the velocity field SDC is no longer zero. Instead there is a

change in angular velocity from Qp to 2p at the glitch, so that the velocity field is

£°° = rAQe,, (9.11)

where

AQ = (Qp — Qp). (9.12)

Star B is an equilibrium configuration spinning at {p and relaxed at 4. Using the

results of Chapter 4 we can calculate the surface shape of Star B:

o1 (Q% + b3 Px(cosb), (9.13)

r\SB _

where we are again using the shorthand notation b = %. This is (4.106) with Q = Qp,
Qo = N4, We again assume that the surface shape of Star C is the same as that of B,
nSB(R) = nC(R). The difference in the new model is that the star is still rotating after
the glitch, so that the equation of motion for Star D is

— pVi(QZDTQ cos? 0) = —VZ-ApSD - pViA<IJSD + 2,uVjuleD_ (9.14)
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We also have the usual surface boundary conditions (7.22)

— (AP°P(R))dir + 2uuGP(R) = 0, (9.15)

while conditions on the gravitational potential at the surface (7.23),(7.24) mean that at
the surface A®SP has the form

ATSP(R) = %R (5B (R) + UP(R)) Pa(cos 6). (9.16)
We define
phSP = —ApSP — pADSP 4 pV; (0412 cos? ), (9.17)

and substitute it back into the equation of motion (9.14), finding that

V2hSP = 0. (9.18)

We can rewrite the centrifugal potential using the fact that

cos? 0 = % (1 — Py(cos#h)), (9.19)

and so we expect AP to have the same symmetries,

RSP = H2T2P2(COS (9) + Hy, (920)

for Ho and Hy constant. We decompose the displacement vector @CD as

£°P = UP(r)Py(cos O)e, + VP (r)V Py(cos 0). (9.21)

Substituting this back into the force equation (9.14) and using incompressibility, we find
that

1
UP(r)=Cr — ?ng‘g, (9.22)
1 5
CD 2 4
1% = -C0r? - —H. 2
(r) 207" o2 (9.23)

where C' is another constant. We can then use our surface boundary conditions to fix C
and Hs. The (r6) component of the traction condition (9.15) still gives C = £ H>R?,
so that
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H
UP(r) = 5 (8R*r —3r%) (9.24)
VeP(r) = % <4R2T2 - gr4> ; (9.25)

but the expression for ApSP in the (rr) component is now more complicated, because

of the extra centrifugal force:

2
— Ap™ = b + pAGS — pQ T (1~ Py(cos ). (9.26)

We can then substitute this into the (r7) component along with our boundary condition

for the gravitational potential A®SP (9.16), obtaining

uHy = gﬂ%)R?. (9.27)
for the constant part and
19uHs o  87Gp°R 1SC 5Hy 3 P2 p2
—= =0 =0. 2
o1 R” + 5 Ny (R) + 51 R +3 pR*=0 (9.28)

for the terms proportional to P(cos ). Rearranging for Ha,

21 8tGp’R
Hy = — A pOL R+ ———nP(R) ). 9.29
: 5mm+%@ﬁﬁ(pD + 17T s ) (9.29)
It remains to include the shape of Star C at the surface, n>°(R) (9.13). Inserting this

T

in we have

21 pR?

Hy =~ | QhpR? — o (O + 02 9.30
2 5TuR? + 8nGp?R* ( Pl 1+b (% +094) ), (9.30)

For a homogeneous star

Sygn
b= mm 9.31
8nGp2R?’ (9.31)
so Hy simplifies to
2T 8nGpR21+b \' P 140 : :

9.2.1 Displacement field

We now have our final form for the radial part of the displacement field (9.24), (9.25):
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1 1 0% + Q3
CD 2 B A 2 3
-~ (%} B "4 - )
U = g 1 ( P14+ ) (8 —5r7) (9.33)
1 1 02 + b2 5
CD _ 2 B A 2.2 9.4

Along with the velocity field (9.11), this completes our set of initial data for the glitch.

We can check that this is consistent with the previous, spin zero glitch model. This is

the special case where Qp = Qp =0, so

1 b3
CD _ A 2. a3
UZero(T) - 87TGpR2 (1 n b)2 (SR r 3r ), (935)
1 b2 5
CD A 2.2 4
Viero(r) STGpRZ (1 + b)2 < R =gr ) ’ (9.36)

which agrees with our previous result (7.51), (7.52).

Our initial data is still written in terms of the angular velocity {2p, so to complete this
we need to express {2p in terms of the known angular velocities 24 and Q5. In Section

3.1.1 we did this by using the fact that angular momentum is conserved. We found that

1

where we have also used the assumptions

b<1, (9.38)
t <1, (9.39)
Qp —Q
P L. (9.40)
Qp

To first order in b we have
1 (qp St = (Qp — QF) + b (20% — Q% — Q) (9.41)

Substituting in Qp (9.37),
L QQ_M —b EX_,_Q?_Q2 (9.42)

again to first order in b. We can then expand in t as well, using the fact that for a

homogeneous star we have [16]
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1672
A= ——Gp*R° 9.43
8w
Is = —pR° 9.44
S 15 pR ) ( )
so that
5 2
t= . 9.45
3G B (9.45)
Then we can write
5bt t
CD 2 2 2 3
5bt t )
CD 2 2 2,2 4
Keeping terms up to second order in ¢ and b, we finally obtain
btX
U°P(r) = 54R2 (8R*r — 3r%), (9.48)
Sbt X 5
CD 2.2 4
=—— 14 - = . 4
V2 (r) 1R ( R*r 27") (9.49)
We can write this in terms of the change in angular velocity at the glitch z = %
(3.16) as
UP(r) = 22 (8R2 — 30 9.50
(7”)—@( 7"—7"), (9.50)
5
V() = 2 (4327«2 - 2r4> . (9.51)

As a measure of the amplitude of oscillations produced by this initial data we can take

UCP(R)  25btx
R 4

For oscillations which scale like the fundamental fluid mode, w ~ +/Gp we have

i\/ZN o), (9.53)

so this is consistent with our estimate « (9.8) from the preceding energy argument.

(9.52)
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9.2.2 Surface shape of Star D

We can also find the surface shape of Star D, using the known surface shape of Star C
(9.13). To first order in b this is

. 5R
(1")5(R, ) = G (% +b (4 — Q%)) Pa(cos?), (9.54)
or in terms of our new notation
SO R
(n")>~(R,0) = _Zt (1 + bx) Pa(cosh), (9.55)
so that the surface shape of D is
s 1 21
n"(R) = Rt ~1 + be Py(cos@). (9.56)

9.2.3 Gravitational potential perturbation

Finally, we can find the gravitational potential perturbation §®°P corresponding to the

initial data (£)¢P. As in the previous chapter we have that

605P(r,0) = — (422/) ;SD(R)) 12 Py(cos f), (9.57)
so that
SD mGpt 2
00> (r,0) = (1 —21bx) | r“Py(cos ), (9.58)
Substituting in ¢ (9.45),
QQ
6P (r,0) = <2B (1- 21b1‘)> 2 Py(cos 6), (9.59)

We can then find 6®°P by subtracting 6®5C, calculated in Chapter 4 (4.95). To first

order in b this is

595 = (0% +0(0} — 0)) 1 Po(cos ). (9.60)

Substituting in Q% (9.37), we find that to first order we just have

1
605¢ = §Q2Br2P2(cos 0). (9.61)
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9.2.4 Velocity field

The initial velocity field of the star takes the form of a rigid rotation: the angular velocity

is the difference in velocity between Stars D and C,

QDC:QB_QD:_QBZ (962)

where z = % (3.16). The velocity field is then

EDC = —Qpzrsind . (9.63)

We can show that this has the form of an [ = 1, m = 0 toroidal mode. These modes

have the form

Whi(r) dPio(cos @) -
0 = : 9.64
r do ¢ ( )
We have
Pio(z) = =, (9.65)
so that
) P )
£PC = QBZTM o, (9.66)
do
and
WH(T) = QBZ 7“2. (9.67)
We can write Qg in terms of the rotational parameter ¢, so that
3
= /2vi (9.68)

and the velocity field becomes

£0C(z) = \/g\/%zxd]?mgg)sﬁ) é. (9.69)
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9.2.5 Summary
Here we summarise the main results of the section. The initial data we want to project

takes the form of a displacement field €P€ and velocity field £€PC. The displacement field

has the form

£PC = UPC (1) Py(cos 0)7 + VPC(r)V B, (9.70)

where the functions UPC(r) (9.50) and VPC(r) (9.50) are

UPC(r) = _% (8R*r — 3r°) , (9.71)
VPC(r) = —% <4R2r2 - 27"4) : (9.72)

The velocity field looks like (9.66)

W) (¢ x VP, (9.73)

where

W(r) = —\/g\/fzr sin 6. (9.74)

9.3 Projecting the initial data

To project our initial data against the modes of the rotating star, we have to take into
account a number of new factors that did not affect us in the nonrotating case. One of
these is that the eigenfunctions of the rotating star are no longer orthogonal; we will

describe a scheme that allows us to nonetheless carry out the projection.

Another is the existence of the zero eigenvalue [ = 1 toroidal mode (9.64) that our
velocity initial data is built from. As this mode is zero frequency, it will not have the
e™* time-dependence of the other modes and we will have to consider it separately. We
will deal with this problem first.

9.3.1 The zero eigenvalue mode

To find the time-dependence of the zero eigenvalue eigenfunction, we need to go back to

the governing equation for the zeroth order equations (8.19)
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“80)
0) at2
Making a separation of variables &) (,t) = &) (z)T'(2),

A( + 0(0)5(0) = 0. (9.75)

d’T
Ao gz T CoéoT =0, (9.76)

To separate these, we can take the divergence,

1 d*T

7z VY Aoto] + V- [Coto] =0, (9.77)
so that
1 d°T v-[C
. Coiol _ A, (9.78)
T dt V- [A(O)f((])]
For the non-zero frequency modes, we will take the case where )\ is negative, \* = —(w®)?
for a > 2. Then
d*T a2
with general solution
T(t) = Re [¢¥e™"], (9.80)

c® a complex constant. To show explicitly that the solution is real, we will instead write

T(t) = % (Bt 1 (b)) (9.81)

For the spatial dependence, we obtain

W) A& = C0)é(0): (9.82)

i.e. we regain our normal eigenvalue equation.

Next we look at the zero frequency case. For now it will be convenient to label this

eigenvalue as w', with w! = 0 and corresponding eigenfunction ¢?.

For the zero frequency eigenvalue w', we take A' = 0. The T equation of the separation

of variables (9.78) becomes

d*T
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so the solutions are

T(t) = C't 4+ D, (9.84)

C! and D! real. We can write this in a similar way to the A\ < 0 case by labelling

D' = % (b1 n (bl)*) : (9.85)
c' = % (e - )", (9.86)

where b! is a complex constant. The spatial part of 5(10) satisfies

C)é(o) = 0- (9.87)

We can also look at the first-order corrections §(1 =>45A 3 1’8 ) to this mode. These

satisfy the equation

Coély =0, (9.88)

which has the same form as the equation for the zeroth order modes. This means that

we can absorb them into the zeroth order mode 5?1), so that the corrections )\%1’8) =0.

9.3.2 The projection scheme

We saw in Chapter 8 that we can write the modes of the rotating star as

a _ eo aff B
= &)+ DA (9.89)
5

where 5%) are the modes of the nonrotating star and the )\?15) are correction coefficients.

These eigenfunctions have the time dependence

£ = €% (1) = e (x). (9.90)

The full displacement field (with time-dependence) can then be written as a sum over

these modes

N | .

£(x,t) = [ (bl - (bl)*) (b1 + () )] )+ = i b€ (2, t) + b€ (2, 1))].

(9.91)
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Here we have included the zero eigenvalue mode (9.84) — note that it has no first order
corrections so we can just use its zeroth order form. To make sure that the data is
real we have added on the complex conjugate. The complex coefficients b™ contain the

amplitude and phase of each mode. Similarly, the velocity field is

o0

é(z,t):%(bl (bl)) Z[ DA€ (2, 1) — iwgg)b*ag*a(x,t)], (9.92)

where we have used the fact that there are no rotational corrections to the zeroth order

eigenvalues w(g) in the m = 0 case we are interested in.

To obtain the initial data, we just specialise to t = 0. We can also combine 5(10) with the

other eigenfunctions by making the definition

. 1 a=1,
w(%) otherwise.

=

Then we can write the initial data as

€0(r) = £(r,0) = £ 3 €"(x) +cc]. (9.94)
0 (1) = €(x,0) = % 3 [mgg)baga(x) + c.c.} . (9.95)

Now we expand the eigenfunctions in the sum to first order in rotation, so that

E=E+>, A?{igfm. (9.96)
B=2

We then have
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where the corrections to §(10) are A" = 0. Now we can take an inner product with

another zeroth order eigenfunction 5(70) to obtain

()€™ (@) i [ - (60 +257) + (bz)* (5 + (A*)‘(’ﬂ))] : (9.99)

a=1

< oy &P (= )> i[zw ZL(&*MAE”)) iw® (bz) (5M+(A*)€‘ﬂ))]. (9.100)

o=
In practice, when carrying out a projection numerically we will only consider a finite
sum, cutting off at some sufficiently large 5 = N. We can then view (9.99) and (9.100)

as vectors of N equations, so that we can rewrite them as

x = % (Ao + (A7) ), (9.101)
= (QTb +(Q7) b*) : (9.102)

where the vectors x and x are defined by

2P = <§5,§ID(x)> (9.103)
i = <55,51D(x)>, (9.104)

and the matrices A and  are built from the matrix of correction coefficients A as

A=T+), (9.105)
Q = DA, (9.106)
D = diag [iot,ia?, ... ioN]. (9.107)

To solve for b, we first calculate
2[(A)T] " x = [(A)T] T AT 4+ b* (9.108)
2[(2)7] % = [(©@9)7] 7 Qb + b*, (9.109)

so that
o T71—1 o T1—1 . o T71—1 11

2[(ANT] T x—2[(Q)T] x=[(ANT] ATb - [(@9)T] Qb (9.110)
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Inverting for b, we have

b=2A"" {[(A*)T]_1 x— [(@9)7] " x} (9.111)

where A is the matrix

-1 -1

A=[(A9T] AT [0 el (9.112)

9.3.3 Carrying out the projection numerically

To use this projection scheme, we first need to construct the matrix A. To do this, we
will need to decide which modes o = (n,l,m) we are keeping in the projection, and

choose an ordering for the mode indices a.
We have previously found that the corrected spheroidal eigenfunctions have the form
oo
10 _ omi0 10,7'1—107m/1—10 10,7" 1410 7m/ 1410
S0 = 59 e Y ([ST]?U e N A Al ) , (9.113)
n/=1

i.e. the only nonzero correction terms are I’ =1 — 1 and I’ = [ + 1 toroidal corrections.
For each of these there is an infinite set of radial eigenmodes n; we will need to cut off

these contributions at some finite number.

We can write this out in components as

U"lOPZ o 0
gm0 _ ano% 1e Z / / 0 / /
0 n'=1 [ST]'ELll;),” l—lown 10]31_1 + [ST]?llg),n l+10Wn l+1013l+1
(9.114)
Similarly, the corrected toroidal eigenfunctions look like
o
10,n/1-10 gn'1— 10,n/14+10 g’
70— T e S (TS S+ S S o)
n'/=1
which in components is
0 (TS)y U TP + [TSJ ) U O P
00 (1) (0) - 1) (0)
! 10,n/1—10 rn’1—10 dP;_ 10,0/ 14107 rn/ dp,
™" 0 _ 0 +e Z [TS]?l) n V(g)l 10 dle L [TS]?l) n'l+ Vv(vé)l+10 dZHH
=1

WnlOPl 0

(9.116)
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Looking at the initial data we are projecting, we can see that the displacement field
(9.70) is spheroidal [ = 2 and m = 0. This can be expected to couple to !l =1 and [ = 3
toroidal m = 0 modes. The velocity field (9.73) is built from the toroidal [ =1, m =0
zero frequency mode, which has no first order corrections. However the [ = 2 spheroidal

eigenfunctions can be expected to couple to this mode.

Motivated by this, we will choose to consider only m = 0 and also to cut off at [ = 3,
including only | = 1,2, 3 (the | = 0 radial modes are all zero for an incompressible star).
This is illustrated in Figure 9.2.

As with Chapter 8 we will also consider only the case % = 0.1. For this value, the
fluid-elastic mode is at n = 3. As we have seen that this mode is preferentially excited
in the non-rotating case, we can expect the same here, so that n = 10 is a reasonable
cut-off.

Schematically, we can then write all the zeroth order eigenfunctions we plan to use as a

vector

S1
T1
S2
12
S3
T3

: (9.117)

where S1 is a vector of the first 10 spheroidal [ = 1 eigenfunctions, T'1 is a vector of the

first 10 toroidal [ = 1 eigenfunctions, etc.

The corrected eigenfunctions are then obtained by acting on this vector with the matrix
A (9.105), which schematically looks like

I 0 0  e[ST12] 0 0

0 I eTS12] 0 0 0

0 e[ST21] I 0 0 e[9T23] 9118)
e[Ts21] 0 0 I e[Ts23] 0

0 0 0  e[ST32] I 0

0 0 ¢e[TS32] 0 0 I

Fach entry represents an n x n matrix. Most off-diagonal entries are zero apart from a
few blocks. For [ = 2 these are the [ = 1 and 3 toroidal corrections to the spheroidal
eigenfunctions, [ST21},, and [ST23],, and the [ = 1 and 3 spheroidal corrections to the
toroidal eigenfunctions, [7'S21],, and [T'S23],,. For [ = 1 there are only | = 2 corrections;

this is also true for [ = 3 as we are not including [ = 4. The structure of the matrix is
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shown in more detail in Figure 9.3, where the absolute value of the matrix coefficients

is plotted (a darker colour indicates a larger value of the coefficient).

The modes have been scaled so that R = 1, so we must do the same for the initial data.

Writing x = &, the displacement field is

VPC(z) dPyo(cos 0)

¢PC(z) = UPC(z) Py (cos 0) + (9.119)

x de
with
UPC(z) = 52 (8z — 32%) , (9.120)
VPC(2) = =52 (43:2 — ;m4> , (9.121)

The velocity field becomes

00 () \/> Vi 22200 COSH) é. (9.122)

We can also scale the rotational parameter € (8.2) in the modes by relating it to ¢; we

have

R3
_Q 9.123
cTVBV amr (9.123)
which in our code units becomes
c= /i (9.124)
V10T ’

There are then two free parameters in the initial data, ¢ and z. This is as expected:

they correspond to the two free parameters 24 and Qp of the model.

Given our matrix A, we want to calculate the amplitudes of the excited modes b“ using
our projection formula (9.111), and use these to reconstruct the initial displacement and

velocity fields.

We have recently used this scheme to reproduce the displacement field and velocity, and
are now in the process of analysing how the amplitudes b change as the free parameters

t and z are varied in the initial data.

As a rough sketch of our current findings, we see that the [ = 2 spheroidal fluid-elastic
mode is still excited as in the nonrotating model of Chapter 7. The rotational corrections
mean that the [ = 1 and | = 3 toroidal modes are also excited to a lesser extent, while

the velocity field also excites the zero frequency I = 1 toroidal mode.
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Zeroth order First order

=1 zero (no I=0 as
frequency ..y incompressible)

=1 \
|=2

(I=4 out of
included range)

velocity field initial data

Il

= displacement field initial data

Figure 9.2: Schematic showing how the zeroth order modes couple to other
modes at first order in rotation. The displacement field has an [ = 2 form and
couples to | = 1 and [ = 3; this is shown in blue. The velocity field, shown
in read, has the form of a zero frequency [ = 1 mode; it has no rotational
corrections. The other modes in the range we are considering are also shown.
The [ = 1 modes only couple to | = 2, while for the [ = 3 modes, only the [ =2
coupling falls into the range we are considering.
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20 -

40 -

60 -

1 20 40 60

Figure 9.3: Plot of the matrix A, which we are using to act on a vector of
our zeroth order eigenfunctions to obtain the rotationally corrected eigenfunc-
tions. Each coloured box represents a component of the matrix; a darker orange
indicates a larger absolute value of the component.



Chapter 10

Discussion

Neutron star glitches have the potential to excite global oscillations of the star, a po-
tential source of gravitational waves. The amplitude of these oscillations, and the type
of modes that are excited, is strongly dependent on the specific physics of the glitch
mechanism. In this thesis we have investigated mode excitation for the specific case of

a glitch caused by a starquake.

After covering some introductory material relating to neutron stars and glitches in the
first two chapters, we give some order-of-magnitude upper estimates of the oscillation
amplitudes in Chapter 3. In this chapter we first calculate the energy released by a
starquake. At this stage, we do not specify a detailed model of how the energy is
put into oscillations at the glitch, but just obtain an upper estimate by assuming that
all the energy released goes into oscillation modes. For this general model we find a
dimensionless mode amplitude of around 1075, corresponding to a characteristic strain
of around 10724 v/Hz, a level expected to be detectable by third generation detectors.
We also make some estimates for the more exotic scenario of a glitch in a completely
solid quark star: in this case our model is able to account for much larger glitches, giving

rise to a characteristic strain of up to around 1072? v/Hz.

For the rest of the thesis, we specialise to a particular model of what happens at the
starquake. Given this, we can then tackle the problem of self-consistently constructing
initial data describing how the star changes at the glitch, and projecting this against a
basis of its normal modes of oscillation. Our model for the glitch is that all strain is lost
from the star at the glitch, and also that particles immediately after the glitch (Star C

of our model) are not displaced from their positions in Star B.

To construct our toy model, we make the further assumption that the star is completely
solid and incompressible. This allows us to carry out a large proportion of the work
analytically. In our initial model, the star also spins down completely to zero angular

velocity before glitching.

155
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The next three chapters contain the preliminary work needed to carry out this pro-
jection. In Chapter 4 we calculate analytic equilibrium solutions for a rotating elastic
incompressible star. The solution depends on the current angular velocity of the star,
and also the angular velocity at which it was relaxed. An analytic solution for this
problem exists in the literature [16]; here we fill in the details of the calculation, which

will be used later in the thesis for constructing our initial data for the starquake.

The main focus of Chapter 5 is a calculation of the normal modes of oscillation of
the star in our toy model, an elastic, incompressible self-gravitating star. This is an
old problem, first investigated analytically by Bromwich in 1898 [19]. We reproduce his
analytic results for the eigenvalues of this system and also extend it slightly by obtaining

an analytic form for the eigenfunctions.

We then carry out a numerical investigation of the problem. Focussing on the [ = 2
spheroidal modes (the most important for our problem), we find that the star has an
infinite set of equally spaced elastic modes scaling with the shear modulus p, and also
one mode with a frequency close to that of the [ = 2 fundamental (‘Kelvin’) mode
of a fluid star. The corresponding eigenfunction has a hybrid fluid-elastic character,

approximating that of the fluid Kelvin mode in the limit of small u.

In Chapter 6 we discuss a series of simpler toy models of mode excitation, with the
aim of building up to our starquake model and developing the necessary mathematical
framework. The main new result of the chapter is a demonstration that the eigenfunc-
tions of an elastic incompressible star found in Chapter 5 are orthogonal, by showing

that the equations they satisfy constitute a self-adjoint boundary value problem.

We are then in a position to construct the full glitch toy model in Chapter 7. First
we construct initial data describing the change in the star at the glitch, in the form
of a displacement field connecting the new equilbrium state of the star that the star
settles down to (Star D) with that immediately after the glitch. To do this we use the
equilibrium solutions of Chapter 4, along with the prescription that particles in Star C
are not displaced from their positions immediately before the glitch in Star B (only the

strain is lost).

Next, we project this initial data against our orthogonal basis of normal modes calculated
in Chapter 5. We do this for different values of the ratio of strain to gravitational energy,
%, for % = 0.1 down to realistic values of % = 107°—10"%. We find that the majority of
the glitch energy goes into the hybrid fluid-elastic mode. For realistic values of %, where
this mode is very similar to the purely fluid Kelvin mode, this is extremely pronounced,

with more that 99.9% of the energy going into this mode.

The final two chapters of the thesis deal with the extension of the model to the more
realistic case where the star is still rotating at the glitch. The first complication this adds

is that we have to take this rotation into account in order to calculate the oscillation
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modes of Star D. We do this in Chapter 8, using the formalism of Strohmayer [80] to
find the eigenvalues and eigenfunctions correct to first order in the rotational parameter.
There is now a coupling of modes of different [ values, so that the [ = 2 spheroidal modes
excited by our initial data in the zero spin problem now couple to ! = 1 and [ = 3 toroidal

modes.

In the first part of Chapter 9 we calculate the initial data for the rotating model. There
are now two free parameters in the initial data: the anglular velocity €24 that the star
was relaxed at, and the angular velocity 25 at which the glitch occurs. We are able to
calculate the increase in spin rate at the glitch, which gives us a nonzero velocity field
as a new part of the initial data along with the displacement field. We show that this
velocity field can be represented as an [ = 1 toroidal mode of the nonrotating star with

zero frequency.

A second complication added by rotation is that the modes of the rotating star are no
longer orthogonal, so that we can no longer carry out a projection of the initial data
against these modes in the same way as before. Instead, we develop a new scheme that
relies on the fact that the oscillation modes are orthogonal to zeroth order in rotation,
and that the first-order rotational corrections can be written as a sum over these zeroth-
order modes. We can then project our initial data against the modes of the rotating
star, including the zero frequency | = 1 toroidal mode representing rotation. We sketch
the process of how to carry this out for the test case of % = (0.1. This is a useful test
value because in this case the hybrid fluid-elastic mode is at the low radial eigenvalue
number of n = 3. By analogy with the zero spin case we expect this mode to be excited
most and then contributions from higher modes to drop off. This allows us to make a
cut-off at n = 10.

Currently we are able to reproduce the displacement field but not the velocity using our

method. We are still investigating what the problem is.

To extend this work, we need to test the model further and produce more robust results.
For the % = (.1 case we need to show that we can reproduce both the initial data and
velocity accurately given the amplitudes of the excited modes. We would expect the
I = 2 fluid-elastic mode to still be excited in a similar way to the glitch at zero spin
model, plus small excitations of [ = 1 and [ = 3 toroidal modes. We would also expect

the [ = 1 zero frequency toroidal mode to be excited.

We also need to extend to more realistic values of %. One problem we expect to run into
is that the eigenvalues may become very close together for high n. This near-degeneracy

will mean that we will need to adapt the perturbation scheme that we use.

In terms of extending the model itself, there are a number of possibilities. One obvious
one is to extend to the more realistic case where there is a fluid core and an elastic

crust. This would complicate the spectrum of oscillation modes by adding extra ones
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connected to the fluid-elastic interface. We could also consider using a more realistic
equation of state rather than our incompressible model, introducing new p- and g-modes

to the mode spectrum.

Another interesting direction would be to consider more realistic models for the star-
quake itself. At the moment we have an acausal mechanism in which all strain is lost
from the star instantaneously. In a realistic model the quake would propagate across
the star over time, possibly in the form of surface cracks. The new timescale introduced
here could strongly affect which modes of the star are excited. However, this timescale

is not well constrained observationally.

The oscillations produced by a starquake would be expected to shake the magnetosphere
at the surface of the star. This could lead to radio emission connected with the starquake,
possibly at a level that could be resolved with the new generation of radio telescopes.
It would be worthwhile to try to make some estimates of this with a toy model of how

the pulsar could shake magnetic field lines in the magnetosphere.



Appendix A

Approximating Star D as

spherical

To find out which oscillation modes are excited in our first glitch model where the glitch
occurs at zero spin, we first need to know the spectrum of possible oscillation modes
of the new equilibrium configuration of the star after the glitch. This is Star D of our

model.

This star is not completely spherical, because of the residual strain left after the glitch;

instead, the surface shape S can be described by

Sp(0) = R(1 + asPy(cos b)), (A1)

where ao is a small parameter. This is approximately an ellipse, to first order in the
difference between the major and minor axes, as shown in Section 4.3.2. We would like
to show that to first order in as we can approximate the oscillation modes of Star D by
those of the spherical background star S. To do this, we want to show that up to O(a2),
the equations and boundary conditions governing the modes of Star D are the same as
those of S.

In general, we would have two relevant small quantities in this problem: the perturba-
tions 0P and &', and the rotation shape parameterised by as. However, the case of our
model the perturbations are generated by the initial data ¢°P (7.82), whose components

are also proportional to as: comparing with (1,)5? at the surface (7.54) we find

_ 5 G
TGr (1+ 5

~—
()

03, (A.2)

a2

so that we can write the displacement £°P as
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1 ao

() (16) = 5575 (3r° = 8Rr) Pa(cos ), (A3)
(€Y (r,0) = £ 2 @"4 - 4327“2) W (A-4)

Similarly, we can show that dp and d® are also first order in the oblateness parameter

as.

To find the normal modes, we start by making some arbitrary small perturbation £ to
Star D. This perturbation will induce some extra strain in the star, and the equations

of motion become

— ppw?&; = —=Vi6P + uV2¢ — ppVid®. (A.5)

Here pp is the density of the background star. We also have Poisson’s equation

V25® = 4nGop. (A.6)

First, we can write dp as

op = —EVipp. (A7)

Writing pp in terms of a Heaviside step function, we have

pp = p[l — H(r — R(1 + agPa(cos 0)))], (A.8)
so that
aapf = —0(r — R(1 + axP»(cosb))) (A.9)
opp . AP
50— azRsin 0 W&(r — R(1+ a2 Ps(cosh))). (A.10)
This gives

6p = E"8(r — R(1 4 ayPa(cos 0))) + %asRsin 6 %5(7" — R(1+ ag2Ps(cosh))), (A.11)

and so inserting this back into Poisson’s equation (A.6) gives

P
V26® = 4nG |€76(r — R(1 4 agPy(cos 0)) + £%ayRsin 6 %5(7“ — R(1 4 agPx(cos 0)))] :
(A.12)
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Integrating this over the volume V' of the star, and using Stokes’ theorem on the LHS,

we get

Vi0®dS" = 4G / €"6(r — R(1 + agPy(cos )
14

Sp (A.13)
9 . dP2
+&%aRsin 0 W&(r — R(1 4+ azaPs(cosh)))
dPpP:
=4rG ([{T]SD + asRsin 6 d;[fe]SD> . (A.14)

We see that the second term is O(az), and so this term will not contribute. This leaves

V;60dS" = 4nG[¢")s,, - (A.15)
Sp

The surface traction boundary condition is

imposed at the surface of D, defined by (A.1). The normal to D, n’, is only slightly
different to that of S, so we can write n’ = r* + ¢ for a small vector €/. As AP and Uj

are already first order in ag, we can just write

(—AP(SU + 2uuij) ’l“i =0 (A17)

as for the spherical star.






References

1]

J. Abadie, B. P. Abbott, R. Abbott, T. D. Abbott, M. Abernathy, T. Accadia,
F. Acernese, C. Adams, R. Adhikari, C. Affeldt, and et al. All-sky search for
gravitational-wave bursts in the second joint LIGO-Virgo run. Physical Review D,
85(12):122007, June 2012.

J. Abadie, B. P. Abbott, R. Abbott, M. Abernathy, T. Accadia, F. Acernese,
C. Adams, R. Adhikari, P. Ajith, B. Allen, and et al. Search for gravitational waves
from compact binary coalescence in LIGO and Virgo data from S5 and VSRI.
Physical Review D, 82(10):102001, November 2010.

J. Abadie, B. P. Abbott, R. Abbott, R. Adhikari, P. Ajith, B. Allen, G. Allen,
E. Amador Ceron, R. S. Amin, S. B. Anderson, and et al. Search for gravitational
waves associated with the August 2006 timing glitch of the Vela pulsar. Physical
Review D, 83(4):042001, February 2011.

B. Abbott, R. Abbott, R. Adhikari, P. Ajith, B. Allen, G. Allen, R. Amin, S. B.
Anderson, W. G. Anderson, M. A. Arain, and et al. Beating the Spin-Down Limit
on Gravitational Wave Emission from the Crab Pulsar. ApJ Letters, 683:L45-149,
August 2008.

B. P. Abbott, R. Abbott, F. Acernese, R. Adhikari, P. Ajith, B. Allen, G. Allen,
M. Alshourbagy, R. S. Amin, S. B. Anderson, and et al. An upper limit on the
stochastic gravitational-wave background of cosmological origin. Nature, 460:990—
994, August 2009.

B. P. Abbott, R. Abbott, R. Adhikari, P. Ajith, B. Allen, G. Allen, R. S. Amin, S. B.
Anderson, W. G. Anderson, M. A. Arain, and et al. LIGO: the Laser Interferometer
Gravitational-Wave Observatory. Reports on Progress in Physics, 72(7):076901,
July 2009.

M. Aizenman, P. Smeyers, and A. Weigert. Avoided Crossing of Modes of Non-
radial Stellar Oscillations. Astronomy and Astrophysics, 58:41, June 1977.

M. A. Alpar, D. Pines, P. W. Anderson, and J. Shaham. Vortex creep and the
internal temperature of neutron stars. I - General theory. The Astrophysical Journal,
276:325-334, January 1984.

163



164

REFERENCES

[9]

[10]

P. W. Anderson and N. Itoh. Pulsar glitches and restlessness as a hard superfluidity
phenomenon. Nature, 256:25-27, July 1975.

N. Andersson. TOPICAL REVIEW: Gravitational waves from instabilities in rel-
ativistic stars. Classical and Quantum Gravity, 20:105, April 2003.

G. B. Arfken and H. J. Weber. Mathematical Methods for Physicists. Elsevier
Academic Press, 2005.

W. Baade and F. Zwicky. Cosmic Rays from Super-novae. Proceedings of the
National Academy of Science, 20:259-263, May 1934.

G. Backus and F. Gilbert. The Rotational Splitting of the Free Oscillations of the
Earth. Proceedings of the National Academy of Science, 47:362-371, March 1961.

G. Baym and C. Pethick. Neutron stars. Annual Review of Nuclear and Particle
Science, 25:27-77, 1975.

G. Baym, C. Pethick, and D. Pines. Superfluidity in Neutron Stars. Nature,
224:673-674, November 1969.

G. Baym and D. Pines. Neutron starquakes and pulsar speedup. Annals of Physics,
66:816-835, 1971.

G. Birkhoff and G. Rota. Ordinary Differential Equations. Ginn and Company,
1962.

R. Blandford and K. Thorne. Applications of Classical Physics.
http://www.pma.caltech.edu/Courses/ph136/yr2008/, 2008.

T. Bromwich. On the influence of gravity on elastic waves, and in particular on the

vibrations of an elastic globe. Proc. of the London Mathematical Society, 30, 1898.

S. Chandrasekhar. The Maximum Mass of Ideal White Dwarfs. The Astrophysical
Journal, 74:81, July 1931.

S. Chandrasekhar. A General Variational Principle Governing the Radial and the
Non-Radial Oscillations of Gaseous Masses. The Astrophysical Journal, 139:664,
February 1964.

S. Chandrasekhar and N. R. Lebovitz. Non-Radial Oscillations of Gaseous Masses.
The Astrophysical Journal, 140:1517, November 1964.

W.-Y. Chau. Gravitational Radiation from Neutron Stars. The Astrophysical Jour-
nal, 147:664—, February 1967.

T. G. Cowling. The non-radial oscillations of polytropic stars. MNRAS, 101:367—+,
1941.



REFERENCES 165

[25]

[26]

[27]

[37]

[38]

T. G. Cowling and R. A. Newing. The Oscillations of a Rotating Star. The Astro-
physical Journal, 109:149, January 1949.

J. P. Cox. Theory of stellar pulsations. Princeton University Press, 1983.

P. B. Demorest, T. Pennucci, S. M. Ransom, M. S. E. Roberts, and J. W. T.
Hessels. A two-solar-mass neutron star measured using Shapiro delay. Nature,
467:1081-1083, October 2010.

T. Ersek. RootSearch. http://library.wolfram.com/infocenter/Demos/4482, 2008.

C. M. Espinoza, A. G. Lyne, B. W. Stappers, and M. Kramer. A study of 315
glitches in the rotation of 102 pulsars. MNRAS, 414:1679-1704, June 2011.

L. M. Franco, B. Link, and R. I. Epstein. Quaking Neutron Stars. Astrophysical
Journal, 543:987-994, November 2000.

J. L. Friedman and B. F. Schutz. Lagrangian perturbation theory of nonrelativistic
fluids. The Astrophysical Journal, 221:937-957, May 1978.

K. Glampedakis and N. Andersson. Hydrodynamical Trigger Mechanism for Pulsar
Glitches. Physical Review Letters, 102(14):141101, April 2009.

N. K. Glendenning. Compact Stars. 1996.

T. Gold. Rotating Neutron Stars as the Origin of the Pulsating Radio Sources.
Nature, 218:731-732, May 1968.

P. Haensel, A. Y. Potekhin, and D. G. Yakovlev, editors. Neutron Stars 1 : Equation
of State and Structure, volume 326 of Astrophysics and Space Science Library, 2007.

B. Haskell, N. Andersson, D. I. Jones, and L. Samuelsson. Are Neutron Stars
with Crystalline Color-Superconducting Cores Relevant for the LIGO Experiment?
Physical Review Letters, 99(23):231101, December 2007.

A. Hewish, S. J. Bell, J. D. H. Pilkington, P. F. Scott, and R. A. Collins. Observation
of a Rapidly Pulsating Radio Source. Nature, 217:709-713, February 1968.

C. J. Horowitz and K. Kadau. Breaking Strain of Neutron Star Crust and Gravi-
tational Waves. Physical Review Letters, 102(19):191102, May 2009.

R. A. Hulse and J. H. Taylor. Discovery of a pulsar in a binary system. ApJ Letters,
195:L51-L53, January 1975.

Richard A. Isaacson. Gravitational radiation in the limit of high frequency. i. the

linear approximation and geometrical optics. Phys. Rev., 166:1263-1271, Feb 1968.

Richard A. Isaacson. Gravitational radiation in the limit of high frequency. ii.
nonlinear terms and the effective stress tensor. Phys. Rev., 166:1272-1280, Feb
1968.



166

REFERENCES

[42]

[55]

[56]

[57]

M. Kramer, I. H. Stairs, R. N. Manchester, M. A. McLaughlin, A. G. Lyne, R. D.
Ferdman, M. Burgay, D. R. Lorimer, A. Possenti, N. D’Amico, J. M. Sarkissian,
G. B. Hobbs, J. E. Reynolds, P. C. C. Freire, and F. Camilo. Tests of general
relativity from timing the double pulsar. Science, 314(5796):97-102, 2006.

L. D. Landau and E. M. Lifschitz. Theory of Elasticity. Pergamon, 1986.
L. D. Landau and E. M. Lifshitz. Fluid mechanics. 1959.

E. R. Lapwood and T. Usami. Free Oscillations of the Farth. Cambridge University
Press, 1981.

J. M. Lattimer and M. Prakash. The Physics of Neutron Stars. Science, 304:536—
542, April 2004.

J. M. Lattimer and M. Prakash. What a Two Solar Mass Neutron Star Really
Means. ArXiv e-prints, December 2010.

James M. Lattimer. The nuclear equation of state and neutron star masses. Annual
Review of Nuclear and Particle Science, 62(1):485-515, 2012.

L. Lindblom. Determining the nuclear equation of state from neutron-star masses
and radii. The Astrophysical Journal, 398:569-573, October 1992.

D. R. Lorimer. What’s new in the pulsar world? In J. F. Nieves, editor, Particle
Physics and Cosmology, volume 540 of American Institute of Physics Conference
Series, pages 247-262, October 2000.

D. R. Lorimer. Binary and Millisecond Pulsars. Living Reviews in Relativity, 8:7—,
November 2005.

A. Love. A Treatise on the Mathematical Theory of Elasticity. Dover, 1927.

D. Lynden-Bell and J. P. Ostriker. On the stability of differentially rotating bodies.
MNRAS, 136:293, 1967.

A. G. Lyne and F. Graham-Smith. Pulsar Astronomy. Cambridge University Press,
1998.

A. G. Lyne, F. G. Smith, and R. S. Pritchard. Spin-up and recovery in the 1989
glitch of the Crab pulsar. Nature, 359:706, October 1992.

G. J. F. MacDonald and N. F. Ness. A Study of the Free Oscillations of the Earth.
Journal of Geophysical Research, 66:1865—1911, June 1961.

R. N. Manchester, G. B. Hobbs, A. Teoh, and M. Hobbs. The Australia Tele-
scope National Facility Pulsar Catalogue. The Astronomical Journal, 129:1993—
2006, April 2005.



REFERENCES 167

[58]

[63]

[64]

[65]

[66]

[67]

[68]

[69]

[70]

[71]

[72]

73]

P. M. McCulloch, P. A. Hamilton, G. W. R. Royle, and R. N. Manchester. Daily
observations of a large period jump of the VELA pulsar. Nature, 302:319-321,
March 1983.

P. N. McDermott, H. M. van Horn, and C. J. Hansen. Nonradial oscillations of
neutron stars. The Astronphysical Journal, 325:725-748, February 1988.

A. Melatos, C. Peralta, and J. S. B. Wyithe. Avalanche Dynamics of Radio Pulsar
Glitches. The Astrophysical Journal, 672:1103-1118, January 2008.

P. Olver. Introduction to Partial  Differential  Equations.
http://www.math.umn.edu/ olver/pdn.html, 2012.

J. R. Oppenheimer and G. M. Volkoff. On Massive Neutron Cores. Physical Review,
55:374-381, February 1939.

B. J. Owen. Maximum Elastic Deformations of Compact Stars with Exotic Equa-
tions of State. Physical Review Letters, 95(21):211101, November 2005.

F. Pacini. Rotating Neutron Stars, Pulsars and Supernova Remnants. Nature,
219:145-146, July 1968.

V. R. Pandharipande, D. Pines, and R. A. Smith. Neutron star structure: theory,
observation, and speculation. The Astrophysical Journal, 208:550-566, September
1976.

J. Papaloizou and J. E. Pringle. Non-radial oscillations of rotating stars and
their relevance to the short-period oscillations of cataclysmic variables. MNRAS,
182:423-442, February 1978.

C. L. Pekeris, Z. Alterman, and H. Jarosch. Rotational multiplets in the spectrum
of the earth. Phys. Rev., 122:1692-1700, Jun 1961.

C. J. Pethick, A. Akmal, V. R. Pandharipande, and D. G. Ravenhall. Neutron star
structure. Nuclear Physics B Proceedings Supplements, 80:C1114+, January 2000.

M. Pitkin, S. Reid, S. Rowan, and J. Hough. Gravitational Wave Detection by
Interferometry (Ground and Space). Living Reviews in Relativity, 14:5—, July
2011.

M. Punturo. Et sensitivities. 2009.

V. Radhakrishnan and R. N. Manchester. Detection of a Change of State in the
Pulsar PSR 0833-45. Nature, 222:228-229, April 1969.

A. 1. M. Rae. Quantum Mechanics, Fourth edition. IOP Publishing, 2002.

P. E. Reichley and G. S. Downs. Observed Decrease in the Periods of Pulsar PSR
0833-45. Nature, 222:229-230, April 1969.



168 REFERENCES

[74] M. Ruderman. Neutron Starquakes and Pulsar Periods. Nature, 223:597-598, Au-
gust 1969.

[75] B. Schutz. A First Course in General Relativity. Cambridge University Press, 2009.

[76] S. L. Shapiro and S. A. Teukolsky. Black Holes, White Dwarfs, and Neutron Stars.
John Wiley & Sons, 1983.

[77] D. Shoemaker. Ligo document t0900288-v3. 2009.

[78] T. Sidery, A. Passamonti, and N. Andersson. The dynamics of pulsar glitches:
contrasting phenomenology with numerical evolutions. MNRAS, 405:1061-1074,
June 2010.

[79] T. Strohmayer, H. M. van Horn, S. Ogata, H. Iyetomi, and S. Ichimaru. The shear
modulus of the neutron star crust and nonradial oscillations of neutron stars. The
Astrophysical Journal, 375:679-686, July 1991.

[80] T. E. Strohmayer. Oscillations of rotating neutron stars. The Astrophysical Journal,
372:573-591, May 1991.

[81] J. H. Taylor and J. M. Weisberg. A new test of general relativity - Gravitational
radiation and the binary pulsar PSR 19134+16. ApJ Letters, 253:908-920, February
1982.

[82] W. Thomson. On the rigidity of the earth. Phil. Trans. Roy. Soc. London, 153:573—
582, 1863.

[83] W. Unno, Y. Osaki, H. Ando, H. Saio, and H. Shibahashi. Nonradial oscillations
of stars. 19809.

[84] C. A. van Eysden and A. Melatos. Gravitational radiation from pulsar glitches.
Classical and Quantum Gravity, 25(22):225020, November 2008.

[85] R. M. Wald. General relativity. 1984.

[86] T. Wong, D. C. Backer, and A. G. Lyne. Observations of a Series of Six Recent
Glitches in the Crab Pulsar. The Astrophysical Journal, 548:447-459, February
2001.

[87] R. X. Xu. Solid Quark Stars? The Astrophysical Journal, 596:L59-L62, October
2003.

[88] A. Y Potekhin. The physics of neutron stars. Physics Uspekhi, 53:1235-1256,

December 2010.



