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ABSTRACT 

In this study the active vibration control of a structure modelled as a single degree of freedom 

system and excited by a white noise force is considered. The control system consists of an 

inertial actuator driven with a signal proportional to the velocity of the structure under control 

measured by an ideal collocated sensor. The optimisation of the physical and control 

parameters of the control system such as the internal damping of the actuator, its natural 

frequency and the feedback gain of the controller are considered such that either the kinetic 

energy of the host structure is minimised or the power dissipated by the control system is 

maximised. This type of control system is only conditionally stable therefore a stability 

condition has to be satisfied by the optimisation process. The paper shows that the two 

optimisation criteria are equivalent. 

1. INTRODUCTION 

Passive tuned vibration absorbers were invented by Farhm [1] in 1911 and since then have 

been widely used to control structural vibrations. They consist of a block mass mounted on a 

elastic suspension, which can usually be modelled as a single degree of freedom system. 

When they are used to control the vibration of flexible structures subjected to broadband 

excitation their natural frequency and internal damping are tuned to damp the structural 

response in a narrow frequency band around a structural resonance [2]. Optimisation criteria 



2 

 

of passive tuneable vibration absorbers have been proposed by many researchers and a vast 

literature can be found on this topic [2-12]. A summary of few optimisation criteria can be 

found in reference [12]. The main limits of these devices is that their efficiency depends on 

the mass of the device, which implies high added weight to the structure, and is limited to a 

narrow frequency band. 

A substantial improvement can be achieved by using an active vibration absorber, which 

consists of a passive tuneable vibration absorber with a reactive actuator in parallel with the 

suspension, which is driven to implement a velocity feedback loop. An example of this 

device is the voice coil inertial actuator with an accelerometer sensor at its footprint 

commonly used in vibration control applications [13]. The advantages of an active vibration 

absorber are its adaptability to parameters changes of the structure under control, which 

guarantees a better vibration control performance in a wider range of operating conditions 

compared with a passive one. Depending on the circumstances, active solutions may be 

cheaper and lighter than passive systems. In some applications active control systems can 

offer performances that no passive system can achieve, especially in controlling low 

frequency vibration. A simple way of driving these devices to damp the structural response of 

flexible structures subjected to broadband excitation is with a velocity feedback loop [14-17]. 

In this way the control system acts as a sky-hook active damper in the frequency region 

above the resonance of the actuator over a frequency band of several decades, before higher 

order resonances interfere with their dynamics [13, 17, 18]. However the 180
0
 degrees phase 

shift in the response of the actuator due to its resonance makes the system only conditionally 

stable also in the ideal case although the stability margin could be improved using a 

compensator [17, 19]. 

One important issue with such a control system is how the physical properties of the inertial 

actuator, such as its natural frequency and the internal damping ratio and the gain of the 

feedback loop are set to optimally control the vibration of the hosting structure [20]. The 

optimum parameters and the feedback gain are generally a compromise between performance 

and stability, and the values change depending on the location of the inertial actuator on the 

structure and the type of primary excitation. In an ideal system, all these parameters would be 

adjusted to minimise the kinetic energy of the structure under control [15]. However this 

optimisation may be difficult to implement in practice because it would require velocity 

measurements in many points of the structure. Previous studies have proposed the power 

absorbed by the controller as a cost function to be maximised showing that it can be easily 
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estimated within the control system [21-24]. For broadband excitation, when stable skyhook 

active damping is implemented either with a reactive actuator or an inertial actuator, it has 

been shown both with numerical simulations and experiments that the minimisation of the 

kinetic energy of the hosting structure and the maximisation of the power absorbed by the 

control system produce equivalent vibration control effects [19, 25, 26]. 

In this paper an inertial actuator that implements an ideal velocity feedback loop is used to 

control a single mode of a vibrating structure, modelled as a single degree of freedom system, 

which is subjected to white noise excitation. Two different optimisations are compared: the 

minimisation of the kinetic energy of the hosting structure and the maximisation of the power 

absorbed by the control system. It is analytically demonstrated that the two methods are 

equivalent for the optimisation of the internal damping of the inertial actuator, its natural 

frequency and feedback gain. Moreover it is demonstrated that the power input into the 

system only depends on the mass of the primary structure when ideal white noise excitation is 

assumed. It is also shown that when the optimisation considers only the feedback gain as 

tuning parameter, analytical expressions for the maximum stable gain and optimum gain can 

be found by solving quadratic equations. 

2. MODELLING 

Typically when an inertial actuator is used to implement a velocity feedback loop to control 

the resonant response due to one mode of a flexible structure, a simplified lumped parameters 

model is considered. As shown in Figure 1 it is assumed that the hosting structure is 

composed by a modal mass   , a damper    and a stiffness    and is excited by a primary 

force   . The inertial actuator is composed by a block mass   , mounted on a suspension of 

stiffness    and damping    in parallel with a reactive actuator. At frequencies above its 

fundamental resonance frequency, the inertial actuator produces a sky-hook active force    

proportional to the absolute velocity of the modal mass    via the control gain  . 

The equation of motion of the system shown in Figure 1 can be written in a matrix form as: 

  ̈( )    ̇( )    ( )   ( ) (1) 

where   is the mass matrix,   is the stiffness matrix and   is the damping matrix 

given by: 
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 ( )     ( )   ( ) 
  is the column vector containing the displacements of the 

two masses    and    and  ( )     ( )     is the column vector of primary 

excitation. 

Assuming the excitation to be harmonic for the time being and expressing the force 

and the steady-state response in exponential form, equation (1) becomes: 

 (  ) (  )   (  ) (3) 

where 

 (  )             (4) 

is the dynamic stiffness matrix. The solution of equation (3) can be obtained as: 

 (  )     (  ) (  ) (5) 

Integrating equation (5) to obtain the velocities yields: 

 ̇(  )   (  ) (  ) (6) 

where  ̇(  )     (  ) and  (  )       (  ) is the mobility matrix. Using the 

expression of  ,   and   of equation (2), the steady state complex response of the 

system can be expressed in terms of the input and transfer frequency response 

functions (FRF) as: 

   (  )  
 ̇ 

  
 

 
        

      
 

                        
       

       
       

        
  

      
        

      
       

 

 

   (  )  
 ̇ 

  
 

 
        

     

                        
       

       
       

        
  

      
        

      
       

 

 

(7) 

 

 

 

(8) 

where  ̇  and  ̇  are the complex frequency dependent velocities of masses    and    

respectively. The two FRFs can be expressed in non dimensional form as follows: 
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where the coefficients     ,      and      are given by: 
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The six non dimensional parameters in equations (9) and (10) are defined by: 

        

        

       

      (     ) 

      (     ) 

     (   ) 

(11) 

where   is the mass ratio,   is the frequency ratio,   is the normalised driving frequency,    

and    are the primary and secondary damping ratios respectively and   is the normalised 

velocity control feedback gain. The natural frequency of the primary system,   , and the 

natural frequency of the inertial actuator,   , are defined as: 

   √        

   √        

(12) 

It should be notice that the system is only conditionally stable, therefore the control gain 

cannot exceed the value that lead to instability the system. The characteristic equation of the 

control system is given by the denominator of equations (9) and (10). Applying Routh’s 

stability criterion, the stability of the velocity feedback loop can be studied by writing the 

array of coefficients as shown in Table 1. 

The coefficients of the characteristic equation are all positive and so is the coefficient   . To 

guarantee the stability of the system the numerator of coefficient    has to be greater than 

zero and thus the following condition has to be satisfied: 

   
           (13) 

where   ,    and    are given by: 
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3. DEFINITION OF THE PERFORMANCE CRITERIA 

In this section the minimisation of the kinetic energy of the primary system and the 

maximisation of the power dissipated by the inertial actuator are considered as tuning 

strategies of the controller. Therefore, a performance index to be minimised is the integral of 

the kinetic energy of the primary mass calculated over the frequency-band    defined by: 

   
    | ̇ ( )|

  

        

 (15) 

where       denotes the expectation value. The performance index    represents the ratio of 

the kinetic energy of the primary system to the excitation force with a uniform spectrum 

density   ( ). The unit of   ( ) is N
2
s/rad. The constant         is introduced to ensure 

that the performance index is dimensionless. The mean squared value of the velocity of the 

primary mass can be written as: 

  | ̇ ( )|
   

    

    

∫ | | 
  

  

   (16) 

Substituting equation (16) in equation (15) yields: 
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   (17) 

Thus, substituting equation (9) in (17) gives: 

   
 

 
∫ |

   (  )   (  )    (  )   
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 (18) 

Equation (18) can be integrated using the formula in reference [27] leading to: 

   
 

 

      

   
        

 (19) 

where the coefficients      and        are given in Table A.1.  

The power absorbed by the passive damper c2 is equal to: 

    ( )  
 

 
  {  

 (  )  ̇ (  )   ̇ (  ) } (20) 

where * denotes complex conjugate and the force    is the force produced by the damper 

given by: 

  (  )    ( ̇ (  )   ̇ (  )) (21) 

Substituting equation (21) in (20) the power passively dissipated by the inertial actuator 

becomes: 

    ( )  
 

 
  | ̇ (  )   ̇ (  )|  (22) 

In this case the non-dimensional performance index is defined by: 
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which represents the ratio of power passively absorbed by the actuator to that generated by 

excitation force with a spectrum density    acting on a damper of value    (   ). The 

constant           is introduced to ensure that the performance index is dimensionless. The 

mean squared value of the relative velocity times the mechanical damping    can be 

expressed as follow: 

    ( ̇ ( )   ̇ ( ))
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Thus the performance index becomes: 
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where 

           

           

                

           

(26) 

The integral over the frequency band between    of equation (25) can be calculated using 

the expression given in reference [27], leading to: 
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where the coefficients        are given in Table A.1.  

The frequency dependent power absorbed by the active damper is equal to: 

    ( )  
 

 
  {  

 (  )  ̇ (  )   ̇ (  ) } (28) 

Assuming the force    is proportional to the velocity  ̇ (  ), equation (28) can be written as: 

    ( )   
 

 
  { ̇ 

 (  )  ̇ (  )   ̇ (  ) }   
 

 
 | ̇ ( )|

    { ̇ 
 (  ) ̇ (  )}  (29) 

After some manipulations equation (29) can written as: 

    ( )   
 

 
 | ̇ (  )|  | ̇ (  )   ̇ (  )|  | ̇ (  )|   (30) 

In this case the non-dimensional performance index is defined by: 

      
   | ̇ ( )|

  | ̇ ( )   ̇ ( )|
  | ̇ ( )|

  

         

 (31) 

which represents the ratio of actively absorbed power to that generated by excitation force 

with a spectrum density    acting on a damper of value    (   ) . The same constant, 

         , is introduced to ensure that the performance index is dimensionless as 
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introduced above. The mean squared value of the relative velocity times the control gain   

can be expressed as follow: 

   | ̇ ( )|
  | ̇ ( )   ̇ ( )|

  | ̇ ( )|
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 ∫ |   |   
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] 
(32) 

Thus, substituting the expressions of   and   in equation (32) and calculating the integrals 

over the frequency band between    using the expression given in reference [27] the 

performance index becomes: 

     
   

     

   
        

 (33) 

where the coefficients      are given in Table A.1. The frequency dependent total power 

absorbed by the inertial actuator system,     ( ) is equal to that dissipated by the passive 

damper   ,     ( ), plus the power actively dissipated by the actuator,     ( ). Thus the 

non-dimensional performance index for the total power absorbed is given by the sum of      

plus      yielding to: 

   
 

 

(      ) 
  (      )    

   
        

 (34) 

Although the denominators are the same in equations (19) and (34), the dependence of their 

numerators on   ,   and   is clearly different. 

4. MINIMISATION OF KINETIC ENERGY AND MAXIMISATION POWER 

ABSORBED 

In this section the tuning of the damping ratio and natural frequency of the inertial actuator 

and the feedback control gain is consider to either minimise the kinetic energy of mass m1 or 

maximise the power absorbed by the controller. In order to minimise the kinetic energy of 

mass m1, the following conditions have to be satisfied: 

{
 
 

 
 

   
   

  

   
  

  

   
  

  

 (35) 

while to maximise the total power absorbed by the inertial actuator the following conditions 

have to be satisfied: 
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 (36) 

Differentiating the performance index    expressed in equation (19) with respect to   ,   and 

  and setting these equal to zero, yields a system of three equations: 

{

      
       
        

 (37) 

Following the same procedure, the partial derivates of the performance index    expressed in 

equation (36) are given by: 

{

       
        
         

 (38) 

where  ,   and   are given in Table A.2. 

Equation (37) and (38) are both satisfied for      and     although this solution is 

physically meaningless since it sets to zero the internal damping of the actuator and its 

mechanical stiffness. The other non trivial solutions can be found setting to zero the terms  , 

  and  . Due to the complexity of these expressions no explicit solutions have been found. 

However, equations (37) and (38) are both satisfied for the same values of   ,   and  , which 

means that if a minimum of the kinetic energy and a maximum of the power absorbed exist, 

they correspond. 

5. POWER INPUT 

From the energy balance, in steady state conditions, the power input into the system is equal 

to the power dissipated by damper 1 plus the power dissipated by the controller. The power 

dissipated by damper 1 is given by: 

  ( )  
 

 
  | ̇ (  )|  (39) 

In order to obtain a dimensionless formulation, as done in the previous sections, a 

dimensionless index relative to   ( ) can be defined by: 

    
    | ̇ ( )|

  

      
    

 (40) 

Therefore the sum of     and    gives the dimensionless power input into the system. The 

mean squared value of the velocity of mass    times the mechanical damping    can be 

expressed as follow: 
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Substituting equation (41) in (40), the performance index becomes: 
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The power input into the system can be calculated as the sum of equation (27) and (42). 

Summing the two expressions the result is 1/4, which, multiplied by the constant       
     

used to make the performance indices     and    dimensionless leads to: 

    
 

   

 (43) 

where     is the power input into the system. Equation (43) indicates that, when excited by a 

random force with a flat spectrum, the power input into the system only depends on the mass 

  . This means that the derivates of     are equal to the derivates of   . Because the kinetic 

energy of the primary system is proportional to the power dissipated by the damper 1 its 

derivates are proportional to the derivates of    and therefore the minimisation of the kinetic 

energy corresponds to the maximisation of the power absorbed by the controller as shown in 

the previous section. 

6. TUNING OF THE CONTROL GAIN 

In order to implement skyhook damping with a velocity feedback loop using an inertial 

actuator, the natural frequency of the actuator should be lower than the first natural frequency 

of the primary system and the resonance of the actuator has to be well damped to improve 

control stability [17, 18, 28]. However a low resonance is difficult to achieve in practice 

because a soft suspension will cause large static deflection and will increase the risk that the 

inertial mass could hit the ends-stop, potentially leading to instability [29]. Thus the physical 

properties of the inertial actuator represented by the dimensionless parameters,  ,   and    

are usually selected taking into account these practical limits. The control gain, represented 

by the dimensionless parameter  , could be tuned online to optimise the control performance, 

that is by minimising the kinetic energy of the primary system or equivalently maximising the 

power absorbed by the actuator. Research on this topic has been carried and an algorithm that 

automatically tune the control gain of decentralised control units has been proposed to 

maximise their power absorbed making the controller self-tuneable [25, 26]. 

As shown in equation (37) and (38), setting to zero the derivative of    and    with respect of 

 , the quadratic equation     in the unknown   is obtained. The solution of the latter 

equation allows the analytical expression of      to be found and the solution of inequality 
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(13) gives an analytical expression for the maximum stable gain      which are not reported 

here for brevity. Due to the complexity of these expressions it has not been possible to 

guarantee that the solutions are real in the general case. However, to gain a better 

understanding of the physics behaviour of the system, simulation results are presented using 

the parameters summarised in Table 2.  

Figure 2 shows the power spectral density of the dimensionless velocity of the primary mass 

for     (solid line),        (dashed line) and        (dotted line). When no active 

control is implemented the spectrum is dominated by the resonance of the primary system. At 

about     the spectrum presents a small peak due to the resonance of the inertial actuator. 

When the control gain is increased the response of the primary system is reduced at 

resonance but it is also amplified at the resonance frequency of the inertial actuator. When the 

control gain approaches the stability limit the response of the system at the resonance 

frequency of the inertial actuator will tend to infinity as shown by the dotted line in Figure 2.  

Figure 3 shows the dimensionless kinetic energy of the primary system    (a) and the 

dimensionless power absorbed by the inertial actuator    (b). The graphs show that the kinetic 

energy decreases as the control gain is increased, reaching a minimum (red circle) before it 

starts to increases again when the control gain approaches the stability limit. The power 

absorbed increases when the control gain increases, it reaches a maximum (red circle) and it 

drops when the control gain approaches the stability limit. As demonstrated in the previous 

sections the minimum of the kinetic energy corresponds to the maximum of the power 

absorbed. 

Figure 4(a) and 4(b) show the maximum stable gain      and the reduction in the kinetic 

energy    as function of    and   respectively, as predicted by the theory. The plots show that 

for small values of  ,      gets larger and better reductions of the kinetic energy are 

obtained. In both plots the variation of    has marginal effect on the values of      and   . 

This confirms that the resonance of the inertial actuator has to be as low as possible compared 

to the resonance of the primary system to improve control stability. In the extreme case of   

equal to zero, the inertial mass of the actuator is grounded and the active force is generated 

reacting of a rigid structure, therefore the system is unconditionally stable (       ). 

Figure 5 shows the ratio between the optimal control gain      and maximum stable gain 

     as function of the    and  . The plot shows that the optimal gain approaches the 

maximum stable gain for low values of   and diverges from the maximum stable gain for 

values of   near 1. 



12 

 

7. CONCLUSIONS 

This paper has presented a theoretical study on the implementation of a velocity feedback 

control loop in order to reduce the response of a structure excited by a broadband white noise 

disturbance. The controller consists of an inertial actuator driven with a signal proportional to 

the velocity measured by an ideal sensor at the actuator footprint. 

In the first part of this study it is demonstrated that for a damped host structure, modelled as a 

single degree of freedom, the ratios of natural frequencies, the actuator mechanical damping 

and the control gain that maximise the power absorbed by the controller are the same as those 

that minimise the kinetic energy of the host structure. In fact it has been demonstrated that the 

simultaneous equations of the partial derivatives of the kinetic energy and the power 

absorbed are satisfied for the same values of the ratios of natural frequencies, the actuator 

mechanical damping and the control gain although their analytical expressions could not be 

found due to the complexity of these expressions. Therefore, the effect of maximising the 

absorbed power is equivalent to minimising the kinetic energy of the host structure. 

In the second part only the feedback control gain has been considered in the tuning process. 

In practical cases of active vibration control, the mechanical damping of the actuator and its 

natural frequency are chosen as a compromise of stability and performance. It is 

demonstrated that the maximum stable gain and optimal gain can be obtained analytically as 

solutions of two quadratic equations. 

This is an important finding that may provide a method of self-tuning such a controller. If the 

power dissipated by the controller could be measured and the disturbance was stationary, a 

tuning strategy might be used that is similar to that used for feedback controllers in references 

[25-26]. 

APPENDIX A 

 

Table A.1: Coefficients of equations (19), (27) and (33) 
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Table A.2: coefficients of equations (37) and (38) 
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FIGURES 

 

 

Figure 1: Scheme of the SDOF system with a velocity feedback loop using an inertial actuator 

 

 

Figure 2: power spectral density of the dimensionless velocity of the primary system for    ,        and 

       

 

 

Figure 3: (a) non-dimensional kinetic energy    (b) non-dimensional power absorbed    by the inertial actuator 

as function of  . The circular markers (o) indicate the minimum of   and maximum of     
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Figure 4: the maximum stable gain      in dB (left plot) and the optimal value of the non-dimensional kinetic 

energy    (right plot) as function of    and   

 

 

Figure 5: ratio between the optimal gain      and the maximum stable gain      as function of    and   

 

TABLES 

Table 1: Routh’s coefficients chart 
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Table 2: non-dimensional parameters used in the simulations 

Parameter Value 

Mass ratio       

Natural frequency ratio       

Damping ratio of the primary system         

Damping ratio of the inertial actuator        

 


