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In this paper, an Hamiltonian Structure-Preserving control is extended to stabilise in the sense
of Lyapunov an unstable distant prograde orbit in the Sun-(Earth-Moon) system restricted three-
body problem by means of solar radiation pressure. This orbit shows a saddle×center equilibrium
which becomes a stable×unstable foci in the farther side of the orbit with respect to the Earth-
Moon distance. The controller acceleration can be in part generated by the solar radiation pressure
where the magnitude of the acceleration can be controlled by a “morphing” deployable structure
i.e., reflective area-changing surface, and its orientation toward the Sun-line direction. It will
be shown that the proposed controller admits different sets of gains that guarantee the stability;
moreover, it is possible to analytically find the minimum set of gains to have Lyapunov stability,
which is a necessary but not sufficient condition. An algorithm is used to identify the stability
regions as a function of the gain sets. Finally, the feedback control law is described, where possible,
in terms of area-changing and its orientation angle time history to identify the structural drivers
in terms of projected area and its reflectivity properties required.

I INTRODUCTION

Shape-adaptive or “morphing” deployable struc-
tures have the potential of enabling orbit and at-
titude control strategies by effectively taking ad-
vantage of Solar Radiation Pressure (SRP). Con-
trol strategies based on the exploitation of orbit
perturbations allow a significant reduction in the
amount of required on-board propellant. Solar
radiation pressure is a function of the satellite
projected area and its orientation; thus, chang-
ing the former parameter could have a benefi-
cial impact on applications, such as attitude con-
trol and station-keeping. The first concept of
attitude stabilisation by means of SRP was pro-
posed in 1959 (1), and control strategies based on
SRP were successfully implemented by geosyn-
chronous satellites such as OTS, TELECOM 1

and INMARSAT 2. These satellites have an
asymmetrical offset of solar-array wings from the
nominal sun-pointing orientation, which gener-
ates “wind-mill” torques, and additional solar
flaps mounted on the solar-array increase their
effect. The traditional station-keeping approach,
instead, aims at cancelling out disturbance accel-
erations to maintain the desired orbit. This ef-
fect is meaningful in the restricted three-body
problem where a considerable ∆V is required
for station-keeping operation (i.e. 30-100 m/s
in L1/L2) (2).
This paper investigates the use of adaptive

structure feedback control for unstable Distant
Prograde Orbits (DPOs) in the Sun-(Earth-
Moon) system of the Restricted Three-Body
Problem with the SRP effect (RTBPs). A fam-
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ily of DPOs around the second primary (i.e.
Earth-Moon), originally identified by Hénon as
“g-family” (3), is selected. These orbits may
have a scientific application for studying plan-
etary moons such as Europa (in the Jupiter-
Europa system) (4). G-orbits are also attrac-
tive for Near Earth Objects (NEO) detection in
the Sun-(Earth-Moon) system (5) and for aster-
oid observation in the Sun-Asteroid system (6),
where SRP is the major non gravitational distur-
bance effect. Moreover, a multiple-DPOs trans-
fer was performed by Wind’s spacecraft (a Sun-
Monitoring mission by NASA) for orbital trans-
fer between L1 and L2; where, the spacecraft-
Earth distant reached 323-Earth Radii (7). G-
orbits are stable when close to the second pri-
mary and become unstable for increasing initial
displacement from the second primary. The ef-
fect of changing the projected area on orbit sta-
bility shows that unstable g-orbits become ellip-
tic and stable. Consequently, it is possible to
extend the stability to higher altitudes. Such
stable orbits show an anti-heliotropic behaviour,
which can be exploited for studying the Earth
magneto-tail (8).

In the framework of feedback control theory
for Lagrangian-periodic orbits (LPO) existing
techniques are the Floquet Modes (FM) and
the Linear Quadratic Regulator (LQR). The FM
control was applied to Halo orbits by Gómez et
al. (9) and to the station keeping at an equilib-
rium point by means of SRP by Farrés and Jorba
(10, 11). This control strategy verifies when the
natural trajectory is escaping along the unsta-
ble manifolds. Then, it determines the new sail
orientation for targeting the trajectory close to
the stable manifold of the nominal Halo orbit.
This is done by using the FM to track the space-
craft trajectory with respect to the stable and
unstable manifolds. However, the FM uses the
sail orientation as a control parameter by keep-
ing the sail area fixed (12), which is a parameter
that in this work we aim to change. The LQR
is an optimal control where the control law is
proportional to the state error. It minimises the
state error and the feedback control history (13).
The LQR was applied for high-amplitude vertical
Lyapunov, where the control vector is a function

of the sail orientation and its area-changing (12).
In both these control strategies, the information
of linearised dynamics are used.
In this paper, a Hamiltonian Structure-

Preserving (HSP) feedback control is used to
maintain the trajectory close to the unstable
DPOs. This control aims to stabilise a Peri-
odic Orbit (PO) in the sense of Lyapunov (sim-
ple stability) (14), and it preserves the natural
Hamiltonian dynamics of the RTBP. This con-
troller was first proposed by Scheeres et. al. for
satellites in formation flight along an Halo orbit
(15). Since the expenditure of fuel is limited, the
required control can be obtained through low-
thrust propulsion (15). Later, Xu et al. ex-
tended this controller to a Lissajous orbit us-
ing solar sail technology (16). In both applica-
tions, the controller works by projecting the posi-
tion error with respect to the target orbit along
the stable and unstable manifolds and it aims
to create an artificial center manifold that re-
moves the instabilities by keeping the spacecraft
trajectory close to its reference unstable g-orbit.
Scheeres and Xu designed an HSP control law
for a saddle×center equilibrium. However, more
generally the eigenvalues are complex and conju-
gate in pair (stable×unstable focuses). The aim
of this paper is to extend the HSP controller to
unstable g-orbits where stable×unstable focuses
occur in the farther side of the orbit.

II DYNAMICS OF THE RTBPS

The spacecraft dynamics is described by the Re-
stricted Three-Body Problem (RTBP) where the
spacecraft mass is considered to be infinitesimal
compared with the Sun-(Earth-Moon) masses,
so its motion is influenced by the gravitational
effect of the two primaries. The Sun and the
Earth-Moon are considered spherically symmet-
ric, so they behave as point masses and their
motion is assumed to be on the ecliptic plane
around their centre of mass with a circular or-
bit (Circular Restricted Three-Body Problem,
CRTBP). When the Solar Radiation Pressure
(SRP) is added to the dynamics, it has the ef-
fect of being an additional repulsive force, with
respect to the Sun gravitational force, on the sys-
tem (RTBPs/CRTBPs) (17, 18).
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II.I In plane equation of motions

The equations of motion of the Planar Circular
RTBPs (PCRTBPs) in Lagrangian dimension-
less coordinates are:




ẍ = 2ẏ + x− (1−µ)(x−x1)
r3
1p

− µ(x−x2)
r3
2p

+ asx

ÿ = −2ẋ+ y − (1−µ)
r3
1p

y − µ

r3
2p

y + asy

[1]
where, r1p and r2p are the distances of the space-
craft from the two primaries, defined as:

r1p =
√

(x− x1)2 + y2 [2]

r2p =
√

(x− x2)2 + y2 [3]

and x1 and x2 are the positions of the two pri-
maries in the rotating frame, x1 = −µ2 = −µ,
x2 = µ1 = 1 − µ and µ is the gravitational con-
stant of the system. In Eq. [1], asx and asy are
the components along x- and y-axis of the SRP
acceleration ~as:

~as = −β
µ1

r21p
(n̂ • r̂1p)2 n̂ [4]

In Eq. [4], the normal of the perfect reflective
surface is defined as in Eq. [5] and Fig. 1:

n̂ =

{
cos(δ +Ψ)
sin(δ +Ψ)

}
[5]

In Eq. [4], (n̂ • r̂1p) is the cosine of the surface
orientation angle (cosδ). When δ is zero, the
surface is perpendicular to the Sun-line direction,
so n̂ = r̂1p, and Eq. [4] turns into Eq. [6]:

~as = −β
µ1

r31p
~r1p [6]

This is a special case, where the system is still
conservative since the SRP acceleration acts as
a radial force (even if it is a non-gravitational
term), that can be included in the potential
expression of the generalised system of forces.
When δ 6= 0, the SRP has a dissipative effect on
the system and it is no longer possible to write
it as a potential. Indeed, when the lightness pa-
rameter β, which is a function of the area-to-
mass ratio, increases the SRP counteracts the
gravitational force of the Sun, so it behaves like
an equivalent RTBP with one smaller attractor
(M1, a “lighter” Sun).

Figure 1: Rotating system in Lagrangian coor-
dinates.

II.II Effect of SRP on the orbit stability

The effect of changing the area-to-mass ratio on
the family-g orbit in term of β is shown in Fig.
2, where a branch of the family was computed
by numerical continuation in β after correcting
the solution with a Differential Correction Algo-
rithm (18). The generating orbit of this family
was selected from one of the initial conditions
by Hénon (3), and was then corrected to guar-
antee the symmetry along the y-axis. The blue
trajectory shown in Fig. 2 is the reference orbit;
this one exists in the RTBP (without SRP) and
its initial conditions are defined in Tab. 1. By
changing the projected area the unstable g-orbits
in Fig. 3 become elliptic and stable (brown line),
(see also the Poincaré map in Fig. 4). Conse-
quently it is possible to extend the stability to
higher altitudes where this stable orbit shows an
anti-heliotropic behaviour (19). Moreover, Fig.
2 shows that a transfer within the g-family or-
bits is possible by changing the β parameter.
This could be an attractive propellantless trans-
fer strategy as transfer among a family of DPOs
can be accomplished without Lunar Flybys (as
for the Wind mission (7)).

xc0 yc0 ẋc0 ẏc0
1.0090756070964 0 0 0.006078850302

Table 1: Corrected solution for g-orbit T/2 =
1.53655459469139 (blue trajectory in Fig. 2)
from (3).
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Figure 2: Family-g PO evolution for 0 < β <
0.005.
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Figure 3: Instability after one period for 0 < β <
0.005.

Figure 4: Poincaré map for 0 < β < 0.005.

III HAMILTONIAN STRUCTURE-
PRESERVING (HSP) CONTROL

The Hamiltonian Structure-Preserving (HSP)
control uses the eigenstructure of the linearised
equations of motion to design the control law
(15). As shown by Scheeres, this controller aims
to remove both the stable and unstable manifolds
by projecting the state position error (between
the current and the target orbit) along their di-
rections. This creates an artificial center mani-
fold that keeps the trajectory close to the target
orbit where the poles of the linearised dynam-
ics are placed along the imaginary axis. This
creates a local stability that impacts onto the
PO stability by affecting the eigenvalues of the
monodromy matrix (M ) which is the state tran-
sitional matrix of the system evaluated after one
orbital period (Φ(t = T )). For the Lyapunov
stability, the controller should place the eigen-
values of M on the unitary circle of the complex
plane (20). Thanks to the effect of the control,
the matrix M is still sympletic since the two
pairs of eigenvectors are still the inverse of each
other, but the existence of a Jacoby integral is
no longer guaranteed since it removes two real
solutions equal to one; moreover, the fact that
this matrix is symplectic guarantees also that
the system is still autonomous and Hamiltonian
(15). The HSP controller was first formulated by
Scheeres to control a Halo orbit and it was then
modified by Xu to control a Lissajous orbit (16).
Scheeres demonstrated that the study of local
stability is connected to the PO stability; indeed,
for the linearised equations, solving the eigen-
values of the Df(t), where δẋ(t) = Df(t)δx(t)
is the linearised dynamics, is an approximation
of solving the eigenvalues problem of the state
transition matrix Φ(t). An important remark is
that not all the gain sets can stabilise the orbit,
so the local stability is not a necessary condi-
tion of the PO stability due to resonances ef-
fects (15). The HSP designed by previous au-
thors can control a trajectory where the planar
equilibria is hyperbolic×center. The purpose of
this work is to design a HSP controller to extend
the stability to unstable g-family orbits where
stable×unstable focuses can occur.
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III.I Linearised dynamics

The linearised Lagrangian dynamics equations
around the vicinity of the fixed point (m2, Earth-
Moon) are:

d

dt

[
δr
δṙ

]
=

[
0 I

Vrr 2ωJ

] [
δr
δṙ

]
[7]

where in Eq. [7] J is:

J =

[
0 1
−1 0

]
[8]

The Jacobian matrix, Df(t) is defined as:

Df(t) =




0 0 1 0
0 0 0 1
Vxx Vxy 0 2ω
Vyx Vyy −2ω 0


 [9]

In Eq. [7], Vrr is the Jacobian matrix of the po-
tential acceleration, 2ωJ is the term associated
to the Coriolis acceleration, where ω = 1, δr and
δṙ are respectively the state position and veloc-
ity errors. In Eq.[7], the expressions of Vxx, Vyy

and Vxy are:

Vxx = ω2 − µ1

r3
1p

[1−(3(x−x1))2]
r2
1p

− µ2

r3
2p

[1−(3(x−x2))2]
r2
2p

[10]

Vyy = ω2 − µ1

r3
1p

[1−(3y)2]
r2
1p

− µ2

r3
2p

[1−(3y)2]
r2
2p

[11]

Vxy = 3µ1(x−x1)y
r5
1p

+ 3µ2(x−x2)y
r5
2p

[12]

III.II Lyapunov stability

The eigenvalues of the linearised dynamics are
the solutions of the characteristic equations
D(λ) = |Df − λI| = 0, where the characteristic
polynomial is:

Λ2 + bΛ+ c = 0 [13]

In Eq. [13], b, c and ∆ are defined as:





b = 4ω2 − Vxx − Vyy

c = VxxVyy − V 2
xy

∆ = b2 − 4c

[14]

The solutions of Eq. [13] are:

Λ1 = λ2
1,2 =

−b+
√
∆

2
[15]

Λ2 = λ2
3,4 =

−b−
√
∆

2
[16]

The eigenvector of a generic eigenvalues λk is:

x̂k =





1
uk
λk

λk ·uk





[17]

In Eq. [17], uk is defined as:

uk =
λ2
k − Vxx

Vxy + 2ωλk

[18]

The HSP aims to project the state position error
along the eigenvectors directions. From a vecto-
rial point of view, it is like to define a projection
tensor as uku

T
k (15). The unitary vector uk is

defined from the positional components of x̂k in
Eq. [17], and the expression of uk is :

uk =
1√

1 + ukūk

[
1
uk

]
[19]

In Eq. [19], ukūk is the product of uk and its
conjugate. For the selected g-orbit, it is possi-
ble to identify two cases where the eigenvalues
are couples of real and pure imaginary numbers
(saddle×center equilibria, i.e. the black line in
Fig. 5, when b < 0, ∆ > 0 and c < 0), or
where the eigenvalues are a couples of complex
numbers and conjugate pairs (stable×unstable
focuses, i.e. the red line in Fig. 5, when b < 0,
∆ < 0 and c < 0). The effect of the controller
Tc affects the linearised dynamics where Df(t)
turns into Dfc(t):

Df c =

[
0 I

Ṽrr 2ωJ

]
[20]

The effect of the controller affects Vrr, where
Ṽrr is:

Ṽrr = Vrr + T [21]

The condition of simple Lyapunov stability can
be derived from (15):





b̃ = 4ω2 − Ṽxx − Ṽyy > 0

c̃ = ṼxxṼyy − Ṽ 2
xy > 0

∆̃ = b̃2 − 4c̃ > 0

[22]
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Figure 5: Eigenvalues along the g-orbit.

III.III Design of the controller for foci

Since for a g-orbit the eigenvalues are not always
real and purely imaginary like in Scheeres’s and
Xu’s cases, a general definition of the eigenvalue
λk as a complex number is:

λk = σk + γk · i [23]

where, σk = Re(λk) and γk = Im(λk) and i
is the complex unit. The component uk of the
eigenvector for λk is:

uk =
(σk + γk · i)2 − Vxx

Vxy + 2ω(σk + γk · i)
[24]

Eq. [24] turns into Eq. [25]:

uk =
(σ2

k − γ2k − Vxx) + (2σkγk) · i
(Vxy + 2ωσk) + (2ωγk) · i

[25]

In Eq. [25], it is possible to define Ak = σ2
k −

γ2k − Vxx, Bk = 2σkγk, Ck = Vxy + 2ωσk and
Dk = 2ωγk, so the expression of uk is now:

uk =
Ak +Bk · i
Ck +Dk · i

[26]

Where uk can be divided in its real (urk) and
imaginary (uik) components as:

uk = urk + uik · i [27]

and their expressions are respectively:

urk =
AkCk +BkDk

C2
k +D2

k

[28]

uik =
BkCk −AkDk

C2
k +D2

k

[29]

From the definition of the projection tensor, the
general formulation of uk in Eq. 19 turns into:

uk =
1√

1 + u2rk + u2ik

[
1
urk + uik · i

]
[30]

Due to complex and conjugate nature of the
eigenvalues, uk is now a complex eigenvector.
To solve the problem of complex eigenvectors,
the HSP controller presented here is designed by
projecting the state position error along the real
and the imaginary stable and unstable directions
of the eigenvectors (uk). The imaginary parts are
related to the periodicity of the orbit and the real
parts are connected to the stability/instability
direction. When the eigenvalues are related to
a saddle×center equilibria (black line in Fig. 5),
then this controller falls into the case proposed
by Scheeres and Xu for the saddle equilibrium
(15, 16). On the other hand, when the solution
is complex and conjugate (red line in Fig. 5)
additional parts to the controller are added to
stabilise the orbit. For the design of the con-
troller Tc, it is necessary to define the new vec-
tors of the projection tensor as: urk = Re(uk)
and uik = Im(uk). Finally, the controller Tc is
designed by weighting the projected state posi-
tion error with its correspondent real or imagi-
nary part of the eigenvalues, Tc = T δr.

T = −σ2
1[G1ur1u

T
r1
+G2ur2u

T
r2
]− γ21G3[ui1u

T
i1

+ui2u
T
i2
]− σ2

3 [G4ur3u
T
r3
+G5ur4u

T
r4
]

−γ23G6[ui3u
T
i3
+ ui4u

T
i4
]

[31]
where, G1, G1, G2, G3, G4, G5 and G6 are the
controller gains. When, the saddle×center equi-
librium occurs, γ1 and σ3 are zero and the con-
troller in Eq. [31] turns into the controller de-
signed by Scheeres and Xu for the saddle equi-
librium (15, 16). In particular, when G1 = G2

and G6 = 0 this controller is the one designed by
Scheeres (15). Instead, when G1 6= G2 6= G6 6= 0
this controller is part of the one designed by Xu
for the saddle equilibrium (16). The controller
proposed here can treat both the saddle×center
equilibria, and the stable×unstable foci. In-
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deed, this controller can have additional gains
of G3 6= G4 6= G5 6= 0.

IV GAIN SELECTION

From the Lyapunov stability condition in Eq.
[22], it is possible to analytically identify the
minimum set of gains that should be used for the
stability. However, this is a necessary but not
sufficient condition for the local stability. The
expressions of b̃, ∆̃ and c̃ should be written as
a function of the gains set, so the expressions of
Ṽxx, Ṽyy and Ṽxy are also needed. The compo-
nents of the potential Jacobian matrix are:

Ṽxx = Vxx − σ2
1

[
G1

1+u2
r1

+u2

i1

+ G2

1+u2
r2

+u2

i2

]

−σ2
3

[
G4

1+u2
r3

+u2

i3

+ G5

1+u2
r4

+u2

i4

]
− γ21

[
G3

1+u2
r1

+u2

i1

]

−γ21

[
G3

1+u2
r2

+u2

i2

]
− γ23

[
G6

1+u2
r3

+u2

i3

+ G6

1+u2
r4

+u2

i4

]

[32]

Ṽyy = Vyy − σ2
1

[
G1u

2
r1

1+u2
r1

+u2

i1

+
G2u

2
r2

1+u2
r2

+u2

i2

]

−σ2
3

[
G4u

2
r3

1+u2
r3

+u2

i3

+
G5u

2
r4

1+u2
r4

+u2

i4

]
− γ21

[
G3u

2

i1

1+u2
r1

+u2

i1

]

−γ21

[
G3u

2

i2

1+u2
r2

+u2

i2

]
− γ23

[
G6u

2

i3

1+u2
r3

+u2

i3

+
G6u

2

i4

1+u2
r4

+u2

i4

]

[33]

Ṽxy = Vxy − σ2
1

[
G1ur1

1+u2
r1

+u2

i1

+
G2ur2

1+u2
r2

+u2

i2

]

−σ2
3

[
G4ur3

1+u2
r3

+u2

i3

+
G5ur4

1+u2
r4

+u2

i4

]
− γ21

[
G3ui1

1+u2
r1

+u2

i1

]

−γ21

[
G3ui2

1+u2
r2

+u2

i2

]
− γ23

[
G6ui3

1+u2
r3

+u2

i3

+
G6ui4

1+u2
r4

+u2

i4

]

[34]

Now, it is possible to define the expression of
b̃ as:

b̃ = b+ σ2
1

[
G1(1+u2

r1
)

1+u2
r1

+u2

i1

+
G2(1+u2

r2
)

1+u2
r2

+u2

i2

]

+σ2
3

[
G4(1+u2

r3
)

1+u2
r3

+u2

i3

+
G5(1+u2

r4
)

1+u2
r4

+u2

i4

]
+ γ21

[
G3(1+u2

i1
)

1+u2
r1

+u2

i1

]

+γ21

[
G3(1+u2

i2
)

1+u2
r2

+u2

i2

]
+ γ23

[
G6(1+u2

i3
)

1+u2
r3

+u2

i3

+
G6(1+u2

i4
)

1+u2
r4

+u2

i4

]

[35]
Since b < 0 and b̃ must be > 0, it is important
to study the sign of the terms associated to the
controller. In Eq. (35), σ2

k, γ
2
k and (1+u2ik)/(1+

u2rk+u2ik) are all positive terms. This means that
for the first condition in Eq. (22), Gn should be

positive and big enough to keep b̃ > 0, where n
is the gain index and can vary from 1 to 6. The
definition of ∆̃ is

∆̃ = 8ω2b̃+ (Ṽxx − Ṽyy)
2 + 4Ṽ 2

xy [36]

Since (Ṽxx − Ṽyy)
2 and Ṽ 2

xy are positive terms,

the condition ∆̃ > 0 is satisfied by b̃ > 0. On the
other hand, the definition of c̃ is:

c̃ = c+G2
3

[
γ4

1
(ui1

−ui2
)2

(1+u2

i1
+u2

r1
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)

]
+G2

6
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)
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)

]
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]
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)
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3
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)

]
+G2G4
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+u2

r2
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+u2
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[
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1
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3
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)2
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[
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3
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+u2

r3
)

· σ2

3
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)
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+u2

r4
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]
+Kn

[37]
In Eq. [37], c is negative, all terms in the brack-
ets are positive and the expression of all the neg-
ative terms are collected in term Kn. For the
Lyapunov stability c̃ must be positive, so the
controller should have all Gn large enough to en-
sure stability. Moreover, this expression shows
that G1, G2 and G6 must not be zero at the same
time because when the solution corresponds to a
saddle×center equilibria (black line in Fig. 5) c̃
would stay uncontrolled since γ1 = σ3 = 0. In
conclusion, a correct control set should have at
least G1 and G2 or G6. Moreover, Scheeres al-
ready demonstrated that due to the sympletic
nature of the monodromy matrix, it is not possi-
ble to remove only the unstable manifold for the
Lyapunov stability so G1 and G2 or G4 and G5

should be present in the controller at the same
time.

V HSP CONTROL OF G-ORBIT

An unstable g-orbit was selected for the control,
where its initial conditions are shown in Tab.
1. This orbit reaches its maximum distance of
330.82-Earth Radii and a minimum distance of
79.96-Earth Radii (x -crossing) and it has an or-
bital period T of around 242.4 days. This orbit
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stays naturally stable until 824.1 days (∼ 2.26
years). A typical mission at Lagrangian-Point
Orbits (LPOs) (i.e. Halo orbit) has a nominal
duration of 3 years as for Herschel and Wind
missions or 5-10 years as for planned missions
such as Gaia and the James Webb Space Tele-
scope (JWSP) with the possibility of extending
the nominal mission lifetime. In Fig. 6 the nat-
ural trajectory of the orbit is shown, where the
orbit evolution was computed until 5T (∼ 3.3
years). It can be seen from Fig. 6, that the orbit
is unstable.

Figure 6: Natural trajectory evolution of g-orbit
after 5T.

V.I Control Gains

A grid search method was used to investigate
all possible stable gains sets with the format
G1 = G2 and G4 = G5. The gains were var-
ied from zero up to 25 with a unitary step. As
previously mentioned, the study of local stabil-
ity is connected to the PO stability though the
linearisation of the dynamic equations. The lo-
cal stability is related to the eigenvalues of the
linearised dynamics where the condition of Lya-
punov stability was shown in Eq. 22. On the
other hand, the global or PO stability studies
the eigenvalues of the monodromy matrix (M)
where the condition of stability is:

|eig(M )| − 1 < ǫ [38]

In Eq. 38, ǫ is the threshold on the error on
the eigenvalues. The condition of PO stability
is to keep these eigenvalues on the unitary circle

of the complex plane (artificial center manifold).
However, the condition of local stability (Eq. 22)
is a necessary but not sufficient condition for the
global stability (Eq. 38), so three regions of sta-
bility can be identified in Fig. 7-9 and in Fig. 10-
12: the resonance region (magenta dots in Fig. 7
and Fig. 10-12), where the local stability is guar-
anteed but not the global stability, a short-term
stable region where the global stability is guar-
anteed by removing the focuses with an artificial
saddle×center equilibria (no local stability, black
dots in Fig. 9 and Fig. 10-12) and a long-term
stable region, where both the local and global
stability are guaranteed (red colourbar scale in
Fig. 10-12). Due to numerical reasons, the num-
bers of stable gains set is sensitive to the norm
error accuracy of the monodromy matrix eigen-
values. In Fig. 7, a 3D view of the resonant
solutions is shown where the eigenvalues norm
error (ǫ) of 0.1 was used. This error was kept
big enough to appreciate the resonance effect.
An example of resonant solution is shown in Fig.

Figure 7: Resonances region with eigenvalues
norm error of 0.1.

8, where a gain set of: G1 = G2 = 23, G3 = 0,
G4 = G5 = 25 and G6 = 25 was used. For this
solution, the maximum eigenvalues norm error
is about 5.6716. When comparing the effect of
the resonant controller with the uncontrolled g-
orbit in Fig. 6, the resonant solution constrains
the spacecraft’s trajectory to oscillate along its
target orbit. A 3D view of the short-term stable
solutions with ǫ = 1.7e − 13 is shown in Fig. 9
where the local stability condition is not satisfied
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Figure 8: Evolution of a resonant g-orbit after
5T.

Eq. 22 while the global stability condition Eq.
38 is guaranteed. These solutions guarantee a
longer stability compared with the uncontrolled
solutions in Fig. 6; however, due to the unstable
manifold, the stability can not be guaranteed for
several orbital periods. For the long-term stabil-

Figure 9: Local instabilities with a PO stabilities
region with eigenvalues an norm error of 1.7e-13.

ity, both the local and global conditions are satis-
fied in Fig. 10-12 where the red gradient colour-
bar represents the magnitude of G3. In Fig. 10-
12, twenty long-term stable solutions were found
with ǫ = 1.7e−13 (red scale colourbar) where the
magenta and black dots are respectively the 2D
views of the resonant and the short-term stabil-
ity regions. In Fig. 13, we used a lower accuracy
of the monodromy matrix eigenvalues with an ǫ
of 1e−12. In this case, all the solutions with dif-

Figure 10: Stability regions: G1 = G2 vs G6.

Figure 11: Stability regions: G4 = G5 vs G6.

Figure 12: Stability regions: G1 = G2 vs G4.

ferent G3 values are shown on the same picture
where the colourbar shows the magnitude of the
maximum eigenvalue norm.
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Figure 13: The maximum eigenvalue of M as a
function of stable gains when ǫ = 1e− 12.

V.II Stabilised g-orbit

When, ǫ is 1e − 14 only one stable solution was
found that satisfies the stability with a gains set
of: Gn = [10, 10, 14, 15, 15, 24]. The controller
acceleration time history is shown in Fig. 14,
where its order of magnitude is O(1e−9) kms−2.
In Fig. 15-16, acx and acy are respectively the

Figure 14: Time history of ac after one period.

control acceleration along the x- and y-axis of
the rotating frame. To perform the control with
SRP, the acceleration has to be direct along
the normal of the reflectivity surface, so acx
should be positive (repulsive acceleration) and
acy can be positive or negative, and ac should
satisfy the SRP constrains in term of β and
δ. Where, β must be between 0 and 1, and
δ must be between ±90 ◦. As it is shown in
Fig. 15, the acceleration acx assumes positive

Figure 15: Time history of acx after one period.

Figure 16: Time history of acy after one period.

and negative values due to the unconstrained
nature of the controller. This may suggest to
use a hybrid system where the station-keeping
is done by SRP and low-thrust manoeuvres. By
approximating the control acceleration ac with
the first order Taylor series expansion in δ and
β of the solar radiation pressure acceleration
as, it is possible to find the time history of β,
δ, β̇ and δ̇. As it is shown in Fig. 14-16, the
controller acceleration is smooth for the most
of the time and it has peaks when crossing
the x-axis (higher spacecraft velocities), and
consequently β, δ, β̇ and δ̇ show these peaks as
well. However, this is not evident for δ and δ̇
where the reflective surface normal angle was
constrained within ±180 ◦. When δ = ±90 ◦,
the reflective surface is parallel to the Sun-line
direction and |ac| is zero, and when δ = 0 ◦,
the reflective surface is perpendicular to the
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Figure 17: Time history of β over one period.

Sun-line direction and the SRP acceleration has
its maximum magnitude (|ac|) for the specific
β. If δ is out of ±90 ◦, it can’t be used only
SRP since the surface is reflective along the side
toward the Sun. As previously state, this is due
to the unconstrained strategy of the controller,
so it should be possible to improve the controller
by including constrains on δ and β or by using
an hybrid solution. The area-to-mass ratio
(Fig. 18) can be derived from the definition
of the lightness parameter: β = σ∗/σ, where
σ∗ is a constant (1.53 gm−2 from (21)) which
depends on the Sun luminosity, and σ is the
mass-to-area ratio. The results in Fig. 14-18

Figure 18: Time history of the Area-to-Mass ra-
tio after one period.

show that the area-to-mass ratio is low for most
of the time and it becomes high when crossing
the x-axis that, depending on the spacecraft

mass, it may leads to unfeasible solutions for
solar sail technology. However, there are some
aspects that should be investigated regarding
the structural design. First, the controller
acceleration peaks depend on the nature of
g-orbit which has a high speed (1.153 kms−1)
close to the x-axis crossing and low speeds
(0.1034 kms−1) around the farther side of the
orbit. This may also suggests a modification
to the controller to control the error velocity
of the spacecraft. Moreover, the expression
of β, δ, β̇ and δ̇ were approximated to a first
order solution which may add some errors due
to the low precision in the approximation. For
this solution, the dynamics was integrated for
twenty orbital periods (∼ 13.28 years) to verify
the robustness of the controller. In Fig. 19,
the Poincaré map shows the spacecraft position
and velocity along the x-axis when crossing
the Y = 0 plane. As shown in Fig. 19, the
trajectory stays stable for twenty periods, where
the red dot is the spacecraft initial condition
and the blue dots are the spacecraft solutions
at each crossing. The corresponding control
acceleration is shown in Fig. 20. This gain set

Figure 19: Poincaré Map of the controlled un-
stable g-orbit after ∼ 13.28 years.

was found with a grid search method, we aim
to refine the solution by local optimisation. An
interior-point algorithm was used to minimise
the gains where the gains upper and lower
bounds were set to be as 0 and 25 respectively.
Moreover, b̃, c̃, ∆̃ and the eigenvalues norm
of the monodromy matrix were constrained to
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Figure 20: Control acceleration time history af-
ter ∼ 13.28 years.

be > 0 by the Lyapunov stability conditions.
This was done for one orbital period by com-
paring the results with the previous solutions.
The optimum gains were found to be: Gc

n =
[9.9045, 9.9142, 13.8780, 14.9084, 14.9138, 23.8670],
and the maximum variation of β, β̇ and δ̇ are
shown in Tab. 2. From Tab. 2, the local
optimisation shows that by minimising the gain
set we do not minimise β; i.e. the changing
area. Indeed, a local optimisation should be
performed to minimise β or the area-to-mass
ratio instead of the gain set; however, a good
estimation of the former parameter is required.

Sol βm |β̇m| |δ̇m|
[s−1] [◦s−1]

Gn 0.00185 0.07725 3.138
Gc

n 0.00194 0.00194 3.1411

Table 2: Comparison of the grid search solution
and the local optimisation with ǫ = 1e− 14.

V.III Long term stability

To study the long term stability, the dynam-
ics was integrated over 15 orbital periods (∼ 10
years) for each stable solution when ǫ is set to
be 1.7e − 13 (red dots in Fig. 10-12 and Tab.
4). In Fig. 21-22, the colourbar represents the
twenty Gn sets listed in Tab. 4. In Fig. 21 the
eigenvalues of the monodromy matrix after each
orbital period for all the gain sets are shown.
For the PO stability, the eigenvalues should lie

on the unit circle of the complex plane. This con-
dition does not assure non-linear stability; how-
ever, any instabilities will not grow exponentially
in time (15). As shown in Fig. 21, when the Gn

set is less than 5 after 15T the instabilities start
to grow and the eigenvalues lies inside the unit
circle (blue circles). The Poincaré section in Fig.
22 shows that the Gn sets from 6 to 10 stay close
to the unstable g-orbit initial condition (black
dot), so we expect that these solutions will be-
come unstable later in time compared with the
other solutions. Indeed, the Gn set lower than
5 (blue dots) or close to 16 (red dots) have a
bigger error in the x-axis velocity that increases
after each orbital period, so these solutions will
become unstable before the others. As shown in
Fig. 22, the controller presented here is a posi-
tional control which aims to minimise the space-
craft position error; therefore, it limits the ex-
ponential grow of the instabilities thanks to an
artificial center manifold. However, during the
trajectory time evolution the error in the space-
craft x-axis velocity will grow as a polynomial
in time (15). The rate of the x-axis error veloc-
ity growth depends on the set of gain solutions
(Tab. 4).

Figure 21: Eigenvalues of the monodromy matrix
on the unit circle in the complex plane after 15T.

VI STRUCTURAL DRIVERS

In Fig. 23, the area-to-mass ratios of current
and future LPO ESA missions are shown. The
wet spacecraft masses at launch and β in Fig. 17
were used to derive the area-changing time his-
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Figure 22: Poncaré section of solutions in Tab.
4 after 15T.

tory in Fig. 24. For these masses of the selected
satellites, the area required is low from 10 to 110
days where the maximum area can possibly be
performed by “morphing” the spacecraft deploy-
able structure for example with an additional
flap or for future missions, it should be achieved
by a solar sail where the sail span required for a
squared sail is between 8.6 m and 13.96 m. How-
ever, for some satellites as JWST the sail tech-
nology becomes unfeasible at the control peaks,
where for solar sail applications the maximum
sail span should be between 15.51 m and 88.63 m.
In these situation, a combination of the “morph-
ing” structure control with low-trust propulsion
at the controller peaks should be investigated.
The surface orientation angles (δ) trend gives the
Attitude Determination and Control (ADCS) ac-
tuator requirements. In Tab. 2, the maximum δ̇
variation is of 3.138 ◦s−1, which corresponds to
0.523 rpm. This could be achieved using reaction
wheels depending on the rotational inertia of the
satellite, where a typical performance range of
reaction and momentum wheels is between 1200
to 5000 rpm from (22). In Tab. 3, twenty stable
gain set solutions were found for ǫ = 1.7e − 13
which are the same solutions shown in Fig. 10-12
(red dots). In Tab. 4, the maximum variation of
β, β̇ and δ̇ are shown, where the Gn set solution
10 is the best within these twenty stable cases
since it minimises β and its variations; however,
the variation of δ seems not to be sensitive to the
gains set. This is also proof that the high accu-

Figure 23: Area-to-mass ratio of ESA LPO mis-
sions.

Figure 24: Time history of the area-changing af-
ter one period for the ESA LPO missions.

racy of the norm error with an ǫ of 1e−14 is not
a good criteria when looking at the β optimum
that minimises the area-changing, Tab. 2.

VII CONCLUSIONS

This paper investigates the dynamics of a space-
craft under the effect of solar radiation pres-
sure, where the area-changing leads to a natural
transfer within the family of the unstable Dis-
tant Prograde Orbits (DPOs). Then, a modified
Hamiltonian Structure-Preserving (HSP) control
is proposed here to remove the stable×unstable
foci of g-orbit with an artificial center manifold.
This controller uses six design variables identified
by a grid search algorithm. The accuracy in the
eigenvalues of the monodromy matrix norm er-
rors determines three regions of stabilities where
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resonant solutions were identified. When a high
accuracy is used, only one stable gain set satis-
fies the dynamics and it shows the robustness of
the controller after several orbital periods. The
magnitude of the controller acceleration suggests
that a combined strategy with solar sail technol-
ogy and low thrust manoeuvres should be inves-
tigated when the peaks of the controller makes
the sail technology unfeasible. As a future work,
the control law should be passed to the dynamics
throughout β and δ time histories and their im-
pact onto the dynamics should be investigated.
Indeed, when changing the former parameters
a transfer within the DPOs family can occur.
Moreover, a better estimation of β and δ should
be done by extending the Taylor series to higher
orders, and then the local optimum algorithm
should minimise β or the area-to-mass ratio. Fi-
nally, different concept solutions will be investi-
gated using existing on-board deployable satel-
lite structures. Possible solutions for effectively
changing the projected area include: solar panel

Gn Set G1 = G2 G3 G4 = G5 G6

1 17 0 7 7
2 14 0 21 11
3 11 0 23 25
4 16 0 24 9
5 23 2 9 6
6 7 2 23 12
7 7 2 25 12
8 21 3 4 20
9 25 3 8 4
10 9 3 19 6
11 25 5 12 23
12 25 5 15 24
13 24 5 18 2
14 24 8 7 3
15 24 8 15 0
16 13 9 12 23
17 23 9 19 3
18 9 11 18 24
19 10 14 15 24
20 22 19 9 7

Table 3: Stable gains set solution for ǫ = 1.7e −
13.

flaps, membrane mirror surface control, reflective
control devices and attitude strategies of sun-
shield surfaces. The exploitation of these struc-
tures could potentially be extended to other mis-
sion application.
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Gn Set βm |β̇m| |δ̇m|
[s−1] [◦s−1]

1 0.00414 0.38273 3.1352
2 0.00306 0.13870 3.1398
3 0.00211 0.07277 3.1301
4 0.00476 0.23232 3.1373
5 0.00452 0.40258 3.1388
6 0.00160 0.10131 3.1366
7 0.00150 0.08909 3.1378
8 0.00223 0.18974 3.1415
9 0.00427 0.33975 3.1346
10 0.00092 0.04568 3.1404
11 0.00368 0.42761 3.1411
12 0.00372 0.39050 3.1415
13 0.00386 0.33761 3.1309
14 0.00515 0.50981 3.1379
15 0.00374 0.36188 3.1300
16 0.00163 0.11538 3.1280
17 0.00512 0.63043 3.1415
18 0.00192 0.09216 3.1411
19 0.00184 0.07724 3.1383
20 0.00930 0.79841 3.1415

Table 4: Maximum variations of β, β̇ and δ̇ dur-
ing one orbital period.
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