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1. Introduction

The topology of simply-connected four-manifolds is a subject of widespread and en-
during interest. They have been classified up to homotopy type by Milnor [19] and up to
homeomorphism type by Freedman [13]. Their classification up to diffeomorphism type
is one of the great unsolved questions in modern mathematics, with significant advances
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achieved by Donaldson [9] and Seiberg and Witten [28]. They have also been studied in
view of their connections to other areas of mathematics, such as knot theory [12] and
symplectic geometry [23].

The homotopy theory of simply-connected four-manifolds has continued to attract
considerable attention since Milnor’s classification. For example, given simply-connected
four-manifolds M and N, Cochran and Habegger [6] calculated the group of self-
homotopy equivalences of M; Zhao, Gao and Su [29] calculated the homotopy classes of
maps [M, N]; and Baues [4] has written a monograph entirely devoted to investigating
the homotopy theory of M, N and the maps between them.

In another direction, Wall [27] initiated the study of (n—1)-connected 2n-dimensional
manifolds as a generalization of simply-connected four-manifolds. Such manifolds have
received considerable recent attention as certain families of them arise as intersections
of quadrics in geometric topology and moment-angle manifolds in toric topology [5,14].
Another variation is connected sums of products of two spheres, which generalizes the
sub-collection of simply-connected four-manifolds that are connected sums of S? x S2.
Such connected sums appear in the classification by McGavran [18] of n-torus actions
on closed, compact, simply-connected (n + 2)-manifolds, and they also appear as inter-
sections of quadrics and moment-angle manifolds [5,14].

In this paper we study simply-connected four-manifolds and their generalizations from
a new perspective. Let M be a simply-connected manifold. Let {2M be the space of
continuous basepoint preserving maps from the circle to M, called the (based) loop space
of M. When M is a simply-connected four-manifold, an (n — 1)-connected 2n-manifold,
or a connected sum of products of two spheres, we aim to give an explicit, integral
homotopy decomposition of 2M as a product of simpler factors.

Decomposing the loops on large classes of manifolds has long been thought to be
too hard to do. However, the methods used in the paper are relatively accessible and
flexible. Essentially, the starting input is information about the integral cohomology
of M derived from Poincaré duality. This is then manipulated by creating appropriate
homotopy fibrations involving M which allow one to apply decomposition methods from
homotopy theory, in the spirt of [8]. It should be the case that the same methods can be
used to investigate the loops on other classes of manifolds.

Such decompositions are useful and to illustrate this, we give three examples. First,
in toric topology one associates to a simplicial complex K a space called a moment-angle
complex. If K is a simple polytope then this moment-angle complex is a manifold. For
example, if K is an n-gon then the moment-angle complex is a connected sum of prod-
ucts of two spheres [5,14]. The combinatorics of the polytope and the geometry of the
manifold are deeply connected, but the relationship is not well understood. Decomposing
the loops on such connected sums and relating the factors to the combinatorics of the
polytope should be insightful. Second, string topology is concerned with properties of
the free loop space AM of M: the space of continuous unbased maps from the circle to
M. There is a fibration 2M — AM —+ M where e evaluates a map at the basepoint,
and e has a section. The section implies that 7, (AM) = 7, (M) @ 7, (2M) for m > 2,
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so the homotopy groups of AM can be determined to the same extent as those of the
factors of 2M. This has implications for counting the geodesics on M (see [26]), and
the decomposition of 2M may help clarify the homology and cohomology of AM. The
third application is to configuration spaces, which will be discussed in more detail in Sec-
tion 5. Let F'(M, k) be the configuration space of ordered k-tuples of distinct points in
the product space MF¥. In certain cases, for example if M is a product of two non-trivial
manifolds, Cohen and Gitler [7] showed that £2M is a factor of 2F (M, k). A decomposi-
tion for 2M further refines this, and allows for the calculation of a significant subgroup
of the homotopy groups of the configuration space.

To present our results, we start with a classification theorem. Assume that homology
is taken with integral coefficients and use the symbol “~” to denote a homotopy equiva-
lence. By a connected sum of sphere products, we mean a connected sum of products of
two spheres.

Theorem 1.1. The following hold:

(a) if M and N are simply-connected four-manifolds, then QM ~ QN if and only if
H?*(M) = H?(N);

(b) if M and N are (n — 1)-connected 2n-dimensional manifolds and n ¢ {2,4,8}, then
M ~ QN if and only if H"(M) = H"(N);

(¢) if M and N are n-dimensional connected sums of sphere products, then 2M ~ QN
if and only if H™(M) =2 H™(N) for each m < n.

Observe that in each case, the homotopy type of £2M depends only on the cohomology
of M, regarded as a Z-module, in degrees strictly less than the dimension of M. This
contrasts with the situation before looping. For example, Milnor [19] proved that two
simply-connected four-manifolds M and N are homotopy equivalent if and only if M
and N have isomorphic cohomology rings. Theorem 1.1 states that after looping the
ring structure in cohomology plays no role, only the rank in degree 2 cohomology does.
So looping considerably simplifies the homotopy types. This is interesting because 2M
has the same homotopy groups as M, just shifted down one dimension. We therefore
immediately obtain the following corollary.

Corollary 1.2. The following hold:

(a) if M and N are simply-connected four-manifolds, then m.(M) = m.(N) if and only
if H*(M) = H?(N);

(b) if M and N are (n — 1)-connected 2n-dimensional manifolds and n ¢ {2,4,8}, then
(M) = m (N) if and only if H"(M) = H"(N);

(¢) if M and N are n-dimensional connected sums of sphere products, then mw.(M)
7(N) if and only if H™(M) = H™(N) for each m <n. 0O

o~
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Part (a) of Corollary 1.2 reproves a theorem of Duan and Liang [10] via more homo-
topy theoretic methods, while parts (b) and (c) generalize it to wider classes of manifolds.
Another proof of part (a), again using more geometric techniques, is given in a recent
preprint by Basu and Basu [3]. In fact, they show that the result holds for stable ho-
motopy groups in place of homotopy groups. It would be interesting to see whether this
also holds for the generalizations presented here.

Theorem 1.1 is proved by decomposing 2M into a product of spaces, up to homotopy.
Explicitly, we have the following.

Theorem 1.3. Let M be a simply-connected four-manifold and suppose that
dimH?2(M) = k. If k = 0 then M ~ S* if k = 1 then QM ~ S' x 28°, and if
k > 2 then there is a homotopy equivalence

QM ~ S' x 2(S* x ) x (T Vv (J AR(S? x $%)))
where J = \/¥"1(S2V S3) if k> 2 and J = * if k = 2.

Theorem 1.4. Let M be an (n — 1)-connected 2n-dimensional manifold and suppose that
dim H"(M) = k. If k > 2 then there is a homotopy equivalence

QM = 2(S" x S™) x 2(JV (J AR(S™ x S™)))

where J = \/f:_l2 S™.

Theorem 1.5. Let M and N be closed oriented (m — 1)-connected n-dimensional man-
ifolds, with 1 < m < n — m. Suppose that H,(M) is torsion-free and there is a ring
isomorphism H*(N) =2 H*(S™ x S™~™). Let M — * and N — x be the punctured mani-
folds with a single point * removed. Then the following hold:

(i) there is a homotopy equivalence

QIM#N) ~ 2(S™ x S"™) x Q((M — %)V (M — %) AR(S™ x S"™™)));
(ii) the looped inclusion Q2((M — %)V N) ~ 2((M — %)V S™ v §»~™) 2 QM has a
right homotopy inverse.

Consequently, the homotopy type of Q(M#N) is independent of the homotopy type of N,
and depends only on the homotopy type of M — *.

Theorems 1.4 and 1.5 are consequences of much more general results presented in The-
orem 2.6 and Proposition 3.2, both of which are stated in the context of CW-complexes
and Poincaré duality spaces.
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Observe that in each of these theorems, the decompositions can be further refined.
In each case, J is a wedge of simply-connected spheres, so J ~ XJ where J' is a
wedge of spheres. Therefore, using the facts that 2(X xY) ~ 2X x 2V, X(X xY) ~
EXVEYV(EXAY)and by [16], £025° ~ \/;2, SG=DHL we see that J A £2(S° x S*)
is homotopy equivalent to a wedge of spheres. Thus the factor 2(J V (J A 2(S* x S?)))
is homotopy equivalent to the loops on a large wedge of spheres, and the Hilton—Milnor
Theorem can be applied to decompose this as a product of loops on spheres of varying
dimensions. In particular, in each case, {2M decomposes as a product of loops on spheres,
and so the homotopy groups of M can be determined to the same extent as the homotopy
groups of spheres. A similar refinement is possible in Theorem 1.5 when M — % has the
homotopy type of a suspension.

From this point of view, Theorems 1.3, 1.4 and 1.5 should be regarded as analogues of
the Hilton—Milnor Theorem. As such, these theorems are very practical and should have
numerous applications. We have already mentioned how they can be used to determine
the homotopy groups of M. As another application described in detail in Section 4, we
consider principle G-bundles P — M, where M is a simply-connected four-manifold
and G is a simply-connected, simple compact Lie group. It is well known that there are
[M, BG] = Z distinct equivalence classes of such principle G-bundles. However, after
looping the homotopy types of 2P all coincide as 2M x 2G.

To prove Theorems 1.3, 1.4 and 1.5, we consider a more general class of torsion-free
CW-complexes which resemble Poincaré duality spaces. For such a space P of connec-
tivity m — 1 and dimension n, we assume that the (n — 1)-skeleton P has S™V S"~™ as a
wedge summand, and that there is a space ) and a map P N @ such that there is a ring
isomorphism H*(Q) = H*(S™ x S™~™) and the composite SV S"™™ — P — Q is
onto in cohomology. Taking F' to be the homotopy fibre of ¢, we analyze the homology
of F' via the Serre spectral sequence, and then use this to determine its homotopy type.
This is then fed into a decomposition of 2P as £2Q) x F'. The decompositions in the three
theorems above then follow as special cases of this more general decomposition. All of
this goes through provided there are no cup product squares in cohomology, which is the
reason for the excluded cases {2,4,8} in Theorem 1.4. In the case of simply-connected
four-manifolds, these difficulties can be overcome through a novel modification. If the
simply-connected four-manifold M is mapped into CP* by representing a cohomology
class in degree 2, then the homotopy fibre is a simply-connected 5-dimensional Poincaré
duality complex Z which fits into the general class of torsion-free spaces P above. The
resulting decomposition of 27 is then used to determine the homotopy type of 2M.

2. A general homotopy decomposition

The loop space functor and localization functors both have effect of simplifying ho-
motopy types while retaining most of the original homotopy theoretic information. At
one extreme a conjecture of Anick [2] (for which there is some evidence [22,1,25]) asserts
that the loop space of any simply connected finite CW-complex localized away from a
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predetermined finite set of primes decomposes as a weak product of a certain countable
list of indecomposable spaces, while at the other end of the spectrum the loop space
homotopy type of a highly connected C'W-complex is uniquely determined. This is not
difficult to see, for if X and Y and (2n — 2)-dimensional (n — 1)-connected, then they are
the 2n-skeletons of X'2X and X' 2Y respectively, so a homotopy equivalence 2X ~ Y
would allow one to construct a composite X 2y ¥ X =5 ¥V <@L oV that in-
duces an isomorphism on homology, and is therefore a homotopy equivalence. Recently,
a much stronger result of Grbi¢ and Wu [15] shows that if X and Y are simply-connected
finite dimensional co-H spaces then X ~ Y if and only if 2X ~ Y.

This leads to a natural question. Starting with a finite CW-complex P, and attaching
a cell to P to form a space P, which homotopy classes of attaching maps yield the same
loop space homotopy type for P? By the above remarks, distinct homotopy classes of
co-H-maps tend to yield distinct loop space homotopy types. Our goal is to provide suf-
ficient cohomological criteria given a few conditions on P. More precisely, we give a loop
space decomposition for a certain class of spaces, which includes certain connected-sums
and certain Poincaré duality spaces (both examples to be discussed in more detail in
the next section). Looping will have the effect of simplifying homotopy types, and the
homotopy types of the loop spaces will be shown to depend only on simple data, often
obtained from the homology of the original space in degrees strictly less than the dimen-
sion of the space. We begin by defining the class of spaces we have in mind. Throughout,
homology is taken with integer coefficients.

Definition 2.1. Let m and n be integers such that 1 < m < n — m. Suppose P is a finite
n-dimensional (m — 1)-connected CW-complex with torsion-free integral homology given
by

H*(P) gZ{al,...,ag,z}
where
1<m:|a1‘§|a2|§§|aé|:n—m<|z|:n

Let P be the (n — 1)-skeleton of P and let i : P — P be the skeletal inclusion. Notice
that the bottom cell of P occurs in dimension m while the top cell occurs in dimension
n —m.

Define P as the collection of all such spaces P which also satisfy the following two
properties:

(1) there is a homotopy equivalence P ~ .J V (S™ Vv S§"~™) for some space J;
(2) if Q is the homotopy cofibre of the composite .J < P — P, then there is a ring
isomorphism H*(Q) & H*(S™ x S"~™).

To analyze 2P for P € P, some observations and notation are required.
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Observations:

(1)

(6)

If X is a space and H.(X) is torsion-free, an element x € H,(X) has a dual class
in H*(X) which we label as z*. In our case, since H,(P) is torsion-free, whenever
lai| +[a;| = n, the cup product ajaj is some multiple of z*; define the integer ¢;; by
a;‘a;‘ = ¢y 2"

Observe that the homological description of P implies that there is a homotopy
cofibration

sl ptp

where « attaches the top cell to P. A basis for H,(P) is given by the elements

{alv"'aal}' 7
The homotopy decomposition of P lets us define composites

S:J%P%P
s 8my M e, p_ty p

Let 1; € Hy(S?) represent a generator. Without loss of generality we may assume that
the basis for H,(P) has been chosen so that (s').(tm) = a1 and (8')x«(tn—m) = ae.
Then the decomposition P ~ J Vv (S™ Vv §"~™) implies that s, induces an injection
onto {ag,...,as_1}.

The definition of @ also lets us define a map g by the homotopy cofibration

J= P-4 Q.

As this cofibration induces a long exact sequence in homology, the fact that
P ~ JV(S™Vv 8" ™) is the (n — 1)-skeleton of P implies that the composite

’
S

gmoy gn=m 2y, p 9, () induces an injection in homology.
The ring isomorphism H*(Q) = H*(S™ x S™~™) implies that

H*(Q) = Z{LL’, Y, 6}7

where |z] = m, |y| = n —m, |e] = n and the generators can be chosen so that
(x%)2 = (y*)? = 0 and y*z* = e*. Further, since (¢ o s'), is an injection, we have
g«(a1) = x, g« (a2) = y and ¢.(z) = e; and as gos is null homotopic we have ¢.(a;) =0
for2<i</-—1.

The description of ¢, on the generators of H,.(P) implies that ¢, = 1, ¢1p =
(71)m(n7m)’ and c17 = ¢ = 0.

We are aiming for the homotopy decomposition of 2P stated in Theorem 2.6. To get

started, we begin with an initial decomposition. Define the space F' and the maps f and

d by the homotopy fibration sequence
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We first calculate the homology of 2Q) and relate it to the homology of 2(S™ Vv S™~™).
By the Bott—Samelson theorem, there is an algebra isomorphism

H. (2(8™v8"™)) = T(u,v)

where T'(u,v) is the free tensor algebra on generators u and v of degrees m — 1 and
n —m — 1 respectively. Let Z[u,v] be the polynomial algebra generated by u and v.

Lemma 2.2. There is a coalgebra isomorphism H,(£2Q) = Z[u,v] which can be chosen
so that the map 2(S™ v S™~™) fgos) Q) induces in homology the abelianization

T(u,v) — Z[u,v).

Proof. First, consider the homology Serre spectral sequence for the path-loop homotopy
fibration 2(S™ Vv ") — x — ™\ S Let 1, € Hy(S*) represent a generator.
Then the elements Ly, ty—m € H.(S™V S™~™) transgress to the elements u,v € T'(u,v),
and the element [u,v] € T'(u, v) arises in the spectral sequence as the element 4 ® ¢y, +
(=)lellen=—mly, @ 0.

Next, consider the homology Serre spectral sequence for the path-loop homotopy
fibration £2Q — * — Q. By Observation (5), H.(Q) = Z{z,y,e} where |x| = m,
lyl = n —m, |e|] = n and the cohomology duals satisfy z*y* = e*. Thus in homology,
the reduced diagonal Z(e) equals * ® y +y ® . Thus in the Serre spectral sequence for
the path-loop homotopy fibration, we have = and y transgressing to elements a and b
respectively, and d"(e) = a®@y+ (—1)!9W 2 ®b. Tt is now a straightforward calculation to
show that there is an isomorphism of vector spaces H,(£2Q) = Z[a, b] where |a| =m —1
and |b|=n—m — 1.

Now consider the homotopy commutative diagram of path-loop homotopy fibrations

Q(S™V ST s e Sy G

s | e

Q * Q.

This induces a morphism of Serre spectral sequences between the two path-loop homo-
topy fibrations. By Observation (5), the map (g o s’), is an isomorphism in degrees < n.
Therefore, comparing Serre spectral sequences, (£2(q o s’)), is an isomorphism in de-
grees < n — 1. In particular, (£2(¢ o s’)), is an isomorphism in degrees m — 1 and
n —m — 1. Thus, up to sign, (2(q o s')). sends u,v € T(u,v) to a,b € Z[u,v]. Com-
paring spectral sequences, we also have the element u ® t,,_p, + (71)‘“”“‘—’“%m ® v
sent to a ® y + (—1)1*l¥lz @ b, which is the image of the differential d"(e). That is,
[u,v] € T'(u,v) is sent to 0 € Z[a,b]. Further, it is straightforward to see that once the
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d" differential is taken into account and we move to E"t!, that the E"*! page for the
fibration £2(S™ Vv S§7~™) — x — S™ \ S~ maps onto the E"*! page for the fibra-
tion 2QQ — * —> Q. As there are no more non-trivial differentials, the same is true of
the E°° pages, and so (£2(q o s’)). is onto.

Finally, since (£2(q o s')). is an algebra map and (£2(q o 8')).([u,v]) = 0, there is a
factorization

T(u,v) —— 20 (00) = Za, 1]
Z[u,v]

for some map g, where 7 is the abelianization map. Since (£2(¢g o s’)) is onto and both
Z|u,v] and Z[a, b] have the same Poincaré series, g must be an isomorphism. The state-
ment of the lemma now follows. 0O

By the Hilton—Milnor Theorem, the inclusion of the wedge into the product

Smoy gn=m Iy gn s gn=m hag a right homotopy inverse after looping. That is, there
is a map

¢:2ST x QST — Q(Sm Y S”fm)
which is a right homotopy inverse of £27.

Lemma 2.3. The composite 25™ x 25"~™ N Q(sm v §n—my 2, op 24, 0Q isa
homotopy equivalence. Consequently, in the homotopy fibration sequence 2Q) LI AN
P L Q, the map § is null homotopic, implying that there are homotopy equivalences

NP~ 0Q x QF ~ 25™ x 28"™™ x 2F.

Proof. The fact that ¢ is a right homotopy inverse of 27 implies that ¢, is a coalgebra
map which maps onto the sub-coalgebra Z[u,v] of T'(u,v) = H,(£2(S™ VvV S"~™)). By
Lemma 2.2, (£2(go s")), maps this sub-coalgebra isomorphically onto H,(Q). Thus {2q o
25" o ¢ induces an isomorphism in homology and so is a homotopy equivalence.

For the consequences, consider the homotopy fibration sequence 2F — 2P L,
2Q %, F. We have just shown that ¢of2s’ is a right homotopy inverse for {2q. Therefore,
the map § is null homotopic, and this immediately implies that there is a homotopy
equivalence 2P ~ 2Q x 2F. 0O

Next, we wish to give an explicit homotopy decomposition of the space 2F'. The first
step is to calculate its homology. By Observation (4), the composite J — P Qs
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a homotopy cofibration, so it is null homotopic. Therefore, s lifts through F' T Ptoa
map

s:J — F.

By Observation (3), s, induces an injection onto {as,...,as—1}. So its lift s has the
property that (S). is an injection, and we will also label a basis for the image of (5). by

{CLQ, ey a[_l}.
As the homotopy fibration

is principal, there exists a left action
0:2Qx F—F

such that the following diagram commutes up to homotopy

00 x 0Q 2 0o x F (2)
| |
20 ’ F

where 1 is the identity map and p is the standard loop space multiplication.
Proposition 2.4. There is an isomorphism of left H,(2Q)-modules

H.(F) =2 Z{as,...,ap-1} ® H.(2Q),
where Z{az, ...,ap_1} is the image of 5. and the left action of H.(2Q) given by 0.

Proof. By a result of Moore [21], the homology Serre spectral sequence E for the

principal homotopy fibration sequence (2@ 2 Fr i pisa spectral sequence of left
H.(2Q)-modules, with

E?, = H.(P)® H.(QQ). (3)

Here, the left action is induced by 6, and the differentials respect the left action of
H.(£2Q). That is, up to sign, d"(f ® gh) = (1 ® g)d"(f ® h) whenever the differential
d" is defined. We now proceed to calculate the spectral sequence. In doing so, it will be
helpful to rewrite (3) as

Ei* =27{1,a1,...,a0,2} @ H. (£2Q). (4)
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/
S

Initial information on the differentials. Consider the composite ™ v §"~™ =5 p -4 .
By Observation (4), (¢ o s')« is an injection in homology. The composite induces a ho-
motopy fibration diagram

’
os

2Q — =7 —=gnygrm 00

lfls,

00—~ F P—* .0

which defines the space Z. Since (qo s'), is an injection in homology and there is a coal-
gebra isomorphism H,(Q) = H,(S™ x S™™), in the homology Serre spectral sequence
for the fibration 2Q — Z — S™ Vv S™™™ the generators ty,, tn—m € H,(S™ V S"™™)
transgress to the elements u,v € H,(2Q) respectively, where u, v are as in Lemma 2.2.
Now consider the homology Serre spectral sequence for the fibration 20Q) S Lp.
By Observation (3), we may assume that (s').(tmm) = a1 and (8)s(tn-m) = ai,
so a comparison of spectral sequences implies that the elements ai,a; transgress to
u,v € H,(£2Q). That is, in terms of E7 ,, we have

d™"a1®1)=1Qu, A" (ar®1)=1Qw.

Further, by Observation (3), the map J —2, P induces an injection in homology onto
{aa,...,ap—1}, and it was observed before the statement of the proposition that the
map s lifts through f to F. Therefore the elements {as,...,a,—1} survive the spectral
sequence. Consequently,

d'(a;) =0 forallt>2and2<i</—1. (5)

L are all zero on

Case 1: m < n — m. For degree reasons, the differentials d2,...,d™~
the elements ay, ..., ag, so the left action of H,(£2Q)) implies that these differentials are

identially zero. Therefore

For d™ we have d™(a; ® 1) = 1 ® u. The left action of 6, implies that for any element
g € H.(£2Q), we have (up to sign),

d"(a1®9)=1®g9)d" (a1 ®1)=1®g9)(1®u) =1 gu.

By (5), d™(a;) = 0 for 2 <4 < £. So the left action of 6, implies that for d™(a; ® g) =0
for any 2 < i < ¢ and any g € H.(£2Q). Next, consider the element z ® 1. Dualizing
to the cohomology spectral sequence associated with E, we have for each i such that

la;| =n —m,
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A (a] @ u*) = (din(af ® 1)) (1@ u*) + (1)1 (a] @ 1)dpm (1 @ u*)
= (-Dll(a; @ 1) (a] @ 1) = (~1)1%le; (2" @ 1).

This implies that in the homology Serre spectral sequence E we have

d"(z®1) = Z (—1)1*le; (a; @ u).

|a;|=n—m

The left action of 6, therefore implies that

d"(zog)= Y (=D*len(a; @ gu)

la;|=n—m

for each g € H,(£2Q)). Therefore, as ¢g; = 1 by Observation (6), ¢i1(ar@gu) = (apQgu) is
identified in Eglfnll’* with a linear combination of elements a; ® gu for |a;| = n—m. Note
that ay is excluded here since |a;| = m and in this case we have assumed that m < n—m.
Collectively, we have determined the differential d", and obtain an isomorphism of left

H,(£2Q)-modules
Bt = Z{ay, .. g} ® HL(2Q).

Continuing, by (5), d™*!,...,d"~™~! are all identically zero on the elements

..,d”™ ™! are all identically zero on as. So

s, . ..,as—1 and for degree reasons, d™*1,.
the left action of 6, implies that these differentials are identically zero on all elements.

Therefore there is an isomorphism
Eerl ~ Enfm.
For d"~™, by (5), d*"™(a;) = 0 for 2 < i < £ — 1, so the left action of 6, implies
that d""™(a; ® g) = 0 for any 2 <4 < ¢ —1 and for any g € H,(2Q). From the initial

calculation of differentials, we obtained d" ™ (ay ® 1) = 1 ® v. The left action of 6,
therefore implies that for any element g € H,.({2Q) we have (up to sign),

d"""(ar @ g) = (1@g)d" ™(a,®1) =(1eg)(1ev) =1 gv.

Thus we have determined the differential d"~™, and obtain an isomorphism of left
H.(£2Q)-modules

Bl = Z{ag, . ae ) @ Ho(02Q).

Finally, by (5), the differentials d* for t > n—m are all identically zero on as, . ..,as_1,
so the left acton of 6, implies that these differentials are identically zero on all elements.
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Hence
Eoo ~ En—m+1
*k T * %k .
Since there is no torsion in EZ%,, there is no extension problem, and we have
H.(F)= @ EY = Z{ay,...,ar1} © H.(2Q). (6)
i+j=x%

To see that this is an isomorphism of left H,(£2Q)-modules, recall that the left action

H.(2Q)® EYS — EX5 ., coincides with the left action of associated graded objects

Fiit Fijickj+

=~ EX

H.(2Q)® Lt

Fit,it Fielitj+

induced by the action H,(2Q)® H;y;j(F) X% Hi\ji.(F), where F;; = F;H;(F) C
H;(F) is the increasing filtration associated with our spectral sequence. Observe from
the calculations above that the action on the EYY, is free, so the action on the associated
graded objects is free. Therefore the action w, must also be free, and so the isomor-

phism (6) is one of left H,(2Q)-modules.

Case 2: m = n — m. This case is simpler. We have n = 2m and |u| = |v|] = m — L.
So the only differential which comes into play is d™. This time d"™(z ® g) is the sum
of linear combinations of the elements c¢;1(a; ® gu) and ci(a; ® gv) for all i, where
con =1, cip = (1)) = —(—D)lll and ¢;; = ¢ = 0. Therefore the elements
ar @ gu — (—1)1Plg; @ gv are identified in Emi! with a linear combination of elements
of the form a; ® gu or a; ® gv for 2 < i < ¢ — 1, and the calculation goes through as
before. O

Now we refine the homotopy decomposition 2P ~ 2Q x 2F of Lemma 2.3 by iden-
tifying the homotopy type of F'. For spaces X and Y, the left half-smash of X and Y is
defined by

XxY=(XxY)/(xxY).
It is well-known that if Y is a suspension then there is a homotopy equivalence
XxY~YV(XAY).

Proposition 2.5. There is a homotopy equivalence

F~00Q % J
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Proof. Using the lift J —*4 Fof J - P and the homotopy action 2Q) x F o, F, define
A as the composite

AN2QxJ 2 0QxF-5 F

By (2), the restriction of 8 to 2@ is homotopic to §, which by Lemma 2.3 is null homo-
topic. Therefore the composite

Q0 x* 2 Q0 x J 2 F

is null homotopic. Since the homotopy cofibre of 1 X * is £2Q) x F', the map A extends to
a map A that makes the following diagram homotopy commute

00 x % =5 QQ xJ ——= 00 x J

N

£
F.

By definition, A = 6o (1 x ), so Proposition 2.4 implies that \. is an isomorphism. Thus
Nis a homotopy equivalence. 0O

Theorem 2.6. Let P € P and suppose that P is (m — 1)-connected and n-dimensional.
Then the following hold:

(i) there is a homotopy equivalence
0P~ 2(S™ x S*7) x 2(2(S™ x S"™) x J),
which, if J is a suspension, refines to a homotopy equivalence
QP = Q(S™ x §7™) x Q(J v (J A Q(S™ x §™));
(ii) the map 2P L4 QP has a right homotopy inverse.

Proof. For part (i), by Lemma 2.3, 2P ~ 2Q x 2F and 20Q ~ 25™ x 25" ™ and by
Proposition 2.5, F' ~ 2Q x J. Thus

QP ~ Q8™ x 25" x 2((25™ x 25" x J).

If J is a suspension, this decomposition refines due to the fact that 2Qx J ~ JV(JAL2Q).
For part (ii), define ¢ as the composite

(j:P—i>Pi>Q.
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From this composite we obtain a homotopy pullback diagram

Spf q
Ff

which defines the space F and the maps f, 6 and 7. In particular, this is a homotopy

Q
(7)

Q

hU'ﬁ%_'"UI

q

Q
00 =2

commutative diagram of principal fibration sequences, so if 6 : 2Q x F —» F is the
homotopy action for the top fibration sequence, then there is a homotopy commutative
diagram of actions

QQxF -2~ F

QQxF > F

By definition, the map J —— P factors as the composite J — P AN P, where r is
the inclusion of the wedge summand in P ~ .J V (S™V S"~™). Since s lifts through f to
the map J — F, the definition of F as a homotopy pullback in (7) implies that there
is a pullback map 7 : J —» F such that f o7 ~ r and 7 o7 ~ 5. Combining this with the
preceding diagram, we obtain a homotopy commutative diagram

20xJ 2 0o F - F

l l (3)

1xs 0
NQ xJ —— 2Q x F ——= F.

By definition, the map S™ Vv §"~™ i) P factors as the composite S™ v §"~™ NN
RN P, where j is the inclusion of the wedge summand in P ~ .J Vv (§™V §"~™). By
Lemma 2.3, 2(gos’) has a right homotopy inverse. As ¢ = goi, we have gos’ = goioj =
goj,so £2(go j) has a right homotopy inverse. Consequently, 2¢ has a right homotopy

inverse, which implies that in the homotopy fibration 2P L4, 20 O F , the map 0 is
null homotopic.
Let A be the composite along the top row of (8),

N 00x T2 00 x P2 F

Since 6 is a homotopy action, its restriction to £2Q is 6. Therefore the restriction of A to
2Q) is 9, which is null homotopic. Thus there is a homotopy commutative diagram
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00 x5 0Qx T —= QQ x J

lx
L A
F

A

where the top row is a homotopy cofibration and A is an extension of A\. Now let v be
the composite

ViROKE S F S F

Observe that =y is a choice of the extension A in the proof of Proposition 2.5. Thus ~
induces an isomorphism in homology and so is a homotopy equivalence. Consequently,
the map 7 has a right homotopy inverse o : F — F.

Finally, consider the diagram

_ 1x o _ _ Q2ixQf  _ - _
(28™ x 2S"™) x RF —— (5™ x QS ™) x QF —— QP x QP —— (P

e e

025" x N2
(25m x 25 x 0F 2 op x op o op

where p is the standard loop multiplication. The left triangle homotopy commutes since
o is a right homotopy inverse of 7. The middle square homotopy commutes since, by
definition, s’ = ioj, and by (7), f ~ io f. The right square homotopy commutes since §2i
is a loop map. By part (i), the bottom row is a homotopy equivalence, so the homotopy
commutativity of the diagram implies that 2¢ has a right homotopy inverse. O

3. Consequences

In this section we apply Theorem 2.6 to two classes of examples, first to certain
connected sums, and then to certain Poincaré duality complexes, and prove Theorems 1.4.

If M is a closed oriented n-dimensional manifold, let M be the (n — 1)-skeleton of M.
In particular, M is homotopy equivalent to M — %, and is obtained from M by attaching
a single n-cell. Observe that if N is a closed oriented n-dimensional manifold and there
is a ring isomorphism H*(N) = H*(S™ x S"~™), then N ~ S™ Vv S"~™. Denote the
connected sum of two closed oriented n-dimensional manifolds M and N by M#N.
Observe that the (n — 1)-skeleton of M# N is homotopy equivalent to M V N. Let

i:MVN— M#N

be the skeletal inclusion.
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Proof of Theorem 1.5. We will show that M#N € P. Let P = M#N, let P be the
(n — 1)-skeleton of P, and let P — P be the skeletal inclusion. By the definitions of M
and N, P is an (m — 1)-connected, n-dimensional CW-complex. Since P = M#N is a
closed oriented manifold, it satisfies Poincaré duality, which implies that P ~ M V N is
actually (n — m)-dimensional. Note that as m > 1 we have n —m < n — 1, so H.(P)
is torsion-free if and only if H,(P) is torsion-free. But as H,(M) is torsion-free, so is
H. (M), which implies that P ~ MV N ~ MV (S™\V S"~™) also has H,(P) torsion-free.
Thus H,.(P) is torsion-free.

Now if J = M then as N ~ S™ Vv S"™ we have P ~ J V (S™ V 8" ™). Let Q
be the cofibre of the composite J — P P, that is, @ is the cofibre of the com-
posite M — MV N —— M#N. Then Q ~ N, which implies that H*(Q) = H*(N) =
H*(8™x S™~™). Thus P = M#N satisfies all the conditions of Definition 2.1, so P € P.
The assertions of the proposition are now all direct applications of Theorem 2.6. 0O

Example 3.1. As an example of Theorem 1.5 in action, recall that an n-dimensional
manifold M is a connected sum of sphere products if

M 22 (8™ x ST ) (ST X ST

for some integers my,...,mg. Let My = (S™1 x S"™™M1)# ... H(S™k-1 x SnTMk-1) and
N = §™k x 8"~k 50 that M = M;#N. Observe that M; = \/i:ll(Smi vV S™T™iY . So
by Theorem 1.5, there is a homotopy equivalence

QM ~ Q(M#N) = 2(S™ x S"7™) x 2(My v (My A 2(S™ x S"™))).

Recall that P is a Poincaré duality complex if it has the homotopy type of a finite
CW-complex and its cohomology ring H*(P; R) satisfies Poincaré duality for all co-
efficient rings R. In particular every oriented simply-connected manifold is a Poincaré
duality complex.

Proposition 3.2. Fiz 1 < m < n. If m = n —m, assume that m ¢ {2,4,8}. Let P be
an (m — 1)-connected n-dimensional Poincaré duality complex such that (n — 1)-skeleton
P of P has the homotopy type of a wedge of spheres. Let i : P — P be the skeletal
inclusion. Then the following hold:

(i) there is a homotopy equivalence
QP ~ (8™ x 8"™) x 2(JV (JALS™ x 5"™)))

where J is obtained from P by quotienting out a copy of S™\ S"~™;
(ii) the map 2P 2 QP has a right homotopy inverse.

Consequently, the homotopy type of 2P depends only on the homotopy type of P.
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We will need a preliminary lemma about the cohomology ring of Poincaré duality
complexes before we can prove this.

Lemma 3.3. Let P be an n-dimensional Poincaré duality complex such that H.(P) is
torsion-free, and let e* be a generator of H™(P) = Z. Then for any positive integer i < n

and basis element x* in H'(P), there ewists a choice of basis for H"~*(P) such that

x*y* =e* for some y* in this basis.

Proof. Let x and e be the homology duals of z* and e*. Since H*(P) satisfies Poincaré
duality, the cap product homomorphism

eNH (P) — H,_;(P)
is an isomorphism, so it maps a basis of H*(P) to a basis of H,,_;(P). Therefore
y=eNa*
is an element in a basis for H,,_;(P).

Since H,(P) is torsion-free, the cup product is dual to the cap product. That is, there
is a commutative diagram

H"™(P) ——~ Hom(H,_i(P), Z)

| |y

H"(P) —— Hom(H,(P),Z).

In particular, since the homomorphism (Nz*) sends e to y and e generates H™(P), its
dual (Nz*)* = (Uz*) sends y* to e*, so we have

Yy Uzt =e*.

*

Since y is an element in a basis for H,_;(P), y* is an element in the dual basis for

H" %(P), and we are done. [

Note that if m =n and m ¢ {2,4,8} then the element y* in Lemma 3.3 is not equal
to +z*. But if m € {2,4,8} then we may have y* = £z*. This is the reason for the
exclusion of this case in the statement of Proposition 3.2.

Proof of Proposition 3.2. We will check that P € P. By Poincaré duality, P is
(n — m)-dimensional. So as m > 1, we have n — m < n — 1, implying that H,(P) is
torsion-free if and only if H,(P) is torsion-free. But as P is homotopy equivalent to a
wedge of spheres, H,(P) is torsion-free and therefore H,(P) is torsion-free.
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Fix e* as a generator of H"(P) = Z. Let 2* € H™(P) be a basis element. By
Lemma 3.3 there exists a basis element y* € H"~*(P) such that z*y* = e*. Since P is
homotopy equivalent to a wedge of spheres, z* and y* are spherical classes represented
by maps S™ %5 P and S™ ™ 2, P and the wedge sum SV S”T™ 28, P has a
left homotopy inverse. Thus P ~ J V (S™ v S"~™) where J is the homotopy cofibre of
a + B. Let @ be the homotopy cofibre of the composite J — P 5 P. The homotopy
equivalence for P and the fact that, as a CW-complex, P = P U " implies that Q is a
three-cell complex, @ = (S™V.S"~™)Ue™, and the map to the cofibre, P - @, is onto in
homology. Dualizing, ¢* is an injection. Suppose that ux € H™(Q), v* € H" ™(Q) and
z* € H"(Q) satisty ¢*(u*) = z*, ¢*(v*) = y* and ¢*(2*) = e*. Then the fact that z*y* =
e* implies that u*v* = z*. Thus there is a ring isomorphism H*(Q) = H*(S™ x §"~™).
Thus P satisfies all the conditions of Definition 2.1, so P € P. The assertions of the
proposition are now all direct applications of Theorem 2.6. 0O

As an example of Proposition 3.3 in action, we prove Theorem 1.4. Let M be an
(n — 1)-connected 2n-dimensional manifold. Observe that the (2n — 1)-skeleton of M is
homotopy equivalent to \/f=1 S™, where k = dim H"(M). We aim to decompose 2M.

Proof of Theorem 1.4. If n ¢ {2,4,8} and k > 2, then by Proposition 3.3 there is a
homotopy equivalence

QM ~ 2(S" x S™) x 2(JV (J A R(S™ x 5™)))
where J = \/f;f S". O
4. The case of simply-connected 4-manifolds

Proposition 3.2 does not cover the cases of simply-connected 4-manifolds, 3-connected
8-manifolds, or 7-connected 16-manifolds, due to the potential presence of nonzero cup
product squares. To handle the case of simply-connected 4-manifolds and prove The-
orem 1.3, we use the fact that such spaces appear as the base space in a certain S*
homotopy fibration whose total space is a Poincaré duality complex. These homotopy
fibrations generalize the fiber bundle S* — S° — CP2.

Let M be a simply-connected oriented 4-manifold. If H2(M) = 0 then M is homotopy
equivalent to S, and the homotopy type of 254 is well known to be S® x £287. So we
will assume from now on that H?(M) # 0. Then, up to homotopy equivalence, there is
a homotopy cofibration

k
$P 5\ — M

i=1

for some map «. Suppose that there is an isomorphism of Z-modules
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H* (M) 2 Z{x1,...,zx, 2}
where |z;| = 2 and |z| = 4. Let ¢;; be such that z;z; = ¢;;z. Let C be the k x k matrix
C = [Cij].

The anti-commutativity of the cup product implies that c;; = cj;, so C' is symmetric,
and Poincaré duality implies that C' is nonsingular.

Focus on the class 7, € H?(M). By Lemma 3.3, we may assume the basis of H?(M)
has been chosen so that c,; = 1 for some k. That is,

Ty = 2.
The cohomology class x is represented by a map
M — K(Z,2).

Note that K(Z,2) ~ CP*>, and 2CP> ~ S'. Define the space Z by the homotopy
fibration sequence

S'— 7 — M -L cp~.

A theorem of Quinn [24] says that in a fibration of spaces having the homotopy type
of finite C'W-complexes, the total space is a Poincaré duality complex if and only if
the fiber and base space are Poincaré duality complexes. This, of course, also holds for
homotopy fibrations. Therefore, as we have a homotopy fibration S' — Z — M and
both S and M are Poincaré duality complexes, then so is Z.

Lemma 4.1. The Poincaré duality complex Z satisfies the following:

(i) there is a homotopy cofibration

k
st \/(S°vs) — 2

i=1

for some map ~y;
(il) H*(Z) is torsion-free.

Proof. Consider the homotopy fibration S* — Z — M. We will use a Serre spectral
sequence to calculate H*(Z). We have E;* = H*(S') @ H*(M). Let a € H(S') rep-
resent a generator and recall that, as a Z-module, H*(M) = Z{z1,...,zy,2z}. Thus a
Z-module basis for F5"" is given by
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{L1®z,...,102;,102,a01,a®21,...,a Qxk,a® z}.

The fibration in question is induced by the map M 45 CP*> which represents the co-
homology class xy. Therefore da(a) = 4. Changing the basis of H!(S") if need be,
assume that da(a) = xp. As dg is a differential, the fact that zpry; = z implies that
do(a® xy,) = wpay, = 2, while do(a ® ;) = xx; = cxj2z. Thus a Z-module basis for E3"™
is given by

{1,1 ®T1,...,1Qxk-1, (@21 —a® cp1xy), .., (AR xf_1 — a®ck(,;71)a:,;),

(a®Tpp1 —a® iy @g) (A® T — a® cprTy),a ® z}.

All other differentials are trivial for degree reasons, so we have H*(Z) & EX* = E3™.

Notice that the calculation for the rational cohomology Serre spectral is exactly the
same. Thus the rationalization map H*(Z;Z) — H*(Z;Q) preserves the number of
basis elements in each dimension. Thus H*(Z) is torsion-free, proving part (ii).

Notice that the description of H*(Z) implies that Z has k—1 cells in dimension 2 and
k —1 cells in dimension 3. The fact that H*(Z) is torsion-free therefore implies that the
3-skeleton of Z is homotopy equivalent to \/f=1 (S?Vv.S?). The one remaining nontrivial cell
of Z occurs in dimension 5, so Z is the homotopy cofibre of a map S* — \/f:1 (82 Vv S3),

proving part (i). O

Remark 4.2. The space Z is in fact a manifold, not just a Poincaré duality complex,
which is diffeomorphic to the connected sum of k copies of S? x S3 [10]. As we only
use the much simpler properties of Z listed in Lemma 4.1, it is clarifying to leave the
analysis of Z as it stands in the statement and proof of the lemma.

Before proceeding to decompose the loop space of a simply-connected 4-manifold, we
first decompose the loop space of the associated Poincaré duality space Z. Let

\/ ($2vS?) — z
be the skeletal inclusion.
Proposition 4.3. If k =1 then Z ~ S°, so 27 ~ 25°. If k > 2 then the following hold:
(i) there is a homotopy equivalence
N7~ 02(S% x 8%) x LIV (JAR(S* x 5%)))

where J = \/"2(S2V S3) if k> 2 and J = * if k = 2;
(ii) the map (Z(\/i:ll(S2 v S3)) 24 07 has a right homotopy inverse.
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Proof. Notice that Proposition 4.1(i) implies that if k = 1 then Z ~ S5. Assume from
now on that k > 2. We will show that the conditions of Proposition 3.2 hold. The
result of Quinn already cited implies that Z is a Poincaré duality space, and by Propo-
sition 4.1(i), Z is 1-connected and 5-dimensional. So with m = 2 and n = 5 we have
m =2 <n—m = 3. By Proposition 4.1, the 4-skeleton of Z is homotopy equivalent to
\/;:11(5’2 V §3). Thus Z satisfies the hypotheses of Proposition 3.2, and applying the
proposition immediately gives the statements of the proposition. O

We now prove Theorem 1.3, restated as follows.

Theorem 4.4. Let M be a simply-connected 4-manifold and suppose dim H*(M) = k for
k> 0. If k=1 then there is a homotopy equivalence

QM ~ S' x 2855
and if k > 2 then there is a homotopy equivalence
QM ~ S* x 27 ~ 8" x 2(S* x S*) x (T V (J AR(S? x $%)))

where J = \/i.:ll(S2 Vv S83) ifk > 2 and J =  if k = 2. Consequently, the homotopy type
of 2M depends only on the integer k = dim H?(M).

Proof. Consider the map M —Xs CP> representing the cohomology class zj. Since M
is simply-connected, any generator of Hy(M) is in the image of the Hurewicz homo-
morphism. In our case, the homology class dual to xj is the Hurewicz image of a map
t : S2 — M. Dualizing, t*(zy) = 3, where 13 is a generator of H?(S?). Therefore,
the composite S? L M -L cP s degree one in cohomology. Let t : S — QM
be the adjoint of ¢. Then the composite ST —— 2M 2% S is degree one in cohomol-
ogy, implying that it is a homotopy equivalence. Therefore, in the homotopy fibration
07— 0M 2% s 1 the map {2¢ has a right homotopy inverse, implying that there is
a homotopy equivalence

QM ~ St x 2Z.
The theorem now follows from the decomposition of {27 in Proposition 4.3. O

An analogue of Theorem 4.4 holds for 3-connected 8-manifolds M, provided that
there is a map M — HP? that induces a surjection onto H*(HP?) = Z. In such a
case, composing this map with the inclusion HHP?2 — HP> and then using the fact that
HP> ~ S$3, one obtains a principal homotopy fibration 3 — Z — M with total space
Z an 11-dimensional Poincaré duality complex. The only nonzero homology groups of Z
are in degrees 4, 7, and 11, and using the associated action of S3 on Z, it is not difficult
to show that the 10-skeleton of Z is homotopy equivalent to a wedge of 4-spheres and
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11-spheres. It is not really clear what may happen in the case of 7-connected 16-manifolds,
as S does not have a classifying space.

We now re-organize the information appearing in the decomposition in Theorem 4.4
when k& > 2 to make it more clear how the decomposition depends on the 2-skeleton of
the 4-manifold. Let i: \/f:1 S? — M be the skeletal inclusion.

Theorem 4.5. Let M be a simply-connected 4-manifold and suppose dim H?(M) = k for
k > 2. Then the map (Z(\/f:1 S?) L5 QM has a right homotopy inverse.

Proof. Recall that there is a homotopy fibration Z — M —% CP*. In Theorem 4.4 it
was shown that {2¢ has a right homotopy inverse, f : S' — 2M. Thus the composite

S x 07 X2 oM x QM S OM

is a homotopy equivalence, where p is the loop multiplication.

By Proposition 4.3, the map (Z(\/Isc;ll(S2 vV S3)) 29 07 has a right homotopy in-
verse, where j is the inclusion of the 4-skeleton into the 5-dimensional space Z. Let
g: 27 — LQ(\/]’C 1(52 V $3)) be a right homotopy inverse of §2j. Let h be the compos-
ite

\/ (52 v 5%) ez " M.

Then (2h o g is homotopic to {2r. Therefore, by the previous paragraph, the composite

k—1
St x 0z 129, QMxQ(\/(52vs3)> IXEh L QM x QM 5 oM
s=1

is a homotopy equivalence.

Since \/l‘:;ll(S2 V 83) is 3-dimensional, the map h factors through the 3-skeleton
of M, which is homotopy equivalent to \/f=1 S2. Thus h factors as a composite
\/:;11 (S? Vv S3) AN \/f:1 52— M for some map K. Also, for connectivity and dimen-
sion reasons, the map S* L5 M factors as a composite S* EAN Q(\/f:1 S?) 2% QM for
some map f’. Therefore, inserting these factorizations into the homotopy equivalence
wo (1 x £2h) o (f X g), we obtain a homotopy equivalence

S'x 0z X9, Q(k\_/lS?) x Q(l\yl(SQ v53)> X2, <\/ 52> x Q(\/ 52>

s=1 s=1

XL oM x QM L QM.

Finally, since {27 is a loop map, it commutes with the loop multiplication, so we obtain
a homotopy equivalence



236 P. Beben, S. Theriault / Advances in Mathematics 262 (2014) 215-238

, . k k k .
Sl x g I (2ea) rz(\/ 52> x Q(\/ 52> N Q(\/ s2> 2iy 0N
=1 1=1 =1

Consequently, the map (2¢ has a right homotopy inverse. O

Theorem 4.5 is useful. For example, we apply it to determine the homotopy type of
the loops on certain principle G-bundles.

Corollary 4.6. Let G be a simply-connected, simple compact Lie group. Let M be a simply-
connected 4-manifold with dim H?(M) > 2. Let P —"+ M be a principle G-bundle. Then
07 has a right homotopy inverse, implying that there is a homotopy equivalence

NP~ QM x 2G.

Proof. Any principle G-bundle P — M is classified by a map M -2+ BG, where BG is
the classifying space of G and P is the homotopy fibre of g. In our case, since G is a simply-
connected, compact simple Lie group, BG is 2-connected (in fact, it is 3-connected).
Thus the composite \/f:1 52 5 M -5 BG is null homotopic by connectivity. By The-
orem 4.5, 2 has a right homotopy inverse. Therefore {2¢ is null homotopic. Hence in
the homotopy fibration sequence 2G — 2P 2m oM 2% G the null homotopy for 2g
implies that 27 has a right homotopy inverse, and therefore 2P ~ 2M x 2G. O

Corollary 4.6 says something interesting. While there are [M, BG] = Z distinct prin-
ciple G-bundles over M, after looping all those bundles become homotopy equivalent.
Further, the decomposition of 2P can be refined by inserting the decomposition of 2M
in Theorem 4.4, and — after localizing at a prime p — by the decompositions of 2G
that arise from the p-local decompositions of G due to Mimura, Nishida and Toda [20].

5. Looped Configuration Spaces

We end with a quick application that is in the spirit of our previous results. Let
Fo(X)={(21,...,2x) € X*F | i £ a; if i £ 5}

be the ordered configuration space of k distinct points in X. The literature on these
spaces is substantial, but many basic questions remain unanswered. For example, their
integral homology is not clearly understood in most cases, and it is now known that their
homotopy type generally does not depend only on the homotopy type of X, even after
restricting the input space to compact manifolds [17].

Things do simplify after looping however. If we were to take M to be a smooth man-
ifold with a nonvanishing tangent vector field, then the projection map Fyp(M) — M
onto the first coordinate has a section. By [11,7] there is a homotopy decomposition
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RF(M) ~ QM x Q(M — Q1) x -+ x 2(M — Q) (9)

for any choice of distinct points q1, ..., qr in M, with Q; = {q¢1,...,¢}. Thus, not only
are the Betti numbers 2F (M) relatively easy to compute, but the homotopy type of
2F;, (M) depends only on the homotopy type of the input manifold M when M is simply
connected. The following takes this a step further:

Corollary 5.1. Let 1 < m < n — m, n be odd, and let M be a closed oriented
(m — 1)-connected n-dimensional smooth manifold with torsion-free homology. Then the
homotopy type of the looped configuration space QF(M+#(S™ x S™~™)) depends only
on the homotopy type of M — x for each k > 1.

Proof. Recall that the connected sum of smooth manifolds can be constructed so that
the resulting manifold also has a smooth structure. Then M#(S™ x S™~™) is a smooth
manifold, and moreover it is odd dimensional, so it has a nonvanishing tangent vector
field. Thus, the decomposition (9) specializes to

QF (M#(S™ x §77™)) = Q(M#(S™ x §*7™)) x 2(M#(S™ x S*™™) = Q1) x ---
X Q(MA(S™ x ") = Qi)

for any choice of k distinct points ¢1, ..., qx in M#A(S™ x S"~™).

Notice that M#(S™ x S™™™) — @; is homotopy equivalent to the wedge sum of
(M — %) v .S™ v S™ ™ with ¢ — 1 copies of the (n — 1)-sphere. Thus, the homotopy
type of each factor 2(M#(S™ x S™™™) — @;) in the decomposition above depends
only on the homotopy type of M — . Likewise, the homotopy type of the remaining
factor 2(M#(S™ x S™~™)) depends only on that of M — % by Theorem 1.5. The result
follows. O
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