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ABSTRACT
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Doctor of Philosophy

GEOMETRIC ACTIONS OF CLASSICAL ALGEBRAIC GROUPS

by Raffaele Rainone

Let k be an algebraically closed field of arbitrary characteristic p. An affine algebraic
group G is an affine algebraic variety over k with a group structure such that multipli-
cation and inversion maps are morphisms of varieties. A special class of affine algebraic
groups are the so called classical groups CI(V'), groups of isometries of a finite dimen-
sional k-vector space V with respect to a certain form on V — e.g. a zero form, a
symplectic form or a non-degenerate quadratic form. These groups are: GL(V') the
general linear group, Sp(V') the symplectic group and O(V') the orthogonal group.

Let G = CIl(V). Various (closed) subgroups H of G can be defined naturally in terms
of the geometry of V' — H may be the stabiliser of a subspace of V, or a direct sum
decomposition of V', or a non-degenerate form on V', for example. Let H be such a
subgroup and let 2 = G/H be the corresponding coset space. Then € is a variety with
a natural algebraic action of G. We define geometric subgroups of G to be the closed
subgroups arising in this manner. Consequently, for H a geometric subgroup, we say

that the natural action of G on Q = G/H is a geometric action.

We define Cq(x) to be the set of points in  fixed by 2. Then Cq(x) is a subvariety,
and we can show that

dim Cq(x) = dim Q — dim 2 + dim(z% N H)

The main aim of this thesis is to study the dimensions of fixed point spaces Cq(x)
in the context of geometric actions of classical groups G = CI(V'), with a focus on
elements = in G of prime order. We define fo(x) to be the ratio dim Cq(z)/ dim 2.

Essentially, our aims are as follows:

(i) Global bounds: derive upper and lower bounds on fq(x);
(ii) Local bounds: derive upper and lower bounds on fq(x) in terms of the codi-
mension of the largest eigenspace of x on V;
(iii) Sharpness: characterise the elements that realise such bounds.
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Introduction

Let k be an algebraically closed field of arbitrary characteristic p. An affine algebraic
variety is a closed subset of k™ in the Zariski topology or, equivalently, the vanishing
set of certain polynomials in n variables over k. Morphisms between affine varieties are
maps that can be defined by polynomials in the coordinates. An affine algebraic group
(or simply an algebraic group) is an affine variety over k with a group structure such
that the multiplication and inversion maps are morphisms of varieties. For example
the special linear group SLy(k), the n x n matrices over k with determinant 1, is an

affine variety and in fact an algebraic group.

Let G be an algebraic group with underlying field £ and let H < G be a closed
subgroup. Then 2 = G/H is a variety over k and the natural action of G on 2 is an
algebraic action, i.e. an action for which the map G x 2 — €2 is a morphism of varieties.
For x € G the fized point space

Cao(x) ={weQ:zw=w}CN

is a subvariety, so we can consider its dimension. This space will be of central interest
in this thesis.

For any algebraic group G there exists a closed embedding ¢: G — GL,(k), for a
suitable n. Fix an embedding . We say that € G is unipotent (resp. semisimple) if
t(x) —1 is nilpotent (resp. ¢(x) is diagonalisable). It turns out that these definitions are
independent of the chosen embedding. Moreover, every element x € G has a unique
Jordan-Chevalley decomposition x = zsx, = x,xs where xs € G is semisimple and
z, € G is unipotent. In particular, a prime order element is either semisimple or
unipotent. In fact, in positive characteristic, a prime order element is unipotent if, and
only if, it has order p.

Let V be a finite dimensional k-vector space equipped with the zero form f, a sym-
plectic bilinear form f, or a non-degenerate quadratic form (). In this thesis we say
that G = CI(V) is a classical group if it is the isometry group of (V, k) for k = f or Q.
Formally,

I(V,f)={A e GL(V) : f(Av,Au) = f(v,u) for all u,v € V}
I(V,Q)={A e GL(V) : Q(Av) = Q(v) for all v € V}
According to this definition the classical groups comprise the general linear group
GL(V) in the case f = 0, the symplectic group Sp(V') for f symplectic and the or-
thogonal group O(V') when @ is a non-degenerate quadratic form. If dim V' > 2 (and
also dim V' # 4 in the orthogonal case), then the derived subgroup I(V, k)’ is a simple

algebraic groups, i.e. it has no non-trivial proper closed connected normal subgroups.
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The geometry of (V, k) gives rise to a number of natural spaces X on which the
corresponding isometry group acts. An example is the space of linear subspaces of
fixed dimension. In this thesis we investigate the actions of classical groups on the
following spaces:

(i) the space of symplectic or non-degenerate quadratic forms on V;
(ii) the space of direct sum decompositions of V into maximal totally singular
subspaces (subspaces on which the form is trivial), i.e.

X={UW):V=UaW, UW totally singular}

(iii) the space of direct sum decompositions of V' into orthogonal isometric sub-
spaces.

In each case, the action of G = CI(V') on X is transitive. Thus, if H is a point stabiliser
then this action is equivalent to the action on the coset variety Q = G/H. We call the
actions arising from this construction geometric actions, and the stabilisers geometric
subgroups. Incidentally, the subgroups arising in this manner are related to maximal
subgroups, indeed their normalisers comprise the families €5, 3 and %% in [41]. For
each of the cases (i)—(iii) we say that H — a point stabiliser — lies, respectively, in
the family %, %3 or %2. Whenever we consider an action of a classical group G over
) = G/H for H € €; we shall also refer to the action as a %;-action.

Each element of a classical group G = CI(V) is simultaneously acting on Q = G/H
and on V. Define [V, z] = (z.v —v:v e V) < V.

Definition 1. Let G = CI(V) and x € G. Define
v(z) = min{dim[V, A\z] : A € k*}

Notice that v(x) > 0 if x is not a scalar; in addition, v(z) is the codimension of the

largest eigenspace of  with respect to the natural action on V.

Let G = CI(V). Consider the action of G on Q = G/H, for some geometric subgroup
H < G. Then we may expect a correspondence between dim Cq(x) and v(z). For
example, if v(x) is small then x has a large eigenspace and we might expect x to have
a large fixed point space on §2.

In this set up a number of questions arise naturally. One might ask how the dimension
of Cq(x) depends on x and v(x) for these geometric actions. A related problem, in
the context of exceptional algebraic groups, was first studied by Lawther, Liebeck and
Seitz [39], where upper bounds on dim Cq(x) were obtained. We denote by & the
conjugacy class of z. A key tool in their analysis is the following general formula (for
Q=G/H):

dim Cq(z) = dim Q — dim 2 + dim(z% N H)
In order to apply this formula we need a deep understanding of the G-conjugacy classes
as well as the fusion of H-classes in G, as ¢ N H is a union of H-classes.

Notation. Let G = CI(V) be a classical algebraic group, H < G be a closed geometric
subgroup and x € G be an element of prime order r (or any unipotent element if the
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characteristic is zero). Set 2 = G/H. The aim of this thesis is to study the ratio

falz) = w

In particular, we are interested in the following;:

(a) Global bounds: derive close to best possible bounds on fo(x) depending on
G, H and r;

(b) Local bounds: derive close to best possible bounds on fq(x) in terms of v(z);

(c) Sharpness: justify why the bounds are close to best possible, by character-
ising elements that realise them, or by constructing elements with fq-value
sufficiently near the bounds.

(d) Focus on involutions: for x € G of order 2 find an explicit formula for fqo(z).

Some of these problems have already been addressed in the literature. An instance
is the aforementioned paper [39] by Lawther, Liebeck and Seitz. Burness [11] with
a systematic study of bounds on dimensions of conjugacy classes in classical algebraic
groups derived upper bounds on the dimension of fixed point spaces in primitive actions.
Hence (a) above extends the investigations in [39), 11] to upper and lower bounds on
the dimension of fixed point spaces in actions of classical algebraic groups.

The only study on local bounds has been done by Frohardt and Magaard [21];
namely, they derived local upper bounds on the fixed point ratios (the proportion of
points fixed by a group element) in actions of finite classical groups on the space of
subspaces of fixed dimension. In this thesis we initiate the study of local upper and

lower bounds for geometric actions of classical algebraic groups.

It is clear that problem (c) naturally arises when investigating global and local
bounds. In the notation established, if » = 2 then dim Cq(z) is essentially determined
by v(x): this motivates (d).

In this thesis we assume H < G is a positive dimensional subgroup. Notice that if
H < @G is a finite subgroup then dim Cq(z) = dim Cg(x). In particular, [11, Propo-
sition 2.9] provides upper and lower local bounds on dim Cq(x). Thus, our study on
local bounds may be viewed as a generalisation of this result to the case where H is

positive dimensional.

Further motivation arises from finite permutation groups. Let G be a transitive
permutation group on a finite set {2 with point stabiliser H, i.e. G < Sym(2). The
fized point ratio of x is defined to be

Colz 2°NH
fpro(x) = | |§§| )l — | e |

Fixed point ratios have been widely studied since the 19th century, and bounds on them
have found a wide range of applications [40), [43], 28, 22}, 23, [9, 16]. For example, the
key tool in [22] has been [21] whose main result implies that for a prime order element
x in a finite classical group, defined over the field I, acting on the set of subspaces of
fixed dimension m, we have

v(z)m

fpro(z) S q”
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Finite almost simple groups of Lie type can be defined by taking the fixed point
groups of suitable morphisms of simple algebraic groups (see [18], Chapter 1] or [45]
Chapter 22]). So it is not surprising that bounds on the dimension of fixed point
spaces in actions of classical (or exceptional) groups can be translated to give bounds
on the fixed point ratios in the corresponding actions of finite groups of Lie type.
For example, the main tools to derive upper bounds on fixed point ratios in some
primitive actions of finite exceptional simple groups in [38] are the bounds derived in
[39] for the corresponding algebraic groups. Another instance is the series of papers
[12), 13, 14, 15] by Burness; also here for the purpose of deducing upper bounds on
fixed point ratios of finite simple classical groups in certain primitive actions the author

uses bounds derived in [11]] for primitive actions of classical algebraic groups.

Main results

Let k be an algebraically closed field of characteristic p; if the characteristic is zero
we set p = oo. Let G be a classical group CI(V'). Then fixing a basis of V' we gain an
identification V' = k™ and also an identification of C1(V') with Cl,, = GL,, Sp,,, O,,. We
will always assume n > 4 in order to simplify the statements of our results; however
several of the following bounds hold in the case n < 4, as well. The main results of this
thesis will deal with actions of classical groups G = Cl,, on a coset variety Q = G/H
for H < G a closed geometric subgroup in one of the families %3, 43, %s defined in
Table [} For %2-subgroups we write H = Cl,,/, 1 St < Cl,, where Cl ranges over the
symbols {GL, Sp, O}. Notice that we only consider positive dimensional subgroups, so
for %5-subgroups we avoid the case n =t if G = O,,. For the reader’s convenience in

Appendix [A] we give tables where we provide references for all the cases studied.

%; Rough description Structure Conditions
%> Stabilisers of orthogonal decomposition Clyy 1S < Cly, n/t>1
V=Via...aV, dmV,=n/t if Cl,, # GL,

%3 Stabilisers of totally singular decomposition GL,, /5.2 < Sp,, or Oy,
V=UasW
%s Classical subgroups Sp,,, On < GL,
O, < Sp, p=2

Table 1

In the case G = Sp,, or O, and p = 2 we label the conjugacy classes of involutions
as in [3]. So if # € G is an involution with v(z) = s odd then x € bS. In the case v(z)
is even we say = € a$ if (v, 2.v) = 0 for all v in the natural module of G' (where (-, -) is
the bilinear form on V fixed by G, otherwise z € ¢. With a slight abuse of notation

we shall also write £ = a5 or b or cs.

For x € G we write o(x) for the order of z. We define the following set:
X =X (G) ={zr € G:o(x) prime or x unipotent if p = oo}

Theorems @] give our strongest results on global bounds for fq(z), where Q =
G/H, G = Cl, and H is in %, 63 and %, respectively. (See Appendix |A| for a
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comprehensive list of references of all the results proved). However we first state the
following theorem, which holds for any classical group and any subgroup H € %, U%3U
¢6. Notice that if x € Z(G) then either x € H, in which case fo(z) =1, or x ¢ H, in
which case Cq(z) = () in particular fo(z) = 0.

In the following we set t = 2 if H € 43U % and t as in Table[1]if H € %5.
Theorem 2. Let G = Cl,, and H < G be a subgroup in 6; fori =2,3,6. SetQ=G/H.
(a) Let x € G\ Z(G). Then

(b) Let x € HNZ be unipotent.
(i) If p > n/2 then

(i) If p < n/2 then

(c) Let x € HNZ be semisimple of order r < n—1. Assume (G, H) # (Sp,,, On).
Then

fale) > - = oo = =
Remark 3. Let us make some comments on the statement of Theorem 2

(i) In (¢), if (G,H) = (Sp,,,Op) or r > n — 1 then fo(z) > 0 and equality
is possible. In fact, we determine all such elements in Theorems [ and
below.

(ii) The lower bounds extend to any prime order element x € G whose G-conjugacy
class meets H. In fact % N H = § if, and only if, Cq(x) = 0.

(iii) The upper bound in (a) is not sharp, but best possible upper bounds are given
in Theorems[d] [5] [6}, which imply that the given bound is close to best possible.

(iv) The lower bound in (b)(i) is best possible. In fact, if (G, H) = (GLy, Oy),
p>n and x € H is a regular unipotent element, then fo(z)=1/n.

(v) The lower bound in (b)(ii) is best possible when p = 2. For example, if
G = Sp,, and H € 63 then fo(x) =1/2—2/(n+2) for z = b,,/5 or ¢, s.

(vi) The lower bound in (c) for semisimple elements is not optimal; in fact it is
often negative when ¢t > 2 (but not if » = 2). However, in our later analysis
we will give best possible bounds (which are more complicated to state) in
almost all cases — see Remarks [8.1.2] [12.1.2] and [16.1.2] for details in the cases
H € 63,65, %6>, respectively.

Theorem 4. Let G = Cl,, and H < G be a subgroup in €. Set Q =G/H.
(a) Let x € G\ Z(G). Then

2 2
fQ(x)Sl—E‘f'm

(b) Let x € HNZ be unipotent.
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(i) If p > n then

t
>
falz) =
(ii) If p < n then
1
faz) = -
()=
(c) Let x € HNZ be semisimple of order r < n —1. Then
1 rt? 2

fole) 25— s ==
Theorem 5. Let G = Cl,, and H < G be a subgroup in €¢5. Set Q = G/H. Then
(a) Let x € G\ Z(G). Then

b) Let x € HNZ be unipotent.
(
(i) If p > n/2 then

(ii) If p < n/2 then
fa(z) >

where € = n%% if p=2 and e = 0 otherwise.

(c) Let x € HNZ be semisimple of order r < n. Then
1 T
r

>
fal@) 2 n(n —2)
Theorem 6. Let G = Cl,, and H < G be a subgroup in 6s. Set Q@ = G/H. Then

(a) Let x € G\ Z(G). Then, for G = GLj,,
2 4

fQ(m)Sl_n+1 +n(n+1)

If G = Sp,, then fo(x) <1-—1/n.
(b) Let x € HNZ be unipotent.
(i) If p > n then

— €

SR

fa(z)

v
3=

(i) If p < n then
fa(z) >

(c) Let x € HNZ be semisimple of order r.
(i) If G = GL,, then

r<<n

n+1 r>mn

(ii) Assume G = Sp,,. Then fo(z) =0 if, and only if, dim Cy (x) = 0.

Remark 7. Let us make some remarks on the statements of Theorems and [6]
More detailed comments are given in Chapters and
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(i) Asnoted in Remark [3|(vi), the lower bound in Theorem [d](c) is not best possible
— see Remark for optimal bounds in almost all cases.

(ii) We point out that, with the exception of the lower bounds for semisimple
elements, the bounds are sharp. In fact, we can find elements x € G of order
r such that fo(x) realises the bound. Moreover, we can describe all such
elements in most cases.

(iii) In Theorem [4(b) if we assumed ¢ < n then, instead of the two cases p > n and
p < n, we have the two cases p > n/2 (for (i)) and p < n/2 (for (ii)).

Let G = Cl,, and « € G. Recall the definition of v(x) from Definition (I} In Theorem
below, we give upper and lower bounds on fq(z), depending on v(z), for x € H of

odd prime order r. In order to state this result, we define
Ve={ze€G:v(z)=s}
Vsr ={z €Vs:0(x)=r}

Theorem 8. Let G = Cl,, and let H < G be a subgroup in 6; for i = 2,3,6. Set
Q=G/H. Letr be an odd prime. Let x € HNVs,.

(i) We have
s 2
fa(z) <1— 1o + o
(i) If H € %5, assume r # p and, in the orthogonal case, assume n/t is even.
Then 2 s
s(2n — s
fa(z) >1— 2

Remark 9. We make some comments on Theorem |8/in the case H = Cl,,/;15;. Let H°
be the connected component Cl,,/; X + - X CLy, ;. We shall compute an explicit formula
for dim(z% N H°) for semisimple elements = € G of prime order (see Theorem
and we show that dim(z% N H®) > (1/t — ¢) dim 2% for an explicit € > 0. These results
are the key tools to derive local lower bounds. In particular, our method only applies
if 2N H® # (. If G = O, and n/t is odd then H does not contain a maximal torus;
hence there are semisimple elements z € H for which 2% N H® = (). Investigating local
lower bounds for unipotent elements is difficult due to several reasons; for example, we
do not have an explicit formula for dim(z% N H°) when = € H is unipotent (in general

% N H° may be empty).

As expected, we see that there is a strong relationship between v(z) and fq(x).
Excluding the cases in Theorem [§](ii), we immediately deduce the following result (with
r > 2). See Remarks|8.1.11} [12.1.12{ and [16.1.14] for references.

Corollary 10. Let z,y € HNV,,. Then

[fa(z) = fa(y)] < —5—

In particular, if s < /n or s > n —+/n, then
fole) ~ fo®)] < = +
Q Qly _\/ﬁ n
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Assume z,y € G are involutions with v(z) = v(y). Unless p = 2, v(x) is even
and G # GL,, we can show that fo(z) = fao(y). In fact, in almost all cases, we can
determine an explicit formula for fo(x).

For the purpose of stating the next result we need some more notation. Let G = ClI,
and H = Cl,,;; 1 S; be a 6a-subgroup. Let x € G with v(z) = s. We define

2 4

Theorem 11. Let G = Cl, and H < G be a subgroup in €; for i = 2,3,6. Set
Q= G/H. Let x € G be an involution with v(z) = s. Write s = |s/t]t + b and
s/2=[s/2t|t+ V. Then

4 :max{O, s+t n}

g(nat>5) < fQ('r) < g(n7tv 5) +€
where

(i) if H € €5 then g(n,t,s) and € are recorded in Table[3;
(i) if H € €5 or €5 then € = 0 and g(n,t,s) is recorded in Tables [3 and [ for
H € 63 and 6g, respectively.

G Conditions g(n,t,s) ¢
GL n/t even
o oor n/t odd, s < max{%a %} 1— 2s(n—s) _ 2b(t—b) 0
Sp, p=2z€bS orc w2 n2(=1)
O, z¢ads
pF2
Sp n/2t even

_ G _ 1(p_ 1!
"op=2real {or h =0 L— 28(:2 2 - ?2((2;—?)) 3/n

O, p=2,xcaf, =0

Sp,, p=2,z¢€a¥,n/2t odd, K >0 ] _ 2s(n=s=1) | n+2(s—1)

+
O, p=2zx€al,h'>0 n2 (17%) (-1 3/n
_ 2s(n—s—1 e
GL, n/t odd, s > max{%, 2" 1— Z’é’zljl)) 4 2n(t—tl) 0
t

Table 2. Involutions in %»-actions

An element x € G is regular if dimCg(z) = rankG. In [31] Herb and O’Brian
showed that x € G is regular if, and only if, Cq(x) is finite, where Q@ = G/P and
P < @ is parabolic (a particular type of %)-subgroup, in the terminology of Liebeck
and Seitz). We establish a similar result for %5- and %3-actions.

Theorem 12. Let G = Cl,, and H < G be a subgroup in €; fori = 2,3. Let x € G
such that @ N H # (. Then the following are equivalent
(i) Ca(x) is finite;

(ii) fa(z) = 0;

(iii) x is reqular, or G = Sp,,, H € %5 and Cg(x) = Spy X (GLI)"/z_l,

Let G be an algebraic group acting on a variety ). We define the algebraic fixity
M = M(G,Q) =sup{fa(z) :z € G\ Z(G)}



Introduction 9

G s D x g(n,t,s)
Sp, <n/2 any 1-— ff((g;;))
n/2 #2 Ly, —Lyp) 5+ %ﬁ
n/2 2 /2 % + ni-s—Q
n/2 2 bn/2: Cn /2 %_n%—Q
O, <n/2 any 1-— is((::;)) + n(sfm 9p2
nf2  #2 Ly —lapl 3
n/2 2 /2 % + %
n/2 2 by 3
n/2 2 Cn/2 % — nEQ

Table 3. Involutions in %3-actions

G H g(n,t,s)

2s(n—s s
GL. Sp, 1- n((n—l)) + n(2—1)5p72

2s(n—s) 2s
GLn On 1= 30650 + apery Op2

Sp, O, 1-2

Table 4. Involutions in %g-actions

Let r be a prime, we define the r-local algebraic fixity
M, = sup{ fa(@) : ox) = r}

For any z € G we have x = z,x, where x5 € G is semisimple and z, € G is unipotent
and Cq(x) = Cq(xs) N Cq(xy) (see Proposition [7.1.5)). Clearly, for any integer m we
have Cq(z) C Cq(a™). Therefore M = sup{M, : r prime}.

For finite permutation groups, M is defined to be the fizity of the group. Saxl and
Shalev [52] showed that if a finite simple primitive permutation group has fixity f then
either it is PSLa(q) or Sz(g) (in their natural permutations actions), or the order of the
group is bounded by some function of f.

Burness [10] provided a lower bound on the 2-local algebraic fixity for primitive
actions of simple algebraic groups. The main result of [10] states that, apart from a
short list of known exceptions,

1 1
My > -
225 o

where h is the Cozeter number of G: h = —14dim G/rank G. This bound is essentially
the best possible (see [10, Remark 1]).

Theorem 13. Let G = Cl, and H < G be a subgroup in €; for i = 2,3,6. Set
Q= G/H. Then the algebraic fixity of G is listed in Table @ In addition, if we assume
n > 10 if (G,H) = (On,GL,/5.2), there exists x € G of prime order r such that
fa(z) = M if, and only if, v is as in the last column of the table.
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G H M Conditions r
1-— % t#£n any
Sp,  Spuu S 1-2 p
On  Opp Sy 11— 2 2
4(n—2)
Sp, GL,p2 11— 202 2
4(n—4
Op, GL,p2 1- nEn_2)) P
GL, Sp, 1- ii’ﬁ;?% p#2 p
e
GL, O 1- 2oy p#2 2
2(n—2) o
L= e p=2 2
Sp,, O, 1-1 p=2 2

Table 5. Algebraic fixity

Remark 14. We could state a similar version of this theorem for 4 < n < 10 in the
case G = O, and H € %3;. However, several cases arise depending if n = 6,8, or 10.
For these small rank cases, we refer the reader to Remark [12.1.4]

Corollary 15. There exists x € G, either an involution or an element of order p, such

that fo(x) = M.

During the analysis we will compute M, for any r, see the references in Remarks
8.1.2(1), [12.1.2{(ii) and [16.1.2](ii). The following shows that Theorem [2|(a) provides close
to the best possible upper bounds on fq(x) for x € G\ Z(G).

Corollary 16. For any prime r there exists x € G\ Z(G) of order r such that

mmm-%
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CHAPTER 1

Algebraic varieties

In this chapter we collect some basic results concerning classical algebraic geometry.
The purpose is to introduce the main objects needed in order to define and discuss the
basic properties of algebraic groups and their actions. We define affine and projective
varieties, and we introduce important notions such as dimension and morphisms. We
follow [29, Chapter 1]. Other references for algebraic geometry with a view towards
algebraic groups are [25, Chapters 1-2] and [45 Chapter 1].

Throughout this thesis k is an algebraically closed field of characteristic p.

1.1. Zariski topology

The affine n-space over k, denoted A", is the set of n-tuples of elements of k. We call
the elements P = (aq,...,a,) € A™ points. Let A = k[x1,...,x,] be the polynomial
ring in n indeterminates over k.

Each polynomial f € A can be naturally viewed as a function f: A™ — k by defining
f(P) = f(ay,...,an).
Let f € A be a polynomial. We define the zero set of f to be

Z(f) = {P € A" f(P) = 0} C A"

More generally, if T' C A then Z(T) = {P € A" : f(P) =0 for all f € T'}. It follows
from the definition that if 77 C 7" C A then Z(T") C Z(T) C A™. Let a be the ideal of
A generated by T' C A. It is rather easy to show that Z(T') = Z(a).

Recall that a ring R is said to be Noetherian if it satisfies the ascending chain
condition on ideals, i.e. if given a chain of ideals Iy C I» C ... there exists m such
that I, = I,4; for all [ > 0. Equivalently, R is Noetherian if every ideal is finitely
generated. In particular, any field is a Noetherian ring. By Hilbert’s Basis Theorem [4],
Theorem 7.5], if R is a Noetherian ring then so is R[z|. In particular, A is Noetherian,
then any ideal is finitely generated. Therefore, for any 7' C A, Z(T) is defined by the
zero set of a finite number of polynomials.

A subset X C A" is called an algebraic set if there exists T C A such that X = Z(T).
The following is [29] Proposition 1.1].

Proposition 1.1.1. Algebraic sets satisfy the axioms for the closed subsets for a topol-
ogy on A™.

The Zariski topology is defined to be the topology on A™ whose closed sets are the
algebraic sets.

Example 1.1.2. Let P = (ay,...,a,) € A". Then {P} = Z(z1 —a1,...,2n —ay). In
particular, finite sets are algebraic sets.
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Note that the closed sets of A! in the Zariski topology are precisely the finite subsets.
A topology whose collection of closed sets consists of finite subsets is also called cofinite
topology.

Example 1.1.3. Let V be an n-dimensional k-vector space. Fixing a basis of V' and
recalling that A™ has a natural structure as vector space, we have an isomorphism
¢: V. — A" In particular, via ¢, we can endow V with the Zariski topology (notice
that ¢ depends on the choice of the basis hence the topology on V' will depend on this
choice). Let T'C A = k[z1,...,zy] be a set of linear polynomials with no constant
term. Then Z(T) < A" is a linear subspace. Conversely, any linear subspace W < A"

is the zero set of a system of some linear polynomials with no constant term.

Let us recall some general concepts in topology. Given a topological space X and
a non-empty subset Y of X we say that Y is irreducible if Y cannot be expressed as
a union of two proper subsets that are closed in X. A topological space X is called
Noetherian if it satisfies the descending chain condition for closed subsets, i.e. if given
a chain of closed subsets Y1 O Y5 O ... there exists an integer m such that Y,, = Y,y
for all [ > 0. For the next result, see [29] Proposition 1.5].

Proposition 1.1.4. Let X be a Noetherian topological space and let Y C X be non-
empty and closed. Then there exist finitely many closed irreducible subsets of X such
that Y = Y1 U---UY,. If we require Y; £ Y; for all i # j, then the Y; are uniquely
determined. In this situation, the Y; are called the irreducible components of Y.

In Remark below, we prove that affine n-space A", equipped with the Zariski
topology, is a Noetherian space. Hence, as an immediate consequence of Proposition
any algebraic set can be expressed uniquely as a union of irreducible algebraic
sets, no one containing another.

Set 0 = (0,...,0) € A", Wesay that (ag, . ..,an) ~ (bo, - ., by) in A"\ {0} if, and
only if, there exists A € k* such that (ag,...,an) = A(bo,...,by). It is straightforward
to check that this is an equivalence relation. We define the projective n-space P"* =

A"t/ . For P = (ag,...,a,) € A" write [ag : ... : a,] for the equivalence class
containing P. A polynomial f € k[zg,...,xz,] is said to be homogeneous of degree d
if for every A € k* and for every (ag, ..., a,) € A"\ {0} we have f(\ao,...,\a,) =
Xf(ag, ... a,). We set S C k[zg,...,z,] to be the collection of all homogeneous

polynomials. And we observe that S = @ >, 5¢ where Sy = {f € k[zo,...,x,] :
f homogeneous of degree d}. In particular, gqven f e S, if f(ag,...,an) = 0 then
f(Xao, ..., Aa,) = 0 for all A € k*. Therefore for any f € S the following set is well
defined
Z(f) = {P € P": f(P) =0}

As in the affine case, if ' C S and T consists of homogeneous polynomials then Z(T') =
{PeP": f(P)=0forall feT}.

We say that a subset X C P™ is an algebraic set if there exists 7' C S such that
X = Z(T'). We have the following result, which is the projective analogue of Proposition

see [29] Proposition 2.1].
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Proposition 1.1.5. The algebraic sets satisfy the axioms for the closed sets for a
topology on P™.

We define the Zariski topology on P™ to be the topology whose collection of closed

sets consists of algebraic sets.
Also here we have that finite sets are algebraic sets.

Example 1.1.6. Let P =[ag : ... : a,] € P", and assume a; # 0. Let f; = ajz; —ajz;.
Then f; € S and Z(fo,. .., fi—1, fi+1,---, fn) = {P}.

Example 1.1.7. Let V be an (n + 1)-dimensional vector space over k. We may define
P(V) ={(v) : v e V\{0}} as the projective space associated to V. Here v ~ u if, and
only if, there exists A € k* such that v = Au. In particular, fixing a basis of V' and hence
of P(V'), we have an identification P(V') = P". Again, thanks to this identification we
can endow P(V') with the Zariski topology.

1.2. Varieties

An affine algebraic variety, or affine variety, is an algebraic set in the affine space
A™ together with the induced Zariski topology. An open subset of an affine variety is

called a quasi-affine variety.

Let Y C A™ be a subset. The ¢deal of Y in A is
IY)={feA: f(P)=0forall P Y}

It is easy to check that I(Y) is in fact an ideal of A. It is clear that if Y C X then
I(X) C I(Y). Notice that given Y C A™ we have Z(I(Y)) =Y, the closure of Y in A"
(see [29, Proposition 1.2]). Recall that in a topological space X we say that Y C X is
dense if Y = X. We have that any open set in A" is dense (see [29, Exercise 1.6]).

Remark 1.2.1. Let us observe that the affine space with the Zariski topology is Noe-
therian. Let Y1 O Y5 D ... be a descending chain of closed subsets in A™. Then we
have the ascending chain I(Y7) C I(Y2) C ... of ideals in A. Since the polynomial
ring is Noetherian, there exists m such that I(Y,,) = I(Y,,4;) for all [ > 0. Since
Z(1(Y;)) =Y, for all i we deduce that A" is Noetherian.

If a is an ideal of a ring R then the radical of a is defined to be
Va={fe€A: f €a for some r > 0}

Consequently, an ideal a is said to be radical if a = \/a. For example, consider a € Zq
and (z%) C k[z] then y/(2%) = (z). In particular (z?) is radical if, and only if, a = 1.

The most important result in classical algebraic geometry is the following (for a proof
see [4, Theorem 1, p.85]).

Theorem 1.2.2 (Hilbert’s Nullstellensatz). Let k be an algebraically closed field. Let
a be an ideal of A = k[z1,...,x,]. Then I(Z(a)) = +/a.

An immediate corollary of the Nullstellensatz is that there is a one-to-one, inclusion
reversing, correspondence between algebraic sets in A™ and radical ideals in A given by
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Y — I(Y) and a — Z(a), see [29, Corollary 1.4]. In particular, there is a one to one

correspondence between points {P = (a1, ...,a,)} C A" and maximal ideals m C A.

Let Y C A™ be an affine variety. We define the affine coordinate ring k[Y] of Y to
be A/I(Y). We can regard k[Y] as the ring of polynomial functions ¥ — k.

In Section [1.1] we gave the definition of irreducibility for a topological space. We
have the following characterization of an irreducible algebraic set in terms of its corre-
sponding ideal, [25] Proposition 1.1.12 (b)].

Proposition 1.2.3. Let Y C A" be an algebraic set. Then Y is irreducible if, and
only if, I(Y) is a prime ideal.

A topological space X is connected if it cannot be written as the disjoint union of
two proper closed subsets. Clearly, if a space is irreducible then it is connected. The
converse does not hold in general. For example, consider the algebraic set Y = Z(zy)
in A2, It is clear that

Y ={(z,0): 2 €k} U{(0,y) :y € k}

and these two sets are closed, hence Y is reducible. Meanwhile, it is possible to show
directly that if Y = X; U Xy where X3, Xy are disjoint and closed in Y (and hence
closed in A?) then X; = Y or Xo = Y. In fact if such a sets exists then X; = Z(T})
where T; C A is an ideal, for i = 1,2. Thus Y = X; U Xy = Z(T1T3) = Z(zy), which
implies 7175 = (zy). Since X7 N X = 0, it is rather easy now to show that either T} or
T, must be (zy), i.e. we cannot have 77 = (x) and Tb = (y) otherwise (0,0) € X1 N Xos.
Therefore Y is connected. For an algebraic group, these two concepts are equivalent

(see Proposition [2.1.2)).

We also have the related concept of a projective variety. This is an algebraic set in
P, together with the induced Zariski topology. An open subset of a projective variety

is called a quasi-projective variety.

As in the affine case, we can prove that any algebraic set Y of P™ can be written
uniquely as a finite union of irreducible algebraic sets, no one containing another. Again,
we call these sets irreducible components of Y, see [29, Exercise 2.5 (b)]. Incidentally,
we note that P can be covered by (n + 1)-copies of A", ie. P" = |Ji, A" where
A? ={lap : ... :ay) : a; = 0}, see [29, Proposition 2.2].

For Y C P", the homogeneous ideal I1(Y') of Y in S is the ideal generated by {f €
S: f(P)=0forall P €Y} And, asin the affine case, the homogeneous coordinate
ring S[Y] of YV is S/I(Y).

In the following with the word wvariety we shall mean any affine, projective,

quasi-affine, or quasi-projective variety as defined above, unless it is clear

from the context which kind of variety we are considering.

1.3. Dimension

Let X be a topological space. The dimension of X, see [29, p.5], is defined to be

dimX =sup{n:30# Xy C X; C...C X, =X, X, irreducible}
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Now, let Y C A" be an affine (or quasi-affine) variety. We define the dimension of Y’

to be its dimension as a topological space with respect to the Zariski topology.

Let R be a ring. Given a prime ideal p of R we define the height of p to be
ht(p) =sup{n:30#py C ... C p, =P, p; prime ideal}

The Krull dimension of the ring R is the supremum of the heights of all its prime
ideals. We denote the Krull dimension of the ring R by dimg, R, see [29, p.6].

If Y is an irreducible algebraic set then Proposition implies that k[Y] is an
integral domain. Hence we may consider its field of fractions k(Y). We denote by
Trik(Y) the transcendence degree of the field of fractions k(Y) over the field k, this
is the maximum number of elements of k(Y') algebraically independent over k (we
remind the reader that given fields k& C L then ay,...,q; € L are said to be alge-

braically independent over k if for every non-zero polynomial f € k[x1,...,x;] we have
flaa,...,oq) #0).

The following relates these concepts, see [29, Proposition 1.7] and [4, Chapter 11].
Theorem 1.3.1. Let Y C A™ be an affine irreducible variety. Then

dimY = dimg; k[Y] = Trik(Y)

We have that dim A" = n. Indeed its coordinate ring is A = k[z1,...,x,] and its
field of fractions, which is k(z1,...,z,), has transcendence degree equal to n over k.
Let us give an additional example.

Example 1.3.2. Let X = {(z,y) € k* : 2y = 1}. Then X = Z(wzy — 1). The
coordinate ring of X is k[X] = k[z,y]/(xy — 1) and it is clear that k[X] = k[z, 27!

via x +— x, y — z~!. Since k[z,27!] is an integral domain we deduce that X is an

irreducible variety, by Proposition The fraction field of k[X] is given by k(x),
hence Tryk(z) = 1 and thus dim X = 1, by Theorem [1.3.1]

In order to compute the dimension of a quasi-affine variety we use the following result
(see [29, Proposition 1.10]).

Proposition 1.3.3. Let Y C A" be a quasi-affine variety. Then dimY = dimY .
The projective analogue of Theorem is the following, [29] Exercise 2.6, 2.7b].
Theorem 1.3.4. Let Y be a projective variety. Then
dimY = dimg, S[Y] —1
If Y is a quasi-projective variety then dimY = dimY .

Since S[P"] = S C k[zo,...,x,] and dimgk, S = n+ 1, by applying Theorem we
deduce dim P" = n.

Let Y be any algebraic set in A™ or P". By Proposition|l.1.4] write Y =Y U---UY],
where each Y; is closed and irreducible and Y; € Y for all ¢ # j. Then [25], Proposition
1.2.17] yields

(1) dimY = max{dimY; : 1 <i <[}
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1.3.1. Subvarieties. Let X be topological space. We say that a subset is locally
closed if it is the intersection of an open and a closed subset of X.

If X is an affine (resp. projective) variety and Y C X is closed, we say that Y is a
subvariety of X. If X is a quasi-affine (resp. quasi-projective) variety and Y is a locally
closed subset then it is clear that Y is a quasi-affine (resp. quasi-projective) variety,

and in this case we also say that Y is a subvariety of X.

Dimension behaves nicely with respect to subvarieties. Indeed if Y C X is a sub-
variety then dimY < dim X, see [45] Proposition 1.22]. Moreover if X and Y are
irreducible then dimY = dim X if, and only if, Y = X, see [29, Exercise 1.10].

1.4. Morphisms

In the previous sections we have introduced the notion of affine and projective vari-

eties. Now we define what maps are allowed between them.

Let Y be a variety. We say that a function f: Y — k is reqular at a point P € Y if
there exists an open neighbourhood U C Y of P and polynomials g,h € A (homoge-
neous in S if Y is projective) with hA(Q) # 0 for all @ € U such that f = g/h on U.
Consequently, we say that f is regular if it is regular at every point of Y.

The ring of regular function of Y is a k-algebra and, if Y is an irreducible variety, it

is isomorphic to k[Y], see |29 Theorem 3.2a].

Let X and Y be varieties. We say that ¢: X — Y is a morphism if it is continuous
and, for every open set U C Y and for every regular function f: U — k, the function
fow: o Y (U) — k is regular.

A morphism ¢: X — Y is defined to be an isomorphism if there exists a morphism
1¥: Y — X such that p oy =idy and ¢ o ¢ = idx. In particular, an isomorphism is a
bijection. In general, ¢: X — Y does not need to be an isomorphism if it is a bijective
morphism of varieties, we give an example after Proposition below. We say that
X and Y are isomorphic if there exists an isomorphism between them and we write
X2Y.

Given X and Y, we write Hom(X,Y') for the set of morphisms ¢: X — Y. Similarly,
Hom(k[X], k[Y]) denotes the set of k-algebras homomorphisms k[X] — k[Y].

Let ¢: X — Y be a morphism of affine varieties. We define its comorphism ¢*: k[Y] —
k[X] as f — fo¢. The next result relates Hom(X,Y") and Hom(k[X], k[Y]), see [25],
Proposition 1.3.4] for a proof.

Proposition 1.4.1. Let X and Y be affine varieties. Then the map Hom(X,Y) —
Hom(k[Y], k[X]), ¢ — ¢*, is bijective. Moreover, p: X — Y is an isomorphism if,

*

and only if, p* is an isomorphism of k-algebras.

In particular given two varieties X,Y, one can check that the map ¢: X — Y is
a morphism of varieties by showing that ¢*: k[Y] — k[X] is a k-algebras homomor-
phism. Notice that this is true whenever the map ¢: X — Y is defined by polynomial
equations, i.e. P = (ay,...,an) — (fi(P),..., fm(P)) and f; € k(z1,...,xy), here we
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are assuming X C A™ and Y C A™. We remark that this property coincides with the

definition of morphism given by some authors, see [30, Definition 3.35].

As anticipated, we give an example of a morphism of varieties which is bijective
but not an isomorphism. Recall that k is an algebraically closed field of characteristic
p. Assume that the characteristic is non-zero. We consider the Frobenius morphism,
@: Al — Al t — t?. Then ¢ is a bijective map. It is clear that ¢ is a morphism of
varieties since ¢*: kx| — k[z], f — f oy is a k-algebra homomorphism (or, simply,
because ¢ is a regular map). However ¢ is not an isomorphism since ¢*: k[z] — k]
is not surjective; in fact 2% € ¢*(k[x]) if, and only, p | a.

Let ¢: X — Y be a morphism of varieties. The fibres of ¢ are defined to be the
closed sets ¢ ~!(y) for y € Y. The following [56, Corollary 15.5.5(ii)] will be a useful

tool in Proposition |7.1.8

Proposition 1.4.2. Let ¢: X — Y be a morphism of varieties. Assume p(X) =Y
and dim =1 (y) = dim p~1(2) for all y,z € (X). Then, for any y € p(X),

dim X = dimY + dim o~ ()

1.5. Product of varieties

Let X C A" and Y C A® be affine varieties. Then X x Y C A" with the induced
topology is a variety and it is called a product variety. Note that X x Y is not endowed
with the usual product topology. As an example of this we note that A! x A with the
product topology is not isomorphic to A2. For instance, Z(y — 2?) = {(z,y) : y = 2%}
is closed in A2 but not in A! x Al (since A! is endowed with the cofinite topology).

It is possible to prove that if X and Y are irreducible so is X x Y. Moreover, it
turns out that k[X x Y] = k[X]| ® k[Y], so dim(X x Y) = dim X + dim Y, see [25],
Proposition 1.3.8]. Moreover [29] Exercise 3.15(c)] implies that the natural projections
X 2 X xY B3 Y are morphisms.

For projective varieties X C P" and Y C P® the construction is more complicated.
The variety structure of X x Y arises via the Segre embedding, [29] Exercise 2.14].

We conclude this chapter with the following observation. Let X be a variety. Then
X x X is also a variety, and we define the diagonal subset of X x X to be

A=AX)={(P,Q) e X xX:P=Q}
It is not hard to show that A is closed in X x X. In fact A is an algebraic subset of
A" x A" (resp. P x P"). If X C A" we have
A={(P.Q) e X x X: fi(P,Q)=0,1<i<n}

where fi(T1, ..., Tn, Y15, Yn) = Ti — Yi € K[z, Y] = klxi] @k klys].

Similarly if X C P" is projective. Define f; j(zo,...,Zn,Y0,--.,Yn) = TiY; — TjV;-
Then

A={(PQ)eXxX:[ij(PQ)=00<i#j<n}

Proposition 1.5.1. Let X be a variety. Then A C X x X is closed.
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The following will be a useful tool for deriving a formula for the dimension of fixed
point spaces, see Proposition

Lemma 1.5.2. Let f,g: X — Y be two surjective morphisms. Then V = {z € X :
f(z)=g(x)} C X is closed.

PROOF. Define p: X — Y xY, z — (f(z),9(x)). Then ¢ is a morphism, and
A CY xY is closed by Proposition Hence V = ¢ }(A) C X is closed.  g.e.d.



CHAPTER 2
Algebraic groups

In this chapter we define algebraic groups and present some basic examples (the

classical algebraic groups will be introduced in Chapter [4)).

2.1. Basic properties

An affine algebraic group G is an affine variety, defined over k, with a group structure
such that the multiplication and inversion maps

w:GxG — G G — (G

(9:h) = gh g = g

are morphisms of varieties. We shall omit the word affine. We denote the identity

1

element by 1. In some sense, algebraic groups via algebraic geometry are the analogues

of real Lie groups, studied in differential geometry.

Example 2.1.1. The additive and the multiplicative group of the field k are affine
algebraic groups. We denote these groups as G, = (k,+) and G,, = (k*,-).

(1) Let us consider G,. It is clearly an affine variety with I(G,) = (0) and so
k[G.] = k[z]. In particular G, is irreducible by Proposition and has
dimension 1. In addition, p*: k[x] — klx] @k k[y] = k[z,y] is defined by
x — x+y and *: k[z] — k[z], © — —z. Hence p* and * are k-algebras
homomorphisms. Thus G, is an affine algebraic group.

(2) Consider G, = k*. Notice that there is a one-to-one correspondence be-
tween G, and {(z,y) € k? : 2y = 1} C k? via # — (z,27!). Therefore,
G,, is an affine variety and k[G,,] = k[z,z~!]. By Proposition and
Example G, is irreducible with dim G,, = 1. We define the multi-
plication and inversion component-wise, i.e (z,z71) - (y,y7!) = (zy,z 'y~
and (z,271)7! = (z7,2). So u*: k[z,27!] — k[z,y,2~ 1,y 1] is defined by
x+— xy and o*: k[z, 27 = klz,27Y, z — 2! In particular, u* and (* are
k-algebras homomorpshims. Hence, G,, is an affine algebraic group.

We also give other examples of algebraic groups. Let V' be an n-dimensional vector
space over the field k. The group of bijective linear transformations of V' is the general
linear group, denoted by GL(V'). Fixing a basis of V' we gain an identification V =
k™. In this way, we identify GL(V) with GL,(k) = {A € k" : det A # 0}. This
isomorphism is not canonical; it does depend on the chosen basis. We shall also use
the short notation GL,,.

We define SL,, = {A € GL, : det(A) = 1}; clearly SL, < GL,. We call SL,
the special linear group. Then SL,, is an affine algebraic variety in A”Q, since SL, =

Z(det(z; ;) — 1). Furthermore it is clear that multiplication is a polynomial map and,
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by Cramer’s rule, inversion is a map given by a quotient of polynomials. Therefore p
and ¢ are morphisms of varieties, according to the equivalent definition of morphisms
given after Proposition Therefore SL,, is an affine algebraic group.

It is not immediately clear that GL,, is an affine variety. As sets, we have
(2) GL, ¢35 {(4,a) € K" x k : det(A)a = 1}

via A — (A,det(A)™). Therefore GL, is a closed subset in k"**!. Hence it is a
variety. We define multiplication and inversion component-wise in the set of couples
(A,det(A)~1). Thus, in each component, ;1 and ¢ are polynomial maps. This, together
with the observation given for SL,,, leads us to conclude that GL,, is an affine algebraic

group. The coordinate ring of the general linear group is given by
k[GLn} = k[xi,jay 1<, < n]/(det(‘r@j)y - 1)

We have that det(z; ;) is an irreducible polynomial in k[z;; : 1 < i,j < n], see [7,
Section 61]. It is an easy calculation to deduce that det(z; j)y — 1 must be irreducible,
too. Hence, by Proposition GL,, is an irreducible variety. Then, |29, Proposition
1.13] yields

(3) dim GL,, = n?

Let G be an affine algebraic group. Then, by Proposition [I.1.4] we may write G =
G1 U...UG; where the G; are irreducible affine subvarieties of G. With this notation

we have the following result, see [33] Section 7.3].

Proposition 2.1.2. Let G be an affine algebraic group and let G = G1 U ... UGy be

its decomposition into irreducible components. Then

(i) there exists a unique irreducible component containing 1, we denote it by G°;
(i) G° is a normal subgroup of finite index of G;
(iii) G/G° ={G;: 1 <i<lI};
(iv) let H be a closed subgroup of finite index in G. Then G° < H.

Since the cosets of G° in GG are pairwise disjoint, the irreducible components of G
are also the connected components. Therefore, an algebraic group G is irreducible if,
and only if, it is connected. Hence, G is irreducible if, and only if, G = G°. If G is not
irreducible, all the irreducible components of G are equidimensional. Thus, by , we

have
(4) dim G = dim G°

We have several properties that relate the group structure with the topology. For
example it is not difficult to see that the center Z(G) of G is a closed subgroup. It
is clear that we only consider closed subgroup in order to exploit algebraic geometry
properties; however, if G is an algebraic group and H < G then the algebraic closure
H is again a subgroup of G, see [33], Proposition 7.4 A].

In an algebraic group G, a subgroup generated by closed and connected subgroups

is itself closed and connected, [33], Proposition 7.5].
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Proposition 2.1.3. Let {X; :i € I} be a collection of closed and connected subgroups
of G. Then (X; :i € I) < G is closed and connected.

This result is fundamental in the definition of a particular subgroup of the algebraic
group G, see Definition [2.4.1]

2.2. Morphisms of algebraic groups

Let G and H be algebraic groups. A map ¢: G — H is an algebraic group morphism
if it is a homomorphism of groups and a morphism of varieties.

Let G and H be algebraic groups and ¢: G — H be a morphism. In the following we
relate group theoretic concepts, such as the kernel and the image of ¢, with the affine

variety structure, for a proof we refer to [33, Proposition 7.4 B].
Proposition 2.2.1. Let ¢: G — H be a morphism of algebraic groups. Then

(i) ker p < G and Imp < H are closed;
(i) p(G°) = p(G)°;
(#ii) dim G = dim ker ¢ + dim Imep.
Example 2.2.2. It is clear that GL; = k* = G,,. Let us consider the determinant
map det: GL, — G,,, being defined by a polynomial equation it is a morphism of
varieties. Notice that ker(det) = SL,,. In particular, using Proposition [2.2.1{iii) we
deduce that dimSL,, = n? — 1.

The following is an easy consequence of Proposition [2.2.1](ii).

Corollary 2.2.3. Let 1 - G — G — G2 — 1 be a short exact sequence of algebraic

groups. Then
dim G = dim G4 + dim G

It is clear that any closed subgroup of GL, is an algebraic group. The following
result, known as the Linearization theorem, asserts that any algebraic group can be
embedded in some GL,, as a closed subgroup, for a proof we refer the reader to [33
Theorem 8.6]

Theorem 2.2.4. Let G be an affine algebraic group. Then there exists a closed em-
bedding G — GL,, for some n.
This result will be fundamental for the definition of semisimple and unipotent ele-
ments in any algebraic group, see Section
We give further examples of algebraic groups and morphisms between them.
Example 2.2.5. Diagonal, upper triangular and upper uni-triangular matrices:
D,, = {diag(a1,...,an) € GLy : a; € k* for 1 <i <n}
Ty, = {(aij) € GLy, : a;; = 0 for i > j}
Up={(aij) €Ty :a;=1for 1 <i<n}
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are algebraic groups, being defined by systems of polynomial equations. Note that we

have a natural (split) exact sequence
(5) 1—=U, =Ty D, —1

where 7 transforms a; ; to 0 whenever 7 # j and leaves invariant the diagonal elements.
It is clear that dim D,, = n, in fact D, = (k*)". We may compute dim U,, = 5(n — 1).
In particular, by Corollary we deduce dim 75, = §(n + 1).

Definition 2.2.6. Let T" be an algebraic group. We say that 7" is a torus if T' = (k*)™
for some n > 1. Furthermore, given an algebraic group G, we say that T < G is a
mazximal torus of G if T is a torus and maximal with respect to inclusion amongst all
the tori of G.

It turns out that all maximal tori in an algebraic group G are conjugate, [45], Corol-
lary 6.5]. We define the rank of G to be the dimension of a maximal torus. This
object is extremely important in the classification of (semi-) simple algebraic groups,
see Section 2.4l

Let G be an algebraic group. We say that G is solvable if it is solvable as an abstract
group. The following is a consequence of the Lie-Kolchin Theorem, [33, Theorem 17.6].

Proposition 2.2.7. Let G be a closed connected solvable subgroup of GL,,. Then there
exists x € GL,, such that z7'Gx < T),.

2.3. Jordan-Chevalley decomposition

In this section we first recall the Jordan decomposition for matrices in GL,,, then,
via Theorem we explain how such a decomposition holds in any algebraic group.

Let V be a finite dimensional k-vector space.

For any f € End(V) there exist unique s,n € End(V') such that f = s+ n and
sn = ns, where s is diagonalizable and n is nilpotent, i.e. a power of n is the zero map,
(see [33, Lemma 15.1A]). This property is known as additive Jordan decomposition of
f.

We call u € GL(V) unipotent if 1 —u € End(V) is nilpotent or, equivalently, if 1 is
the only eigenvalue of w on V. If p > 0 an element v € GL(V) is unipotent if, and only
if, u has p-power order. We say that s € GL(V) is semisimple if it is diagonalisable.

Remark 2.3.1. It is clear that if x € GL(V') is unipotent (resp. semisimple) then 29
is unipotent (resp. semisimple) for all g € GL(V).

The following is [33, Lemma 15.1B].

Proposition 2.3.2 (Jordan decomposition). Let x € GL(V). Then there exist unique
s,u € GL(V) such that x = su = us, where s is semisimple and u is unipotent.

Let G be an algebraic group. Thanks to Theorem there exists an embedding
p: G — GL(V), for some V. For any « € G, by Proposition p(x) has a Jordan
decomposition p(x) = su. It is not clear a priori that s and u have a pre-image in
G, and that the pre-images are independent of the chosen embedding. The following
generalises the Jordan decomposition to any algebraic group, [45, Theorem 2.5].
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Theorem 2.3.3. Let G be an algebraic group.

(a) For any embedding p: G — GL(V) and for any x € G, there exist unique
s,u € G such that x = su and us = su. Moreover, p(s) is semisimple and
p(u) is unipotent.

(b) The decomposition x = su is independent on the chosen embedding p.

(c) Let o: G — H be a morphism of algebraic groups. Let x = sjuy and p(x) =
Soug, the respectively Jordan decompositions. Then p(s1) = s2 and ¢(uy) =
Us.

An immediate consequence of Theorem [2.3.3is the following definition of semisimple
and unipotent elements in any algebraic group.

Let G be an algebraic group and p an isomorphism of G onto some closed subgroup
of GL(V). We define an element z € G to be semisimple (resp. unipotent) if p(z) is
semisimple (resp. unipotent) in GL(V'). We define

Gy = {g € G : g unipotent}
Gs ={g € G : g semisimple}
We say that an algebraic group G is a unipotent group if G = G,. In the following
result U, is as defined in Example see [45], Proposition 2.9].
Proposition 2.3.4. Let G < GL,, be a unipotent group. Then there exists x € GL,
such that x 1Gz < U,

Let G < T, be a closed connected subgroup. The restriction of 7, in , to G has
kernel G, = G NU,. The image T' = w(G) is a closed subgroup of D,, hence it is a

torus, [45] Proposition 3.9]. So, we have the following short exact sequence

1-G,—-G—=>T—1

In the case G is solvable then [45, Theorem 4.4] shows that all the maximal tori are

conjugate and, say 1" one of them, then G = G, x T.

2.4. Simple algebraic groups

Let G be an algebraic group. Let Hy, Ho < G be closed connected (solvable) normal
subgroups of G. Then (H;, Hy) < G is closed and connected by Proposition and
by elementary group theory it is normal (and solvable).

Definition 2.4.1. Let G be an algebraic group. The unique maximal closed connected
normal solvable subgroup of G is called the radical R(G) of G.

We set R,(G) = (R(G))y, the set of unipotent elements of the radical. We call
R, (G) the unipotent radical of G. The unipotent radical may be characterised as the
maximal closed connected normal unipotent subgroup of G, [33, Section 19.5]. In the
case p > 0, the unipotent radical is the algebraic analogue analogue of O,(H), for a
finite group H.

By Proposition m if G < GL,, is closed then, up to conjugacy, R(G) < T),.
Definition 2.4.2. Let G be a connected algebraic group. We define G to be
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(i) reductive if R, (G) =1,
(ii) semisimple if R(G) = 1;
(iii) simple if it contains no proper closed connected normal subgroups.

Notice that if a group G is simple then it is semisimple and hence reductive. None
of these implications may be reversed. As we see in the following two examples. Recall
that k is an algebraically closed field of characteristic p.

Example 2.4.3. Let G = GL,. Here we explicitly compute R(G) and R, (G) and we
deduce that G is reductive but not semisimple. Proposition implies R(G) < T,,
recall that T, is the subgroup of upper triangular matrices of GL,,. It is easy to check
that 7, the subgroup of lower triangular matrices, is conjugate to 7,. Therefore
R(G) < T,NT, = D,. By the definition of the radical we need to look for normal
subgroups of D,. By conjugating with matrices I, + F;; (here E;; is the matrix
with 1 in the position (7, j) and 0 elsewhere), we deduce that the subgroup of diagonal
matrices {A\l, : A € k*} = G, is the largest normal subgroup in D,,. Incidentally,
observe that this is the centre of G. Therefore R(G) = Z(G) = Gy,. It is clear that
the only unipotent element in Gy, is the identity. Therefore R, (G) = 1.

Example 2.4.4.

(i) Let G = SL,. Arguing in the same way of Example we deduce that
R(G) < Z(G). It is clear that Z(G) is always finite. Thus R(G) is trivial.
Therefore G is semisimple and, hence, reductive. In fact SL,, is simple, see
[45] Example 9.8].

(ii) Similarly, we deduce that SL,, x SL,, is reductive and semisimple. However it is

not simple since, for example, 1 x SL,, is a closed connected normal subgroup.
Remark 2.4.5. Note that an affine algebraic group may be simple in the algebraic

sense without being simple in the abstract sense. For example, the special linear group

SL,, is always simple as algebraic group, however it has non-trivial (finite) centre.

We have the following chain of normal subgroups
1< R,G)<RG) <G LG

In particular, G/G° is a finite group, by Proposition G°/R(G) is semisimple and
G°/R,(G) is reductive, by definition.

The structure of reductive and semisimple connected groups is well known. For a
proof of the following see [45] Proposition 6.20, Corollary 8.22] and [33, Theorem 27.5].

Theorem 2.4.6. Let G be a connected algebraic group.

(a) Assume G is reductive. Then G = G'R(G). Furthermore, G' = [G,G] is
semisimple and R(G) = Z(G)° is a torus.
(b) Assume G is semisimple. Then there exist finitely many closed normal simple
subgroups G1,...,Gn, < G such that G = Gy ---G,, and
(1) if i # j then [G;, G;] = 1;
(i) GiN(Gy---Gi—1Gis1--- Gy) is finite for all i.
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Simple (and semisimple) algebraic groups are classified via combinatorial data. Now
we give a brief overview of this, for a complete description we refer the reader to [45],
Chapter 9] or [33, Chapter XI]. Let G be a connected algebraic group. We fix a
maximal torus 1" < G and we define the character and cocharacter groups of T to be
X(T) = Homaie (T, Gy) and Y (T') = Home (G, T'), respectively. Then, using the Lie
algebra associated to G and a particular representation of G we define the root system
® = ®(G) to be a certain subset of X (7). It turns out that there is a link between
X(T) and Y (T'), which leads to the definition of the dual root system ®V C Y (T).

In general, one has the definition of root datum as a quadruple ¥ = (X,®,Y, dY)
satisfying certain properties, see [45] Definition 9.10]. Also, we have the concept of
homomorphisms and isomorphisms between root data, [35], Section II1.1.13]. For G, T
as above, U(T) = (X(T),®,Y(T),®") is a root datum, see [45], Proposition 9.11].

The following fundamental result classifies semisimple algebraic groups in terms of
their respective root data, (see, for example, [45, Theorem 9.13], [54, Theorems 9.6.2,
10.1.1] or [33] Section 32]). If ¥ is a root datum, we say that the algebraic group G
realises W if there exists a maximal torus 7' < G such that ¥ = U(T).

Theorem 2.4.7 (Chevalley’s Classification Theorem). Two semisimple algebraic groups
are isomorphic if, and only if, they have isomorphic root data. In addition, for any

root datum there exists a semisimple algebraic group that realises it.

The classification of simple algebraic groups is given in terms of Dynkin diagrams,
[45], Theorem 9.6, Exercise 10.33]:

classical: 4, (n >1), B, (n>2), C, (n>3), D, (n>4)
exceptional: Go, Fy, Fg, Fv, FEg

We shall define some of the classical groups in Chapter

Remark 2.4.8. Chevalley’s classification theorem is, in some way, the analogue for
semisimple algebraic groups of the classification theorem of semisimple complex Lie
algebras, see [20, Chapter 14]. Notice that there is a one-to-one correspondence between
simple complex Lie algebras and Dynkin diagrams, whereas such correspondence fails to
be one-to-one for algebraic groups. For example, both SL,, and PGL, = GL,,/Z(GLy,)
are simple with Dynkin diagram A,,_; and clearly they are not isomorphic.

The situation described in Remark extends to all the other Dynkin diagrams
(except for Ga, Fy, Eg). Without being formal — a detailed analysis would require

further definitions and it is far from our purposes — we make some comments on this.

Let G be a simple algebraic group with root system ®. Then, [45] Proposition
9.15] asserts that there exist algebraic groups G,q and Gy with root system & that
are ‘extreme’ in the sense that there are isogenies (surjective morphisms with finite
kernel):

Gse > G — Gog

The groups Gg. and G,q are called simply connected and adjoint type, respectively. For
example, SL,, is simply connected and PSL,, is the adjoint version of the special linear

group.






CHAPTER 3
(G-varieties

In group theory, the concept of an action of a group G on a set ) is fundamental.
In this chapter we define actions of algebraic groups on varieties. We define point

stabilisers, orbits and fixed point sets, and we discuss algebraic properties of these sets.

3.1. Basic properties

Let G be an affine algebraic group and let 2 be a non-empty variety, both defined
over k, so that G x Q is a variety. An action of G on () is a morphism of varieties
GxQ — Q (g,w) — gw, which is also a group action (in the abstract sense), i.e.
lw =w and g.(h.w) = (gh).w, for all g,h € G and w € Q. If we have an action of G
on () then we say that €1 is a G-variety.

Let © be a G-variety and w € . We define the stabiliser of w to be G, = {g € G :

g.w = w} which is a subgroup of Gj; the orbit of w is G.w = {gw : g € G} C Q. The
fized point space of x € G is defined as follows:

(6) Co(z)={we:zw=w}CQ

As already pointed out in the introduction, this set is of central interest in this thesis.
We say that the action is transitive, or homogeneous, if G.w = Q) for any w € Q.

Recall that in this situation, all the point stabilisers are conjugate. Moreover, say

H = G, a point stabiliser, then the action of G on €2 is equivalent to the action of G on

G/H (in the sense that there exists a one-to-one correspondence G/H = ) preserved by

G). A transitive action is called primitive if any point stabiliser is a maximal subgroup.

In fact we can relate these concepts with the variety structure, [33, Proposition 8.2].

First we have the following for stabilisers and fixed point spaces.
Proposition 3.1.1. Let Q be a G-variety. Then the following hold.

(a) For every w € Q, the stabiliser Gy, is a closed subgroup of G.
(b) For every x € G, the fized point space Cq(x) is closed in (.

PROOF. Let w € Q. Define ¢,,: G — 2, g — g.w. By definition of algebraic group

action, ¢, is a morphism of varieties. Then p~!(w) = G, is closed.

Let z € G. Define ¢,: Q@ — QX Q, w +— (r.w,w). Then, v is a morphism of varieties
since the two projections are morphisms. By Proposition the diagonal A C Q x
is closed. Therefore 1, 1(A) = Cq(z) C Q is closed. g.e.d.

Recall that a set is called locally closed if it is the intersection of an open and a
closed set. Notice that if X = ANY where A is open and Y is closed, then X C Y. In
general, orbits are not closed, but they are locally closed, see [33], Proposition 8.3].
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Proposition 3.1.2. Let 2 be a G-variety and w € §). Then the orbit G.w C  is locally

closed. Moreover the boundary of G.w is a union of orbits of strictly lower dimension.

Thanks to Proposition [3.1.2] we may define the dimension of an orbit as

(7) dim G.w = dim G.w

The following is the algebraic group analogue of the orbit-stabiliser theorem for finite
group actions, see [25] Proposition 2.5.3].

Proposition 3.1.3. Let Q2 be a G-variety and w € Q. Then

dim G = dim G.w + dim G,

We give some examples of G-varieties.
Example 3.1.4. Let GG be an affine algebraic group.

(1) Let us consider the transitive action of G on itself by left translation. So the
action map is ¢: G X G — G, (x,g) — xg. Note that any point stabiliser is
trivial. Moreover Cg(z) # 0 if, and only if, z = 1.

(2) Consider the action of G on itself by conjugation, i.e. (z,g) — = 'gz. The
fixed point space is given by the centraliser of the element: for x € G we have
Ca(z) = {g € G : v7'gxr = g}. Hence, by Proposition the centraliser
of any element of the group is a closed subgroup in G. In addition, orbits are

given by conjugacy classes: for z € G, G.x = 2©.

Let G be an algebraic group and = € G. In Example 2) we have seen that
conjugacy classes are orbits under the conjugation action. Thus, thanks to Proposition
and we can define the dimension of a conjugacy class:

(8) dim 2% = dim 2@
In addition, by Proposition [3.1.3]
(9) dim G = dim 2% + dim Cg(z)

This formula will be very useful in Chapter [5] where we aim to describe conjugacy

classes of classical groups and provide a formula for their dimensions.

3.2. Coset varieties

The main result of this section is Proposition [3.2.1] below, which asserts that the coset
space is a variety. The key tool in order to show this fact is a theorem by Chevalley
(see [33, Theorem 11.2] or [45, Theorem 5.5]) on the existence of a certain rational
representation (a morphism of algebraic group G — GL(V)). Note that as special case
this theorem implies Theorem

For a proof of the following we refer to [45], Section 5.2] or [54], Section 5.5].

Proposition 3.2.1. Let G be an algebraic group and H < G be a closed subgroup.

Then G/H is a quasi-projective variety. Moreover

(10) dim(G/H) =dim G — dim H
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This variety structure on G/H is independent of the chosen rational representation,
see [33], Section 12.4]. With this structure G/H is called a coset variety.

If H is a closed normal subgroup of the affine algebraic group G then G/H is an
abstract group. In fact, for closed normal subgroups the quotient space is an affine
algebraic group, see [8, Theorem 6.8].

We remark that Richardson [50] proved that if G is a reductive affine algebraic group
and H is a closed subgroup then G/H is an affine variety if, and only if, H is reductive.






CHAPTER 4

Classical groups

In this chapter we introduce the main object of this thesis: the classical algebraic
groups. We start by giving some background on forms defined on vector spaces; here
we follow [36, Chapter 2|, and sometimes we refer to [2, Chapter 7]. Then, given a
finite-dimensional k-vector space V', we define the classical groups GL(V),Sp(V) and
O(V) to be the isometry groups of certain forms defined on V.

Throughout this chapter V is an n-dimensional k-vector space.

4.1. Geometry and forms

A bilinear form on V is amap f: V x V — k such that

flarur + agug, v1) = ai f(ur,v1) + az f(uz, v1)
f(ur, Brvr + Bave) = B1f(ur,v1) + Baf (u1,v2)
for all oy, 5; € k and all u;,v; € V, ¢ = 1,2. Let f be a bilinear form on V. Let B =

{e1,...,en} be a basis for V and define the matrix Ag = (a;;), where a;; = f(e;, €;5).

Then Ap is called the Gram matriz of f relative to B. In the case V = k™, and

x=(x1,...,2n),y = (Y1,...,Yn) € k" then

(11) f(z,y) = zApy’

Let B’ = {wy,...,w,} be another basis for V and write w; = Z dijej. Then f(w;, wj)

is the (i,7)-entry of the matrix D'AgD, where D = (d;;), so we have Ag = D'AgD.
For a map Q: V — k we define fg: V x V — k by

fo(u,v) = Q(u+v) - Qu) — Q(v),
A quadratic form is a map QQ: V — k such that fg is bilinear and
Q(au) = a*Q(u)
for all o € k, v € V. In this situation, we call fg the bilinear form associated to Q.

Example 4.1.1. Let {ei,...,e,} be a basis for V.
(a) Define Qll V >k by Ql(.%') = QI(Z :t:iei) = Zl 1’22 + Zi<j TiZj. Then

Q1($+y) = Q1 (Z(xz+yz)ez> =@ ( +Q1 +22xzyz+z T3y +$jyz

1<j
It is clear that Q1 (A\z) = A2Q;(z) for all z € V and all \ € k. In addition, as
defined above, fo,(z,y) =232, z:yi + 32, ;(xiy; + x;y;) is clearly a bilinear
map. Thus @7 is a quadratic form.
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(b) Define Q2: V' — k by Q2(x) = Q2(3>_wiei) = >, xiw;. Then

Qoo +y) = QoD (wi + pi)es) = Qa(w) + Qaly) + 3wy +251)

1<j
It is clear that Q2(A\x) = A2Q2(z) for all z € V and all X € k. In addition, as
defined above, fo,(z,y) = >_;;(%:y; + x;9;) is clearly a bilinear map. Thus

@2 is a quadratic form.

For future reference, we also give the following.

Example 4.1.2. Let n be a positive even integer. Let {e1,...,€,/2, f1,..., fr/2} be a
basis for V. Define @Q: V — k as

n/2

Q(Z Tie; + .%’fz‘) = Z TiYi
i i=1

Clearly, for all z € V and X € k we have Q(A\z) = \>Q(z). Let x = Y, z;e; + y; fi and
y =Y, xte; +y,fi be elements of V, then Q(z+y) = Q(x) + Q(y) + >, (zhwi +zy)). Tt
is clear that fo(z,y) = >, (zlyi + z;y}) is a bilinear form. Thus @ is a quadratic form.

Let f be a bilinear form on V. We say that f is degenerate if there exists u € V'\ {0}
such that f(u,v) =0 for all v € V', otherwise f is non-degenerate. Following [36], we
say that the quadratic form @ on V is non-degenerate if the associated bilinear form

fo is non-degenerate. A bilinear form f on V is symmetric if

f(ua U) = f(v,u)

for all u,v in V, and it is alternating if for all v € V' we have

f(v,v) =0

Note that f is alternating if, and only if, f(u,v) = —f(v,u) for all u,v € V. Moreover,
if p = 2 then alternating and symmetric forms coincide.

Remark 4.1.3. The form f on V is non-degenerate if, and only if, the Gram matrix
associated to f (in any basis) in non-singular, see [26] Proposition 2.1]. Similarly, f is
symmetric (resp. alternating) if, and only if, the associated Gram matrix is symmetric

(resp. skew-symmetric).

By definition, if @) is a quadratic form on V' then fg is symmetric. Conversely, if
p # 2 and f is a symmetric bilinear form on V' then Q(v) = % f(v,v) is a quadratic form
with fg = f, so a quadratic form uniquely determines fg, and vice-versa. However, if
p =2 and f is a symmetric bilinear form there are many quadratic forms @ for which
fo=1.
Example 4.1.4. If p = 2 then the two quadratic forms defined in Example have
associated bilinear form f(z,y) = >, ;(ziy; + ;).

We say that a bilinear form f is symplectic if it is non-degenerate and alternating.
We say that (V, f) is a symplectic space if f is a symplectic form on V. Similarly, an

orthogonal space is a pair (V,Q), where @ is a non-degenerate quadratic form on V.
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Definition 4.1.5. Let V and V'’ be k-vector spaces equipped with bilinear forms f
and f’, respectively. We say that a map ¢: (V, f) — (V', f') is an isometry if it is
a bijective linear transformation V' — V' such that f(u,v) = f/'(p(u),p(v)) for all
u,v € V. Similarly, we define an isometry between (V, Q) and (V/, Q') where Q, Q" are
quadratic forms. If there exists an isometry between two spaces then we say that they

are isometric, and in the case V = V' the two forms are said to be equivalent.

Let v € V and let f be a bilinear form on V. We say that v is singular or isotropic
if f(v,v) =0. In the case V is equipped with a quadratic form @ we say that v € V' is
isotropic if fg(v,v) = 0 and singular if Q(v) = 0.

Following [36], we shall use x to denote either a bilinear form or a quadratic form
on V, hence x: V¥ — k where £ = 1,2. We write x(v) for the image of v € V¥,

Let W be a subspace of V.. We shall write (W, k), or (W, k) if there is no confusion,
for the space obtained by restricting the form x to W¥, again ¢ = 1,2 depending if «
is a quadratic or a bilinear form, respectively. We say that the subspace W is non-
degenerate if the form ky is non-degenerate, and that W is totally singular if ky is
the zero form (denoted ky = 0). We define W to be totally isotropic if the restriction
to W x W of the bilinear form f associated to k = @ is the zero form. In particular, in
all the cases other than (k,p) = (Q,2) the terms totally singular and totally isotropic
coincide. If k = @ is a quadratic form, p = 2 and W is a totally singular subspace then
W is totally isotropic, but the converse does not hold in general. Consider, for example,
(V,Q) = (k?,Q2) where Q2 is defined in Example and W = ((1,1)) < k%. Then
W is totally isotropic but not totally singular.

The following is a well known result, see [2, Section 20] for a proof.
Lemma 4.1.6 (Witt’s Lemma). Let (Vi,k1) and (Va, k2) be symplectic or orthogonal

isometric spaces and W; < V; fori =1 and 2. Assume ¢: Wi — Ws is an isometry.

Then ¢ extends to an isometry ¢: Vi — V.

An easy application of Witt’s Lemma shows that maximal totally singular subspaces
of a symplectic or orthogonal space are equidimensional.

Corollary 4.1.7. Let (V, k) be a symplectic or an orthogonal space. Let W, W' <V

be mazimal totally singular subspaces. Then dim W = dim W'.

PROOF. For convenience, we assume (V, f) is a symplectic space. Assume dim W <
dim W’. Then there exists U < W’ such that (U, f) = (W, f). Let ¢: U — W be an
isometry. By Witt’s Lemma there exists an isometry 1: V' — V such that ¢|y = .
Now, for all u,v € W', since 1 is an isometry, we have

0= f(u,v) = f(¥(u),d(v))

So (W') is totally singular. In addition, W < ¢ (W') < V, and this forces W = ¢(W’),
since W is maximal totally singular. Thus dim W = dim W"’. g.e.d.

Let (V, k) be either a symplectic or an orthogonal space. Now we introduce the
standard bases for V with respect to the form k.
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Proposition 4.1.8. Let (V, f) be a symplectic space. Then n is even and there exists
a basis B={e1,...,en/2, f1,---, fnj2} for V such that for all i, j
f(eivej) = f(fz:f]) =0, f(eiu fj) = 57:1j
where 0; ; is the Kronecker delta.
Such a basis is called a standard, or symplectic basis. We refer the reader to [36],
Proposition 2.4.1] for a proof.

Recall that two forms f, f/ on V are equivalent if there exists an isometry (V, f) —
(V, f"). The following is a trivial consequence of Proposition m

Corollary 4.1.9. Let (V, f) be a symplectic space. Then all symplectic forms on V

are equivalent to f.

In terms of the standard basis B, the Gram matrix of a symplectic form is

(12) As=( O o
S
0 Kn/2

Remark 4.1.10. Let us consider the matrix A/, = (7Kn/2 0 ), where K, » =

0o 1

< ) is the matrix with 1’s along the minor diagonal and 0’s elsewhere. Then
10

A/

., 1s skew-symmetric, hence it represents a symplectic form. Therefore, by Corollary
Ap and A/, are equivalent. Thus there exists D € GL,, such that D! AgD = A .

Now, let (V, Q) be an orthogonal space, and let fg be the associated bilinear form. As
already remarked, if p = 2 there is no difference between symplectic and non-degenerate
symmetric bilinear forms. Hence, as an application of Proposition [£.1.8] we state the

following.
Proposition 4.1.11. Let (V,Q) be an orthogonal space and p = 2. Then dimV is
even.

In the orthogonal case we can also define standard bases. The following is a particular
case of [36], Proposition 2.5.3].
Proposition 4.1.12. Let (V,Q) be an orthogonal space.

1 n s even there exists a basis B = {e1,...,€,/9, f1,---5 fn/o} for V such that
If h b B /25 f Iny2t for'V h th
for all i, j

Qei) = Q(fi) =0, folei, f3) = by
(ii) If n is odd there exists a basis B = {e1,...,€|n/2); f1,- -+ flnj2); 2} for V such
that for all i, j
Q(ei) = Q(fi) =0
fQ(e’Lafj) = 5i,j7 fQ(e’va) = fQ(fZaz) = 07 fQ(Z,Z) =1
The bases for V' as in (i) or (ii) of Proposition will be called a standard or
orthogonal basts.

Notice that all the previous definitions remain valid if £ is a finite field. In the case k

is finite the standard bases for a symplectic or an orthogonal space are as in Propositions
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{4.1.8/and |4.1.12{ with a further case in the case (V, @) is an even dimensional orthogonal

space, see [36], Proposition 2.5.3(ii)].
The following is a trivial consequence of Proposition
Corollary 4.1.13. Let (V,Q) be an orthogonal space. Then all non-degenerate qua-

dratic forms on 'V are equivalent to QQ, and all non-degenerate bilinear forms are equiv-

alent to fq.

Notice that if k is a finite field then Corollary does not hold. Indeed in this
case there are two isometry classes of quadratic forms, see [36], Propositon 2.5.4].

4.2. Classical groups

The concept of isometry has been given in the previous section. In particular, an
isometry ¢: V — V is an automorphism of the vector space, so ¢ € GL(V). It is clear
that the set of isometries of V' with respect to  is a subgroup of GL(V'). We call this
subgroup the isometry group of V, denoted I(V, k).

The following, stated in [36, Lemma 2.1.8], is an easy calculation.

Lemma 4.2.1. Let f be a non-degenerate bilinear form and ) be a non-degenerate
quadratic form on V. Let fg be the bilinear form associated to Q. Let B be a basis for
V' and identify GL(V) = GL,. Let A = Ag € GL,, be the Gram matriz of f or fg.
Then

I(V,f) ={x € GL, : 2" Az = A}

and

I(V,Q) ={z € I(V, fg) : Q(zv) = Q(v), for all v € B}
Let us make some comments in the case (V, k) = (V, Q) in Lemma

If p # 2 then, as already observed in Section Q@ uniquely determines fg and
vice-versa. Hence, I(V,Q) =I(V, fq).

If p = 2 then I(V,Q) < I(V, fg). Recall we denote dimV = n. Then I(V, Q) is
defined by n further relations. We can deduce explicit matrix relations that define
I(V,Q). For example, in [25, Section 1.3.16] a particular non-degenerate symmetric
bilinear form f with Gram matrix A in the basis B is fixed together with a matrix B
such that A = B + B!. Then it is deduced

I(V,Q) ={x € I(V, fq) : (x'Bx);; = By, for 1 <i <n}
where subscript ‘4, 7’ denotes the matrix entry in the position (i, j).

Remark 4.2.2. Let z € I(V, f) then, taking the determinant of 2! Ar = A and using
det(A) # 0, we deduce det(x)? = 1. Thus any element in I(V, x) has determinant +1.

The classical groups are defined to be the isometry groups of particular forms.
Thanks to Lemma we see that I(V, k) is defined by polynomials equations (recall
that multiplication of matrices is given by polynomial maps). Hence we deduce that
I(V,k) is a closed subgroup of GL(V'). Therefore I(V, ) is an affine algebraic vari-
ety. Multiplication and inversion are morphisms of varieties (by the same argument of
Section for GL,, and SL,,). Therefore I(V, k) is an affine algebraic group.
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Thanks to the following we can choose a suitable form, up to equivalence.

Lemma 4.2.3. Assume k and k' are equivalent forms on V. Then I(V, k), I(V, k) are
conjugate in GL(V). In particular, I(V, k) 2 1(V,x').

PROOF. Let A, B be the Gram matrices associated to x and ' (with respect to a
fixed basis of V). Assume p # 2 if k is quadratic. Then there exists an invertible matrix
D such that B = D'AD. It is an easy computation to show that 2! Az = A if, and only
if, (D~'zD)!B(D~'xD) = B. Hence, thanks to the description of the isometry group
of Lemma the map

0: I(V,k) = 1(V,x"), a~ D 'zD
is an isomorphism. If k, ¥’ are quadratic forms and p = 2 see [25], Section 1.3.16]. g.e.d.
In Table [£.2.1] we define the isometry groups we will work with in this thesis. See

[25], Corollary 1.5.14] for dim G when G = Sp,, or O,,. In Sections we give
a more detailed description of these groups.

K G=1(V,k) dim G
zero-form GL(V), GL, n?
non-degenerate symplectic form Sp(V'),Sp,  §(n+1)
non-degenerate quadratic form  O(V), O, 5(n—1)

Table 4.2.1. The classical groups

We did not introduced the concept of Lie algebra associated to an algebraic group.
However, we observe that the main strategy to compute the dimensions of the sym-
plectic and orthogonal group is to show that their dimension is equal to the dimension
of the associated Lie algebra, see [25], Proposition 1.5.2]. Then it is easy to compute

such dimensions.
Remark 4.2.4. Assume we have an identification V' = k™. Then we write
Cl(V) = GL(V),Sp(V) or O(V)
Cl, = GLg,,Sp, or O,

4.2.1. General linear group. Here we define x to be the zero form on V. There-
fore I(V, k) = GL(V'), where GL(V) is the group of bijective linear transformations of
V. As already observed, by fixing a basis of V' we may identify V =2 k™ and hence
GL(V) = GL,. As observed in , GL,, is an algebraic group. We have also observed
that it is irreducible, hence, by Proposition [2.1.2] it is connected.

As we showed in Example GL,, is reductive and its centre is
Z(GLy,) ={A\,: A€ k*} 2 G,
and D,,, the subgroup of diagonal matrices, is a maximal torus. So rank GL,, = n.

We define the projective general linear group to be PGL,, = GL,,/Z(GL,,). It turns
out that G = PGL,, is simple, see for example [45 Chapter 9].
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4.2.2. Special linear group. Let det: GL,, — G,, be the determinant map.
Then det is a morphism of algebraic groups and the kernel is a closed normal subgroup
of GL,,. We define the special linear group to be this kernel, i.e. SL, = {x € GL,, :
det(z) = 1}. It follows that SL,, is the derived group (GL,)’, see |25 Example 3.1.15].
As remarked in Example [2.2.2

dimSL, =n®—1

A maximal torus of SL,, is given by D, N SL,, hence rank SL,, = n — 1. Moreover,
as observed in Remark [2.4.8] SL,, is simple and it corresponds to a Dynkin diagram of
type An_1.

Also here we define the projective special linear group to be PSL, = SL, /Z(SLy,).
Notice that PSL,, is simple (in fact PGL,, = PSL,,) and it also corresponds to the
Dynkin diagram A,,_1.

4.2.3. Symplectic group. Let (V, f) be a symplectic space (recall that n is even).
We shall write f(u,v) = (u,v). For this section, we denote A € GL,, the Gram matrix
associated to f. We define the symplectic group to be I(V, f) and we denote it by
Sp(V). Thanks to Lemma we have

Sp,, = {r € GL,, : 2' Az = A}
where A is defined in . In this case it is not easy to give a description of the
coordinate ring of Sp,, as an algebraic variety. By Remark we deduce Sp,, < SL,.
Remark 4.2.5. Assume V is 2-dimensional. So A € GL,. By definition,

Spy = {x € GLy : 2" Az = A}

Let us denote x = (‘CL g) and recall A = ( N ) It is straightforward to see that x € Spy
if, and only if, det(z) = 1. Therefore Spy = SLs.

Let = € Sp,, N D,,, where D,, < GL,, is the subgroup of diagonal matrices (in the
standard basis {e1,...,€,/2, f1,..-, fn/2}). We write x = [A1,...,\y] for a diagonal
matrix with entries A; down the diagonal. Then z.e; = Aje; and z.f; = A, 24 fi. Since

x € Sp,, we have
1= (e, fi) = (w.ei,x.fi) = (Mi€i, A jatifi) = Nidnjavi
Therefore
SPn N Dn = {[A1y s Ay, AT A ] A €K = (G2

It is possible to show that Sp,, N D,, is a maximal torus in Sp,,, see for example [45]
Example 6.7]. Hence

rank Sp,, = n
2
The symplectic group is connected, [25 Theorem 1.7.4(c)]. Furthermore Sp,, is

simple and it corresponds to the Dynkin diagram of type C,, /s, see [45] Table 9.2].
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4.2.4. Orthogonal group. Let (V, Q) be an orthogonal space. Denote by fg the
corresponding symmetric bilinear form and write fg(u,v) = (u,v). The orthogonal
group is defined to be I(V, Q) and it is denoted by O(V).

We distinguish two cases, depending on whether or not p = 2. Notice that if p = 2
then n is even, by Proposition Moreover, as already observed, symplectic and

non-degenerate symmetric forms coincide, when p = 2.

Case 1. Let us assume p # 2. As explained after Lemma I(V,Q) =1(V, fg). In
view of Lemma [4.2.3] it is enough to consider any non-degenerate bilinear form. Let
K, € GL, as in Remark Then the orthogonal group is

O,={zcGL,:2'K,z = K,}
In the case n = 2, a straightforward calculation leads to

(13) O2={(*,1), () A€k}
Thus O is an extension of GL; by an element of order 2 whose conjugation action on
()‘ )\_1) gives (/\_1 ’\). And we write O9 = GL;.2.

Observe that —1I,, € Oy, and for n odd det(—1I,) = —1. In the case n > 2 is even we
have that

and det(7) = —1. Thus, the determinant map det: O, — {£1} is surjective and
the kernel is a normal closed subgroup of index 2 in O, which is called the special
orthogonal group. It may also be defined as SO,, = O,, N SL,,.

Therefore O,, = SO,, USO,,7 and SO,, N SO,,7 = 0, so the orthogonal group is not
connected.

Standard bases for the vector space V are described in Proposition [4.1.12] they are:
{e1,--sensas f1,- -5 frya), for noeven, and {e1,...,e\n/2], f1,-- -, flns2), 2} for n odd.
Notice that (z,z) = 1 therefore if g € O,, N D,, is such that g.z = Az then A\ = £1.

As for the symplectic group we have, for n odd

0,ND, = {[Al,...,AWQJ,A;l,...,Af;/QJ,il] 1\ €k}

It is clear that (0, ND,)° = {[Al,...,)\tn/zj,)\l_l,...,)\L_nlm,l] t N\ € K*} 2 (G ) /2,

If n is even then
O0n N Dy = {1, Ao, AT .,A;}Q] LN €K} 2 (G,)Y?

It is possible to show that O, N D,, is a maximal torus in O,,, see for example [45],
Example 6.7]. Hence

rank O,, = LgJ

Case 2. When p = 2, symplectic and non-degenerate symmetric bilinear forms are one
and the same. Also, dimV = n is even. Therefore I(V,Q) < I(V, fg) = Sp,,.
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Define Q: V — k as
n/2

Q(xl, e ,ajn) = Z ajiibn/g_H'
i=1

Let us consider the standard basis B = {e1,...,€e,/2, f1,..-, fn/2}. Then for all u € V
we can write u = Z:L:/? ()\iei + ,uz-fi), for some A;, pu; € k. Therefore

n/2 n/2
Q(Z(/\z’@z + Mz’fi)) = Z Aifhi
i=1 i=1

Example asserts that @ is a quadratic form. Therefore,
O, = {z € Sp,, : Q(z.v) = Q(v), for all v € B}

4.2.5. Special orthogonal group. In any characteristic we have the following,
see [2], 22.9].

Theorem 4.2.6. The orthogonal group O, has a unique normal subgroup of index 2,

which is also its connected component.

Therefore we define the special orthogonal group to be this subgroup, i.e.
SO, = Oy,

If the characteristic is p # 2 we have already given a description of SO,, as the kernel
of the determinant map det: O,, — {£1}.

In the case p = 2 (here n is even) we give another description of the special orthogonal
group, which also applies when p # 2. The following has been given in [36], p.42].

Assume n is even. Let U,,/; be the set of maximal totally singular subspaces of V.
By Corollary each of them is n/2-dimensional. Let U,W € U, jo; we define the
following relation: U ~ W if, and only if, n/2 — dim(U N W) is even. Then, [2], 22.13]
shows that ~ is an equivalence relation with precisely two equivalence classes, say L{}l /2

and Z/{rzl/?

It is clear that O, acts on U, . Moreover O, preserves the equivalence relation
defined above. Thus we have a group homomorphism v: O,, — Sym{U} /2,1/{71L /2}. By
Witt’s Lemma@ the action of O,, on U, ; is transitive. In particular, ~ is surjective.
Therefore by Theorem we have SO,, = ker(y). Furthermore, the action of SO,, on
U,/ has precisely two orbits, that are L{% /2 and Z/{s /2» Se€ [36, Lemma 2.5.8].

A maximal torus of SO, is given by (O,, N D,)°. Therefore

n
k0. =[5

rank SO 5
We have that SO, is simple and the associated Dynkin diagram is Bj,, /3| for n odd,

and D,, /o for n even, see [45], Table 9.2].






CHAPTER 5

Conjugacy classes

In this chapter we describe the conjugacy classes of prime order elements in the
classical groups defined in Chapter Let G = CI(V) denote one of the classical
groups GL(V),Sp(V) or O(V). We have three main aims:

(i) Membership: for x € GL(V), give conditions for which z € G.
(ii) Conjugacy: for x,y € G describe conditions for which = and y are G-conjugate.

(iii) Dimension: for x € G compute dim z¢.

5.1. Preliminaries

Let V be an n-dimensional k-vector space. Fix a basis of V, then we have an
identification GL(V') = GL,,.

In this first section we recall standard results from linear algebra for conjugacy of

elements in GL,, and we introduce the notation we shall use throughout the thesis.

For any A € k* we define the Jordan block of size i associated to the scalar A the
(i X 1)-matrix:

Al
A
Jl(>\) = e GL;
S
A
and we write J; for J;(1).

We denote by [z1,...,x,] a block diagonal matrix with the matrices x1, ..., z, down
the diagonal. We will also write x = [z]*,..., 2% ], where a; represents the multiplicity

of the block z;, i.e. how many times it appears in x.

The following well known result characterise conjugacy classes in GL,,, see for exam-
ple [51] Theorem 8.6].

Theorem 5.1.1 (The Jordan canonical form). Let z € GL,,. Assume the eigenvalues
of x are {\1,...,A\m}. Then there exists a basis of V in which

T = [Aly C. ,Am]a where A; = [Jn()‘i)ai’na ) Jl()‘i)ai’l]
for some a; ; such that 3=, ; ja;; = n.

We say that z is in standard Jordan form if z is a block diagonal matrix as in

Theorem [5.1.11

Let x € GL,,. Then, by Proposition [2.3.2] we have z = x,x, = z,Ts, Where x,
is semisimple and x, is unipotent. Note that if x has prime order then z is either

semisimple or unipotent. Now we discuss unipotent and semisimple elements in GL,,.
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Unipotent elements. From Theorem [5.1.1| we immediately deduce that the standard

Jordan form of any unipotent element x € GL,, is
(14) x=[Jim, . JTY

where n = ), ia;. In particular, the vector space V' under the action of  has a direct

sum decomposition in indecomposable blocks:
(15) Vie=U1®...0Una,)®...0U11@...0U14,)

where U; ; | « has Jordan form J;. Observe that there is a one-to-one correspondence

between conjugacy classes of unipotent elements in GL,, and partitions of n:

(16) (... 19 b p s [JOn ..., J0Cln

Another consequence of Theorem [5.1.1]is the following.

Corollary 5.1.2. Let x = [Jo, ..., J"] and y = [J2,..., ] € GL,. Then z and y
are GL,,-conjugate if, and only if, a; = b; for all 1 <1i < n.

Remark 5.1.3. Notice that if p = 0 then any nontrivial unipotent element has infinite
order. If p # 0 then z has order a power of p; in addition, = has order p if, and only
if, a; = 0 for all ¢ > p. In particular, if z is an involution, i.e. z has order 2, then we

n—2s

have, up to GL,-conjugacy, z = [J5, J' “°], for some 0 < s < n/2.

In Sectionwe shall give a formula for dim 26 and discuss conjugacy of unipotent
elements in the other classical groups.

We shall need the following observation; we denote 2~ the inverse transpose of .

Lemma 5.1.4. Let G = GL,,. Then J, and J,' are G-conjugate.

PrROOF. Let B = {u1,...,u,} be a basis for V.= k™. Define ¢ € GL, as u; —
u; +uj—1 (we set u; = 01if ¢ < 1 or ¢ > n). Then ¢ has Jordan form J,, in the basis
B. Meanwhile J! is given by ¢': w; — u; + u;1. Define the linear map 7: V — V|
Ui — Up—i+1. Then we see p!'T = 7. Therefore J,, and J. are G-conjugate.

In order to show that J, and J,! are conjugate, we show that they represent the
same linear transformation in two different basis. Let ¢ as above. Define the basis
B = {v1,...,v,} by recursion: v; = uy and v; = u; — v;_1. Notice that p~1(u;) = v;.
Again, the linear transformation v: v; — v; + v;_1 = u; is represented by J,. The
result follows. g-e.d.

Semisimple elements. Now assume x € GL, is a semisimple element. Then, by
definition, = is GL,-conjugate to a diagonal matrix [A1s,, ..., Amlq,, |, where \; € k¥,

and a; is the multiplicity of the eigenvalue \;, hence n =), a;. Thus, we have
Vie=Vi®...&V,

where V; | x has Jordan form ;1.

The following is an immediate consequence of Theorem [5.1.
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Corollary 5.1.5. Letxz = [Alay, ...y Amla,,] andy = [u1lp,, ..., pimdp,,] € GLy,. Then
x and y are GLy-conjugate if, and only if, there exists a permutation o € S,, such that

Ai = fo(iy and a; = by for all 1 <i < m.

Assume x has prime order 7, and let w € k be a primitive r-th root of unity. Then

each eigenvalue of x is a power of w. Hence, up to GL,-conjugacy, we may write

(17) x = [Log,wlay, ., w ', ]

And, by Corollary m two semisimple elements z = [Io,,wly,,...,w" 11, ] and
y = [Ipy,wlp,,...,w" I, ] € GL,, of prime order r are GL,-conjugate if, and only if,

a; = b; for all 7. In particular, if « is a non-central involution then, up to GL,-conjugacy,

x = [In—s, —I], for some 0 < s < n.

In Section we shall give the structure of Cqr, (z), which leads to a formula for
dim 2% | and discuss conjugacy of semisimple elements in the other classical groups.

The v parameter. We conclude this section by defining an important parameter.

Let x € GL(V). Then, for v € V' we define, see |2, Section 13.5],
[v,2] =zv—v
Then, [V, z] = span{[v,z] : v € V'}. Following [43], Section 3|, we give the following.
Definition 5.1.6. Let z € GL(V). We define
v(z) = min{dim[V, \z] : A € k*}

Notice that v(z) > 0 if 2 ¢ Z(GL(V)). Moreover v(y) = v(z) for all y € V),
The next result gives an alternative definition of v(z).

Proposition 5.1.7. Let x € GL(V). Then v(z) is the codimension of the largest, in
terms of dimension, eigenspace of x with respect to the natural action on V.

PROOF. Under the action of x we have the decomposition in indecomposable blocks
Viz=U1®...0U,.

Let U € {Uy,...,Us}. Write J,,,(A) for the Jordan form of U | z. Let {v1,...,vn}
be a basis of V for which z.v; = Av; + v;—1 for all 1 < i < m (we write vg = 0). Then,
for p € k*, we get [v;, px] = (A — 1)v; + pw;—q for all 1 < i < m. Thus [U,pz] <U. It
is clear that if u = A~! then [U, ux] < U; in fact vy, & [U, uz]. Hence

dimU —1 if p= A1
dim U otherwise

dim([U, px] = {

Since V = P, U; we have dim[V, px] = Zle dim[U;, px]. Say €y the collection of U;
with eigenvalue A. Notice that || represents the dimension of V) = {v € V : zv = v},
the eigenspace of A. By the previous computation we get

dim[V,A\"'z] = ) (dimU — 1)+ Y dimU = dimV — |&)]
Ueéy UgEy
Thus dim[V, gz] is minimal when g = A~! and X is the eigenvalue with the largest

eigenspace. g.e.d.
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For example, if x = [J5~, ..., J'] € GL,, then v(z) =n—>_, a;.

5.2. Unipotent elements

Recall that k is an algebraically closed field of characteristic p. Let G = Cl,,. In the
study of unipotent conjugacy classes there is a major dichotomy that arises from the
characteristic of the field. We first deal with the case p # 2 if G # GL,,.

Let # € G be a unipotent element. Then, z is GLy-conjugate to [J¢*,...,J"']. In

this section we shall give more information on conjugacy of unipotent elements in Sp,,

and O,,. Recall, by Proposition and Example [3.1.4{2), that
dim z% = dim G — dim Cg ()

The following is a particular case of[42], Theorem 3.1] and it summarises all the infor-

mations we need on conjugacy of unipotent elements in the classical groups.

Theorem 5.2.1. Let G = Sp,, or O,. Assume p # 2. Let x € GL,, be a unipotent
element with Jordan form [Jp7, ..., J{*]. Then

(i) A GLy,-conjugate of x lies in Sp,, if, and only if, a; is even for each odd i; and
a GLj,-conjugate of x lies in Oy if, and only if, a; is even for each even 1.

(i) Two unipotent elements of G are G-conjugate if, and only if, they are GL,,-
conjugate.

(iii) We have the following

dim Cgy,, () =2 Z ia;a; + Z za

1<J
dim C’Sp Z 1a;a; + = Z za + = Z a;
1<j 1 odd
dim Cp, (x) = Zzala]+ Z iar — = Z a;
1<J i odd

COMMENTS ON THE PROOF. Parts (i) and (ii). A unipotent element x in an al-

[e)

gebraic group G is said to be distinguished if Cg(x)° is a unipotent group, see [42]
Section 2.5]. The main strategy in order to prove (i) and (ii) relies on results by Bala
and Carter [5, 6] thanks to which one can reduce to the study of distinguished unipo-
tent classes in Cl(V). (Notice that Bala and Carter were assuming p = 0 or p ‘large’
and odd if G = Sp,, or Oy, them results were extended to any odd p by Pommerening

[47, [48]). After this task is completed, (i) and (ii) quickly follow.

Part (ii). This is [42 Proposition 3.7]. The proof relies on the following fact:
dim Cg(z) = dim Cpieq)(z), where Lie(G) denotes the Lie algebra of G. By [42]
Lemma 2.8, Lie(G) = V @ V,S?V or A’V for G = GL(V),Sp(V) or O(V), respec-
tively. Then the result is a consequence of [42] Lemma 3.4]. g.e.d.

Remark 5.2.2. Indeed it is possible to give an explicit decomposition of V' as an
orthogonal sum of indecomposable blocks under the action of x. Then (i) is a trivial

consequence. Given a unipotent element xz € Sp(V') we have ([42, Lemma 3.12)):

(18) Vie=(Puiet) e (@ w)

iodd 7 even
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where the Jordan form of (U; ® U}) | x is JZ-Q, and the Jordan form of W; | z is J;. In
addition U;, U are totally singular and U; @ U, W; are non-degenerate. Notice that
if G = 0,, we get the same decomposition as with the words ‘odd’ and ‘even’
transposed.

Let Pgr,, = P(n) = {\ F n} the set of partitions of n. In we saw that there is a
one-to-one correspondence between GL,-conjugacy classes of unipotent elements and
Pacr,, - Let us define

Psp, = {A=(n",...,1") Fn:q; even if i is odd}
Po, ={A=n",...,1")Fn:a; even if i is even}

For p # 2 if G # GL,,, Theorem [5.2.1] implies that the following correspondence is
one-to-one
(n“", ceey 1a1) S Pc[n — [Js”, ceey Jfl]Cl"

Recall, a unipotent element x is an element for which a power of 1 — z vanishes; note
that if x is unipotent then (1 — z)"™ = 0, where dim V' = n. Hence, we deduce that the
set of all unipotent elements, say U, in an algebraic group G, is closed. Therefore if
x € U then G C Y. Notice that in general ¥ is not closed; in fact in a reductive group
a conjugacy class is closed if, and only if, it consists of semisimple elements (see [34],
Corollary 1.7]). In particular, we can define a partial ordering on the set of unipotent
classes. Let z,y € G, then we write z¢ < y© if, and only if, z € y&. Notice that if
2¢ < yG then dim 2z < dim yG.

Let n be an integer. For the purpose of defining an order on P(n) we use the following
notation for partitions: A = (A; > Ay > ... > \,) where we allow some \; to be 0. On
P(n) we define the dominance ordering, as follows:

l l

u#A@ZMiSZ)\i, forall 1<i<n
i=1 i=1

The following result (see [34), Theorem 7.19]) shows that the correspondence defined
above between partitions in P¢;,, and unipotent classes is, in fact, an order preserving

bijection.

Proposition 5.2.3. Let G = Cl,,. Assume p # 2 if G # GL,,. Let & and y© be two

unipotent conjugacy classes in G with corresponding partitions A\, u = n. Then

29 <y = Az

The previous result will be useful several times in the course of our analysis, for an
application see for example Proposition Moreover in Appendix minimal
elements among the partitions with a fixed number of non-zero parts are determined.

We conclude this section by giving a remark on unipotent conjugacy classes in the
special orthogonal group. Recall the description of SO,, given in Section
Remark 5.2.4. Let = = [J3,...,J{*] € O,. Since |0, : SO, | = 2, 29" N S0, is
union of at most two SO,,-conjugacy classes, say £ this number. Assume a; = 0 for all ¢
odd. Let Uy,U; € lenl/2 and Wy, Wy € Z/IS/Q such that V = Uy & Uy = W7 & Ws. Notice
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that, by the proof of [36, Lemma 4.1.9], if  acts as the matrix A € GL,,/, on U; (or
W1) then the action of x on Us (resp. W5) is given by A~!. Recall, moreover, that a
Jordan block and its inverse-transpose are GL,-conjugate. Let y be O,-conjugate to x
for which

o) le= "o oJ) e (I e.. . oI
WioW) ly= ("o .0 e ("o o

(here we have a slight abuse of notation: rather then writing the indecomposable
blocks, as in , we write the Jordan form of x and y on these blocks.) Then, by the
description of SO,, given in Section x and y are not SO,-conjugate. In fact, [42]
Lemma 3.11(iii)] states that ¢ = 2 if, and only if, a; = 0 for all 7 odd.

5.2.1. Involutions. In this section we assume p = 2 and G = Sp,, or O,. For
more details we refer to [3l, Section 7,8] and [42, Chapter 4,6].

Let € G be an involution. Hence = has Jordan form [J5, Ji" %] for some 1 < s <

n/2 (note that v(z) = s). However, the Jordan form of  does not uniquely determine
the G-conjugacy class of x. More precisely, as described in [3, Sections 7, 8], if s is even
there are precisely two different conjugacy classes of involutions, whose representative
are denoted as and c,. If s is odd there is a unique class with Jordan form [J3, Ji"~ 2],

whose representative is denoted by bs.

Let (-,-) be the bilinear form defined on the natural module V of G. An involution

x with v(x) = s even is defined to be in a$ if, and only if, for all v € V

(19) (x.v,v) =0

otherwise x € cf. We shall usually say that an involution =z € G is as-type if x € ag;,
similarly in the other cases.

We write matrices in the standard (ordered) basis {e1, f1,...,€n/2, fn/2}, see Propo-

sitions [4.1.8 and [4.1.12]
Now we give a property equivalent to the definition of as-type involution. Define

(1)

Let x € G be an as-type involution. Then [3] 7.3 and 8.2] imply that

s/2

V9= (@%)@W
=1

where  acts trivially on W and each V; is 4-dimensional with a symplectic (or orthog-
onal) basis {e}, e, fi, f&} such that in this basis V; |  is given by [A, A]. This fact is
proved by constructing an explicit basis for which the required properties hold.

It is straightforward to verify that holds for an involution z, with v(x) = s, that
is G-conjugate to

(A, A)°, ... (A A)°, L—as]

where we denoted (A, A)® the block diagonal matrix [A, A] with respect to the ordered
basis {e;, €i+1, fi, fix1} for odd i <n —2s — 2.
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Therefore an involution x € G with v(z) = s is as-type if, and only if,

x is G-conjugate to [(A4, A)°, ..., (A, A)°, I,_as]

In particular, this characterisation of as-type involution implies that an involution
x € G (with v(z) = s even) is of type ¢; if, and only if, it is conjugate to a matrix

which contains a pair [A, A] in the basis {e;, fi, €41, fi+1} for some i.

Proposition below, may be deduced from [3], Sections 7, 8]; the precise formula
for the dimension of the centraliser of involutions is also given in [42], (4.1) p.59], we
remark that such a formula goes much further: in fact it gives the dimension of the
centraliser of any unipotent element in even characteristic in Sp,, and O,,. Notice that
[42] Chapter 4-6] relies on the work of Hesselink [32]. In [32] conjugacy classes of
unipotent elements in classical groups in even characteristic are classified in terms of
the indecomposable summands in V' | & and a function x: Z C N — Z where 7 is the
set of dimensions of the indecomposable summands in V' | x. It is not hard to show

that this function x is 0 for a-type involutions and x(1) = 0, x(2) = 1 otherwise.
Proposition 5.2.5. Let G = Sp,, or O, and p =2. Let s <n/2 be a positive integer.

(i) If s is odd there exists one G-conjugacy class of involutions with v(x) = s,
whose representative is denoted by bs;

(ii) Assume s is even. Then there are precisely two G-conjugacy classes of invo-
lutions with v(z) = s, with representatives as and cs. Moreover x is as-type
if, and only if, © is G-conjugate to

(A, A)° ... (A A)°, I —as)

otherwise x is cs-type;
(ii) If G = Sp,, then
G

dimal = s(n —s), dimb¥ = dimc¥ = s(n — s+ 1)

(i) If G = O, then
dima% = s(n — s — 1), dimb% = dim ¥ = s(n — s)
and ag, cs € SO, while bs € O, \ SO,,.

Remark 5.2.6. The fact that bs & SO,, is observed in [3] 8.10]. We prove this fact
using the description of SO,, given in Section Involutions of type bs act on
Uy 2, the set of maximal isotropic subspaces of V. In particular, they interchange
Z/li/Q and Uﬁ/z- Let U = (e1,...,en2) and W = (f1,..., fr2). Define z = [A, I, o],
ie. z:iel & fi,e; — e, fi — f; for i > 1. Notice that = is of bj-type. Define
U' =a.U = (f1,e2,...,6ey2), similarly W’ = . W. We have n/2 — dim(U NU’) =1
hence U, U’ are not equivalent as well as W, W' (in the sense of the equivalence relation
defined in Section . This is easily extended to any bs. Thus we conclude that no
bs lies in SO,,.

Involutions with odd v-value lie in Sp,, if, and only if, p = 2. Assume z = [A, [,,_2]
— in the ordered standard basis {e1, f1,...,€pn/2, fn/2} — then it is straightforward to
check that = fixes a symplectic form if, and only if, p = 2. In the next section we
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provide more information on conjugacy classes of semisimple elements in the classical

groups.

5.3. Semisimple elements

Let G = CI(V) = Cl,. Recall that G is the isometry group of the zero form or a

non-degenerate form x defined on V.
Let x € GL,, be semisimple. Then
(20) Vie=W
Aek*
where V) = {u € V : z.u = Au} is the eigenspace of = relative to .
Recall the notation established in Section for semisimple elements. If r # p is

an odd prime, we write w € k for a primitive r-th root of unity. Let x € GL, be a

semisimple element of order r. Then, up to GL,-conjugacy, we may write, for odd r
(21) x=[Iog,wlay, ..., w 1, ]

for some a; > 0 such that ), a; = n. If r = 2 then, up to GL,-conjugacy, for some
0<s<mn,

(22) T = [Isa _Infs]

Recall, Corollary implies that x and y = [y, wlp,, ..., w" 11y, _,] (or [Iy, —I,—¢]
if r = 2), are GL,,-conjugate if, and only if, a; = b; for all ¢, (or s =t if r = 2).

This section is devoted to prove the following.

Theorem 5.3.1. Assume r # p is a prime. Let G = Cl,, and x € GL,, be of order r.
Assume the Jordan form of x is as in or (@

(i) Two semisimple elements of G are G-conjugate if, and only if, they are GL,,-
conjugate.
(ii) Assume G # GLy, and r # 2. Then 2% NG # 0 if, and only if a9 = n
(mod 2) and a; = ar—; for all1 <i < %1
(iii) Assumer = 2. Then 25 N0, # 0, and 5 NSp,, # 0 if, and only if, s =n

(mod 2).
(iv) Assume x € G. The structure and the dimension of Cg(x) are recorded in
Table [5.31]
G r Ca(z) dim Cg(x)
GL, =2 GLg x GL,,_g n? — 2s(n — s)
GL, #2  [liZ Gla, is o}
Spn =2 Sps X Spn—s %(n + 1) - S(TL - S)
SP #2 Spa, x [I{"* GLe, %(a0+ 1)+ 3071 a?
O, =2 Os X Op—s 5(n—1) —s(n—s)

On #2 Oy x [V GLy,  %(a0— 1) + 157} a?

Table 5.3.1. Centralisers of prime order semisimple elements in G = CI(V)




5.3 Semisimple elements 51

Let G = Sp,, or O,, and let = € G be a semisimple element (of any order). We have
a decomposition of the natural module in eigenspaces as in . In Proposition m
below, we establish the features of the eigenspaces. Then (i)—(iii) of Theorem [5.3.1]
quickly follows.

Proposition 5.3.2. Let G = Sp,, or O,. Let x € G be a semisimple element. Then

Vie=VioV.o (P Vreli)
A£+L

and the following hold:

(i) Vi1 is either trivial or non-degenerate;

(i) Vx,Va-1 are totally singular and dim Vy\ = dim Vy-1 for all A # £1;
(iii) V\ @ Vy-1 is either trivial or non-degenerate for all X # +1;
(iv) If X # p=! then V) @ V), is an orthogonal sum.

PROOF. Let f = (-,-) be the bilinear form defined on V. Since x € G is semisimple
we have a decomposition of V' in eigenspaces as .

Let A € k* such that V, is non-trivial. For u,v € V), we have (u,v) = A?(u,v). Thus,
if A # %1 we have f|y, =0, so V) is totally singular. Let v € V) and v € V,,. Then
(u,v) = Ap(u,v). So, A # 1 implies (u,v) = 0, hence V\ @V, is an orthogonal sum.

Assume V] is non trivial and, seeking a contradiction, let u € V; such that (u, Vi) = 0.
Since f is non-degenerate, there exists v € V such that (u,v) # 0. If v € V_; we have
0 # (u,v) = (z.u,z.v) = —(u,v) which is absurd (note that if p = 2 then V} = V_;).
If v € V), for some X\ # =£1 then, again, 0 # (u,v) = (z.u,z.v) = A(u,v) is absurd.
Therefore Vi is non-degenerate. Similarly we can show that V_; and V) & V,-1 are

non-degenerate (whenever they are non-trivial).

Now, f induces a non-degenerate bilinear map fy: V) x Vy-1 — k. Thus for all
u € Vy-1 we have the linear map ¢,: V\ — k,v — (v,u). So we have the map
®: V-1 = VY, u = py. It is straightforward to check that ® is linear and ker ® = {0}.
Thus dim V-1 < dim V. Similarly we show dim V) < dim V;‘,l. Therefore we deduce
dim V) = dim V)-1. g-e.d.

Assume G # GL,. Let z,y € G. Assume x and y are G-conjugate. Then V | =z
and V | y have isomorphic summands. In particular, they share the same eigenvalues
with same multiplicities. Conversely, assume x,y have the same eigenvalues with same

multiplicities, then we have the following.

Lemma 5.3.3. Assume G # GL,. Let x,y € G be semisimple elements and write
Vie=@VyandV | y=@U,. Assume dim V) = dimU) for all A € k*. Then z,y
are G-conjugate.

ProoF. By Proposition we have the following orthogonal decompositions
Vie=VieV.i@WVeVia), Viy=UiaU .U e Uy-)

where Vi1, U1, VA @ V-1 and Uy @ U,-1 are non-degenerate and Vyx1,U,+1 are totally
singular and equidimensional. Hence we can construct isometries fi1: Vi — U4y,
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Assume we have isometries fy: V) @ Vy-1 — Uy ® Uy-1, for all A # +1, such that
A(Vax1) =Uy+1. Then f=f1df 1D (P fr): V — V is an isometry and fx = yf, so
the result follows. Notice that since V) and U) are totally singular any bijective linear
map ¢: V) — U, is an isometry (recall they are equidimensional). Now, Witt’s Lemma
assures us the existence of the isometry fy. The result follows. g.e.d.

The following solves the membership problem.
Lemma 5.3.4. Let x € GL,, be semisimple. Assume dim V) = dim Vy-1.

(i) If dim V1, dim V_1 are even then x% N Sp,, # 0.
(i) If dimV; +dimV_; = dim V' (mod 2) then 2% N O,, # 0.

Proor. This is straightforward. Take a basis of eigenvectors and construct a one-
to-one correspondence with the standard basis (with respect to the form considered)
of V. g-e.d.

Combining together Proposition and Lemmas [5.3.3] and [5.3.4] we deduce the
first part of Theorem [5.3.1]

Corollary 5.3.5. Conclusions (i)-(iii) in Theorem hold.

Let © € G be a semisimple element. Thanks to Corollary we may assume that
in the standard basis

&=Ly, ~Tp, MTay , A Loy - oo A dan s A T, |
for some a,b,a; > 0 and 1 < i < m. We take as understood the order of the basis, for
example in G = Sp,, the block [\ 14, , A I, ] is relative to
{€a+b+17 sy 6a+b+a17fa+b+1a cee fa+b+a1+1}

Proposition 5.3.6. Let G = Cl,, and x € G be semisimple. We record in Table
a representative of the G-conjugacy class of x, and its centraliser structure.

G x Ca(x)
GL, L, —Ip, Moy, Al GL, x GLy x [[™, GL,
Spn [Iay _Ib7 )\1]a17)\1_1Ia17 s 7)\mIam7 Agzllam] Spa X Spb X Hzn:1 GLai

On [Ty —Tps Mlay AT oy - oo s Ao s At Iay] Og x Op x [T, GL,
Table 5.3.2. Centraliser of semisimple elements in G = CI(V')

m)

In the table, if G # GL,, then \;’s are different and \;\; # 1 if i # j, and a,b are even
in the case G = Sp,,.

PRrROOF. Representatives of the GL,,-conjugacy classes are given by Corollary
If G = Sp,, or O,, then we can write z as in the table thanks to Proposition [5.3.2 and

Corollary

Let us compute the centraliser of a semisimple element in G. An easy calculation
shows that a matrix y € G that centralises = as in Table must have block form



5.3 Semisimple elements 53

y = [Cq,Cy, A1, A}, ..., Ay, Al,] (the A’s appear only in the symplectic and orthogonal
case) where Cy, C}, have size a and b, respectively, and A;, A} have size a;.

First assume G = GL,,; in this case we can write
x = Iy, —Ip,\lays - s Amla,,]
Then y € C(x) if, and only if, yxr = zy and y = [Cq, Ch, A1, ..., Ap]. Thus y € Cg(z)
if, and only if,
Coly = 1,Cy, Co(—1Iy) = (—1)Cq, Ai(Nila;) = (Nily;)A;, forall 1 <i<m
Thus there are no further conditions on C,, C, and A;. Hence we deduce

Ca(x) = GLg x GLy x [ [ GLa,

Now assume G = Sp,, or O,. Let y = [Cy, Cy, A1, A, ..., Am, Al] € Ca(z). Then
the action Vi | y is given by C, and since V; is non-degenerate and C, is an isometry
of Vi we deduce C, € Sp, or Og; similarly we deduce C, € Sp, or Op. The action
(Vi@ VY) | x is given by [\il,;, \; '1,,]. By Proposition Vi, V! are totally singular

and V; @ V/ is non-degenerate. We may assume {ej,...,e;} is a basis for V; and
{f1,..., fi} is a basis for V. Then [A;, A]] acts isometrically on V; @& V; and, by [36],
Lemma 4.1.9], A} = A", The result follows. g.e.d.

Notice that Proposition implies part (iv) of Theorem [5.3.1]

5.3.1. Special orthogonal group. We conclude this section by giving some com-
ments on conjugacy classes of semisimple elements in the special orthogonal group.

Let = [Iog,wlay,-..,w" ', _,] € O, of odd prime order r. Then 29" N SO, is

a union of ¢, at most 2 (as SO,, has index 2 in O,,), SO,-conjugacy classes. In the

following we roughly explain the conditions that determine the values £ =1 or 2.

Under the action of a semisimple element we have a decomposition of the vector space
into eigenspaces, as proved in Proposition We introduce the following notation.

For x € O,, semisimple we write
Vie=Uas(WaoW)

where U, W @ W' are non-degenerate and W, W’ are totally singular, and U = Vi & V_1,
W =@V, and W = @ Vy-1, where the V, are as in Proposition Notice that
W, W' are maximal totally singular subspaces if, and only if, dimU < 1 (and dimU =1
if, and only if, dim V' is odd).

Let W1, Wo and W{, W) maximal totally singular subspaces which are not equivalent
(with respect to the equivalence relation defined in Section [4.2.5)). Define semisimple
elements x,y € O,, that are O,-conjugate such that

Viz=Uo (Wi aeW), V]iy=U&W,o W

It is clear that x and y are not SO,-conjugate.

Indeed one can show that if = € O, is a semisimple element and g = dim(V; ®V_1),
then ¢ = 2 if, and only if, ag < 1.
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5.4. Dimensions

Let G = Cl,,. Let x € G be a prime order element. Recall that v(x) is the codimen-
sion of the largest eigenspace of z on V', see Proposition It is immediately clear,
thanks to Theorems |5.2.1| and [5.3.1| and Proposition that dim 2% is influenced
by v(x). Essentially a large eigenspace gives rise to a large centraliser. Thus we would

expect dim 2% to be large for small value of v(z) and vice-versa. We define

1
(23) bup = { bla

0 otherwise

The following is [11], Proposition 2.9].
Proposition 5.4.1. Let G = Cl,, and x € G be of prime order with v(x) = s. Then
f(s) < dimaz% < g(s)

where f(s),g(s) are listed in Table[5.4.1]

G f(s) 9(s)
GL, max{2s(n — s),ns} s(2n —s—1)
Sp, max{s(n —s), 5 T(2ns — 2 + 1)
O, max{s(n—s—1),2(s—1)} 2(2ns—s>—2s+65,_1,2)
Table 5.4.1

This result will be one of the key tools in our analysis of global upper and local upper
and lower bounds. Furthermore, these bounds may be interpreted as bounds on the
dimension of the fixed point space of x for certain actions, see Remark



CHAPTER 6

Subgroup structure of classical groups

The aim of this chapter is to give an overview of the subgroup structure of the
classical groups. Let V be a finite dimensional k-vector space and let G = CI(V).
Various closed subgroups H < G can be defined naturally in terms of the geometry
of V. A powerful theorem of Liebeck and Seitz provides a description of the maximal

closed connected subgroups of G in terms of these geometric subgroups.

6.1. Preliminaries

Let V be a finite dimensional k-vector space equipped with a form . Let G = Cl(V)
be the corresponding classical group.

We define five natural collections of closed positive dimensional subgroups of G,
labelled €; for i = 1,2,3,4,6 (we will explain later the reason for this labelling) and we
set € = |J ;. We call the subgroups in these families geometric subgroups.

We can describe these families of subgroups via their actions on V', which is either
reducible (the %é}-collection), irreducible and imprimitive (the %2, €3-collections), and
finally irreducible and primitive (%}, és-collections). In Table we give a rough
description of these families, we write €4 = 4(i) U G4(i7).

©; rough description

1 stabilisers of U <V

6 stabilisers of orthogonal isometric decompositions V' = p, V;
s stabilisers of totally singular decompositions V =U & W

G4(7) stabilisers of tensor product decompositions V =U @ W

Ga(it) stabilisers of tensor product decompositions
into isometric subspaces V = ), V;

s stabilisers of a non degenerate form of V'

Table 6.1.1. The %;-families

The motivation for these definitions comes from the study of the subgroup structure
of finite and algebraic simple groups, in particular from the study of their maximal

subgroups.

This problem, for finite simple groups, goes back to Galois, see his famous letter to
Chevalier [24]. The main result for finite classical groups is due to Aschbacher [1I], who
provided a description of the maximal subgroups. In [1I], Section 1] several families of
subgroups of finite classical groups are defined, some of which have a description very
similar to the %; families in Table [6.1.1
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The problem of determining the maximal closed subgroups of a classical algebraic
group G goes back to Dynkin [19] who first determined the maximal closed connected
subgroups of G = SL(V),Sp(V) or SO(V) if k = C. Then, in the ’80s his analysis
was essentially redone, using completely different techniques (mainly group-theoretic
whereas Dynkin used to work with the Lie algebras of the groups), and extended to
arbitrary characteristic by Seitz [53]. The key tool in their analysis is the following
observation: let ¢: G — SL(V) be an irreducible rational representation, then (under
some conditions) ¢(G) is maximal in one of the classical groups. In fact Dynkin, and
then Seitz, determined all the triples (G, H, V') where G < SL(V) is a (simply connected
for p > 0) simple closed classical group and H < G is closed and connected, both acting
irreducibly on V.

The main result on the subgroup structure of classical algebraic groups is due to
Liebeck and Seitz [41], where also non-connected subgroups are considered. They
define six families of subgroups in terms of the geometry of V: %;,i=1,...,6. Again
¢ = |U,¢;. Note that our collections %; are very similar to these and we miss the
family %5 because it consists of certain finite groups. We state the main result of [41]
as Theorem below. For a sketch of the proof we refer the reader to [45, Theorem
18.6]. For more details we refer the reader to the original paper [41].

Recall that a group H is said to be almost simple it T < H < Aut(7T), where
T is a non-abelian simple group. In the case H is an algebraic group we require
H° < H < Aut(H°®), where H° is simple and Aut(H°) denotes the algebraic group
automorphisms of H°; e.g. A,.2,D,.2,D4.3, Dy4.S5, Eg.2.

Theorem 6.1.1. Let G € {SL(V),Sp(V),SO(V)} and let H < G be a closed subgroup
of positive dimension. Then either

(i) H is contained in a member of €; or,
(i) modulo scalars, H is almost simple and H® is irreducible and tensor indecom-
posable on V and, if G = SL(V'), fixres no non-degenerate form on V.

An important consequence of Theorem [6.1.1]is a new proof of Aschbacher’s Theorem,
obtained by considering the fixed points under the action of a Frobenius morphism of
G, and using a theorem by Lang and Steinberg. For details we refer to [41] Section 4]
or [45, Chapter 27]

Remark 6.1.2. The conditions in (ii) of Theorem are added to ensure that such
a subgroup is not contained in any element of the %; collections. In the literature, the
collection comprising groups in (ii) is usually denoted by .. In order to know all the
groups in . one should know all the possible irreducible representations p: H — SL(V')
of almost simple groups H. As explained above, this has been achieved by Dynkin and

Seitz with some restrictive hypothesis (e.g. the groups are connected).

In the next sections we give some more details on the geometric subgroups.

6.2. Collection %;: subspace stabilisers

In order to motivate our definition of the %j-collection, we state the following [45,
Proposition 18.4(1)].
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Lemma 6.2.1. Let G = CI(V) and let H < G be a closed subgroup acting reducibly
on V. Then there exists a non-zero subspace U <V stabilised by H such that one of
the following holds:

(i) U is totally singular;
(i) U is non-degenerate;

(iii) (G,p) = (O(V),2) and U is a 1-dimensional non-singular subspace.

For G = CI(V), we say that H < G is a @j-subgroup if H = Stabg(U) where U is a
proper non-zero subspace of V, that is either totally singular or non-degenerate, or a
non-singular 1-space if (G,p) = (O(V),2).

Notice that subgroups in the %j-collection are not reductive, [33, Theorem 30.4(a)].
We give an example in the case G = GL,,. Assume m < n/2, and define P,, to be the
stabiliser of an m-dimensional subspace of the natural module of G. The subgroup P,

is a parabolic subgroup and, in a suitable basis,

0  GLpm

where My, n—m denotes the set of m x (n —m) matrices over k. We have P, =U x L

where U is the unipotent radical of P, and L is called a Levi factor:

U— I, Mm,n—m L= GL, 0
0 In_m 0 GLy—m
For details see [33] Section 30].

6.3. Collection %5: imprimitive subgroups

A subgroup H lies in the %% family if there exists t > 1 dividing n and isometric,
pairwise orthogonal subspaces Vi,...,V; for which V=V, & ... ® V; such that H =
Stabg{V1,...,V;}. We write Stabg(V1,...,V;) for the pointwise stabiliser, i.e. if z €
Stabg(Vi, ..., V;) then z.V; =V for all 4.

Let V=V @ ... ®V; be such a decomposition, then V; and V; are isometric (see
Definition [4.1.5)), so C1(V;) = CI(V;). In Section [17] we shall prove that H = CI(V1)S,
and H® = Stabg(Vi,...,V;), see Proposition For example, if G = GL,, and
t > 1 is a divisor of n, then

H = GLy, ;1 St
where the action of S; on the summands {V1,...,V;} is given by the standard permu-
tation action. For more details we refer to Section Notice that the action of H on
V is irreducible, due to the presence of Sy, but imprimitive, in fact {Vi,...,V;} is a
system of imprimitivity [17), Section 1.9].

In the decomposition V = V; @ ...® V; we require the V;’s to be isometric otherwise
the stabiliser of {Vi,...,V;} would be contained in a member of the %)-family (H
has to transitively permute the V;’s in order to act irreducibly on V). For example,
let G = GL(V) and V = V; & V5 with dimV; = a,dimV, = b with a < b. Then
Stabg{V1, Va} = Stabg(V1, V2) and, in a suitable basis, is given by H = (G(I;“ G(ib) <
P,, where P, is as in .
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6.4. Collection %3: stabilisers of totally singular decompositions

Let G = Sp(V) or O(V). Then H is a é3-subgroup if there exist maximal totally
singular subspaces U and W of V with V = U & W such that H = Stabg{U,W}. In
this situation, Corollary [4.1.7]implies dim U = dim W = n/2. Observe that if G = GL,
then H is a %3-subgroup. In Section namely in Proposition we show
H = GL, j5.(T) = GL;, /5.2 and

o A ~
(%) acen) o,

and 7 = (eln/z I"/Q), where e = 1 if G = O,, and —1 if G = Sp,,.

Notice that H acts irreducibly on V due to the presence of 7; but the action is
imprimitive. In fact {U, W} is a system of imprimitivity.

6.5. Collection %,: tensor product subgroups

We start by recalling the following, [41l Proposition 2.2], which is an important tool
in the definition of €4-subgroups. Recall that the central product of two groups H; and
Ho with same centre Z is Hy o Hy = (Hy x Ho)/{(z,27 ) : 2 € Z}.

Proposition 6.5.1. Let f; be a non-degenerate bilinear form on V;, i = 1,2 and set
V=V1®V,. Then

(i) There is a unique bilinear form f = fi ® fa on V' such that

flur @ ug,v1 @ v2) = fi(ur,v1)fa(uz, vo)
for all u;,v; € V;. Moreover f is preserved by Cl(Vy) o Cl(V2).

(ii) The form f is symmetric if, and only if, f1, fo are either both symmetric or
both alternating, and f is alternating otherwise.

(i11) If p = 2 then there is a unique quadratic form Q on V such that fo = f and
Q(u1 ®uz) =0 for all u; € Vi, and @Q is preserved by Sp(V1) o Sp(Va).

Now we can define the €j-subgroups. There are two cases:

Case 1. We say that H is a %4-subgroup if there exists a decomposition V = V] ® V5
with dimV; = a, dim Vo = band 1 < a < b, that is stabilised by H. Then H = Cl(V})o
Cl1(V3) acts naturally on the tensor product. We use the notation H = Cl(V;)®@Cl(Va).
By Proposition [6.5.1] we only have the following possibilities

GL, ® GLy < GLgp, Sp, ® Op < Spgp (p # 2)

SP, @ Spy < Oapy, O ® Op < Ogp (p # 2)

Notice that the central product assures the action of H on V to be faithful.

Case 2. We say that H is a %4-subgroup if there exists a decomposition V = ®§:1 Vi,
with ¢ > 1 and V;,V; isometric for all ¢,7, stabilised by H. In particular H =
Ng(I1, Cl(V;)) acting naturally on the tensor product. The possibilities for [[, C1(V;)
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are given by
(X) GLa < GL,t, (X)Sp, < Sput (t odd, p # 2)
®Spa < Oyt (t even or p = 2), ®Oa < Oyt (p#2, dimV; # 2,4)

The conditions are given in order to assure that the subgroups are maximal, for example
in the last case if p = 2 then & O, < Q) Sp, < O4t. We refer to the beginning of [41],
Section 1] for more details on the conditions.

6.6. Collection %5: classical subgroups

Let G = CI(V). Here we define H < G to be in the @s-family if H fixes a non-
degenerate form on V. Therefore either G = GL,, and H = Sp,, or O, or, (G,p) =
(Sp,,,2) and H = O,,. We shall give more details on these subgroups in Chapter @






CHAPTER 7

Fixed point spaces

In this final background chapter we study the fixed point spaces that arise in the
action of algebraic groups on coset varieties. We start in full generality relating fixed
point spaces of abstract group actions with conjugacy classes. Then we concentrate on
actions of algebraic groups. We give an explicit formula to compute the dimension of

a fixed point space, which will be the key tool in our subsequent analysis.

7.1. Preliminaries

Let G be a group and H < G be a subgroup. Consider the standard action of G on
the coset space Q = G/H. For x € G we have defined in @ the fixed point set of x:

Co(zx) ={weQ:zw=w}

First we observe that Cq(z) is non-empty if, and only if, & meets H.

Lemma 7.1.1. Let x € G. Then Cq(z) # 0 if, and only if, 2N H # 0.

PROOF. Let g € G. Then 29 € 2 NH & 29 € H & 2gH = gH < gH € Cq(x).
The result follows. g.e.d.

Moreover conjugates of any element have isomorphic (as sets) fixed point sets.

Lemma 7.1.2. Let z € G. Then for all g € G we have Cq(x) = Cq(z9).

PROOF. Let w =yH € Q and g € G. Then w € Cq(z) if, and only if, z.w = zyH =
yH. Therefore w € Cq(z) if, and only if, y~'zy = (¢ 'y) " 'a9(¢~'y) € H, which is
equivalent to g lyH € Cq(z9). Thus w € Cq(z) if, and only if, g7lw € Cq(z9).

Therefore ¢: Cqo(x) — Co(x9), w — g~ 'w is a bijective map. g.e.d.

It is clear that for any integer n we have
(25) Ca(z) € Ca(z")

In particular given any « € G of finite order there exists a prime order element y € G
for which Cq(x) C Cq(y). For example if x has order m = gn and ¢ is prime then we
can choose y = ™. We shall state a similar property, when G is an algebraic group, in
the case x is semisimple of infinite order in Lemma [7.1.7]

In the following we show that multiplying by a central element of H does not change
the fixed point set.

Lemma 7.1.3. Let x € H. Then for all A € Z(H), Cq(z) = Cq(Ax).

PROOF. Let A € Z(H) and w = gH € Q. Then \w = A\gH = g\H = gH = w.
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Let A\ € Z(H). Then w € Cq(x) if, and only if, w = z.w = 2. \w = Az.w, which is
equivalent to w € Cq(Az). The result follows. g.e.d.

We are interested in studying fixed point spaces in actions of algebraic groups.

7.1.1. Algebraic groups. For the reminder of the chapter the notation is as
follows.

Let G be an affine algebraic group defined over an algebraically closed field
k of characteristic p and let H be a closed subgroup of G. Let Q = G/H

be the corresponding coset variety.

Remark 7.1.4. Notice that, for algebraic groups, Lemma gives an isomorphism

1 1

as varieties since ¢: w — g7 w and ¢~ w+— gw are morphisms of varieties.

Let x € G. Then, by Theorem 2.3.3] « = x5z, = x,x5, where x4 is semisimple and
T, is unipotent. The next result relates the fixed point space of x with the fixed point

spaces of its semisimple and unipotent parts.

Proposition 7.1.5. Let x € G with Jordan decomposition © = xsx,. Then Cq(x) =
Ca(zs) N Caqlzy).

PROOF. Assume w € Cq(x5)NCo(xy) then z.w = x4.(2y.w) = w. Hence w € Cq(x).

Conversely, let w € Cq(x), so that z.w = w. For some g € G we have w = gH. Then,

Jag €

as in Lemma [7.1.1} z.w = w is equivalent to 29 € H. In particular ¢ '2sz,9 = x
H. Since z, and x5 commute we also have z§x? € H. Therefore z§ € H if, and only if,
27 € H. Recall that 27 is semisimple and z§, is unipotent, see Remark Since H is
an algebraic group, by Theorem [2.3.3] there exist s,u € H such that s is semisimple, u
is unipotent and 29 = su = us. If s # 2 or u # x{, we would have two different Jordan
decompositions of 29 which contradicts the uniqueness of Theorem [2.3.3] Therefore

29,23 € H and so w € Cq(zs) N Cozy). qg.e.d.

Recall that Proposition [3.1.1] implies that fixed point spaces are subvarieties of 2.
The following is an immediate consequence of Proposition [7.1.5]

Corollary 7.1.6. Let x € G with Jordan decomposition x = xsx,. Then

dim Cq(x) < min{dim Cq(z;), dim Cq(z,)}

In particular, from Corollary we deduce that in order to derive upper bounds
on dim Cq(z) we may always assume that z is either semisimple or unipotent.

In Section [7.1] we observed that if € G has finite order then there exists a prime
order element y € G such that Cq(z) C Cq(y). The following result [11], Section 8]
shows that a similar property holds for semisimple elements of infinite order, provided
H is reductive.

Lemma 7.1.7. Assume H < G is a reductive closed subgroup. Let x € G be a semisim-

ple element of infinite order. Then there exists y € H semisimple of finite order such
that Cq(x) C Ca(y).
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As seen in Lemmas [7.1.1] and [7.1.2] there is a link between the conjugacy class of z
and Cq(z). Recall Lemma m, if x € G is such that 2% N H = () then Cq(x) = 0; in
particular, dim Cq(z) = 0. The following [39, Proposition 1.14] is a key result we shall

use several times in this thesis.

Proposition 7.1.8. Let z € G. Assume x“ N H # (. Then

dim Cq(z) = dim Q — dim 2 + dim(z% N H)

PRrROOF. Let us define
V={(gw) e GxQ:gw=uw}

We claim that V is a closed subset of G x ). In order to prove this we define 7: G x ) —
(2, the projection 7(g,w) = w; and ¢: G x Q — Q, the action map ¢(g,w) = g.w. Then
m and ¢ are morphisms of varieties. Notice that both 7 and ¢ are surjective. Therefore
V ={(g9,w) € G xQ:¢(g,w) =m(g,w)} is closed in G x Q by Lemma [1.5.2]

Since ¢ N H # (), thanks to Lemma we may assume x € H. Define
Ve ={(2%,w):g€Gand 29w =w}Cz%xQ
Then V, is a subvariety of V, by the same argument given above: V, = {(29%,w) :
o(rd,w) =m(z9,w)}.
Consider the projection on the first coordinate 71: V — 2, (29,w) + x9. Notice

that ; is surjective since (29, g 'H) € V, forall g € G, as 299 'H = g laH = g 'H
(recall x € H). Moreover

i (29) = {(29,w) : 19w = w} = Cq(z?)

In particular dim7;*(z9) = dim Cq(29). Hence, by Lemma dim 7! (z9) =
dim Cq(z) for all g € G. Hence, Proposition yields

dim V, = dim ¢ + dim Cq ()

Now consider the projection on the second coordinate my: V, — Q, (29,w) — w,
which is surjective since (z9 ', gH) — gH for all g € G. Let yH € Q. Then

fHyH) = {(a%, yH) : 2%y H = yH}
Notice that z9yH = yH if, and only if, 9% € H. Hence there exists a one to one
correspondence f~'(yH) = 2% N H. Again, Proposition implies
dim V,, = dim Q + dim(z% N H)

The result follows. g.e.d.

Remark 7.1.9. Assume H < @ is a finite subgroup. Set @ = G/H. Then dimQ =
dim G. In particular, thanks to Proposition for any x € H, dim Cq(z) = dim G —
dim 2¢. Therefore the bounds on dim & stated in Proposition may be viewed as
bounds on the fixed point space Cq(z).

As mentioned in the Introduction, a motivation of this project arises from finite
groups. Let G < Sym(2) be a finite permutation group on the finite set 2. Then for
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x € G the fized point ratio is defined to be the proportion of points in §2 fixed by x:

_ [Ca@)|
(26) fpro(2) = =g

Assume the action of G on 2 is transitive then all the point stabiliser are G-conjugate,

say H = G, one of them. There is a one to one correspondence 2 = G/H preserved
by G. Moreover, considering the set V = {(g,w) € 2% x Q : g.w = w} and counting its
order in two different ways we deduce

|:L‘G NH|
fpro(z) = N

Notice the similarity with the formula proved in Proposition [7.1.8

Remark 7.1.10. Often results for algebraic groups can be translated for finite groups
of Lie type (an example is the Aschbacher theorem deduced from the Liebeck—Seitz
theorem on the subgroup structure of classical algebraic groups, cf. Section . We
list some more examples. The bounds on the fixed point ratios in actions of finite
exceptional groups established by Lawther, Liebeck and Seitz in [38] used bounds on
the fixed point spaces in actions of simple exceptional algebraic groups [39)]. Also, the
work of Burness [12}, 3], 14}, 15] used results for algebraic groups, for example the
main theorem of [11].

The following is a consequence of Lemma [7.1.7]

Corollary 7.1.11. Assume p > 0. Let H < G be reductive. Assume G acts on
Q=G/H. Let x € G. Then there exists y € G of prime order such that dim Cq(z) <
dim Cq(y).

We will be interested in the case G = CI(V), H € ¢; and x € H a prime order
element. The aim will be to derive bounds on dim Cq(z) using Proposition as the
main tool. By the definitions of G and H given in Chapters[d and [} dim G and dim H
are easy to compute, so dim {2 = dim G — dim H quickly follows. By results in Chapter
we can also compute dim z&. The main challenge is estimating dim(z% N H). In the
next section we shall give properties on this intersection.

7.2. Intersection of conjugacy classes with subgroups

Let x € G. Then there exists a family {x;};ez C H, where 211 # xjH for ¢ # j, such
that 2 N H = U, £CZH . In general the union is not finite, as we show in the following.

Example 7.2.1. Recall the notation of Example[2.2.5] T, U,, < GL,, are, respectively,
the subgroups of upper triangular and upper uni-triangular matrices of GL,. Let
G =135 and H = U3 < G. Notice that G is a unipotent group, i.e. G = G,. For any
a € k we define

8

Q

I
S O =
o = O

Q@
0 |eH
1
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We compute

a b c a b c
d e To d e =Tfa/q
/ /

Therefore #§ = {x, : @ € k*}. In addition, for all h € H we have h™'z,h = 2,. Thus

il = {z,}. Therefore
YN H = U o U {za}

ack* ack*
In particular the union is not finite.

In the case G = GL,, and H is a parabolic subgroup (defined in (24])) then the union
may be not finite, for example see [46, Corollary 7.1].

The following is |27, Theorem 1.2].
Theorem 7.2.2. Let x € G. Assume H < G are both reductive. Then T is finite.
Remark 7.2.3. In Theorem the groups are not necessary connected. In fact in

[27] the author defines a group to be reductive if its connected component is reductive.

The following is an immediate consequence of Theorem [7.2.2]
Corollary 7.2.4. Let + € G and H < G both reductive. Then dim(z® N H) =

max; {dim z’}.

The key tool for the proof of Theorem is the finiteness of number of conjugacy
classes of unipotent elements in a reductive connected algebraic group. This was a long
standing problem: Steinberg [55] asked whether the number of such classes is always
finite. An affirmative answer was given by the works of Dynkin and Konstant [37] (for
the characteristic 0 case), Richardson [49] (for the case p > 0 apart few special cases,
e.g. p=21if G =Sp(V) or O(V)) and, finally, Lusztig [44].

Now assume G = SL(V),Sp(V) or SO(V) is a simple classical algebraic group. Let
H < G be a maximal closed subgroup which is not a subspace subgroup, e.g. H &€ %.
Burness [11, Theorem 1] gave upper bounds on dim(z® N H) for elements € G of
prime order or any unipotent element in the characteristic 0 case. The next result is
a particular case of [11, Theorem 1]; in fact in [11] the statement is more general: it
also considers subgroups in .. In the following the definition of the %; families is the

same as in [41].

Theorem 7.2.5. Let G be a simple classical algebraic group. Let © € G\ Z(G) be

an element of prime order, or an arbitrary unipotent element in the characteristic zero
case. Let H € |J,. €; and assume (G, H,p) # (Sp,,, On,2). Then

dim(z% N H)
dim z¢
where e =0, or (G, H®,¢) lies in Table|7.2.1|

i>1

< -+e

1
2

Notice it is possible to show that Theorem holds in the case G = GL,, or O,,,
as well (with the definition of the %; families as in Chapter [6)).
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G Type of H Collection €
Spn Spn/Q ! SQ (52 l/n
SO,  GLy/p.2 Cs 1/(n—2)
SLy, Sp,, 6 1/n

Table 7.2.1
7.3. Aim

In this last section we state the main aims of the thesis. We define the following set
(27) % =2%(G)={x € G :o(x) is prime, or x is unipotent in characteristic 0}

General aim. Let G be an affine algebraic group and H < G be a closed subgroup.
Set Q = G/H. For xz € Z of order r we aim to study the following ratio (which provides
a natural analogue of the fixed point ratio for finite permutation groups):

(28) fala) = C0L2)

Fixed point spaces in actions of exceptional groups are widely studied. In [39],
Lawther, Liebeck and Seitz derived upper bounds on the dimension of these spaces
in primitive actions of exceptional algebraic groups. As already mentioned in Remark
the work done in [39] has been an important tool in order to derive upper
bounds on the fixed point ratio for finite simple groups of exceptional type, see [38].

For more motivations we refer to the Introduction.
As a matter of notation, we set p = co in the characteristic zero case.

With the notation introduced in the previous chapters we can state the precise aims
of this thesis. For the remainder of the chapter we fix the following notation.

Let G = Cl(V) and H € €; (as defined in Chapter [6). Let Q = G/H be
the corresponding coset variety. Let x € G\ Z(G) be an element of prime

order r or any unipotent element if p = oo.

7.3.1. Aim 1. Global bounds. The first aim is to derive global bounds on fq(z).
Aim 1.1. Find functions f(G, H,r),g(G, H,r) such that
(29> g(GaHaT) SfQ(x) Sf(G,H,T)

This would extend the main results of [39] to classical groups. In addition this would

be the first study on lower bounds on the dimension of fixed point spaces.

The goal is to derive the best possible bounds on fq(x). Clearly either the bounds
in are sharp or they are not.

If the bounds in are sharp we have the following.
Aim 1.2. Classify (or provide example of) the elements z € G of order r such that

fa(z) =G, H,r)
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where ¢ ranges in the symbols {f, g}.

In the case the bounds in are not sharp:
Aim 1.3. Show the existence of an element z € G of order r such that

|fQ(Z) - L(G7 H7T)| <€
for a small € > 0, also here ¢ ranges in the symbols {f, g}.

In order to state the next aim we introduce some new notations.

Definition 7.3.1. For G and H as above and Q@ = G/H, we define the following

numbers
M = sup{fo(z) : x € G\ Z(G)}

M, = sup{ fa(z) : o(x) =r}

M, = sup{fg(x) rx €X, 0(5[)) 7& 7"}
As said in the Introduction, we call M the algebraic fizity and M, the r-local algebraic
fixity.

Thanks to Corollary and Lemma we have M = sup,{M,}.

Aim 1.4. Find the best possible € > 0 such that for all prime r there exists z € # for

which
fa(z) = M —e

7.3.2. Aim 2. Local bounds. Recall that, for x € CI(V), v(x) is the codimen-
sion of the largest eigenspace of x on V', see Proposition So v(x) captures the
fizity of the natural action of x on V. Therefore we expect the value of fo(x) to be
influenced by v(z). Let r be a prime. We define the following sets

Ve={ze€G:v(z)=s}
Ver ={x €Vs:0(x)=r}

Given a prime 7, for x € V., the aims are as in Aim 1.2, 1.3 and 1.3. In this case
we aim to find the best possible functions f,(G, H, s) and ¢, (G, H, s).

As anticipated in the introduction, the only similar study has been done by Frohardt
and Magaard [21] for certain actions of finite classical groups.

7.3.3. Aim 3. Involutions. Let x € G be an involution with v(z) = s. The

main aim is the following.

Aim 3. Find an explicit function fo(G, H, s) and the best possible € > 0 such that

f2(G, H,5) < folr) < fo(G, H,s) + ¢
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CHAPTER 8

Introduction

Let G = GL,, or Sp,,, n > 2, defined over an algebraically closed field of characteristic
p. A closed subgroup H < G is a $g-subgroup if it fixes a certain form on the natural
module of G: we have the following possibilities (G, H) = (GL,, Sp,,) or (GL,, O,,), or
(Sp,,, On) when p = 2. Set Q = G/H. In this chapter we state the main results of this
part, in which we derive bounds on fq(x) for x € H of prime order or any unipotent
element in the characteristic zero case.

8.1. Main results

Recall from the definition of #Z as the set of elements of G of prime order, or
any unipotent element in characteristic zero. Recall that we denote p = oo in the
characteristic zero case. Theorem below provides upper and lower bounds on

fa(x) for x € H of prime order.
Theorem 8.1.1. Let G = Cl,, and H < G be a 6s-subgroup. Set Q = G/H.
(a) Let x € G\ Z(G). Then, for G = GL,,
2 n 4
n+1 n(n+1)
If G = Sp,, then fo(x) <1—1/n.
(b) Let x € HNZ be an element of prime order r.
(i) If r = p then

fao(z) <1-—

1
L p<n
h@ﬂZ{f
5 b=n
(ii) If G = GL,, and r # p then
1L r<n
fﬂ(x) >{ r q(n—l) .
il r-omn

(iii) If G = Sp,, and r # 2 then fo(x) =0 if, and only if, dim Cy (x) = 0.
Remark 8.1.2. Let us make some comments on the statement of Theorem R.1.11

(i) Referring to part (a), notice that the bound does not depend on r and p.
Moreover this bound is the best possible: indeed for (G, H,p) = (GLy,, Oy, 2)
and x = [Ja, J} %] or 2 = [JZ] we have fq(z) = 1—%—#%. Studying sep-
arately the different cases we derive the best possible bounds, characterising
elements that realise them. For (G, H) = (GL,, Sp,,) see Proposition
for (GLy, O,,) see Proposition finally for (Sp,,, O,) we refer to Propo-

sition 0.4.1] In general, elements that realise the bound are z € H such that
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v(z) is minimal, i.e. v(xz) = 1 or 2. Notice that elements with this property
always exist, for any r and p.

(ii) The bounds in (b) extend to any prime order element z for which 2N H # ().

(iii) Regarding the lower bounds in (b)(i): studying separately the different cases
for G = GL,, or Sp,, we can give slightly better bounds, we refer to Proposition
[10.2.1] for (G, H) = (GLy, Sp,,), Proposition [11.2.]if (G, H) = (GL,, O,) and
Proposition if (G,H) = (Sp,,, Oy,). The bounds stated in the aforemen-
tioned results are sharp and we also characterise elements which realise them;
often the existence of these elements is subjected to a divisibility condition on
n and p. In the general case we show that the bounds are close to best possible
by constructing an explicit element whose fo-value is close to the bound.

(iv) The lower bounds in (b)(ii) are close to best possible. For example if (G, H) =
(GLy, Oy), with n even, and x € H is such that v(x) = n — 1 then fq(z) =
n%rl. The best possible bounds are derived in Corollaries |10.3.7| and |11.3.5| for
H = Sp,, and O,, respectively. We shall construct a family of elements that
we call special, see Deﬁnition and we prove that lower bounds on fq(x)

for x € H of prime order r # p are realised by the fo-value of any special

element.
Recall Definition of the algebraic fixity M, the r-local algebraic fixity M, and
of M.
Theorem 8.1.3. Let G = Cl,, and H < G be a 6g-subgroup.
(i) If (G, H) = (GL,, Sp,,) then

_ 2(n—-2) . _ An—-3) .
M—l—m, zfp;éQ,M—l—m, ifp=2
(i) If (G, H) = (GL,, O,,) then
B 2(n—1) . B 2n—-2) .,
M—l—m, zfp#Q,M—l—m, ifp=2
(i3) If (G, H) = (Sp,,, On) then
M=1-1t
n

Theorem 8.1.4. Let G = Cl,, and H < G be a 6s-subgroup.
(i) Assume (G,H) = (GLy,Sp,,). Then M = M, and M > M, ;
(ii) Assume (G, H) = (GLy,,0y). Then M = My and M > My ;
(iii) Assume (G, H,p) = (Sp,,, On,2). Then M = My and M > My.
Moreover in any case My, My >1—2/n.
Remark 8.1.5. In the analysis we explicitly compute M, for any r. We refer to the
results mentioned in Remark [8.1.2(1).

Corollary 8.1.6. For any prime r, there exists x € H of order r such that
2
fa(z) >1 -~

n

Let x € G, recall the definition of v(x) to be the codimension of the largest eigenspace
in the action of z on V, the natural module of G, see Proposition [5.1.7] In the proofs
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of the results that lead to Theorem R.I1.1] and in the result on which we characterise
the elements that satisfy the bounds we see a strong relationship between fq(z) and
v(z). Roughly, fo(z) is maximal when v(z) is minimal and vice-versa. Recall that
Vs ={z € G :v(z) = s}, in addition we denote V,, = {z € V, : o(z) =r}.

Theorems and provide upper and lower bounds on fq(z) depending on
v(z) for z € Vs. We deduce the following from the main results of Sections and
14

Theorem 8.1.7. Let G = Cl,, and H < G be a Gs-subgroup. Assume r # 2. Let

x € HNVs,. Then

1
fal@)<1- 24 =
n n

Remark 8.1.8. We refer to Sections and for more details. We shall study
separately unipotent and semisimple elements for H = Sp,, or O,, in GL,. In the case
x has prime order r # p we shall define elements z, 2’ in and , for H = Sp,,,
or and for H = O,. Then in Propositions [10.4.10| and [11.4.4] we prove
fa(x) < max{fa(z), fa(#')} for any x € H N Vs,. See Proposition for G = Sp,,.

The following, instead, follows from the main results of Sections and

Theorem 8.1.9. Let G = GL,, and H < G be a 6s-subgroup. Assume r # 2. Let
x € HNVs,. Then

_2s(n—s) 2

fa(w) =1 nn—1) n

It is interesting to note that the fq-values of elements in H N Vs are close to each
other.

Corollary 8.1.10. Let G = GL,,. Let x,y € H NV, with r # 2. Then

(o)~ fal) < 2 4 2

Remark 8.1.11. Corollary [8.1.10]is a straightforward consequence of the local upper
and lower bounds, see Sections and

In particular, we deduce the following.

Corollary 8.1.12. Let G = GL,,. Let z,y € HNV,, and assume s < \/n or s >

n—+/n. Then
2 4
— < JE— [
|fa(z) — fa(y)] \/ﬁ+n—1
Remark 8.1.13. Observe that for lower bounds on fo(x) we do not consider the case
G = Sp,, with p = 2. In fact in this case Propositions [9.4.4] and [9.4.5] provide all the
information we need. Let x € HN V. If s <n/2 then fo(x) =1— 7, if s > n/2 then

fa(z) =0 if, and only if, dim Cy (z) = 0.

For %s-actions it is very easy to compute an explicit formula for fo(x), for x € G of
any prime order . If x € GG is an involution Theorem provides an explicit formula
for fo(z). For the purpose of the next result, we introduce the following notation

-1 H =Sp,
€ =
1 H=0,
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Theorem 8.1.14. Let G = Cl,, and H < G be a Gg-subgroup. Let x € G be an

involution with v(x) = s < n/2.

(i) If G = GL,, then

2s(n — s) 2 5
2

fa(z) =1- n(n + €) +n(n+e) P

(ii) If G = Sp,, then p =2 and
falx)=1-

S
n



CHAPTER 9

The %;s-collection

9.1. Structure

Let V' be a finite n-dimensional k-vector space and G = GL(V) or Sp(V). The
elements of the %g-family are subgroups that fix an appropriate non-degenerate form
on V.

%s We say that H € % if there exists a symplectic form or a non-degenerate
quadratic form on V stabilised by H. Thus, here G = GL(V) and H = Sp(V)
or O(V); or G =Sp(V) with p=2and H = O(V).

We give a geometric interpretation of how these subgroups arise. We define
Xs={f:V xV = k: fis asymplectic form}
Xo ={Q:V — k:(Q is a non-degenerate quadratic form}

Let G = GL(V) and x € G. For f € Xg we define z.f to be the bilinear form VxV — k
defined as (z.f)(u,v) = f(x.u,x.v). Similarly, for Q) € Xo we define z.Q) to be the map
V — k defined as (z.Q)(u) = Q(z.u). With these definitions, G acts on X, where
k ranges in the symbols {S,0}. In Proposition we show that these actions are
transitive. Therefore, given a point stabiliser H, the action of G on X is equivalent
to the action of G on = G/H. In particular, given the one-to-one correspondence
X, =2 Q, we can endow X, of the structure of a variety. It is clear that the stabiliser

of an element in Xg, resp. X, is Sp(V), resp. O(V).

Proposition 9.1.1. Let V be an n-dimensional k-vector space and define X,; as above,

where k ranges in the symbols {S,O}.

(i) Let v € GL(V), f € Xs and Q € Xo. Then (z, f) — z.f and (z,Q) — z.Q
define transitive actions of GL(V) on X,.

(i) If p = 2 then Sp(V) x Xo — Xo,(z,Q) — z.Q is a well defined transitive
action.

PrOOF. Let z € GL(V) and f € Xg. It is clear that x.f is a non-degenerate
bilinear form, moreover, for all u,v € V, (x.f)(u,v) = f(zu,z.v) = —f(rwv,x.0) =
—(z.f)(v,u). Thus z.f € Xg. Similarly one can show that, for Q € Xp, 2.QQ € Xp. In
the case p = 2 then Sp(V') acts on Xp.

Moreover, these actions are transitive thanks to Corollaries [4.1.9/and 4.1.13] ¢.e.d.

Before giving more information on conjugacy classes in %g-subgroups we list the
dimension of the variety 2 = G/H when H lies in the %-family in Table
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G H dimQ
-1
GL, Sp, "
n(n+1
GL, 0, ™ot
Sp,  On n
Table 9.1.1. Dimensions of Q = G/H for H € %5

9.2. Conjugacy classes in %z-subgroups

Let = € G be of prime order r. If r = p then x is unipotent and, up to G-conjugacy,
(30) x=[Jp",...,J}]

The conditions on the a;’s such that x € H are listed in Theorem [5.2.1] together with
the formula for dimz’. For involutions in the symplectic and orthogonal groups we
refer the reader to Section (.2.1]

If » # p, then x is semisimple and, up to G-conjugacy,
(31) x=[Log,wlay, ..., w ', ]

The conditions for which x € H are given in Theorem Let us recall them here,
we have ag = n (mod 2) and a; = a,_; for all i < r;zl We also find the structure of

Ca(z) for these elements in the aforementioned result.
Proposition 9.2.1. Let x € G be an element of prime order r.
(i) If (p,7) # (2,2) then 2N H = 2;
(i) Ifp = r = 2 say v(z) = s. Then, x°NH = b, for s odd, and x°NH = afucl

if s is even.

PROOF. Part (i) is straightforward since two elements are conjugate in Sp,,, or O,

if, and only if, they are conjugate in GL,, see Theorems [5.2.1 and [5.3.1} Part (ii)

follows from Section [5.2.1 g-e.d.

The following is a clear consequence of Proposition [9.2.1
Corollary 9.2.2. Let x € G be an element of prime order r.
(i) If (p,7) # (2,2) then dim(2% N H) = dim 27 ;
(ii) If p = r = 2 say v(z) = s. Then, dim(z® N H) = dimb, for s odd, and
dim(z% N H) = dim ¢ if s is even.

9.3. Explicit fo-formulae

In this case it is easy to establish explicit formulae for fqo(z) for elements x € H of
prime order r. In the following we will assume x € H. However notice that the same
results holds for any = € G such that 2% N H # 0.

9.3.1. (G, H) = (GL,, Sp,,). We have the following.
Proposition 9.3.1. Let x € H be of prime order r.
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(i) If r # p is odd and x is as in then

ZiZO az? — ao

Jalw) = n(n—1)
(ii) If r =2 # p and x = [I,—s, —I5| then
. 2s(n—3s)
falw) =1 n(n—1)

(iii) If r = p # 2 and x is as in (30) then
_ 2 Zi<j iaia; + 3, iazz =D i odd Wi

Jalo) n(n —1)
() Ifr =p=2 and x = [J§, J'~ ] then
B 2s(n—s—1)
falz) =1- Tatn—1)

Proor. We use Theorems and Proposition for computing the
dimension of conjugacy classes of the element considered. Thus the formulae listed in

(i)—(iv) follow by easy calculations. g.e.d.

9.3.2. (G,H) = (GL,,0,). We have the following.
Proposition 9.3.2. Let x € H be of prime order r.
(i) If r # p is odd and x is as in then
ZiZO a? +aog

falz) = n(n+1)
(ii) If r =2 # p and x = [I,—s, —I5| then
. 2s(n—3s)
falz) =1 n(n+1)

(iii) If r = p # 2 and x is as in (30) then
L 2) i taag + (a3 + Y oaq G

fa(z)

n(n+1)
(w) Ifr =p=2 and x = [J§, J'~ ] then
2s(n —s—1
faz) =1- SEZn—il))

9.3.3. (G,H) = (Sp,, O,). Here we assume p = 2. We have the following.

Proposition 9.3.3. Let x € H be of prime order r.
(i) If r # 2 and x is as in then

(i1) If r =2 then
falas) = fa(bs) = fa(cs) =1— %

From the formulae computed above we see that the case (G, H) = (Sp,,, On) is the

easiest to deal with. We give all the information in the next section.
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9.4. Symplectic group

9.4.1. Global bounds. Assume p = 2. Let G = Sp,, and H = O,, be a %s-
subgroup of G. Set Q = G/H. The following results are trivial consequences of the
formulae given in Proposition [09.3.3

Proposition 9.4.1. Let x € G be of prime order r. Then
L
<1l--—
falz) <1-—

where v = 1 if r = 2 and « = 2 otherwise. Moreover equality holds if, and only if,
v(z) = 1.
Remark 9.4.2. Notice that there is no semisimple element = in H with v(z) =1 as it
would have Jordan form [Al,_1, u] for some A,y € k* and, according to the conditions
of Theorem this is not possible.
Proposition 9.4.3. Let x € H be of prime order r. Then
Or 2
fo(z) > ==

n
Furthermore, if r = 2 equality holds if, and only if, v(x) = 5. If r # 2 equality holds
if, and only if, ag = 0.

9.4.2. Local bounds. Assume r # 2. Let z € HNV,,. For s < n/2, up to
G-conjugation, we have
= [In_g,wlyy, .., w" I, ]
with a; <n — s for all i. Therefore fo(z) =1— 7.
If s > n/2 then, up to G-conjugation and up to relabelling the eigenvalues, we have

o { Ln—sswlays .oy w™ ]
[

Togywln—sy .. w21, 0" 1, ]

r—27
with a; < n — s for all 4, and for s odd ag < n— s —1 being ag even. Notice that in the

first case s must be even.
Therefore we deduce the following.

Proposition 9.4.4. Letx € HNV;,.
(1) If s < n/2 then

fa(z) =1 - %
(ii) If s > n/2 then
fol) <1 - 2F1 702

with equality if, and only if, ap =n — s — 14 ds.2.

In the same way it is easy to deduce a lower bound.

Proposition 9.4.5. Let z € HNV;,. Assume s > n/2. Then fqo(x) > 0 with equality
if, and only if ag = 0.
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General linear group, H = Sp,,

We consider the case G = GL,,, H = Sp,, a 6s-subgroup of G, with n > 2. Denote
Q = G/H. The aim of this chapter is to derive bounds on fq(z) for z € G of prime
order, proving the results stated in Chapter

10.1. Upper bound

In this section we shall prove the following result.
Proposition 10.1.1. Let x € G be an element of prime order r.
(i) If r = p is odd then
2(n —2)
n(n —1)
with equality if, and only if, v(z) =1 and (n,v(x)) = (4,2).
(ii) If r # p is odd then either n # 6 if r # 2 and
4(n —2)
nin—1)

falz) <1-

falz) <1—

with equality if, and only if, v(x) = 2 or one of the following holds:
-n=4andv(zr)=2 or3;
— n =8 and either v(z) =2 or v = [wly,w 1.
Or, n =06 and fo(x) < %, with equality if, and only if v(z) = 3.
(iii) If r = 2 # p then
falo) < 1- 20
with equality if, and only if, v(x) = 2.
(iv) If r = p =2 then
4(n —3)
n(n—1)
with equality if, and only if, v(x) = 2.
Remark 10.1.2.

(i) Proposition provides upper bounds on fq(x) for z € G of prime order 7.
Notice that thanks to Lemma and Corollary these bounds extend
to bounds on fq(y) for any element y € G\ Z(G), in the sense that fo(x) is
at most the maximum of the bounds stated in Proposition

(ii) Notice that Proposition[10.1.1|immediately implies Theorems[8.1.1] [8.1.3} [8.1.4]
and Corollary [8.1.6

Remark 10.1.3. Recall that for any = € G, €N H # ) if, and only if, Cq(z) # 0, see
Lemma Moreover, by Lemma fixed point spaces of conjugate elements are

fa(z) <1-
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equidimensional. Hence in the following we will always assume x € H has prime order

and we will work only with elements in Jordan normal form.

We prove Proposition [10.1.1] in a sequence of lemmas. We start with unipotent
elements.

Lemma 10.1.4. Let x € H be an element of order p # 2.
(i) If v(xz) =1 then

N

(ii) If v(x) = 2 then
R

(iii) If v(x) > 3 then
2(n—2)
B <1=5w=n

In particular, the conclusions of Proposition |10.1.1] hold.

PROOF. If v(x) = 1 then x = [J2, J}' %] and the result follows by an easy calculation
using the formula in Proposition [9.3.1](iii). Similarly if v(z) = 2 then either z =
[J2, 0774 or x = [J3,J?]. Notice that the latter element does not belong to Sp,,.
Again, with a straightforward calculation we deduce the result. Thus (i) and (ii) follow.

Let x € H with v(z) > 3. Then, by Proposition if n > 6 we have dimz¢ >
6(n — 3) > n. Using Theorem we have

(2 — L) dima® (n — 2) dim 2% 2(n —2)
<1--22 n =1 1= =
Jalw) < dim 2 R2n-1) ~ nm-1)
If n =4 and v(z) = 3 then z = [Jy] and fo(z) =1 <2=1- 3((2:?) g.e.d.

In the following we prove Proposition in the case p = 2 and z € H is an
involution.
Lemma 10.1.5. Let x € H be an involution and assume p = 2. Then
2(n —2)
<l—-—=
Jale) < n(n—1)
with equality if, and only if, x = [Ja, Jf72] or, n =4 and v = [Ja, JZ|,[J3].

PROOF. Proposition M(iii) yields an explicit formula for fo(z) for any involution
x. Let g(s) =1— %, differentiating g(s) we see that g(s) < g(1) for all s <n/2
and g(s) = ¢g(1) if, and only if s =1 and n > 4 or, n = 4 and s = 1,2. The result
follows. g.e.d.

We continue the analysis with semisimple elements.

Lemma 10.1.6. Let x € H be an element of odd prime order r # p.

(i) If v(z) = 2 then An—2)
falz) =1- n(n—1)

(i) If v(z) = s € {3,4,n — 1} then (n,Cq(z), fo(x)) are listed in Table [10.1.1]
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(i) If 4 < v(z) <n—1 then

4(n — 2)
fa(z) <1- nn—1)

In particular, the conclusions of Proposition |10.1.1] hold.

s n  Cg(z) fa(z)
3 4 (GLy)* 1/3
6  (GL3)? 3/5
4 6 (GLy)?xGL?  1/3
8  (GLy)? 4/7
>4 GLy 4 x (GLy)' 1- 2223
>4 GL, 4 x (GLy)? 1 - 320
n—1 - (GLY) L

Table 10.1.1

PROOF. If v(x) = 2 then x = [I,,_2,w,w™!]. An easy calculation, using Proposition
9.3.1(i), leads to the result.

If v(z) = 3,4,n — 1 an easy application of the formula in Proposition [0.3.1fi) leads
to the values listed in Table [[0.1.11

Now assume 4 < v(x) < n—1. Then, by Proposition M(l), the result is equivalent
to Y., a? —ap < n*—5n+8. Usingn =, a; so that n? =, a? +23 2, aiaj, we get

2_
2> aja; —bn+ag+8>0
1<J

For v(z) = s we have two cases.

Case 1. We have ag = n — s and a; < n — s for all i. Thus Zi>0 a; = s and

2Zaia]~—5n+a0+8:23(n—s)+2 Z aja; —4n —s+8
1<j 0<i<y
> 2ns — 25% — 4n + 8 = g(s)

where we used the trivial inequality QZKJ- aaj > Y ;a; = s. We see that for s < 7,
n

g(s) > g(5) = 6n — 42, which is positive if n > 8. In the case § < s < n — 1 we have

g(s) > g(n —2) = 0. We need to check the case s = n — 2, for which the following
argument applies: by Proposition we have dimz¢ > w > 4n, if n > 10.
Using Theorem we have

(3 -1 dima®  (n—2)dimaC 4(n —2)
fo@) <1- e U oy < e

Notice the conditions n < 8 and s < n/2 imply s < 4. The case (n,s) = (10, 8) follows

with an easy computation.

Case 2. We have a; = a,_; = n — s for some j < 1";21, we may assume j = 1 (up to

relabelling the eigenvalues) so that a; = a,—1 = n — s and a; < n — s for all <. Hence
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we have

QZaiaj —5n+ag+8=4s(n—s)+2(n—s)*+2 Z aa; —5n +ap + 8
i<j i<j,
ij#1r—1
>4s(n—s) +2(n—5)2 —5n+8=2n% - 25> —5n +8

>2n% —2(n—2)> —5n+8=23n

where the last inequality follows from s < n — 2. The result follows. g.e.d.

The last step in order to have a complete proof of Proposition [10.1.1]is to establish
an upper bound on fq(z) when z is an involution and p # 2.
Lemma 10.1.7. Assume p # 2 and let x € H be an involution. Then
4(n —2)
<1202
falw) < nin—1)

with equality if, and only if, v(x) = 2.

PRrROOF. By Proposition 9.3.1{ii) and (iv), for any involution z € H with v(z) =
s < n/2 we have fo(x)=1-— 25(n=s) By a straightforward computation we see that,

n(n—1)
as a function of s, fo(z) is monotonically decreasing in [2,n/2]. Therefore, if p # 2 for
any involution x € H we have fq(x) < fo([l2, —In—2]) =1 — i((z:?)) g.e.d.

10.2. Unipotent elements: lower bound
In this section we derive lower bounds on fq(x) for z € H of order p. Recall that we
set p = oo for the characteristic zero case. We shall prove the following.
Proposition 10.2.1. Let x € H be an element of order p.
(i) If 2 # p < n then
fa(z) >

with equality if, and only if, n = ap and © € [Jg}G.
(i1) If p > n then

S

1
fa(x) > —
with equality if, and only if x € [J,]°.
(iii) If p = 2 then
1 1
>4 -
fal@) 2 5+ 50—
with equality if, and only if, v(x) € 15,5 — 1}.

Remark 10.2.2. If z € H is an element of order p then the largest Jordan block
allowed in z is either J,, for p < n or J, for p > n. In the characteristic zero case, any
unipotent element has infinite order and can have Jordan blocks of any size ¢ < n. So
the characteristic zero case falls in part (ii) of Proposition this motivates the
choice of the notation p = co for this case.

10.2.1. Odd prime order elements. Let us start from the case 2 # p < n.
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Lemma 10.2.3. Assume p < n is odd. Let x € H be an element of order p. Then

1
fﬂ(af> > Z;

PROOF. Let x = [Jp?,...,J}'] € Sp,. Using Proposition m(iii), the result is
equivalent to the following

(32) 23 iaa; + Y ia? - Zaizntn

1<j i i odd p

using n = ), a; a straightforward calculation shows that is equivalent to

(33) 2Y igia;(1-2)+ 3 alia—1)(1-2)+ 3 (ia?(1-2) + ) >0
1<J p 3 odd p i even p p

It is clear that in the first and last summands are non-negative. We prove that

also the second summand is non-negative. Let ¢ be odd and assume a; > 0. Then

a; > 2 is even, since x € Sp,,, so ia; — 1 > 0. The result follows. g.e.d.

Lemma 10.2.4. Assume p < n is odd. Let x € H be an element of order p. Then
fa(x) = % if, and only if n = ap and x € [J;}]G.

PRrOOF. Ifp | nand x = [J;f/p} it is straightforward, using Proposition M(iii), to
compute fo(z) = %.

Conversely, let x € H of order p such that fqo(z) = %. By the proof of Lemma
we have that each summand in vanishes. If i is even then a; = 0, otherwise the last
summand would be positive. Assume ¢ < p is odd and a; # 0. This forces ia; — 1 =0
which is never possible (recall that a; is even if 7 is odd), hence a; = 0. Notice that if

i = p then (1 — %) = 0. Therefore a, # 0 and, p | n since n =), ia; = pay. g.e.d.

In the case p | n, Lemma [10.2.4] provides all the elements that realise the lower
bound. The following deals with the case p { n.

Proposition 10.2.5. Assume p < n is odd and n = ap+b with 0 < b < p. Then there
exists x € H of order p such that
1 3

1
Pl < o )

PROOF. First notice that a = b (mod 2), since p is odd and n even. Consider the

element 1 = [J,, Jy] € Sp,, if a is even, otherwise consider zo = [Jgil, Jp—1, Jpy1] €
Sp,,- Then, using Proposition m(u) and a = "ij, we find
1 bp+1-0b) 1 (p+1)>
foley = 12128 1, I
(=) p pn(n—1) ~p dpn(n—1)

where the inequality follows from the fact that the function g(b) = b(p + 1 — b) for

b € (0,p) is maximal when b = (p + 1)/2 hence g(b) < g(%). Now, we see that

(p+1)?
4pn(n—1)

is increasing in p > 2. Thus, using p < n, we deduce

1 (n+1)? 11
fg(x1)<];+4n2(n—l) p  2n
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(n+1)?
4n2(n—1)

Notice that we used < ﬁ, which is true for n > 4. In the case n = 4 we have

that b =1 is odd.
Now assume a, b are odd, we compute

1 bpt+1-b) 3 1, @+ 3
fQ(SEZ)_p+ pn(n —1) n(n—1)§p+4pn(n—1) n(n —1)

the inequality follows from the same argument as above. Moreover, using p < n,

falw) < L4 0D 8 1 13
@ p 4n2(n—1) nn—-1 "p 20 nn-1)

Again the last inequality it is true for n > 4.

In the case n = 4 we necessarily have p = 3. We consider the element [J3] € Sp,,. A

straightforward computation leads to fqo([J2]) < % + 3+ ﬁ g.e.d.

We now study the case p > n.

Lemma 10.2.6. Assume p > n. Let © € H be an element of order p. Then

1
falz) 2 ——

PROOF. As in Lemma [10.2.3| we see that the result is equivalent to

QZiaiaj—FZiaf— Z a; zn:Ziai

i<j i i odd i

which is equivalent to
(34) 2 iaia;+ Y dai(ai— 1)+ Y ai(i(a; —1) = 1) >0
1<j i even i odd
and it is clear that each summand is non-negative, recall that for i odd if a; # 0 then

a; > 2 is even. g.e.d.

Lemma 10.2.7. Assume p > n. Let x € H be an element of order p. Then fo(x) =
L if, and only if, x € [J,]°.

n

PROOF. If 2 = [J,] € Sp,, then an easy calculation shows that fo(z) = -5, using
Proposition [0.3.1(ii).

Conversely, let x € H be an element of order p such that fo(z) = ﬁ Thanks to
the proof of Lemma each of the summand in vanishes. Since ), _ jlaia; =0
we deduce that there is only one index [ such that a; # 0, hence n = ), ia; = la;. For
[ even we have la;(a; — 1) = 0 if, and only if, a; = 0 or 1. For [ odd if a; # 0 then
l(aj — 1) =1 = 0 if, and only if, (I,a;) = (1,2). Therefore, from n = la; we deduce
[ =n and a, = 1, the case n = 2 and = = I5 can be excluded since n > 4. The result

follows. g.e.d.

10.2.2. Involution. Now assume p = 2.

Lemma 10.2.8. Assume p =2. Let x € H be an involution with v(x) = s. Then

1

1
fa(z) > §+m

with equality if, and only if, v(x) = § or § — 1.
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PRrOOF. For z € H an involution we have, by Proposition [9.3.1{iv), fo(z) =1 —
%, differentiating this expression with respect to s we see that it is minimal for

s = ”T_l Hence the minimal fo-value is realised when s = § — 1 or §. A direct check
leads to the result. g.e.d.

10.3. Semisimple elements: lower bound

In this section we derive lower bounds on fq(z) for € H an element of prime order

r # p. The main result of this section is Proposition [I0.3.1] below. Recall the definition
of dg:p

1 bla
5a’b = .
' 0 otherwise
Proposition 10.3.1. Let x € H be an element of prime order r # p.
(i) If 2 # r < n then
1 1=0pr2
> - Tmrhs
Jalw) 2 T n(n —1)
(ii) If r > n then
1
fa(z) > m_1
with equality if, and only if, Cq(x) = Spy x (GL1)™?>~1 or (GLy)™?2.
(iii) If r = 2 then

1 1 2(1 — 6,.4)
falw) 2 2 2n-1) + n(n — 1;1

with equality if, and only if, v(x) € {n/2,n/2 — 1}.

We first study elements of odd prime order. In the case r < n we shall also compute
the best possible lower bounds, see Remark [10.3.6] For involutions the result quickly
follows using Proposition [9.3.1], see Section [10.3.2)

10.3.1. Odd prime order elements. We start the analysis giving the following
definition. Recall that for x € G semisimple, up to G-conjugacy, = [lo, wlay, - -, w" 1o, ].
Moreover z¢ N H # () if, and only if, ag is even and a; = a,_; for all 0 < ¢ < %
Definition 10.3.2. Let x € H be an element of odd prime order r # p. We define x
to be special if |a; — a;| < 1 for all 4, j.

Observe that if x is not special then there exist i,j < % such that a; — a; > 2.
Notice, also, that if r < n and =z is special then a; # 0 for all 4.

Claim. Let z € H be an element of odd prime order r # p. Then fq(x) > fa(y) for
any special element y € H of order r.

Lemma 10.3.3. Let x € H be an element of odd prime order r # 2. Then either x is
special or there exists y = [lpy,wlp,,...,w" 11, _,] with fo(x) = fao(y) such that one
of the following hold

(i) |bo —b1| > 2;
(ii) by — by > 2
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PrOOF. Up to G-conjugacy, we may assume x = [Io,wly,...,w" ', ] € H is

not special. Then |a;—a;| > 2 for some i, j < ’;1. Ifi =0,lety = [Log,wly, ..., w Iy, .. ]

Then, by Proposition we have fo(x) = fa(y) and (i) holds. Now assume |a;—a;| =
a; —aj > 2 and i,j # 0. Then we define y = [Iao,wlai,wQIaj, e Wy W, .. ] As
in the previous case we see that fo(x) = fq(y) and (ii) holds for y. g.e.d.

Let * = [Ioy,wlay,...,w" ', ] € H, and assume x is not special. Set a; =

max;{a;},a; = min{a;}, and 7,5 < % Since z is not special we have a; —a; > 2. In

view of Lemma [10.3.3] we may assume (3, j) is one of the following (0,1), (1,0), (1, 2).

Case 1. Assume qg — a1 > 2. Then we define

(35) y = [Ia0—27WIa1+17 w2]a27 e 7(“)7171-[0,7«_14—1}

Case 2. If a1 — ag > 2 then we define

(36) Y = [Tags2,wlay 1,0 oy, " o 1]

Case 3. Finally, assume a1 — as > 2. Then we define
(37) y = [Lay, wIal_l,w21a2+1, ... ,w’“*QIaT_QH, wrflfaT_l_l]

Lemma 10.3.4. In the above notation, let x € H be a semisimple element of prime

order r. Assume x is not special. Then
fa(z) > fa(y)
where y is defined in , (@ or .

PrOOF. Using the formula stated in Proposition m(l) the result reduces to a

straightforward computation. Let us write = [Io,,wla,,...,w" 11, ]

Case 1. Assume ag — a; > 2. Then fo(x) — fo(y) = 4(6:3(;7‘1_11;2) > (. Notice that
fa(x) = fa(y) if, and only if ap — a1 = 2.

Case 2. Assume a; —ag > 2. Then fq(z) — fa(y) = % > 0.

Case 3. Assume a1 — az > 2. Then fo(z) — fa(y) = % > 0. g.e.d.

Proposition 10.3.5. Let x € H be an element of odd prime order r. Then

fa(z) > fa(z)

where z is a special element.

PROOF. If x is special the result trivially holds. Hence, we may assume x is not
special. Let a; = max;{a;} and a; = min{e;} in =. If (¢, 7) & {(0,1),(1,0),(1,2)} then,
by Lemma there exists 2’ with fo(z) = fo(2’) and the eigenvalues of 2/ satisfy
(i) or (ii) in the statement of the lemma. So we may assume (7, j) € {(0,1), (1,0), (1,2)}.

In particular, Lemma [10.3.4] yields fo(z) = fa(z') > fa(y), for y as in (35), or
(37). Then we apply the same argument to y, substituting y with a suitable g/ if
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necessary. In a finite number of steps we get fq(x) = fa(z') > fa(y) > ... > fa(z) for

a special element z. g.e.d.

The last step in order to have a complete proof of Proposition [10.3.1]is to compute
fa(z) for z € H a special element. Write n = ar+b with 0 < b < r and a =b (mod 2).

For the purpose of giving the structure of the general special element let us define
A= (@ Var, s (0,0 D gy, (0,0 )L, (w07 T L

Then if z is any special element we have Cg(z) = Cg(x) where

(38) [I,,A] a even
xr =
[Ia—i—l, A] a odd

Using Proposition MO) we compute fq(z) for z a special element as in . We
assume r < n (the case r > n is dealt with in Lemma [10.3.8} below).

Case 1. Assume a is even. Let x as in . Then, using Mathematica, we compute

1 br+1-b) _ 1
(39) Ja(@) T + rm(n—1) —r
where the inequality follows from the fact that g(b) := b(r +1 —b) > ¢(0) = 0 for

b € [0,7 — 1], observe that fo(z) = L if, and only if b = 0.

r

Moreover we see that g(b) < g(%) Hence, assisted by Mathematica, we get

1 (r+1)2 1 (n+1)? 11
St <5t <=4

falz) < drn(n — 1) 4n2(n—1) " r ' 2n

where the second inequality follows from the fact that 4752(_77221) is monotonically in-
creasing in r and r < n. The last inequality is true for n > 4, notice that if n = 4 then
r=3and a=0=1 are odd.

Case 2. Assume a is odd. Let x as in . Then, using Mathematica, we compute

1 b(r+1-0) 1 1 1
40 == — > _ -
(40) fa(@) r * rn(n —1) nn—1) —r n(n-1)
as above, we use g(b) = b(r +1 —1b) > g(0) = 0 for b € [0,r — 1]. Notice that

fa(z) =1 - ﬁ if, and only if, b = 0.

Again, since g(b) < g(%), we get
1, (r—1)? 1 11 1
r r

» 2n  n(n—1)
(r—1)*

4rn(n—1)

fa(z) < -+ -

drn(n—1) n(n—1)

again, the second inequality is due the fact that is monotonically increasing in

r<n.

Remark 10.3.6. Let r # p be an odd prime and = be an element of order r. Then,
thanks to Proposition the best possible lower bound are computed in and
. In particular, the bounds in Proposition hold. Notice that if 7 | n then any
special element realises the lower bound in Proposition
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Here we state the best possible lower bounds for semisimple elements of odd prime
order . We write n = ar +b with 0 < b < r.

Corollary 10.3.7. Let x € H be a semisimple element of odd prime order r < n.

Then 1 br41-b) 1-6
fQ(IL’)Z*-f- (7"+ - )_ — Oq;2

r rn(n—1) n(n —1)

Moreover, equality holds if x is special.

n _n . .
Now assume 7 > n. Then z = [w,w™!,... w2, w™ 2] € Sp,, is a special element.

The proof of Lemma in particular Case 1, suggests to consider also y =
[Io,w,w L, ... w2 L w_%‘H] € Sp,,, since in the proof we observed that fo(x) = fo(y)
(with the notation of the lemma) if, and only if, ag — a; = 2. Notice that y is a special
element if r = n — 1. In this case, using Proposition [9.3.1 we can also characterise

elements that realise the lower bound.

Lemma 10.3.8. Let r > n be a prime. Let x € H be an element of order r. Then
1
fa(z) >

n—1
with equality if, and only if, Cq(x) = Spy x (GL1)™?1 or (GL;)™2.

Proor. Thanks to Proposition we have fq(x) > 1/(n — 1) if, and only if,
>o;a? —ag >n =Y, a; This last inequality is equivalent to Y., ai(a; — 1) 4+ ag(ag —
2) > 0. Notice that each of the summands is non-negative.

It is a straightforward computation to see that if Cg(z) = Sp, x (GL;)™?! or
(GL1)™? then fo(z) = 1/(n —1). Conversely, let z € G such that fo(z) = 1/(n — 1).
Then by the previous argument, ag(ap — 2) = 0 and a;(a; — 1) = 0 for all ¢ # 0.
Therefore ag = 0,2 and a; = 0, 1. The result follows. g.e.d.

10.3.2. Involutions. Thanks to Proposition [0.3.1ii), it is straightforward to de-
rive lower bounds on fq(x) for an involution € H. As already seen in the proof of
Lemma [10.1.7, fo(z), as a function in s, is monotonically decreasing in [2,n/2]. There-
fore fa(z) > fa(ll,/2, —In/2]) or fa([ln/2—1, —Inj2+1]). This observation with an easy
computation leads to the following.

Lemma 10.3.9. Assume p # 2. Let x € H be an involution. Then the conclusion of
Proposition |10.5.1] holds.

10.4. Local upper bound

In this section we derive upper bounds on fq(z) for x € H NV, where r is an odd
prime. Recall that Vs = {z € H : v(z) = s} and, for r a prime V,, = {z € Vs : o(z) =
r}.

The main result of this section is the following.

Proposition 10.4.1. Let x € H N Vs, where r # 2. Then
s—1
n—1

fa(z) <1 -
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10.4 Local upper bound
In order to prove Proposition [10.4.1| we study separately unipotent and semisimple

elements.
10.4.1. Unipotent elements. We start with the case r = p. Recall that we are

assuming r # 2.
Lemma 10.4.2. Let x € HNVs,. Then the conclusion of Proposition[10.4.1] holds

PROOF. Let z = [J,",...,J{'] € HNVs,, so that n —s = Y, a;. Using the
argument of [11], Proposition 2.9] we have

nin —s) = (Zz’ai) (Zaz> —QZzaZa]—FZza +Z J —1i)aa;
i<j
>2Zzaza3 —1—22@ — Z a;

1<j 1 odd

Proposition “ provides an explicit formula for fq(z). Using also the previous in-

equality, we have
n(n —s) s—1
< —=1-
Ja(@) < n(n —1) n—1
g-e.d.

In general the bound is not sharp. The following example shows that the bound is

- <p. Thusz = [J"2°] € HN V.

n—s

close to best possible.
Example 10.4.3. Assume n — s divides n and "~

Applying Proposition [9.3.1f(ii), we compute
1 - 11
n-—s 1_3 1

n—1 n

fﬂ()_l_n—l n(n —1)

10.4.2. Semisimple elements. Assume r # p is an odd prime. Then we have

the following.
Proposition 10.4.4. Let v € HNV,,. Say m = max{s(n —s—1),5(s —1)}. Then

i) <1

In particular, the conclusion of Proposition holds.

PROOF. Observe that for any 2 € H of prime order r # p we have that 25N0O,, #

Moreover, by Proposition [9.3.1{1i), we have
dim Co,, () 2m
= Gmro.\t) g A
Ja(@) dimQ n(n —1)
where the last inequality follows from Proposition
If m=s(n—s—1) we have 1 — ==L — (1 — 287(17(171 81)1)) = 2”5;%7312__3””, we see that
__2m _
n(n—1) —
g.e.d.

g(s) = 2ns — 25> — 2s + n is minimal for s = 0 of s = %. Thus we deduce 1
1— 2L Jf m = 2(s — 1) the conclusion of Proposition 10.4.1]is immediate.
In this case, r # p, we can give more information. In fact we can construct elements

that give the best possible upper bound. Let n = a(n — s) +b, where 0 < b <n —s
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For s > n/2 we define
B=[(w,w Vs, ..., (w,w H 71,
B = [(w,w Vlhs,..., (w,w O,

We define the following elements

( [In,s,B, (w,w‘l)aTlIg] s even, a odd
2
[In—s, B, W) 2 Tama s even, a even
(41) z = 1\ & ?
[In s—1, B, (w,w™ )Tlu] s odd, a odd
2
[In s—1, B, (w w_l)%.[n—s+b+1] s odd, a even
2
and
(B, (w,w‘l)%ﬂlg] a even
(42) Z/ = a+1 2

In s+b] a odd

Claim. Let z € H N Vs,. Then fqo(x) < max{fa(z), fo(#')}.

In order to prove the claim we need some preliminary results.

First assume o = [I,, s, wly,, ..., w" 11, _,]. In the next result we show that we can
always assume a1 = max{a; : a; <n — 5,0 <7 <r— 1} and ag = min{a; : a¢; > 0,0 <
i<r—1}.

Lemma 10.4.5. Let v = [I;,—s,wlyy,...,w" ', ] € HNVs,. Then either Cg( ) =
Cc(z) or there exists y = [In—s,wlp,, ..., w" 11, ] € HNVs, such that fo(z) = fa(y),
by =max{b; : b <n—s,0<i<r—1} and bg = min{b; : b; > 0,0 < <r —1}.

PRrROOF. Assume Cg(z) 2 Cg(z). Let a; = max{a; : a; < n—35,0<1i<7r—
1} and a, = min{a; : a; > 0,0 < i < r — 1}, for I,m < 5. Then we define

2
y = [In—s,wlp,,...,w" 11, ] where b; = a; for all i € {1,2,1,m} and i < %, and
b1 = aj, bz = ay,. The result follows thanks to Proposition i). g.e.d.

Let 2 € HNV,. Assume Cg(x) 2 Cg(z) and ap = n — s,a; = max{a; : a; <
n—s,0<i<r—1}and ag = min{a; : ¢; > 0,0 <i <7 —1}. We define

(43) Y= [In—s,wlay i1, w0 oy 1,03 oy, .. ]

And, for elements whose 1-eigenspace is (n — s)-dimensional, we have the following.

Lemma 10.4.6. Let 2 € H NV, Assume Cg(x) % Cq(z). Then, fory as in [43),
fa(x) < fa(y)

ProoF. Using Proposition|9.3.1{(i) we have fo(z)— fa(y) = % >0. g.e.d.

Now assume 2 = [Ip, wly—s, w? Loy, ... ,w"  I,—s] € HN Vs, The following result is
similar to Lemma [10.4.5]
Lemma 10.4.7. Let x € H NV, with ay = n —s. Then either Cg(x) = Cg(z)
or Cg(2') or there exists y = [Ipy,wly—s,w?Iyy,...,w" 1, ] € HN Vs, such that
fa(x) = fa(y) and at least one of the following hold
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(i) bozmax{bi:bi<n—3,0§i§r—1},b2:min{bi:bi>O,O§i§r—1},
and only one of the following holds
(i’) bo=n—s—1 and b3 = max{b; : b; <n—s,0<i<r—1};
(i”) bop <n—s—2.
(ii) bp = min{b; : b; > 0,0 <i<r—1},bg =max{b; : b; <n—s50<i<r-—1};
(#i) by = min{b; : b; > 0,0 <i <7 —1},b3 =max{b; : b <n—s,0<i<r—1}.

PROOF. The same argument of Lemma applies. g.e.d.

Let x € HNVs, with a1 = n—s and assume that x satisfies one of the four possibilities
in Lemma [10.4.7} If (i) or (iii) holds we define

(44) Yy = [Lag, (w, w_l)In,S, (w,w_l)QIarl, (w,w_1)3la3+1, oo
If x satisfies (i”) we define
(45) Y = [Lag+2, (w, wil)ln_s, (w, w71)21a2_1, (w,wil)?’IaB, oo

Finally, for = as in (ii) we define
(46) y = [Lgg—2, (w, wil)In_S, (w, ofl)zfaﬁl, (w,wil)BIag, o
Remark 10.4.8. If, for some h > 0, ag = ap, = min;{a; : 0 < a; < n — s} then we can
construct two different new elements, namely or (assuming h = 2).

With this notation we can show the following.

Lemma 10.4.9. Let v € HNV,,. Assume a; = n — s and one of the conditions of

Lemma holds. For y as in f@ we have
faly) > fa(x)

PROOF. The result easily follows using the formula in Proposition i).
If y is as in we compute fo(y) — fa(z) = % > 0.
If y is as in we compute fo(y) — fo(z) = 4(‘2’(;7‘12;;%) > 0.
If y is as in we compute fo(y) — fo(z) = % > 0. qg.e.d.

Now we can prove the claim.

Proposition 10.4.10. Let v € HNV;,. Then

fa(@) < max{fa(2), fa(z')}

PRrROOF. If Cg(x) = Cg(z) or Cg(2') the result immediately follows. Hence we may

assume there are no such isomorphisms.

Assume agp = n — s. Then, thanks to Lemma we can construct an element y
such that fo(x) < fa(y) (if the eigenvalues of x does not satisfy the hypothesis of the
lemma, by Lemma we may replace x with suitable 2’ for which the hypothesis
holds). If Cg(y) 2 Ca(z2),Cq(7'), we apply the same argument to y finding fo(y) <
fa(y'). Eventually, in a finite number of steps, iterating this construction, we have

fa(z) < fa(y) <... < fa(2).



92 Part 2. Chapter 10: General linear group, H = Sp,,

If ap < n — s, hence a9 < n — s — 1, we may assume a; = n — s (up to relabelling
the eigenvalues). Applying the argument of the previous case, using the construction
given for Lemma substituting the element with a suitable one (Lemma, if
necessary, we will find fo(z) < ... < fo(z) or fo(z) < ... < fa(2’), in a finite number
of steps. Notice that the chain terminates either with fqo(z) or fo(2’) in this case. The

result follows. g.e.d.

Thanks to Proposition it is easy to derive upper bound on fq(z) for z €
HNVs,.
Proposition 10.4.11. Let v € HNV;,. Then
s—1
n—1

fa(z) <1-

PRrROOF. Thanks to Proposition [10.4.10| it is enough to compute fo(z) and fqo(2),
which is a straightforward computation thanks to Proposition Write n = a(n —
s) + b, where 0 < b <n—s.

Using Mathematica we get, for a odd,

(47) fa(z) = _f_wgl_i

n n(n —1) n
where the inequality follows from the fact that g(b) :=b(n — s — g) >g(0)=0. Ifais
even we compute
s (n—s+b(n—s—»>) s

(48) fQ(z):1_ﬁ_ 2n(n —1) <1_5

and the inequality follows from the fact that (n—s+b)(n—s—0) >0for0 < b <n—s.

Now assume s is odd so that ag = n — s — 1, we may assume s < n — 1 otherwise

ap = 0 and we shall compute fq(2') below. If a is even we compute

B s 2b(n—s—1)—b*+4(n—s)—5 s
fQ(Z)_l_ﬁ_ 2n(n —1) <1_E

where the inequality follows from the fact that 2b(n — s — 1) — b? is minimal for b = 0
and 4(n —s) — 5> 0.
If a is odd we compute

B s (n—s)(n—s+2)—-b0b+2)—5 s 4n—s)—5 s
fQ(x)_l_ﬁ_ n(n—1) <1_5_ 2n(n —1) <1_ﬁ

where the inequality follow since b(b + 2) is maximal for b maximal, and we use b <
n — s — 2 (recall that b is odd since a is odd). The last inequality follows from the

assumption s < n — 1.

Now, let us compute fq(z'). If a is even we have

—1 bn—s-2Y s—1
4 /:1—8 2 1 —
(49) fa(z) n—1 nn—1) — n—1
For a odd
22 32 2 _ 2 2
N nf—s 4D n® —s°+(n—s) s—1
= 1—
(50) Ja(=) 2n(n —1) 2n(n —1) n—1
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g.e.d.

Remark 10.4.12. The best possible upper bound on fq for elements in H NV, is

given by the maximum of and for a = Lﬁj odd, and the maximum of
and for a even. Notice, moreover, and may be considered only if s > n/2
(if s <n/2, 2’ does not exist).

The bound given in Proposition [10.4.11]is close to the best possible in a variety of

examples. For this purpose, in the following, we shall bound the differences 1 — 2:11 —
fa(z) and 1 — 2:11 — fa(2').

Let us denote U =1 — ;:11 For a even we have

(n—s)(n—s5+2)—v* (n—s+2)?
U — =
Ja(z) 2n(n —1) < 2n(n —1)
For a odd
bin —s—2) n—s (n—s)? 1
U — — 2
fa(z) n(n —1) +n(n—1) <2n(n—1)+n—1
For a even ) )
bn—s—3) (n—2s)
U— "= 2
Jalz) n(n—1) < 2n(n —1)
For a odd ( 2 ( 2
U n_ (n—s)"— n—s
fa(z) 2n(n —1) < 2n(n —1)
In particular, in all cases if s > n — \/n we have
3
— — / e —
U fQ(Z),U fQ(Z) < 2(n—1)
Furthermore, notice that if n = a(n — s) and a is even then fo(z') = 1— £=1. Hence

the upper bound in Proposition is the best possible.

10.5. Local lower bound

The main result of this section is Proposition [10.5.1], in which we give a lower bound
on fqo(z) for z € HN Vs, where r is an odd prime.
Proposition 10.5.1. Let x € HNV,,. Then

s(2n — s)

fa(z) > 1—m

As for the study of local upper bounds we shall first study unipotent elements and

next semisimple elements.

10.5.1. Unipotent elements. We have the following.
Proposition 10.5.2. Let x € HNVy,. Then
s(2n—s—1 1
( ),
n(n—1) n—1

In particular the conclusion of Proposition|10.5.1| holds.

falx) >1—
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ProOF. Thanks to Proposition iii) we have

23 iaa; + 35 00 dim Co(x)
n(n —1)  on(n—1)

By Proposition we have dim Cg(7) > n? —2ns+s%+s. The result follows. g.e.d.

fa(z) >

Example 10.5.3. For s < § let = [J3, J"2%]. Then, using Proposition m(iii) we
compute
s(2n—s) s(s+2)
=1-
Ja() nn—1)  nn-1)
Write £ for the lower bound in Proposition [10.5.2l Then
s(s+1) 1

fﬂ(aj)_gzn(n—l) T n-—1

In particular, for s < \/n we deduce fo(z) — € < 5.

10.5.2. Semisimple elements. Here we assume r # p is an odd prime and = €
H NYVs,. We prove the following.

Proposition 10.5.4. Let v € HNV;,. Then
s(2n —s) 52
>1-
Jolo) 21 =2y L T e =D

In particular, the conclusion of Proposition holds.

PROOF. First, assume = = [[,—s,wlq,, . .. ,w”"_llar_l] € HNV,,,sothat a; <n—s
and ), a; = s. Then, using Proposition [9.3.1{1),

2
(0= 5P+ Togat —(n=s) _ (=) =51+ i (Teoa)
n(n—1) - n(n —1
s(2n — s) n 52
nn—1)  nn-1)(r—1)
where the inequality follows from Proposition

fa(z) =

:1—

Now assume = = [l4y, wln—s,w?I4y,...] € HN Vs, s0 a; < n — s for all i. As in the

previous case, we have

2

(n—3)2+zi¢1a?—ag - (n—s)24+ 2= —ag

Jalw) = n(n—1) - n(n —7"1)1
:1_8(2n—s)+ 52 N s
nn—1) nn-1)r—-1) n(n-1)
The result follows. g.e.d.

Let x € HNV,. If s < § then s is even and the 1-eigenspace is (n — s)-dimensional.
We give the following.

Definition 10.5.5. Let x € H NV, with s <n/2. We call x special if |a; —a;] <1
for all 7,5 > 0.

Claim. Let x € H N Vs, with s < §. Then fo(z) > fo(y) for any special element
ye HNV,,.
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In order to prove the claim we may use the same argument given in Section [10.3
In fact a version of Lemma [10.3.4] holds in this case as well. And this is the main tool
to prove the claim. We point out that the argument given for global lower bounds for
semisimple elements does not work here in full generality. In fact we need to assume
s < n/2. In this situation, for € H N Vs, not special with a; — as > 2, we define

(51) Y= [In—s,wloy 1,0 ayi1,0 Loy, .. .,] € HN Vs,

Then, as in Lemma [10.3.4] we have fo(x) > fa(y) (the strict inequality leads to the
characterisation). Iterating these constructions we, eventually, deduce the claim.

Proposition 10.5.6. Let x € H N Vs, with s <n/2. Then

fa(@) = fa(2)

where z is a special element. Moreover equality holds if, and only if, x is special.

PRrOOF. The usual argument applies: thanks to the above construction (and the
version of Lemma |10.3.4| applied to « and y as in ) we have a finite chain of
inequalities fo(x) > fa(y) > ... > fa(z). The characterisation follows from the strict

inequalities. g.e.d.

Let s < n/2 be a positive even integer. Write s = a(r — 1) + b where 0 < b <r — 1.
Then b is even, as (r — 1) and s are even. It is clear that

2= [In—s, (W, w Vag1, -, (W, w 2L, (w,w 2L (w0 D2
is a special element in HNV; ;.. Using Proposition m(l) and Mathematica we compute
V2—br+b+n?(r—1)—n(r—1)2s+1)+s(rs+r—2s—1)

(52) fa(z) =

n(n—1)(r—1)
- b2 —2b+2n% —2n(2s + 1) + s(s + 2)
- 2n(n — 1)
S 2n2 —2n(2s +1) +s(s +2) -1 :1_5(2n—s) _s(s—=2)+1
- 2n(n — 1) n(n —1) n(n—1)

the first inequality follows from the fact that fq(z) is minimal when r is minimal, so
r = 3; the second inequality follows from b> — 2b > —1.

Notice that if 7 — 1 > s then z = [I,,_s, (w,w™}),..., (w,w™")*?] and
s(2n — s) 2s

(53) falz) =1~ nn—1)  n(n-—1)

In the case s < 7, the best possible lower bounds are computed in and ,
moreover Proposition [10.5.6| characterises elements which realise it.

When s > n/2, the largest eigenspace may be different from the 1-eigenspace. How-
ever, given © € HNV;,, if we mimic the construction of y as in then fo(z) > fa(y)
fails to be true in general.
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10.6. Further comments on local bounds

In Propositions [10.4.1] and [10.5.1] we have established upper and lower bounds on

fa(z) for x € HNV,,. Combining these bounds together, we easily deduce the follow-
ing. Here r is an odd prime.

Proposition 10.6.1. Let x,y € HNV,,. Then

s(n —s) 1

’fﬂ(m)_fﬁ(y)‘ < n(n—l) n4+1

Remark 10.6.2. If s < \/n or s > n — y/n we have Z((Z:‘;)) < % Therefore the

fa-values of elements in H NV, are close to each other.



CHAPTER 11

General linear group, H = 0O,,

We consider the case G = GL,,, H = O,, a $g-subgroup of G, with n > 2. Denote
Q2 = G/H. The aim of this chapter is to derive bounds on fq(z) for z € G of prime
order, proving the results stated in Chapter

11.1. Upper bound

In this section we derive upper bounds on fq(x) for € H of prime order r. We

shall prove the following.

Proposition 11.1.1. Let x € G\ Z(G) be an element of prime order r.
(i) If r # 2 then
4(n—1)
n(n+1)
with equality if, and only if, v(x) = 2.
(ii) If r = 2 # p then

fa(z) <1-

fﬂ(w)él—_l)

with equality if, and only if, v(x) = 1.

(iii) If r = p =2 then
2(n —2)
Jol?) = 1= 1)

with equality if, and only if, v(x) =1 or (n,v(x)) = (4,2).
Remark 11.1.2. The observations made in Remark [10.1.2| hold in this case, as well.

We prove Proposition[11.1.1]in a sequence of lemmas; by Remark [10.1.3|we will prove
the next results for x € H.

Lemma 11.1.3. Let x € H be an element of odd prime order r and assume v(x) = 2.

Then
4(n—1)

folw) =1- n(n+1)

PROOF. If v(z) = 2 then either x = [I,,_g,w,w™ ], if r # p, or & = [J2,J" 4] or
[J3, J{l_‘g] if r = p. In all cases the result follows from applying formulae in Proposition
9.3.2|(i) and (iii). g.e.d.

In the following two results we prove that for x € H, with v(z) > 2, fo(z) <

1 — 4(n—1)
n(n+1)-
Proposition[l1.1.1{assuming that v(z) is bounded below and then proving the remaining

cases by inspection. In order to avoid these computations we deduce the result from
the explicit formulae for fo(z) given in Proposition m

Notice that using Theorem [7.2.5( and Proposition |5.4.1| we could prove
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Lemma 11.1.4. Let x € H be of odd order p. If v(x) > 2 then
4(n—1)

fa(z) < 1—m

PROOF. Notice that n > 5, as we require v(z) > 2. By Proposition [9.3.2iii)
we have an explicit formula for fo(z). By the proof of [43, Lemma 3.4] we have
falz) <1- 2s(n—s) i g < n/2 and fo(x) <1— 2= for s > n/2.

n(n+1) n+1
Assume s < n/2. Then 1 — 27;9((:;15)) <1- i((::i)) if, and only if, n — vVn? —8n + 8 <

2s < n+vn2 —8n + 8. Ttis straightforward to check that forn > 7, n—v/n? — 8n + 8 <
6 and n + Vn2 —8n+8 > n. Therefore, we need to check the cases n = 6,7. In the
case n = 6 the possible choices are x = [J3],[J3, J2, J1], [J4, JZ] and none of them lies
in H. If n = 7 then z = [J3, J1], [J3, J2, JZ], again none of these elements lies in H.

Assume s >n/2. Then 1 — 253 <1 - i((f;% if, and only if, s > 4(1 — 1), which is

always true for s > 4. In the case s = 3 we deduce n < 6, as s > n/2; hence we need

to check the cases n = 4,5 and s = 3. In the case n = 4 we must have z = [Jy] € H.

Similarly, if n = 5, = [J3, J2] or [J4, J1] and none of them lies in H. g.e.d.

Lemma 11.1.5. Let z € H be of odd order r # p. If v(x) > 2 then
4(n—1)

fQ(x) < l—m

PROOF. Also here n > 5, otherwise v(z) < 2. Using the explicit formula in Propo-

sition i) and n = Y, 4a; (from which n? = 3", a? + 2 > _i<j@iaj) we deduce that
the result is equivalent to

(54) QZaiaj+4—ao—3n>0
1<j

First assume the largest eigenspace of x is the l-eigenspace. Then the left hand
side of (54) is 2s(n —s) + 2> g, aa; +4—4n+s > 2s(n—s)+4—4n+s. In
order to get the result it is enough to show 2s(n — s) + 4 — 4n + s > 0, which is
true if, and only if, 2n + 1 — v/4n2 —28n + 33 < 4s < 2n + 1 4+ V4n2 — 28n + 33.
It is straightforward to check that, for n > 6, 2n 4+ 1 — v4n2 — 28n + 33 < 12 and
2n 4+ 1+ 1/4n2 — 28n + 33 > n — 2. Therefore for 3 < s < n — 2 if n > 6 the inequality
holds. We need to check the case s = n — 1 for any n. Assume s =n — 1 then the

1 n—1 _n—1
yee,W 2 w2,

1-eigenspace is 1-dimensional, therefore n is odd and z = [1,w,w™
4(n—1)
n(n+1)"

using Proposition [9.3.2(1) we compute fo(z) =2 <1 -

Now assume that the largest eigenspace of z is the wi-eigenspace, for simplicity of
notation we may assume ¢ = 1. Then the left hand side of is

4s(n—s)+2a02aj+2 Z aja; +4—ap—3n>4s(n—s)+4—4n+s
j>1 I<i<j<r—1
Again, it is enough to show 4s(n —s) +4 — 4n + s > 0. This is equivalent to 4n +
1 —V16n2 —56n +65 < 8s < 4n + 1 + 1/16n2 — 56n + 65. It is easy to check that
4n+1—+/16n2 — 56n + 65 < 24 for n > 3; similarly 4n+1+v/16n2 — 561 + 65 > 8(n—2)

if n > 2. Therefore we need to check only the case s = n — 1. Here, the only possibility
-1 4(n—1)
n(n+1)"

sz = [w,w ,...,w%,cf%], and we compute fo(z) = n%rl <1l- g.e.d.
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Proposition [11.1.1fi) follows from Lemmas [11.1.3} [11.1.4]and [I1.1.5| We prove parts
(ii) and (iii) of Proposition in the following.
Lemma 11.1.6. Let x € H be an involution. Then
2(n—1—19p2)

nn+1)
with equality if, and only if, v(x) = 2 in the case p # 2 or, v(z) =1 or (n,v(z)) = (4,2)
in the case p = 2.

falz) <1-

PROOF. In any characteristic, we see that the fq-value of an involution decreases
in v(x), for 1 < v(z) < |n/2], by the explicit formulae in Proposition [9.3.2(ii) and (iv).
The result follows by a straightforward computation. g.e.d.

11.2. Unipotent elements: lower bound

In this section we establish lower bounds on fq(x) for z € H of order p, or any
unipotent element in characteristic zero (recall, in this case we set p = 00). We prove
the following.

Proposition 11.2.1. Let x € H be an element of order p.
(i) If 2 # p < n then
fa(z) >

with equality if, and only if, n = ap and © € [J;}}G
(i1) If p > n then

S

1 3052
> — - =
fo(@) = T4 oDy
with equality if, and only if, © € [J,)%, [Ju_1, J1]¢ or [J3]

(iii) If p =2 then
1 3 3(1 — 5n;2)
2 2n+1) 2n(n+1)
with equality if, and only if, v(x) € {" 5,5 — 1},
Remark 11.2.2. As in Remark [10.2.2] also here we notice that in the characteristic
zero case the unipotent elements have infinite order and the largest Jordan block allowed

is Jy,. Therefore the characteristic zero case falls in case (ii) of Proposition [11.2.1} this

motivates the choice to denote p = co.

fa(z) >

11.2.1. Odd prime order elements. Here we assume p # 2 and show parts (i)
and (ii) of Proposition [11.2.1] First we assume p < n.

Lemma 11.2.3. Assume p < n is odd. Let x € H be an element of order p. Then

1
fﬂ(af> > E

PROOF. Let z = [Jp?, ..., J{""] € O,. Using Proposition [9.3.2(iii) and n = Y, ia;,
we see that the result is equivalent to

QZzalanLZw + Zal_n —I—n Z 2a2+ Zz]ala3+ sz

1<j 1 odd z<]
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which is equivalent to
. J .9 1\ 1 ‘ . i
(55) 2Zzaiaj (1—*)-1— Z ia; (1—*)-1—7 Z mi(ai(p—z)—1>+ Z al-(l—f) >0
1<J p i odd p p 7 even i odd p
It is straightforward to check that each summand in is non-negative. For example,
for i even and a; # 0 we have a;(p—i) —1 > a;(p—(p—1)) —1 >0, since i < p— 1.
The result follows. g.e.d.

Lemma 11.2.4. Assume p < n is odd. Let x € H be an element of order p. Then
_ 1 . ; _ G
fa(x) = 5 if, and only if, n = ap and x € [J5]~.

ProOF. For z = [JI‘}], the result follows by an easy calculation using Proposition
9.3.2((iii).

Conversely, let € H such that fo(z) = %. Then, by the proof of Lemma
each of the summands in vanishes. Let ¢ < p be odd, then a;(p — i) = 0 hence
a; = 0. For ¢ even we have ia;(a;(p —i) — 1) = 0 if, and only if a; =0 or i = p — 1 and
ap—1 = 1. Therefore, using also n = ), ia;, we deduce that either n = ap and = = [J}]
orn=ap+(p—1)and x = [J7, J,-1]. Notice that the latter element does not lie in
O,,. The result follows. g.e.d.

In the case p | n, Lemma [11.2.4] provides all the elements of order p that realise the
lower bound. So we may assume p { n. The following shows that the bound ]lg is close
to the best possible.

Proposition 11.2.5. Assume p < n is odd and n = ap+b with 0 < b < p. Then there
exists x € H of order p such that

1 1 4
o) < S+ oo Y am D

PROOF. Let 1 = [J}, Jy] if b is odd and zo =

[J5, Jp—1,J1] if bis even. Then x1, zo
lie in O,,. Using Proposition W(iii) and @ = 20

, we compute

1 b(p-1-10) 1 1, (-1? 1
Jalw) = s D) A D S p It D) 1)

where the inequality follows from g(b) :=b(p — 1 —b) < g(p%l). We also observe that
(p—1)?

is monotonically increasing in p for 2 < p < n. Thus

4pn(n+1)
1 (n—1)2 1 1 1 1
fQ(x1)<];+4n2(n+1) n(n+1) <§+4(n+1) +n(n+1)
Similarly,
1 blp—1-0) 4 1 1 4
=—-+ < -+ +
Jalwz) p pn(n+1l) nn+1) p 4n+1) n(n+1)
where the inequality follows by the same argument as above. g.e.d.

Now assume p > n. In this case the largest Jordan block allowed in an element of
order p is J,. Recall , the definition of d,.
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Lemma 11.2.6. Assume p > n. Let x € H be an element of order p. Then

1 3
>4+ 2 5
folz) 2 n + n(n + 1)571’2

PROOF. Assume n is odd. By Proposition (111) fa(z) > L1 if, and only if,
(56) QZzala]—{—Zwl a; —I-Zai—lZO
1<J 1 odd
clearly the first two summands are non-negative. Since n is odd, there exists ¢ odd such

that a; # 0. In particular a; > 1. So we deduce that the last summand is non-negative.

Now assume n is even. The result is equivalent to
(57) QZmzaJ+Zzaz a; — 1) 4—1—2@2-20
1<j i odd
Assume there exists £ odd such that ay # 0. Since n is even either there exists ¢ odd

such that ay # 0 or a; = 0 for all ¢ # ¢ odd and ay is even. If, instead, for all ¢ odd
a; = 0 then there exists ¢ even such that ay # 0, so ay > 2 (since = € O,,).

Case 1. There exist £ < ¢’ odd such that as, ap # 0. Then is satisfied since

QZzaza]—2>2€agag/—2>O Zzaz a; —1) >0, Zaz—2>ag—|—ag/—2>0
1<j i odd

Case 2. There exists ¢ odd such that a; # 0 and for all i # ¢ odd a; = 0. This forces
ap to be even. Again is satisfied as

2 igia; >0, Y a;i—2>a;—2>0, Zzal ai—1)—2>laglag—1) —2>0

1<j i odd

Case 3. For all i odd, a; = 0. Hence there exists ¢ even with a; > 0 (recall that
x € Oy, so a; is even for i even by Theorem |5.2.1). So

QZzala]>0 ZaZ—O Zzalal—l —4 >lag(ag—1)—4>0

1<J i odd

and is satisfied. The result follows. g-e.d.
Lemma 11.2.7. Assume p > n. Let x € H be of order p.

(i) If n is odd then fo(z) = L if, and only if, z € [J,]¢
(it) If n is even then fo(z) = X + ﬁ if, and only if, © € [Ju_1,J1)¢ or [J2]¢

PROOF. For = = [J,)], [Jn—1, J1] or [J3] the result quickly follows, using Proposition
0.3.9(i).
Assume n is odd and fq(x) = % Then, by the proof of Lemma [11.2.6] each of the

summands in l) vanishes. Since ) ,_.ia;a; = 0 we deduce that there exists only one

1<j
index ¢ such that a; # 0. Thus n = ia;. The second summand vanishes if, and only if,

a; = 0 or 1. Hence a,, =1 and a; = 0 for all i < n.

n(n+1) Again, by the proof of Lemma|11.2.6

each of the summands (as organized in the three cases) in vanishes. With the same
notation as in Lemma we have the following.

Now assume n is even and fo(z) = L+
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Case 1. Wehave 0 =), jq@ —2=ar+ap + Zi#l’ a; — 2 hence ay = ap = 1 and
a; =0 for all ¢ # ¢, odd. In addition, 0 = ZZK]- ia;a; —2 > 2lagap —2,s0 £ =1 and
a;=0if i # Lor . Wehave n =3 .a; = lag+ {'ap =1+ ¢, hence z = [J,,_1, J1].

Case 2. From 2}, . iaa; = 0 we deduce that there exists a unique ¢ (which is odd
by hypothesis) such that ap # 0. Thus 0 =), 4@ —2 = a¢ — 2 so ag = 2. Then we
have fas(a; — 1) — 2 = 0 which implies £ = 1. So n = 2. This case is excluded since

n > 2.

Case 3. By hypothesis a; = 0 if ¢ is odd. From 2 ZKJ-
exists only one even index ¢ such that ay # 0. Moreover since 0 = ) ia;(a; —1) —4 =
lag(ag — 1) — 4 we deduce £ = 2, ay = 2. Therefore n = 4 and x = [J2]. g.e.d.

ia;a; = 0 we deduce that there

11.2.2. Involutions. Here we assume p = 2 and we derive lower bounds on fq(x)

for x € H an involution.
Lemma 11.2.8. Assume p=2. Let x € H be an involution.
(i) If n is odd then

3 3
20n+1) 2n(n+1)

_l’_

N

fa(z) >

with equality if, and only if v(x) = "5=.
(ii) If n is even then
fa(z) =

with equality if, and only if v(x) =

I3
S
3

PrOOF. Thanks to Proposition [0.3.2fiv) we know that given an involution z with

v(z) = s then fo(z) =1- % With a straightforward computation we see that
fo(z) is minimal if, and only if, v(z) = %51 if nis odd and v(z) = %, 2 — 1 if n is even.

The result follows. g.e.d.

11.3. Semisimple elements: lower bound

In this section we derive lower bounds on fq(x) for z € H an element of order r # p.

We shall prove the following.
Proposition 11.3.1. Let x € H be an element of order r # p.

(i) If r < n then
fa(z) >

S|

(i) If r > n then
1
fa(z) > T

Remark 11.3.2. Notice that we will derive the best possible lower bounds, see Corol-

lary [11.3.5| and Lemma [11.3.7]

11.3.1. Odd prime order elements. The conditions defining semisimple ele-

ments in O,, are very similar to the ones defining semisimple elements in Sp,,. Moreover



11.3 Semisimple elements: lower bound 103

the formulae of fg/gp and fo for semisimple elements are very similar. In fact, the
same arguments given in Section hold in the case H = O,,, as well.

Recall Definition|10.3.2l An element x € H of order r is said to be special if |a; —a;| <
1 for all i, j.

Notice that Lemmas [10.3.3] and [10.3.4] hold in the case H = O,,, as well. Therefore
with the same argument used for Proposition [10.3.5 we have the following. We assume
r is an odd prime.

Proposition 11.3.3. Let x € H be of odd order r. Then

fa(z) > fa(z)

where z is any special element.

The last step in order to have a complete proof of Proposition is to compute
fa(z) for x € H a special element. Write n = ar + b with 0 < b < r. Notice that if
n is even then a = b (mod 2); if n is odd then a = b+ 1 (mod 2). For the purpose of
giving the structure of the general special element we define

A= [(w,w Vot .oy (w0 HE Ly, (w, 0 HEHFL  (w,07 )T 1]
Then if z is a special element we have C(z) = Cg(z) where

[Io,A] neven a even

(58) [lo41,4] mneven a odd
xr =

[lo41,4] nodd a even

[Io,A] mnodd aodd

Using Proposition [9.3.2)(i) we compute fq(z) for z € H a special element as in (58).

First assume r < n.

Case 1. Let x as in . Using Mathematica, we compute
1 b(r—1-b) _ 1
=4~ - >z
(59) fal@) r + rn(n+1) ~r
where the inequality follows from the fact that g(b) := b(r—1—>b) > ¢g(0) = g(r—1) =0
for b € [0,r — 1], observe that fo(z) = 1 if, and only if, b= 0 or r — 1.

Moreover we see that g(b) < g(r;zl) Hence, assisted by Mathematica, we get

f()<1_|_ (r—1)>2 <1 (n—1)2 <1+ 1

< ) -y ) 2

P =0 drn(n+1) r  4n?2(n+1) r  4(n+1)

where the second inequality follows from the fact that 4752(_7% is monotonically in-

creasing in r and r < n.

Case 2. Let x = [I,41, A] as in . Using Mathematica, we compute

1 b(r—1-0b) 1 1
= — > —
(60) fa(@) r rmin+1)  nn+1) " r
as above, we use g(b) = b(r—1—1>b) > g(0) = g(r —1) = 0 for b € [0,r — 1]. Notice that

fa(x) :%—I—m if, and only if, b =0 or r — 1.
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Again, since g(b) < g(%), we get
1 (r—1)* 1 1 1 1
<= <=
fQ(x)_r+4rn(n+1)+n(n+1) r+4(n+1)+n(n—1)

Remark 11.3.4. Let r # p be an odd prime and z be an element of order r < n.
Then, thanks to Proposition [11.3.3] the best possible lower bounds are computed in

and . In particular, the conclusion of Proposition |11.3.1| holds.

We summarise the above computation of the best possible lower bounds in the fol-
lowing.
Corollary 11.3.5. Let x € H be an element of odd order r < n. Then
1 b(r—1-0) L
>
falw) = r + rn(n+1) + n(n+1)
where v =1 if n # [n/r] (mod 2) and 0 otherwise.

Now assume r > n. Then any special element has centraliser isomorphic to the one
of z = [Is (w,w™), ..., (w,w H2]]. In the following we use Proposition m

and we also characterise elements that realise the bound.

n—1;27

Lemma 11.3.6. Assume r > n. Let x € H be of order r. Then

1
>

with equality if, and only if, Ce(z) = Oy, ., x (GL1)"/2

PROOF. First assume n is odd. Then ag > 1 is odd. Using Proposition [9.3.2] we
have fo(z) > 1/n if, and only if, Y, a? + ap > n+1=>.a; + 1. This last inequality
is equivalent to ;g ai(a; — 1) + ag — 1> 0, which is clearly satisfied since aZ —1 > 0
and a;(a; — 1) > 0 for all ¢ > 0.

It is clear that if a; = 0,1 and ap = 1 then fo(x) = 1/n. Conversely, assume
fa(z) = 1/n. Then, by the proof of the inequality, ap = 1 and a; = 0,1. The result
follows.

Similarly if n is even. g.e.d.

11.3.2. Involutions. We assume p # 2. Thanks to Proposition ii), it is
straightforward to derive lower bounds on fq(z) for x € H an involution. As already
seen in the proof of Lemma fa(x), as function in v(x), is monotonically de-
creasing in [2,n/2]. We have the following, which concludes the proof of Proposition

IT31
Lemma 11.3.7. Assume p # 2. Let x € H be an involution. Then

1 1

with equality if, and only if, v(z) = |n/2].
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11.4. Local upper bound

In this section we derive upper bounds on fqo(z) for x € H NV,
Proposition 11.4.1. Let x € HNV,,. Then.
fo(z) <1-

s
n+1

We start by deriving local upper bounds for unipotent elements, then we move on
to semisimple elements. The analysis for semisimple elements will mirror that used in

the case H = Sp,,, see Section [10.4.2]

11.4.1. Unipotent elements. Let x € H NV, ;. Then, up to G-conjugacy, x =
[Jp7, ..., Ji' ] and n — s = Y, a;. We have the following.

Proposition 11.4.2. Let v € HNV;,,.

(i) If s < 2 then
fale) < 1= 20
(ii) If s > 2 then
fal) <1- ——

In particular, the conclusion of Proposition holds.

ProoF. By Proposition m(iii) we have, for z = [J,", ..., J{],

L 2) i taag + ), iaf 4+ 3 oqd @i
N n(n+1)

fa(x)
The result follows applying

(n—s5)2+s2+n s<
n(n—s+1) s>

n(n+1) fo(r) < {

IS I3

which follows by the proof of [43], Lemma 3.4]. g.e.d.

The following example is meant to show the existence of x € H NV, (for s < n/2),
such that fqo(x) is close to the bound established.

Example 11.4.3. If s < § is even then z = [J3, J"2%] € HN Vs, So, using Propo-
2s(n—s) 2s > 1 — 2s(n—s) 1

n(n+1)  nlnt+l) = n(n+1)  n+l°

sition [9.3.2((iii) we compute fo(z) =1 —

11.4.2. Semisimple elements. Here we assume x € H NV, and r # p is an
odd prime. So, we may assume that either x = [I,,_s,wl,,,...,w" ', _,] with s even
and a; <n —s,or v = [Iy,wly_s,w?la,,...,w" 1, ] with s > 5

Then, write n = a(n — s) + b, with 0 < b <n —s. As in Section [10.4.2} let
B =[(w,w Vs, ..., (ww YL,
B =[(w,w s, ..., (w,w L, ]
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2
a+1

]-7B/, (wyw_l) 2 Infs+b71] a Odd7 n Odd
2

We define
( [In s B, _1)‘171%] s even, a odd
[In sy B, _1)%In—s+b s even, a even
(61) T [In s—1, B, (w wil)aT%IL;] s odd, a odd
[In s—1, B, (w wil)%ln—sghkl] s odd, a even
and
(B, (w,wil)a?ln%m] a odd, n even
62) g (B, (w,wil)%ﬂfg] a even, n even
[1, B, (w,w )2+ ] a even, n odd
[

The same arguments used in Section [10.4.2| provide the following.
Proposition 11.4.4. Let x € HNV,,. Then

fa(z) < max{fa(2), fa(z')}
where z and z' are defined in (ﬂ) and (@

Now, we can derive upper bounds on fq(z) for any x € H N Vs,

Proposition 11.4.5. Let x € HNV,,. Then

fa(z) <1-—

s
n+1

PROOF. In view of Proposition [11.4.4] it is enough to compute fo(z) and fq(2') to
deduce upper bounds on fq(z) for any x € HNVs,. Recall that z and 2’ are defined in

and (62)). Thanks to Proposition [9.3.2)i) we can easily compute fo(z) and fo(2').

Let us write n = a(n — s) + b, Where 0 <b<n—s Weuse Mathematica for the
following calculations.

If a is odd we have

s bn—s—2Y) s
=1-== 2 1=-2
(63) o) =1- 22t ey 2
If a is even we compute
s (n—s)?—b? s
4 17 1=
(64) fa(z) n 2n(n +1) < n
Assume s is odd and ag = n — s — 1. If a is even then
s 2b(b—s—1)—b*+4(n—s)—1 s 4n—s)—1
65 =1-—-- <l-——-—
(65)  falz) n 2n(n +1) - n 2n(n +1)

where the inequality follows from b? — 2b(n — s — 1) < 0.
If a is odd then we compute
s (n—5)2—=b(b+2)+2n—1 s 1

(66) fﬂ(z):1in+17 2n(n+1) s1-




11.5 Local lower bound 107

where the inequality follows from the fact that g(b) := (n — s)2 — b(b+2) +2n — 1 >
g(n—s—1)=2n.

Now we compute fqo(z'). First, let us assume n even. If a is odd then

12— +n s

67 / = = — — K 1——

(67) o) = = 1) n
where the inequality follows from the following computation (recall b < n — s)

s 1 s2=bv"+n  (n—s?—-b*+2(n—s)

1———= = >0
n 2+ 2n(n +1) 2n(n +1)
If a is even we compute
s+1 bn—s—2) s+1
68 N=1- - <1 -
(68) fal) n+1 nn+1) — n+1

Now assume n is odd. If a is even we have
s+1 bn—s+1-25) 5 < s

(69) fQ(Z/):l_n—}—l_ n(n+1) 2n(n—|—1)_1_n—|—1

where the last inequality follows from b(n—s+1— %) >0and 1t 4 5 <1

S
nt+l1 " 2n(n+1) = & n+l
for n > 3.

If a is even we compute

n? —2n —s2+2s+5+b(b—2)

n _
and we have 1 — nj_l — fa(?) = (n_s)g_b(bilz(zlfl(;l_s)ﬂnﬁ >(0,sinceb<n-—s. gq.ed.

Remark 11.4.6. Thanks to Proposition|11.4.4|the best possible upper bound on fo(x)
for x € H NV, is given by max{ fq(2), fo(z')}. The values of fo(z) and fo(2’) have

been computed in —.

Let us denote by U the bound of Proposition [11.4.5] We bound the differences
U — fa(z) and U — fq(2') in several cases. We omit the computations of the following.

For fo(z) as in |D and 1) we have U — fq(z) < %

For fq(2') as in @), , and we have U — fq(2) < %H + S(L;j:)f)

In particular, in all the cases listed above if s > n — y/n we have

5

U — max{ fo(2), fa(z")} < n+1

11.5. Local lower bound

In this section we derive lower bounds on fq(z) for x € H NV, ,. We shall prove the
following.

Proposition 11.5.1. Let x € HNV,,. Then

s(2n—s+1) 1
n(n+1) n+1

fa(z) > 1—

We study separately the cases r = p and r # p.
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11.5.1. Unipotent elements. Let x € H NV,,. Up to G-conjugacy, * =
[Ty, ..., J{ and n — s = Y, a;. We have the following.

Proposition 11.5.2. Let x € HNV,,. Then

s(2n—s+1)
falz) >1— W

In particular, the conclusion of Proposition[11.5.1] holds.

PROOF. By the proof of [43] Lemma 3.4] we have, using Proposition [9.3.2]
D iy 0ia; + 3, 163 + 32, oaq Gi S (n—s)(n—s+1)
n(n+1) - n(n+1)
The result follows. g.e.d.

fa(z) =

In the following we show that the bound is close to best possible.
Example 11.5.3. Assume s < p is odd. Let 2 = [Jgy1,J7 *"!]. Then x € H N V.
Using Proposition m(iii) we compute
s(2n —s) 1
-1- —
fal@) nn+1) nn+1)

Let ¢ be the bound in Proposition [11.5.2} Then fqo(z) — ¢ < n(sn*_ll) <1

11.5.2. Semisimple elements. Here we assume z € H NV, with r # p. So, up

to G-conjugacy, we can write

(71) t= [l swly,...,w 1, ]

with s even, or
(72) &= Loy, wlh—s,w? Loy, .., w" 21, " w1, ]
with s > 3.
We prove the following.
Proposition 11.5.4. Let v € HNV;,. Then

s(2n—s+1) 52 1
fa@) 21— n(n+1) +n(n+1)(r—1) 1

In particular, the conclusion of Proposition[11.5.1] holds.

PROOF. Assume z is as in then, by Proposition [0.3.2(i) we have
(n=$)n—s+ D+ 00} (n=s)n—s+1)+5
n(n+1) - n(n+1)
s2n—s+1) n 52
n(n+1) n(n+1)(r—1)
where we used ) .. ,a; = s and Proposition m

faz) =
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If z is as in we get

2

(”—5)2+Z¢¢1‘1@2+a0 S (n—s)?+ 25
n(n+1) ~  n(n+1)

s(2n—s+1) 52 1

> 1= n(n+1) +n(rH—l)(r—l)_n—&—l

fa(z) =

As done in Section [I0.5.2) we have the following.
Proposition 11.5.5. Let x € H NV, with s < 5. Then
fa(z) > fa(z)
where z is a special element. Moreover equality holds if, and only if, x is special.
Write s = a(r — 1) + b with 0 < b < r — 1. Let
(73) 2= [Tnsswlasts . w3 Iy, w2, o W]
Then z is special. In addition, if x is special then Cg(z) = Cg(2).
Now we compute fq(z) for z as in . Using Proposition we have

s(2n —s+1) b(r—1-0) s>
 nn+1) n(n+1)(r—1)+n(n—|—1)r—1

fa(z) =1

Observe that b(r — 1 —b) < %. Hence, if r —1 < s we have 0 < b <r —1 and

s(2n—s+1) 52 s
<1-—
Ja(2) < n(n+1) nn+1)r—1 * dn(n+1)
In the case 7 — 1 > s we have z = [I,_s, (w,w™),..., (w,w™1)2] and
s(2n —s)
frg 1 _—
fa(z) n(n+1)
Denote by ¢ the bound of Proposition [11.5.1} Then
s+n 2
fa(z) — =

<
nn+1) n+1

Therefore the bound is close to best possible.

11.6. Further comments on local bounds

We easily deduce the following from Propositions [T1.4.1] and [T1.5.1]
Proposition 11.6.1. Assume r # p is an odd prime. Let x,y € HNV,,. Then

s(n —s) 2
nn+1) n+1

|fa(z) — fa(y)| <

Proor. Using the bounds in Propositions [11.4.1| and [11.5.1| we have

s(n —s) n+s s(n — s) 2
[fa(z) — fa(y)] < YR Py ey e e
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Remark 11.6.2. If s < \/n or s > n — y/n we have % < % Therefore the
fa-values of elements in H NV, are close to each other. In fact, with this assumption

on z, [fa(z) = faw)l < & + 55
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%3-actions of classical groups






CHAPTER 12

Introduction

Let G = Sp,, or O,, with n > 4 even, defined over an algebraically closed field of
characteristic p. A closed subgroup H < G is a %3-subgroup if there exist U W <V
maximal totally singular subspaces such that V' =U @& W and H = Stabg{U, W}. So

o A ~Y
ST e

and H = GL, 5.2, see Proposition [13.1.3. Set 2 = G/H the coset variety.

In this chapter we state the main results of this part, in which we derive bounds on

fa(x) for x € H of prime order or any unipotent element in the characteristic zero case.

12.1. Main results

Recall the definition of #Z as the set of elements of G of prime order, including any
unipotent elements in characteristic zero; in this last case recall that we set p = oco.
Theorem [12.1.1| below provides global upper and lower bounds on fq(x) for x € H of

prime order.

Theorem 12.1.1. Let G = Cl,, and H < G be a 63-subgroup. Set Q@ = G/H.
(a) Let . € G\ Z(G). Then

(b) Let x € HNZ be unipotent.
(i) If p # 2 then

1 ifp<2
2
fa(z) = { 2 4 n
n n(n+t2) if p= 2
(ii) If p =2 then
1 2
> _
falo) 2 5 =05
(c) Let x € HNZ be semisimple of order r < n. Then
1 r
>
Ja(@) 2 r n(n—2)

Remark 12.1.2. Let us make some comments on the statement of Theorem [12.1.1]

(i) Note that the cases r # p and r > n are omitted. In this case we classify
elements with vanishing fqo-value in Theorem [12.1.6

(ii) Referring to part (a), notice that the bound does not depend on r and p.
Studying separately the cases G = Sp,, and O,,, and taking into account the
order of the element, we will derive sharp upper bounds, see Proposition [I4.1.]]
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for odd order elements and Corollary for involutions (G = Sp,,), and
Proposition and Corollary (G =0y).

(iii) The lower bounds extend to any element z € % for which % N H # {.

(iv) Let p < n/2 be odd. The lower bound in (b)(i) is proved in Lemma
(G = Sp,,) and Lemma (G = 0O,,). Moreover this bound is the best
possible. Indeed, we characterise the elements that realise it; see Lemmas
[14.2.6| and [15.2.4] for G = Sp,, and O,, respectively. In the case p { n, in
Propositions [14.2.8| and [15.2.5| (for G = Sp,, and O,,, respectively) we show
the existence of an element y € H of order p for which fo(y) — % < %

(v) For p > n/2 we deduce the lower bound in (b)(i) from Lemmas and
The bounds stated in the aforementioned two results are sharp. Indeed
if G = Sp,, we characterise elements that realise it, (see Lemma . If
G = O,, we present two elements that realise the lower bound of Lemma[15.2.7]
and we conjecture that those elements are the only ones with this property
(see Proposition and Conjecture

(vi) The lower bound in (c) is not sharp, in general. However, we shall define a

collection of so-called special elements, (see Definitions [14.3.10|and [15.3.9 for

G = Sp,, and O, respectively), and we prove that special elements realise the
best possible lower bound on fq, (for details see Lemmas|14.3.13|and [15.3.12]).
Moreover the best possible lower bounds are computed and we list them in
Table (G = Sp,,) and Table (G = O,,). The stated bound follows
from Propositions [14.3.5] and [15.3.5]

(vii) For involutions, we shall give an explicit formula for fo(x), see Theorem
In particular, the best possible lower bounds, with characterisations
of elements that realise them, are stated in Corollaries [14.7.2| and |15.7.2| for

G = Sp,, and O,, respectively.
Recall Definition [7.3.1] of the algebraic fixity M, the r-local algebraic fixity M,., and
M,.
Theorem 12.1.3. Let G = Cl,, and H < G be a 63-subgroup. Set Q@ = G/H.
(i) If G = Sp,, then

4 16
M=1-—+4———
n+n(n+2)
Moreover M = My and M > Moy
(ii) If G = O,, assume n > 10. Then
4 8
M=1-—+4——
n+n(n—2)

Moreover M = M, and M > M,.
In addition, for anyr, M, >1—4/n.

Remark 12.1.4. Theorem [12.1.3] easily follows by combining the upper bounds and
the characterisations proved in Propositions[14.1.1] and Corollaries
We could state a version of this result also for O,, when n = 6,8,10. However in this
situation there are several cases. If n = 10 then M = M, for any r. If n = 6,8 then
M =2/3 and M = M, for any odd prime r # 2.
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Corollary 12.1.5. For any prime r, there exists x € H of order r such that
4

fQ(ﬂf) Zl—ﬁ

Let G be a connected reductive algebraic group and let P be a parabolic subgroup,
set P = G/P. In [31, Theorem 1(b)] it is stated that an element z € G is regular if,

and only if, fp(x) = 0. We prove a similar version of this result for é3-actions.

Theorem 12.1.6. Let G = Cl,, and H < G be a €3-subgroup. Set Q@ = G/H. Let
z € G. Assume 2% N H # 0. Then the following are equivalent

(i) Ca(x) is finite;
(i) fo(z) = 0;

(iii) x is regular.

Let x € G. Recall from Proposition that v(z) is the codimension of the
largest eigenspace of x. In the proof of various results which lead to the bounds stated
in Theorem we see a quite strong relation between fqo(x) and v(z). Roughly
speaking, fo(z) is maximal for elements x such that v(z) is minimal and vice-versa.

Thus, we proceed with the analysis of bounds on fq(z) by studying elements in
Vs={xeG:v(r)=s}and Vs, ={x € Vs :0(x) =1}.

In Theorems [12.1.7] and [12.1.9] below, we assume z is not an involution. Indeed if
x is an involution then, apart a few exceptions, v(x) precisely determines the value of
fa(x), see Theorem in which we state explicit formulae for fqo(z) when x € G

is an involution.
We deduce the following from the main results of Sections and

Theorem 12.1.7. Let G = Cl,, and H < G be a €3-subgroup. Set Q@ = G/H. Assume
r#2. Let x € Vs,. Then

S 2

<1-
Jalw) < n+2 n
Remark 12.1.8. We shall compute close to best possible upper bounds on fq(z) for

each of the two cases G = Sp,, and O,, when z is either a unipotent or a semisimple
element of prime order. For example, if G = Sp,, we shall prove fo(z) <1 — 2 for all
r € V.

(i) For unipotent elements better upper bounds are computed in Propositions
[14.4.4] and [15.4.3] for G = Sp,, and O,, respectively. Then in Propositions

14.4.6| (G = Sp,,) and |15.4.6| (G = O,,) we prove that these bounds are close

to best possible, constructing an element in H NV, whose fo-value is close

to the bound computed.

(ii) For semisimple elements we provide more information. We shall construct ele-
ments 21, 22 € HNV; ., see and for G = Sp,, and and for
G = O,,. Then we prove that the optimal upper bound is max{ fo(z1), fa(z2)},
see Propositions [14.4.13| and [14.4.13] for G = Sp,, and O, respectively. Then
we derive bounds by studying the value of fo(z1) and fqo(22).

The following provides local lower bounds.
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Theorem 12.1.9. Let G = Cl,, and H < G be a €3-subgroup. Set Q@ = G/H. Assume
r#2. Letx € HNV;,. Then
s(2n — s)

fQ(m)Zl—m—L

where 1 = % if (G,r) = (Sp,,,p), and . = 0 otherwise.

Remark 12.1.10. Also here, we observe that studying separately the two cases G =
Sp,, or O,, we can derive more accurate lower bounds, see Sections and For
semisimple elements, as in the previous cases, we have more information. We shall
define a family of so-called special elements, see Definition (G =Sp,,) and

(G = 0O,,), and we prove that the optimal lower bound is given by the fqo-value of some
special element, see Lemmas [14.5.11] and [15.5.7]

It is interesting to note that the fo-values of elements in H NV, are close to each
other.

Theorem 12.1.11. Let G = Cl,, and H < G be a G3-subgroup. Set Q@ = G/H.
Assumer # 2. Let x,y € HNV,,. Then

o) - falw) < S+ 2
Remark 12.1.12. The bound follows from looking separately at the upper and lower
bounds in the case G = Sp,, or O,. It may be slightly improved in both cases, see
Propositions [14.6.1| and [15.6.1] Notice that if s < /n or s > n — y/n then |fo(x) —

1 2
fa(y) < N

Given = € G an involution, we establish an explicit formula for fqo(z). In order to

state the following result we introduce the following notation
1 G =Sp,
€ =
-1 G=0,
Recall the Kronecker delta symbol: d,; = 1 if a = b and 0 otherwise.

Theorem 12.1.13. Let G = Cl,, and H < G be a €3-subgroup. Set Q = G/H. Let
x € G be an involution with v(x) = s. Assume % N H # (.

(i) If s <n/2 then s is even and

B 2s(n — s)
falw) = n(n + 2e)
where 1 =0 if G = Sp,, and 1 = ﬁdp,g if G =0,

(ii) If s = n/2 then n/2 is even if G = Sp,, and p > 2. In addition, we list
(x, fa(x)) in Table|12.1.1).
Remark 12.1.14.

(i) These formulae are proved in Propositions|14.7.1|and [15.7.1} for G = Sp,, and

O, respectively.
(ii) If p =2 and = € G is an involution with v(z) = s < n/2 and %N H # () then
x is as-type and ¢ N H = 2% N H®, see Lemma [13.2.11



12.1 Main results 117

G p x fo(x)
Spn 7& 2 [In/27 _In/Z] % + %_1,_2
=2 a3t
b 12
n/2 2 ni2
1 2
€n/2 27 ntz
On 7& 2 [In/27 _In/2] %
T
1
bn/2 2
e

e LY

pon
Table 12.1.1. Involutions x € H with v

x)=n/2






CHAPTER 13

The %3-collection

13.1. Structure

Let V be a finite dimensional k-vector space and G = Sp(V') or O(V). Following the
description given in [41l Section 1] we define the @3-family as follows:

¢3 For G = Sp(V),0(V) we say that H € %3 if there exists a decomposition
V =U® W where U and W are maximal totally singular subspaces and
H = Stabg{U, W}.
By Corollary U and W are equidimensional. Hence V is even-dimensional.
Remark 13.1.1. The %3-collection is only defined for G = Sp(V') and O(V'). Indeed,

in the case G = GL(V') any subspace is totally singular, since the form is the zero form.
Hence, if we had V = U & W where U, W are equidimensional H would be of type
GL,, /2 1 S2, which is a ¢2-subgroup, see Proposition [17.1.6

Let (V, k) be a symplectic or an orthogonal space. We define the following set
(74) X={{U,W}:V =Ua®W, U W maximal totally singular}
Let G = I(V,k). Then G acts naturally on X, as g{U W} = {¢.U,g. W}, where
9.U ={g.u:u e U}. Witt’s Lemma implies the following.
Lemma 13.1.2. Let (V k) be a symplectic or an orthogonal space. Let G = I(V, k).

Then the action of G on X is transitive.

ProoF. Let {U, W} and {U’,W'} be in X. We need to show that there exists
g € G such that ¢g{U,W} = {U’,W’'}. Since the subspaces taken are all totally
singular, there exists an isometry ¢: U — U’. By Witt’s Lemma there exists an
isometry ¢ : G — G such that |y = . In particular, (U) = U’ and (W) = W' and
1 € G. The result follows. g.e.d.

Fixing a standard basis as given in Proposition 4.1.8 and [4.1.12] we may identify

G = Sp,, or Oy, with n even.

By Lemma |13.1.2] we may assume U = (e1,...,€,/2) and W = (f1,..., fr/2)-
Proposition 13.1.3. Let G = Cl,, and H < G be a 63-subgroup. Then

o A ~
. TR D
Moreover H = GL,, /5.2.

PROOF. First, we notice that the pointwise stabiliser in GL,, of the set {U, W} is
given by Stabgr, (U,W) ={g € GL,, : g.U = U,gW = W} = {[A, B] : A, B € GL,, )2}
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In particular, in all the cases other than (G,p) = (O,,2) it is clear that [A, B] €
Stabg (U, W) if, and only if, B = A~ see also [36, Lemma 4.1.9].

In the case (G,p) = (On,2) we claim Stabg(U, W) = Stabg, (U, W) (recall that
O, < Sp,, when p = 2). It is clear that Stabg(U, W) C Stabg, (U, W). Thus we need
to show that any element [A, A7!], with A € GL,, /9, fixes the quadratic form @ on V.
We follow [36], p.101]. For every v = Zi(aiei + ﬂifi) e Vet Q3 e + Bifi) =
> ;. Then @ is a non-degenerate quadratic form as noted in Example Let
x=[A A7, say A= (a;j) and A~" = (b;;). We have Q(z.¢;) = Q(>_,; aijej) = 0 and
Q(z.fi) = Q(>_; bijfj) = 0. Therefore, any element in Stabgp, (U, W) fixes Q. Thus
Stabg(U, W) = {[A, A7"] : A€ GL, 5} = GL,».

The elements of Stabg{U, W} \ Stabg (U, W) interchange the two spaces. Therefore
H = Stabg(U,W).(T). The element 7 € Stabg{U, W} is defined as 7.U = W and
7.W = U and, in the standard basis {e1,...,€,/2, f1,. .-, fn/2}, it is represented by

(76) T= ( Toj2 )
GIn/2

where € = + if G = Oy, and € = — when G = Sp,,. Therefore H = GL,, /5.2 and since
GL,, /2 is connected we have H° = GL;, /5. g-e.d.

Remark 13.1.4. The corresponding subgroup in the case G = SO,, may be slightly
different. In fact, if m = n/2 is odd H = H°. Recall, from Section that the
action of O, on U,,, the set of maximal totally singular subspaces, is transitive and
preserves the sets U} U2 Tt is clear that a representative of U}, is (e1,...,en) and a
representative of U2 is (f1, ..., fm). By definition SO,, is the kernel of the corresponding
homomorphism v: O,, — Sym{l},, U2 }. In addition, SO,, has two orbits on U, and v is
surjective. In particular, no element in SO,, interchanges (e, ..., ey,) and (fi,..., fm).
Notice, also, that GL,, < SO(V) is not maximal since GL,, < P,, < SO(V'), where P,
is a parabolic subgroup fixing U.

Remark 13.1.5. Notice that if (G, p) = (Sp,,,2) then O, is a subgroup of G, since, as
observed in Section symplectic and symmetric bilinear forms coincide when p = 2.
Hence, GL,, /3.2 < Oy, < Sp,,.

Recall the dimensions of Sp,, and O,, from Table We have dim H = dim H° =
(n/2)%. In Table [13.1.1| we record the dimension of Q = G/H for H € %3.

G H dim O

Sp, GLyj2.2 %(n+2)

Table 13.1.1. Dimension of Q = G/H for H € €3

13.2. Conjugacy classes in %3-subgroups

In this section we shall describe the conjugacy classes of prime order elements in a
%3-subgroup H < G. In particular, we shall compute dim(z% N H).



13.2 Conjugacy classes in %3-subgroups 121

13.2.1. Unipotent elements. Assume p # 2, see Section for involutions.
Let £ € G be an element of order p. Then, up to G-conjugacy, we write x =
[Jp7, ..., Ji']. Notice that for any unipotent element z € G we have 2N H = 2N H®,
because H \ H° = H°7 and 7 has order either 2 or 4, in particular there are no odd
order elements in H \ H°. Thus we may assume z € H° is an element of order p. Then
x = [z1,22] and xo = xft. Lemma shows that J; and J[t are GL;-conjugate.
Therefore a; is even for all ¢ and, up to conjugation,

ap/2 a
(77) T = [‘]Pp/ 7"'7J11/2] ‘
A

Remark 13.2.1. Let x € H® be of order p, possibly even. Then v(z) is even.

Now, we shall give a formula for dim(x%NH) for a unipotent element x € H. We have

N H® = 2M° because, as said above, there is only one possible block decomposition.
Hence dim(z% N H) = dim z°, where x = [21, 29] is as in . Using Theorem
we easily compute dim(z% N H).

For future reference we state the following.

Proposition 13.2.2. Assume p # 2. Let x € G be of order p. Assume N H® # (.
Then [z1,x2] as in lies in 2 N H® and

(78) dim(z% N H) Z iaja; — Z ia?

z<_7
13.2.2. Semisimple elements. Here we assume r # p is an odd prime (again,
see Section [13.2.3| for the case r = 2). Let z € G be of order r. Then, by Theorem
[£-31] up to conjugation,
(79) T = [Iao,wlal, W T ]

—1

with ag even and a; = a,; for 1 <i < '5=. In the following we denote t = "5-.

As for unipotent elements, since r > 2 and 7 has order either 2 or 4, we deduce that
z“NH=2z°nH°.

Assume = = [z, x9] with x; = x;t € GL,, /2. Then, for some by, ..., b, with 0 < b; <
a;, we have, up to conjugation,

(80) T = < [100/27('0[(11—[)1,&1_1[1717“‘] ‘ )

‘ [Ia0/2a w_lfal_bl,wfbl, .. ]

Thus a block decomposition x = [z1,232] is uniquely determined by the ¢-tuple,
b = (b1,...,b:). We define

E:{b:(bl,...,bt):Ogbigai, i:1,...,t}

Given b € T, we denote by zp the block decomposition [z1,z2] as in . Using
Theorem we have

2 t t
. o . GL,, n
(81) dimzf” = dimz, "* = T ZO Z —b;)% - Zb?
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Notice that for all b € T, we have z1, € ¢ N H. Indeed, we have the following.
Proposition 13.2.3. Let x € G be of order r. Then

2“NH= U xbo
beTz

In particular, dim(z% N H) = maxper, {dimz{"}.

We now classify the t-tuples b for which dim(z® N H) = dim :1:{){ °. In the following,

a necessary condition for a t-tuple, b € 7, such that dim(xG NH) = dim x{){ °, is given.

Lemma 13.2.4. Let x € G be of order r. Assume dim(x¢ N H) = dimaz{". Then, for
alli=1,...,t,
|az~ — Qbi’ S 1

PROOF. Seeking a contradiction, assume there exists ¢ such that |a; — 2b;| > 2.
Without loss of generality, we may assume ¢ = 1. Rewriting we have

2 t t

2
ooHe T a0 2 _ 2 2 2
dim zy, :Z_Z_(al_bl) —bl—Z(ai—bz’) —Zbi
=2 =2
We claim that there exists a € T, such that dim zZ" > dim zl °, which would contradict

the maximality of dimz" in {dimzX" : c € T.}.

Case 1. Assume a; — 2by > 2. Define a = (by + 1,b9,...,b). Then we compute
dimzf® — dimzf® = 2(a; — 2b; — 1) > 2 > 0.

Case 2. Assume 2by — a; > 2. Define a = (by — 1,b9,...,b). Then we compute
dim 2 — dimzff® = 2(2b; — a; — 1) > 2 > 0. The result follows. g.e.d.

We state the following number-theoretic result in order to give a complete classifica-
tion of the tuples b € T, such that dimz{]* = dim(z% N H®).

Lemma 13.2.5. Let | be a positive integer and let ai,b1,...,a;,b; € Z>o with b; < a;
and |a; —2b;| <1 for alli=1...,1. Then, foralli=1,...,1,b; € {L%J, L%J +1}.

PROOF. By the assumptions we deduce “i; L < b; < ‘“TH for all 7. If a; is even then

b; = . Instead, for a; odd L%J = ai2_1 and L%J +1= ‘“TH The result follows. g¢.e.d.

Proposition 13.2.6. Let © € G be of order r. Let b = (b,...,b;) € Tp. Then
dim(z¢ N H) = dimxgo if, and only if, |a; — 2b;| <1 for alli=1,...,t.

Proor. If dim(z% N H) = dim acgo then the result follows from Lemma [13.2.4

Now, assume |a; — 2b;| < 1 for all i. There exists an element ¢ = (c1,...,¢) € Ty
such that dim(z¢ N H°) = dimz2°. By Lemma we have |a; — 2¢;| < 1 for all 4.
And, by Lemma bi,c; € {L%J, L%J + 1}. If a; is even, by the proof of Lemma
b, = ¢ = % Now assume a; is odd and b; # ¢;. Without loss of generality,
we may assume b; = L%J,Ci = L%J 4+ 1. Then the factors in the centralizer in H°
1

of xp, arising from the eigenvalues w',w™" are GL,, p, x GLy,, and, for x¢, they are

GLg,—¢; X GL¢,. Let us observe that a; — b; = a; — aszl = a’; L — ¢; and, similarly
bi = a; — ¢;. Thus GLg4,—p, X GLp, = GLg,—¢; X GL,,. Therefore dim 2% = dim 2 2°.

C

The result follows. g.e.d.
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It is now easy to compute dim(xG N H) for any semisimple element of odd prime
order. Notice that the following formula holds in both cases G = Sp,, and O,,.

We define
(82) d(x):Hie{l,...,r—l}:aiodd}’
Proposition 13.2.7. Let x € H be of order r. Then
2_ d(x)

|
—

2 T

n
4

dim(z% N H) = 1

[0

IS
-
Il
o

where d(z) is defined in (83).

PrOOF. By Proposition dim(z% N H) = dim{°, where b = (by,...,b)
and b; € {L%J, L%J + 1}. Thus, we have the block decomposition xy, = [z1,x2], and
for i = 1,...,t the eigenvalue w’ in z; has multiplicity a; — L%J — ¢;, similarly w™* has
multlpll(:lty L J + €, with ¢; € {0,1}, in particular ¢; = 0 if @; is even and ¢; = 1 if q;
is odd, by the proof of Proposition m Note that a; = 2 LﬁJ + €;. Using (8 ,

r—1

dlm(ajGnH)_dlmxO_Tﬂ_a%—i(a—LJ—ﬁ) (L J+€>
= b_4 4 iZIZ ? ¢
) 5 7‘51 Tgl
S (I
— - —2 i
TR ;2 2]

Recall the definition of d(x) from (82). For the purpose of this proof, let d'(z) =
Hie{l,....t}:ai , notice that d(z) = 2d’(z). Note that |4 | = 4 if a; is even,

and LiJ =42 i is odd. Therefore
. I n? a3 a; — 1 a;
dim(x DH):Z_Z a - Z z—l)( 5 —ai>— Z al(Q—az)
az<0tdd alzééen

13.2.3. Involutions. Let x € G be an involution. In the case p # 2, up to

conjugation, we may write x = [I,,_s, —I] with s even if G = Sp,,.

In Proposition [13.2.8 we shall study conjugacy classes of involutions in H \ H°. Then
we study classes of involutions in the connected component H°.

For the purpose of the next result define, when n/2 is even, z = [B,...,B] € H°

where

0 1
(83) B:<10>

Proposition 13.2.8. The following hold.
(i) Assume n =2 (mod 4). Then
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(a) If G = Sp,,, there are no involutions in H \ H° for p # 2; if p = 2 then
all the involutions in H \ H® are G-conjugate to T, which is by 2-type.
(b) If G = Oy, all the involutions in H \ H° are G-conjugate to T, which is
a by j2-involution when p = 2.
(i) Assume n =0 (mod 4) and let x € H\ H° be an involution.
(a) If p # 2, then x is G-conjugate to [I,, 2, — I, o).
(b) If p =2, then x has Jordan form [J;/Q]. In addition, 27 is a,jo-type and

T 1S Cp/o-type.

Proor. Let x € H°r. Say

x:[A,A_t]T:< 3 A>
€A™t

for some A € GL,, /3, where e = 1 if G = O, and € = —1 if G = Sp,,. Thus z is an

involution if, and only if,
At ifG=0,
(84) A= G=0
—At if G = Sp,,

Assume z is an involution. Since A = +A!, we also have A~! = £A~*. Thus

()

We defined H to be the stabiliser of the set {U, W} where U = (e1,...,e,/2) and
W = (f1,..., fny2) and U @ W =V, see Section Since x ¢ H°, x transposes U
and W. Thus W = (z.e1,...,2.€,/2)-

Assume n/2 is even. In the basis

{617 LCly---3€n/4,T-CnlgsCnlgt1s —L-Cp/ja4ls---5Cn/2, —$.€n/2}

the element x is represented by £ = [B,...,B,—B,...,—B| with B as in . It is
clear that v(Z) = n/2 and that & has Jordan form [[,, /5, —I,, /5] if p # 2 and [J;ﬂ] if
p = 2, since the characteristic polynomial of B is pg(\) = A2 — 1.

For p = 2, it is clear that 7 is a ¢, /o-type involution, since (e;, z.e;) = (e, fi) = 1. Let

z =[B,...,B] and let us consider z7. The action of z7 on V is given by the following
e — fix1,  fir>eiq1, 1odd
ei — fi-1,  fir>ei—1, 1even

Moreover we have (e;, z7.€;) = (e;, fix1) = 0 and, similarly (f;, 27.f;) = (fi,eix1) = 0.
Therefore 27 is an a,,/p-type involution.

Assume n/2 is odd. If G = Sp,, and p # 2, we have det(z) = det([A, A7) det() =
—1, since det([4,A7!]) = det(—AA~!) = —1 (recall A = —A~") and det(r) = 1.
Therefore, we conclude that there are no involutions in H \ H°. If G = Sp,, and p = 2,
or G = O,, we use an argument similar to the previous one. Indeed, we see that
T, in the basis {e1,z.€1,...,€,/2,7.€,/2}, is represented by 2z = [B,..., B], which is
represented by 7 in the basis {e1,...,e,/2,7.€1,...,7.€,/5}. Notice that v(z) = n/2.
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In the case p = 2 and G = Sp,, or O,, we have proved that all the involutions in
H\ H° have Jordan form [Jg/z]. In the case n/2 is odd [J;/2] is a by, jo-type involution.
If p # 2, all involutions have Jordan form [[,, /5, —I,, /5], since they are all conjugate to
z and v(z) =n/2. g.e.d.

Remark 13.2.9. Notice that [B,...,B,—B,...,—B] and K = [Kn/Q,K;/g]T are G-

conjugate, where

(55) Kojz = s
41,/

is the standard symplectic, respectively orthogonal, form on k™2, Similarly one defines
K, /2 when n/2 is odd, so K, /o will be the Gram matrix of the bilinear form associated

to a non-degenerate quadratic form (provided p # 2).

Lemma 13.2.10. Assume p # 2. Any involution in H \ H® is H°-conjugate to K.

PrROOF. Let x € H \ H° be an involution. Then, up to G-conjugation, = =
[A, A~Y7, for some A € GL,, /2- Notice, implies that A and A~! are Gram matrices
associated to a symplectic or orthogonal form on k™/2. Hence they are congruent to
K, /s, see [26], p.14]. Thus there exists P € GL,/, such that P'AP = K, /2. Define
g = [P~ P]. Then it is straightforward to check g~ 'zg = K. g.e.d.

In the case p = 2 we can show that any involution in H® is of as-type.

Lemma 13.2.11. Assume p = 2. Let x € H® be an involution with v(z) = s. Then x

18 an as-type involution.

PrOOF. Observe that .U = U and z.W = W, where U = (e1,...,¢,/3) and
W =(f1,..., fny2). Then z.e; € U and z.f; € W for all i. So
(z.€iyei) = (x.fi, fi) =0
Therefore z is as-type. g-e.d.

Let € H® be an involution. Then = = [x1,x2]. In particular, z; and xy have the
same Jordan form. Thus 2 has Jordan form [I,,_s, —I] or [J§, J'*], with s even. And
T = [I(n,s)/Q, — 5/2] if p#2 or [Js/z, Jln/Q_s] if p = 2. We deduce the following.
Lemma 13.2.12. Let z € G be an involution. Assume v(z) is odd. Then z€NH® = ).

Proposition [13.2.13] below is a direct consequence of Proposition [13.2.8] In the fol-
lowing we provide representatives of the G- and H-conjugacy classes of involutions in
H\ H°.

Proposition 13.2.13. Let z € G be an involution. Assume 2 N H # (. Then the
following hold.

(i) Assume v(z) < n/2. Then v(x) is even and €N H = 2% N H®.

(ii) If v(x) = n/2, then

(86) t“NH= U yH° U U TH°
yE.A EB
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where A C H°, B C H\ H®° and |A|,|B|] € {0,1}. In Table|15.2.1 we give
representatives of the distinct H°-classes in . The sizes of A and B can
be deduced from the last two columns.

G n P G-class repr. T H°-class repr.
Sp, 4dm+2 p#2 - - .
p= 2 bn/2 T -
dm  p#2 [ln,—Ipnp] [B,...,B]T [, —Im]
p=2 Cn/2 T -
/2 [B,...,B]T [J37]
O, 4m+2 p#2 [In/g, _In/2] T -
p=2 by /2 T -
4m P 75 2 [In/27 —In/g] T [Im, —Im]
4dm  p=2 Cn /2 T -
/2 [B,...,B]r [J57]

Table 13.2.1. Representatives of H°-classes of involutions z € H with
v(z) =n/2, H € 63

PROOF. Proposition [13.2.8 implies that if %N (H \ H°) is non-empty then v(z) =
n/2. Thus (i) follows. Furthermore, for an involution z there exists a unique block

decomposition [x1, 2] with 21 = 25" Thus v(z) is even and % N H = 2% N H®.

Assume G = Sp,, and n/2 odd. Then by Proposition [13.2.8[i)(a), there are no invo-
lutions in H \ H® if p # 2; for p = 2 there is only one G-class of involutions represented
by 7, which is a b, /»-type, hence 7% N H° = (), by Remark and Lemma
If n/2 is even and p # 2 then by Proposition (ii) there is only one G-class of
involutions whose representative is [B, ..., B]r, which is the only H°-class by Lemma
Moreover the Jordan form of [B, ..., B]7 is [I,, /2, —I,, /2] hence a representative
of the H°-class is given by [I,,/4, —I,,/4]. In the case n/2 is even and p = 2 by Proposi-
tion [13:2.8] we know that there are two distinct G-conjugacy classes of involutions, an

an/2-class and a ¢, jo-class, whose representatives are, respectively, [B,...,B]T and 7.

Observe that 7¢ N H° = () by Lemma [13.2.11

Assume G = O, and n/2 is odd. Thanks to Proposition [13.2.8[i) we see that there is
only one G-class of involutions, whose representative is 7. In the case p # 2, we have,
by Lemma lm, that 7 is H°-conjugate to [In/z, —In/Q]. If p = 2 then Proposition
M implies that 7 is a b, /o-type involution, in addition 7% N H° = (), by Remark
If n/2 is even and p = 2, Proposition shows that there are two G-classes
of involutions with representative 7, with Jordan form [I,, 5, =1}, /5]. In addition, all the
involutions in H°7 are H°-conjugate by Lemma If p # 2 Proposition

implies that 7 is a ¢, /o-type involution, while [B,..., B]T is a a,/-type involution.
Since T is a ¢, jp-involution, Lemma [13.2.11| implies ¢ N H® = 0. g.e.d.

In the case v(z) < n/2 we easily compute dim(z® N H). Assume p # 2. Let
G = Sp,,, O, and = = [I,_s, — 1], in order to have x € H° we need x = [z1, z2] with
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T1 = Ty . Thus, the only possibility to get such a block decomposition is given by

71 = 23 = [I(_g)/2, I5/2]. Hence, by Theorem m
GL,, 8

(87) dim(z% N H°) = dim x, i(n —s)

Assume p = 2 and let x € H° be an involution with v(z) < n/2. By Proposition

13.2.13{i) we have dim(z® N H) = dim(2% N H°). Hence, by Theorem

(88) dim(z€ N H) = dim 2" = dim[J5/?, J7/*7]Cn/2 = g(n — )

Assume, now s = n/2 and G = Sp,, or O,. The next result gives the centraliser in
H°® of involutions in H \ H°. This was originally stated in [39, Proposition 1.4] using

the isogeny types of the groups, we essentially re-state it in our notation.
Proposition 13.2.14. Let G = Sp,, or O,, H° = GL,, ), <G, T as in @) and B as
m .
(i) Assume n/2 is odd. Then Cpo(7) = Oy a.
(i) If n/2 is even, then Cpo(T) = Oyyo and Cye([B,...,B|T) = Sp, s if p # 2;
and Cyo (1) = Spn/Q, Cyo([B,...,B|r) = C’spn/Q(bl) if p=2.

PROOF. The centraliser in H® of 7 is given by
Cho(r) ={[A, A€ H°: A= A"}
and for n/2 odd, or n/2 even and p # 2 we have Cyo(7) = Oy, /5. If n/2 is even and
p =2 then Cpye(7) = Sp, .
Assume n/2 is even. Recall that [B, ..., B]7 is H°-conjugate to K = [K,, 3, K, 2],
see Remark [13.2.9/ and Lemma [13.2.10, So Cyo([B,...,B]r) = Cy-(K) and
Cre(K) = {[Aa A_t] €H": AKn/QAt = Kn/Q}

and if p # 2 we have Cpo(K) = Sp,, /5.

Finally, for n/2 even and p = 2 the equality Cg-([B,...,B]r) = Csp,, (t) follows
from [39] Proposition 1.4(ii)]. g.e.d.

In Section and we shall explicitly compute dim(z® N H ) for involutions
x € G with v(z) =n/2.

Let = € G be an involution. Thanks to the previous discussions we know when
%N H # (). We conclude this section with the following result.

Proposition 13.2.15. Let x € G be an involution with v(z) = s. Then 2€ N H # ()
if, and only if,

(i) s <n/2 and s is even;
(ii) s =n/2 with n/2 even, when G = Sp,, and p # 2.






CHAPTER 14
Symplectic group

Throughout this chapter the notation is as follows. Let G = Sp,,, with n > 4, and
H = GL,, 5.2 a €3-subgroup of G. Set = G//H. The aim of this chapter is to derive
bounds on fq(z) for z € G of prime order.

14.1. Upper bounds

In this section we shall prove the following, only for odd order elements. For conve-

nience we postpone involutions to Section [14.7]

Proposition 14.1.1. Let x € G be an element of order r > 2. Then

4
fQ(x)Sl_n—i—?

Furthermore equality holds if, and only if, v(z) = 2.

Remark 14.1.2. Notice that, after we have derived lower bound for involutions,
thanks to Lemma and Corollary [7.1.11] the upper bound will extend to any
element in G\ Z(G).

The same observation made in Remark [10.1.3| holds. Hence we will prove the next

results for elements in H.

In order to prove Proposition [14.1.1| we shall study separately the cases v(z) < 4 and
then v(z) > 4. Observe that in H° < Sp,, there are no elements y such that v(y) = 1.

Lemma 14.1.3. Let © € H be of order r. Assume v(x) = 2. Then fo(x) =1— ni”.

PrROOF. Assume r = p. Then, up to conjugation, x = [J227J1’“4]. Indeed the
only other unipotent element y € GL,, with v(y) = 2 is, up to G-conjugacy, y =
[J3, J7 73] & Sp,,. Hence, by Theorem and formula we have dim 2¢ = 2(n —
1),dim(z% N H) = n — 2. Therefore, using the value of dim Q recorded in Table
and Proposition we get fo(z)=1-— ni—ﬂ'

Assume r # p. Then z = [I,, 2, w,w™!] where w € k is a primitive r-th root of unity.
The only other semisimple elements in GL,, with v-value equal to 2 is [I,_o2,wls] & Sp,;
in the case n = 4 we also have y = [wls,w™'I5] € Sp,. Again, using Theorem and
the formula of dim(z“ N H) given in Proposition the result follows. Similarly
for y € Spy,. g-e.d.

Lemma 14.1.4. Let x € H be of order r. Assume v(x) =3 or 4. Then

4
n+2

falx) <1-—
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PrROOF. We record in Table [14.1.1] the elements = € H with v(x) = 3,4 (up to
conjugacy and up to centraliser structure) and the corresponding value of fo(x). The

bound fo(z) <1 - 7%2 quickly follows. g.e.d.
T dim 2¢ dim(azc NH) fa(z)

(I3, A1 3] 12 4 3
A Y 8 2 0

_ _ 8(n—1

[In—4a A A 17 s 1] dn — 8 2n—6 1= g((n-i-g))

s Mo, A7 ] 4n =10 20—6 11— 203
Ay, A1 1Y) 20 8 2

n— 8(n—2

(T4, 78] m-12  2m-8  1- gi(n +§§

[J2, T3] 4n — 10 2n — 6 1— o)

Table 14.1.1. Elements z € H with v(x) =3 or 4

The final step in the proof of Proposition [14.1.1]is the following.

Lemma 14.1.5. Let x € H be of order r. Assume v(x) > 4. Then fo(r) <1-— ni”

PRrROOF. By Proposition we have dim z© > 2n for n > 8. Moreover by Theo-
rem we have dim(z% N H) < § dim 2. Therefore

dim ¢ n 4
<1- — =1-
fol®) <= 5qma <1 dma nt2
The only case left is n = 6 and v(x) = 5. Here v = [w,w™ !, w? w2 w? w3 and
fa(z) = 0. If n = 4 then any element has v(z) < 4. The result follows. g.e.d.

Collecting the results given in Lemmas [14.1.3] [[4.1.4] and [[4.1.5] we have a complete
proof of Proposition [14.1.1

Remark 14.1.6. The above results, Lemma[14.1.3] [14.1.4] [14.1.5] hold also in the case
x is unipotent and the characteristic is zero. Indeed, in the characteristic zero case any
unipotent element has infinite orde and z¢NH = &N H®, see Lemma Moreover
the analysis done makes no assumption on the order of the elements in the unipotent
case, and Proposition Theorem hold in this case.

14.2. Unipotent elements: lower bounds

Let x € H be an element of order p (or any unipotent element in characteristic 0). In
this section we shall derive a lower bound on fq(z). Recall that we denote p = oo in the
characteristic zero case. Up to G-conjugation, for x € H, we write x = [J,", ..., J]
with a; even for all i.

For integers a, b, recall the definition given in : dap = 1 if b| @ and 0 otherwise.
Proposition 14.2.1. Let x € H be an element order p.

(i) If p <n/2 then fo(x) > 1/p. Moreover, equality holds if, and only if,
(a) n/2=ap and x € [J2*|; or
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(b) n/2=ap+ (p—1) and x € [J2*, J2_|]°.
(ii) If p > n/2 then fo(x) > #{M. Moreover, equality holds if, and only if,
€ [J2 )%

We shall prove Proposition [14.2.1] in Lemmas [14.2.3] — [14.2.7] below. For future
reference we state the following, which follows immediately from Proposition [7.1.8

Theorem and the formula .
Proposition 14.2.2. Let x € G be of order p. Assume %N H # (. Then
L2} gtaas + Y i + 23 oqq @i
n(n + 2)
Lemma 14.2.3. Assume p < n/2 is odd. Let x € H be an element of order p. Then
fa(z) = 1/p.

(89) fa(z)

PROOF. Write z = [J,”,..., J{']. Let a(z) = n(n + 2)(fo(z) — %) Thus we need
to show a(z) > 0. Using n =Y, ia;, and the formula (89), we have

. , | o
atw) =23 iowe; (1= 0)+ 3 it (1-7) +2 2 ai(1-7) + 2 ieu(a- =)
i<j p i odd p i odd b

Since i < p, it is clear that the first three summands in «(x) are non-negative. We

claim that the last summand is non-negative.
Let i < p be even. Assume a; > 0. Since a; is even we have a; > 2. Thus

a2 2% 2\ 4
iai<ai—&—7>221’(2——1—7):—1(]0—1'—1)20
P P p p/ p

Now we assume p > n/2.

Remark 14.2.4. The characteristic zero case is part of this analysis. In this case, the
largest Jordan block allowed in any unipotent element x € H is J,, /5, as N H =
z% N H®, see Lemma This motivates the choice to denote p = oo.

Lemma 14.2.5. Assume p > n/2. Let x € H be an element of order p. Then

Ja(z) > #(m

PROOF. Let x = [J,”,...,J{""] € H. Recall that each q; is even.
Assume n/2 is even. Using we compute n(n + 2)(fo(z) — 7%2)
2 , ,
n(n +2) (fQ(:c) - m) = QZmiaj + Zzai(ai -2)+2 Z a;
1<J % i odd
It is clear that all summands in this expression are non-negative. So fq(z) > n%ﬂ

Assume n/2 is odd. Here we have
2 . .
n(n + 2)(f9(3:) - E) = 2Zzaiaj + Zmi(ai —-2)+2 Z a; —4
1<J % i odd
Since n/2 is odd there exists an odd ¢ with a; # 0 even. Thus, 2, ;4@ > 4, so the
above expression is non-negative. Hence fq(z) > %, as required. g.e.d.
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The next step is to characterise elements which realise the bounds. Once again we

split the analysis into the cases p < n/2 and p > n/2.

Lemma 14.2.6. Assume p < n/2. Let x € H be of order p. Then fo(x) =1/p if, and
only if, one of the following holds

(i) n/2 = ap and x € [J2); or
(ii)) n/2 =ap+ (p—1) and z € [Jg“, Jg_l]G.

PROOF. It is straightforward, using , to see that if x is one of the elements
given in the statement then fq(z) = 1/p.

Conversely, suppose © € H has order p and fq(x) = 1/p. Then, by the proof of
Lemma [14.2.3] we have

Zai(l—;>20, 3 i}?(ai(p—z')—Q):o

i odd i even

Therefore for all ¢ # p odd we deduce that a; = 0.

For i even we have a;(p — i) = 2 if, and only if, (i,a;) = (p — 1,2). Therefore
ap—1 € {0,2} and a; = 0 for all even i # p — 1. Recall that n = ), ia;. Hence either
n = pay, in the case ap—1 =0, or, n = pa, + 2(p — 1) in the case ap—1 = 2. The result

follows. g.e.d.

The next lemma completes the proof of Proposition [14.2.1]

Lemma 14.2.7. Assume p > n/2. Let x € H be of order p. Then fqo(z) = ﬁm if,

and only if, x € [JTQL/Q]G.

PrROOF. Up to G-conjugacy, © = [Ja"/2 ..., J7"], where >, ia; = n and each a; is

n/2
even. Using we compute fQ([JZ/2]) = m.

Let us prove the converse. Assume n/2 is even. Then, by the proof of Lemma
we have a; = 0 for all i odd, and ia;(a; —2) = 0 for all 7. In particular for i even
either a; = 0 or a; = 2. We claim that there exists only one ¢ even for which a; # 0.
Assume there exists i1 < i2 even such that a;,,a;, # 0, this contradicts the hypothesis
ZK]. ia;a; = 0, in fact i1a;, a;, # 0. Therefore a; # 0 for only one even index 4. Thus,
since n = ), ia;, we deduce a,/; = 2 and a; = 0 for all i < n/2.

Assume n/2 is odd. Then, by the proof of Lemma we have ia;(a; —2) = 0 for
all i and ), 44 @ = 2. From the second equality we deduce that there exists only one
odd i for which a; = 2. As above, we can show that there exists only one ¢ for which
a; # 0. Therefore x is G-conjugate to [ng]. g.e.d.

The following result shows that the bound given in the case p < n/2 is, in fact, close
to best possible.

Proposition 14.2.8. Assume p <n/2 andn/2 #0,p—1 (mod p). Then there exists
x € H of order p such that

fa(z) <

1_1_ 1 n 4
p 2(n+2) n(n-—2)



14.3 Semisimple elements: lower bounds 133

PROOF. Write n/2 = ap + b with 0 < b < p — 1. Define x = [Jg‘l, JZ]. Then, using

, we have

1 4b(p—b—1)+4pdp—12 1 4b(p—>b)+4(p—>b) 1 p 4
= — Ll < —
folz) p+ pn(n + 2) - p+ pn(n+ 2) p n(n+2) +n(n -2)

where the last inequality follows from the observation that, as function of b, b(p — b) is

maximal when b = p/2. Then, since p < n/2 we have 71(%;2) < 2(++2) qg.e.d.

14.3. Semisimple elements: lower bounds

First notice that H contains a maximal torus of G. Therefore given x € G semisimple
we have 2% N H # (). Hence it is enough to derive lower bounds on fo(x) for x € H
semisimple. Let x € H be of prime order r > 2. Up to G-conjugation, we have

(90) x = Loy, wlays ooy o]
with ag even and a; = a,_; for all i < % For convenience, we postpone the analysis
of involutions to Section [I4.7] In this section we prove the following result.
Proposition 14.3.1. Let x € H be a semisimple element of order r > 2.

(i) If r > n, then fo(x) > 0. Moreover fo(x) =0 if, and only if, v(x) =n —1;

>
(it) If r < n, then fo(x) > % - TTZ‘(Zn_-i}Q)

Remark 14.3.2. For r < n, the bound given in part (ii) is sharp. In fact, if |[n/r] =
"%m and z is as in then fqo(z) realises it. We shall construct a family of special
elements, with the property that each of them realises the best possible lower bound
on fq. Notice that % — M’L"(anrlm > % — m and % — % In Remark [14.3.15, we give
comments on the best possible lower bounds, indeed in Table we list the best

possible bounds.

Notice that H contains a maximal torus of G, hence ¢ N H® # () for any element of

order r. In addition, as already observed, since r is odd 2 N H = 2& N H®.

We have already given a formula for dim(z® N H) in Proposition [13.2.77 Using
Theorem and Proposition it is straightforward to compute fqo(z). For
convenience of the reader we recall the following definition, given in (82)):

d(z) =|{i e {1,...,7r — 1} : a; odd}|
Recall that we listed the values of dim Q in Table [3.1.1]
Proposition 14.3.3. Let = € G be of order . Then 2N H = 2N H® # 0 and

_ 2a9+ Z;:& a? —d(x)
B n(n + 2)

(91) fa(x)

Remark 14.3.4. For z € G semisimple of (prime) order r > 2 we have dim Cq(z) =
1(2a0+>>; a? —d(z)). We see that dim Cq () is an even integer. In fact we can rewrite

. (I(](ao + 2) 1 1
i>0: a; even i>0:a; odd
Since ag is even then 8 | ap(ag + 2); recall that a; = a,—; for all 0 < i < % then

8| (a? + a2_,), when q; is even, similarly 8 | (a? — 1)(a?_; — 1), when q; is odd.
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Now, using Proposition [14.3.3|it is not hard to derive a lower bound on fo(z).
Proposition 14.3.5. Let x € H be of order r. Then

1 r?—1

fa(z) > ;—m

PROOF. Since d(z) < r — 1, Proposition [14.3.3| implies
_ 2a0+ a2+ Y021 a? — d(x) S 2a0+ a2+ 30" a2 —(r—1)

fa() n(n + 2) - n(n + 2)
2aptaf + AR (1) M)l g 2y
- n(n +2) — n(n+2) r o ra(n+2)

The first inequality in the second line is given by Proposition The second in-

equality, in the second line, is obtained by observing that the one-variable function

g(a):2a+a2+% has a minimum at a = 2 + 1 — 1. g.e.d.
Remark 14.3.6. It is clear that the bound % — T;é;g) is a monotonically decreasing
function in r, let us refer to it as g(r). Then g(n) = m >0 and g(n+1) = 0.

In fact, for » > n there exist semisimple elements x € H of order r with fq(x) = 0.

Proposition 14.3.7. Let © € H be of order r > n. Then fqo(z) = 0 if, and only if,

v(z)=n—1.

ProOOF. If v(z) = n — 1, then all the eigenvalues of x have multiplicity 1, and
ap = 0. Hence d(x) = n and using Proposition [14.3.3| we have fq(z) = 0.

Conversely, assume fo(x) = 0 and v(z) < n — 1. Then there exists an eigenvalue
with multiplicity at least 2. There are two cases to consider.
Case 1. Assume ag > 2. Then using the formula we have

B 2ao+a3+2,~21a?—d(w) S 2a0 + a2 + (n —ag) — n

PO ==y T sy

where the first inequality follows from the fact that d(x) <n, forr >n, and 3 ;- a? >
> i>1 6i =n — ag. Therefore ag = 0.

Case 2. Assume ag = 0 and a; > 2, for some ¢ > 1. We may assume 7 = 1. Again,
using the formula we have

2121%2_61(95) > 2a%+27{:—22a%—n S 2a% +n—2a; —n

n(n + 2) - n(n + 2) - n(n + 2) >0

fa(z) =

As in the previous case the second inequality follows from the fact that d(x) < n and

"2 2 > n — 2ay. This is a contradiction. The result follows. g.e.d.
21—2 7

We give a geometric interpretation of Proposition Recall that the action of
G on () is equivalent to the action of G on X, the set of direct sum decompositions of
V into maximal totally singular subspaces, as defined in . In particular, there is a
one to one correspondence Cq(x) <> Cx(x).

In the following two results we use elementary arguments based only on linear algebra.
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Proposition 14.3.8. Let x € H be an odd prime order element. Assume v(z) < n—1.
Then Cq(x) is not finite. In particular dim Cq(z) > 0.

ProOF. Up to conjugation we may write © = [, wly,...,w" ', _,]. Since
v(z) < n — 1 there exists i such that a; > 2. Without loss of generality we may

assume ag > 2; the argument is the same if i # 0.

Let {e1, f1,---,€n/2, fny2} be the standard basis of the natural module V' of G. Then,
under the action of V|, we may assume e; — e and f; — fi1. For A\, u € k we define

U ) = (Aer + pfie2, ..o ens2), WA 1) = (Ner + puf, fa, -5 fry2)
The following facts are clear:

(i) If (A, ) and (N, i) are linearly independent £(\, ) # £(N, 1), for £ € {U, W }.
(ii) If (A, p) # (0,0) then U(A, p) and W (A, u) are maximal totally singular.
(iii) If (A, p) and (X, ') are linearly independent then V = U(\, u) & W (N, 1).
(iv) U, ), WX, ')} € X then {U(X, ), WX, 1)} € Cx ().

It is clear that {U(\ 1), W (1,u)} € X for all A, € k\ {1}. Therefore Cx(z) contains
an infinite set. The result follows. g.e.d.

With the notation introduced in the proof of Proposition [14.3.8] we prove that
semisimple elements € H with v(z) = n — 1 have finite fixed point spaces.

Proposition 14.3.9. Let © € G be of order r. Assume v(x) =n — 1. Then Cq(z) is
finite.

Proor. Up to G-conjugacy and up to centraliser structure, we may write x =
[w,w™, ... ,w”/Q,w_”/Q]. Under the action of  we have e; — w'e; and f; — w™f;.
It is clear that z.U(0,u) = U(0,u) = U(0,1) and z.U(\,0) = U(A0) = U(1,0);
the same is true if we read the previous equalities with W instead of U. Let Z =
{(a1,...,a,/2) €10, 1}7/2}. For a € T, we define U(a) to be generated by ey, ... s €n /2
with f; instead of e; in the position i such that a; = 1, similarly for W (a). For example,
U((1,0,1)) = (f1,e2, f3) and W((1,0,1)) = (e, f2, e3). It is clear that for all a € Z we

have {U(a), W(a)} € X and that z fixes this decomposition.

For all \, 1 € k*, we have 2.U(\, ) = U(Mw, pw™1) # U(A, ), by (i) in the proof of
Proposition Similarly, one may define maximal totally singular subspaces using
different linear combinations of the e;’s and f;’s (in the same spirit as the definition
of U(A, p)); we can show that these spaces are not fixed by x. For example, assume
U#U(a),forallaecZ. Let u= ), (\ie; +pfi) € U with A\jp; # 0 for some ¢, j. Then
one sees that if z.u € U then 2'.u € U for all 0 < i < r — 1; but those vectors are

linearly independent, which is absurd as dimU =n/2 < r.
Therefore only the decompositions {U(a), W (a)} € X are fixed by z. g.e.d.

When r < n we construct a family of elements of order r that realise the best possible

lower bound on fq. We start with the following.

Definition 14.3.10. Let = € G be of order r. We say that x is special if |a; —a;| <1
forall¢,7=0,...,7—1.
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In particular, if  is special and r» < n then a; # 0 for all ¢ > 0.

Claim: Let x € H be of order r < n. Then fq(z) > fo(z) for any special element z of

order .

Lemma 14.3.11. Let x € G be of order r < n. Then either x is special or there exists
y = [Dpg,wlpy, ..., w1, ] € G such that fo(x) = fa(y) and one of the following
holds

(’L) ’bo *b1| Z 2,’
(ii) by — by > 2.

PROOF. As in Lemma [10.3.3]is suffices to relabel the eigenvalues. g.e.d.

Assume z is not special. Then |a; — aj| > 2 for some 4,j > 0. Thanks to Lemma
14.3.11], we may assume (i,7) € {(0,1),(1,2)}.

Assume ag — a1 > 2. We define

(92> Yy = [Ia0—27 (waw_l)Ia1+la (w7w_1)2la27 SRR (wv w_l) 2 Iar;l]

Similarly, if a1 — ag > 2 then set

(93) Yy = [Iao+27 (w7w71)1a1_17 (wawil)QIaza SER) (wa w71)T51[aT71]
o

Finally, if a; — as > 2, we define

(94) Yy = [Lag, (w, w1, (w,w )2 01, (w,w_1)3la3 e (w,w_l)TIag}
2

With this notation we shall prove the following.
Lemma 14.3.12. Let x € H be a non-special semisimple element of odd prime order
r <n. Then, fory as in @, (@) or
fa(z) > fa(y)

PROOF. Clearly it is enough to show that dimCq(xz) — dimCq(y) > 0, where
dim Cq(z) is given in Remark [14.3.4 We prove this inequality for each of the three

different cases.

Case 1. Let ag—aj > 2. Then with a straightforward computation, using y as in ,

_d(z) —d(y) +2
4
Note that d(z) = d(y) + 2 depending on whether a; is even or odd. Hence

dim Cq(z) — dim Cq(y) = ap —

dim Cq(z) —dim Cq(y) > ap—a1 —1>0

Case 2. Assume a; —ag > 2. Using y as in ,We have

d(z) —d(y) +2
4
Again, d(x) = d(y) + 2 according to the parity of a;. In particular, d(z) — d(y) < 2.

Hence

dim Cq(z) —dim Cq(y) = a1 —ag — 2 —

dim Cq(z) —dimCq(y) > a1 —ap—2—-1> —1
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Recall that dim Cq(z),dim Cq(y) are even, by Remark [14.3.4] Hence the difference is

non-negative.

Case 3. Let a3 — a9 > 2. Using y as in ,
d(x) — d(y)
4
Here, we have: d(z) = d(y) + 4 if a1, a2 are odd; d(x) = d(y) if a1 # az (mod 2); and
d(x) = d(y) — 4 if they are both even. Namely d(x) — d(y) < 4. Therefore

dim Cq(z) —dim Cq(y) = a1 —ag — 1 —

dim Cq(z) —dimCq(y) > a1 —as —2 >0

g.e.d.

Iterating Lemma [14.3.12] we prove the claim.
Lemma 14.3.13. Let x € H be a semisimple element of odd prime order r < n. Then
fa(z) > fa(z)

for some special element z € H.

PROOF. The same argument as in Proposition [10.3.5|applies, using Lemma [14.3.12
g.e.d.

Let us give an explicit description of special elements. Let n = ar+b where 0 < b < r
and a = |2]. Notice that 2="t < ¢ < 2 also a = b (mod 2). Then it is clear that
every special element has G-centraliser isomorphic to the centraliser of z, where

(I, A] a even
(95) z=
[Ia+1, A] a odd
for A = (@0 Vasrs. s (o0 ) Loy, (0,0 YL, (w0 ) T L),

Remark 14.3.14. Let z,y € H be semisimple elements of prime order r < n. Assume
both z and y are special. Then fq(z) = fa(y). This is clear by Proposition [14.3.3

Assume a is even. With the aid of Mathematica, using Proposition|14.3.3] we compute

~2a+(a+1)%b+ (r—b)a®* —b  2an+2a — a?r

96
(96) Ja(z) n(n + 2) n(n + 2)
The numerator, as a function of a, is increasing for "‘T’"‘H < a < . Therefore it is
minimal for a = "%m Hence, using Mathematica, we get
1 r?—1
97 > -
(97) falz) 2 r  rn(n+2)

And it is maximal when a = n/r. Thus fq(z) < 1/r. Observe that this is precisely the

same bound as that given in Proposition [14.3.5
Now assume « is odd. Using Proposition [14.3.3] assisted by Mathematica, we com-
pute:

_ 2an + 2n + 2a — 2ar — a®r —r + 2
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As in the previous case we see that the numerator is minimal when a = 7 since it is

monotonically decreasing for ”%H <a < 7. Hence,

1 r—2
(99) fa(z) > ;—m

Since fo(z) is maximal when a = 2="tL we also have fo(z) < 1 + m

Remark 14.3.15. As proved in Lemma [14.3.13] fo(x) is minimal when x is special,
namely for = as in . The best possible lower bounds are given in and ,
good approximations are given in @ and .

We have also computed upper bounds on fq(x) for a special element z, as in ,
and it is clear that, in any case, fq(z) is close to the lower bound given in Proposition
14.3.5| For the convenience of the reader we record the best possible lower bounds,

given in and , in Table |14.3.1] We write n = ar + b with 0 < b < r.

7] falz) =
w1

1 (r—b)(r—b—2)
odd T rn(nt2)

Table 14.3.1. Lower bounds on fq(z) for x € H of odd prime order r # p

14.4. Local upper bounds

In this section we derive upper bounds on fq(x) for x € H NV;,. Here we assume
r is an odd prime, see Section for involutions. For convenience of the reader we
recall that
Vs ={x € G:v(zx)=s}

In addition, we denote by V , the set of elements of Vs of order 7.

The main result of this section is Proposition [I4.4.1] below. This is a straightforward

consequence of Proposition for unipotent elements and Proposition for
semisimple elements. In order to justify the reason why these bounds are close to the

best possible we shall produce explicit elements whose fo-values are close to the upper
bound stated; see Proposition [14.4.6] for the unipotent case, and Proposition [14.4.14

for semisimple elements.

Proposition 14.4.1. Assumer # 2. Let x € HNV,,. Then
s

fQ(m)Sl_n—i—Q

Remark 14.4.2. We can easily derive a bound using Theorem and Proposition
Let x € HNVs,. Then

dim z¢ 2max{s(n —s), 5}

2dimQ — n(n + 2)
using Theorem and Proposition thanks to which dim2® > max{s(n —
5), "5’ }. Observe that max{s(n — s), 5’} = s(n — s) for s < § and % for s > 7.

fa(z) <1
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However, in the following we shall use different methods to obtain bounds and prove

that they are close to best possible.

We record here some conditions on v(z), for x € H of prime order.

Proposition 14.4.3. Let x € H be of order r. If r = p, then v(x) is even and
n
2 < v(z) <n—2 LfJ
<v(x)<n o
If r # p then

2§I/(;U)§’I7,—L%J—1

Moreover, if v(z) is odd then v(xz) > n/2.

ProoOF. If z € H is unipotent we have already remarked in Section [13.2.1] that
v(z) is even. The bounds on v(z) follow by arguing that the prime order elements with
extreme v-value are [J3, J ™4, [J2%,J2] € H, where n/2 = ap + b.

Similarly, we deduce bounds on v(x) for x semisimple of prime order r. Observe that

if () is odd then the eigenvalue with the largest eigenspace is w® # 1 for some i > 0.
Hence v(z) < n/2. g.e.d.

14.4.1. Unipotent elements. Let s < n even. We write n = a(n — s) + b, where

0 <b<n-—sandbis even. Here we assume p # 2, we study involutions in Section

147
Proposition 14.4.4. Let x € HNVy,. Then
(n—"0)(s+b)+s

<1-
fal@) n(n + 2)
ProOF. Up to G-conjugation we have z = [Jp?,...,J{'], where each a; is even.
Using Theorem [5.2.1] we compute
(100) dim 2 = 2 dim y@ln/z 4 1~ 2ei 0dd @ ZZZ’ 0dd % > 9 dim y@lwz 4 %

where y = [Jg”/2, cey Jlal/Q] € GL, /5. Note that v(y) = s/2. For all y € GL,, /5 of order
p,

b n—s—b

dimy©ln/2 > dim[J2,, J, 2 b2

a

by Lemma, and Example Again, by Theorem we have

b n—s—b —
dim[JCfH,Ja 2 ]GLn/2 — (n b)(3+b)

4
Therefore, by Proposition [7.1.8 and Theorem [7.2.5] we have
3 G 1 GLn/2 s
fg(ﬂ:)ﬁl—dm,ax < _2d1my. + 35
2dim 2 2dim 2
b n—s—b
o1 4dim[J; o ® [GLn/2 4 5 4 (n—">0)(s+b)+s
- 4dim B n(n + 2)

Corollary 14.4.5. Let x € HN Vs ). Then

fa(z) <1 -

S
n+2
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PROOF. It is enough to observe that the upper bound in Proposition [14.4.4] is
maximal for b € {0,n — s}. g.e.d.

In the following we show that the bound given in Proposition [14.4.4] is accurate.
Proposition 14.4.6. Assume p # 2. There exists v € H NV, such that

(n—0b)(s+b+s 2

falz) 2 1~ n(n + 2) n+2

PROOF. Write n = a(n—s)+b, where 0 <b <n—seven. Let x =[J}, |, JI 57" €
H. Notice that s < ng%f. Hence a+1 = LnﬁSJ +1< 2= +1 < p. Therefore z € V.
Notice that o = [J5, J;' *] if s < 2. Write U for the bound in Proposition [14.4.4] then

by that proof,

4dimz° + s
4dim Q2
Therefore, since dim(z% N H) = dim 27" (see Proposition [13.2.2)), we have U — fq(z) =

U=1-

dim de;i%m o 1 di‘jn q- An easy computation shows that dim 28 —2dim zf° = n9 <
5, where § = b if a is even and 0 = n — s — b if a is odd. In particular,
2 S 2
U — <
Jalw) < n+2 nn+2)  n+2
g.e.d.

Remark 14.4.7. The bound deduced in Corollary is close to best possible.
(n—b)(s+b)+s n—s
n(n+2) 2

and it is symmetric in b. For example, if b = 0 then n = (n — s)a and fo([J7™°]) =
1-—- ~1—

Indeed, as a function of b, the upper bound 1 — is maximal when b =

s _ _ _85 _ _Ss
n+2 n(n+2) n+2°

14.4.2. Semisimple elements. Assume r # 2. We shall study involutions in
Section Then, up to the centraliser structure, x € G of order r is G-conjugate to
one of the following

(a) L, (w,w N Igyp,. .., (w,w™h)

(101) =
(b) [Iaou (OJ, w_l).[n—s, (UJ, W_l)zlaz, ey (w,w‘l)

where a; < n — s for all 3.
In this case we explicitly construct elements in H NV, with maximal fo-value.
Assume s is even if s < %, see Proposition [14.4.3l Let n = (n — s)l + m with
0 <m < n —s. We define elements 21,29 € H NV, as follows:

I, A, (w,w 1)%1%] s even [ odd
(w,w™ )%Infs+m] s even [ even
2

(102) 2 =

[

[In 57

[In s— 1, (W,W_l)%lmi-&-l] s odd [ odd
2

"

In S— 1, (W,W_l)%ln—s-ﬁ—m-‘rl} s odd | even
2
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where A = [(w,w ), ..., (w,wil)Ll_TlJIn_s]. And

(103) (B, (w,w‘l)%"'llg] [ even
103 Z2 =
B, (w,w*l)”%fnfs;m] I odd

where B = [(w,w )1, ..., (w,w‘l)LéJIn,s].

It is straightforward, with the upper bound on v(x) given in Proposition to
check that l+71, é, % +1< T;—l
Claim. Let y € HNV;,. Then fo(y) < max{fa(z1), fa(z2)}.

We shall prove this claim in Proposition [14.4.13] For convenience we delegate the

technical part of the proof to Lemmas [14.4.9H14.4.12

Lemma 14.4.8. Let © € HNV,,. Then either Cg(x) = Cg(z1),Cq(z2) or there
exists y = [Ipy,wlp,,...,w 1, ] € HN Vs, such that fo(x) = fo(y) and one of the
following holds

(i) bop =n — s,by = min{b; : b; # 0,7 > 0} and by = max{b; : by <n —s,i > 0};

(ii) by =n — s,by = min;{b; : b; # 0} and by = max;{b; : by <n—s} <n—s—1;

(iii) by = n — s,be = min{b; : b; # 0},bp = n — s — 1 and bg = max{b; : b; <

n—s,i>0};
(iv) by =n — s,bp = min;{b; : b; # 0} and by = max;{b; : b; <n — s};
(v) by =n — s,ba = min{b; : b; # 0} and by = max;{b; : b; <n — s}.

PROOF. If the centraliser in G of = is not isomorphic to that of z; or zo then it is

enough to relabel the eigenvalues of x, with a procedure analogous to that used in the

proof of Lemma qg.e.d.

For all the possible cases arising from Lemma|14.4.8 we shall define a suitable element
y € H NV, for which we prove fo(z) < fo(y).

For the first technical lemma we need the following terminology. Let x € H NV,
as in (101)) and assume ap = n — s. In view of Lemma |14.4.8] we may assume a; =
min;>o{a; : a; # 0} and as = max;~o{a; : a; < n — s}. Observe that if C(z) is not
isomorphic to Cg(z1) or Cg(z2) then as —a; > 1. Let us define

r—1
(104)  y=[In_s (w,w ) oy 1, (W, w D2 Tayi1,. .., (w,w_l)TIar;l] e HNVs,

2
Lemma 14.4.9. Let x € H N Vs, with ap = n — s, ay = min{a; : a; # 0} and
az = max{a; : a; < n—s}. Assume a1 < az and definey € HN Vs, as in . Then

fa(z) < faly)

PRrOOF. Using Proposition [14.3.3| we compute fq(z), fo(y). Thus we have fq(z) <
fa(y) if, and only if, 4(ag — a1 + 1) + d(z) — d(y) > 0. Recall that d(z) = [{i €
{1,...,7 — 1} : a; odd}|. Then d(z) € {d(y) + 2,d(y),d(y) — 2}, depending on the
parity of a; and as. In particular, 4(ags — a1 +1) +d(z) —d(y) > 4(az —a1 +1) —2 > 0,

since ag —aq > 1. g.e.d.
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Remark 14.4.10. Notice that the case (v) in Lemma [14.4.8] is very similar to (i).
Here, we would define
(105) Y = [Lug, (W, w D gy (w,w )2y 1, (wy,w )3 iy, € HO Vs,
and the proof that fo(x) < fq(y) is entirely similar to Lemma [14.4.9

Let x € Vs, as in (101)). Assume, now, that w has the largest eigenspace, so that
s > n/2. Thanks to Lemma [14.4.8) we may assume ag = max;{a; : a; < n — s} and
ay = min;{a; : a; # 0}.

If ag < n — s — 1 then we define

(106) Y = agt2, (w,w™ ) s, (w0 ) g1, .o (w0 ) 2 I, ]

If, instead, ag = n — s — 1 we may assume a3 = max;~o{a; : a; <n — s}. We define

r—1

(107)  y = [Lay, (W, w DN, (wy,w )21y 1, (W, w 2 ayit, ..o (wy,w™) 2 Io,_,]
2

Lemma 14.4.11. Let x € H NV, with ap = max;{a; : a; <n—s},a; =n—s and
az = min;{a; : a; # 0}. Define y as in ifap <n—s—1 or ifag=n—s—1.
Then

fa(z) < fa(y)

PrROOF. First, assume y is as in . Then using Proposition we compute
fa(z), fa(y). Thus we have fqo(z) < fo(y) if, and only if, 4(ag—az2+3)+d(x)—d(y) > 0.
We see that d(x) = d(y) £ 1, depending on the parity of ay. Thus 4(ag — az + 3) +
d(x) —d(y) > 4(ap — az + 3) — 1 > 0, since ag > as.

Now, assume vy is as in . Again, by Proposition we compute fo(z), fa(y).
We see fo(xz) < fa(y) if, and only if, 4(ag — az + 1) + d(z) — d(y) > 0. We have
d(z) € {d(y) + 2,d(y),d(x) — 2} depending on the parity of as,as. In particular,
4(ag —ag + 1)+ d(z) — d(y) > 4(az —az + 1) — 2 > 0, since a3 > as. g.e.d.

Now assume ag = min{a; : @ # 0}. Without loss of generality, thanks to Lemma
14.4.8] let a3 = max{a; : a; <n — s},az =n — s. We define
r—1

(108) y = [Lgg—2, (w,wil)lahq, (w,wil)zfn_s, . (w,wil) 2 Ia%]

Lemma 14.4.12. Let v € H N Vs, with ap = min{a; : a; > 0}, a1 = max{a; : a; <

n— s} and ap < a1. Define y as in (108). Then fo(z) < fo(y).

PRrROOF. Using formula we compute fo(z), fa(y). We have fo(x) < fo(y) if,
and only if, 4ap — 4a1 + 2 + d(z) — d(y) > 0. Since d(z) = d(y) + 1 depending on
the parity of ay, we have 4ay — 4a; + 2 + d(z) — d(y) > 4ag — 4a; +2 — 1 > 0, being
ai > ag. g.e.d.

Proposition 14.4.13. Let x € HNV;,. Then fo(r) < max{fa(z1), fa(z2)} where z;
is defined in and zo in .

PrROOF. With the same argument as in Lemma [14.3.13| we see that, depending on
the conditions on the multiplicities of the eigenvalues of x, we have fq(z) < fo(z1) or
fa(z2). Indeed, assume that the centraliser in G of z is not isomorphic to the centraliser
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in G of z1 or z, then there exists y, as in (104)—(108) such that fo(z) < fa(y), by
Lemma (14.4.9) {14.4.11| or [14.4.12, If Cq(y) = Cg(z1) or Ci(z2) then we are done.
Otherwise, we construct y’ such that fo(y) < fo(y'). Eventually, in a finite number of
steps we have fo(z) < fo(y) < ... < fa(z1) or fa(z) < fa(y) < ... < fa(z2). Notice
that zy arises from repeatedly applying Lemma [14.4.12 g.e.d.

Recall that 6,5 = 1 if b | a and d4, = 0 otherwise.

Proposition 14.4.14. Letx € HNV;,. Writen = (n—s)l+m with0 <m <n —s.

Then

s m(n—s)—m?
(109) fﬂ(:ﬁ)ﬁl—ﬁ—m

In particular, the conclusion of Proposition holds.

ProOF. By Proposition |14.4.13] we know that fo(x) < max{fq(z1), fa(z2)} for
all x € HNVs,. Hence, we need to compute fq(z1) and fo(z2) using the formula in

Proposition [14.3.3] We use Mathematica for the following calculations.

Case 1. Assume s even and [ odd. Then

s mn—s—"2)+2(1—dmu)

m(n—s—"3)+2(1—0m;4) m(n—s)—m
n2(n+2) > 2n(n+2)

2
and > 0, since m < n — s.

Case 2. Assume s even and [ even. Then
s (n—5)" =m*+4(1 = dn—simu)

(111) Ja(za) =1~ n 2n(n +2)

(n—8)2—m2+4(1—8p—stmsa) > m(n—s)—
2n(n+2) 2n(n+2

and 7)”2 > 0.

Case 3. Assume s odd and [ odd. Then

(112)
folr) n2—ns—m(n—s)+#+m—’;‘:§—2(1—5m+1;4)
Z =
2 n(n +2)
5 (n—s)(m+2)_#_m+T;;’?+2(1—5m+1;4) _1_5_6,
N n n(n + 2) N n

and we see that

,_2mn—5)?%-—m?n—s8)+(n—-—m) mn-s2-m?(n—-s) mn—s)—m?

- 2n(n +2)(n — s) ” 2n(n+2)(n—s)  2n(n+2)

the first inequality follows from an easy computation and the fact that d,,41.4 > 0, for

the second one we use n — m > 0.

Case 4. Assume s odd and ! even. Then

n?2+2n+m?+2m—s%—25+3 22" _4(1 — 6p_simr1)

(113)  Jala) = TR

s (n—s—1)(n—s+3)—m(m+3) _q,_ 3
n 2n(n +2) n

!/
— €

—1—
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And we compute

6,:m(n—s)—m2+(n—s)2+2(n—s)—m(n—s)—3(m+1)
2n(n + 2) 2n(n + 2)

(n—s)2+2(n—s)—m(n—s)—3(m+1)
2n(n+2)

it is monotonically decreasing in m and for m = 0 it is positive. In particular, we have

and it is easy to see that

> 0, one way is to observe that

s m(n—s)—m?

falz) < 1—=o = on(n + 2)

Finally, let us compute fq(z2) for zo defined in (103]).

Case 1’. Assume [ odd. Then
B s (n—s8)(n—s+4)—m?+1(1—0s2)+2(1 — Sna)

Clearly, (109) holds in this case, as well.

Case 2. Assume [ even. Then

_ S 2(n_5)(m+2) _m2+(l_ 1)(1 _68;2)"’_2(1 _671—5 m;4)
(15) folm) =12 - ity :

Clearly, (109) holds in this case, as well. g.e.d.

Remark 14.4.15. The best possible bounds, thanks to Proposition [14.4.13] are given
in (TT0)(TTF).

Let us denote by U the bound given in Proposition Let us bound the
difference U — fq(z;), for i = 1,2, in some cases.

For fqo(z1) as (110]) we have

U— fa(z1) <

m(n — s) N 2
2n(n+2) nn+2)
In particular, for small values of m the difference U — fq(z1) is very small. In general

2(77:(;1);) + n(n2+2)' If’ for exa’mplea s > n— \/ﬁ then

we can write U — fq(z1) <
U= fol21) < gy + ey
For fo(z1) as in (111]) we have

(n—s—m)(n—s) 2
U - <
fa(z1) < 2n(n + 2) n(n + 2)
In this case the difference is small for large values of m, for example if m =n — s —1

we see U — fqo(z1) < 2n’(:j2) + n(n2+2) < 2(n1+2) + n(n2+2)' In general, as before, we have

n—s N .
U-— fa(z) < Q(n(nJr)Q) + n(n2+2). So, if s > n —y/n then U — fq(z1) < m + ﬁ
Now, assume fq(z2) is as in (114)). So
(n—s)(n—s+4—m) [+ 2

U - <
falz) < 2n(n + 2) 2n(n + 2)
as the previous case, also here we see that for large values of m the difference is very
(n—s)? 2(n—s) 142 (n—s)? 2(n—s) 1
small. Tn general, U — fa(22) < iy + amre) T 2nr) < 2amt2) T a@ro) T 20

3

n

Again, if s > n — y/n we easily compute U — fq(22) <
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S

Further let us observe that the upper bound 1 — 2
In fact, if m < y/norm>n—s—y/n—s we have

m(n —s—m) < Vn—s(n—s—+/n—s) _ n(yv/n —1) _ 1
2n(n+2) — 2n(n + 2) 2n(n+2)  2y/n

is a good bound in several cases.

In general,
m(n —s—m) (n —s)? 1
2n(n+2) ~ 8n(n+2) ~ 8(n+2)
where the last inequality follows if we assume s > n — /n.

14.5. Local lower bounds

In this section we derive lower bounds on fo(x) for x € H NV,,. We assume r # 2,
see Section [13.2.3| for involutions. The main result of this section is the following.

Proposition 14.5.1. Let x € H N Vs, with r # 2. Then

s(2n—s)+e
n(n +2)

where € = 2s if r # p and e = n + 1 otherwise.

fa(xz) >1-—

We first study elements of order p. We derive a lower bound in Proposition [14.5.2
Then, in Proposition [14.5.3] we show that the bound is close to the best possible,

constructing an element x € H NV, such that fo(z) is close to the lower bound.

For elements of order r # p we use the same strategy as in Section [14.3} we define
a class of special elements in Vs ,, see Definition then we show that any special
element realises the best possible lower bound.

14.5.1. Unipotent elements. Let x € H NV,,. Then up to G-conjugacy we
have x = [J,7, ..., J{'] where each a; is even, > .ia; =n and s =n — Y, a;.
Proposition 14.5.2. Let x € HNVy,. Then

n+1 s(2n — s)

Jal@) 21— n(n+2) n(n+2)

PrOOF. According to Proposition [14.2.2] we have

f (x) 221<] ZCLZCLJ +Z,L Za? +2Z’L odd a; ’I’L(’I"L—|— 1) — 2d1mmG +ZZ odd 473
Q = -

n(n + 2) B n(n + 2)
n(n + 1) — 2dim 2¢ - n(n+1) — (2ns —s2 +1)
n(n + 2) - n(n + 2)
n+1 s(2n — s)
T nin+2) n(n+2)
where the final inequality follows from Proposition [5.4.1 g-e.d.

In fact, the bound of Proposition [14.5.2]is close to the best possible.

Proposition 14.5.3. Let s be an even integer such that H NV, # 0. Then there
exists v € H N Vs, such that

1 s(2n — s)
falz) < 1+ n(n+2) n(n+2) te
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otherwise.

where e =0, if s < 2p — 2, (mde:n(n_i_;i;)(p_l),

PROOF. Let z = [J2,,,J} 2], thus v(x) = s. Clearly x € H. Using Proposition
T2.2.9} we have ’

n?+2n —2ns + s — 4+ 4(1 — Os42:4) s(2n — s) + 495424

et et 1
Ja() n(n + 2) n(n + 2)
Let ¢ is the bound in Proposition A straightforward computation leads to
n+1 1
< T 2
falo) “nn+2) n

Note that = has prime order if, and only if, s +2 < 2p.
For the remainder of the proof let us assume s + 2 > 2p. Define h = min{i > 0 :
# +1i—ip < p}. It is clear that
S S
S T P
2(p—1) 2(p—1)

Hence, x has prime order if, and only if, h = 0. In the case h > 0 we define

2h 72 n—s—2h—2
z = [Jp 7J%+1+h—hp7J1 ] EHOV&p

For convenience we denote o = § + 1+ h — hp. Notice that o < p, with equality if, and
only if h = ﬁ — 1. Using Proposition [14.2.2) and Mathematica, we compute

s(2n — s) 400:2 4g(h)

nn+2) nn+2) n(n+2)

fa(z) =

where g(h) := hs—h(p—1)—h%(p—1). Observe that in the case p = o we get the element

2 = [Jgh“,J{‘_S_Q_%] and using Proposition [14.2.2] we see that fq(z) = fo(2).

Therefore we have 1+ 4g(h)
n+1+4g
M)
falz) - nn+2)
We need to bound g(h). Observe that, in the case h > 0, we have h = Lﬁ - 1J =
Lﬁj — 1. Hence, for a = |52+ ]| we have g(h) = gla—1) =a(s+p—1) — s —

2p=1)
a?(p—1) < Q(ﬁ —-1) = 151y Therefore
1 Ag(h 1 §
fQ(x)—f§*+L<*+ :

n nn+2) " n nn+2)(p-—1)
g-e.d.

Remark 14.5.4. If v € H NV, and s > 2p — 2, then p < n/2 and, by Proposition
14.4.3] s < n — 2. So by Proposition [14.5.3] ¢ = Wj(p—l) < zﬁ' Hence, for large
values of p the bound in Proposition [14.5.2|is accurate.

14.5.2. Semisimple elements. Let x € HNV;, as in (101)). Notice that we may
assume s < n — 2, because if v(z) = n — 1 by Proposition we have fq(x) = 0.
We shall prove the following result.

Proposition 14.5.5. Assume s <n —1. Let x € H N Vs,. Then

. s(2n —s) + 2s

falz) 2 n(n +2)
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Remark 14.5.6. Assume r = 3 and let « € V,3. Then, up to conjugation, z =
[In—s, wI% , w‘llg] or [Ios—p,wlp_s,w 11, ). Notice that the second element may occur
only for s > n/2 and, if s > n/2 is odd, only the second element occurs. Moreover, in

all cases s < %n

The following is an easy computation using the observation in Remark [14.5.6
Proposition 14.5.7. Let x € HNV;3.

(i) If s <n/2 is even, then

s(2n—s) 4s— s+ 4(1 — ds4)

Jalw) =1- nn+2) 2n(n + 2)

(ii) If s > n/2 is odd, then

~ 3n? —2n+ 65 — 8ns + 45 — 2(1 — d,;2)
N n(n + 2)

fa(z)

(iii) If s > n/2 is even, then

1— s(2n—s) 45—52+4(1—35,4)

. n(n+2) 2n(n+2)
) > min
fQ( ) - 3n2—2n+6s2—8ns+4s
n(n+2)

In particular, the conclusion of Proposition holds.

For the remainder of this section we may assume r > 3. In order to find sharp lower

bounds on fo(x) for x € H NV, we use the same argument as that given in Section

M43l
Let z € HNV,,. Assume, for some h € {0,..., T;Zl}, dimV , =dimV,» =n —s.
Definition 14.5.8. We define x € V;, to be special if |a; —a;| < 1 for all 4,5 # h,r—h.

Claim. Let z € H NV, ,. Then fo(x) > fa(z) for some special element z € H N Vs ..
If z € V,, is not special, then |a; — a;| > 2 for some 1, j.

Lemma 14.5.9. Let v € H N Vs,. Then either x is special or there exists an element
y = [Ipg, wlpy, ..., w" 1Ly, ] € HNVs, such that fo(z) = fo(y) and one of the following
holds
(i) bp =n — s,by —be > 2;
(ii) bp <n—s,by =n—s,by— by >2;
(iii) bo <n —s,by =n —s,by — by > 2;
(iv) bo <n —s,by =n—s,by —bg > 2.

PrOOF. Asin Lemmal[l4.3.11]and [14.4.8]if x is non-special we define y by relabelling

the eigenvalues of x. Let us give the details for (ii) and (iii), the other cases are very
similar. Assume z is non-special, ag < n—s,a; = n—s and |ag — a;| > 2 for some j # i
and i,j < "5, We define y = (I, wla,, w?lo,, ..., w' s, wila,,...] € HNV,,. Notice
that, by Proposition fa(x) = fa(y). g.e.d.

If x € H NV, is non-special, then, in view of Lemma ({14.5.9, we may substitute x
with an element of H NV, for which one of the four different cases (i)—(iv) occurs.



148 Part 3. Chapter 14: Symplectic group

Case 1. ag = n — s and a; — as > 2. We define

(116) y= [In,s,(w,w_l)lal,l,(w,w_1)2la2+1,(w,w_1)3]a3,...,(w,w_l) 2 1o, ]
2

Case 2. ap < n — s and a; = n — s. Here we have two sub-cases, either |ag — ag| > 2

or |ag —ag| > 2.

Case 2a. If a9 — as > 2 we define

(117)  y = [Lag—2, (w,w_l)ln,s, (w,w_1)21a2+1, (w,w_1)3la3, ey (w,w_l)

Case 2b. If as — ag > 2 we define

(118)  y = [Tags2, (w,w s, (w,w )2y 1, (wy,w )2y, .o, (w0

Case 2c. Assume |ag — as| > 2, without loss of generality we may assume ag —ag > 2.
Define
(119)

y= [Iam (w, wil)In—Sv (w, w71)21a2_17 (wvwil)gla:s-i-l? (w7w71)41a37 AR (ijfl) 2 Iar—l]

Using this notation, with an easy computation similar to Lemma [14.3.12| we can

prove the following.

Lemma 14.5.10. Let x € H NV, be non-special. Definey € HNV,, as in @),
(117), (118) or (119). Then

fa(z) > faly)
Now, iterating the construction of Lemma [14.5.10| we deduce the claim.
Lemma 14.5.11. Letx € HNV;,. Then

fa(z) = fa(z)

for some special element z € H N Vg,
PrOOF. The same argument as in Lemma [14.3.13| applies. g.e.d.

Let us give a general description of the special elements in Vi ..

For any s even we write s = a(r — 1) + b with 0 < b < r — 1, notice that b is even

since r — 1 is even. The following is a special element

b

(120) & = [Tn—s, (@, w0 ) ast, . (@, w )2 Loy, (wow L, (w0 T

2 Ia]

For s > 5, even or odd, let 2s —n = a(r — 2) 4 b, notice that a = b (mod 2). If a is
odd then a special element is given by

(121)
_ _ .\ bt 1\ 043 1 r=1
z=[Ig+1, (w,w 1)In_s,(w,w 1)2Ia+1,...,(w,w 1) 2 ot (W,w 1) 2 gy, (wyw 1) 2 [,
Similarly, if a is even then
(122)
7= [Ip, (w,w Vs, (W, 0 ™ 2 La1, . (w, 0 )2 o, (w0 )32, (w0, w0 L]

The following is clear.
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Proposition 14.5.12. Let x € H NV, be a special element. Then Cg(z) = Cq(Z),

where T 15 as in @—, above.
Remark 14.5.13. Let s > n/2 odd. Then all the elements in Vs, have the w'-

eigenspace of dimension (n — s), for some i > 0. Therefore, up to the centraliser
structure a special element z is as in (121)) or (122)). However for s > n/2 even in V ,

there are special elements of any type as (120]), (121)) or (122)) according to the right

divisibility conditions.

In the latter case of Remark [14.5.13] Lemma [14.5.11] does not say which of the
elements in ((120)), (121) or (122]) realises the lower bound. However, it is not hard to

compute fo(Z), using Proposition [14.3.3

For simplicity we divide the analysis depending on the value of a. First we study the

case a = 0, then the case a > 0.
Assume a = 0 so that » — 1 > s,2s — n, respectively for (120]) or (122]). Hence, for x
as in ((120) we have, using Proposition |14.3.3
_ s 2s5(n + 1) — 52
fQ([In_37 (W,W 1), ey ((JJ,(JJ 1)2]) =1- ("’L('n—|—)2)
For z as in (122)) we have
_ _ Cs_n 2(n — 5)% — 2(1 — d,.
O N B
Lemma 14.5.14. Assumer —1 > s if s < n/2 and r — 1 > 2s — n otherwise. Let
x € HNVs,. Then

s(2n —s) + 2s

folz) 2 1= n(n 4+ 2)

ProOOF. By Lemma [14.5.11] fo(x) is minimal when x is special. By the above

2s5(n+1)—s 2(n—s)2—2(1—6s2)
{1 - 81?11,—‘,—2 ’ — Sn(n+2) : } The

result follows by computing the minimal element of the previous set. g.e.d.

computation if x is a special then fQ

In the case a > 0 it is still possible to compute fq(Z) in the three cases we are

interested in. Set { =1 — %

Case 1. Assume zx is as in |i and r — 1 < s, so that a = LT_%J > 1. Using
Proposition we have
2(n—8)+(n—38)2+(a+1)%b+a*(r —1—b) — d(x)
n(n +2)
and d(x) = b if a is even or, r — 1 — b for a odd. Using Mathematica, we simplify
2s(n+1) N rs? — b2 —¢e(r—1)
n(n + 2) n(n+2)(r—1)

where € = 0 if a is even and € = r — 1 — 2b for @ odd. This expression is minimal when

fa(z) =

(123) falz)=1-

either b = 0 if a is odd, or b = r — 1 for a even; in both cases

2s(n+1)  rs?—(r—1)>2 2s(n+1) —

fo(z) >1— nn+2) nn+2)(r—1) 7W
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where the final inequality follows by observing that the second expression is minimal

when r — 1 = s.

Case 2. Now assume z is as in (i with a = LQ:__Q”J >1,ie. r—2 < 2s—n.
Then, using Proposition [14.3.3| we have
(124)
b2+ 2b(r — 3) +n?(2r —3) + n(ds —4rs — 2) + 2rs? — (r — s)2 +4s — 2(1 — b,2)

Jalz) = n(n+2)(r —2)
S n?(2r —3) + n(ds — drs —2) +2rs? — (r — 5)% + 45 — 2
- n(n+2)(r—2)

(fa(x) is minimal when b = 0). Moreover, differentiating with respect to r — 2 we see

that it is minimal when r — 2 is maximal, i.e. » — 2 = 25 — n. Thus

3 4p2 2 _9¢3 _
folz) > 2(n® —4n®s + 5ns® +n — 2s° — 25 + 1) _0
n(n +2)(n — 2s)

2
At this point it is not hard to see that {1 > ¢ =1 — %

s =n/2 so that z = [wI, /270071[” /2] the claimed inequality quickly follows. Then we

. In the particular case

assume s > n/2 and we proceed as follows. First we compute ¢;—¢, then we differentiate
this difference with respect to s and we see that the first derivative is always positive
and (6; — €)[s=z 11 = 0. Using Mathematica, we get

n3 —4n?s — 2n% + 5ns? + 6ns + 2n — 2s° — 452 — 4s + 2
n(n+2)(n — 2s)

(b= £)(s) =
Differentiating with respect to s we have

2
0 —10)(s) =
(6 =) n(n + 2)(n — 2s)
It is not hard to see that (¢; — ¢)’(s) is always positive. Finally it is a straightforward
computation to check that ({1 — £)|s=n > 0.

5 (—n® +n?(5s + 1) — 4ns(2s + 1) + 4s° + 45> + 2)

Case 3. Take x as in 1D and assume a = LQ:’%Q"J >1,ie r—2<2s—n. Then,

using Proposition [14.3.3 with the fact d(z) = b+ 2(1 — §,;2) and a = 2252 we have

2a +2(n—8)? +bla+1)2+ (r —b—2)a® —d(z)
n(n + 2)
—2b — 2n — 2bn — 3n? + br + 2n°r + 4s + 4bs + 4ns — 4nrs + 2rs?
n(n+2)(r —2)

fa(z) =

(125) =

In particular,

(126)
—2n — 3n? + 2n?r + 4s + 4ns — 4dnrs + 2rs?
fo(z) =
n(n+2)(r —2)
S —2n — 3n? + 2n%(2s — n + 2) + 4s + 4ns — 4ns(2s — n + 2) + 25%(2s — n + 2)
- n(n+2)(2s —n—2)
2n% — 4ns — n + 2s% + 25 + 2
n(n + 2)
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where the first inequality is due to the fact that fo(z) is minimal when b is minimal.

The second inequality follows from the fact that (126]) is minimal when 7 is maximal,
—n 4n(4s+2)—4s(s+1) <0
n(n+2)(r—2)2

(differentiating (|126]) with respect to r, we get ). Then, using

Mathematica we see that
2n? — 4ns —n + 25?2 + 25 + 2 B (1_ 2s(n—|—1)—82> _(n—s)?—2n+4s+2 >0
n(n + 2) n(n + 2) B n(n + 2) -

We have just proved the following.

Lemma 14.5.15. Assume r — 1 < s orr — 1 < 2s —n in the above cases. Let
x € HNVs,. Then
2s(n+ 1) — s

n(n + 2)

We deduce Proposition from Lemma and Lemma The best
possible bounds are given in ((123)), (124]) and (125]).

Remark 14.5.16. The bound is the best possible. In fact as shown in Lemma
special elements realise the bound.

fa(z) 21—

14.6. Further comments on local bounds

Using Propositions [14.4.1] and [I4.5.1], we have the following.
Proposition 14.6.1. Assume r # 2. Let x,y € HNV,,. Then

s(n —s) 1
nn+2) n+2

|fa(z) — fa(y)] <

Remark 14.6.2. Notice that if s < \/n or s > n—y/n then fL((Z:;)) < ﬁ In particular,

by Proposition (14.6.1| for all z,y € H NV, we have |fo(z) — fa(y)] < %

14.7. Involutions

The main result of this section is the following.

Proposition 14.7.1. Let x € G be an involution with v(z) = s. Assume 2% N H # .

Then for (s,p) # (n/2,2) 2s(n — s)
fa(z) =1- n(n+2)

In addition, if p = 2 then x is an as-involution.
If (v(z),p) = (n/2,2) then
1

2 1 2
falanse) = 5+ ——1 falbn2) = falens) = 5 = o

We prove Proposition [14.7.1] in Section [14.7.1] for the case p # 2 and Section [14.7.2
when p = 2. We quickly deduce bounds on fq(z) for z € H an involution.

Corollary 14.7.2. Let x € H be an involution. Then either n > 4 if p =2, and

4 16
fQ(:C)§1*H+m
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or (n,p) = (4,2) and fo(x) < 5/6. Furthermore, equality holds if, and only if,
(n,p,x) = (4,2,a2) or if v(x) =2 in the remaining cases. In addition,

1
fa(z) > 3 +ep
where € = WI&M if p# 2 and € = — =5 if p= 2. Furthermore, equality holds if, and

only if, v(xz) € {n/2,n/2 — 1}.

PrROOF. We have that fq(z) is decreasing for s in [1,n/2]. Therefore fo(x) >

fo(lln/2; —1n/2]) when n/2 is even, and fo(z) > fa([l,/241, —Inj2—1]) for n/2 odd.
Using Proposition we compute

n 1 1 1

fQ(lIn/Qa _In/Ql) =1- m = 5 7 fﬂ(l n/2+1> — n/271l) = 5 + E
In the case p = 2 a direct check shows that fQ( ) > l — m with equality if, and only
if, z = by, /3 or ¢, 5. Similarly for the upper bound. g.e.d.

Remark 14.7.3.
(i) Recall that fo(z) <1— =5 for all z € G of odd prime order (see Proposition
[14.1.1). In View of Corollary m we have that for any € H (of any order),
falz) <1-2 —|— n(n+2) with equality if, and only if, [[,,—2, —I2] or as. By

Corollary m, 7.1.11], Theorem [12.1.1] follows.
(ii) For any element x € H of odd prime order r # p we have, by Proposition

m, fa(x) > ; — €. This bound still holds for involutions, when p # 2.
However, the best possible lower bound, for r = 2, is given in Corollary [[4.7.2]

with a characterisation of elements that realise it.

(iii) If p = 2 then the bound given for p # 2 in Proposition |14.2.1] does not hold.
In fact for involutions we have fo(z) > 3 — ni+2

14.7.1. Semisimple involutions. Assume p # 2. Let x € H be an involution.
Up to conjugation, x = [[,,—s,—Is]. Then, by Theorem dimz® = s(n — s).
Assume z € H°, so x = [r1, 23], with 1 = a:2t. Therefore T = Ty = [ID,—I%].
Further, if s < n/2 then dim(z“NH) = dim 2" = £(n—s), see Proposition [13.2.13(i).
Now suppose s = n/2. If n/2 odd then there are no involution in H \ H°, by
Proposition [13.2.8] Let n/2 be even. The same result shows that there is only one
conjugacy class of involutions, whose representative is 7 = [K, 72, Ky /2]7', defined in

(85)-

PROOF OF PROPOSITION [I4.7.1] As said above for z = [I,,_s, —I ] with s < n/2
we have dimz% = s(n — s). Moreover, if s < n/2, thanks to Proposition we
have ¢ N H = 2°. So dim(z“ N H) = $(n—s). Using Proposition we compute
fa(z) =1 -2 (&),

If n/2 is even and s = n/2, we may write * = [I,,/, —I,,/2]. Then, by Proposi-
tion 2N H =28 Urfl® where 75 = [B,...,B]r and Cye(m2) = SPn/2, by
Proposition Therefore

2 77,2

8

dim " = %, dim 77° = dim H° — dim Cpye (1) =

>3
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Thus, we conclude that dim(z% N H) = dimzf° = %2. In particular, (&) computed

above holds in this case, as well. g.e.d.

14.7.2. Unipotent involutions. Here we assume p = 2. Let x € H be an
involution. If v(z) = s < n/2 then %N H = 2% N H°, by Proposition [13.2.13(i). And,
by Lemma x is an as-type.

If s = n/2 there are two cases depending on the parity of n/2. If n/2 is odd x is
b 2-type and % N H = 7° (Proposition (11)) If n/2 is even there are two
different G-classes of involutions: aff/Q and 05/2. And, Proposition (ii) yields

aC )y VH = [73/47° U (B, ... BIr)"" and ¢§, 0 H = r''° where B is as in .

PROOF OF PROPOSITION [[4. 7.7l Assume s < n/2. Then, as remarked above x is
as-type. So, dimz® = s(n — s) and dim(z% N H) = dim[J§/2, J{L/Q_S]HO = 35(n—s), by
Theorem Therefore, using Proposition and the formula for dim 2 given in

Table [13.1.1) we get
2s(n — s)

=1
Ja(@) n(n + 2)

If s = n/2 is odd, then z € bg/z and 2¢ N H = 78" moreover Cpo(7) = SPn /2,
by Proposition [13.2.14] Therefore, by Proposition dimz% = n(n + 2)/4 and
dim 77° = dim H® — dim Cgo (1) = n(n — 2)/8. Thus fo(z) =1/2 —2/(n + 2).

Now assume s = n/2 is even. As stated above there are two G-classes of in-
volutions. If z is an a, ,-involution we have dimz® = %2 and dim(z¢ N H) =
max{dim[J§/4]Ho,dim([B, ..., B]7)H"}. We compute dim[J;/4]Ho =n?/8. By Propo-
sition[13.2.14, Car, , ([B, ..., BT) = Csp, , (b1). Sodim([B, ..., B]7)"" = dim GL,/,—
dim Cqr,, ,([B, ..., B]7) = g(n+2). Therefore dim(z°NH) = n(n+2)/8. Using Propo-
sition and the value of dim Q) in Table [13.1.1| we get fo(x) =1/2+2/(n+ 2).

If z is a ¢, jp-involution we have dim 2% =n(n+2)/4 and dim(2¢ N H) = dim 77" =

dim H° — dim Cpe (1) = n(n —2)/8, where Cyo (1) = Sp,, /2, by Proposition So
falx) =1/2-2/(n+2). g.e.d.






CHAPTER 15

Orthogonal group

Throughout this chapter the notation is as follows. Let G = O,, n > 4 even,
H = GL,/3.2 be a 63-subgroup of G. Set = G/H. The aim of this chapter is to
derive bounds on fq(z) for z € G of prime order.

15.1. Upper bounds

In this section we derive upper bounds on fq(x) for x € H an element of odd prime
order r. The main result of this section is Proposition below. For convenience,
the study of involutions is postponed to Section As usual, w € k denotes a
primitive r-th root of unity.

Proposition 15.1.1. Let x € G be of order r > 2. Then either

(127) fa(z) Sl—i‘f'm

or, 7 #p, n= 6,8, fo(z) <2/3 and fo(z) = 2/3 if, and only if Cq(r) = GL,, /5.

Furthermore, in equality holds if, and only if, v(x) = 2 or Cg(z) = Ca(z),
where T 1is listed in Table [15.1.1

n P r x

8 >2 =p [ 5]

8 >3 =p [ %]

10 #p [wls,w 3]
Table 15.1.1

Remark 15.1.2. The same observations made in Remarks[10.1.3land [14.1.21hold here.
Hence, in the next results we will only consider elements x € H of odd prime order r.

Remark 15.1.3. If n = 4 then we see that fqo([wlz,w 115]) = 1, This motivates the

choice to assume n > 4.

We spread the proof of Proposition [15.1.1]in a sequence of lemmas. In the following
we will assume r is an odd prime.

Recall that if © € H is a unipotent element then v(z) is even, see Section [13.2.1
Lemma 15.1.4. Let x € H be of order r. Assume v(z) = 2. Then fo(x) =1— % +

83r.p
n(n—2)°

PROOF. First assume z is unipotent. Up to G-conjugacy, = = [JZ, Jf*4], notice
that [J3,J0 3] N H = §. Hence, by Theorem and (78) we have dimz® =

2n — 6,dim(z% N H) = n — 2. So Proposition yields fo(z) =1— % + ﬁ.
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Now, consider semisimple elements. Up to G-centraliser, x = [I,,_2,w,w™!]. Using
Theorem and Proposition [13.2.7, we get dim 2% = 2n — 4,dim(z% N H) = n — 2.

Thus, fo(x)=1-— %. g.e.d.
Lemma 15.1.5. Let x € H be of order p > 2. Assume v(x) =4. Then
4 8
S T
Ja(z) < n * n(n —2)

Furthermore equality holds if, and only if, n = 8 and x € [J3]°.

ProOOF. Up to G-conjugacy, z is either [J2, Jf*6] or [J3, Jffg]. We denote these
two elements by x1, za, respectively. Then, we compute
8 16 8 32

1240 —1_2, 2
At this point it is straightforward to check that fo(z;) <1 — % - ﬁ fori=1,2
and equality holds if, and only if z = x2 and n = 8. g.e.d.

We now give a similar result for semisimple elements.
Lemma 15.1.6. Let z € H be of order r # p. Assume v(z) € {3,4,5}.
(i) If n > 10 then
folr) <1+
with equality if, and only if, n =10 and Cg(x) = GLs.
(i) If n =6 or 8 then fao(x) < 2/3, with equality if, and only if, Cq(x) = GL,, 5.

PrROOF. We list the elements © € H for which v(x) € {3,4,5}, together with

dim 2%, dim(2% N H) and fo(z) in Table [15.1.2 g.e.d.
v(z) x dimz® dim(z% N H) fa(z)

3 [wi3, w1 35] 6 4 2/3
4 g, wls,w1,)] 4n — 14 on—6 1-34 %
[[hg,w,w w2 w2 4n—12 2n — 6 1—%—1—%

[wly, w™t1] 12 8 2/3

(wly, w215, w? w2 10 6 1/3

5 (w5, w™ L] 20 12 3/5

[wlz,w 3, w2, w2 18 10 1/3

[I2,wl3, w1 5] 18 10 1/3

[w,w™, w? w2 W, w3 12 6 0

Table 15.1.2. Elements x € H of prime order r # p with v(z) € {3,4,5}

Now, we deal with the general case. Recall that if v(z) > a then n > a.
Lemma 15.1.7. Let © € H be of order r. Assume v(zx) > 6. Then

4 k1)
<12, S0rp
falz) < n + n(n —2)

with equality if, and only if, n = 8 and x € [J2]Y or Cg(x) = (GLg)2.

PRrROOF. By Proposition we have dimz®& > %n for n > 12, and dim z& >
6(n —7) if n < 12. Moreover Theorem implies dim(z¢ N H) <(3 + -L5)dim 2.
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Therefore, for n > 12,

1 1

f(a:)<1—2_6dime<1—%_"_2<5n)—l— > + 10
=T dimQ = dmQ \2/ " " n—2 " (n—2)2
Using Mathematica we compute, for n > 12
4 5 10 n? —4n — 16
1- == (1 - ) = >0
n n—2+(n—2)2 n(n — 2)2

If n < 12 we have fq(x) < 1-— L2(n=T7) 4 f((::;))Z. Again, using Mathematica, we have,

n(n—2)
for n > 10,

4 12(n—7) 6(n-—"17) 2(4n? — 49n + 97)
1- == (1 - ) = >0
n nn—2)  n(n—2)>2 n(n —2)2
In the case n = 8, the only unipotent elements in H (up to G-conjugacy) are
[J2], 73, J?), [J3], [J2, J}]. The only x with v(z) > 6 is [J3]. We compute
1 4 8
2
= — = ]_ — — _—

Similarly, up to centraliser structure, the elements x € H with v(z) = 6,7 are

2 -2 3 —3]

-1 -1 2 -2
SC:L:[IQ,LL),W W L,w W, W ) 1:2:[0'}]270'} -[270'}12)(*) IQ]

~1 2 -2 3 -3
x3 = [wl,w T, w* ,w = w’ w7

We compute fo(z1) = fao(zs) =0, fo(ze) =1/3 and fq(zs) = 1/6. g.e.d.
Remark 15.1.8. Lemmas [15.1.4] [15.1.5] [15.1.7] hold in characteristic zero for unipo-
tent elements. Indeed, in this case any unipotent element has infinite order and
2NH = 29NH°, see Lemma Moreover the analysis done makes no assumption
on the order of the elements in the unipotent case.

-1 2 -2 3 3 4 4
, T4 = |w,w Wt w W w w w Y

This completes the proof of Proposition [15.1.1 Once we have derived upper bounds
for involutions, thanks to Corollary (7.1.11] we deduce upper bounds for any = € G \
Z(G).

15.2. Unipotent elements: lower bounds

In this section we derive lower bounds on fq(z) for x € H of order p # 2. For
convenience we study involutions in Section [13.2.3] Recall that ¢ N H = 2 N H°.
Moreover, for z € H°, x = [x1, 2] ], by Proposition |13.2.2 Up to G-conjugacy we may

write x = [Jgp7 L JM], so @y = [Jgp/27 o JIU/Q].
Proposition 15.2.1. Let x € H be of order p # 2.

(i) If p < m/2 then fo(x) > 1/p. Moreover, equality holds if, and only if, n = ap and
z € [J9]°.
(i) If p > n/2 then fo(x) > WQ&M'
We shall prove Proposition [15.2.1]in a sequence of lemmas. First, for x € H of order
p, we give an explicit formula for fo(z), that quickly follows from Theorem and

Propositions [13.2.2] and [7.1.8
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Proposition 15.2.2. Let € G be of odd order p. Assume ¢ N H # (. Then

x € [Jp7, ..., I with a; even for all i and
230 iaia; + 3 0aF =230, 0qq @i
12 _ 1<J 7 Y% io0

Lemma 15.2.3. Let © € H be of odd order p. Assume p <n/2. Then fo(x) > 1/p.

PROOF. Let a(z) = n(n — 2)(fo(z) — %) We need to show a(x) > 0, which leads
to the result. Using Proposition [15.2.2and n =), ia;, we get

2 _
ala;) :QZiaiaj—i-Ziag— Z a; — n p2n

1<J % 1 odd
; N 2 . . 2.
SN (PRSP0 RE SRS SP (N (MO RE
1<j p i even p p i odd p p

The first two summands are clearly non-negative. Assume ¢ is odd and a; > 0. Then
ia;(1 — 1%) + % -2 = %(iai —2)(p —i) > 0. Therefore, the last summand is also
non-negative. The result follows. g.e.d.

In the case p < n/2 we can characterise elements which realise the bound.

Lemma 15.2.4. Let x € G be of odd order p. Assume p < n/2. Then fo(x) =1/p if,
and only if, n = ap and x € [JZ]°.

PROOF. Assume n = ap and z = [J7] (note that a is even since n is even). Then,
using Proposition [15.2.2] it is straightforward to compute fo(z) = 1/p.

Now assume z = [J,", ..., J{] € H and fq(z) = 1/p. Then, by the proof of Lemma
15.2.3] we have:

(i) tasa; =0 for all i < j,
(i) ia;(a;(1 — ]10) + 2%) = 0 for all ¢ even,
(i) a;(ia;(1—5) +27 —2) = 0 for all ¢ odd.
From (ii), we deduce that a; = 0 for all i even. Similarly, from (iii) we have a; = 0
for all 1 < i < p odd. Assume ai,a, # 0. Then aja, # 0, this is a contradiction by
(i). Therefore either a; # 0 or a, # 0. Since = # I, we deduce a, # 0. The result
follows. g.e.d.

Lemma [15.2.4] provides all the informations for the case p | n. In the case p { n, the
next result shows that the bound 1/p is close to best possible.

Proposition 15.2.5. Assume p < n/2 and p{n. Then there exists x € H of order p

such that )
+ —
n

fa(z) <

Y|

PROOF. Write n/2 = ap +b with 0 < b < p. Let x = [JPQG,JI?]. Then, using
Proposition [15.2.2| and the aid of Mathematica, we compute

1 4b(p—b+1)  4(1 =6, 1 1)2
1. (p—b+1) 4 uﬂ<7+,@+)

fa(z) = » pn(n + 2) nn+2) ~p pn(n+2)
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where the inequality follows from 4b(p — b+ 1) < (p + 1)2. Since p < n/2 — 1 we have
(p+1)* < n?

p = 3m—2) 50
1 n? 11
< = =
Jalo) _p+2n(n72)(n+2) +n
where the second inequality follows from the assumptlon n > 6. g-e.d.

Now we assume p > n/2.

Remark 15.2.6. This analysis also includes the characteristic zero case. In fact if x
is a unipotent element then x has infinite order and ¢ N H = 2% N H®, see Remark
@ In particular, the largest Jordan block that may appear in x is J, 5.

Lemma 15.2.7. Assume p > n/2. Let x € H be of order p. Then

2
n — 25n;4

fa(z) >

PRrOOF. First, assume n/2 even, i.e. d,.4 = 1. Using Proposition [15.2.2] we have

fa(x) > % if, and only if,
ZZzaZa] +Zm -2 Z a; > 2n = 222@1
1<J 7 odd
which is equivalent to
2 g+ Y dai(ai —2)+ Y aifi(a;i—2)—2) >0
1<J 1 even i odd

The first summand is clearly non-negative. Since a; is even we have that ia;(a; —2) > 0
for all ¢ even. Also, for i odd, unless a; = 2, we have a;(i(a; — 2) —2) > 0. Assume

there exists ¢ odd such that a; = 2. Say i1 <19 < ... <y all the odd multiplicities for
which a;; = 2. If £ =1, we have two cases.

Case 1. There exists j # i such that a; # 0. If i < j, we have 2ia;a;+a;(i(a;—2)—2) =
dia; —4 > 0. If, instead, j < ¢ then 2ja;a; + a;(i(a; — 2) — 2) = 4ja; —4 > 0.

Case 2. For all j # ¢ we have a; = 0. Since ), ia; = n we have i =n/2 so x = [J2/2]
and fo(x) = %
In the case ¢ > 1 we have
2i1ai1ai2 + -+ 2i1ai1ai571 — 2(LZ‘1 — 2@1'@ >0,
20904,Q45 + -+ - + 2i2a4,a4, — 20, > 0, ..., 219104, ,,a;, — 2a;, ;| > 0.

We conclude that fo(z) > -25 if n/2 is even.

Now assume n/2 is odd, so 6,4 = 0. Again, we have fq(x) > 2/n if, and only if,
2Zzalaj—|—2w -2 a;>2(n—2) —QZW—:L
1<J i odd
which is equivalent to
2> daa;+ Y dai(ai—2)+ Y ai(i(ai—2)—2) +4>0

1<j 1 even i odd
With the same argument as above, we can prove that this inequality is always satisfied.
The result follows. g.e.d.
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In the next result we show that the bounds are sharp.
Proposition 15.2.8. Assume p > n/2. Then there exists x € H of order p such that
fa(x) = #5”4
PROOF. Let z = [Jg/Q] and y = [Jfl/2 1> J1]. Applying Proposition we get

2
n — 2(571;4

fa(z) = faly) =
g.e.d.

The proof of Lemma is very similar to that of Lemma However, the
major difference between the cases p < n/2 and p > n/2 is that in the latter case we
do not prove that each summand, in the expression of fqo(z), is non-negative. Hence,
for the purpose of getting a characterisation when p > n/2 it is not possible to argue
as in Lemma We conjecture that the only elements that realise the bounds are
those given in the proof of Proposition

CONJECTURE 15.2.9. Let x € G be of order p > n/2. Then fqo(z) =
only if, x € [JfL/Q]G or [Jg/z_17 J2)¢

n

15.3. Semisimple elements: lower bounds

First notice that H contains a maximal torus of G. Hence, if x € G is semisimple
then % N H # (). Hence it is enough to derive lower bounds on fq(z) for z € H
semisimple. For convenience, we postpone the analysis of involutions to Section [15.7]

In the following r denotes an odd prime other than p. Up to G-conjugacy, we write
(129) &= [Tog,wWlays -, w" o]

where ag is even and for all 1 < ¢ < % we have a; = a,_;. The main result of the

section is the following.
Proposition 15.3.1. Let x € H be of order r.

(i) If r > n then fo(z) > 0, with equality if, and only if, v(x) =n —1 or Cg(x) =
02 X (GLl)n/Zfl.

(i) If r < n then fo(x) > % _ rr:(27;—12)'

Remark 15.3.2. The bound given in the case r < n is sharp. In fact if n = [n/r|r+1
then there exists z € H that realises the bound, see Remark We prove the
bound in Proposition [15.3.5] Then we construct a family of special elements, see
Definition and we prove that special elements realise the best possible lower

bound. The best possible lower bounds are given in Table |15.3.1] Notice that % —
21 11

rmn-2) = r  n°

Recall that d(x) = {i € {1,...,7 — 1} : a; odd}. In Proposition [13.2.7| we gave an
explicit formula for dim(z% N H). By Theorem we have dimz% = L (n(n — 1) +
ap — Y i & 2) Using Proposmon m we get the followmg.

Proposition 15.3.3. Let x € G be of order r. Then

—2a0+ Y i, ! 12 d(x)

Jalz) = n(n —2)
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Remark 15.3.4. We have dim Co(z) = 3(—2a0+ >, a? —d(z)). As in Remark|14.3.4
it is easily verified that dim Cq(x) is an even integer.

We use Proposition [15.3.3 to derive a lower bound on fo(x). The analysis is similar
to that done in Section when G = Sp,,. The following shows Proposition|15.3.1{(ii).
Proposition 15.3.5. Let x € H be of order r < n. Then

fale)> Lo 1

r rn(n—2)

PROOF. Since d(z) < r — 1, Proposition [15.3.3| implies that

—2a9 4 a} + >, 0a? — d(z) _ —2ao + a + (n ao) —(r—1)

= L >
fa(@) n(n —2) - n(n — 2)
w—r-kl 1 21
n(n — 2) T ora(n—2)

where the first inequality follows from Proposition while the second inequality

follows from the fact that —2a¢ + ao + (n ao) , as a function in the variable ag, is
n+r—1
R

Remark 15.3.6. As observed in Remark [14.3.6] in the case G = Sp,,, also here we

minimal when ag = g.e.d.

notice that the lower bound % — M:;n__lm is monotonically decreasing in r, say g(r). In
particular, g(n — 1) = 0 while g(n) = —ng(’;—fm < 0.

In fact, for » > n we can classify the semisimple elements x € H of order r such that
fa(x) = 0. With the following we complete the proof of Proposition [15.3.1

Lemma 15.3.7. Let x € H be of order v > n. Then fo(x) = 0 if, and only if,
v(z) =n—1 or Ca(x) = Oy x (GLy)™/2-1,

PRrROOF. First, assume v(x) = n — 1. Up to centraliser structure, we may write
r=[w,w ..., w"? w ™?]. Then, using Proposition [15.3.3| we get fo(z) = 0. In the

same way we see that for z = [I,w,w™!,. .. ,w”/2_1,w_”/2+1] we get fo(z) =0.

Now suppose & = [Iny,wlay,...,w" 1, ] € H and fo(z) = 0. We assume v(z) <
n — 1. We consider three cases.

2
Case 1. Assume qg = 0. Then, by Proposition [15.3.3] fo(x) = W Observe

that d(x) < n. Assume there exists i such that a; > 2, without loss of generality say
i=1. Then ), a? > 22 +224 30 202> 8 + 15 (n—2a1)?, the last inequality follows
from Proposition Therefore fQ( ) > 0.

Case 2. Assume ag = 2. Here fq(z) = %’

such that a; > 2, say i = 1. Notice d(z) < n —2 and )5, a? > 8+ 31- 22(12 >

2

8 + —L=(n — 2 — 2ay)?. Therefore fo(z) > 0. So, if fo(z) = 0 and ap = 2, we deduce

x=[l,w,w .. w2 /2,

Assume there exists 7 > 0

_ 2 5
Case 3. Assume ag > 4. So fo(z) = 2a0+a0:(n23)1 af—d(@) . Using Y, a? > n — ap and

_ 2 g (n— _
d(z) < n —ap we deduce fo(x) > 2a0+a3:(r:_§) (n—a0) _ Z‘Enfg We see that a2 — 2ay

is minimal when ag is minimal, i.e. agp = 4. Thus fqo(z) > ﬁ > 0. g.e.d.




162 Part 3. Chapter 15: Orthogonal group

Remark 15.3.8. Recall that Propositions [14.3.8| and [14.3.9| give a geometric proof of
the fact that Cq(x) is finite if, and only if, v(x) = n — 1 for G = Sp,,. Those results,
with minor adjustments, hold in this case as well.

We, now, proceed as in Section [14.3] in order to prove that the lower bound in

Proposition [15.3.1{(ii) is close to best possible.

Definition 15.3.9. Let 2 € G be of order r. We say that z is special if |a; — a;j] <1
forall 2,5 =0,...,7—1.

Observe that, if » > n then z is special if, and only if, v(z) = n — 1. Also, when
r < n, if z is special then a; # 0 for all i > 0.

Lemma 15.3.10. Let ©x € G be of order r. Then either x is special or there exists
y = [Tyg,wlpys ..., w1, ] € H such that fo(z) = foly) and one of the following
holds

(i) |bo — b1| > 2;

(ii) by — by > 2.

PROOF. The same argument of Lemma [14.3.11] applies. g.e.d.

If = is not special we have a; — a; > 2 for some 7, j. In view of Lemma [15.3.10] we
may assume (4, j) € {(0,1),(1,0),(1,2)}. For these couples we define y as in (92),
and , respectively, see Section m

As for the symplectic case we have the following. Notice that the proof is similar to
that of Lemma [14.3.12] hence we omit it.

Lemma 15.3.11. Assume r < n. Let x € H be of order r. Assume x is not special.
Then

fa(z) > faly)
for y defined in (@, (@ and .

Iterating Lemma [15.3.11] we have the following, whose proof is totally equal to that
of Lemma, [14.3.13]

Lemma 15.3.12. Let x € H be of order r. Then

fa(z) > fa(z)
where z is a special element.

As for the symplectic case (Section [14.3)), we see that any special element is given
by z, as in (95)). For the convenience of the reader we recall the structure of special
elements also here. Let n = ar + b, where 0 < b < r and a = Ln/rJ Notice that

”%‘H < a < . Then every special element has G-centraliser isomorphic to Cg(z),

where
(1, A] a even
(130) z=
[Io41,4] aodd
for A = [(w,w Y a1,. .., (w0 YT (w,w Y2 (w0 )7 1.

The following is the analogue of Remark
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Remark 15.3.13. Let x,y € H be of prime order r < n. Assume both z and y are
special. Then fq(x) = fa(y).

If a is even, we see that d(z) = b and, using Proposition [15.3.3] we compute

rn(n — 2) r  rn(n—2)

As a function of b, fo(z) is minimal when b = r — 1, and maximal when b = 1. Thus

(r—1)(r—3) 1 1

1
(132) r T =) M)

< fa(z) <
If a is odd then b is odd and we have
(133) fQ(Z):(n+r—b)(n—2—r—|—b):1_(7"—1))(7“—6-1—2)

rn(n — 2) r rn(n — 2)

As a function of b, fo(z) is minimal for b = 1 and maximal for b = r, so

1 r?—1 1
134 —— < < =
(134) rornn—2) falz) = r
Remark 15.3.14. From the previous computation we see that if Ln/rJ is odd and
n= Ln/T‘JT + 1 then, for z € H special, fq(z) = % — mizi_—lm’ which is the lower bound

stated in Proposition [15.3.1, Thus such a bound is the best possible.

The optimal lower bounds on fq(z) have been computed in and . However,
good approximations of these bounds are given in and . We record in Table
the best possible lower bound on fq(z), for x € H of order r. We denote
b=n—|n/r|r.

LTL/TJ fa(x) >

even

r rn(n—2)

Table 15.3.1. Lower bounds on fq(z) for € H of odd prime order r # p

15.4. Local upper bounds

In this section we establish upper bounds on fq(z) for x € H NV ,, where r is an
odd prime, see Section for involutions. For convenience of the reader we recall
that

Ve={z€G:v(z)=s}
Also, Vs, denotes the set of elements of V, of order 7.

The main result of this section is Proposition [[5.4.1] below. Note that, studying
separately unipotent and semisimple elements, we shall derive better upper bounds,

see Proposition [15.4.3| and Proposition [15.4.14
Proposition 15.4.1. Let v € HNV;,. Then

S 2
_|_i

fﬂ(l‘)gl_n—2 n
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Remark 15.4.2. Also in this case, as in Remark [14.4.2] using and Proposition

we deduce the following less accurate bounds. Let x € H N Vs,. Then
i G(1 1 1 1
folz) <1— dim z (§ - m) <1_ 4(5 - m) max{s(n —s — 1), %(s — 1)}
S dim = n(n —2)

In what follows we shall compute bounds, which we prove to be close to best possible,

using different methods.

Recall Proposition [14.4.3| for bounds on v(z) depending on the prime order r of z.

We start with local upper bounds for unipotent elements.

15.4.1. Unipotent elements. The next result is the analogue of Proposition

M4.4.4

Proposition 15.4.3. Let x € HNV;,,. Writen =a(n —s) +b, where 0 <b<n —s.

Then
(n—>0)(s+b) 2(n—>b)(s+b)

Jalr) <1 - n(n —2) n(n —2)?

Proor. Up to conjugation we write x = [Jg”,...,Jfl] € HNV,,. Let y =
[Jg”/z, e Jf”/Z] € GL,, 5. Using Theorem 5.2.1) we compute

(135) dim z¢ = 2 dim yGtn/2 — n_zéc’ddai > 2dim yGn/2

Then, by Proposition Lemma, and Example we have, for all y €
GLTL/2 ﬂ Vs,p

dim y%Ln/2 > dim[JfH, JfTH [GLn/2 = M‘M
Therefore, using Theorem [7.2.5] we have
falz) <1 27 ’fifn)gma <1 2a- ’%ﬁlldsizmymm
n—>b)(s+b 2(n —b)(s+0b
SUSUIGDINLEIRD o

Remark 15.4.4. We see that (n — b)(s + b) is maximal for b = "5*. In particular,
(Z_(S)_(;;b) < 47(;;:)22)2 Recall that s < n — 2 is even. Hence (7;_(:)_(‘;;1)) < 71(?”__12))22 <2

where the last inequality holds for n > 6.

With the same argument of Corollary [14.4.5], we deduce the following upper bound.

Corollary 15.4.5. Let x € HN Vs ). Then

S 2
_f_i

fﬂ(l‘)gl_n—Q n

In the next result we show that the upper bound given in Proposition [15.4.3]is close
to the best possible. The following is the analogue of Proposition [14.4.6
Proposition 15.4.6. There exists x € H NV, such that
(n—">0)(s+b) 2(n—">b)(s+b) 3

fal@) 21— n(n —2) + n(n—22 n
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PrROOF. Write n = a(n — s) + b, where 0 < b < n — s is even. We consider
= [Jb,,J075% € H. It is straightforward to check that a+1 = |-"-| +1 < p
hence x € V, ;. Say U the bound of Proposition [15.4.3] by that proof we know

1
U—1— 2(3 — -%5) dimz#”
dim 2
In particular,
falz) 2 U - diTH:EG + dir_ano - 2dim$'H° Sy_3_ dim z¢ - 2 dim 2
dim € dim (n—2)dim n dim Q

We see that dimz® — 2dim2f” = (3, Jqqai —n) < —35, since >, jqq@ = bif ais
even or n — s — b if a is odd. Therefore

g.e.d.

Remark 15.4.7. The bound deduced in Corollary [I5.4.5]is close to best possible when
b is either very small or very large, by the observation made in Remark For
example, if b =0 then n = (n — s)a and fo([J7~°]) =1— ~1-—

s 2s s
o R (n—2)2 n—2"

15.4.2. Semisimple elements. Now assume x € H is a semisimple element of
prime order r > 2 with v(x) = s. Then, up to the centraliser structure, x is conjugate
to one of the following

(a) s, (W,w Dy, ..., (w,w )T Iar L] s even

(136) .
(0)  [ag, (W, w ™) s, (w,w )2y, ..., (wyw™h) 2

where a; < n — s, for all 1.

Similarly to Section also here we shall construct elements z € HNV;, and we
show that fo(z) is maximal.

Assume s even if s <n/2. Let n = (n — s)l +m with 0 <m < n —s. We define

[In s A, (w, ) ] seven [ odd

[In—s, ( ) 21n s+m] s even [ even
(137) o= 1’

In—s—1, A4, = Im+1] sodd [ odd

[Ip—s—1, ,( )2In s+m+1} sodd [ even

where A = [(w,w ), s, ..., (w, w_l)LZ_TlJIn,S]. And

(138) (B, (w,w_l)%ﬂlm] [ even
138 2’2 =

(B, (@, ) F Tassn] 1 odd
where B = [(w,w NI, ..., (w,w‘l)L%JIn_s].

So z1,20 € HN Vs ro It is straightforward using the upper bound on v(x) given in

Proposition to check that 1-51’ 3 5 —-1< 5= L
Claim. Let y € HNV,,. Then fo(y) < max{fg(zl), fa(z2)}.
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We will prove this claim in a sequence of lemmas (see Lemma [15.4.9H15.4.12)), with
final conclusion established in Proposition [15.4.13

Lemma 15.4.8. Let v € HNVs,. Then either Cg(x) = Cg(z1) or Cg(z2), or there
exists y = [Ipy,wlp,,...,w 1, ] € HN Vs, such that fo(x) = foly) and one of the
following holds

(i) bp =n — s, by = min;~o{b; : b; # 0} and be = max;~o{b; : b <n — s};

(i1) by =n —s, by = min;>o{b; : b; # 0} and by = max;>o{b; : b <n—s}<n—s—1;
(#i) by = n—s, by = min;>o{b; : b; # 0}, b = n—s—1 and bs = max;~o{b; : bi < n—s};
(iv) by =n — s, bp = min;>p{b; : b # 0} and by = max;>o{b; : b <n — s};

(v) by =n — s,ba = min{b; : b; # 0} and bs = max;{b; : by < n — s}.

PROOF. If the centraliser in G of = is not isomorphic to that of z; or zo then it is
enough to relabel the eigenvalues of . g.e.d.

As in Section for every possible case arising from Lemma we define a
suitable element y € HNV;, for which we will prove fo(z) < fo(y). Here we shall omit
the proofs as the arguments comprise easy computations similar to those of Lemmas
449, [Z.4.17] and [[4.4.12,

Let x € HN Vs, as in (136)) assume that ag = n — s. In view of Lemma [15.4.8] we
may assume a1 = min{a; : a; # 0} and ay = max;{a; : a; <n — s}. Then, we define

r—1

(139) y=[In_s, (w,w N1, (w,w ) i,y (w,w )2 Io,_]
2

Observe that if C(y) is not isomorphic to Ci(z1) or Cg(z2) then ag —a; > 1.

The following is the analogue of Lemma [14.4.9
Lemma 15.4.9. Let © € H N Vs, with ap = n — s, a;y = min{a; : a; # 0} and
ay = max{a; : a; < n — s}. Assume a1 < ag and define y as in . Then

fa(z) < fa(y)

Remark 15.4.10. Notice that the case (v) in Lemma [15.4.8| is very similar to (i). In
fact in case (v) we would define
(140) Y = [Lug, (W, w D sy (w, w0 )2y 1, (W, w )3 g, .. € HO Vs,
and the proof that fo(x) < fo(y) is entirely similar to Lemma |15.4.9

Let x € HN Vg, as in (136). Assume a; = n — s for some ¢ # 0, so that s > n/2.
Then, by Lemma [15.4.8] we may assume a9 = max;{a; : a; < n — s}, ag = n — s and

az = min;{a; : a; # 0}. Also here we remark that if Cz(x) is not isomorphic to C(z1)
or Cg(z2) then ag > as.

If ag < n — s — 1 then we define

(141) Y = [Togr2, (W, w DI, (Wyw ™) ey 1,. .., (w,w_l)TIag]

If, instead, ap > n—s— 1 we may assume ag = max;>o{a; : a; < n—s} and we define

Lo, ]
2

r—1

(142) Y= [I(lm (w’w_l)fn_s, (wvw_1)2la2—17 (w7w_1)31a3+1’ s (waw_l) 2

The following is the analogue of Lemma
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Lemma 15.4.11. Let x € H N Vs, with a1 = n — s,a; = min;{a; : a; # 0} and
ap = max;{a; : a; < n — s}. Assume ag > ag and define y as in or

depending on the above conditions on ag. Then

fa(z) < faly)

Now assume ag = min{a; : a; # 0}. Without loss of generality, by Lemma [15.4.8] let
a; = max{a; : a; < n — s} and ag =n — s. We define

(143) y = [Lag—2, (w, w_1)1a1+1, (w,w )2, s, ..., (w,w_l)TIaﬂ]

The following is the analogue of Lemma [14.4.12

Lemma 15.4.12. Let x € H N V,,. Assume ay = min{a; : a; # 0}, a1 = max{a; :
a; <n—s},aa=n—s and a; > ag. Then, fory as in ,

fa(z) < faly)

Now Lemmas [15.4.9] [15.4.11] and [15.4.12] provide the technical tools to prove the

claim.

Proposition 15.4.13. Let x € H N Vs,. Then fo(r) < max{fa(z1), fa(z2)}, where
z1 and zy are defined in and @

ProOOF. With the same argument of Proposition we see that, depending on
the conditions on the multiplicities of the eigenvalues of x, we have fq(z) < fo(z1) or

fa(z2). g.e.d.

Write n = (n — s)l +m, for 0 < m < n —s. Recall that §qp = 1if b | a and 0

otherwise.

Proposition 15.4.14. Let x € HNV,,. Then

s m(n—s)—m?

144 <l-— - —-——
(144) Jalz) = n 2n(n — 2)

PRrOOF. By Proposition|15.4.13] we know that fo(x) < max{fa(z1), fa(z2)}. Hence

we need to compute fo(z1), fa(z2). We use Proposition |15.3.3| and Mathematica for

the calculations.

Case 1. Assume s even and [ odd. Then

S m(n —s —m2 — Om:
(145) falzm)=1-= - 2m( )Qn(n _+2)2(1 Om;a)

2m(n—s)—m2+2(1—5m;4)
2n(n—2)

m(n—s)—m?
2n(n—2)

since m < n — s we deduce > > 0.

Case 2. Assume s even and [ even. Then

s n_$2_m2 — On—s+m;
(146) fala) =1 2 - = zn&Q_(lz) et

(n_5)2_m2+2(1_6n75+m;4)
2n(n—2)

m(n—s)—m?

2n(n—2) > 0.

again, using m < n — s we have >
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Case 3. Assume s odd and [ odd. Then

(147)

B s 2(n—38)>2(m+2)—mn—s)(m+2)—2m—Tn+ 95+ 2(1 — §ni1.4)
falz) = 1_5_ 2n(n —2)(n — s)

=1- 5 ¢

with the aid of Mathematica we see

,_m(n—s)—m2 (n—s)2(m+4)—2m(n—s+1)—T(n—s) +2s >0
‘ o2n(n —2) 2n(n —2)(n — s)

Case 4. Assume s odd and [ even. Then

(148)
f (Z)—l—f— (n—s)3—m(n—s)(m+2)+2(n—s)2—2m—9(n—8)+25+2(1_5n75+m;4)
e n 2n(n —2)(n—s)

Sy

Again, assisted by Mathematica we compute

, mn—s)—m?  (n—s)®+(n—s)*(2—m)—2m(n—s)—9(n—s)+2s
- 2n(n—2) 2n(n —2)(n — s) >0

Thanks to the explicit formula given in Proposition [15.3.3] we see that, fq(z2) is
the same as fq(z2) computed in Proposition [14.4.14| for G = Sp,,. Hence we refer the

reader to the proof of Proposition [14.4.14} in particular (114} and (115)). g-e.d.

Remark 15.4.15. The best possible upper bound is given by max{ fo(z1), fa(z2)} and
fa(z1) is computed in (145)), (146)), (147]), while the explicit value of fo(z2) is computed

in and .

Let U be the upper bound given in Proposition [I5.4.14, We conclude this section
with some examples in which we notice that this bound is close to best possible.

For fqo(z1) as in (145]) we have

U— falz1) =

m(n—s) 1—09na
2n(n—2)  n(n—2)
Thus, for small values of m the upper bound U is optimal. Notice that if m = 0 then
fa(z1) =U.If s >n—/nthen U — fo(z1) < —15.

For fo(z1) as in (148]) we have
(n—35)2+(n—2s)?22-m)—2m(n—s)—9(n—s)+2s
2n(n —2)(n — s)

(149)  U~— fa(z) =

n—s)2 s . .
Also, U — fa(z1) < n&__z) + 2(71(71_)2) — 2n(2—2) + =) which is very small for

large values of s. For example, if s > n — \/n we have U — fq(z1) < %.

15.5. Local lower bounds

In this section we derive lower bounds on fqo(z) for z € HNVs,, with r > 2. We
deal with involutions in Section [I5.7] The main result of this section is the following.
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Proposition 15.5.1. Let v € HNV;,. Then

1_3(2n—s—1)

falz) = n(n — 2)

In the case r = p a slightly better bound is given in Proposition Then in
Proposition we show that the bound is, essentially, the best possible by con-
structing € H N Vs, such that fo(z) is close to the bound.

If r # p we proceed as in Section [[4.5] We define a class of special elements in
Definition Then we show that fo(z) > fao(z) for all z € H N Vs, where z is
special. We compute close to the best possible lower bounds in Proposition and
15.9.9

15.5.1. Unipotent elements. Assume p # 2. Let x € H NV,,. Up to G-
conjugacy, we write z = [J,”,...,J{"]. By Proposition s =mn—) a; Recall
from Section that s is always even. In particular, s <n — 2.

Here, we prove the following result, which is the analogue of Proposition [14.5.2
Proposition 15.5.2. Let v € HNV;,. Then

s(2n —s—3)
fa(z) >1— W

PrOOF. We proceed as in Proposition [14.5.2l Let x € H NV, ,. Then, by Propo-
sition [15.2.2] Theorem and Proposition we have

S 12 ) 2 : GLy,
_ 221'<j 1a;a;5 + Zz La; 222‘ odd @i n* —dimax - 2Zi odd @i

fa(@) n(n —2) - n(n — 2)
~n(n—2)—dimz®n 4+ 2(n -3, 4 ai) _ dim 2Cln — 25
N n(n — 2) =1 n(n — 2)
s(2n —s—3)
Ty

g.e.d.

The following shows that the bound given in Proposition [15.5.2] is close to best
possible.

Proposition 15.5.3. Let s such that H N Vs, # 0. Then there exists x € H N Vs,

such that
s(2n —s—3)
n(n — 2)

where e =0 if s < 2p—2 and € = W;(pf) otherwise.

1

3
fa(z) <1-— + - +e€
ProOOF. This is essentially the same proof as that of Proposition [14.5.3

In the case s < 2p — 2 we consider z = [J2,,,J"*"%] € HNV;,. Using Proposition
2
[15.2.2] we have
s(2n—s—3) s+ 465424

falw) =1~ n(n —2) * n(n —2) =1-

s(2n—-s-3) 3
n(n — 2)

If s > 2p — 2. We define h = Lﬁ — 1J. And we consider

2h 12 n—s—2h—2
z = [Jp 7J%+1+h—hp7jl ] GHQVSVP
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We compute
B s(2n—s—3)  s+4da2 4g(h)
falz) =1~ n(n — 2) * nin—2) n(n—2)
where g(h) := h(s —p+ 1) — h?(p — 1). Eventually, we have
s(2n—s—-3) 3 4g(h) s2n—s—-3) 3 52
Jalr) < 1- n(n —2) JrEjLn(n—2) =1- n(n — 2) +ﬁ+n(n—2)(p—1)

g.e.d.

Remark 15.5.4. If z € HNV;, and s > 2p — 2 then p < n/2 and, by Proposition
14.4.3] s < n — 2. So by Proposition [14.5.3] ¢ = W < 1%' Hence, for large
values of p the bound in Proposition [14.5.2|is accurate.

15.5.2. Semisimple elements. Assume r # p odd. In this section we derive
lower bounds on fq(z) for x € H N Vs ,. The case r = 2 is studied in Section m By
Proposition we may assume v(z) < n— 2. The main result of this section is the
following.

Proposition 15.5.5. Let x € HNV,,. Then

_s(2n—s-1)

fa(@) 21 n(n —2)

All the arguments are the same as in Section Let € HN Vs, be semisimple
of prime order r > 2. Up to G-conjugacy, © = [loy,wla,,...,w 11, _,]. Assume, for
.

some h < Tl, dimV,n =n — s.

Definition 15.5.6. Let x € H NV, ,. We define x to be special if |a; — a;| < 1 for all
1,7 # h,r —h.

Claim. Let z € HNV,,. Then fqo(x) > fo(z), where z € H NV, is special.

As in Section [14.5.2] four cases arise. In each of these cases, given x € H NV,
non-special, we define a new element y, see (L16[), (117), (118), (119)). Using a result
analogous to Lemma [14.5.10 we eventually can show the claim.

Lemma 15.5.7. Let x € HNV;,. Then, for some special element z € H N Vs,
fa(z) > fa(z)

As for the symplectic group, any special element has centraliser isomorphic to that
of the elements defined in (120]), (121)), (122). For the convenience of the reader we
recall the definitions of these elements here.

Let s be even, and write s = a(r — 1) + b where 0 < b < r — 1, in particular, b is
even. Thus, a special element is given by

(150) 2 = [Ln_s, (W, w Y arts .oy (Wow )2 Iayr, (w,w )2, . (wowh)

3 Ia]

For s > n/2, let 2s —n = a(r —2) 4+ b with 0 < b < r — 2, notice a = b (mod 2). We
define two elements, according to whether or not a is even. If a is odd then

(151)
— — — b+1 _ b+3 _ r—1
z = [Igs1, (wyw 1)In_s,((,u,ou 1)2Ia+17...,(w,w 1) 2 Iot1, (W,w 1) 2 Iy, (ww 1) 2 [,
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Similarly, if a is even then
(152)
z =

— — — b _ b _ r—1
[Ia, (W, w DNy, (W, w0 D2 Tagq, ey (wyw D2 0, (w0 D22, (w,w ™)

) Ia]

As in Section [[4.5.2] we first consider the case a = 0.

Proposition 15.5.8. Assume r — 1 > s,2s — n, respectively for the above cases. Let
x € HNVs,. Then
s(2n — s —2)

falz) 2 1= n(n — 2)

ProOOF. For z as in (150) we have, using Proposition |15.3.3
(n—s)(n—s—2) 1 s(2n —s—2)

Ja(z) = n(n —2) B n(n — 2)
For z as in (|152) we have fq(z) = 2(n—sgl2(;z(21)—53;2).
A straightforward computation shows that (n—s)(n—s—2) < 2(n—s)? —2(1 —ds,2)
in the case s > n/2. g.e.d.

In the case s > r — 1, it is still possible to compute fo(z) where z is as in (150)),
, . We have the following.
Proposition 15.5.9. Assumer —1<s. Letx € HNV,,. Then
s(2n —s—1)
n(n —2)
PROOF. In order to show the result it is enough to show that the fo-value of a
special element satisfies the lower bound, thanks to Lemma [15.5.7]

fa(z) >1—

Case 1. Assume z is as in (150)). Using Proposition |15.3.3] we compute
2s(n—1) n rs? — €2
nn—2)  n(n—-2)(r—1)

where e = b if a is even or, e = r — 1 if a is odd. It is clear, since s > ¢ > 0, that

2s(n—1) —s* s(2n — s — 2)
Jaz) 21— n(n — 2) =1- n(n — 2)

(153) fa(z) =1

Case 2. Assume z is as in and r — 2 < 2s — n, so that a > 1 is odd. Then, by
Proposition we have
—b? 4 2br — 2b+ 2n2r — 3n® — 4dnrs + 4ns + 2n — 4s — 1% + 2rs? 4+ 2r — 2(1 — J50)(r — 2)

falz) = n(n —2)(r —2)
(154)

- 1—72+n?(2r —3) —4s+2n —4ns(r — 1) + 2r(s® + 1)

- n(n—2)(r—2)
where the inequality follows from the fact that the numerator is minimal for b = 1
(here b is odd). Then, differentiating with respect to r we see that is minimal for
r maximal, i.e. r = 2s — n + 2. Then, using Mathematica, we get
—142n3 4 85 — 45> — 8n?s + 2n(5s% — 2)

n(n —2)(n — 2s)

fa(z) >
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And we see that

(155) 3,2 2
s(2n —s—1) 1—-n°—n*(2—4s) —n(—4+5(s—1)s) — 2s(4+ s — s°)

falz)= (1_ ) ) = n(n —2)(2s —n)

n(n —2

differentiating with respect to s the right hand side of (155 we get — 2+(£L(;352); ((22::73)2+1) <

0. Therefore the right hand side of ((155)) is minimal for s maximal. Substituting the

e > 0

value s =n — 1 we get

Case 3. This is totally similar to Case 2 studied above. Assume z is as in (152)) and
r —2 < 2s—mn, so that a > 2 is even. Then, by Proposition [15.3.3], we have

20— b2 4 n?(2r — 3) + dsn + 2n — drsn + 2rs? — 4s — 2(1 — b50)(r — 2)

fa(z)

n(n —2)(r —2)
(156 > 4H2r=2) = s(s+6) +dn —2ns(2r = 8) + 2r(s* — 1)
n(n —2)(r —2)
where the inequality follows from the fact that the expression in b is minimal for b

maximal, i.e. b = n — s. Differentiating with respect to r we get % whose

sign depends whether or not s < 2n/3. In the case the first derivative in r is always
negative, i.e. s > 2n/3, we have, substituting r = 3,
2n? + 4n — 6n% — 6s + 55> — 2

n(n —2)

fa(z) >

and
>0

s(2n — s —2) n? —2 —2n(2s — 3) + 4s(s — 2)
—(1- ) >
fa(z) ( n(n — 2) - n(n —2)
Now, let us assume s < %n so that the expression in 1’ is minimal for r maximal,
ie. r=2s—n+2. Thus

- 2n3 — 8n%s — 5(2 + 8) (=5 + 4s) + 2n(—3 + s + 5s?)

Ja(z) 2 n(n —2)(n — 2s)
Again, with the aid of Mathematica we deduce the result. g.e.d.
Remark 15.5.10. In Case 1 we can take as lower bound, 1 — % In Case 2
and the second part Case 3 we need the slightly worse lower bound 1 — %

The best possible lower bounds are given by min{ fq(z) : z special}, by Proposition
15.5.7l The best possible bound is the minimum of the values computed in (153)), (154))

and (T50).

Say £ = 1 — % We conclude this section with an example of a bound on

fa(z) — £, where z € H NV, is a special element.

For fqo(z) as in (153)) we have
2 _ 2 2

fQ(Z)—EZ n(n_2) +n(n—2)(r—1) < n(n_2) +n(n—2)(T—1)

In particular, we see that, for small s, fo(z) — ¢ is small. In general, fo(z) — /¢ <

L+ %. However, if we assume s < \/n then fo(z) — < 2.
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15.6. Further comments on local bounds

Using the bounds in Propositions [15.4.1] and [L5.5.1] we have the following. We omit
the proof because it is an easy calculation.
Proposition 15.6.1. Assume r # 2. Let x,y € HNV,,. Then
s(n—s) 2

|fa(z) — fa(y)] < n(n—2) +-

Remark 15.6.2. Notice that if s < y/n or s > n — /n then i((g:‘;)) <

Proposition [15.6.1f for all z,y € H NV, , we have |fo(z) — fa(y)] < % + %

A
o
oy
<

15.7. Involutions

In this section we study involutions in H. The main result of this section in Propo-
sition below, in which we give explicit formulae for fo(x), for any involution
x € H. Notice that there are involutions = € G such that 2% N H # ) (e.g. all those z
such that v(z) < n/2 is odd).

Let x € H and write v(z) = s. By Proposition if s < n/2 then 2N H =
% N H° and if p = 2 then z is a,-type, by Lemma If v(z) = n/2 then
% N H°7 # () and Proposition provides all the informations needed. Notice
that if (p,s) = (2,n/2) and = € H then x may be of a,, /s, by or ¢, ja-type.

Proposition 15.7.1. Let x € H be an involution. Assume v(z) = s.

(i) Suppose p # 2. If s < n/2 then

B 2s(n — s)
falz) =1- w(n—2)
If s =n/2 then fo(x) = 3.

(ii) Suppose p=2. If s <mn/2 then s is even, x is as-type and

B 2s(n — s —2)
falz) =1- n(n —2)
If s =n/2 then
1 2 1 2 1
falan2) = >t —% falen2) = > T fabny2) = 5

The following is an immediate consequence.
Corollary 15.7.2. Let x € H be an involution.

(a) We have
4 80p.2
<14 P2
Ja(z) < n * n(n —2)
with equality if, and only if v(z) = 2.
(b) Forp # 2

with equality if, and only if, v(x) = n/2.
(c) Forp=2
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with equality if, and only if x € {by, 9, cp 2}

PrOOF. First, assume p # 2. We see that fo(x) in decreasing for 1 < s < n/2.
Therefore fo(z) < fo([In-2,—I2]) = 1—2. And fo(z) > fa(z) = 3, where v(z) = n/2.
Assume now p = 2. Again, we see that the formula for fo(as) with s < n/2 is
monotonically decreasing in [2, 5 — 1]. A direct check shows that fo(z) is minimal for
x € {b,/2,¢p/2}. The result follows g.e.d.

Remark 15.7.3. Let us make some comments and relate these bounds with the global
bounds given so far for odd prime order elements.

(i) The upper bound given in Corollary is the same as the upper bound stated
for odd prime order elements in Proposition [I5.1.1} Moreover, also for involutions,
the bound is realised by = € H if, and only if, v(z) = 2.

(ii) Notice that thanks to Corollary we can extend the upper bounds of Propo-
sition and Corollary to any non-central element of G.

(iii) Assume p = 2. The lower bound given in Proposition in the case p < n/2
is 1/p. In the case p = 2 we clearly have 2 < n/2 and the lower bound stated in
Corollary agrees with the bound of Proposition When n/2 is odd,
Corollary slightly improves the bound in Proposition

(iv) Assume p # 2. The lower bound stated in Proposition [15.3.1f(ii) is still valid for
involutions. However, Corollary provides a slightly better bound. Notice
that the elements that realise the lower bound are special, as in Definition

15.7.1. Semisimple involutions. Here we prove Proposition [15.7.1] for p # 2.
Recall the definition of B in .

Lemma 15.7.4. Assume p # 2. Then conclusions of Proposition hold.

Proor. Up to conjugation, write x = [[,—s,—Is] € H. Then, by Proposition
13.2.13) unless s = n/2 we have & N H = 2 N H°. In the case s = n/2, we have

29N H =27 UrH" see Table[13.2.1l Observe that x° = ) if n/2 is odd.
First assume s < n/2. Let « = [I,,_s, —I]. Then, by Theorem[5.3.1]and (87), we have
dim ¢ = s(n — s) and dim(z% N H°) = $(n — s). Therefore, using dim Q = %(n — 2),
given in Table [13.1.1 we get
2s(n — s)
157 =1—-—

Now assume s = n/2.

Case 1. If n/2 is odd then 2 € 7%, by Proposition|13.2.13| and dim(z“NH) = dim 7.
Then, by Proposition [13.2.14) Cpe(7) = O,,/5. In particular, dim(z¢ N H) = n(n8+2),
recall that dim 77" = dim H® — dim Co (7). Thus fo(z) = 1/2.

]G

Case 2. Assume now n/2 is even. Then z € [In/Q, —1I,,/2]” and, as reminded above,
29N H = 27 UrH’. Proposition|13.2.14|yields Cyo (1) = O,,/2- Therefore we compute

2
o o 2
(]lm$H = LL s dim 71[{ = 7?1(” )
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Therefore dim(z“NH) = dim 77° = w. Using the above formula we have dim z& =

n?/4. Thus, for x € H with v(z) = n/2 we get fo(z) = 1/2. g.e.d.

15.7.2. Unipotent involutions. Here, we complete the proof of Proposition

I5.71
Lemma 15.7.5. Assume p = 2. Then conclusions of Proposition hold.

PROOF. Let x € H be an involution with v(z) = s.

First assume s < n/2. Proposition [13.2.13| gives & N H = 2#°. In addition Lemma
13.2.11| implies that x is of as-type. Using Proposition and , we have

dimz% = s(n — s — 1), dim(z% N H) = g(n— s)

Therefore, using dim 2 = %4 (n — 2), as in Table [13.1.1], we compute

_ 2s(n—s-2)

falz) =1 n(n — 2)

Now assume s = n/2.

Case 1. If n/2 is odd then z is b, /o-type. By Proposition [13.2.8} x € 7H° . Moreover

x9N H = 7H° by Proposition [13.2.13| Therefore, using Proposition and 1} we

compute,

2
dim 2% = R dim(z% N H) = 71(718—1—2)

where dim(z¢ N H) = dim77° = dim H° — dim Cg+(7) and Cpgo (1) = O,,/2, by Propo-
sition [13.2.174] Therefore, using Proposition we compute

Case 2. If n/2 is even then, as proved in Proposition there are two different
conjugacy classes of involutions with v-value equal to n/2. The representatives of
these classes are given in Table First, assume x is a ¢, p-type involution so
%N H° = H°. We compute, using Proposition dim 2% = n?/4 and

dim 7% = 772(72 —2)
8
where dim(z® N H) = dim77" = dim H® — dim Cgo(7) and Cye(1) = SPn/2, by
Proposition [13.2.14] Therefore
n+2 1 2

o) =155 "2 a2

Now, assume z is an a,,/p-type involution. Then, following the notation in Table
13.2.1} we have 2“NH = 7" Urd° for » = [B, ..., B]7, where B is defined in . By
Proposition [13.2.14, Ce(72) = Csp, ,(b1). Proposition implies dim Csp, ,(b1) =

%. Thus dim 2 = W and

2
o o 2
dim 2" = —T; , dimmy’ = n(nS—i— )
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Thus dim(z% N H) = "(”8+2). Therefore, using Proposition we compute

1 2

fQ(x):i_'_n—Q

g.e.d.
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%>-actions of classical groups






CHAPTER 16

Introduction

Let G = Cl,, be defined over an algebraically closed field k of arbitrary characteristic
p. As usual, V stands for the natural module of G. A closed subgroup H < G is a
6»-subgroup if there exists a decomposition V = V] @ ... & V; into isometric subspaces
such that H = Stabg{Vi,...,V;}. In Proposition we show that H = GL,,/, 1 S
or Sp,, ;1S or Oy 1S and H® = (GLy, )", (Spy, i)' or (Oye)'s respectively. Notice
that we will always assume n/t > 1 in the orthogonal case. Set 2 = G/H for the coset

variety.
Notice that n/t is even if p =2 and G # GL,,.

In this chapter we state the main results of this part, in which we derive bounds on
fa(x) for x € H of prime order or any unipotent element in the characteristic zero case.

Let = € GG; we define the following related ratio

o dim Q — dim % + dim (=% N H°)

We conclude this chapter giving a brief overview of the strategy used to derive bounds
for %»-actions.

16.1. Main results

Recall from the definition of the set Z as the subset of G consisting of prime order
elements or any unipotent element in the characteristic zero case. Recall, moreover,

that we set p = oo in the characteristic zero case.

Theorem [16.1.1| below provides global upper and lower bounds on fq(x) for x € H
of prime order.

Theorem 16.1.1. Let G = Cl,, and H < G be a 6-subgroup. Set Q = G/H.
(a) Let x € G\ Z(G). Then

2 2
<1-2
Ja(@) n + n(n —2)
(b) Let x € HNZ be unipotent.
(i) If p > n then

t

>

falz) =

(ii) If p < n then

2%

&

Vv
SRS
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(c) Let x € HNZ be semisimple of order r <n —1. Then

fale) = = g —

Remark 16.1.2. Let us make some comments on the statement of Theorem [16.1.1]

(i) Note that the case » > n is a prime other than p is omitted. In this situation, we
characterise elements z € H of order r for which fqo(z) = 0, see Theorem

(ii) The upper bound does not depend on the order of the element. Moreover the
upper bound is sharp: in fact if p = 2 and (G, H) = (Sp,,,Spy 1 Sy, /2) and 7 is a

bi-involution then fo(z) =1—2 + n(n2_2) (also if x is an ag-involution and n = 4).

Indeed, for each classical group we shall give the best possible upper bound and
we characterise elements which realise the bound, see Sections[18.1], [19.1] and [20.1]
(iii) The lower bounds extend to any (prime order) element z € G for which z“NH # (.
(iv) Part (b) is proved in Propositions [18.2.1} [19.2.1] and [20.2.1} Notice that the lower
bound in Proposition[20.2.1]for involutions is improved in Section [20.7] see Remark
In the case p > n we characterise elements that realise the bound. In the

case p < n we will give a characterisation of the elements realising the bound

only when p | n. In the case p { n, we prove that there exists x € H® such that
fa(z) <1/p+e, for a small e.
(v) The characteristic zero case for unipotent elements is included in the case p > n.
(vi) Part (c) is proved in Section [18.3][19.3|and [20.3, For r < n the bound given is not
the best possible, in fact it is often negative. However, close to best possible lower
bounds are given in Propositions [18.3.19} [19.3.16| and [20.3.16| (if G = O,, only in
the case n/t is even). In fact these bounds are the best possible on f§, as in .
In this case we do not have a classification of the elements that realise the bound.
However, we shall define a class of special elements in H® (see Definition for
example) and we show that these elements realise the best possible lower bound
on fq.
(vii) Assume G = O,, and n/t is odd. Then H° does not contain a maximal torus of

G. Therefore there are semisimple elements = € G for which ¢ N H° = (). In fact
we characterise semisimple elements = € G for which 2% N H # (), see Proposition
and we deduce a characterisation for which 2 N H® # . In this case, in
Section [20.3.2.2we will derive lower bounds on fg when some restrictive hypothesis
holds (e.g. special elements lie in H®), see Proposition

Recall Definition of the algebraic fixity M, the r-local algebraic fixity M, and
M,..

Theorem 16.1.3. Let G = Cl,, and H < G be a 63-subgroup. Set Q@ = G/H.
(a) Assume G = GL,,. Then

(b) Assume G = Sp,,. Then
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(c) Assume G = O,,. Then

2
M=1-2
n

Theorem 16.1.4. Let G = Cl,, and H < G be a 62-subgroup. Set Q = G/H.
(a) If G = GL,, then
(i) Assumet =mn. Then M = My, M > M, for any odd prime r and
2
My=1-=
n
(i) Assume t < n. Then for every prime r, M = M,.
(b) If G = Sp,, and n > 4 then M = M, and M, > M,
(i) Assumet =n/2. Then for r # p odd

2 26 4
M2:1_7+7p72 , M, =1—-—
n  nn—2) n
(ii) Assumet < n/2. Then forr #p
4 66
M'rzl_*“!‘ r,2

n  n(n-—2)
(c) Assume G = O, and n > 4. Then M = My and M > M, for any odd prime r.
In addition
M,=1—-—
n
Remark 16.1.5.
(i) In the case G = Sp, we have M = My = 3/4 and M, = 0 while M, = 1/2.
(ii) If G = Oy we refer the reader to Lemma [20.1.3

(iii) Theorem [16.1.3| easily follows by combining the upper bounds and the characteri-
sations provided by Propositions [18.1.1} [19.1.1} [20.1.1}

The following is a straightforward consequence of Theorems [16.1.3] and [16.1.4]

Corollary 16.1.6. For any prime r there exists x € H of order r such that
4
fa(z) > 1 -~

n

Let G be a connected reductive algebraic group and let P be a parabolic subgroup,
set P = G/P. In [31], Theorem 1(c)] it is stated that an element z € G is regular if,
and only if, fp(z) = 0. We prove a similar version of this result for %»-actions. Recall
that © € Cl, is regular if, and only if, dim Cg(x) = rank G.

Theorem 16.1.7. Let G = Cl,, and H < G be a a-subgroup. Set Q = G/H. Let
x € G. Assume ¢ N H # 0. Then the following are equivalent

(i) Ca(x) is finite;

(ii) fo(z)=0;
(iii) x is regular, or G = Sp,, and Csp (x) = Spy X (GLp)™/2-1,
Remark 16.1.8.

(i) Notice that if G = O,, and n/t is odd then conjugacy classes of regular elements
do not meet H. In this case, let x € G be semisimple of order » > n — 1. Then we

shall show in Proposition [20.3.1| that fo(z) > (t/n)%.
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(i) Notice that if z is a regular unipotent element then & N H = (. Thus this result
holds only for semisimple elements, see Propositions [18.3.1], [19.3.1] and 20.3.1

Let x € G. Recall from Proposition that v(x) is the codimension of the largest
eigenspace of . In the proof of various results which lead to the bounds stated in
Theorem we see a quite strong relation between fq(x) and v(z). For example,
we prove that for a prime order element x € H, fq(z) is maximal if, and only if, v(z)

has the lowest possible value, apart from finitely many known exceptions; see the main
results of the sections mentioned in Remark [16.1.2{(ii).

In Theorems|16.1.9/and [16.1.11} below, we assume x is not an involution. Indeed if x

is an involution v(z) precisely determines the value of fqo(x), unless p = 2 (see Section
5.2.1)). For involutions in some cases we will determine an explicit formula for fo(x),

see Theorem [16.1.15]
We deduce the following from Sections [18.4] [19.4] and [20.4]

Theorem 16.1.9. Let G = Cl,, and H < G be a 6-subgroup. Set Q@ = G/H. Assume
r#2. Letx € HNV;,. Then

s 1
_l’_ —

n+l n
Remark 16.1.10. First, notice that this upper bound extends to any element x € V
(if z € Vs and 2N H = § then fo(x) = 0, see Lemmal7.1.1). Let us consider separately

the two cases r # p and r = p.

(i) Assume r # p. In Sections [18.4.1} [19.4.2] and [20.4.2| we prove that the bound is
close to best possible. We shall define elements z, for example (212)) if G = GL,,,
such that the difference between f3(Z) and the upper bound stated is bounded.
Then in Propositions [18.4.8, {19.4.8| and [20.4.4] we prove that f5(Z) is the best
possible upper bound on fg.

(ii) We study the case r = p in Sections [18.4.2] [19.4.1| and [20.4.1] For s < n/2 we
show in Proposition [18.4.11], [19.4.2] and [20.4.3| that there exists x € H° NV, for
which the difference between the bound and f§(x) is small. In the case s > n/2

falz) <1-

we do not have a similar result in general; however if G = GL,, and t = 2 we will
provide such information, see Proposition [18.4.12] Furthermore, if G = GL,, and
t = n we give explicit formulae for fo(x) for x € HNV; ), see Proposition [18.4.13

Notice that, unless G = O,, and n/t is odd, for any semisimple z € G we have
x9N H® # (), since H° contains a maximal torus. Therefore it is enough to derive lower
bounds on fo(x) for z € H° N V,,. The following provides lower bounds on fq(z) for
x € HNVs,, for r # p an odd prime.

Theorem 16.1.11. Let G = Cl,, and H < G be a Gy-subgroup. Set Q@ = G/H.
Assume r #2,p. Let v € H°NVs,. Then
s(2n—s) 5
Pl il Gl A
falw) 2 n2 n
Remark 16.1.12. As in Remark [16.1.2(iii) we point out that this bound extends to
any element x € Vg, such that % N H° # (. Let us make some observations on

Theorem [16.1.11]
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(i) f G = Oy and H = O,,/,1.S; with n/t odd, the case xz € (H \ H°) NV, is omitted.
In this case there are, in general, semisimple elements x € H whose G-class does
not meet H°. Therefore our strategy to derive lower bounds on fg is not effective
in this case.

(ii) In the case r = p we do not have any general result. The condition v(z) = s for
an element of prime order p given in Jordan form = = [J,7,..., Jy''] translates
into s = n — ), a;; this condition together with 2% N H® # () is not easy to deal
with. However, in the case t = 2 for G = GL,, we give close to best possible lower
bounds on fq in Proposition

(iii) In the case r # p we shall compute the best possible lower bound on fg. We shall
define a class of special elements z € H NV, in Definitions [I8.5.2| and [18.5.2] and
we prove f§(x) > f§(z) for any € H NV, see Lemmas [18.5.4] and [19.5.4]

It is interesting to note that the fo-values of elements in H NV, are approximately
the same; more formally we state the following.

Theorem 16.1.13. Let G = Cl, and H < G be a 62-subgroup. Set Q = G/H.
Assume r #2,p. Let x,y € H° N V,,. Then

ata) ~ faw)] < 2y 2

Remark 16.1.14. This is proved in Propositions [18.6.1] [19.6.1] and 20.6.1] Notice
that for s < /n and s > n — \/n we have |fo(z) — fo(y)| < % + 3,

Let = € G be an involution. In most of the cases we can give an explicit formula for
fa(z). Notice that for any involution z € G we have 2N H # (). For more details and
proofs we refer the reader to Sections [18.7], [19.7] and [20.7]

For the purpose of stating the next result we define

2 4
Theorem 16.1.15. Let G = Cl,, and H < G be a 63-subgroup. Let x € H be an

involution with v(x) = s. Write s = |s/t|t +b and s/2 = |s/2t|t + V. Then

= maX{O, stt n}

g(n,t,s) < fa(x) < g(n,t,s)+e
where the values of g(n,t,s) and € are listed in Table|16.1.1]
Remark 16.1.16.

(i) Notice that, for any involution x € G with v(x) = s, we may always assume
s < n/2. For unipotent involutions this is clear. If p # 2 then fqo([In—s, —Is]) =
fo([Is, —I—s)), thanks to Lemma [7.1.3]

(ii) We will define 2" to be the smallest integer such that &N H°m; = () for all i < h”.
Then we shall show that A" = h”.

(iii) In the main theorems of Sections |18.7} [19.7| and [20.7| we will give slightly better
values for e. Notice that if s — h'% < % then e = 0, as in this case t“NH =
z¢ N Hemp.
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G Conditions g(n,t,s) €
GL n/t even
" orn/t odd and s < max{%, "5t} | _ 2s(n=s) _ 2b(t=b) 0
Sp, p=21z¢€b¢ orcl n? n?(t-1)
0, z¢af
p#2
Sp,, n/2t even

_ G _ It P!
p=2weasand G e = T

O, p=2zcal ,h=0

Sp, p=2,2¢€a¥,n/2t odd and h' >0 1 _ 28(n=s=1) | nt2(s—t)
O, p=22z2¢€ ag, h >0 n2 (1_%) an(t—1)

3/n

GL, n/t odd and s > max{%, "'} 1 - 2l=s)—s | 2n7Et_—tl) 0

(D)

Table 16.1.1. Involutions in %s-actions

16.2. Strategy and layout

In Chapter we define the %,-collection and prove that subgroups in this family
have the following structure:

GLy/1 1S < GLy, Sppje 2 St < Spps Oyt 1S < Oy

for some divisor ¢ > 1 of n. Then we study conjugacy classes, first in H° then in
H \ H° in Sections and respectively. The main results of Section are
Theorem which provides an explicit formula for dim(z% N H®) for semisimple
elements z € G and Propositionthat shows dim(z¢NH®°) > (1/t—¢) dim 29, for
semisimple element z € G whose G-class meets H° with an explicit ¢ > 0. Notice that
Propositionis, in some sense, the dual of [11, Theorem 1] and [14, Proposition
2.1]. In fact combining these results together we will deduce fo(z) — fg(z) < 4/n.
In Section we shall study the Jordan form of prime order elements x € G whose
G-class meets H \ H®.

Let G = Cl,,, H < G be a 3-subgroup and Q = G/H. Let x € HNZ of order r.

In Chapters and we study actions of G on Q = G/H, deriving bounds
on fo(x). Although the methods used and the main arguments are very similar to
each other, we do not try to combine the analysis in order to avoid over-complicated
notations. Often we will omit the proofs that are similar to arguments already given;
however we will record such proofs in Appendix[B] All these three chapters will have the
same structure. We study: global upper bounds, global lower bounds for unipotent and
then semisimple elements, local upper and lower bounds and we conclude each chapter
with a more detailed study of involutions. We start each section stating the main result

of that section which immediately implies the theorems stated in this introduction.

In Sections [18.1} [19.1] and [20.1| we shall prove part (a) of Theorem [16.1.1] and The-
orems [16.1.3[ and |16.1.4] The main strategy is to compute explicit values of fo(x) for

x € H when v(z) is small and then use [14, Proposition 2.1], for the general case.
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In Sections |18.2 [19.2| and [20.2] we prove part (b) of Theorem First we
study the case p > n (which also includes the characteristic zero case), here we have
29N H = 2% N H°, see Proposition hence the largest Jordan block allowed in
x has size n/t. Then we move onto the case p < n, where the largest Jordan block

allowed is Jp.

In the case p > n we claim that the lower bound is realised by elements with at
least (¢ — 1) Jordan blocks of size n/t. The main tool (in the case G = GL,, but the
analysis will be similar for the other groups) is given by Lemma in which, given
an element  with h < ¢t — 1 Jordan blocks of size n/t, we construct a suitable new
element y with A 4+ 1 Jordan blocks of size n/t and we prove fo(x) > fa(y). Then
iterating this construction we prove the claim.

In the case p < n we directly show that for any unipotent element x € H we have
fa(x) > 1/p. Then proving a few technical lemmas we characterise elements of order
p that realise the bound (for G = GL,, see Proposition , only in the case p | n.
If pt n we construct an element = € H such that fo(x) — 1/p is universally bounded.

In Sections |18.3] {19.3| and [20.3| we prove part (c¢) of Theorem [16.1.1| and Theorem
16.1.7l Also here we shall divide the analysis according to whether » > n or r < n (or

n — 1 for the symplectic and orthogonal cases).

For r > n we explicitly compute a formula for dim Cq(z), see (202) and (233)) and
(258), for G = GL,, Sp,, and O, respectively. Then we prove that fo(xz) = 0 if, and
only if v(z) = n — 1 (with a further exception in the symplectic and orthogonal cases),

proving Theorem as well.

In the case » < n we can easily deduce the lower bound stated in Theorem [16.1.1
However this bound is often negative. With a more detailed study, we will deduce the
best possible lower bounds on f§ (notice that 2% N H° # ), unless G = O,, and n/t

is odd). We define a class of special elements, roughly an element of prime order r is

special if all the powers of a primitive r-th root of 1 occur as eigenvalues and all the
eigenvalues have almost equal multiplicities, see Definitions [18.3.9] [19.3.9] and [20.3.14]
We shall prove that for any semisimple element © € H®, f3(x) > f5(z), where z is a

special element. The main strategy is to show a “swapping lemma”. Roughly, given
x € H a non-special element of order r we define a new element y € H of order r
with v(z) < v(y) < v(z) + 1, and we prove f5(x) > f§(y). For example, assume
G = GL, and x = [I5,wl3,w?] € H is a semisimple element of order 3 then we de-
fine y = [I4,wls,w?I5], increasing by 1 the multiplicity of the eigenvalue with smallest
eigenspace and decreasing by 1 the multiplicity of the eigenvalue of largest eigenspace.
Notice that we can continue this process getting z = [I3,wl3, w?ls], from y. And,
according to our definition, z is a special element. Note that the best possible lower
bound for the orthogonal group is given only in the case n/t is even (when n/t is odd
we only show that special elements realise it whenever they lie in H°). For G = O,
and n/t even we observe that if z € H < G then a suitable G-conjugate of z lies in
the corresponding %2-subgroup of Sp,,, say K, and fo(z) = fs, /x(v), therefore the
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results will be quickly deduced from the analogous symplectic results.

In Sections [18.4] [19.4] and [20.4] we prove Theorem [16.1.9] in fact we give slightly
better upper bounds. The main tool again is [14] Proposition 2.1].

For r = p, in order to show that the bounds are close to best possible we will construct
a unipotent element x € H with v(x) = s (with some restriction on s if needed) such
that fq(z) is sufficiently near the upper bound. In the case G = GL, we shall give
slightly more information. For example, if H = GLq ¢ .S; we will compute an explicit
formula for fo(x) when z € H is a unipotent element with v(z) = s, cf. Proposition
.4, 10l

For semisimple elements we will have a “reversed” version of the swapping lemma.

In fact, for any x € HN Vs, we prove f3(x) < f5(Z), where Z is defined in (212]), (243)
or (270). Notice that the argument given does not hold in full generality: as pointed
out before for G = O, if n/t is odd we may have semisimple elements = € G whose

G-class does not meet H°.

In Sections [18.5] [19.5] and [20.5], we prove Theorem [16.1.11] Also here we shall define
special elements in H NV ,. And, again, the key result will be a similar version of the

swapping lemma given for global lower bounds on semisimple elements.

In general, we do not give lower bounds on unipotent elements in H N V,. However,
for G = GL,, in the case t = 2, we shall derive such lower bounds in Section [18.5.1

We conclude each chapter with a detailed study of involutions where we prove The-
orem [16.1.19]
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The %5-collection

17.1. Structure

Let V be a finite dimensional k-vector space and G = CI(V), i.e. GL(V'),Sp(V) or
O(V). Recall that given a vector space V with a form x we say that two subspaces
U, W <V are orthogonal and we write U L W if, and only if, (u,w) =0 for all u € U
and w € W, where (+,-) is the bilinear form associated to k. Following the description

given in [41], Section 1] we define the %,-family as follows:

%> We say that H € %5 if there exists a decomposition V = V] & ... P V;, where the
Vi’s are mutually orthogonal and isometric and H = Stabg{V1, ..., V;}.

Remark 17.1.1. If G = GL(V) then the bilinear form defined on V' is the zero form.
Hence, any two subspaces of V' are orthogonal and, given U, W < V', they are isometric

if, and only if, they are equidimensional.

Remark 17.1.2. In the definition of 62-subgroups we consider a direct sum decompo-
sition of the vector space V' into orthogonal isometric subspaces. Saying that V;,V; <V
are isometric implies that I(V;, ;) = I(Vj, k;), where & is the form defined on V' and
ki = K|, is the restriction of k on the subspace V;. Given G = CI(V) we denote
CU(V;) = I(Vi, k;). In particular, for all 4, j, we have Cl(V;) = CI(V}).

Remark 17.1.3. Notice that if G # GL,, and p = 2 then n/t must be even, cf.
Proposition for orthogonal the case.

Let k be the zero form or a symplectic form or a non-degenerate quadratic form on
V and denote G = I(V, k). If V1,Vo <V we write k1, k2 for the restriction of k to V;
and Vb, respectively. We define the following set

t

(159) X = {{Vl,...,%}:V:@V;, Vi LV, (Vi ki) 21V, ) fori;éj}
i=1

Then G acts naturally on X, for g € G, g.{V4,...,Vi} ={g.V1,...,9.V;}.

Lemma 17.1.4. Let G = CI(V). Then the action of G on X is transitive.

PrOOF. First assume G = GL(V). Then {Vi,...,V;} € X if, and only if, V =
@, Vi and dimV; = dimVj. Let {Vi,...,V;} and {V{,...,V/} be in X. Then, given a
basis for each V; and V}, there exists g € G that sends the first basis to the second one,
hence ¢.V; = V/. The result follows.

Assume now, G = Sp(V) or O(V), i.e. G = I(V,k) where k is a symplectic or
non-degenerate quadratic form. Let {Vi,...,V;} and {V{,...,V/} be in X, denote
ri = K|, and &} = K| ,. Then x; and ] are symplectic (if £ is symplectic) or non-

degenerate quadratic forms (if  is quadratic). Thus (V;, x;) and (V/, k}) are isometric.
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For1 <i<tlet g;: V; = V/ be an isometry. The map g: V' — V defined to be 9y, = 9i
is clearly an isometry of V. Hence g € I(V, k) and g.{V4,...,Vi} = {V{,...,V/}. The
result follows. g.e.d.

Fixing a standard basis for V' we gain an identification G = GL,, or Sp,, or O,,. Let
t > 1 be a divisor of n. Since the action on X is transitive, we may fix a decomposition,
for the purpose of understanding the structure of H.

For G = GL,, let {e1,...,e,} be the standard basis for k™. Then we consider
Vi=(et, - enpt)s s Vi = (€nnjts1s- - s n)-

For G = Sp,,, let {e1,...,en/2, f1,-- -, fn/2} be the standard basis for £". Then n/t is
even and we consider V; = (€(;i_1)n/t+1s- - - Cinj2ts fli—1)n/t415 - - - finjaes ) for 1 < i <t

Let G = O,,. If t = n then H = 0115; and since O; = {£1} we have that H is finite.
Hence we assume 1 < ¢t < n. If n is odd then so is n/t. If n is even then n/t may be
either even or odd. For example, let V' be a 6-dimensional vector spaces endowed with
a non-degenerate quadratic form ) and assume p # 2. Let {e1, ea, €3, f1, f2, f3} be the
standard basis for V. Define Vi = (e1, f1,es + f3) and Vi = (ea, fa,e3 — f3). We have
that Vi, V4 are orthogonal and isometric and V = V; @ V5.

In order to give the explicit structure of %3-subgroups we need the following result.

Lemma 17.1.5. Let G = Cl(V). Assume V. =Vi & ... & V; is a decomposition into
orthogonal and isometric subspaces, t > 1. Then there exists J < G with J = S; acting
naturally on {Vi,...,Vi}.

Proor. If G = GL, the conclusion is clear. Assume G = Sp(V) or O(V). It is
enough to show that the transpositions 7 = (4,7) lie in G since these transpositions
generate S;. For example, assume G = Sp(V') = Sp,, and 7 = (1,2). Then, in the basis
{e1s- s enjats f1s- o5 frjats €nj2t41s -+ €njts - - -5 > T is Tepresented by the block matrix

In/t
In/t

In/t

Therefore we have Te; = €,,/9,4; and Tf; = fy, /004 for 1 < i < n/2t, Te; = e; and
Tfi = fi for i > n/2t. Hence it is clear that 7 € Sp(V'). The same argument applies
for any other transposition (7, j) and in the case V is endowed with a non-degenerate
quadratic form. The result follows. g.e.d.

In the next result we describe the structure of 6-subgroups. Assume V = Vi &...®V;
is a decomposition into orthogonal and isometric spaces. We define Cl; = I(V}, 5y, ).
Since Cl; =2 Cl; for all 1 <4, j <t and dim V; = n/t; we denote C’ln/t = Cly.

Proposition 17.1.6. Let G = CI(V) and V = V1 & ... ® V; be a decomposition into
orthogonal isometric subspaces. Let H = Stabg{Vi,...,V;} be a €2-subgroup of G.
Then H = Ol 1S and H = (Cl,;,)".
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PROOF. By Lemmawe can fix the decomposition {V4, ..., V;}, where the V}’s
are defined above, in term of the standard basis for V. First, we consider the pointwise
stabiliser Stabg(Vi,...,V;). So, x € Stabg(Vi,..., V) if, and only if, .V; = V;. From
x.V7 = V1 we deduce that z is given by

I *
xr =
0 B

for some x1 € Cl, ;. Iterating this argument, we deduce that z is a block diagonal
matrix z = [21,..., 2] where z; € Cl,, ;. Hence, Stabg(V1,...,V;) = (C’ln/t)t.

By the proof of Lemma for any (i,j) € S; we have that the permutation
matrix associated to (4, ), that acts on {V1,...,V;} transposing V; and V; and fixing
all the other subspaces, lies in G, and hence in H. Therefore S; < Stabg{Vi,...,V;}.
In particular, Cl,, 4 1.S; < Stabg{V1,...,V;}. Let z € Stabg{V1,...,V;}. Then x.V;, =
Vii,.oo,x.Vyy =V, and ¢.V; =V, for all i € {i1,...,4}. Consequently define 7 € S;
to be the permutation (i1, j1)--- (i, 51). Thus x = [21,..., 247 hence z € Cl,,;; 1 S.
Therefore Stabg{ Vi, ..., Vi} = Cl, /4 1.S;.

Observe that we have Cl, 1 St = UTest(Cln/t)tT and, for 7 # 7/, (Cln/t)tT N
(Cln/t)tT/ = (). Therefore, the connected component H® of H (see Proposition D is
given by the direct product (Cl,, ;)" g.e.d.

We summarise in Table [17.1.1| the dimension of the coset variety 2 = G/H for H a
%5-subgroup of GG. Recall, by , dimQ =dimG — dim H.

G H dim
GL, GL,; 1S n*(1-1)
S SPae S % (1-14)
On  OputSe H(1-7)

Table 17.1.1. Dimension of Q = G/H for H < G a %,-subgroup

17.2. Conjugacy classes in %,-subgroups

Let G = Cl(V) and let H be a %-subgroup of G. In this section we shall describe
conjugacy classes of prime order elements in H, in order to deduce information on
2% N H. Recall that any prime order element is either unipotent (if it has order p), or

semisimple (if it has order r # p).
Notice that both G and H are reductive. Hence, for x € H, by Theorem

(160) “NH=2Hu.. Uzl

for some [ < oo. In particular dim(z% N H) = max;{dim 27 }.

Furthermore, notice that H = | J H°t, hence

TESE

(161) 2“NH=|]J="nHT)
TES:
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In particular, z¢ N H = (2 N H°) U (2% N H \ H°). In view of this last equality we
shall divide the analysis into two cases starting with the study of & N He.

The following is [14], Proposition 2.1], for the case G = Sp,, we record the upper
bounds proved in the proof.

Proposition 17.2.1. Let G = Cl, and H = Cl,;; 1 St be a C2-subgroup of G. Let
x € G be of prime order r. Then

1
dim(z% N H) < (; + C) dim z¢
where ( = 0 if G = GL,, or Oy, for G = Sp,, we record ¢ in Table [17.2.1, with a

representative of zC.

P r xG—representative ¢
42 =2 s, 1] 0
= 2 = 2 [J57 J{L—ZS] dlma}G ( - %)
a'ny ;ép’> 2 [Ia07"'7 " 1Iar 1] 231magc (1 %)
49 —=p g7, o] toueati(q 1y
Table 17.2.1

17.3. Conjugacy classes in H®

Let x € G be of prime order r. Assume 2 N H° # (). Up to G-conjugacy we may
assume z € H°. For infinitely many primes we prove that z¢ N H = 2% N H°.

Lemma 17.3.1. Let x € H of prime order r. If r >t then ¢ N H = 2 N H°.
ProoOF. Assume z& N (H \ H°) # 0; then there exist y € H° and 7 € S; such

that yr € 29N (H \ H°). Then 7 has order r, since = has order 7. But there is no
permutation in Sy of order r. The result follows. g-e.d.

Remark 17.3.2. We shall prove in Proposition [17.4.11] that in the characteristic zero
case, given x € G unipotent, we have 2 N H = 2% N H°.

Now, we describe conjugacy classes in H°. We start with elements of prime order p,
i.e. unipotent elements, and then elements of prime order r # p.

Recall that H = Cl,, ;1.5 where Cl,,; is either GL;,; or Sp,,;; or O,y depending on
whether G = GL,, or Sp,, or O,,, respectively. Moreover H® = (CI,, /t)t.

Notation. For z € H° we shall write x = [z1,..., 2] with the implicit assumption
that each z; lies in a factor of the direct product defining H°.

17.3.1. Unipotent elements. Here we assume z € H° has prime order p.
Fix an integer n and let P = P(n) = {\: A n} be the set of partitions of n, write
A= (n%,...,19), so that n = > | ia;.

Recall, from Section [5.2] there exists a one-to-one correspondence between conjugacy

classes of unipotent elements in GL,, and P. If G = Sp,, or O,, we have a one-to-one
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correspondence with a proper subset, say Pg, of P. The additional properties defining
Pa can be deduced from Theorem Par, = P and

Psp, = {A € P : a; even for all i odd}

Po, = {X € P : a; even for all i even}

We define the following notation for partitions. Let A = (n%,...,1%) F n. Let
p=(n’, ... 1) and n = (n°,...,1). We write A\ = p @ n if a; = b; + ¢; for all i.

Assume x € H° has order p. Then, up to G-conjugation, we may assume r =
[Jp7, ..., J{']. Moreover, there exists a block decomposition = = [z1,. .., 2] such that
z; € Cly; for all 4. Notice that if z = [y1,...,y;] and there exists i such that y; and
z; are not Cl,, /;-conjugate then [21,...,2] and [y1,...,y] are not H°-conjugate. For
example, [x1,x9] and [z, x| in H° = (C’ln/2)2, with @1 and zg not Cl,, -conjugate,
are not H°-conjugate, but they are H-conjugate. In Example we shall observe
that, for the purpose of computing dimensions, we don’t need to consider the order of
the blocks.

In general, ¢ N H° is a finite union of H°-classes. We have
l
(162) 2 nH =[] A"
i=1

for some [ < oo, where A; € H°. Thanks to the previous discussion it is clear that

there is a one to one correspondence

(163) {A1,.. A} +—{MD...dN: NibEn/tand \; € Pc[n/t for all 7}

In order to compute dim(:):G N H°) we need to know all the possible block decompo-
sitions & = [z1, ..., 2] where z; € Cl,, ;.
In the following example we illustrate how ((162]) and (163|) arise for unipotent ele-

ments.

Example 17.3.3. Let p > 3, G = GlLo; and let H = GL7 1 S3. We consider z =
[J2,J3, J{]. In order to get all the possible A;’s in (162)) we need to find all the possible

ways to write x in block form z = [z, x2, x3]. Notice

) 0 . GL, . CGL, . GL,

dimz#" = dim x; A dim "ty dim x4 /t
Observe that [z, 2, 23] and [z1, 23, T9] are not H°-conjugate (whenever zy ¢ z5™7).
However, by the above formula, they have the same H°-dimension. We list the possible

decompositions x = [x1, z2, z3] (by the above formula we do not consider permutations

of the blocks) together with dim 2" in Table|17.3.1, We use Theoremmm compute
GL
dimz; n/t,

Thus we get
dim(z% N H°) = dim[J3, Jo, J2|Y + dim[J3, Jo, J2 O + dim[J2, J3)9L7 = 76

Assume G = GL,. For some unipotent elements of H° we can easily compute
dim(2% N H®) and, in fact, dim(2% N H).
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1 2 x3 dim zH°
[, 1] 5. ][R, J7] 68
3,0 301 3P T2
[ T3, J3] [ 3, J3] 1] 60
[Js, J22] [J3, J2, J12] [J2, J15] 70
[ 3, J5] (73, i) I3, 8] 72

[T, 2, JT] [ J3, Jo, J7] [J5, 7] 76
[J3, 2, JE] [Js, 01 13, 4] T4

Table 17.3.1

Lemma 17.3.4. Let G = GL,,. Let z = [Jgp, o Jit € G. Assume t divides a; for
all i. Then € N H® # O and there exists a decomposition x = [1,...,x4] such that
HO

dim 2™ = (1/t)dimz%. In particular,

dim(z¢ N H) = % dim ¢

PrOOF. Let x; = [Jgp/t, e Jfl/t} for all 5. Then, by Theorem and Proposi-
tion [17.2.1] the result follows. g.e.d.

A similar result holds when G = Sp,, if we assume stronger hypotheses.

Lemma 17.3.5. LetG = Sp,,. Letx = [J,",...,J "] € G. Assumet divides a; for alli
and a;/t is even whenever i is odd. Then x% N H® # () and there exists a decomposition
z = [z1,...,2¢ such that dimz™" = (1/t)dimz® + (n — 3, jqq@)(1 — 1)/2. In
particular,

1 S a1
dim(2€ N H) = 7 dima® + "22““@(1 - g)

PROOF. Let 21 = ... =2, = [Jgp/t, . .,Jfl/t]. Then z; € Sp,,; since a;/t is even
for ¢ odd. Thus the result follows by an easy calculation using Theorem [5.2.1} Then,
applying Proposition [17.2.1| we deduce dim(z® N H) = dim z°. g.e.d.

We do not have the same result for the orthogonal group.

Remark 17.3.6. Let G = O,. Let z = [J,7,...,J{"'] € G. Assume t divides a; for

all 7 and a;/t is even whenever 7 is even. Let 1 = ... =2y = [Jg”/t, e Jlal/t] € Oy
Then [x1,...,24] € ¢ N H° and an easy calculation leads to
dimz° = %dime — n+z2i°ddai(1 — %)

17.3.2. Semisimple elements. Assume x € G has prime order r # p. Then, up
to G-conjugation, z = [Io,,wly,,-..,w" I, _,] where w € k is a primitive 7-th root of
unity. Therefore given  in G of prime order r # p we have & N H° # (), whenever H®
contains a maximal torus. The main aim of this section is to give an explicit formula
for dim(z% N H°) and, in the same spirit as Proposition derive a lower bound

on this dimension of the form (1/t — ¢) dim 2.

Remark 17.3.7. We remind the reader of the conditions on the multiplicities of the
eigenvalues of x = [I,,wly,, ... ,w 1, ], for r > 2, see Theorem m
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e If G = GL,,, there are no conditions.
e If G =Sp,, or O, then ag =n (mod 2) and a; = a,—; for all 0 < i < %

For semisimple elements we can give an explicit formula for dim(z% N H®). The

following result will be the essential tool when we deal with bounds on fq(x) for =z
semisimple, see for example Lemma [18.3.11

Theorem 17.3.8. Let € G be of primer order r. Assume ¢ N H® # 0. Write
=Ly, wlyy,...,w" ', ] whenr > 2 and x = [Is, —I,_s] with s < n/2 forr = 2.
(i) If G = GL,, then
dim (28 A H° n? — /|| a;
im(z™ N )—t—n-f-iz;(LtJ t—l—(t—2ai)L?J>
(i) If G = Sp,, and r # 2, then
dim(a® N B = - +2Q@J2t+(t ){@J) +1§<[(“J2t+(t 2 -)PJ)
1mix = o ap ap 2 < ; a; ;

2t 2t

Assume r = 2. Write s/2 = at + b where 0 < b < t. Then
s(n—s) 4b(t—b)
t t

(iii) Assume G = O, and r # 2. If n/t is even, then

dim(z% N H°) =

2

S (E R RARNI L) B w (I AT

If n/t is odd then

dim(eC A H) = g Dy ] H(V”fﬁ(t 2;)| )
R Tt T2 T2 T
ag — t2 agy — t 3
2([Fg ] = o) [ Fg ) - Glan ¢
* T IRl 7 pla0 1)
Assume r = 2 and write s = ¢t + b where 0 < b < t. Then
— b(t—b
dim(z% N H®) = s(nt 5) N ; )
In order to prove Theorem [17.3.8] we need some general lemmas that establish a link
between the decomposition z = [z1, ...,z and dim(z% N H°).
For o = [x1,...,x¢] € H° of order r we establish the following notation
(164) zi = (Lo g wlagys oo w1y, ]

As observed in Example [17.3.3| the order of the x;’s is not relevant for the purpose of
computing the dimension of z°.

We introduce the following claim, which will be the essential tool to show Theorem
17.3.8] Let G = Cl,, and r be a prime. We define ¢ =1 if G = GL,, or (G,r) = (O,,2),
and ¢ = 2 otherwise.

Claim. Let = [z1,...,2;] € H° be of order r. We have dim(z% N H°) = dim 27" if,
and only if, |a;; —a;;| <1 and |ajp —ajo| <tforalll1<l<r—Tland1<i,j<t



194 Part 4. Chapter 17: The %,-collection

After proving the claim we can easily write down a block decomposition of z for
which dim (2% N H°) = dim 2" and the proof of Theorem [17.3.8 will reduce to an easy
calculation. The following technical lemma will be a useful tool in order to prove the

claim.
Lemma 17.3.9. Assume r > 2 if G # GL,. Let x = [x1,...,2¢] € H® as in
be of order r. Assume there exists m € {0,...,r — 1} and blocks x;,x; such that

Qi = Qjm + 2+ h, for R >0 or, h > 2 if m =0 and G # GL,.

(i) If G = GL,, then there exists | € {0,1,...,r — 1} \ {m} such that aj; # 0 and
a;; —aj; < h.
(ii) Let G = Sp,, or O,
(a) If m =0, there existsl € {1,...,r—1} such thata;; # 0 and a;;—a;; < h—2.
(b) If m # 0, one of the following holds.
* ajo# 0 and a;p — ajo < —1; or,
* ajo =0 and there exists | € {1,...,r—1}\{m} such that a;; —a;; < h.

PRrROOF. In this proof we shall use the following notation: a;j = by and a;j, = cj
for0<h<r-1.

Case (i). If G = GL,, we may assume, without loss of generality, m = 0. By the
hypothesis, by = ¢o + 2 + h, in particular, ¢g < n/t. Hence, there exists ¢ > 0 such that
¢; > 0. Up to relabelling the eigenvalues, and not considering ¢ (that may be 0), we
may assume that ci, ..., ¢ are the only non-zero multiplicities in the block ;. Suppose
that b; — ¢; > h for all 1 < i <, then summing over ¢ we have
l

(165) (bo—co)+ Y (bi—ci) > (h+1)+1h >1

i=1
Notice that ¢o+ >, ¢; =n/t and by + >, b; < n/t. Hence (by — co) —1—2221(62' —¢) <0
this, together with , is absurd. The result follows.

Case (ii). Assume G = Sp,, or O,,. First assume m = 0, so that by — co = 4 + h for
some h > 0. We use the same argument as above. We have n/t = co+c1+ ...+ ¢q
where ¢, ..., ¢ are the only non-zero multiplicities (possibly together with ¢g). Thus
Y;ci=n/tand n/t > by + 2221 b;. Assume b; — ¢; > h for all i. Hence,

l

OZ(bO_CO)+Z(bi_Ci>Z4+h+lh>0
=1

So, there exists ¢ such that ¢; # 0 and b; — ¢; < h (where h > 0).

In the case m # 0 we have b,, — ¢, > h + 2. We distinguish two cases depending on

whether or not ¢y = 0.

If cg = 0 then by — ¢g > 0. We use the same argument as above. Assume b; —c¢; > h
for all i # 0, m. (Notice that we may always assume m > [). We have n/t = ¢o + ¢, +
2221 ¢i, where ¢; # 0, and n/t > by + by, + Zf;=1 b;. Thus

l
0> (bo—co) + (bm — cm) + Y _(bi — i) = h+2+1h >0
=1
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which is absurd. Hence b; — ¢; < h for some 1.

Assume ¢y # 0. Then either there exists ¢ such that b; — ¢; < h, in which case the
result follows, or b; — ¢; > h for all 7. In the latter case, with the usual argument, we
have n/t = co + ¢ + Zizl c; and n/t > by + by, + Zlizl b; hence

I
02(bO_CO)+(bm_Cm)+Z(bi_Ci)2(b0_00)+h+2+lh2(b0_00)+2

i=1

therefore bg — cyp < —2 < —1. g.e.d.
Here we prove one implication of the claim. Recall, if x = [z1,...,2] € H® then
. o . Cl,

dimzH° =3 dimax; ™.

Proposition 17.3.10. Let © = [z1,...,x; € H® be of order r. Assume dimz® =

dim(z% N H®) and say a; p, the multiplicity of Wl in ;.
(i) If v # 2 then
lan: —aq| <1
foralll < h,l<tandl <i<r—1. In addition, |ano—a;o| <t for all h,l where
v =114f G =GL, and v = 2 otherwise.
(ii) If r =2 then z; € [In/t,si, —Isi]Cl"/t and
|Si — Sj| S 1, ZfG = GLn,On
si — 55| <2, if G = Sp,

PRrROOF. We prove the contrapositive. Assume there exist blocks x;, x; in which the
multiplicities of the eigenvalue w' satisfy ap; —ay; > 2,ie. a;; = ay; + 2+ h for some
h > 0. We shall construct y = [y1,...,y] € £ N H® such that dimy° > dim 2",
which is absurd, as dim z° = dim(z N H®).

If (I,I") # (1,2) we permute the blocks. So we assume | = 1,I' = 2. For r # 2
we denote the multiplicities a1 ; = b; and az; = ¢j for 0 < j < r — 1. Therefore
bi=ci+2+horby=cy+4+hif G=Sp,, O, (recall that by, co = n/t (mod 2)) for
some h > 0. We split the analysis into different cases.

Case 1. Assume G = GL,,.
Up to relabelling the eigenvalues we may assume ¢ = 0. Hence bg = cg + 2+ h. Up to
conjugation,

T = [Ic0+2+h7WIb1a . ,wT_llbrfl]

r—1
xg = Loy, wley, ..., w1 ]

By Lemma [17.3.9] there exists ¢ > 0 such that ¢; # 0 and b; — ¢; < h. Up to relabelling

the eigenvalue we may assume i = 1. Thereby we define y = [y1, y2, 3, . . ., x|, where
1 = Legr11h> @l 11,0 oy, - 0" My, ]
Y2 = [Ico+17 CUIcl_l, w21627 s 7wr71-[crf1]

Clearly = and y are G-conjugate but not H°-conjugate, i.e. z° Ny”° = (). After a
straightforward computation, using Theorem we see that dimyf° — dimz¥° =
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2(cy — by + h) > 0. This implies dimy?° > dim(z% N H°) which is absurd. The result
follows (even if r = 2).

Case 2. Assume G = Sp,, or Oy, and r # 2.
Recall we are assuming b; = ¢; + 2 + h for some ¢ € {1,...,7 — 1} and h > 0 or
bg = co + 4+ h for some h > 0. We have two cases depending whether ¢ = 0 or i # 0.

Assume by — cg = 4+ h for some h > 0. By Lemma [17.3.9| (note that here we assume
h > 0) there exists j > 0 such that ¢; # 0 and b; — ¢; < h. Also here, we may assume
j =1. We define y = [y1,y2, 3, ..., ], where

2 r—1

Y1 = [Ib0727(f‘-)[b1+17 w Ib27 S, W Ib1+1]
2 r—1

y2 — [ICO+27WI6171)W IC27 e, W Iclfl]

Again: y € 2% and y”° N zf° = ). In both cases G = Sp,, and O,, we get:

dimy" — dim 2" = 2(bg —co — (by — 1) —=3) =2(h +1— (b1 — 1)) > 2
where the last inequality follows from b1 — ¢y < h. As above, the result follows.

Assume b; —¢; = 2+ h for some ¢ = 0. Up to relabel the eigenvalues, we assume i = 1.
Then, by Lemma [17.3.9} either there exists j > 0 such that ¢; # 0 and b; —¢; < h
or ¢g # 0 and by — ¢y < —1. In the former case we assume j = 2. Thereby we define

y = y1, Y2, 23, ..., x|, where
2 3 r—1
Y1 = [IbO,WIblfl,w Ib2+17w Ib37"'7w Iblfl]
2 3 r—1
Y2 = [1607WI01+1aw -[02717(") ICga"'aw Icl+1]

As above we have y € & and y#° N 2" = (). In both cases G = Sp,,, On, we compute
dimy™* —dimaf* =2(b; —¢; —1) = 2(by —ca +1) =2(h — by 4+ ¢2) > 0
where the inequality follows from by — co < h. Again, the result follows.

Now assume by —c; =2+ h (h > 0), ¢g # 0 and by — cg < —1. Then we define

y = [y1,y2,23...,2¢, where
y1 = [Lpgt2, wlp, -1, w2lb2, e ,wrfllbl_l]
Y2 = [Tog—2, Wl 11,0 eys oo™ 1oy 1]
Again, y € 2% and y"° N2H" = (. For G = Sp,, and O,, we get
dimy"" —dim 2" =2(by — 1 — (bg — o) —3) =2(h — 1 — (bg — ¢g)) > 2 >0
where the inequality follows from by — ¢g < —1. Again, the result follows.

Case 3(i). Now assume G = Sp,, and x is an involution.
Up to conjugation, x = [I,_s, —I5] where s = n (mod 2). Let x = [x1,...,;] with
v = [Ini—s;, —1s;]. Assume s1 — sg > 2. Define y = [y1,y2, x3, ..., 2] where

= [In/t—sl—i-Qa —13172]

Y2 = [In/tfsgf% _ISQ+2]
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So y € 2% and y"° N zH° = (). We compute
dimy° — dim2?° = 4(s1 —s2—2) >0
The result follows.

Case 3(ii). If G = O,, and x = [I,,_s, —I4] is an involution then s does not need to be
even or odd (cf. Section[5.3). As in the previous case write z = [z1,...,2;] € H° and
assume s; — 2 > 2. We define y = [y1,y2, x3, ..., x] € H° where

Y1 = [In/tflerla _Isl—l]
Y2 = [Injt—sy—1, —Lsyt1]
So y € 2% and y° N 2" = (). Again, we compute
dimyHo —dimz?° = 2(s1—s2—1)>2>0
The result follows. g.e.d.
Remark 17.3.11. Let G = Sp,, O,,. Let © = [x1,...,2¢] € H° be a semisimple element

of odd prime order or a semisimple involution if G = Sp,,. Assume dim(2® N H°) =
dimz™°. By Proposition [17.3.10| we have laio — ajo| < 2 for 1 < 4,5 < t. Since
a;p = n/t (mod 2) we have a; 9 — a;po € {0, £2}.

Only for the purpose of uniform notation in the following (Lemma [17.3.12)) if x is an
involution we write x = [I,,, —I,,|. Notice that a; =n —ap. If x = [x1,..., 2] € H®
we denote each x; as in (164]).

Lemma 17.3.12. Let © € G be of order r. Assume x = [x1,...,x¢ € H® is such that
dim(2% N H®) = dim 27"
(1) If G = GL,, then a;p, € {|an/t], lan/t] +1} for 1 <i<tand0<h<r-—1;
(ii) If G = Sp,, or Oy, (assume r # 2 if G = Oy) then a;, € {|an/t], lan/t] + 1} for
1<i<tandl <h<r—1;a;0€{2|ao/2t],2|ao/2t| +2};
(i1i) If G = Oy, and r =2 then a;o € {|ao/t], |ao/t| + 1} for 1 <i <t.

PROOF. Let us recall Proposition If G = GL, then |a;; —ajx| < 1 for all
1<i,7<tand0<h <r—1. Thesame holds if (G,r) = (Oy,2). If G = Sp,,, Oy,
then |a;p —ajp| <1 for h # 0 and |a;0 — ajo| < 2, provided (G,r) # (Op,2). Recall,
in the notation , that aj, = 2221 Qi py-

Assume G = GL,,. For simplicity let us fix h = 0. We may assume a; o = max;{a;o}
and a0 = mini{aw}. Then a1,0 — a0 € {0, 1}. If a10—agp = 0 then for all i we have
a;0 = a1,0 and so a; 0 = ag/t. Let us assume a9 — ago = 1. So azp = a0 — 1. For all
1, a10 — 1 < a;0 < arp. Thus summing over i = 1,...,t we get

(a10—1)t+1<ap<ajot —1=(aro—1)t+ (t—1)

Thus a1 9 — 1 = |ap/t|. The same argument holds for i # 0. The result follows.

Assume G = Sp,, or O, and r # 2. The previous argument applies for h # 0. Hence,
assume h = 0. Then, for all 1 < 4,5 < t, we have a;0 — ajo € {0,£2}, by Remark
17.3.11] Let a1, = max;{a;o} and azp = min{a;o}. If a10 = aso then a;¢ = ag/t for
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all 3. If a1 9 — az 0 = 2 then for all ¢ we have a10/2 —1 < a;0/2 < a;0/2. Thus,

a0 agp ai,0 ai,0
—’—1)1& 1<—<—’t—1:<—’—1>t t—1
(2 tls5 =5 2 (-1

and a1,0/2 — 1 = |ap/2t]. Notice that this argument applies also in the case (G,r) =
(Sp,, 2).
In the case (G,r) = (Oy,2) the same argument as that used for GL,, applies. The

result follows. g-e.d.

Now we can prove the claim.

Proposition 17.3.13. Let © € G be of order r. Assume x = [x1,...,2¢] € H°. Then
dim(2% N H®) = dim z"° if, and only if,

lain —ajn|l <1, laio—ajol <t

foralll <ij<tandall<h<r—1;andt =1 1f G = GL, or (G,r) = (On,2),

and v = 2 otherwise.

ProOF. If dim(z“NH®°) = dim 2”° then, by Proposition{17.3.10} the result follows.
Conversely, let us assume G = GL,, and |a; ,—a; | < 1 for all ¢, j, h. Then by Lemma
17.3.12|we have a; , € {|an/t], |an/t]+1}. Notice that dim(z“NH®) > dim ", There
exists z = [21,...,2] € % N H° such that dim(z® N H®) = dim 2", Say b;, is the
multiplicity of w” in the block z;. Then, by Proposition [17.3.10 |bin — bjnl < 1 for

all 4, j,h and by Lemma [17.3.12| we have b;;, € {|an/t], [an/t] + 1}. It follows that,
up to a permutation of the blocks, Car,, , (x;) = CGLn/t(zi), thus dim 27° = dim 2H°.

Therefore dim(z% N H°) = dim 2", Similarly if G # GL,,. g.e.d.
Now, we can prove Theorem [I7.3.8]

PrOOF OF THEOREM [I7.3.8. Thanks to Proposition[17.3.13] given x € H° we can
find a suitable decomposition z = [z1, ...,z such that dim(z% N H°) = dimz"". We
divide the analysis according if G = GL,,, Sp,, or O,,.

Case 1. G = GL,,.
Let © = [Iao,...,wrflfarfl] € G be of order r. Write a; = ¢;t + b; where 0 < b; < t.

Let z = [x1,...,x¢], where we define
(166) Ti = [ICO+€~L,07 ijl‘l’Ei,la s 7wr_1lcr,1+6iyrfl]

where for every j € {0,...,7 — 1} we have >.'_, ¢ j = b; and ¢;; € {0,1} for all i and
4. Then, by Proposition [17.3.13, we have dim(z% N H°) = dimzf°. Using Theorem
(3.1 we compute

r—1

2
n
( Z C] + 627] > = 7 — ZZ(C? + 26]'61'7]' + 61273-)
(]
1 2,2 n’ 1 2 2
— 5> (2 20ty + bjt> - - Z(aj +th; — bj)
J J

. )
dimzf° =

M#

1=1

2

w‘3

B S w{ (RS
j=0
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2 e Co— b by — 4 — O C— |
where we used €;; = €5, >_; € j = bj, bj = a; — ¢t and ¢; = |a;/t].

Case 2. G = Sp,,.
Let @ = [l wlay,...,w' ™1 € G. First assume 7 > 2. Write ag/2 = cot + by and
a; = cit + b;, for i > 0, where 0 < b; < t. Let = [z1,..., ], where we define

— r—1
(168) Li = [IQCO+25i,O’WIcl+Ei,17 ceey W Ic'rfl‘i‘fi,r—l]

with the same conditions given for (166]). Then, by Proposition|17.3.13 dim(:cGﬂH °) =
dim z°. Thus

t r—1
. o n/n 1
dlma:H — ;(%(t —+ 1) — (CO =+ 61'70)(200 + 261'7() + 1) - 5 ;(Cj —+ gi,j)2>
n/n a2 ay 2by 1
=—(- 1)——0————t—b - — 24 bi(t—0b;
2(t -5 -3 b 2th3(@]+ j(t = b;))

Now assume r = 2. Up to conjugation, x = [I,,_s, —Is] with s even. Write s/2 = ct+b
where 0 < b < t. Let = [1,...,2¢], where we define
(169) Ty = [In/t—20—2eia _IQC+2€Z‘]

where ¢; € {0,1} and >_, ¢; = b. Then by Proposition [17.3.13| we have dim(z% N H®) =
dim z”°. Using Theorem we compute

t
° — ) Ab(t—b
dimaH° = Z(ﬁ — 2 — 26¢> (2i + 2¢) = 20 =28) _ 4b(t =)
Pl 13 t

Case 3. G = 0,,.

We use the same notation for the case G = Sp,,. First assume r > 2. Assume n/t is
even, so n is even and hence ag is even. Let ag/2 = cot + by and a; = ¢;t +b; for j > 1.
We define z; as in and we compute

t r—1
. H° n/rn 1
dimz" = 2(%(1& — 1) — (co +€i0)(2¢c0 + 26,0 — 1) — 5 z;(cj + Givj)Q)
i= J=

TL2 ag 2 ag 1 = a; 2 a;
=g Al el )) s (T e R)
Now assume n/t is odd. Recall that n is even if, and only if, ag is even. Then, for n

even we deduce that ¢ is even; if n is odd then ¢ is odd. In particular ag — t is even.

Let [y1,...,5] € ¥ N H° be any decomposition. Then y; € O,,/¢, and since n/t is
odd we deduce that the multiplicity of the 1-eigenvalue in each y; is odd, in particular
it is always positive. Therefore ag > t. Let GOT_t = cot + by where 0 < by < t and

co = L“%;tJ For 1 <4 <t, define

r—1
Ty = [I2CO+26¢,0+17 WIC1+62',1’ s, W Icr—l+€i,r71]
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where Y. €0 = by and ¢;; = € ,—; for j # 0. Then z; € O,,¢ for all ¢ and dim(azG N
H°) = dimz"° | by Proposition [17.3.13 We compute

t r—1
o n/n 1
dim 2 :5 (2—t<——1>—(co+ei,0)(200+2610+1 QE (¢; + €j) )

1=1 7=1

2

n ao—tJZ Lao_tD 3

— —n4 - t+ (2t — — Zag—t
~ ot ”+ (L sy G 50 —1)

1 a,j 2 aj
+ §Z(H o+ (0= 205) [ )
7j=1
Now assume = = [I,,_s, —I;] is an involution. Let s = ¢t + b where 0 < b < ¢. Define

(170) xT; = [In/tfcfeiﬂ _Ic—i—ei]
where ¢; € {0,1} and >, ¢; = b. Then z = [z1,...,2¢] € H° and, again, by Proposition
17.3.13| we have dim(z% N H°) = dim 2™". Thanks to Theorem we compute

t
dim 27 = Zdimx?”/t _ Z(ﬁ e ei)(c—i—ei) _ s(n—s) B b(t —b)
i=1 i

t t t

g.e.d.

Remark 17.3.14. From the computations done in the proof of Theorem [17.3.8] we
deduce also the following formulae.

e Assume G = GL,. Let x € G be a semisimple element of prime order r. Say
x = [log,wlay,...,w 11, ] and write a; = c;t + b;, where 0 < b; < t. Then, by
the proof of Theorem [17.3.8| we have
(171) dim(z% N H°) = L dima€ — 1§b«(t—b~)
t t i=0 Z Z
e Assume G = Sp,,. For x of order r > 2 we write ay/2 = cot + by and a; = ¢;t + b;,
for ¢ > 0. Then

(172) dim(z€ N H°) = dlmeJr”_“O(l—l)—(%ot—bo +1§b] )
2 &

t 2 t

e Assume G = O,. Let z be of order r > 2. Here we have several cases. Write
a; = cjt + bj where 0 < b; < t.
— Assume n/t is even and write ag/2 = cot + bp. Then

G

r—1
o dim z n — ag 1 1 1
(173) dim(a® N H°) = == — 2 (1 - 7) - E(zbo(t —bo) + 5 Z;b](t - b]))

— Assume n/t is odd. If ag—t > 0, write aOT*t = cot+by. Define t =0ifag <t
and ¢ = 1 otherwise. Then

. o dimz® n—ag 1 bo 13
(174) dim(z®np®) = S5 T (1—5)— (2+2 (t—bo))—%ij(t—bj)
j=1

Corollary 17.3.15. Let x,y € G be of order r. Assume Cg(x) = Cg(y). Then
dim(z% N H°) = dim(y% N H°).
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PRrOOF. Up to G-conjugacy we may write x = [Io,,wla,,...,w" 1, ] and y =
[Ipgs wlpys - - -, w" 11, . ]. The centralisers of z and y can be read off from Theoremm
Notice that if G = Sp,, or O,, then ag = by. The result is a straightforward consequence
of Theorem it is enough to observe that Cg(x) = Cg(y) if, and only if, there

exists a permutation o in S; for which x = [I,(4y), Wly(,)s - - - ,wT*IIU(bT_l)]. Thus, by
the formulae given in Theorem the result follows. g.e.d.

By analogy with Lemmas [17.3.4] and [17.3.5] given for elements of order p we prove
the following. Recall the number ¢ from Proposition [17.2.1

Lemma 17.3.16. Assume G = GL,, or Sp,,. Let x € G be of prime order r. Then

1
dim(z% N H) = dim(z% N H°) = (E + C)dimmG

if, and only if, t | a; for all i > 0 and t | ap/t where v = 1 if G = GL,, and ¢ = 2 if
G = Sp,,.

Proor. This is clear thanks to Remark and Proposition [17.2.1 g.e.d.

Thanks to Lemma for x € H° of prime order r # p, we know how to
construct a block decomposition z = [z1,..., ] such that dim(z% N H°) = dim 2",
The following is analogous to Proposition Notice that the main tool is the
construction of a block decomposition as explained above.

Proposition 17.3.17. Let x € G be an element of odd prime order r # p. Assume
N H®#0. Then
1 1
(175) dim(z% N H°) > (; — = & ¢) dima©
n
where £ = 0 if G = GL,, otherwise
n — ag 1 1
- f)
¢ 2 dim 2¢ ( *
where + occurs if G = Sp,, and — for G = O,,.

PROOF. For t = n the inequality is trivially satisfied. Therefore we may assume
t<n.

Case 1. Assume G = GL,. (Notice that the following argument holds for r = 2, as
well).
Write = [x1,...,2¢] € H®, such that dim(z% N H°) = dimz"". Up to conjugation,

T; = [Iai,o, .. ,wrfllai’r_l]
where 25:1 a;; = a; for all j. Using Theorem we see that (175)) is equivalent to

t r—1 1
I e 2t

i=1 j= 7=0
Since dim(zNH®) = dim2°, by Lemma|17.3.12|we have a; ; € {|a;/t], |a;/t|+1}.
Therefore, writing a; = ¢;t + r; where 0 < r; < t, we have, for all j € {0,...,r — 1},

t
Zaij = (gj +1)*r; + q?-(t —rj) = qut + 2q;r; + 1

i=1
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Using n =), a; and aj = ¢;t + r;j, we have

t r—1 r—1

() S XX =S+ () - )

=1 j=0 7
r

Therefore inequality (176]) is equivalent to

S (1= %) = (1)) =0

We claim that, for every j € {0,...,r — 1}, each summand is non-negative. Hence, let

us fix j and write a; = a,7; = s. We claim

(177) a<1—%)—s(1—§) >0

If a <t we have a = s and the inequality (177) is clearly true since n > t.
Assume a >t then a = gt + s with ¢ > 1 and 0 < s < ¢t. Thus ([177) is equivalent to

(178) o(s) = n(qt? + 32)n; t(gt + s)?

>0

2
We see that g(s) is minimal when s = %. Therefore we distinguish two cases. Assume
2 2
% < t. Then we can actually have s = % and, using Mathematica, we compute

n(qt? + s%) — t(qt + s)? > g gt* \ _ ngt*(n— (¢ +1)t)

s) = =
9(s) nt - (n—t) nt(n —t)
In particular, (178) is satisfied, since, in this case, gt +t < n.

Now assume % > t. Then the left hand side of the inequality (178) is minimal

when s =t — 1. Therefore, since g(s) > g(t — 1), it is sufficient to prove the inequality
for s =t — 1, that is
1
(179) g(t—l):a<1—3)—(1—7)20
n
which is true if, and only if,

(1=y1-2 (=5 ses (e y1-20-9))3

We claim that
(it )
n t 2_n

which is equivalent to /1 — (4/n)(1 — 1/t) > (1 — 2/n)?, we have

D)

Furthermore, we claim that
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which is equivalent to

(180) t(l—%) - (1—%) >0

These two claims, together with the fact that ¢t < a < mn —1, will lead to the conclusion
that (179) is verified.

As a function of ¢, the left hand side of (180]) is monotonically increasing in [2, 5].
Therefore it is minimal for ¢ = 2 and in this case the inequality (180)) is satisfied if
n > 3. The case n = 2,3 necessarily implies n = ¢ and we can never be in this case

since n > t.

Case 2. Assume G = Sp,,.
As for the previous case we write x = [x1,...,2;] with dim(z% N H°) = dim2z#" and
we write

zi = [Laig, .- ' oy, ]
where 25:1 a;j = aj for all j € {1,...,t}.Using Theorem we see that inequality
is equivalent to

(181) Z(?H)—Z(a”Jr;Eaij)z(l—+£)( (n—l—l)—%—% a§>

i=1 =0 7=0

By the computation done in the previous case we know that

2SS a) = (L) ()
2t 24 ; “) =\t n 2 2 4 J
i=1 75=0 7=0
In addition substituting the value of { = 57— (1 — % + %)
n — ag 1 l)n—ao . a n—a
> - - — = —
2 (t g odimz 2
Thus (181)) is satisfied.
Case 3. Assume G = O,,.
With the same notation as above, (175)) is equivalent to
n a 1
0
T R 0 SO BRI )
§=0

As for the symplectic case, the analysis done for G = GL,, allows us to conclude

F )= (-G 5)

. o - 1,1
In addition, substituting the value £ = -2=90_ (1 -3+ 5)

2dim x
_m—ao _n—a()(l_l) —§dime:—n_a0
2 - 2 t n 2
Therefore is satisfied. g.e.d.

Remark 17.3.18. We do not have the same result for elements of order p. One reason
is that given € G of order p such that 2% N H # () we may have ¢ N H® = (),
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see Example [17.4.10, Similarly, if € O,/ 1 St < O, and n/t is odd, we may have
z¢ N (Oy1)" = 0, see Corollary [20.3.19

Combining Propositions [17.2.1] and [17.3.17] we have the following two corollaries.
Corollary 17.3.19. Let x € G be of odd order r # p. Assume 2N H® # (. Then

: G B G o
Ogdlm(a: NH)— dim(z ﬂH)<1 L

dim 2& “n ' dimaz®
where v = 0 if G # Oy, and v = n/2 otherwise.

Proor. For z € H we have, in general, dim(z% N H) > dim(z% N H°). Moreover,
by Propositions [17.2.1] and [17.3.17 we have

1
dim(z% N H) — dim(z% N H°) < (( FéEA+ ﬁ) dim z¢

where — occurs if G = Sp,, and + if G = O,
In the case G = GL,, we have { = £ = 0, hence the result follows.
If G = Sp,, then ( —& = —5. =90 and ((— &+ 1) dimaC = dme® _na o dime®

2ndim 2G n 2n n

The result follows.
Assume G = O,,. Then (+¢& = %(1 - % + %) Therefore (¢ + &+ %) dim 2¢ =
% (1 — % + %) + %. Thus, using t < n/2 and ap > 0 we deduce the result. g.e.d.
Recall that, for x € G, we defined

_ dimQ — dim2€ + dim(z% N H°)

Ja(@) = dim ©
Corollary 17.3.20. Let x € G be of odd order v # p. Assume & N H® # (). Then
2t
o < o
F3(0) < fale) < fa(a) + s
Proor. Using Corollary [17.3.19] we have
o dim(z% N H) — dim(2® N H®) _ dim 2% + ne n 2t
_ = < <
fal@) = falw) dim Q ~ ndimQ < dimQ ~ n(t—1)

where we used dimz% < n? for G = GL, or Sp,, and dimz%" < n?/2 (this easily
follows from Proposition |5.4.1]). g.e.d.

Notice that 5 is maximal (for ¢ > 1) when ¢ is minimal. Therefore fq(z) — f§(z) <
4/n.

17.4. Conjugacy classes in H \ H®

Let x € H be an element of prime order r. Denote by m; € S; any permutation with
cycle shape (7%, 1°=7). The aim of this section is to give conditions on z in order to have
% N Hom; # (), see Proposition [17.4.8, and so deduce a formula for dim(z% N H°7;),
see (|184)).

Let x € H. Then z = [z1,...,x¢|m where [z1,...,2¢] € H° and m € S;. Since 7
acts on [z1, ...,z by permuting the blocks we have that 7 is a block matrix of G. For
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example if ¢ = 3 and m = (1,2), then, in a suitable basis,

0 Iys O
m=| 1L, 0 o0
0 0 Iy

Let = € H be an element of prime order 7. As remarked above we have dim(z% N H) =
max,r—1{dim(z% N H°0)}, see (161)).

Let m; € S; be any permutation with cycle shape (7, 1=%"). Then, thanks to the
following result we have dim(z% N H) = max;{dim(z% N H°m;)}.

Lemma 17.4.1. Let x € H be of order r. Let 7,0 € S; be conjugate permutations of
order r. Then
dim(z% N H°7) = dim(z% N H°0)

PROOF. Let V' be the natural module for G. The subgroup H stabilises a direct
sum decomposition of V' into orthogonal and isometric subspaces, say V = V1 ®...8V;.

Since 7 and ¢ are conjugate in S; they have the same cycle shape, say (r, 1:=h7),

for some h > 0. Thus we have
r=(1,....,r)(r+1,....2r)2r+1,...,3r)--- (h=1r+1,...,hr)
0= (jh"'7j7")(j7“+17"'7j2T)(j27"+17"'aj37’)"'(j(h—l)r+17"'>jh7‘)

The set of points fixed by 7 is {hr+1,...,t}, while the set of points fixed by o is given
by {jnrs1,---,7¢) Let m =01 in S,

Assume, seeking a contradiction, that dim(z® N H°7) > dim(2® N H°). Then
there exists y € £ N H°7 such that dim(z® N H°7) = dimy”°. Let us denote y =
[A1, ..., A¢]T. We consider the following element of H o

y, = [Aﬂ'(l)a s Aw(t)]o-
Then y,y € . Moreover y’ stabilises the decomposition Viy®Ve)®. . . &Vep of V.
Therefore, by construction of 7 and 3/, we have y = 3. Hence dimy"° = dim(y")"°,
which is a contradiction since

dimy” = dim(z% N H°7) > dim(z% N H°0) > dim(y')"°

g.e.d.

Let V. =Vi @ ... ® V; be the direct sum decomposition stabilised by H. Assume

x9N H°T # (. Then we may always assume = = [1,. .., 2]T.

First, we observe that the action of z on the permuted linear spaces Vj is trivial. The
following result is in the proof of [43] Lemma 4.5].

Lemma 17.4.2. Let x = [x1,..., 27 € H\ H® be of order r. Let (r", 121" be the
cycle shape of 7. Then x is H°-conjugate to [In/t, oo Injts Thrg1s - - - L Ty T.

PROOF. Since x has prime order r then so ha 7. So, by Lemma [17.4.1] we may
assume 7 = H?Zl ((z —Dr+1,... ,ir), say f =t — hr is the number of fixed points of
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7. Therefore, in a suitable basis we have 7 = [71,..., 7, I, 1], where
0 0

(183) T =
. I’I’L/t

where 7; € Cl,,/; by Lemma [17.1.5(ii).

Since z has order r we have x(;_1),11 - i = I,y for all 4. Define

g :[In/t7 L1, X122y ..,T1 " Tr—1, In/t; Lyp41y Lp41Tr42y « « s L1 - " T2r—1,
[¢]
Lot oo (1) 1 T = 1) 1T (= 1) 425 s T(h—Lyrt1*** Thr—1, Ingye] € H

We see that g~ 179 = [x1, 22, ..., Thr, Lty In/t]T. Thus, defining

b= [In/t7~ . .,In/t,xhr+1, “ee ,Hft]

we have g~1(br)g = b(g~'7g) = z. The result follows. g.e.d.

It is not possible to extend Lemma to elements of non-prime finite order as
we see in the following example.

Remark 17.4.3. It is straightforward to check that the argument in Lemma
holds in the case where x = [z1,...,2¢]7 and 7 = 7 -- - 7; is a product of prime order
permutations (say of orders r1,...,r;) and x1,...x,, have prime order r; and similarly
for the other blocks. If the blocks do not have prime order the argument fails in the
equality regarding g~ 7g. It is straightforward to check this if x = [A1,. .., Ag]T, where
7 = (123)(45) and each A; has order 6.

A straightforward consequence of Lemma is that we obtain a formula for

dim(z% N H°T). Let x = [z1,...,x|m, € H°m, of prime order r. Notice that given
[A1, ..., As] € H® we have — by a straightforward computation, using the matrix form of
m1 given in (183) — [A1,..., Aym = m[A1, ..., A if, and only if A} = Ay =... = A,.

Therefore Cpo(m1) = Cl,, ;. In the same way, we see that Cpe (7)) = (Cln/t)h. Thus,

we have the following.
Proposition 17.4.4. Let x € G be of order r. Assume £ N H°my, # (. Then

dim(z¢ N H°m,) = dim H° — dim Cye ([Tt - - -, Lnjts Bt - - -, Belmn)
C’ln/t

)

(184) =h(r—1)dimCl,;, + »  dimB
i>hr+1

for suitable B;’s in Cly, ;.

The following two lemmas provide the Jordan form in GL,, of 7, € S} of prime order.

Lemma 17.4.5. Let 7 € S; be an element of order p. Let (p", 1) be the cycle shape
of 7. Then 1 is GL,-conjugate to [J;h/t7 J?f/t]'

PRrOOF. Without loss of generality we may assume

7=(1,2,...,p)(p+1,....,2p) - (h—1)p+1,...,hp)
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In terms of matrices we have 7 = [11,...,7h, I;,y/], where 7; € GL,,,; is defined in
(183). Each 7; is GL,,/-conjugate to the matrix [g, ..., g] € GL,,,/;, where

0 1 ... 0
(185) g=| 7 |eay
: R |
1 .0

The characteristic polynomial of g is cpg(A) =1 - = (1 - A)P. So g is GL,-conjugate

to Jp. Therefore 7 is conjugate to [J;Lh/t’ J1nf/t]-

Lemma 17.4.6. Let 7 € S; be of order r # p. Let (r",17) be the cycle shape of T.
Then T is GLy,-conjugate to [Lypif) /6, Wnnses - - - ,w"_lfnh/t].

g-e.d.

PROOF. As seen in the proof of Lemmawe have 7 = [1,...,Th, I, 1], where
t = hr+ f. Again, each 7; is conjugate to the matrix [g, ..., g] € GL,, ;, where g € GL,
is given in . When p # r, the characteristic polynomial of g is ep(A\) = 1 — \".
Therefore each r x r block is GL,-conjugate to [I1,wl,...,w" 'I;]. Therefore 7 is
GLy-conjugate to [L(n4f) /6, Wlnnyts - - - ,w’"_llnh/t]. g.e.d.
Remark 17.4.7. Observe that the Jordan form of x € Sp,, or O, is given by the
Jordan form in GL,, thanks to Theorems and Thus if G = Sp,, or O,
and 7 € S; is a prime order element then 7, is G-conjugate to the elements given in
Lemmas [17.4.5] and [T7.4.6] Moreover notice that if G = Sp,, or O,, and p = 2 then 7,

is an ap, /-type involution.

Let x € H be of order r. For future reference, we define
(186) h= max{l 2 NHm £ 0,m € St}

where 7 is a permutation of cycle shape (rl, 1“”), and we set mg = 1. By replacing z
with a suitable G-conjugate, we may assume x € H°mp, and, thanks to Lemma [17.4.2

r is H°-conjugate to [L, /s, - s In/ts Thry1s - - - Tt Th-

We conclude this section by giving the Jordan form of a prime order element x € H
such that % N H°m # 0. Recall that if p = 2 and G = Sp,, or O,, then n/t is even.

Proposition 17.4.8. Letx € H be of prime orderr (possibly even). Then x%NHCm), #
0 if, and only if, one of the following two conditions holds.

(i) If r # p, then for some b;’s

r—1 G

S [I%thbanI%thbp-'-aw I%h+br71i|
(ii) Letr =p. Assume p # 2 if G # GL,,. Then, for some b;’s,
n G
v e [th S J{’l]
If p=2 and G = Sp,, or Oy, then x € agn/t.
PRrROOF. This follows directly from Lemmas [17.4.2] [17.4.5] and [17.4.6] and Remark

77 ged
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The following are trivial consequences of Proposition
Corollary 17.4.9. Let x € H be of prime order r (possibly even).
(i) Assume r # p and x € [Ioy,...,w ', _,]¢. If there exists i such that a; < n/t
then % N H = 2% N H°.
(ii) Assume r =p and x € [Jp7,...,J{" %, Ifa, < n/t then 2% N H = 2% N H°,

Using the previous results on conjugacy classes in H \ H°, we give the following.

Example 17.4.10. Let G = GL,, and H = GL;?S,. Assume p < n and write
n = ap + b. Define z;, = [J;},J{l_hp] for any 1 < h < a. It is clear that 2§ N H° = 0.
Then, using Lemma [17.4.5] we have that xj is G-conjugate to 7. In fact, combining
this result with Lemma we find xf NH= xf NHmy, = W,I;Io.

The last observation is devoted to unipotent elements in the case where the field has
characteristic zero. Recall that in this case we set p = co. For z € GG unipotent, up to
G-conjugation, x = [Ji~, ..., J'].

Proposition 17.4.11. Assume p = co. Let x € G be unipotent. Assume ¢ N H # (.
Then ¢ N H = 2% N H°.

PRrROOF. This is Lemma [B.3.1] qg.e.d.

In particular, in characteristic zero, unipotent elements in H must have no Jordan

block of size larger than n/t.
Corollary 17.4.12. Assume p = oo. Let x € H be unipotent. Then, up to G-

conjugacy, r = [J,Z;Lt/t, oI



CHAPTER 18

General linear group

Throughout this chapter the notation is as follows. Let G = GL,, n > 1, H =
GLy/ 1St for t > 1. Set @ = G/H. The aim of this chapter is to derive bounds on
fa(x) for x € G of prime order.

18.1. Upper bounds

In this section we shall derive upper bound on fq(x) for x € H of any prime order

r. We prove the following.
Proposition 18.1.1. Let x € G be of order r.

(i) Assumet #n if r =2. Then
2
<1l-—-—
folz) =1-—
with equality if, and only if, v(x) =1 or one of the following holds
(a) r=p and (t,z%) = (2,[J5]%) or (3,[J5]7);
(b) r# p and (r,t,C(x)) = (3,4,GL3 x (GL1)?) or (t,Cg(x)) = (2, (GL2)?).
(ii) Assumer =2 andt=mn. Then
2 1
<1-Z4——
fal@) < n * n(n—1)
with equality if, and only if, v(z) = 1.
Remark 18.1.2. Thanks to Lemma and Corollary Proposition [18.1.1
extends to any non-central element in G\ Z(G). In particular all the results that follow
hold for unipotent elements in characteristic zero, too. Therefore, Theorems [16.1.1

[16.1.3| and [16.1.4] follow.

We divide the proof of Proposition [I8.1.1] into several technical lemmas. First, we
study elements with v(z) = 1. As observed in Remark [10.1.3| we shall prove the

following results for € H of prime order.

Lemma 18.1.3. Letx € H be of order r. Assume v(z) = 1. Then either (r,t) # (2,n)

and
2

falx)=1-— -
or (r,t) = (2,n) and fo(z) =1— 2 + n(%_l)

n
PROOF. Let us study separately the cases r = p and r # p.

Case 1. Assume r = p. Hence, up to G-conjugacy, x = [JQ,JI"72]. In the case
(r,t) # (2,n) we have, by Corollary [17.4.9 2 N H = 2% n H°. Up to conjugation,
x = [x1,...,2¢] with 1 = [Jg,Jln/tﬁ] and z; = I/, for i > 1. Using Theorem
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we compute dimz = 2n — 2 and

dim(z% N H°) = dimz" = dimx?L"/t = 2? -2
Therefore, thanks to Proposition and the value of dim() in Table [17.1.1] we
compute fo(z)=1-—2/n.

In the case (r,t) = (2,n) we have, 2 N H° = () and 2 N H = 2% N H°7;. In fact,
by Lemma [17.4.5, we have that x is G-conjugate to w1 = (1,2). Then, using (184)), we
compute dim(z% N H) = dim7f* = (n/t)> = 1. Therefore fo(z) =1— 2 + ﬁ
Case 2. Assume r # p. Let w € k be a primitive r-th root of unity. Then, up to
centraliser structure, z = [I,,_1,w]. Again, if (r,t) # (2,n) we have 2 N H = 29N H°,
by Corollary The only block decomposition, up to a permutation of the blocks,
is given by x = [z1,...,2¢] where 1 = [I,,/y_1,w] and x; = I, for i > 1. Using
Theorem we compute dim z¢ = 2n — 2 and

dim(z% N H°) = dim 2" = dima:?L"/t = 2% -2

Therefore, thanks to Proposition and the value of dim () in Table we
compute fo(x) =1-—2/n.

In the case (r,t) = (2,n) the previous argument holds. We have that x is G-conjugate
to m = (1,2) and dim(z® N H) = 1. Therefore fo(z) =1— 2 + ﬁ g.e.d.

Now we study prime order elements x € H with v(z) = 2. First we study elements

of odd order and then involutions.

Lemma 18.1.4. Let x € H be of order r > 2. Assume v(z) = 2. Then either
2
or one of the following holds
(7’) r=p, (tl'G) = (27 [J22]G) or (37 [J3]G)f and fQ(:E) =1- 2/”
(ii) v # p, (r,t,Cq(z)) = (3,4,GL2 x (GLl)z)’ or (t, x) = (27 (GLQ)Q)’ and fﬂ(x> =
1—2/n.

PROOF. Also here we study first the case r = p and then r # p.

Case 1. Assume r = p. Hence, up to G-conjugacy, = = [J3, J{‘_ﬂ or [Js, J{‘_?’].

Let x = [J3, J" . For (r,t) # (2,n) or (2,n/2), thanks to Corollary(17.4.9, zCNH =

x9N H°. The possible decompositions of x are given by [x1, ..., 2] or [}, ...,z}], where
x1 = [JQQ,Jf/t_4] and x; = I,y for i > 1; or 2y = o = [Jg,Jf’/t_2] and z} = I,y for

i > 2. A direct computation shows dim & = 4n — 8 and
dim(z® N H) = 4? —4

Therefore fo(z) = 1— 2 + %. Here we have fqo(x) = 1 — 2/n if, and only if,
#(t —1) = 2. Hence fo(z) = 1—2/n if, and only if, (n,t) = (4,2) or (3,3). Observe

that if (n,t) = (3,3) then 2 N H = 0.
Now, let © = [J3,J""?]. Then, unless (r,t) = (3,n), we have, by Corollary [17.4.9
2% N H = 2% N H°. The only block decomposition, up to a permutation of the blocks,

is given by = = [z1,..., x| where z1 = [J3, Jln/tfg] and x; = I,,); for i > 1. Therefore
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dim(z% N H°) = dim x?L"/t. Using Theorem we compute dimz® = 4n — 6 and
dim(z% N H) = 4n/t — 6. Therefore fo(z) = 1 —4/n. The result follows.

Now assume 2 = [J3, J' %] and (r,t) = (3,n). Here, we have ¢ N H = 2% N H°m
and, by Lemma [17.4.5, 71 € 2%. So, using (184), dim(z® N H) = dim7{" = 2.

Therefore fo(z) =1-— % + ﬁ. Furthermore fo(x) =1—2/n if, and only if, n = 3.

Case 2. Assume r # p. Then, up to G-conjugacy, = = [I,,_2,w,w?] or [I,_2,wls)].
Notice that if y has order r and v(y) = 2 then Cg(y) = Cg(x), for  defined before.
The result follows with an easy computation. g.e.d.

Lemma 18.1.5. Let © € H be an involution. Assume v(x) = 2. Then
2 Ot.m
124 %n
falw) < n + n(n—1)
Furthermore equality holds if and only if (n,t) = (4,2).

PRrROOF. As usual, we divide the computations according to whether or not p = 2.

Case 1. Assume p = 2. In the case z = [J2, J" %] and t # n,n/2 the same argument as
in Lemma [I8.1.4] applies and the result follows. Recall that we have already computed
dim 2% = 4n — 8.

Let x = [J3, Ji %] and assume t = n. By the same argument of Lemma [18.1.3} x is
G-conjugate to m and 2 N H = 7'('510. Then, using 1) we compute

dim(z% N H) = dim7f° = 2(n/t)? = 2

Hence fq(x) =1— % + ﬁ. A straightforward computation shows that, for n > 4,
fole) <1-2+ 1o

Let x = [J3,J7 %] and assume t = n/2. Then 2N H = (2% N H°) U (2% N H°m).
With an easy computation we get dim(z% N H°) = 4 = dim(2® N H°71). Therefore,
folz)=1-2+ ﬁ. Again, it is straightforward to check that fo(z) < 1— 2 with
equality if, and only if, n = 4.

Case 2. Assume p # 2. Then, up to a multiplication by the scalar —1, x = [I,,_9, — 3]
(here n > 4, otherwise v(z) # 2). By Corollary [17.4.9 unless ¢ = n or n/2 we have
29N H = z%n H°. Therefore, fo(z) =1—2 + %. We see that fo(x) =1-2/n
if, and only if, (¢ — 1) = 2, i.e. (n,t) = (4,2) or (3,3). However, we cannot consider

either of the cases since we are assuming ¢ < n/2. Hence fo(z) <1 —2/n.
Assume t = n. Then 29N H = (2% N H°) U (2 N H°7my) U (2% N H°7p). And we
have, using (184]) and Theorem [17.3.8
dim(z% N H®) = 0, dim(z% N H°my) = 1, dim(z® N H°my) = 2

Therefore dim(z¢ N H) =2 and fo(z) =1 — 2 + 8~ Tt is straightforward to check

n ' n(n-1)"

The last case is © = [I,—2, —I2], with n > 4 and t = n/2. Here we have 2 NH =
(x¢NH°)U(x¥NHC7). Again, we compute dim(z¢NH®) = 4 and dim(zCNH°7) = 4.
Hence, fo(x) = 1—%—1—@. In addition, fo(z) = 1-2/nif, and only if, n = 4. q.e.d.
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Lemma 18.1.6. Let x € H be an element of prime order r. Assume v(x) > 2. Then

fol) <1—%

PRrROOF. Thanks to Proposition we have, for n > 4, dim2® > max{2s(n —
s),ns} > 2n. Hence, using Proposition [17.2.1, we have

dim 2¢ 2
<1- <1l-—-—
fQ($) = n2 n
If n < 4 then for all z € G we have v(z) =1 or 2. g.e.d.

18.2. Unipotent elements: lower bounds

In this section we establish lower bounds on fqo(z) for x € H of order p (or any
unipotent element if the field has characteristic zero, recall that in the characteristic

zero case we set p = 00.). The main result of this section is the following.
Proposition 18.2.1. Let x € H be a unipotent element of order p.
(i) Assumet <mn. If p>mn/2 then

t
>
falz) =
with equality if, and only if x € [Jfbﬁl, 2]% for any unipotent z € GL,, ;-
(i) Assumep <n/2 ift <n, and p<n ift =n. Then
1
fa(z) > ~
(x) p

Remark 18.2.2. The bound in case (ii) of Proposition [18.2.1| is sharp. In fact, for

p | n, we shall characterise unipotent elements x € H for which fq(x) = 1/p.

Let x € G be of prime order p. Then, up to G-conjugacy, we write x = [Jgp, R A
with ). ia; = n. Notice that in the characteristic zero case the largest Jordan block
is Jp. Recall that [z1,...,z;] denotes the block diagonal matrix with blocks z1, ..., x;
down the diagonal. Similarly, [J;"'] denotes the block diagonal matrix with a; unipotent

Jordan blocks, of size ¢, down the diagonal.

Notation. Let z = [Jp?,...,J"] € G. Assume 2% N H° # (. When we write

x=[r1,...,2¢)] € H°, we set
(187) x= [y, I

so for all 7 we have ), ja;; = n/t and a; = S aijfor1<j<p.

For x = [x1,..., 2] € H° in the above notation, using Theorem we compute
2 P
dimz2 =™ _9 Z i(ar a1+ ...+ apgae ;) — Zi(aii +... 4+ aii)
1<i<j<p i=1
The following clarifies the dichotomy in Proposition Here we assume t < n.
Notice that in Section we give all the information needed for the case t = n.

Lemma 18.2.3. Assume p > n/2 andt < n. Let x € G be of order p. Assume a; >0
for some n/2 <i < p. Then 2% N H = (.
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PROOF. Recall that H° = (GLn/t)t and t > 2. Therefore if £“NH® # () then a; = 0
for all # > n/t. Since a; # 0 for some i > n/t we deduce 2% N H® = (). By Proposition
if ¢ N (H\ H°) # 0 then a, = (n/t)h for some h > 0. In particular, a, > n/t.
Hence n > a,p > pn/t > n?/2t, which is absurd since this would imply n/t < 2. g.e.d.

Let € G be an element of order p such that & N H # (). Then the largest Jordan
block that may appear in x is J, if p < n/2 (in Example we have seen that for
any p in the case t = n there are unipotent elements in H). If p > n/2 then the largest
Jordan block that may appear in x is J,;, by Lemma In view of this fact it is

natural to consider these two cases.

Assume t = n. Let € G be of order p. If p > n then 2 N H = . If p < n, thanks
to Lemma [18.2.3] we see that ¢ N H® = .

18.2.1. Case p > n. As observed above, in this case any element x € H of order
p is such that 2% N H = 2% N H°, by Lemma [17.3.1] and Lemma Therefore we

may assume x € H° and, up to conjugation, r = [JZ;t/t, R

First we prove the following, in which we compute the fo-values of certain elements.

Lemma 18.2.4. Let z € [Ji?tl, 2]% with z € GL,,/; unipotent. Then fo(x) =t/n.

PROOF. First consider the case z = [J,;]. Then x = [J! /t] and, using Theorem
[5.2.1] we compute

° 1
dimz% = n? — nt, dim(z% N H) = dim 2" = tdim[]n/t]GL"/t = E(n2 — nt)

Therefore using the formula in Proposition fa(x) =t/n.
Now assume z = [JZ%:I, .., J7], with ZKn/t ia; = n/t. Then we have a,;; =t—1
and we compute

dimz% = n? — 2 Z la;a; — Z ia;

1<i<j<n/t i<n/t
:n2_2(t—1).z zai—Q'Z zaiaj—?(t_1)2_‘Zza?
<j<n/t 1<j<n/t i<n/t

dim(z¢ N H) = dimz™" = (¢ — 1) dim[J,, ;] *“/¢ + dim 250t
2

n° n . .
:77?(2571)72 Z iaja; — Z ia?

1<i<j<n/t <n/t

Thus dimz% — dim(z® N H) = n?(1 — 1) — n(t — 1). Therefore fo(z) =t/n.  g.e.d.

The key tool in order to prove Proposition [18.2.1]is the following technical result.

Lemma 18.2.5. Let © € G be of order p. Assume x = [x1,...,x] € H®° and x1,x9 #
Josi- Suppose dim(zC N H) = dimz#°. Lety = [Jnjts T2y - - w]. Then fo(x) > fa(y).

PROOF. Say h > 0 the number of blocks in = equal to J, ;. Up to a permutation of
the blocks we may assume x1,zo, ..., Ti_p # Jn/t andxy_pp1 =...=x¢ = Jn/t. We use
the notation defined in (187]) for the x;’s with i < ¢t—h. Thus z = [Jf:/t, JZ%Zl, R
and, for j < n/t, we have aj = S.'_" a; ;. In particular, > icnt @i = (t —h)n/t. Using
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Theorem [5.2.1], we compute

2
dim z¢ -2 E ia;a; — g iaj;

1<j<n/t i
:n2—2ﬁh(t—h)—ﬁh2—2 E ia;a; — E ia?
t t < T '
i<j<n/t <n/t

By hypothesis we have dim(z N H) = dim 2", and

dim2"" = hdim[J, |t + Zdlmx kot
=1

Now, let y = [y1,72,..., 2] where y; = J, /. In particular, in y, the block J,/ has
multiplicity h + 1, while J; (with ¢ < n/t) has multiplicity a; — a1 ;. Say b; = a; — a1,
for i < n/t; then ) ib; = (t —h — 1)n/t.

Assume that dim(yG N H) > dimy™°. Then there exists a block decomposition
7 = [y1,As,..., Ai_p, ..., 4] such that dim(y“ N H) = dimg?" > dimy"". This is
absurd since for & =[xy, Ao, ..., Aty Ti_hit, - - x¢] € 29, we would get dim zH° >

dim 2" = dim(z% N H). Therefore dim(y“ N H) = dimy"°

Hence, in the same way as above, we compute dimy® and dim(y® N H). We have

dimy® = n? — 2 Z 1b;bj — Z ib?

1<j<n/t i<n/t
=n?—2(h+1) Y ibj—2 Y  ib h+ 12— ) it}
<n/t i<j<n/t i<n/t
and
dim(y“ N H) = (h 4 1) dim[J,, "/t—i—Zdunx L/t

Now, we have fo(r) > fo(y) if, and only if, dimz% — dimy® < dim(z® N H) —
dim(y“ N H). By the above computations, using a; = Zf;? a;j and b; = Zf;]f_l @i j,
it is an easy calculation to deduce the following

dim z% — dim y“ = 2?(75 —h) — e Z mii -2 Z iari(az; + ...+ a—pn;)

i<n/t i<n/t
-2 E ial,ial,j -2 E iaLi(azj +...+ at,hyj)
1<i<j<n/t 1<i<j<n/t
-2 E ial,j(agﬂ‘ + ...+ at_;m)

1<i<j<n/t
. H° . He . GL, /¢ . GL
dimz” —dimy” =dimzx, — dim[J,, /] 7/

n . ,
=3 2 E 141,401,5 — E za%ﬂ-

1<i<j<n/t i<n/t
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Simplifying we see that dim ¢ —dim y& < dim(z%NH°) —dim(y“ N H®) is equivalent
to
(188)
, , n
Zlal,i(az]’ + ...+ at_h’j) + Z zald(ag,i + ...+ at_h’i) > €(t —h - 1)
i<j i<j
=Y i(agi+ ...+ a_py)

i<n/t

To prove ([188) we shall show that, for all 2 <[ <t — h, the coefficient of a;; in the
left hand side is strictly greater than the coefficient of a;; in the right hand side.

Let i € {1,...,n/t —1}. Then for all I € {2,...,t — h}, the coefficient of a;; in the

left hand side is

D_darg+ ) iar

J<i 1<j
and the coefficient of a;; in the right hand side is 7. We claim
(189) > jarg+ iay; >

Jj<i 1<j

which leads to the result. If there is j > 4 for which a; ; # 0 then ja; ; > ¢ hence (189
is satisfied. If for all j > i we have a1; = 0 then } ., ja1,; = n/t > i. Hence (189) is
proved. The result follow. g-e.d.

We now prove part (i) of Proposition [18.2.1
Lemma 18.2.6. Let x € H be of order p > n. Then

fa(z) >

S|

with equality if, and only, x € [Jf]?tl, 2] where z € GL,,/; is a unipotent element.

PROOF. As remarked above, by Lemma [17.3.1} we have ¢ N H = 2% N H°. Hence
we may assume r = [x1,...,2 € H® and z1,...,24 € GLn/t are unipotent of order p,
in the notation defined in ([187]).

If t — 1 blocks of = are equal to J,,/; then, by Lemma |18.2.4] we have fq(z) =t/n.

Hence, we may assume that at least two blocks, say x1,z2, are different from J,, ;.
Then, by Lemma [18.2.5, we construct y = [y1,x2,..., 7] with y1 = J,,;; and we have
fa(z) > fa(y). We have two cases.

Case 1. If 23 = ... = 7y = J,,); then, by Lemma [18.2.4} we have fo(z) > fa(y) =t/n
and the result follows.

Case 2. If in y there are at least two blocks, say z9, z3, different from J, /; then, using

Lemma we construct a new element y' = [y1,y2, 3, ..., 2], with y1 = yo = Jn/t,
for which fo(x) > fa(y) > fo(y'). Again, either fo(y') =t/n or there are at least two
blocks among the z;’s different to .J, ;. Iterating the construction of Lemma we
have, in finitely many steps,

fa(2) > fa(y) > fa(y) > ... > fa([J, ) @]) = t/n

And also the characterisation follows. g.e.d.
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Remark 18.2.7. In the characteristic zero case, we have that an element is unipotent
if, and only if, its only eigenvalue is 1. Moreover, by Lemma[B.3.1] if z € H is unipotent
then 2% N H = 2% N H°. Therefore the zero characteristic case falls in the hypothesis
p > n.

Remark 18.2.8. Assume p > n/2 and t < n. Let © € H be of order p. Then, by the
proof of Lemma [18.2.3] 2¢ N H = 2¢ N H°.

18.2.2. Case p < n. In this case, the largest Jordan block of any element of order
p in G has size p. Thus, up to G-conjugacy, = [J,”, ..., J{] with ¥, ia; = n.
We directly prove that for any = € H of order p we have fq(z) > 1/p.
Lemma 18.2.9. Let z € H be of order p. Then fq(x) > 1/p.

Proor. For some 0 < h < t/p, dim(z% N H) = dim(z% N H°7). Recall that
7, € Sy is any permutation with cycle shape (p”, 17"P), see Lemma [17.4.1

By Lemma we have that, for suitable zpp 11, ...,z € GL,; of order p,
(190) dim(z“ N Homp) = dim([Ly s, - -, e Thpets - - - welmwn) o

Hence, by ((184]),

(191) dim(z% N H) = h(p — 1) dim GL, ¢ + Z dim z,
i=hp+1

Say z; = [Jp**,...,J;""], for all i. We define I = hp + 1. Then, by Proposition [17.4.8

we have

GLn/t

A3 Gip D> Gip—1 2 iz @i
a::[Jp [T g }

Notice that ZKP i(ar; + ...+ ag;) =n — Fhp. Using Theorem we have

dimz% =n —2< h-I—Zaz,p)Z i(ag; + ...+ ap;)

i<p

-2 Z al i .+ at,i)(am +...+ atJ-)

1<i<j<p
n 2 )
o ) - it
i>1 1<p
2 A% n\
_ _2<7) ht (—h)
n r + r p
_9 Z i(alz 4.+ a“)(alvj + ...+ at’j) — Zi(am +...+ CLt,i)2
1<i<j<p <p

Using (191)), we compute

: n\ 2 , .
dim(z€ N H) = (?) (t—1)—2 Z i(agzar; + ...+ agiag ) — Z l(al%i +...+ aii)

1<i<j<p 1<p
We have fqo(x) > 1/p if, and only if,

(192) — dimz® + dim(2® N H) > — dimQ(l - ]13)
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Substituting the values of dim 2% and dim(z“ N H) computed above in (192) after a
few calculations we get that (192)) is equivalent to

(193) 2 > ilagi+ ...+ ari)(an; ..+ ary)
1<i<i<p
-2 Z i(a ol + ...+ at,iat,j)
1<i<i<p
p P 2
. _ n2(t — hp)(t — hp — 1)
+;Z(al,z‘+~--+at7i)2 —;Z(azi+"‘+a%7i) > 2p

If hp =t then both sides of (192)) are 0 (the left hand side is 0 because from (190]) we
see that x is G-conjugate to 7, and so there are no x;’s).

If hp + 1 = t then, again, both sides of (192]) are 0, observe that in (190 there is

only one block z; (since | = t).

Thus, assume hp < t — 1. It requires only a few steps to see that the following is

equivalent to (|193)):

n2(t —hp)(t —hp — 1
S (5 st s+ 3 >

I<a<p<t 1<z<j<p =1

Say T = {(e,8) : | < a < f <t} then |Z|] = (tflfl)z(tfld) = (tfhp)(gfhpfl). Therefore,
fix a pair (o, B) € Z, it is enough to show that each summand of the external summation
is greater than or equal to (n /t)2. Fix (a, B) € T, and in order of simplifying notation,
set aq,; = a; and ag; = b;. Thus we need to show

(194) Z i(a;bj + a;b; —i—Zzazb > ( ) thmZ

1<i<j<t
where we used n/t = ) ia;. In order to do this we shall prove that, for all i €
{1,...,p}, the coefficient of a; in the left hand side of is greater than or equal to
the coefficient of a; in the right hand side of (194)).

Fix i € {1,...,p}. The coefficient of a; in the right hand side of 1 is i%. The
coefficient of a; in the left hand side of ((194)) is

(195) iy b+ > jb
j>i j<i
If for every j > i we have b; = 0, then 1 is Zj gbj =% > tﬂ since 7 < p.
Assume there exists j > ¢ such that b; # 0. Then we claim
P
1 .
= () =L
1> 7<t 7=1
which is satisfied since
-t =i (1- )+ a1 1) o
7> 1< ]:1 7>i p 7<t p

being 4,7 < p. Hence, for all (a, 8) € Z, (194) is proved. The result follows. g.e.d.
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Remark 18.2.10. Notice that the proof of Proposition [18.2.9|applies verbatim for any
p (possibly p > n). In particular the same argument holds if p > n/2 and t = n.

Now the aim is to show that the lower bound 1/p is the best possible. First we assume
p | n and we characterise conjugacy classes of elements x € G such that fq(z) = 1/p,
see Proposition [18.2.16] Then we assume p f n and we show that there exists z € H®

such that fo(x) =1/p+ ¢, for a small € > 0, see Proposition |18.2.1

Assume p | n. First we explicitly compute the fo-value of certain elements.
Lemma 18.2.11. Assume p|n
(i) If p does not divide n/t, let x = [Jg/p]. Then fo(xz)=1/p.

(i1) If p divides n/t, let © = [th( 1), z], with z € GL,, /¢ of order p. Assume dim(z%N
H) = dim(2® N H°7y,) as in (190) where x; = z. Then fo(z) = 1/p.

PROOF. Let us compute the fo-values of the given elements separately.

Case (i). First assume p 1 n/t, so that z = [J;f/p]. So, there is no integer a such that
[J5] € GL,, ;. Using Theorem we compute dimz¢ = n?(1 — 1/p). There exists h
such that dim(z% N H) = dim(z% N H°7y,). For suitable Thptt, -2t € GLyy, we have

o

dim(z% N H) = dim([Ly/es - - Lnjes Thptt,s - - - ,xg]mp)
The above observation forces hp = t, so h = t/p. Hence 7, € =% and, using (184), we
have dim(z% N H) = dim 2% /t. Therefore fo(z) = 1/p.
Case (ii). Now assume p | n/t. Let x be as in the hypothesis. Then

dim(xG N H) = dlm([[n/t, Ceey In/t7 Thp+1, - - - ,.Z't]’]Th)HO

for some h < t/p and z; = z. This forces zppy1 = ... = 41 = Jn/(pt) Up to

conjugation, say z = [Jp",...,J ] € GL, /. Using 1) and Theorem we

compute

dim(:vGﬁH):f(l—l) 7(—> —QZMM% Zza?

p 1<J 7
We have x = [J,, n(t= 1)/(pt)+ap, Jgpll, .., J7']. Hence, using Theorem [5.2.1, we have
1
dim 2% = n? (1 — 7) f(ﬁ) -2 Z 1a;a; — Zia?
p 1<j<p 1<p
Therefore fo(z)=1/p. g.e.d.

Here we characterise elements in H of order p whose fg-value is 1/p in the case p

divides n.

Lemma 18.2.12. Assumep |n. Let x € H be an element of order p with fo(x) =1/p.

Then one of the following occurs:

(i) ptn/t and x € [Jn/p] ;
-1

(i) p | n/t and x € [Jp )
H) = dim([In/t,...,In/t,xhp+1,...,:pt,l,z]ﬂh)Ho for some h < t/p and x; €
[T2PIG for all hp < i < t.

,2|¢ for some z € GL,; of order p such that dim(z% N
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PROOF. Let z € H with fq(z) = 1/p. For some h < t/p we have dim(z% N H) =
dim (2% N Ho7y,), i.e.

t
2
dim(z® N H) = h(p—1) (?) + | Z dim w?L"/t
i=hp+1

for suitable z;’s such that
(196) Unjts s Injts Thptts - - T T € % N H°my,
We have three cases depending on h.
Case 1. If hp = t then z is H°-conjugate to 7, (by Lemma, hence z € [J;l/p]G.

Case 2. If hp = t—1 then x is H°-conjugate to [I,,, - - -, I, j, ©¢]mh. By Lemmal|17.4.5

. 75 (t=1)
we may write x = [Jp"
).

, 2] for some z € GL,,; of order p such that dim(z¢ N H) =
dim([ Ly g5 - - - Lnjes 2]

Case 3. Assume hp < t—1. Let hp+1 < a < 8 < t, and say a;, b; are the multiplicities

of J; in x4, 23, respectively.
Then, by the proof of Lemma for all i € {1,...,p}, either a; =0 or
(197) ngj—i-;jbj:p-t
Let ¢ be such that a; # 0. If i = p then is always satisfied, for any b;’s.
If ¢ < p, then, using n/t = Z§:1 Jbj, is equivalent to

i;bj(l—i) +;jbj(1—;) —0

which is satisfied if, and only if, b; = 0 for all j < p. Therefore n/t = pb,. This holds for
all the pairs (o, 8) with hp+1 < o < 8 < t. Hence, at most one block can be different
from [Jg/pt]. Hence, using Lemma we deduce that x € [Jén/tp)(tfl),azt]G for
some z € GL,,; for which

dim(z% N H) = dim([L ¢, - - Lnjer Thp1s - - - s xg)mp)

The result follows. g.e.d.

In order to gain a full characterisation of the elements x € H of order p for which
fa(x) = 1/p — in the case p divides n/t — we need to characterise the elements
(g1
[Jp“’( ), z], with z € GL,,; of order p, such that

nqQL,
dim(z% N H®) = (t — 1) dim [szp} " 4 dim 2Ol

Clearly, we need only to find these properties for dim(:cGﬂH °) since for the computation
of dim(2% N H) we will need to understand the block decomposition that maximises

the H°-class dimension of [I,/;, ..., I/t Thpt1, - - - » Te] T

For this purpose let us recall that conjugacy classes of unipotent elements of G = GL,,

are in one-to-one correspondence with partitions of n.
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For the purpose of the next result we introduce the following notation on partitions.
Let A F n so that A = (n%,...,1%). We say A = p @ n with g = (n®,...,1%) and
n=(n,...,14) if a; = b; + ¢; for all 1.

Lemma 18.2.13. Letn/t =pm andx = [J}",...,J)" 2] € H°. Say XA = (p?,...,1%)

the partition of n/t associated to z. Assume

(1) ap < m;

(2) X = p@®n where p = (pbr,..., 1) = Iip, n = (p,...,1) F lap for some
0 <li,la <m, with b;,c; > 0 for some i,j < p.

Then
dim(z% N H°) > dim 2"

PROOF. Observe that m = I; + ly. Define A\; = (p™~1) @ p and Ay = (p™2) @ 1.
Then A, Ao F n/t. Let y1,y2 € GLn/t be the unipotent elements associated to A1, Ag,
respectively. Set y = [y1y2,¥3, - - -, yt] with y; = [J)?] for i > 2. Then y € z¢.

Claim: dimy° > dim 2",

Clearly, if we prove the claim we obtain the result since dim(z% N H®) > dimy°.
o GL GL
We have dimy?° = dimy, ™" + dimy, ™"+ (t — 2) dim[Jg‘]GL"/f and, similarly
dim 2 = dim 2%/t 4 (£ — 1) dim[J]T]GLn/f. Therefore the claim is equivalent to

(198) dim y?L"/t + dim yQGL"/t — dim[Jgn]GLn/t — dim zCn/t > 0

In order to compute the dimensions of the GL,, /;-conjugacy classes in (198)), let us

recall the partitions of n/t = pm associated to some of those elements:
y— (Pt (p— 1), 1)
Yo — (P (p— 1), L 1)
Z (pbPJrCP, e 1b1+‘31)
Recall that ), ib; = lip and ), ic; = lop and (I1 + lo)p = mp = n/t.

Using Theorem [5.2.1] we compute

aim{7p 1% = ()" = (D)m

t t
2
dim 2CLn/t = (%) 2 Y il )by ) = Y il + i)
1<j<p 1<p

In the same way we compute

dimy, ""'=(=) —2(m—1I1+b,) Y ib —2 ibib; —p(m — 11 + b)) — » ib;
Pre= (1)’ DY b2 Y b, BN

i<p 1<j<p i<p

2
dimyy ™ = (F) = 20m — ) S iei =2 3 ey —plm —la t)? = Y i}

i<p i<j<p i<p
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Using ZKP ib; = lip — pby, we simplify

2
dimy, " = (ﬁ> —2m 1) Y b —2 > ibiby — plm —11)? — 2pby(m — 1) — Y ib?
t i<p 1<j<p 1<p
_ n\ 2 2 2 . 192
_ (?> — p(m? - 12) —Q'Z ibib; —Zzbi
1<j<p i<p
Similarly
. GL, n\?2 . .
dimy, "' = <?> —p(m? —13) — 2i<jz<pzcicj — ;ch

. n\2 . .
dim zCn/t = <?> -2 Z i(bibj + cicj + bicj + bjc;) — Z’L(b? + 2b;c; + CZZ)
1<j<p i<p

It is a straightforward calculation to see that (198) is equivalent to
(199) —p(m® =15 —13) +2 > i(bicj + bje;) +2 ) ibic; > 0
i<j<p i<p
Using m =l + Iy and ), ib; = l;p we see that (199) is equivalent to
Z Z'(biCj + bjci) + Z Zb,cz > l2 Z Zbl
1<j<p i<p i<p

As usual, to prove the previous inequality, we show that the coefficient of b; in the
left hand side is strictly greater than the coefficient of b; in the right hand side for all
i < p (for i = p equality holds). Fix i € {1,...,p — 1}. We need to show
(200) iy Y jei > b

§>i j<i

We have two cases, either ¢; = 0 for all j > 4 or there exists j > i such that ¢; # 0.

Case 1. Assume ¢; = 0 for all j > i. Then the left hand side of (200) is Zj<ijcj =lop
which is strictly greater than ls7, being ¢ < p.

Case 2. Assume c¢j # 0 for some j > i. Then, writing, loi = lgp% = %ngpjcj we
deduce that (200) is equivalent to
] 1
i (1= + Y e (1-2) >0
i<j<p Pr < P
since 4, j < p and there exists j < p such that ¢; > 0. g-e.d.

(41
Remark 18.2.14. Assume n/t = pm. Let z = [J;t( :

p. Say A = (p®,...,1%) F n/t is the partition associated to z. Assume a, < m and
that the condition (2) in Lemma [18.2.13| does not hold. Then z does not contain two
proper sub-partitions of multiples of p not comprising only p parts.

, 2], where 2 € GL,, /; has order

Assume n/t = pm. Thanks to Lemma |18.2.13] we have the following.

(41
Proposition 18.2.15. Assume n/t = pm. Let x = [J;’t( )

order p. Say A = (p®,...,1%) - n/t is the partition associated to z. Then

, 2], where z € GL,, ), has

o

dim(xG NH) =dim([Ly s, - - Injes Thpt1, - - - Te—1, Z]T{'h)H
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for some h < t/p, if, and only if, either a, = m or condition (2) in Lemma |18.2.1
does not hold.

PROOF. If 2 = [J2/7] then 2 = [J2/P] and the result trivially follows. Similarly, let
A n/t, the partition associated to z. Assume A satisfies neither (1) nor (2) of Lemma
Then for any decomposition x = [Ay,...,A;] € H° we must have A, = z (up
to a permutation of the blocks), since z does not contain two proper sub-partitions of
any multiples of p, both of them with some non-p parts, see Remark

Conversely, the contrapositive is proved in Lemma [18.2.13] g.e.d.

Now we can state a complete classification of elements x € H of order p for which
fa(xz) = 1/p, in the case p divides n. Recall t < n, the case t = n is dealt with in
Section [18.4.2.2]

Proposition 18.2.16. Assume p | n. Let © € G be of order p. Then fq(x) = 1/p if,
and only if, one of the following holds
(i) = € [/
(i) n/t = pm and x € [J;l(t_l),z]G for some z € GL,, ), of order p whose associated
partition X = (p, ..., 1) = n/t satisfies one of the following
(a) ap =m; or,
(b) ap, < m and whenever X\ = p & n with p = Lip, n F lop, for some ly,la < m,
either i = (p*) or n = (p'?).
PrOOF. If 2 N H = () then fo(z) = 0. Hence we may assume z € H. If = is one
of the elements in the hypothesis then, by Lemma [18.2.11} we have fqo(z) = 1/p.
Conversely, if € H has order p and fq(x) = 1/p then, by Lemma [18.2.12] and
Proposition the result follows. g.e.d.
If p does not divide n we have the following.

Proposition 18.2.17. Assume ptn. Then there exists x € H° such that
1 prtN2
<1 82
falw) < P + 4 <n>
PROOF. Let n/t = ap+b with 0 <b < p. Let z = [J?, J}]. Then by Lemma [17.3.4
we have dim(z® N H) = } dimz®. Using Theorem [5.2.1, we compute

dim 2% = n2<1 — }10) — bt2<1 — Zl;)

Therefore

where the inequality follows from b(p — b) < p?/4. g.e.d.

18.3. Semisimple elements: lower bounds

In this section we derive lower bounds on fq(z) for z € H of prime order r # p. Up

to G-conjugacy, we may write

(201) x=[Log,wlay, ..., w ', ]



18.3 Semisimple elements: lower bounds 223

where w € k is a primitive r-th root of unity.
We shall prove the following.
Proposition 18.3.1. Let x € H be an element of prime order r.

(i) If r > n then fo(z) =0 if, and only if, v(z) =n — 1.
(ii) If r < mn then

fa(z) >

where e =0 if n =0 (mod rt) and e =

%\l—t

W:—I) otherwise.

Remark 18.3.2. If r < n the bound is not the best possible. In Proposition
we shall give the best possible bound on fg(z). Notice that in the case n = 0 (mod rt)
the lower bound is sharp for fg, thanks to Lemma In the case where rt does
not divide n our bound is often negative (never if r = 2). Notice that the lower bound

in (ii) is decreasing in r, namely it is maximal when r = 2.
Thanks to Lemma [17.3.1) it is natural to consider the two cases r > n and r < n.

18.3.1. Case r > n. Let z € H be an element of prime order » > n as in (201)). By
Lemmal17.3.1) we have 29N H = 29N H°. Hence we may assume = = [21, ..., 7] € H°
such that dim(z% N H) = dim2#°

Let z; = [la4; 0, wla; 15 - - - L w' T | for all i € {1,...,t}. Then

Qi1
r—1 2 t or—l

i =235, ) e ) = =35
=0 1= t i=1 =0

Therefore we have

(202) fole) = s Z( > aua)

=0 1<i<y<t
Recall that Proposition [17.3.13|gives conditions on the eigenvalues of the z;’s in order
to have dim(z“ N H°) = dimz/°. In particular |a;; — ajy| < 1, for all 4, j, .
Lemma 18.3.3. Let x € H of prime order r. Assume v(x) =n—1. Then fo(x) =0.

PRrOOF. If v(z) = n—1 then x is a regular element, i.e. Cg(x) = (GL1)". Without
loss of generality we may assume = [1,w,...,w" !]. Hence using Theorems and

17.3.8| we compute fq(x) = 0. g.e.d.

In order to complete the characterisation of elements of prime order r with vanishing
fo we need the following.

Lemma 18.3.4. Let x = [x1,...,2;] € H° with dim(z® N H®) = dim2f". Assume
v(z) < n—1 and let W' be the eigenvalue with largest multiplicity. Then, there exist
i #j€{l,...,t} such that a;;,a;; # 0.

PROOF Since v(z) < n — 1 we have q; > 2 for some [ > 0. Since dim(z% N H®) =
dim 2, we have, by Proposmonm la;; —aj | <1foralli,je{l,...,t}. Let i
be such that a;; # 0. If for all j # i we have aj; = 0 then a;; = a; and a;;—a;; = a; > 2
which is absurd. Hence there exists j # ¢ such that a;; # 0. g.e.d.

Now, we can complete the characterisation.
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Lemma 18.3.5. Let x € H be of order r. Assume fo(z) =0. Then v(z) =n — 1.

PROOF. Assume z = [z1,...,2;] € H° is such that dim(z® N H°) = dim2".
In we have an explicit formula for fo(z). Assume v(z) < n — 1. Then by
Lemma given w' the eigenvalue with largest multiplicity in z, there exist i #
je{l,.. t} such that a;ja;; # 0. So fo(r) > %ai,laﬂ > 0, which is absurd.
Therefore v(z) =n — 1. g.e.d.

Part (i) of Proposition [18.3.1] follows from Lemmas [18.3.3| and [18.3.5]

18.3.2. Case r < n. In this section we derive a lower bound on fq(z) for v € H
an element of prime order r < n. Recall that
f3(z) = dim Q — dim z% + dim (2% N H°)
i dim 2
And, in general, fo(z) > fg(x). Moreover, for all z € G of prime order r we have

2% N H® # (), since H contains a maximal torus. Therefore our strategy is to find a
lower bound on fg; recall that, by Corollary [17.3.20, fo(z) — f§(z) < (t 0 < Z

Remark 18.3.6. Assume r > t. Let # € H be of order r. Then, by Lemma [I7.3.1] we
have ¢ N H = 2% N H®. In particular, fo(z) = £3(z).

We have the following.
Proposition 18.3.7. Let x € H of prime order r <n. Then
1 rt?
ro 4An?(t —1)

PROOF. Let 2 € H of prime order . Then, by Remark [17.3.14) we have dim (2

H°) = (dim ¢ — > bi(t —b;))/t, where a; = ¢;t + b; with 0 < b; < t. Therefore

fa(ey = M p) —dimaf(1 - 4) — o bilt—b) _ Yiga? Mg bit—by)
o= n?(1-1) - n? n?(t—1)

Using Proposition we have Y, a? > (3, ai)z/r = ”72 Moreover, for all i, we

fa(z) >

have b;(t — b;) < t2/4. The result follows. g.e.d.
Remark 18.3.8. Notice that Proposition [I8.3.7 holds in the case r > n, as well.
However, forr>nwehave%—#il)<% mgo

In fact, we can derive a better lower bound. We shall construct elements y € H of
prime order 7 such that for all z € H of order r we have f3(z) > f5(y). Recall that
for x € G of order r we denote a; = dim V.

Definition 18.3.9. Let z € G be of order r. We say that z is special if |a; — a;j] <1
for all 4, € {0,...,r —1}.

Observe that if  is not special there exist i, j € {0,...,r —1} such that a; —a; > 2.

Claim. Let z € H be of order . Then f§(x) > f5(y) where y € H is special of order
r.

Lemma 18.3.10. Let x € H be of order r. Then, either x is special or there exists
y = [Lpy,wlpy, ..., w" 11y, ] € H such that f&(z) = f&(y) and by — by > 2.
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PRrOOF. Up to G-conjugacy we may write = [lo,wlay, ..., w" ', ] € H. As-
sume z is not special. Then a; — a; > 2 for some i # j, without loss of generality we
may assume ¢ < j. Let us define

i j r—1
Y= Loy wlajs -y w'lagy . yw! Loy, " o, ]

Since Cg(x) = Cg(y) we have dim2¢ = dimy“. Moreover dim(z% N H®) = dim(y“ N
H°), thanks to Corollary [17.3.15| Therefore f5(z) = f5(y). g.e.d.

The key tool in order to prove the claim is the following technical lemma for non-
special elements. Thanks to Lemma [18.3.10] if « is non-special we may assume that
apg — aj 2 2.

Lemma 18.3.11. Let v = [I,,wly,,...,w" 11, _,] € H of prime order r. Assume
ap = max;{a;}, a1 = min;{a;} and ag — a1 > 2. Let y = [Iog—1,wlay 41, .., w" o ]
Then

fo(x) > fo(y)
with equality if, and only if, ag — a1 = 2 and ag = 1 (mod t).

PROOF. Write ag = a1 + h for some h > 2. The result is equivalent to
(203) dimy® — dim 2% > dim(y“ N H°) — dim(z% N H°)

We have dimy“ — dim 2% = 2(ag — a1 — 1) and using Theorem [17.3.8| we compute:

R B (R Iy Y (ST [

1D (-3
— =)t - t—2
+ Q t AN ;)20
ag— 1 a1 +1
e R e
* t t
Thus, we have four cases, depending on the values of the floor functions.

then is equivalent to

tJ
(204) a—ar —1> L%J L J

Case 1. For LL;lJ = |%] and LLLLHJ =

=

Case 2. If L“OTAJ =|%|—1and |2t

1 +1, is equivalent to
Case 3. If L‘IOT_IJ = |%]—-1and LC”THJ = [ L], the inequality (203) is equivalent to

(200 <t T[] -7

t t

H =19
(205) (t—lq J

w\s ]

Case 4. Finally, for L“OT_IJ = |%] and L‘”THJ = | %] +1, (203) is equivalent to

o > 2] |24 |2

We now prove the inequalities in each of these four cases.
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Case 1. Write ag = bot + ¢g and a1 = b1t + ¢; where 0 < ¢g < t and 0 < ¢1 <
t — 1. Moreover, since ag — a1 > 2 we also have by > b;. Then (204) is equivalent to
ag—ay —1>byg—b;.

If by = b1, we immediately get the result, since ag—a; > 2, and hence ag—a; —1 > 0.

Thus, assume bg > b;. Then there exists an integer [ > 1 such that by = b; +1. Thus
the left hand side of (204)) is ap — a1 —1 = It + ¢ — ¢1 — 1, and the right hand side is [.
Therefore It — 1+ co — c¢1 — 1 > 0 is equivalent to (204). Since ¢cg > 1 and —¢; > 2 — ¢,
we have

lt—l—l—Co—Cl—lth—l+1+2—t—1:l(t—1)—t+2

So, we need to show [(t — 1) — ¢+ 2 > 0, which is clearly true since it is linear in [ and
t—1>0. ThusI(t—1)—t+2>(t—1) —t+2 > 0. Hence, (204) has been proved.

Case 2. In the second case we have ag = byt and a; = b1t — 1 = (by — 1)t + (¢t — 1).
Therefore the inequality (205) is equivalent to by — by > 0. Assume by < b;. Then
ag — a1 = bot — b1t +1 < bt — byt + 1 =1, a contradiction since ag > aj + 2.

Case 3. In this case we have ag = bot and a; = byt + ¢, with ¢; € {0,...,t — 2}.
Hence the inequality (206]) is equivalent to

(bo — bl)(t — 1) > C

Let us assume by < by. Then bot < b1t < bt + ¢, i.e. ag < a1, which contradicts the
hypothesis, thus by — by > 1. Hence (bg —b1)(t — 1) >t —1 > ¢;.

Case 4. In this case we have ag = bot + g, with cp € {1,...,t—1},and a1 =it —1 =
(b1 —1)t+ (¢t —1). And the inequality (207) is equivalent to (bg —b1)(t—1)+co—1 > 0.

Also in this case we have by > b;. Suppose by < by, then by < by —1 and bt < (b —1)t,
hence ag = bot +co < bot +t —1 < (by — 1)t + (t — 1) = aq, which is absurd since
ap > aj.

If by > by, since t > 2, we have (bg —b1)(t—1)+co—1>t—1+co—1>¢op> 0. Let
us assume by = by, then the inequality (207)) is equivalent to ¢y > 1. Hence for ¢y > 1
we get the result, while if ¢g = 1 we have f§(z) = f§(y). Notice that for by = by and

co = 1 we have ag = byt + 1 and a1 = bgt — 1, therefore ag — a1 = 2.

The result follows. g.e.d.

In fact we can give more information about non-special elements x € H for which
&) = fo(y), where y is as defined in Lemma [18.3.11

Observe that the case max;{a;} — min;{a;} = 0 may occur only if r divides n and,
up to conjugation, x = [I,/,,wly/p, - - - ,wr_lln/T].
Lemma 18.3.12. Assume r divides n. Let x = [, /p,wly/p, ... ,wr_lln/r] and define

Y = Unjr1,wlyjpgrs - W ] Then f(x) < f§(y), with equality if, and only if,
rt divides n.

PROOF. This is very similar to Lemma [18.3.11] For details, see Appendix
g.e.d.
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Remark 18.3.13. Thanks to the equality part in the statement of Lemma |18.3.11
the argument of Lemma [18.3.12] extends to any element © € H of order r whose
multiplicities of eigenvalues satisfy n/r —1 <a; <n/r+1, for all: € {0,...,7r — 1}.

Now, we prove the claim.

Lemma 18.3.14. Let x € H be of order r < n. Then

fa(x) = fo(2)

where z € H is special of order r.

PROOF. Let x € H of prime order r; if x is special the result follows, hence

we may assume x is not special. Thanks to Lemma [18.3.10] we may write x =
ags wlays .- w1, ] with ap = max;{a;} and a; = min;{a;} and a9 — a; > 2.
Therefore, following Lemma we construct y for which f§(z) > f§(y). If y is
special the result follows. If y in not special we apply Lemma[18.3.1Tagain. Eventually,
iterating this process, in a finite number of steps we get

fox) > foly) > ... > f3(2)

where z is special. g-e.d.

Now we aim to characterise special elements, up to centraliser structure.
Lemma 18.3.15. Let x € G be a special element of order r. Assume ay = max{a;}.

(i) If r divides n, then a; = n/r for alli.
(i) If r does not divide n, then ag = [n/r| +1

PROOF. Since z is special we have ag — a; € {0,1} for all . Therefore, for all i, we
have ap — 1 < a; < ap. Summing over i we deduce (ag — 1)r < n < rag — 1. Therefore
"TH <ag < ”T” The result follows recalling that ”%H < L%J < g.e.d.

Thanks to the previous result the general structure of any special element is clear.
Proposition 18.3.16. Write n = qr + ¢, where 0 < ¢ < r. Let z € G be special of
order r. Then Cg(z) = Cg(x), where
(208) Tr = [ILn/TJ-‘rlv ce 7wc_1[|_n/rj+17wcl|_n/rja ce ’wr—lj\_n/rﬂ

In view of Lemma [18.3.14] and Proposition [18.3.16| in order to get a lower bound on
1§ for elements of prime order r in H we need to compute f&(x) , for x as in (208).

Using Theorems [5.3.1] and [17.3.8], we get

dim:L‘G—nQ—n—2n[ J—H"VZJ +r_%J
dim(a€ (1 1%) = " g (| L P Y
w2 ) (|5 - | )

) 2| )

T t
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It is natural to consider two cases. Either t divides |n/r| + 1 or it does not. In the

latter case, we have

“n/rtj + 1J _ “ngru
Thus

dim C§(z) = dim Q — dim 2% + dim(z% N H°)

=an([3] - [ o (- L) (5] - 1)

We write n = (at + b)r + ¢ with ¢ € {0,1,...,7 — 1} and b € {0,1,...,¢t — 1}, notice

that
2 2]

Moreover, observe that if b = ¢ — 1 we are in the case in which ¢ divides |n/r] + 1.

Using Mathematica, we compute
(209) folz)=-— ————— — —

Similarly, in the first case, i.e. ¢ divides |n/r] 4 1, we have

[Ln/rj—l—lJ _ [Lngr” +1

t

Thus

dim C§(x) = dim Q — dim 2% + dim(z% N H®)

o= 2) o2 1) o 22
n |2 n n/r] |2 n/r n n/r
I R e e e e B R
As before, let us write n = (at +b)r + ¢ with ¢ € {0,1,...,7—1} and b =t — 1. Again,

using Mathematica, we compute

T—Cz
(210) fa@=1-r=9

r ner

Observe that if in (209)) we substitute the value b =t — 1 we get (210).

Remark 18.3.17. The right hand side in (210} is clearly strictly less than 1/r. Simi-
larly, we see that the right hand side of (209)) is less than or equal to 1/r because r > ¢

and we may assume b < t — 2, hence

br(t —b) > 2br > 2bc

We can indeed characterise special elements x for which fg(z) = 1/r.

Lemma 18.3.18. Write n = (at + b)r + ¢, where 0 < c<r and0<b<t. Letx € H
be special of order r. Then f§(x) = 1/r if, and only if, b=c=0.

PrOOF. By Remark|[18.3.17] we need to be in the case b < t—1. Assume b = ¢ =0,
then, using (209), we compute f§(z) =1/r.
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Conversely, assume that for the special element = we have f5(z) = 1/r, as observed
above, we may assume b < ¢t — 2. Since ¢ > 0 and br(t — b) — 2bc > 0 we must have
¢ = 0. Therefore, br(t —b) =0, i.e. b =10 since t —b > 0. g.e.d.

The above discussion is summarised in the following.
Proposition 18.3.19. Let x € H be of order r <n. Then
o 1 br(t—0b)—2bc 2
(211) folz) =2 - - brit “b)= e

where we write n = (at + b)r + ¢, with 0 < c<r and 0 < b < t.

PROOF. Let x € H be an element of prime order » < n. Then, by Lemma [18.3.14]
fa(x) > fa(z) for some special element z € H of order r. We computed fq(z) in (209)),
hence, the bound (211f) holds. g.e.d.

Remark 18.3.20. With some further comments, using Lemmas [18.3.11] [18.3.12 and
Remark [18.3.13] we can characterise (up to conjugacy) elements that realise the bound
in Proposition [18.3.19] It turns out that f3(x) realises (211)) if, and only if, z €

[Tag,wlays- - w1, _,]¢ and one of the following holds:
(i) for all i, |n/r| <a; < |n/r]+1;
(i) b=c=0and for all i, n/r — 1 < a; <n/r+1;
(ili) b = t — 1 and there exist j,j" such that a; = |n/r] 4+ 2,a; = |n/r] and for all
i# 7, |n/r] <a; < |n/r]+1.
By the previous discussion the lower bound given in Proposition 18.3.19|for fg is the
best possible. In particular, we deduce that if rt divides n then the best possible lower

bound is 1/r. However, for r < n we see that the lower bound should have the form

%2 — € for some small €, at least when r is close to n.

Example 18.3.21. Let us compute the fq-value (or f3-value) for special elements in
two different cases.

1. Assume 7 = n. Thus, t = n and dimQ = n(n — 1). Let = [L,w,...,w" " 1]. We
compute dim 2% = n? — n and dim(z% N H°) = 0, since H° = (GL;)". Notice that, by
Lemma x is G-conjugate to m1. Using we have dim(z® N H°my) =n — 1.
Therefore fo(x) = 1/r whereas f5(x) = 0.

2. Let r = n—1. And z = [Ir,w,...,w" %. Then dim2z® = n? —n — 2 and
dim(2%NH®°) = n?/t—n, since the block decomposition x = [x1, ..., 2;] that maximises
dim 27 consists entirely of regular blocks. Notice that 2% N (H \ H®) # § only if t = n,
by Lemma We compute f§(x) = 2t/n?(t — 1) > 7722 ~ r%

The proof of the following allows us to deduce that the lower bound of Proposition
[18:37 is close to best possible in several cases.

Lemma 18.3.22. Let n = (at + b)r + ¢, where 0 < ¢ < r and 0 < b < t. Let

_ br(t—b)—2bc 2
= Th2i-1) + -5-. Then

D<ec
= =2 — 1)

PROOF. Let us start by showing that e > 0. If b = 0 it is clear. Hence we may
assume b # 0, and we claim r(¢ — b) — 2¢ > 0, which leads the result. For b <t —2 we
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have r(t —b) —2¢ > 2r — 2¢ > 0 because ¢ < r. If b =1 — 1 we have
br(t—b)—2bc = & r(t—1)—2c(t—1) i _(r—c)?

n2(t—1) n2r n?(t—1) n2r  n2r

>0

In order to compute an upper bound on ¢, let us study the one-variable function
91(b) = brt —b*r — 2bc. It is straightforward to see that g1 (b) < g1 (5 —<). Substituting
b= % — = we compute

2 —crt n i N rt? ort? e(r—c)
“orn2(t—1)  rn?  4n2(t—1)  4n2(t—1) nZr(t—1)

The result follows. g.e.d.

Remark 18.3.23. Observe that from the proof of Lemmall8.3.22|we have ¢ < -

4n2(t—1)
c(r—c) c(r—c) r
m. And nQT(tfl) S 4n2(t71)' Therefore

dn?(t—1) n?r(t—1) — 4n?

rt? e(r—c) < r(t+1)

In view of the proof of Lemma [18.3.22) and Remark [18.3.23| we deduce that the lower
bound % — #:_1) is very accurate when b ~ % — ¢ and ¢ = r (we deduce this also

from the proof of Proposition [18.3.7)).

18.4. Local upper bounds

For the convenience of the reader we recall that Vs = {z € G : v(z) = s}. In

addition, we denote by V , the set of elements of Vs of order 7.

In this section we derive upper bounds on fq(z) for z € H NV of odd prime order.
We deal with involutions in Section The main result of this section is Proposition
[18.4.1] below.

Proposition 18.4.1. Assume r is an odd prime. Let x € H N\ Vs ,. If s <n/2 then

folz) <1- 2% +2(%>2

If s > n/2 then
s

fQ(QT) Sl—ﬁ

ProoOF. Thanks to Proposition [17.2.1, we have

dimQ — dimz% (1 — 1) dim 2¢

< 7 — ——
Jale) < dim Q ! n?

By Proposition we have dim ¢ > max{2s(n—s),ns}. The result follows. g¢.e.d.

Remark 18.4.2. In some cases these bounds are sharp. Indeed the bounds are realised
if there exists € Vs, N H such that dim 2% = max{ns,2s(n — s)} and dim(z% N H) =

% dim €.

Corollary 18.4.3. Let x € HNV,,. Then

fa(z) <1 -

s
n+1
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PROOF. If s > n/2 then it is clear that 1 —s/n <1 —s/(n+1). Assume s < n/2.

2
Then 1 —s/(n+1) — (1 —2s(n —s)/n?) = W For 0 < s < n/2, we see
that g(s) = n? — 2ns + 2n — 2s > min{g(0), g(n/2)} = 0. The result follows. g.e.d.
We do not have a complete characterisation of the elements that realise the upper

bound, in general.

In Section [I8:4.1] we deal with semisimple elements. We show that for every y €
HNVs, we have f5(y) < f§(Z), for T defined in . In particular, we see that fq(Z)
is close to the upper bound of Proposition

In Section we will give more results on unipotent elements. Let x € H NV ,,.
Assume x = [J,”,..., J{*] then v(z) = s means n — s = Y, a;. Unfortunately, in this
case we do not deal with this problem in full generality. The condition v(z) = s is hard
to deal with. However we can deduce some results if we impose stronger hypotheses on

n,t,s.

18.4.1. Semisimple elements. Let us assume r # p. The main result of this
section is Proposition where we show the existence of x € H N Vs, such that
fa(z) is close to the bound of Proposition In the following two results we write
U for the upper bound established in Proposition

Proposition 18.4.4. Write n = (n — s)l +m, with 0 < m <n —s. Then there exists
x € HN Vs, such that
2
fal@) =2U - ——
n
where v =m/n if s >n/2, and v = 0 otherwise.

It is straightforward to deduce the following.
Corollary 18.4.5. There ewxists x € H N Vs, such that

fa(z) >U - — — —

Let s be such that H N Vs, # (. Let us write n = (n—s)l+m, with 0 <m <n—s.
We define

(212) =L swly s .. ., L, W,

Claim. Let z € H NV, ,. Then f§(z) < f3(Z).

The following result allows us to consider only elements with 1-eigenspace of dimen-

sion n — S.

Lemma 18.4.6. Let x € H NV, ,. Then there exists y = [I,,—s,wlp,, . .. ,wT*IIbPl] S
H NV, such that f§(z) = f3(y), by = min{b; : b; # 0} and by = max{b; : b; <n — s}.
PROOF. Let a; = min{a; : a; # 0} and @; = max{a; : a; < n — s}. Define

Y = [In—s,wlo,,w?Io,w?lay, ... W'l ,wily,, ... ,w" 1, ] Tt is clear that Cg(x) =
Cq(y). Therefore by Theorems [5.3.1{ and [17.3.8] we have f5(z) = f&(v). g.e.d.

By Lemma [18.4.6] that for x € H N Vs, up to G-conjugacy, we may assume

r—1
x=[In-s,wlay,...,w" Iy ]
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with a; <n — s for all 1.
In order to prove the claim we need the following technical result.
Lemma 18.4.7. Let © = [I—s,wlay,...,w" 11, ] € HNVs,. Assume Co(x)
Ca (), for T defined in . Assume a1 = min{a; : a; # 0} and ay = max{a; : a; <
n —s}. Define y = [In—s,wlay—1,w* oyi1,w3 oy, ..., w" 1, ], Then
fo(x) < fo(y)
with equality if, and only if, a1 = ag and a; =0 ort —1 (mod t).

PRrOOF. This is very similar to Lemma [I18.3.11] For all the details see Appendix
37 g-e.d.

We can now prove the claim.
Proposition 18.4.8. Let v € HNV;,. Then
fo(x) < fo(2)
where T is defined in .
PRrOOF. Thanks to Lemma [18.4.6) we may assume x = [I,,_s,wly,,...,w" ', ]
If Co(z) =2 Cg(x) then f§(x) = f§(x). Thus we may assume Cg(z) 2 Cq(Z) and
a; = min{a; : a; # 0}, ag = max{a; : a; < n — s}. Hence, by Lemma [18.4.7, there

exists y € H NV, such that f§(z) < f3(y). If Ca(y) # Ca(Z) we may apply, again,
Lemma Iterating this construction we get

folx) < foly) < ... < fo(T)

The result follows. g.e.d.

In view of Proposition [18.4.8| the element & as defined in (212) is the natural choice
in order to prove Proposition [18.4.4, We first study the case s < n/2 and then s > n/2.

Lemma 18.4.9. Assume s < n/2. Then there exists x € H N Vs, such that

_2s(n—3s)  2b(t—D)

fala) = 1= =

; 2s(n—s) _ 2
In particular, fo(x) >1— =202 — 2,

n2

PrOOF. Let x = [I;,_s,wls]. Then z € HNV;,,. Using Theorems [5.3.1| and [17.3.8]

we compute dim ¢ = 2s(n — s) and

dim(z¢ N H®) = QEJ (EJt - 23+t) +2s<% - 1)

Write s = at + b, with 0 < b < t. Using Mathematica, we compute

o/ 2s(n—s)  2b(t—b)
folz) =1- n2 Cn2(t—1)

Notice that for 7 > 2 we have 2% N H = 2% N H° hence fqo(z) = f§(z).
The difference between the upper bound in Proposition [18.4.1|and fq(x) is
2
F=——-—
2n2(t — 1)
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It is straightforward to check that E is maximal when ¢ is maximal, hence 0 < F <

1

Ty < % The result follows. g-e.d.

In the case s > n/2 the computation of fqo(Z) does not follow as easily. We will use
Proposition and Proposition to simplify the calculations.

Lemma 18.4.10. Assume s > n/2. Then there exists x € H N Vs, such that

s 2 m
Cr)>1- 2= m
folz) 21— —————
where n =m (mod n —s) and 0 < m < n —s.
PrOOF. Write n = (n—s)l+m,0<m <n—s. Let x = [I,,_g,...,w' 1, 4 w',].

Using Theorems [5.3.1| and [17.3.8], we compute

dimz® =I(n—s)(n+s—1I(n—s))

2 _ 2 _
; G L n—s B n—3s
dim(z~ N H®) = " n—i—l({ ; Jt+(t 2n+25){ ; J)
n—(n—s)l |2 n—(n—s)l
+ LfJ t+(t—2n+2l(n—s))LfJ
Let us observe that we can write
dim2€ =ns+ 6

where 0 =l(n—s)(n+s—1(n—s)) —ns =1l(n—s)(m+s) —ns. Furthermore, thanks
to Proposition we deduce § > 0. Therefore, using I <n/(n — s), we have

0 <

n_s(nfs)(mqts)fns:nm

We divide the analysis into two cases: either ¢ divides s or it does not.

Case 1. Assume ¢ | s. Then, by Lemma [17.3.16 we get dim(z% N H°) = 1 dimz%.
Notice that by Proposition [17.2.1) dim(z% N H) = dim(z% N H°) therefore fq(r) =

f&(x). And we have
s 0 5 m
1225721
Ja() n  n?- n o n
Case 2. Assume t { s. Then for some ¢ > 0 (thanks to Proposition [17.2.1] and
dim(z% N H) > dim(2% N H°))
dim 2¢
t
Then, Proposition [17.3.17] yields ¢ < dimaz%/n < n (it is clear that dim2% < n?).

Hence

dim(z% N H°) =

— €

fa@ =12~ (o5 + =)

n2
n o \n
The difference between the upper bound given in Proposition and the value of
f&(x) is

J et 04+2 mnm+n
0<FE=— < <
- w2 n?(t—1) = n? n?
where we used ¢t/(t — 1) < 2,5 < nm, e < n. The result follows. g.e.d.

Thanks to the computation made in the proof of Lemma [18.4.10| we can prove Corol-
lary
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PROOF OF COROLLARY [I8 4.5l If s < n/2 the result follows from Lemma18.4.10

Assume s > n/2. With a similar argument to that used for e (in the proof of Lemma
18.4.10), we have 6(I) = l(n—s)(n+s—I(n—s)) —ns, so 6(l) < 5(28:85)) = (n—s)%/4.
Therefore § < (n — 5)2/4 < n?/16, since s > n/2 and E < 2/n + 1/16. This yields

s 2 1
) —
Jalw) 2 n n 16

The result follows. g.e.d.

Proposition establishes that the gap between the bounds and the fq-value of
some particular element in HNV; , is small. Furthermore, by the proofs of Lemma
and we can give infinitely many examples in which the bounds of Proposition
are realised. It is enough to consider elements with the same centralizer structure
of [In_s,...,w I, _,,w'I,,] satisfying one of the following conditions:

(i) if s <n/2, then s | t;
(ii) if s > n/2, thent |n —sand n —s | n (i.e. € =9 = 0 in the proof of Lemma

Exan)

)
)

18.4.2. Unipotent elements. Let x € H NV,,. Here we assume ¢t < n. The
case t = n will be studied in Section [18.4.2.2 Up to G-conjugacy we may assume

z=1[Jp",...,J{],and n — s = Y, a; (cf. Proposition [5.1.7). By Proposition [18.4.1

fQ(:v)Sl—%

where v =11is s > n/2, or 2(1 — s/n) for s <n/2.

The following result is the analogue of Proposition We do not cover all the
possible cases. In fact the following holds only for s < n/2.
Proposition 18.4.11. Assume H° NV, # 0 and s < n/2.

(i) Assume that either n/t is even, or n/t is odd and n — 2s > t. Then there exists
x € H° NV, such that

2s(n—s) 1
o > 1 _ _
Q(‘r) n2 n
(i1) Assume n/t is odd and n —2s < t. Then there exists x € H° N Vs, such that
2s(n — s) t
o >1_ .
a(z) 2 n? 2(t — 1)

PROOF. Let z = [J5, J'2%]. If n/t is even we clearly have x € H°. Assume n/t is

odd and n —2s > t, in particular the number of J; blocks is greater than ¢; hence there

exists a block decomposition [z1,...,x;] € H°. Write s = at + b, where 0 < b < t. In
both cases, we define
2y = .. =y = [JeHL TR
t—2
l‘b_i_l:...:l't:[g]g,z]?/ a]

Hence dim(zNH®) > bdim[J$, f/t_Qa_z]GLn/t—i—(t—b) dim[J¢, Jln/t_Qa]GLn/t. Using

Theorem [5.2.1] we compute

GL GL
dimz% = 2s(n — ), dimz; " = 2(a + 1)(% —a— 1), dimz, /" = 2a(% — a)
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Therefore

2s(n—s)  2b(t —b) 1
() >1— . o Rl P
fale) 2 n? n?(t—1) — n? n
We have 2b(t — b) < t?/2 and it is straightforward to show that t2/2 <

n,t > 2. Hence Zg((i:?) < %

n(t — 1), using

Now assume 7/t is odd and n — 2s < t. Then no conjugate of [J§, J{'" %] lies in
H°, since the number of J; blocks is not enough to get a block decomposition in H°.
Hence, we consider the family of elements y; = [J, JQ‘”_%, J?_QSH] € HNVsp. In order
to have y; € H® we need n — 2s + 2¢ > t, i.e. the number of J3 and J; blocks has to
be at least ¢, in order to create a block decomposition in H® (recall that ¢ < n and n/t

is odd). The smallest integer [ for which (up to conjugacy) y;—1 ¢ H® and y; € H® is

l = % Let z = Yimnios. We consider x = [z1, ..., 2] with
T1=...=x = [J37 J2(n/t—3)/2]
Ty1=...=x4 = [!]2(n/t71)/27 Ji]

As above dim(z% N H®) > dim2#°. Using Mathematica we get

_ 2s(n—s) (n —2s —t)(nt — t2 + 2t — 25)

(o] > 1 o
fa(z) 2 n2 2n2(t — 1)
And it is straightforward to check that
2s(n — s) t
o(z)>1— ~
falz) 2 n2 20t — 1)

g.e.d.

18.4.2.1. Caset = 2. Let us assume n > 2 is even and ¢t = 2. For x € H of odd
order p we have, by Lemma [17.3.1 2 N H = 2% n H°.

In the case s < n/2 the conditions in (i) of Proposition [18.4.11| hold. Hence we
assume s > n/2. We prove the following.

Proposition 18.4.12. Assume s > n/2. Then there exists x € H N Vs, such that

fQ(:r)Zl—%—e

(n—s)?

where € = T2

if s is even, and € = 1/n otherwise.

PROOF. First assume s is even. Write 5§ = "5%a + b where 0 < b < “5*. Let

x = [z,z] € H® where
&= da®

So v(Z) = s/2, hence v(z) = s and © € H NV, Hence z = [J2%, JI~5"2%] and, by
Proposition we have dim(z¢ N H) = %dim . A straightforward computation,
using Theorem leads to dim 2% = ns + &, where § = 2b(n — s — 2b). Notice that,
by Proposition § > 0. In addition, we see 6(b) < d((n — s)/4) = (n — s)?/4.
Therefore

s 1) s n—s)?
f“”zl‘n‘mzl‘n‘(@Q
Now assume s is odd. Write
n n—s—1 n n—s+1
§IG1T+51, Ezazf—i—bz
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Let us define x = [x1, x9] where

—s5—1 n—s+1
_ 17l b _ 7 7b2 5 b2
€Tl = [JalJrl) Jay ]7 €T2 = [Ja2+17 Jas ]

Hence z € H N Vs, Using dim(2% N H°) > dim 2", and Mathematica we compute

S 1
fQ(x)Zl—ﬁ o

g.e.d.

18.4.2.2. Caset = n. In this situation H = GL11S,,. Therefore the set of unipotent
elements in H is given by {m; | ¢ =1,...,|n/p|}. Recall that m; is any permutation in
S; with cycle shape (p?, 1:=7%). By Lemma m; is G-conjugate to x = [J;;, J?_ip].
Therefore v(m;) = i(p — 1).

Using Theorem and ([184)) we compute
dim7¢ =i(p — 1)(2n — ip), dim(m; N H) = dim 7" = i(p — 1)

We summarise the previous computation in the following.
Proposition 18.4.13. Assumet =n. Let x € HNVs,. Then s =i(p — 1), for some
0 <i<n/p. Moreover

ilp—1)(2n —ip—1)
nin—1)

fa(m) =1—

Notice that fo(m;) as a function decreases in i. The following is a straightforward

consequence of Proposition [18.4.13
Corollary 18.4.14. Assumet =n. Let x € H be of order p. Then

1 2p—-1) , p*-1
];gfg(fc)glf P Y

18.5. Local lower bounds

In this section we derive lower bounds on fq(z), for z € H NV, where r # p is an
odd prime. The main result of this section is Proposition [18.5.1] Involutions will be
studied in Section 0871l

For elements of prime order p we do not have general local bound on fq. In Section
18.4.2.2| we have widely studied the case ¢ = n. We shall study the particular case t = 2
in Section I8.5.9] below.

Proposition 18.5.1. Assume r #p odd. Let x € HNV,,. Then

s(2n—s) 2
>l—-————
falz) 2 n2 n
Let x € HNVs,, thanks to Lemma we may assume, without loss of generality
x = [In_s,wly,... ,w’"_llarfl}

where a; < n — s for all ¢ > 0. Notice that we may assume a; = max;>o{a;} and

az = maxi>0{ai}'
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As usual, for any semisimple = we have &N H° # (). Therefore we shall derive lower
bounds on fg; recall that for all x € H we have fo(z) > f5(x). We give the following.

Definition 18.5.2. Let = € V,,. Assume ag = n —s. We say that z is special if
la; —aj| <1 for all 4,5 > 0.

We make the following.

Claim. Let x € HNV,,. Then f3(x) > f5(z) where z € H NV, is any special

element.

It is clear that any special element of order r has centraliser isomorphic to the

following;:
(213)
[Ln_s,w,w?, ... w r—1>s
z =
[In_s,wILﬁJ+1,.. . 7w1[[ﬁ]+1’wl+l‘qriﬂ"‘ . ,w’”_lltﬁJ] r—1<s

here s = [s/(r—1)|(r — 1)+ and 0 <[ < r — 1. In particular, for fixed s,r all the

special elements have the same f3-value.

If x € HNVs, is not special then there exist 7,j > 0 such that a; —a; > 2. The

following technical result is the key tool for proving our claim.

Lemma 18.5.3. Let x € HNV, ;. Assume ap = n — s,a; = max;>o{a;} and ay =

min;sofa;}, and ay —ag > 2. Lety = [I_s,wlay 1,0 layi1,...,w 11, _,]. Then
fo(x) > fo()

with equality if, and only if, a1 —azs =2 and a; =1 mod t.
PrOOF. This is the same as Lemma [18.3.11 g.e.d.

An important consequence of Lemma is the following, which proves the claim

introduced before.

Lemma 18.5.4. Letx € HNV,,. Then
fo(z) > fo(2)

where z is special.

PROOF. The proof is the same as Proposition [18.3.14] using Lemma [18.5.3] In fact,
using the construction of the lemma starting from any x € V. in a finite number of

steps we get a special element z, with fo(x) > fa(z). g.e.d.

Therefore, in view of Lemma [18.5.4] a lower bound on fq is given by f3(z) for z
defined in (213)).

First we study the case s < r — 1; here we compute fq(z) rather that fg(z), unless
we are in the case r — 1 = s and t = n.

Proposition 18.5.5. Let s < r —1 and let x € V,.s N H. Write s = at + b, where

0<b<t. Then
s(2n—s)  b(t—b)

n2  n2(t—1)

fa(z) >1—
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PRrROOF. By Lemma (18.5.4] we have that for all z € V,,, f5(z) > f5(2) where
2z = [In—s,w,...,w"]. Notice that if r—1 > s, by Corollary|17.4.9| fo(2) = f§(2). Using
Theorems [5.3.1{ and [17.3.8] we compute dim 2& = 5(2n — s) — s and

2
dim(z% N H®) = % — 2as — 25 + a’t + at

Notice that dim(z% N H®) = 0 if t = n. Thus we get
o (2n —s)s  b(t—0b)
— 1 — —
fa(?) n? n?(t—1)
The result follows. g.e.d.

Remark 18.5.6. As observed, if r —1 > s then fo(z) = f§(2). If r —1 = s, then
we need to distinguish two cases. For ¢t < n, using Corollary we deduce that
fa(z) = fo(2). Assume r —1 = s and t = n. Then for z = [I,_5,w,...,w*] we see
29N H = (29N H°)U (2% N H°r). We have dim(z% N H®) = 0. An easy computation
shows dim(z% N H) = dim(z% N H°7) = — 1 = 5. Therefore

n? —mn —2ns+ s+ 2s s(2n — s —2)

= =1-— 7

fol2) nZ—n n2

However it is not clear that for all z € H N Vs, we have fo(z) > fao(z).

Remark 18.5.7. In order to derive the bound given in Proposition [18.5.1]in the case

nbz’(ft_—b%) < % Observe that b(t — b) < §, hence we claim

t? 2 t? n? ; t? 1 2
m S n We have =1 S m, since t S n. Therefore 4n2(t—1) S A(n-1) S n

Thus, for s < r — 1, conclusion of Proposition [18.5.1] holds.

—n

s < r —1, we need to show

Now assume s > r — 1. We have the following.
Proposition 18.5.8. Assume s >r —1. Let x € HNVs,. Then
s(2n —s)  st(2n —s)
n? n3(t—1)
PROOF. For all € HNV;, we have fo(z) > f§(z). In addition, by Lemmal[18.5.4]
we have f5(z) > f5(2) for any special element z € H NV,,. Hence it is enough to

compute f§(z) for z as defined in (213)). Using Proposition [17.3.17| we have

G G

fa(x) >1—

dim z tdim z
n? n3(t—1)
Let s =a(r — 1)+ b where 0 < b < r — 1. Then

=/

fa(z) > 1

_ b b+1 —1
z2=In—s,wlpy1,...,w lip1,w’ Iy .. w1,
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So, using Theorem we have dim 2% = 2ns — s2 — a?(r — 1) — 2ab — b. Therefore

we compute

dime(l — %) _ dim z¢

{=1-

dim n dim 2
2ns — 52 a2(r—1)+2ab+b 2ns — s —a?(r —1) —2ab—b
=1- SR 2 1_1
n n n?(1-¢)
(n—s5)? 2ns—s>  a?(r—1)+2ab+b 1 1
N
n n#(1-3) nd(1-3) n
(n—s)? 2ns—s?
oot (1)
where the inequality follows from the fact that a?(r — 1) 4 2ab+ b > 0. g-e.d.

Remark 18.5.9. Notice that, since s < n,
s(2n —s) n’t 2

< < —

nd(1—1) n3(t—-1) " n
hence f3(z) >1— 5(2272_8) — 2. In particular, Proposition [18.5.1| holds.

s(2n—s)
2

Let us also observe that the bound fg(z) > 1 — — 2 for any x € HN Vs,
a2(r71)+2ab+b

is close to best possible. Now, we bound the term . (1 1) Using a < 7 and
n3(1—1

b<r—1< s we have
2

a?(r—1)+2ab+b=as+bla+1) < Sl—i—s
Therefore, using s <n,r —1 > 2 and =5 < 2, we have
a?(r —1)+2ab+b 2t t g 2

n3(1—%) <n(r—1)(t—1)+ (t—l) +7

Thus, for L the lower bound in Proposition [18.5.8 we have L — ¢ < 2/n + 2/n?.

18.5.1. Unipotent elements, case t = 2. Assume p # 2. Any unipotent element
x € HN Vs, can be written, up to G-conjugacy, = = [Jp?,...,J{] withn —s =Y, a;.
Assume t = 2, so that H = GL,, /3 1 S2 is a @2-subgroup of GL,. Observe that, by
Lemma we have 2% N H = % N H°. We have the following.

Proposition 18.5.10. Let x € H NV,

(i) If s <n/2—2 then
fole) > 1- 2
(i) If s > n/2 — 2 then

fale) > 2

PROOF. Assume s < n/2 — 2. Let = [21, 22] such that dim(z% N H®) = dim 2",
say 21 = [Jp7,...,J{"] and 29 = [Jgp, ol Jfl]. Then, as in the proof of Lemma [18.2.9
see 1) fa(x) > ”_723 if, and only if,

(214) Y i(aibj+asb; +Zm,b> Zb Zzaz Z —1)a;

1<i<j<p i=1 i
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where — for the right hand side — we used s =n — ) .(a; + b;).
Fix ¢ € {1,...,p}. The coefficient of a; in the left hand side of (214) is izig bj +
Zj<ijbj7 while in the right hand side of (214) it is iijl bj —5(i—1).
In order to show (214]) we need to prove
n
N b g Mg
ZZ J+Zjby—lzby 2@ )
i<j J<i j=21
which is equivalent to
(215) Mo =Y,
7<i
Writing § = >, jbj = >, 7bj +_,>; jbj and substituting this value in the inequality
(215) we find that (215)) is equivalent to
(216) i> (G=Dbj+ (-1 b >0
J<i Jj=i

which is clearly true, since ,5 > 1.

Now assume s > n/2 — 2. Here for any s € {n/2 —1,...,n — 2} we have that there
exists © = [J, /2, T2] € H° NV, and, by Lemma [18.2.6, we have fq(z) = 2/n and, for
any other z € H° NV, fa(z) > 2/n. The result follows. g.e.d.

18.6. Further comments on local bounds

Using the bounds in Corollay and Proposition [18.5.1] we have the following,
for elements x € H NV, , with r # 2 an odd prime.

Proposition 18.6.1. Assume r # p is an odd prime. Let x,y € H NV, ,. Then

s(n—s) 2
— < - @7 J—
[fa(z) — fa(y)] ot
ProoOF. Using Mathematica, we compute the difference between the upper bound

in Proposition [18.4.1| and the lower bound in Proposition [18.5.1] We have

1_§_<1_M_3):M+%, s
n n? n n? n 2
25 252 s2n—s) 1 s2 2 n
U AT T B R
n + n? n? n n? + n °=2
The result follows since s < s(2n — s). g.e.d.
Remark 18.6.2. If s < \/n or s > n — /n we have 8(7;_8) < ﬁ — % Therefore, for

all z,y € HNVs,, we have |fo(x) — fa(y)] < ﬁ +1.

18.6.1. A conjecture on local bounds for unipotent elements. For =z €
HNV;, it is hard to give lower bound and sharp upper bounds on fo(x). The main issue
is the difficulty of understanding the block decomposition of x € H° that maximises
dim z°. We give a conjecture which would establish the best possible upper and lower

bounds for any s.
Recall that given a partition A = (p?%,...,1%) F n there exists a G-conjugacy
class of unipotent elements whose representative, in Jordan form, is given by z) =

a .
[Jp",...,J1 ], and vice-versa.
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Let s € Z such that H NV, # 0. Define
Ps(n)={A=(M>...2 M —s)Fn:0< X\, <p, x\ € H}

Then (Ps(n), <) is a partially ordered set, where < is the usual dominance ordering on
partitions, see Section [5.2}

CONJECTURE 18.6.3. Let x € V, s N H then

fa(zy) < fao(z) < falzy)

where A = minPs(n) and p = max Ps(n)

One of the difficulties in dealing with this conjecture is that, in general, it is hard
to understand the conditions that a certain partition has to satisfy in order to lie in
Ps(n).

Remark 18.6.4. Conjecture provides also the best possible global bounds. It
is enough to consider the maximal and minimal partition in [ J, Ps(n). Notice that we
have strong evidence of Conjecture for global bounds for unipotent elements and
for global and local bounds for semisimple elements. In addition, this conjecture can be

generalised to any other classical group just by considering partitions in Pg(n) N Pey,,,
as defined in Section [7.3.1]

The above conjecture is implied by the following more general conjecture:

CONJECTURE 18.6.5. Let y € €. Then dim Cq(y) > dim Cq(z).

Clearly Conjecture[18.6.5/holds if y € 2, indeed in this case dim Cq(y) = dim Cgq(z)
since dim Cq(z) = dim Q — dim 2% + dim(2=% N H).

18.7. Involutions

In this section we shall give explicit formulae for fq(x) when x € H is an involution.
The main result of this section is Theorem below.

Let x € G be an involution. Then, for p # 2, we may write, up to G-conjugacy, x =
[In—s, —I5] and we may assume v(z) = s < n/2: in fact if s > n/2 then v(—z) < n/2
and dim Cq(z) = dim Co(—z), by Lemma If p = 2, up to G-conjugacy, we have
x=[J5,J%] and v(z) = s < n/2.

Theorem 18.7.1. Let x € G be an involution with v(x) = s. Write s = at + b, where
0<b<t.
(i) If n/t is even or, n/t > 1 is odd and s < max{n/t,(n —t)/2}, then
2s(n—s)  2b(t—b)
=1- —
Jalw) n? n?(t—1)

(i) If n/t is odd and s > max{n/t,(n —t)/2}, then

2s(n—s) —s n—t
r)=1- +
Ja(@) n?(1-1) 2n(t —1)
Remark 18.7.2. Notice that if ¢ = n then (ii) applies, as n/t =1 and s > 1.

The following is a straightforward consequence.
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Corollary 18.7.3. Let x € G be an involution. Then
2 On,t

1
§§f§l(l')§1—g+m

Furthermore fo(x) = 1/2 if, and only if, v(z) = [n/2], and fo(x) = 1 —2/n +
dnt/n(n —1) if, and only if, v(z) = 1.

PROOF. If ¢t = n then differentiating the formula for fqo(x) with respect to s we
see that it is decreasing. The result follows by evaluating the formula for s = 1 and
s=n/2or (n—1)/2.

Similarly when ¢ < n. Here, to be formal, several cases are needed, due to the
presence of b. The strategy is to show that, given zs = [I,,—s, —I;], then fo(xs) >
fa(xsy1). Notice that this is also implied by Lemma [18.3.14] in the case p # 2 and
fa(x) = fo(z). Again, fo(zs) > fa(z|n/2)). The result follows. g.e.d.
Remark 18.7.4. Notice that if we do not seek a characterisation, for the lower bound,

we can observe the following, in case (i)

2s(n — s) t2 2s(n —s) 1
o2 m2(t—1) ~ n? 4(n —2)

fa(z) >1

from which we deduce fq(z) > % — oy

We see that for any involution z € G, 2 N H # () (we will explicitly construct an
involution y € H given x € G). Therefore in the following we will consider involutions
reH.

We divide the analysis according to whether p # 2 or p = 2. We start with the case
p# 2.

18.7.1. Semisimple involutions. Assume p # 2. Let z = [I,_s, —Is] with
v(z) = s. Notice that 2% N H® # (). Using Theorem we compute

(217) dim z¢ = 2s(n — s)

Let s = at + b, with 0 < b <t. Thenn —s = (% —a — 1)t + (t — b). Hence, using

Theorem [17.3.8] or the alternative formula for dim(x% N H°) given in Remark [17.3.14

we have

2s(n—s) 2b(t —b)
t ot

Combining together the above formulae we have the following.

dim(z% N H®) =

Lemma 18.7.5. Let v € H be an involution. Assume v(z) = s and s = at + b with
0<b<t. Then
2s(n—s)  2b(t—b)

fo(z) =1- n2 Cn2(t—1)

In the case t = n, we have H = GL11S,,. Given a decomposition z = [z1,...,x¢] € H®
we have dim xiGLl = 0, thus dim(z% N H°) = 0. In this case it is easy to compute an

explicit formula for fo(x).
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Lemma 18.7.6. Assume t =n. Let x € H be an involution with v(x) =s. Then
2s(n—s) —s
n(n —1)

PRrROOF. Let x = [I,—s,—Is] € H, we have computed in , above, dim 2% =
2s(n — s). Thanks to Proposition we have ¢ N H = (J;_o(z% N H°n;), recall
that m; is any permutation in S,, with cycle shape (2¢,1"72!) and 7 is the identity.
Using , and the fact that dim y®™“ = 0 for all y € GL;, we have

fa(z) =1-

dim(z% N H°m;) =i

Therefore dim(z% N H) = s. The result follows. g.e.d.

In the following we assume t < n and we shall study dim(mG N H°n;) for ¢ > 0, in
order to compute dim(z% N H) = max;>o{dim(z% N H°m;)}.

Assume n/t is even.
Lemma 18.7.7. Assumen/t is even. Letx € H be an involution. Then dim(zNH) =

dim (2 N H®).

PROOF. Let i < h, where h, defined in (186)), is such that ¢ N H°m;, # () and
%N H°rmy 1 = 0. Then, by Lemma [17.4.2

dlm(IG N HOTr/L'+1) = dlm([[n/t, ce ’In/t’ T2%+43, .- - ,xt]wi+1)
where z; € GL,,/; and |v(z;) —v(zj)| < 1 for all j, j' > 2i + 3, by Proposition [17.3.13
Let z = [, /9, =I5, /2¢] € GLy /4. Using Lemma [17.4.2) we have

= G
T = [In/t,...,In/t,z,z,zgﬁg,...,xt]m €x” NH

o

Hence dim(xG N H°m;) > dim zH°. And, using (184)) we have
. o . ny\ 2 . GL,
dim(z% N H°mip1) = (i + 1) (;) + Z dim /t
j>2i+3
. 2
dim zf1" = z(?) + 2dim zCLn/e 4 Z dimw?L”/t = dim(z% N H°mi ;1)
j>2i+3
where the last equality follows from dim 2%/t = (n/t)?/2. Therefore
dim(z% N H°m;) > dim #7° = dim(2% N H°mi 1)
for all 0 < i < h. Therefore dim(2% N H°mg) > dim(2% N H°r;) for all 0 < i < h. In
particular, dim(z% N H) = dim(z% N H°). g.e.d.

Proposition 18.7.8. Assume n/t is even. Let x € H be an involutions with v(x) = s.
Write s = at + b, where 0 < b < t. Then

2s(n —s)  2b(t—0)

=1— —
Jalo) n? n2(t—1)
PROOF. Thanks to Lemma [18.7.7, we have dim(z® N H) = dim(z% N H°). Then,
by Lemma the result follows. g.e.d.

Assume n/t is odd.
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Lemma 18.7.9. Assume n/t is odd. Let x € H be an involution with v(z) = s. Let

l:s—”T_t. Then

dim(z€ N H°m) if s > max{%, 2t}

dim(z¢ N H) =
m(z ) { dim(z N H®)  otherwise

Proor. If s < n/t then, by Corollary [17.4.9] we have 2% N H = 2% n H°.

Therefore we may assume s > n/t. Let ¢ < h. Then

dim(xG N HOWH_I) = dlm([[n/t, N 7In/t7 L2435 - - - ,xt]wi+1)Ho
where x; € GL,; and |v(x;) — v(zy)| < 1 for all j,j° > 2i + 3, by Proposition
17.3.13| Therefore dim (%N H°m;) = dim([Ly, g5 - -5 L jes Y2041 - - - ,ye)mi) " for suitable
involutions y; € GL,, ;.

We define the following two involutions in GL,, /;:
(218) T = |:In/t+1,_1n/t—l:|, j/ - [In/t—l,_ln/t+l
2 2 2 2

Using Theorem we compute dim Zn/t 4 dim #Cn/t = (n/t)? — 1.
Since s > n/t we have h > 1, in particular 2N H°my # (. Let = [z1,..., 24 € H°

such that dim(z® N H°) = dim2”°. Assume, moreover, z; = Z,2o = Z’ (the case
x; # & for all ¢ will be studied later). Then
t
dim(z% N H°mp) = dim([Z,, ¢, I e, 3, - - - z)m ) H = (%)2 + Z dim x?L”/t
i=3
t
= dim 2%/ 4 dim 2%/t 414 )~ dim fo“/ " =dim(z9 N H®) +1
i=3

where the first equality is given by the fact that we cannot increase 2223 dim zGPn/t
without increasing, at the same time, dim zf7° and, by the hypothesis, dim (2% N H®) =
dim z°; the second equality is given by .

e oqe . GL,, _ _
Observe that if dim(z% N H®) = > dimz, " and 1 = Z, x9 = &’ then, by Propo-
sition [17.3.13] x; € {Z, 7'} for all 1 < i < t. Therefore it is necessary to understand
when the blocks Z, Z’ occur in the block decomposition of x that maximises its H°-class

dimension, i.e. dim(z% N H°) = dim 27",

Let = [I,_s, —Is] with s < n/2. Let 2 = [x1,...,2;] such that dim(z% N H®) =

He°

dim 2" with 1 = 7’ and 2; = Z. Then for some |, 1 = ... = x; = ¥’ and z;,1 =

... =x¢ = Z (up to permutation of the blocks). Then we have
_nft+1 n/t—1
2 2

Notice that [ <t —1 since n — s > s. In addition, by the same reason, if Z’ arises in the

n—s (t—1)+ l

block decomposition of x then there must be at least one . Thus we have
:t—i-(n—s)—s l:t—(n—s)—i-s

2 ’ 2
By the previous observations we have that (Z,z’) arises in the block decomposition of
x if, and only if, [ > 0, that is s > ”T_t

t—1
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Therefore, for s > max{%, "T”f}, we have & N H°m; # O for 0 < i < I. Moreover, by

the same argument given before we have, for ¢ < [:

dim(z% N Homiy ) = dim(z% N Hom) + 1
Therefore dim(z% N H°m;) = max{dim(z% N H°7;) : i = 0,...,1}. It remains to show
that dim(z% N H°m) > dim(z¢ N Hox;) for all i > 1.

Notice that we can regard dim (2% N H°m;) — dim(2% N H°m;y1), forall 1 <i < h—1,
as dim(zl' N K°) — dim(z"” N K°7) where L = GL,, and K is a %,-subgroup of L, for
m = (n/t)(t — 27). Therefore, in order to complete the proof it is enough to show that
for n/t < s < (n—t)/2 we have dim(z% N H®) > dim(2% N H°71). Here the assumption
s > n/t is equivalent to requiring that =& N H°my # ), similarly, s < (n —t)/2
corresponds to the fact that x does not contain blocks z’ when we write it in block
form x = [z1,...,2 such that dim(z% N H®) = dim 27",

Let @ = [Ih—s,—Is] with s < n/t and n/t < s < (n—1t)/2. Let x = [x1,..., 24
such that z; € GL,,/; and dim(z% N H°) = dim 2", Then, by the previous discussion,
x; # T, for all i+ > 1. By Proposition [17.3.13] we have z; = ... = z,, = ¥ and

Tmtl = ... = Tt = Y, where

?j == [In/t+a 5 _In/t—a:| 5 gl - [In/t+a—2 5 _In/t—a+2
2 2 2 2

for some odd integer a > 1 (if a = 1 then ¥’ = 7). We have
t t -2
_ n/;a(t —m) + n/+2am

And we get m = %_SHS and t —m = W Therefore

dim(z% N H®) = (t —m) dim g%/ 4+ m dim v/t
a’t 2

n
= — — 2as — at + — -2
5 an + 2as a+2t+n S

Moreover, by Proposition [17.3.13|and the proof of Theorem [17.3.8] a = n/t —2|s/t].
Then, by Lemma [17.4.2| we have [I,/;, I /1, 2, ..., 2,2,..., Z'] € % N H°my where

= =/
Z = |:In/t+a/)_-[n/t—a’i|) z = |:In/t+a/—2)_-[n/t—a’+2]
2 2 2 2

as above, ' = n/t — 2|s'/t'|, where s’ = s —n/t and ¢’ = t — 2. And, thanks to
Proposition [17.3.13| and (184)) we have

t
o 2
dim(z® 0 Hom) = dim (L, s 23, - 2dme) ™ = (5 + D dimz;
=3

where z; € {z,7'} for all i > 3.
We have

(219) dim(z% N H®) > dim([Z, 7, 23, . . ., z¢)) T = dim(z® N H°mp) — 1
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where 7,7’ are defined in (218). Moreover in (219) we have a strict inequality because
dim(z% N H®) = > > dima; "/* and x; # &' for all i, hence

. GL, o o . aL,
Z dim z; > dim 29/t 4+ dim 7/Cere 4 Z dim z; /t
>3

The previous argument proves that, for n/t < s < (n — t)/2, dim(z% N H°) >
dim (2% N Hx;) for all i > 0.

The result follows. g.e.d.

Proposition 18.7.10. Assume n/t is odd. Let x € H be an involution with v(x) = s.
Write s = at + b, where 0 < b < t.

(i) If s > max{n/t,(n —t)/2}, then

n2 n

dim(xGﬂH):§—§+s

and
2s(n—s) —s n—t

frg 1 —
fol@) 2A=1) a1
(ii) If s < max{n/t, (n —t)/2}, then dim(z% N H) = dim(z% N H®) and
2s(n—s)  2b(t—b)
n? n2(t—1)
PROOF. In the case s < max{n/t, (n —t)/2}, by Lemma[18.7.9, we have dim(z% N
H) = dim(z% N H°). Thus fo(z) = f&(x), the result follows by Lemma [18.7.5
Now assume s > max{n/t,(n —t)/2}. Then, by Lemma [18.7.9) dim(z% N H) =
dim(z% N H°m), where | = s — "T_t Moreover, by the proof of the aforementioned
result, dim(z% N H®) = (t — 1) dim 2%/t 4 [ dim 79/t and

fQ(l‘) =1-

dim(a:G N Hoﬂ'l) = dim([In/t, e In/t7 T4l .- - ,ajt]ﬂ'l)Ho
where x9; 11 = ... = x; = Z. Therefore, using ([184)), we compute
2 2
dim(z% N H°m) = l<?) + (t — 21) dim £GEn/t = % - g +s

Using dim Q = n?(t — 1)/t and dim 2% = 2s(n — s) we compute

2s(n—s) —s n—t

Ja(@)=1- n?(1-1) 2n(t —1)

g.e.d.

Remark 18.7.11. Observe that for ¢ = n we have n/t = 1 is odd and n —t = 0.
Therefore for any involution x € H we are in case (i) of Proposition [18.7.10, Substi-
tuting the value ¢ = n in the value of fq(x) we get the formula computed in Lemma
LS. (.0

18.7.2. Unipotent involutions. Here we assume p = 2. Let x € GG be an invo-
lution. Then, up G-conjugacy, = = [J5, JI'"**] with v(z) = s < n/2. Notice that we
may have & N H° = (). However, as we will see, 2 N H # (.

In the case 2% N H® # () we can compute dim(z% N H®). In order to do this, we need
the following technical result, which is the equivalent of Proposition
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Lemma 18.7.12. Let x = [x1,...,x¢] € H® be an involution, with v(x;) = s;. Then
dim(z% N H°) = dim 2" if, and only if, |s; — sj| <1 for all 1 <i,j < t.

PROOF. Let 2 = [21,...,2¢] € H° be such that dim(z% N H°) = dimz"". We
claim |s; — s;| < 1 for all 7,j. Seeking a contradiction, assume s; — s; > 2 for some
i,j. After a permutation of the blocks, if necessary, we may assume (i,7) = (1,2).
Write s1 = s9 + 2 4+ h, for some h > 0. Define involutions y;,y2 € GLn/t such that
v(y1) = sy — 1 and v(ys) = sy + 1. Then y = [y1,y2, x3,...,7; € 2%. By Theorem

B2.0}
dimy™* — dimz° = dim y?Ln/t — dim x?L”/t + dim y2GL"/t — dim xSLn/t
:4(81—82—1):4(82+2+h—$2—1):4(h+1) >0

which is absurd since dim(z% N H®) > dimy?° and dim(z% N H°) = dim 27",

Conversely, let x € H® be an involution with v(z) = s. Assume z = [z1,..., 2] € H®
is such that |s; — s;| < 1 for all 4,5 and Y, s; = s. Then dim(z% N H®) > dimz"°.
Furthermore, there exists z = [21, ..., %] € ¥ NH° such that dim(z¥N H°) = dim 27",

say v(z;) = s;, so that ), s; = s. Then, by the first part of the proof, |s; —s’| < 1 for all
i,j. Moreover, by Lemma [17.3.12] we have s;, s;, s}, s € {[s/t], [s/t] + 1}. Therefore,
up to the permutation of the blocks, s; = s;. Hence
dim xz-GL"/t = dim ziGL"/t = 2s;(n/t — s;)

for all i. In particular, dimz#" = dim 2#°. So dim(z% N H°) = dim 2#". g.e.d.
Proposition 18.7.13. Let z € G be an involution. Assume ¢ N H° # 0. Write
v(x) =s=at+b, where 0 < b<t. Then
2s(n—s) 2b(t —b)

t t

PROOF. Let © = [v1,...,7] where z; = ... = x, = [J9+h ?/t—za—z] and pyq =
o=axp =[S, J{L/t_Qa]. Then, by Lemma |18.7.12, we have

dim(z% N H®) =

dim(z% N H°) = dim 2" = bdimx?L"/t + (t —b) dimxtGL"/t
n n
—2b(a+1)(? —a— 1) +2a(t—b)(; —a)
where the computation follows using the formula in Theorem The result follows,
since a = (s — b)/t. g.e.d.

Recall that for = = [J3, J{F%] we have v(z) = s and dim 2% = 2s(n — s).
Lemma 18.7.14. Let x € G be an involution. Assume x¢ N H® # (. Write v(x) =
s=at+b, where 0 < b<t. Then
2s(n—s)  2b(t—10)

falz) =1- n2 B n?(t—1)

Also here we first give an explicit formula for fo(z) in the case t = n.
Lemma 18.7.15. Assume t =n. Let x € H be an involution with v(x) =s. Then

_2s(n—s)—s

falz) =1 n(n—1)
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PROOF. Let o = [J35, J{l_%], by Lemma [17.4.5 we have that 7, € &. Moreover,

since H = GL1 1Sy, we have 2% N H = 7f°. In fact, assume 2% N H°m; # ) for

some 0 <4 < s. Then, by Lemma [17.4.20 we have [I,,;, ..., L/, T2i+1, - - -, T¢]m; With
x; € GL1, but this is not possible since [z2i41,. ..,z should comprise at least one J,
block and each z; has size 1. Therefore, for 2 € H involution, with v(z) = s we have,

using Theorem and (|184])
dimz® = 2s(n —s), dim(z®NH) =dim7?" =5

Using dim 2 = n(n — 1), the result quickly follows. g.e.d.

Assume n/t is even. As for the semisimple case, we first study the case n/t even.
In fact, in this case, for any involution z € G, % N H® # (), since we can always find
at least one block decomposition = = [z1,...,2¢] € H°. We have the following,.

Lemma 18.7.16. Assume n/t is even. Let x € H be an involution. Then
dim(z% N H) = dim(z% N H°)
PROOF. Recall from the definition of h. We claim that if ¢ < h then
dim(wG NH°m;) > dim(wG NH 1)
which leads to the result.
Let o = [J35, J2™2°]. For i < h, by Lemma we have

o

dim(:];G NHmiy1) = dim([In/t, . 7In/t7 L243, - - ,l’t]ﬂ'i_;,_l)H

for suitable involutions x; € GL,, /4, j > 2i + 3. Let z = [J;L/Zt] € GL,, ;- By Lemma
L7.4.0]
T= Ly Inyes 2,2, 22043, -, 0T € =% N Hr,;
Using Theorem we compute dim 2%/t = (n/t)?/2. Thus
. 2
dim(z% N H°m;) > dimz° = z(%) + 2dim 2%En/t 4 Z dim :U?L"/t
i>2i+3
2
—(i+1) (%) + 3 dimay "t = dim (e 0 Hom)
i>2i+3

The result follows. g.e.d.

The following is a straightforward consequence of Lemma [18.7.16

Proposition 18.7.17. Assume n/t is even. Let x € H be an involutions. Write
v(z) =s=at+b, where 0 < b<t. Then

2s(n—s)  2b(t—b)

—1—
fa(x) n? n2(t—1)
ProOF. Thanks to Lemma [18.7.16] we have dim(z% N H) = dim(z% N H®). Then,
by Lemma [18.7.14] the result follows. g.e.d.

Assume n/t is odd. In Lemma [18.7.20, below, we show that dim(z% N H°m;) is

decreasing in i (whenever it is non-empty). First, we make some observations.
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Remark 18.7.18. Assume n/t is odd. Let z = [J5, J" %] be an involution. Then
x9N H® # () if, and only if, n—2s > t. In fact, if the number of J;-blocks is strictly less
than ¢ we can not find any block decomposition x = [x1, ...,z € H° with x; € GL,, ¢-

The observation of Remark [18.7.18] thanks to Lemma extends to any cosets
H°7; in the following sense.

Remark 18.7.19. Assume i < h is such that ¢ N H°r; # (. Then for all i < j < h
we have 2% N H°r; # (. Say v(z) = s, so that x = [J5, J{"**]. By Lemma we
have [, /4, - . Iy ey T2ig 1, -+ -, Te]m € tCNHCm;, where [2;11,...,14] € (GLn/t)F% isa
block decomposmon of [J5 m/t , JJ72%). Son—2s > t—2i by Remark Forall j €

{i,i+1,...,h}, by Lemma|17.4.2, we have [I,, /s, ..., I/e, Y2j+1,- - -, Ye]mj € z% N Hem,
where [yojq1,...,Y] € (GLn/t)t_zj is a block decomp081t10n of [J5~ nj/t LI 2], and
such a block decomposition does exist since n —2s >t — 2¢ >t — 2j.

Lemma 18.7.20. Assume n/t is odd. Let x € H be an involution. Leti < h such that
9N Hm; # 0. Then

dim(z% N H°m;) > dim(z% N Ho7m;41)

PROOF. By Remark [18.7.19 we have ¢ N H°m; 1 # (. Then by Lemma [17.4.2

dim(z% N Hom;yq) = dim([£, /4, - - - In/t, L9513, .- Te|mig1) T
(220) = (i+1 ( ) Z dima, /"
1=21+3
for suitable x9;13,...,7s € GL,, ;. Say v(z;) = s;. Hence z; = [J;J,Jn/t 283] € GL, ;-

In particular, n/t — 28] is odd, since n/t is odd. By Lemmam we must have that
at least for one j € {2i +3,...,t}, n/t —2s; > 3. In fact, if n/t —2s; = 1 for all j
then ¢ N H°m; = 0, by Remark [18.7.18 Without loss of generality we may assume

n/t — 2s9;43 > 3. For the purpose of a lighter notation set s2;+3 = a.
n/t—1

Let z = [J, * ,Ji] and Zo;43 = [Jg“,Jln/t_Qa_Q]. Hence, by Lemmas [17.4.2| and
17.4.5 [In/t7 e 7In/t7 T, T, T2%4+3, L2+4, - - - ,l’t]ﬂ'i ez n H°r;. Thus

dim(:pG N HOTFZ') > dim([[n/t, Ce In/ta T, Ty T2%+3, L244, - - - ,xt]ﬂ'i)Ho
2 GL
(221) = (%) i+ 2dim 2%t + dimzg oy + S dimay !
j>2i+4

Using (220]) and - we have

dim(z% N Hom;) — dim(z% N H°myq1) > 2dim 255/t 4 dim :USI:;”

— (%)2 dlmx%_&/t = 2 —4a—3
And, since n/t — 2a > 3, we have 2(n/t —2a) —3 > 6 —3 > 0. g.e.d.
Observe that if n/t is odd then n = ¢ (mod 2), hence n — ¢t =0 (mod 2).

Corollary 18.7.21. Let x € H be an involution with v(z) = s. Then

dim(z% N H) = dim(z% N H°m)
by,

where | = max{0, s — =
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PrOOF. Thanks to Lemma [18.7.20, we have dim(z% N H) = dim(z% N H°7;) where
I = min{i : 2% N Hom; # 0}. Let x = [J§,J2*]. Then, as said in Remark [18.7.18
x9N H® # ( if, and only if n — 25 > ¢, i.e. s < (n—1)/2.

Assume s > (n —t)/2, then 2¢ N H° = (. By Lemma [17.4.2] 2% n H°m; # 0

if, and only if, there exists a block decomposition of [J;fm/ t, J{‘*Qs] in t — 27 blocks
T2i41,- -+, Tt € GLyy, so that [In/t, oo i, - - , Ty € 2% N HOr;. Recall that

m; is G-conjugate to [J;n/t, J?iQn/ti]. Therefore 2% N HOw; # () if, and only if, n — 2s >
t — 24, see Remark [18.7.19] Hence the smallest integer I such that 2% N H°m; # () and
x9N H°m_; = (0 is given by I = (t —n 4 2s)/2. The result follows. g.e.d.

From Lemma [18.7.20] and the subsequent Corollary [18.7.21] we quickly deduce the
explicit formula for fo(x) in the case n/t is odd and = € G an involution.

Proposition 18.7.22. Assume n/t is odd. Let x € G be an involution. Write v(x) =

S.

(i) Assume s < (n—t)/2. Then

fQ(‘T):li n2 77’L2(t—1)
(i) Assume s > (n—t)/2. Then s > n/t and
2s(n—s) —s n—t

fa(z)=1-
n?(1-1) 2n(t —1)

PROOF. In the case s < (n — t)/2 we have, by Corollary [18.7.21] dim(z® N H) =
dim(z% N H®). Hence fo(r) = f3(z) and the result follows by Lemma [18.7.14

Assume s > (n —t)/2. If s < n/t then s <n/t —1. Then n/t —1 > (n — t)/2; this
is not possible since 2 < ¢ < n. Then, by Corollary [18.7.21} we have dim(z% N H) =
dim(z% N H°m) where [ = s — (n —t)/2. So, by Lemma [17.4.2, we have

dim(l’G N HOTQ) = dim([[n/t, Ce In/ta ToU41, - - - ,xt]ﬂl)Ho
where [z9141,...,2¢] € (GLn/t)t_Ql is a block decomposition of [J;fnl/t,Jf_Qs]. The
unique such block decomposition is

n/t—1
Y41 = .. = Tt = [J2 2 ,Jl]

since the number of blocks is t — 21 = n — 2s, which is the number of the Ji-blocks.
Using Theorem [5.2.1) we compute dim Q:SL"“ = 1(n/t —1)(n/t +1). Thus, by (184

n?® n-—2s

2% 2

dim(z% N H°m) =

Finally, using dim ¢ = 2s(n — s) we compute

2s(n—s) —s n—t

Ja(@)=1- n?(1-1) +2n(t—1)

g.e.d.
Remark 18.7.23. In the case t = n we have that n/t =1 is odd, in addition s > n/t

and s > (n—t)/2 = 0. Substituting the value ¢ = n in the formula given in Proposition

18.7.22(ii) we find the formula proved in Lemma [18.7.15
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Remark 18.7.24. Assume n/t is odd. It is clear from the proof of the previous result
that if € G is an involution then ¢ N H # (. Moreover, let z € H and assume
v(z) = (n—t)/2. Tt is a straightforward computation to see that the two formulae
given in Proposition agree and fo(z) =1/2 — (t/n)?/2.

Remark 18.7.25. Notice that, thanks to Remark for n/t odd, the condition
in Proposition [18.7.22](i) is equivalent to requiring that s < max{n/t, (n—t)/2}. On the
other hand, the condition x € H and s > (n —t)/2 (in part (ii) of the aforementioned
proposition), is equivalent to requiring that s > max{n/t,(n — t)/2}. In particular,
Theorem follows in the case p = 2, as well.






CHAPTER 19
Symplectic group

Throughout this chapter we set G = Sp,,, with n > 2, H = Sp,, ;1 .5; a €2-subgroup
of G, and Q = G/H. In this chapter we derive bounds on fq(x) for x € G of prime
order or any unipotent element in the characteristic zero case, proving the theorems
stated in Chapter

19.1. Upper bounds

In this section we derive upper bounds on fq(x) for x € H of prime order. In
particular we shall prove the following.

Proposition 19.1.1. Let x € G be of prime order r. Let 1 = 1 ifr = p and 1 = 2
otherwise.
(i) Assume p =2 if (t,r) = (n/2,2). Then either

folw) <1-2

or fa(z) < U as listed in Table [19.1.1; here equality holds if, and only if, Cg(x)

18 as in the last column.

n t r U 2% or Cg(x)
4 2 =p=2 3/4 a$§
42 #£p£2 1/2 GLs

6 3 £p 1/2 GLs

8 2 =2+#p 5/8 Sp,xSpy

Table 19.1.1

Furthermore fo(z) =1 — 2u/n if, and only if, v(z) = ¢ or (n,2%) = (4,[J3]%) or
(n,Cq(x)) = (8,GLy).
(ii) Assume (t,r) = (n/2,2) and p # 2. Then

with equality if, and only if, v(x) = t.
Remark 19.1.2.
(i) Thanks to Lemma and Corollary (7.1.11} Proposition [19.1.1| extends to any

non-central element in G. In particular, Theorems|16.1.1] [16.1.3|and [16.1.4] follow.
(ii) Notice that in Table [19.1.1| we have, for n = 8, the elements with centraliser
Sps4 X Spy are conjugate to x = [Iy, —I4]. It is easy to compute fo([Is, —14]) =

2 -2 _
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As usual, we spread the proof of Proposition [19.1.1] over several lemmas. The same
observations made in Remark [10.1.3| hold. So, we will study elements in H of prime
order r.

Lemma 19.1.3. Let x € H be of order r. Assume v(x) =, where v =1 if r = p and
L = 2 otherwise. Assume Cg(x) 2 GLg if r #p and n =4. Then

2
e 1 _—
fa(z) -
unless v =2 # p and t = n/2 in which case fo(z)=1—2 + n‘(lf;_%).

PROOF. This is an easy computation. If 7 # p, up to conjugation, z = [I,, 2, w,w™}]
if r # 2, and x = [I,—9, —I2] if r = 2. When r = p, up to conjugation, x = [Ja, J{L_Q]
(which is of type by when p = 2). g.e.d.
Remark 19.1.4. Let n = 4 and # = [wly,w '13]. Then v(z) = 2 and we easily
compute fo(z)=1/2.

Now we prove that, with prescribed exceptions, given © € H of prime order with
v(z) >, fo(x) is strictly less than the values given in Proposition [19.1.1

Recall that, given © € H of prime order r, we defined + = 1 if r = p and + = 2

otherwise.
For convenience we first study odd prime order elements.

Lemma 19.1.5. Let x € H be of odd order r. Assume v(x) > t. Then either n > 8

and 5
L
fQ(:C) <1l-——

n
orn < 8 and fo(x) < 1/2. Moreover, if n < 8, fo(x) = 1/2 if. and only if, & or

Ca(x) is as in the last column of Table|19.1.2,

n t r 2% Ca(x)
4 2 =p#2 [J3°
6 3  #p GLs
8 2,4 #p GlLy

Table 19.1.2. Exceptional upper bounds for odd prime order elements

Proor. Thanks to Proposition [17.2.1| we have

dim z¢ 1
(222) fole) <1- 20 (1= 5 =¢)

where ( is recorded in Table[17.2.1, We need to show that the right hand side of (222))
is strictly smaller than 1 — 2¢/n.

Let v(x) = s. Then, by Proposition dim 2% > max{s(n — s),ns/2}. Let us
study separately the two cases r = p and r # p.

Case 1. Assume r = p and v(z) > 2. If n < 8 then we can easily check all the

possibilities (up to G-conjugacy) for x € H and compute fo(xz). Thus we assume
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n > 8. Then, up to G-conjugacy, we may write z = [J,”, ..., J{*]. Therefore (222) is
=3 paati
n? n2

2dim x

fa(z) <1

In particular, since v(z) > 2 we have dimz® > 2n — 4, (recall that n > 4). Hence, we

need to show
4(n —2) _l_n_Zioddai 12

n? n? n

n>8—Zai

7 odd
The previous inequality is clearly true since n > 10.

1—

which is satisfied if

Case 2. Assume r # p and v(x) > 3. As above, if n < 10 it is easy to compute
fa(z) for any prime order x € H (up to the centraliser structure). Thus we assume
n > 10. Up to G-conjugacy, we may write x = [Io,,wly,,...,w" 11, _,] with ag even
and a; = a,_; for all 0 < i < T;Ql Therefore becomes

2 dim 2¢ n — ag
fa(z) <1-— ot

n
Notice that v(x) = 3 only if n = 4,6. Thus, we may assume v(z) > 4, which implies
dim 2% > max{4n — 16,2n} = 4n — 16, for n > 8. Therefore, we need to show

8(n—4 — 4
(n2 )+n 2a0<1_7
n n

1—

n
which is satisfied if, and only if, 3n > 32— ag, which is clearly true since n > 12. g.e.d.

Here we prove a similar result for involutions. Recall that : =1 if p =2 and + = 2
otherwise.

Lemma 19.1.6. Let © € H be an involution. Assume v(x) > . Then either

2t

1.2

fg(w) < n
or, (n,t) together with the upper bound on fq(x) are listed in Table [19.1.5. In the
last column of the table we record the G-class or the G-centraliser of all (and the only)

elements that realise the bound.

n ot p fa(z) < 29, Cq(x)
4 2 =2 3/4 a$§
8 2 =2 3/4=1-2/n a$§
8 4 #2 7/12 Sp4 X Spy
8 2 #£2 5/8 Spy % Spy
10 5 #2 11/20 Spy % Spg

Table 19.1.3. Exceptional upper bounds for involutions

PROOF. We use the same argument as in Lemma [19.1.5] In a similar spirit we
study separately the cases p = 2 and p # 2. Recall that given z with v(z) = s then
dim 2% > max{s(n — s),ns/2}.
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Case 1. Assume p = 2. As above, we assume n > 8. Then for all involutions x € H
with v(xz) = s we have that (222)) is equivalent to
2dimz¢  2s

fQ(x) <1- n2 ﬁ
Now, for z € H such that v(z) > 2 we have dimz% > 2(n — 2), recall that n > 4.
Therefore we need to show

4n—2) 2s

2
e R e

n
which is true if, and only if, n > s + 4. Recall that s < n/2. Therefore, for n > 8,
n > s+ 4 holds.

Case 2. Assume p # 2. As above, we assume n > 10. Let z € H be an involution.

Then, by (222),
f (x)<1—dimxa(1—1—1)
@ - dim Q t n

Assume v(x) > 4, for n > 8 we have dim 2% > 4(n — 4). Hence, we need to show

1
n(n—8)<1—g) —2n+8>0

Since 1—1/t > 1/2, we have n(n—8)(1—1) —2n+8 > Z(n—12). Hence, fo(z) < 1—4/n,
since n > 12. g.e.d.

Remark 19.1.7.

(i) Notice that in Table the cases (n,t) = (4,2),(8,2) for p = 2 are not excep-
tional upper bounds, in view of Proposition [19.1.1]In fact, for (n,t) = (4,2), the
element listed in the table together with elements with r-value equal to 1 realise
this bound.

(ii) Similarly, when (n,t) = (8,4) or (10,5) the bounds 7/12 and 11/20, respectively,

40—2
n(n—2)"

are not exceptional upper bounds since they are strictly smaller than 1— %4—

Notice that we made no assumption on the order of x when z € H is unipotent.
Hence the bounds given hold for unipotent elements in the characteristic zero case.
Combining Lemmas [19.1.3] [19.1.5] [19.1.6] and Remark [19.1.7] we deduce Proposition
19.11

19.2. Unipotent elements: lower bounds

In this section we shall derive lower bounds on fqo(x) for € H of prime order p (or
unipotent in the characteristic zero case). Recall that in the characteristic zero case we
set p = oo.

The main result of this section is the following.
Proposition 19.2.1. Let x € H be of order p.
(i) If p > n/2 then
t
fo>—
n

with equality if, and only if, x € [J;;?tl, 2]% for any unipotent z € Sp,, Jt-
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(ii) If p < n/2 then
fa(z) =

Remark 19.2.2. The lower bound in case (ii) is sharp. In fact, provided 2 # p | n, we
shall characterise elements x € H of order p that realise it, see Proposition [19.2.10)

==

We use the same notation introduced in Section So, if x € G has order p
then, up to G-conjugacy = = [J,”, ..., J{'] with n = 3", ia; and a; even for i odd (see
Theorem [5.2.1). If x € H° then x = [21,...,z;] where
(223) 7= 57, I € Spo e

and, for all 1 <1 <t, we have Zj a;j = n/t and a; j even for j odd. Moreover for all
1<j<p, aj=)ai; Hence

. n : 1 , 1
dlme:§(n+1)— Z zaiaj—EZm?—i'z a;
1<i<j<p i<p i odd
. 0 , 1 ,
dim 2" = 5( + 1) Z i(ar a1+ ...+ apiar;) — 5 Z z(ail +...+ at i Z a;
1<j i<p 1 odd

The following clarifies the dichotomy in Proposition [19.2.1} for a proof see Lemma
US.2.0)

Lemma 19.2.3. Assume n/2 < p < oo and let x = [J,7,...,J{'] € G with a; > 0 for
somen/2 < i<p. Then 2N H=0.

19.2.1. Case p > n/2. Let x € H be an element of prime order p, or any unipotent
element if p = co. Since p > n/2 > t, Lemma[17.3.1]implies 2% N H = ¢ N H°. Hence

we may assume x € H°. In particular, up to G-conjugacy, = = [J:j%t, R
Lemma 19.2.4. Let 2 = [Jt/tl, z| € H® with z € Sp,,;; unipotent. Then fo(x) =t/n.
PROOF. This is an easy computation as done in Lemma g.e.d.

The key tool for proving Proposition [19.2.1)i) is the following technical lemma.

Lemma 19.2.5. Let x = [v1,...,2¢] € H® be unipotent. Assume x1,z2 # Jp/ and
dim(z% N H) = dimz"°. Let y = [Jnjts T2y - - w]. Then fa(z) > fa(y).

PROOF. The proof is totally similar to that of Lemma[I8.2.5] Thanks to the formula
in Proposition the result is equivalent to
(224) dim 2% — dimy© < dim(z% N H) — dim(y“ N H)

Notice that dim(zNH) = 2f° implies dim(y“NH) = y°, by the same argument given
in Lemma [18.2.5, We set up the notation as in Lemma|18.2.5 z1,...,2¢—p # J, /s and

Typy1 = ... =2t = Jy . Notice 0 < h <t — 2 since, by hypothesis, z1, 2 # J,, ;. We
have x; = [J“;f/tl—17. ,J1"'] for all i < t—h. Hence we have z = [J:Ll/t, JZ%:‘T, ces T
and y = [J::;l, Jn%t 11, A Jfl] where a; = Z;_l aj; and b; = a; — a1 ;. We compute

dim 2% — dim y© and dim 27" — dimy"°. Eventually (224) is equivalent to

Z Z'CLLZ‘(QQJ +...+ at_hJ) + Z Z'aLj(aQ,i + ...+ at_hi) > Z i(agi +...+ at_m)
i<j i<j p
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The inequality can be proved using the same argument of Lemma [18.2.5 g-e.d.

Now, Proposition [19.2.1|i) easily follows.

Lemma 19.2.6. Let x € H be of order p > n. Then
t

>
falz) =

with equality if, and only if, x € [J;?tl, 2]%, for any unipotent z € SPr -

PrOOF. The same as Lemma [18.2.6 g.e.d.

19.2.2. Case p < n/2. In this case the largest Jordan block that may appear in
an element of prime order p in H is J,. Let x € H of order p; up to G-conjugacy, we
have = = [Jp?, ..., J{].

As in Section [18.2.2f we directly prove that fo(z) > 1/p. First we make some obser-

vations on the dimensions of conjugacy classes of involutions.

Remark 19.2.7. Assume p = 2. Let z € G be an involution. Then x has Jordan form
[J572, J"] with s = n — ma — m;. Recall the formula for dim 2 in Proposition

(i) Let x € G be an involution of type as. It is straightforward to check

1 1
1<J % i odd
(ii) Let z € H be an involution of type b, or cs. Then dim(z%NH) = dim(=% N H°y,)
for some h < |t/2|. Thus, thanks to Lemma [17.4.2] for suitable involutions
Toh+1,- -+, Tt € Spn/t
dim(z% N H) = dim([Ly, /45 - - - I js Tontts - - - ,xg]mp)

Since dim bS, dim ¢ > dim a$ we must have that each x; is either by, or ¢ -type.

In addition, we point out that the formula in Theorem for unipotent elements
of odd order is the same as the formulae for b and c$ given in Proposition

Lemma 19.2.8. Let © € H be of order p. Then fqo(z) > 1/p.

PROOF. Let € H be of prime order p. Then dim(z% N H) = dim(z% N H°7y,)
for some 0 < h < |t/p]. Recall that 7, € S; is any permutation with cycle shape
(ph 1t—rh)‘

By Lemma [17.4.2] for suitable xppy1,...,2¢ € Spn/t of order p we have
(225) dim(z% N Homp) = dim([Loje, - -, Lnjes Thrsts - - 2 mn)

Thus, using ((184]), we have

t
dim(z% N H) = h(p — 1) dim SPp /e + Z dim z7°
i=hp+1
Say a; , the multiplicity of the block J,,, in x; and write [ = hp+1. Then, by Proposition
we have, up to conjugation,

nh/t+3 25 aip JZ@ @i,p—1

— | D iz1 01
r=|Jp Y RN b
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Notice that ZKP i(agi+...+ay;) =n—"Yhp. Using Theoremwe compute dim z¢
and dim(z% N H). Eventually, as in Lemma [18.2.9} the result is equivalent to
n2

(226) Z ( Z i(ani08;+ aa,jag,;) —I—Zzaa zagz) > 2t2 (t—hp)(t—hp—1)

I<a<p<t 1<i<j<p i<p

Let T = {(a,8) : hp < a < B < t}, then |T| = LD piy (o, 8) € 7, and

write a; = aq,; and b; = ag;. Then we claim

(227) Z i(a;bj + a;b; Zzazb > t2

1<i<j<p i<p
Notice that, assuming the claim is true, fo(z) = 1/p if, and only if, for every («, ) € Z,
in (227) equality holds. Arguing as in Lemma [18.2.9) we prove the claim.
Notice that, by Remark [19.2.7(ii), the previous argument holds in the case p = 2 for

involutions of type bs and cs. Therefore we only need to check for as-type involutions.

Let x be of as-type. Then, by Proposition dimz% = s(n — s) and for some
h < [t/2] we have dim(z% N H) = dim(2® N H°7y,). Hence, using (184)),

t
dim(z% N H) = hdim Spyt + Z dim xZ-Sp”/t
i=2h+1

where each z; is of type as,;, otherwise x would not be of as-type. Moreover, by Lemma
we have s = ). s; +nh/t. In view of Remark [19.2.7(i) we write z = [J3"%, J"]
and z; = [J2 2 Jml *]. Thus mg = #h =+ ;mi2. Then, using the same argument as
above and the formula for the G-conjugacy class of z given in Remark (1)

see that fq(xz) > 1/2 if, and only if,

Z ( Z mazmgj+majmﬁz+21mmm5z>+ h_2t2 (t—hp)(t—hp—1)

I<a<p<t 1<i<j<p i<p
which is clearly true thanks to the same argument given above. g.e.d.

Remark 19.2.9. Assume p = 2 and x is an a, type involution. Then, by the previous
proof fo(x) > 1/2 if dim(z% N H) = dim(z% N H°7y) for some h > 0.

Now, we focus on the characterization of elements x € H of odd order p for which
fa(x) = 1/p. If p | n we shall succeed in this aim, see Proposition [19.2.10, For p = 2
more information will be provided in Section [19.7.2

As done for the case G = GL,, we can show the analogue of Lemmas [18.2.11] [18.2.12
and [18.2.13| and Proposition [18.2.15

Eventually, also here we have the following. Recall the notation introduced before

Lemma [18.2.13; if p = (p%,...,1%) F n and n = (pP,...,1%) F m then we write
p®dn = (ptte ..., 19%0) - n 4 m. Recall the definition of Pg given in Section

I731

Proposition 19.2.10. Assume p | n is odd. Let x € H be of order p. Then fo(x) =
1/p if, and only if, one of the following holds

(i) « € [J3/7)%;
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(i) n/t = pm and x € [J;”(t‘”,z]G for any 2z € Sp, ), of order p whose associated
partition X = (p®,...,1%) - n/t satisfies one of the following
(a) ap =m; or,
(b) ap < m and whenever X\ = p ®n with p = Lip, nt lap for some li,la < m
even such that u @ (p2), u @ (ph) € Psp,, . then n = (p") orn = (p?).

Recall that if p > t and = € H has order p then 26 N H = z¢ N H°. So if p > n/t
then fo(x) > t/n. The following result deals with the case p < t and p 1 n.

Proposition 19.2.11. Assume p{n is odd. Then there exists x € H of order p such

that
+L2 B<p<t

1
(h@)ﬁ{p

% otherwise
PROOF. As observed above, we may assume p < t. Let us study separately the two
cases p < n/t and n/t <p < t.

Case 1. Assume p < n/t. Then n/t = a(2p) + b, where 0 < b < 2p is even. In the case
b < p we define = [J3*, Jy] € Sp,, /4. So & = [Z,...,Z] € H°. And we have

2

bt
¢ (n+1) — 2abt?® — 5 " 2pa’t? — at

dimz™ =

. o
dim 2" =

NS N3

bt
%—1—1) —2abt—5—2pa2t—at

It is easy to check that dim z/° = (% + in;?‘;tc (1 - %)) dim 2%. Therefore, by Proposi-

tion [17.2.1| we have dim(2® N H) = dim 2", Using Proposition and Mathematica
we compute

2 1 bt? 1 p t 5
(228) fQ(fU):ﬁ(Zla P+4ab+b):§+]ﬁ(l)*b)§* :

p a2
where the second equality follows substituting a = (n/t — b)/2p; the first inequality
follows from b(p — b) < p?/4, the last inequality follows from t/n < 1/p.

If b > p, we define Z = [Jg“, Jp-1, Jo—p+1] € Sp,, ;- Notice that b < 2p — 2 hence =
has order p. Thus z = [Z,...,Z] € H°. And

dim 2% = g(n+1) —2(b—p+1)(2a+1) — (p— 1)2at>

2 — 2a2t2p —at

2 2
As above, we see dimz1° = (% + 2@;3’;% (1 — %)) dim 2%. With the aid of Mathematica
we compute
1 1 2 p 9
229 — L 3p o2 < - 7(2 7><—
( ) fﬂ(x) p 77,2])( P + 2p p>—p+n2 +4 Ap

where the first inequality follows from the observation that g(b) := b? — 3bp + 2p? — 2p
is maximal when b = 3p/2, then we used t/n < 1/p.

Case 2. Now assume n/t < p < n and define h = |[t/p|. Let us observe that

% <h< 1%. We consider x = [Jgh/t, Jthhp] € H. By the hypothesis p # t. Assume

p > t, then 2% N (H \ H°) = 0, by Lemma [17.3.1} therefore 2% N H = 2% N H° and
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fa(z) > t/n by Proposition [19.2.1[i). Thus we may assume p < ¢, hence h > 1. In
addition, p > n/t implies that in Sp,, /¢ there are no unipotent elements with .J, blocks.
Hence 2 N H = 2% N H°7y,. Using Theorem and (184, we compute

me = Jo 1) () T (GO
= _ 1) — (= - — (- _2(Zp) = =2
dim z 2(n+ ) ; h(t — hp) 2t(t hp) 5 th h
2 h n
dim(z¢ H:n—<1——) P hp—1
im(e™ N H) = o L) T oo —1)
Using Mathematica we compute

(230) fa(z) = % - hn = 1:2((?__1)1 —hp)

Define g(h) := W. Then we have

(2hp — 2t + 1)(pt — n)

/
n) —
g(h) nt(t —1)
Since % <h< ]%, we deduce that g(h) < max{g(t/p),g(%)}. We compute
g(ﬁ>:1_i g(t—p+1>:(t—p+1)(2—p—t)(pt—n)
p/ p p npt(t —1)
o —pt1y iy (=)@ +p(p—3)
—p+ _(pt—n)2+p(p -
g( D ) g(p) a npt(t — 1) >0
Therefore
t t—p+1y _1 (@-n/tp-2)p-1) 1 p
<~ ATy - i
fﬂ(x)_n—i_g( P ) p+ np(t —1) <p+n
where we used (p —2)(p—1) <p?andp—n/t<p—-2<p—-1<t—1. g.e.d.

19.3. Semisimple elements: lower bounds

In this section we derive lower bounds on fq(z) for z € H of prime order r # p. The

main result we shall prove is the following.
Proposition 19.3.1. Let x € H be of prime order r # p.
(i) Assume r>n—1. Then fo(x) =0 if, and only if, one of the following holds
(a) v(z) =n—1; or,
(b) Ca(x) = Spy x GLI*7L.
(i1) If r <n —1 then

Remark 19.3.2. The lower bound in (ii) is not the best possible. In fact it is often
negative if 7 # 2. However we shall derive the best possible lower bound on f§(x) for
elements of prime order r < n—1, see Proposition [19.3.16] Notice that the lower bound

in (ii) is decreasing in r, namely it is maximal when r = 2.
Let x € G be an element of prime order r # p. Up to G-conjugacy, we may write

(231) x=[Iog,wlay, ..., w ', ]
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where ag is even and a; = a,_; for all 0 < i < % We shall also use the notation

(232) z = [log, (W, w Doy, ..o (w,w )2 1o, ]

Observe that for r > n/2 there are no elements z € H of order r such that z& N (H \

H®) # (). For future reference we state the following.
Lemma 19.3.3. Assume r > n/2. Let x € H be of order r. Then
(i) forr #n/2, 2N H = 2% N H®;
(ii) if r = n/2 then 2% N (H\ H°) # 0 if, and only if, x € [Iy,wls, ..., w"?* )% and
t=mn/2.

Proor. First notice that ¢t < n/2. If r > n/2 then Lemmal17.3.1|implies &N H =

¢ N H°. Ifr =n/2 and 2% N (H \ H°) # () then t = n/2 and, by Proposition [17.4.8
z = [I,wly,...,w"? 1L]; the converse is clear by Lemma [17.4.6 g.e.d.

The dichotomy in Proposition [19.3.1] is essentially linked to the existence in G of

regular elements, i.e. elements with centraliser of minimal dimension.

Recall that H® contains a maximal torus. Thus given x € G of prime order r # p
we have ¢ N H® # (). In the case 7 < n — 1 we shall study the related ratio

o dim Q — dim 2% + dim(z% N H°)
falx) = dim 2

and we derive lower bounds on it. Then thanks the general inequality fo(x) > f5(z)

we deduce lower bounds on fq(x). Notice that fo(x) = f5(z) for any x € G of prime

order r > t, by Lemma [19.3.3

19.3.1. Caser > n—1. We use the same argument given for GL,, in Section[18.3.1
Let z € H of prime order r, then by Lemma [19.3.3| we have 2 N H = 2 N H°. In

particular, dim(z% N H) = dim 2#°, for a suitable block decomposition z = [z1,.. ., x{].
Let us denote

T; = [Iai,07wlai,17 ... ,w’”_llaw_l]
with a;p even and a;; = a;,—; for all 1 < j < % Moreover » . a;; = a; and

>_jaij =n/t. Using Theorem we compute

~1
_ nn+1) aglag+1) 14
dim z© = 5 — 5 —3 Za%
i=1
r—1
e _ng/n aiolaio+1) 1 9
dim(a® ) = 5 (5 +1) - ;(2 + zj_l%‘)

Using Proposition [7.1.8] we compute
r—1
(233) dim Cq(z) = Z Z a;1aj
1=0 1<i<j<t
Hence we can prove the following.

Proposition 19.3.4. Let © € H of prime order r > n — 1. Then fqo(z) = 0 if, and
only if, v(z) =n — 1 or Cg(x) = Spy x (GLy)™271,
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PROOF. Assume v(z) = n — 1. Up to the centraliser structure, we may write
r=[w,w . w2 w2 Let 2 = [x1,...,14] such that dim(z% N H) = dimz".
Foralll € {1,...,r—1} there exists only one block z; such that a;; # 0, in fact a;; = 1.
Therefore, using , fo(z) = 0. Similarly if z = [I,w,w™",... w271 u=/2+1],

Now assume z € H has order r and fqo(r) = 0. Write x = [x1,..., 2] such that
dim(z% N H) = dim2#°. Then Proposition yields |a;; —aj;| < 1 and |a;0 —
ajol < 2 for all i, € {1,...,t} and [ € {1,...,r —1}. Assume q; > 2 for some
l € {1,...,r — 1}, then there exists i,j € {1,...,t} such that a;;,a;; # 0, which
implies fo(z) > 0, by (233)). Therefore for all [ we have a; € {0,1}. Similarly if ag > 2,
hence ag > 4 we have a;0,a;0 # 0 for some i,j € {1,...,t} and again fq(z) > 0.
Therefore ag € {0,2}. The result follows, as n =), a;. g.e.d.

19.3.2. Case r < n — 1. Let x € H be of prime order ». We shall derive lower
bound on the related ratio fq(z).

As in Proposition using Theorem [17.3.8] we can easily show the following two
results. Note that Lemmas [19.3.5| and [19.3.6| with Remark [19.3.6} below, complete the
proof of Proposition
Lemma 19.8.5. Let x € H be of odd order r <n — 1. Then

PrOOF. Up to conjugation, write z = [l,y,wla,...,w" ', _,] € H. For i €
{1,...,r — 1} write a; = ¢;t + b; where 0 < b; < t. Similarly ag/2 = cot + bo, where
0 < by < t. Using the formula of dim(z% N H°) given in Remark and Theorem
[6.3.1] we compute

B (1—7) —dima®(1— §) + 15 (1) Abo(t —bo) + 3y bilt — bi)

fa(a) =
o 70-1) 71
C Xiz0@ Abo(t = bo) + 3,00 bilt — bi) S A
- n? n?(t—1) T 4n?(t—1) 4n?(t—1)
where we used Y—, a? > (3 a)? = "72, by Proposition and b(t — b) < t2/4.
It is easy to check that, for 2 <t < n/2, % < 2:;;. Thus 4n23éz_1) < 877316 < % for
n > 4. The result follows. g.e.d.
Lemma 19.3.6. Let x € H be an involution. Then
1 212
> =
Jo(@) 2 5 = Ty

Proor. Up to conjugation, write x = [I5, —I,—s] € H, where s < n/2. Then
dim % = s(n — s) by Theorem Write s/2 = at + b with 0 < b < t. By Theorem
17.3.8] we have dim(zC N H°) = 2=} _ 2(=) perefore

t t
2s(n—s) 8b(t—b) _ 1 2t2
2 =1 — > _ =
fale) n? n2(t—1) — 2 n?(t-1)
where, as in Lemma [19.3.5, we used b(t — b) < t2/4. g.e.d.
Remark 19.3.7. It is easy to check that % — #2_1) > % — Wi—l) — % for n > 8.

For n = 4,6 the only involutions, up to conjugacy, are [z, —I3] and [Iz,—1I4] and a
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straightforward computation shows that the previous inequality holds. Therefore the
proof of Proposition [19.3.1] is now complete.

Remark 19.3.8. If n > 4 and x € H is an involution, by Lemma [19.3.5] fo(x) >
1 1

2 n—2"°

Although the bound for involutions is acceptable (it is always non-negative); the
lower bound given in Lemma [19.3.5]is often negative.

For the rest of the section we shall assume r > 2.

As in Section [18.3.1} we can derive much better bounds. Namely, for any odd prime
r we construct a class of elements z € H of order r, with the property that for any
x € H of order r we have f5(x) > f§(2).

The following definition has already been used for the analogous analysis when G =
GL,,, see Definition [18.3.9, Recall that for x € G of order r we write a; = dim V.
Definition 19.3.9. Let € G be of order r. We say that z is special if |a; — aj] <1
for all 4,j € {0,...,r —1}.

We give the following.

Claim. Let z € H be of order r. Then f§(z) > f§(z) where z € H is special of order
T

If x is not special there exist i # j such that a; —a; > 2. Notice that because of the
centraliser structure of semisimple elements, it is important to distinguish the cases i
or j =0and 7,j # 0.

The following is the analogue of Lemma

Lemma 19.3.10. Let x € G be of order r. Then, either x is special or there exists
y = [Ipy,wlpy,...,w ', ] € H such that f&(x) = f&(y) and one of the following
holds

(i) ‘bg — b1| > 2,‘ or,

(ii) by — by > 2.

PROOF. It is enough to relabel the eigenvalue in a suitable way. g.e.d.

Also for G = Sp,, a similar version of Lemma [I8.3.11] holds. However, here, due to

the centraliser structure, more cases arise.

Let © € H be non-special of order r. Thanks to Lemma we may assume
x =Ly, wlsy,...,w ", ] and |ag — a1| > 2 or a; — az > 2 where in all these cases
we may assume that a; is either max;{a;} or min;{a;} for i =0, 1,2. For each of these
three cases we construct a particular element.

Case 1. Assume a1 — as > 2. Then we define

r—2

(234) Yy = [Lags w[al_l,w2la2+1,w?’[ag, con,w T oy, w’"_llarfl_l]

Case 2. Assume qg — a1 > 2. Then we define

(235) Y= [Tag—2,wlay 11, W Ly ooy Ty 41]
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Case 3. Assume a1 — ag > 2. Then we define
(236) Yy = [Iao+2,‘~‘)[a1717 w2Ia27 e 7wr_1lar_1fl}

With the notation introduced above we prove the following technical lemma which

is the key tool for the proof of the claim.

Lemma 19.3.11. Let x € H be of order r. Assume x is not special. Then
fo(z) > fo(y)
where y is defined in (2534), (238) or (256)).

PROOF. The proof is very similar to that of Lemma[18.3.11] We give all the details
in Appendix qg.e.d.

Now we can prove the claim.

Lemma 19.3.12. Let x € H be of order r. Then

fa() = f6(2)

for any special element z € H of order r.
PROOF. The argument is totally similar to that of Lemma [18.3.14 g.e.d.

Now we characterise special elements, up to centraliser structure.
Lemma 19.3.13. Let x € H be a special element of order r. Say a; = max{a;}.
(i) If r | n, then a; = n/r for all i.
(ii) If r{n, then a; = |n/r|+1. In particular ag = |n/r| +¢ where v = 0,1 depending

on whether |n/r] is even or odd.
PROOF. The argument of Lemma [18.3.15] can be repeated verbatim here.  g.e.d.

The following is a straightforward consequence of Lemma [19.3.13] Notice that if we
write n = |n/r]r + ¢ with 0 < ¢ < r then ¢ = [n/r| (mod 2).
Proposition 19.3.14. Let n = [n/r|r +c. Let © € G be special of order r. Then
Ca(x) =2 Cg(z), where
(237)

— r—1
z = |:I|_%J+5?WI|_%J+1’W 1I|_%J+1’ ceey

w—Lc/2jIL%J+1’wl_C/QJ-i-lIL%J, e ,w_TILHJ

T

and § =0 if [n/r| is even and 1 otherwise.

Thanks to Lemma [19.3.12} in order to have the best possible lower bound on fq we
need to compute f3(z), where z is defined in (237). We study two cases depending on
the parity of [n/r].

Case A. Assume |n/r] is even and write n = [n/r|r 4+ ¢. Then

2= e @linse)s1, 0 pngriats - s W™ e 1, 02 gy w™ D2

Using Theorem [5.3.1] we compute

=2 (2] ) 53] - ==L
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And, thanks to Theorem we compute
dim(z¢ N H®) = o [QJ +2(LMJ2t+ (t— W?“J)[WTJJ)

2t r 2t e
(e R (LIRS
)

Let us write |n/r| = at + b with 0 < b < t. Notice that
LEJ =at + b, Ll‘n/TJJ =a
r t

Moreover if we write [n/r]/2 = a’'t + V', then either b’ < ¢t/2 or t/2 < V' < t. Hence, if
b < t/2 we have

a=2d, b=2
in particular LL"/TJJ =a/2= %“ntﬂJ For b’ > t/2 we have

a=2d+1, b=2 —t
and || = (a—1)/2 =4l ]

2t t 2°

Then, as in Section [18.3] we have that either b <t —1or b=1¢ — 1, i.e. either

ltn/rHlJ:[Ln/HJ’ or “”/TJJFIJ:“”?TJJH

t t t

Together with the two cases on b’ analysed above we get four different cases. In all

the cases we use

1
dim 2¢ = g(n—i— 1) — i(at—i- b)(at +b+1)

11—
—g(at+b+ 1)2—%(at+b)2

Case Al. Assume V' < t/2 and U"/ZJHJ = “"{TJJ. Therefore

2 2
im(:C N HO) = & _ @ —at -2
dim(z ﬂH)—Qt (at+b)+2(4t+(t at b)2>
r—17 4
—ac+ 5 <a t+ (t —2at — Zb)a)

Case A2. Assume V' > t/2 and “n/?HJ = “"{TJJ. Therefore

2 2
e (=17, o a-l
dim(z ﬂH)—Qt (at+b)+2< 1 t+(t—at—0) 5 )
r—1
—ac+

(aQt + (t — 2at — 2b)a>

With the aid of Mathematica we compute
1 A+br(r+1)  (br+c)? t—2b
238 0(z) =-— —
( ) fQ(z) r nzr(l — %) + TLQT'(t —1) an( _ l)

t
where ¢t =0 in Case Al and ¢ =1 in Case A2.
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Case A3. Assume V' < t/2 and U”/ZJHJ = U”{TJJ + 1. Therefore
2 2
. G o\ __ n _ af _ _ g
dim(z OH)——% (at—i—b)—|—2(4t+(7§ at b)2>

+g(2at+t72a+t—2tn/rjf2)

1
+ TT (a2t 4 (t - 2at — 2b)a>

(in this case b=t —1).

Case A4. Assume b’ > t/2 and LL"/ZJJFIJ = U"{TJJ +1. Thenb=t—1and b =2V —t,

hence 2(b' — t) = —1, which is absurd. Therefore this case never occurs.

Again, using Mathematica, we compute f5(z) for Case A3. Recall that n = (at +

b)r 4+ ¢ and we are assuming b =t — 1. Thus

(239) folz)=-——5——-—
Notice that if we substitute the value b =¢ — 1 in (238)) we get (239)).

Case B. Assume [n/r] is odd and write n = |n/r|r + c¢. Then

2= [Tsr)r1s Wl ingr) o1 0 T sefts - o0 2T, w200 DR

And, by Theorem we have

dim (2% N H°) = Z; N [gJ - 1+2<[Wgt+1ft+ (t=1In/r]=1) LW;JtHJ)
S (o a2
(IR

Write [n/r| = at + b with 0 < b < t. Again, we have that [n/r|/2 = a't + b/ with
0<b <tand
a=2d, b=2b, if 1<V <t/2
a=2a"+1,20 —t=0b, ift/2<b <t
Therefore
G+ b <t/2, b#EE—1
*[*J‘l‘*: ol W <t/2, b=t—1
A+ By >t/2, bAt—1
Notice that the case b’ > t/2 and b =t — 1, as above, does not occur. Let us compute

f&(2) in each of these three cases. We record the dimension of PACE

am:® = Soen =5 (|20 ([F+2) - (F+) - 5713

1 -1 —
:E(n+1)—§(at+b+1)(at+b+2)—C (at +b+1)% — “—S(at +b)?

2
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Case B1. Assume b’ < t/2 and LL"/:JHJ = “n{r”. Therefore

2 2
im(2C N He) = - _ @ —at—b-1%
dim(z* N H®) = o (at + b) 1+2(4t+(t at —b 1)2)
alc—1)+ 5 (a t+ (t —2at Zb)a)
Case B2. Assume V' > t/2 and LL"/:JHJ = LL”{”J. Therefore
2 2
im(:C n oy = BRIV it AP Nt
dim(z OH)—% (at + b) 1—|—2( 1 t+(t—at—0b—-1) 5 )
—ale—=1)+ T (a2t + (t — 2at — 2b)a)
With the aid of Mathematica, using a = ((n — ¢)/r — b)/t, we compute
1 E+br(r+1) (br+e)? 1 t—2b—4
240 °(2) =~ — - -
L IR T (R VR ()

where ¢ = 0 if b’ < ¢/2 and ¢ = 1 otherwise.

Case B3. Assume b’ < ¢/2 and U"/;JHJ = U”{TJJ +1, so that b =t —1. We compute

r—c)?
(241) falz) = % B ( n2r> + n2(12— l)
t

A direct check shows that (241) has the same value as (240) with « = 1 when we
substitute the value b =t — 1 in it.

Remark 19.3.15. If ¢ divides n then n = art for some even a and f§(z) =1/r.

We summarise the previous discussion in the following.

Proposition 19.3.16. Let © € H be of order r. Write n = (at + b)r + ¢, where
0<b<tand0<c<r. Then

ProoF. Thanks to Proposition |19.3.14| we have f&(x) > f3(2) where z is a special
element. Notice that

(242) }_02+br(r+1)+ (br +c)? 71_br(t—b)—2bc_i_ bt
r n2r(1 — %) n2r(t—1) r n?(t—1) n2r  n2(t—1)

We immediately see that

Ht—b) tt—b-3) _ t2 S 2

n?(t—1)" n2(t—1) ~— n(t—1) — n?
Using f5(2) computed in and with the previous estimations we deduce the
desired inequality. g.e.d.

Remark 19.3.17. Notice the similarity of the lower bounds on fq for odd order

semisimple elements given in Proposition [19.3.16| and Proposition [18.3.19 In addi-
tion, the best possible lower bounds on fq are given in (238]) and (240), when |n/r| is

even and odd, respectively.
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19.4. Local upper bounds

Recall, we defined Vs, = {z € G : v(z) = s} and Vs, the set of elements of V of
order r. In this section we shall derive upper bounds on fq(z) for x € H N Vs of odd
prime order. We deal with involutions in Section [19.7

The main result of this section is the following.

Proposition 19.4.1. Assume r is an odd prime. Let x € H N\ Vs ,. If s <n/2 then
S s\2 1
ﬁﬂx)gl.—2——+2<—) +-
n n n
If s > n/2 then
1

Jale) S1- =4~

Proposition [19.4.1} is proved in Lemma [19.4.2] for unipotent elements and in Lemma
for semisimple elements. We use the same argument given for Proposition
One of the main tools is Proposition [17.2.1

19.4.1. Unipotent elements. Assume p # 2. Let x € H NV,,. Up to G-
conjugacy, = = [Jp?,...,JJ{'] and s = n — >; a;. Notice that all the results we prove

hold in the characteristic zero case as well.

Lemma 19.4.2. Let x € HNV,,. Then the conclusion of Proposition (19.4.1| holds.
PROOF. Let z = [J,?,...,J{"]. By Proposition|5.4.1, dim & > max{s(n—s),ns/2}.

Using Proposition [17.2.1| we have

2dimz
o 2

G G

= odd %i 2dimz
P It ) 20T

falz) <1 %

n
If s < n/2, then dimz% > s(n — s). Therefore

2dimz% 1 2s(n — 1
fQ(m)gl_an;«“+§1_w+

If s > n/2 then dimz® > ns/2. Thus

2dimz¢ 1
fo@) <1l—-—F—+-<1—-—+—
n n

g.e.d.

For s < n/2 it is easy to construct elements z € HNV;,, for instance 2 = [J3, i~ ].
In the following we show that the upper bound of Lemma[19.4.2]is close to best possible.

Lemma 19.4.3. Let s < n/2. Write s = at + b with 0 < b < t. Then there exists
x € HNVs, such that

PROOF. Let 2 = [J§, J"?%]. Using Theorem we compute dima2® = s(n —
s+ 1). Consider the following block decomposition =z = [y,...,y,2,...,2] € H° where
y = [JeHL M2 and 2 = [J¢, 077 Then dim(z€ N H°) > dima™°. We
compute

dim z7° = bdim y5Pr/t 4 (t — b) dim 2P/t = s(nt—s) —5— bt t_ )




270 Part 4. Chapter 19: Symplectic group

We see that b(t — b) < t2/4 and t2/(t — 1) < n?/(2(n — 2)). Therefore

2s(n—s)  2b(t —b) 2s(n — s) 1
>1- - >1- -
Jalz) 2 n? n?(t—1) — n? 4(n —2)
The result follows from observing that for n > 4 we have 1/4(n —2) < 1/n. g.e.d.

19.4.2. Semisimple elements. Assume r # 2. Let z € V,,. If s < n/2 the
largest eigenspace has to be the l-eigenspace, since a; = a,—; for all 1 < i < % Up
to G-conjugacy,

r—1
r=[L—s,wly,...,w" I, ]

with a; < n — s for all i. For s > n/2 we have the following two possibilities

r—1
x=[In_s,wly,...,w" I ]

2 r—2
x = [Ipy,wlp—s,w sy, ..., w" I, ,,wly_g]

with ag < n — s even and a; < n — s for all 7. In this section, for x € H of order r, we
shall also use the notation

r—1
z = [Ioy, (Wyw Ny, (w2

Ia(rfl)/Q]

We have the following.
Lemma 19.4.4. Let x € HNVs,. If s < n/2 then

folw) <1-200=9) 8

If s > n/2 then

PROOF. Let z = [Ioy,wlyy, ... ,w" 11, _,]. By Proposition|5.4.1] dim ¢ > max{s(n—

s),ns/2}. Using Proposition [17.2.1] we have
G

2dimx n — ag
_l’_

fQ<$) <1- n2 2

n

If s < n/2, by the previous discussion we have ag = n — s hence

2dimz¢ s 2s(n—s) s
falw) S1-— 57—+ G <l-—"5— +15
If s > n/2 then ag > 0 hence
2dimz¢ 1 s 1
falz) <1-— 5 —<l——+4-
n n n o n

g.e.d.

Now, the aim is to show that the bounds given in Lemma [19.4.4] are close to the
best possible. In fact, we shall give more information. Write n = (n — s)l + m with
0 <m < n —s. Notice that if s is odd then [ = m (mod 2); if, instead, s is even then

m is even.
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Claim. Let z € HNV,,. Then f3(x) < f5(z) where Z is one of the following:
(243)

In—s, (w,w™ DI, ..., (w,w ! %In,s, w,wt %Im 9 [ odd
/
! l l

[Infs, (va_l)lnfs, SRR) (wa W_l)g_llnfsv (w7w_1)§l(n—s)/27 (w7w_1)§+11m/2] [ even

I, (w,w DN, (w,w™t %In,s [ odd
[

[Lnat, (w,w g, (W, w‘l)FTlIn_s] [ even

-1 +1
[Ln—s—1, (w,w s,y (w07 I, (w, wil)TI(m_’_l)/Q] ! odd
l !
[In—s—la (wawil)In—& SR (wawil)i_ljn—& (wa w71>§I(n—s+m+1)/2] [ even

Assume x € H N Vs, has the 1-eigenspace of dimension n — s. Then, there exists
y = [In—s,wlp,,... ,w’”*lbe_l] € HNYV,, with 1-eigenspace of dimension n — s such
that a; = min{a; : a; # 0} and ap = max{a; : a; < n — s} and f§(zx) = f5(y), to
construct y it is enough to relabel in a suitable way the eigenvalues of x.
Lemma 19.4.5. Letx = [I,_s,wly,,...,w 11, ] € HNVs,. Assume a1 = min{a; :
a; # 0} and ay = max{a; : a; < n—s}. Lety = [In_s,wly 1,w0?I4ys1,...]. Then

fo(z) < f5(y).

PROOF. The result is equivalent to dim y“ —dim 2% < dim(y“NH°)—dim(z“NH®).

Using Theorem we have dim y© —dim 2% = 2(a;—as—1). Using Theorem[17.3.8|we
compute dim(y“ N H®) —dim(x% N H®). We see that we get the same inequality as in the

proof of Lemma Therefore the result follows using the same argument. gq.e.d.

In case the 1-eigenspace has not the largest dimension we may assume x = [I4,, wlp—s, Wy, W

The following result is trivial (it is enough to relabel the eigenvalues of = in a suitable
way).
Lemma 19.4.6. Letx € Vs, with a; = n—s for some i > 0. Assume Cq(z) 2 Ca(T).
Then there exists y = [Ipy,wlp—s,...,w" 'I,_s] € HN Vs, such that f&(z) = f3(y)
and one of the following holds

(i) bp = max{b; : b <n —s—1} and by = min{b; : b; > 0};

(i) bp = min{b; : b; > 0} and by = max{b; : b; < n — s};
(7i) by = max{b; : b; < n — s} and bs = min{b; : b; > 0};

Let x = [Iao,wIn_S,w2Ia2,...,wr_lln_s] € HNV,,. Let us consider each of the
three cases occurring in Lemma for x.

Case (i). Assume qp = max{a; : a; < n —s— 1} and az = min{a; : a; > 0}, then we
define

(244) Y = [Tagr2,Wln_s, w0 Ty 1, ... w0 2y qw" ]

Case (ii). Assume ap = min{a; : a@; > 0} and a2 = max{a; : a; < n — s}, then we
define

(245) Y = [Tag—2,Wln—s, 0 Tayi1,s .oy 2y 1w ]



272 Part 4. Chapter 19: Symplectic group

Case (iii). Assume ay = max{a; : a; < n — s} and a3 = max{a; : a; > 0}, then we
define

(246) Yy = [IaovwIn—&wZIag-i-l?nga;g—l? s 7wr_2I(l2+1wT_1I’n—s]

Lemma 19.4.7. Let x € HNV,,. Assume a1 =n — s and Cg(z) # Cq(z). Let y as
in ~(246). Then
folx) < fo(y)
ProOF. This is very similar to the usual argument given for semisimple elements.
For all the details see Appendix q.e.d.

The claim quickly follows.
Proposition 19.4.8. Let x € HNV;,. Then f§(x) < f§(Z), for one of the T defined
PROOF. The proof is totally similar to the one of Lemma [18.4.8 g.e.d.
Remark 19.4.9. The main difference with Section [8.4.1l is that here we have more

different elements in the definition of Z. This is due to the centraliser structure of

semisimple elements in G, e.g. ag must be even.

Thanks to Proposition [19.4.8 we reduce the computation of upper bounds on f§(z)
for x € H NV, to the computation of f3(Z). We do not compute f5(Z) in all the
possible cases. However, in the following particular case we show that the upper bound

given in Lemma [19.4.4] is very accurate.

Lemma 19.4.10. Assume s < 2n/3 is even. Then there exists x € H NV, such that

PROOF. Let z = [In_s,wIs/g,w_IIs/g] € HNV,,. Then we compute

3 s

: G _ 2.2 2

dimz~ = ns 48 +2
ns s s |2 s
dim(zC N H°) = 2 — —3PJ 3%# iﬂfj
im(z ) ; s s 57 + T + 5

Differentiating in | s/2t| we see that dim(x%N H®) is minimal when |s/2t] = s/2t—1/2.

Hence 9
. G o ns 3s s 3t
HO)> - -2 4> 2%
dim(z~ N H®) > ; m + 5~ 1

Therefore

2s(n —s)  s? 3t?
o >1- - 7 _
fale) n? 2n?  2n2(t—1)
The result follows since fo(z) > f§(x). g.e.d.

19.5. Local lower bounds

In this section we derive lower bounds on fq(x) for z € H N Vs, where r is an odd
prime other than p. We deal with involutions in Section Recall, by Proposition
19.3.4] if v(x) =n — 1 or n — 2 then fqo(z) = 0, unless v(z) = 2 and n = 4 in which
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case for fo([lo,w,w™!]) = 0 and fo([wle,w 'l]) = 1/2. Therefore we may assume
v(r) <n—2andn > 4.

We have the following.
Proposition 19.5.1. Assume v(z) <n—2 andn >4. Let x € HNV;,. Then
s(2n—s)  s(2n—s+1)

=)

falx) >1—

PrOOF. Up to G-conjugacy we have x = [I,,,...,w" I, _,] where a; <n — s for
all 4. In particular n — ap > s. By Proposition dimz% < £(2n — s+ 1/s). In
addition, by Proposition we have

1 1 n — ag 1 1
a1 > (3 D)o 250 )
im(z ) > ; — ) dimz + 5 t+n
Therefore we have

dimQ—dime(l—%-i-l) n — ag ( 1 1)

o(x) > n 1— -4+ =
fal@) 2 dim 2dim Q2 t +n
: s 1 1
ZdlmQ_E(Qn_‘?+1/s)(1_?+ﬁ)+i_|_ st
dim n?  n3(t-—1)
2n — 2n — 1
2178(?7, s)  s(2n ST)
i)

g.e.d.

From the lower bound given in Proposition [19.5.1] we quickly deduce the following.
Corollary 19.5.2. Let x € HNVs,. Then

2n — 4
fﬂ(x)zl—w—n

Proor. This is an immediate calculation using the lower bound in Proposition

g.e.d.
[19.5.1]

As done in Section [19.3] we can, in fact, give more informations. We construct a
family of elements in H N V,, with the property that some of them realises the best
possible lower bound on fq. The following is very similar to Definition (19.3.9

Definition 19.5.3. Let z € V,,. Then a; = a,_; =n — s, for some 0 <[ < (r —1)/2.
We say that x is special if |a; —a;j| <1 for allé,j € {0,...,r —1}\ {l}.

It is quite easy to see that the discussion made in Section [19.3] may be applied here.
In particular, we can easily modify Lemma and the definitions of the elements
y before it. Let z € H N Vs, and assume q; = a,_; = n — s for some [ < (r —1)/2,
possibly [ = 0. If = is not special then a; — a; > 2 for some 4, j # [. Hence we imitate

the construction before Lemma [19.3.11| using a;, a;. Thus a version of Lemma [19.3.11
holds. Therefore we deduce the following, which is totally similar to Lemma [19.3.12

Lemma 19.5.4. Let x € HNVs,. Then there exists z € Vs, special such that f§(x) >
f(2).

With an argument very similar to the one given in Section we can classify, up

to G-centraliser, special elements in H NV .
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Lemma 19.5.5. Let x € H N V,, and assume x is special. Write s = a(r — 1) + b,
0<b<r—1,and2s—n=1(r—2)+m,0<m<r—2. Then Cg(zx) = Cg(z) where

z is one of the following:

2= [Ty (@0 D ot (0,07 )P Logn, (0,07 )P, (0,07 D2
&= Loy (@, 0 ) I, (@0,07) Ty (w,w7 ) OED2L,
(w, url)(r4:+1)/2[a+17 o (w, w*l)(rfl)/ZIa_‘rl]
2= [Iost1, (W,w ) s, (w0 ) g, . (w0 D2,
(w,w‘i)“‘bw2+lLH4J.“,(w,w‘i)“‘1V21a+ﬂ

In order to have the best possible lower bound, by Lemma it is enough to
compute f(z) for z as defined in Lemma [19.5.5] In general it is hard to get an easy
and readable expression for such a lower bound; however giving some restrictions on

the value of s we can easily get an explicit expression for it.

Proposition 19.5.6. Assume s <r—1if s is even and 2s —n <r —1 for s odd. Let
x € HNVs,. Then

Fa@) 2 (1- 222 )

n? n
where L =1 if s <n/2 and 1 =2 if s > n/2.

ProoF. Thanks to Lemma we need to compute the f3-value of a special ele-
ment z € HNV;,. By Lemma|l19.5.5we may assume z = [I;,_s, w,w ™!, ... w2 w8/
for s even and z = [wl_g,w " g, w? w2, ..., w2 =5 /271 for 5 odd.
Assume s is even. Then, for z = [I,_,,w,w ™', ..., w2 w=*/?], using Theoremm

and Theorem [17.3.8, we compute

dim 2 = %(2n —5)
ns s s 5 |2
dim(z% 1 H%) = 52— s = 25| | 42t 2 | 2t | |
im(z ) T T8 28| 5 + T + 5
Differentiating with respect to | s/2t] we see that dim(z% N H®) is minimal for |s/2t] =
s/2t —1/2. Hence

t
dim(z% N H°) > %(271 —5)— 3
Therefore ( ) ) ( )
s(2n — s t s(2n — s 1
S(z)>1— — >1-222" 7
falz) = n? n?(t—1) — n? n

where the second inequality follows from the fact that t2/(t — 1) < n?/(2(n — 2)) since
t<nj/2.

Assume s is odd. In particular s > n/2. And, by Lemma [19.5.5] we may assume

2= [wh_s,w s w? w2, ... ,wS*”/ZH,w*S*”/%l]. We compute
2
. n
d1sz:2ns—82—s+n—?

2

dim(zC N H®) = —%—F?%—n—i— (1+ EJ)(EJt—%)
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Again we see that dim(z% N H®) is minimal when |s/t] = s/t — 1/2. Hence

2 2
n 2ns S t
di CNH®) > —— + == —8§—— —=
im{z N T
Therefore
25(2n — s) t2 2s(2n—s) 1
0(2)>2— _ >9 R
Jalz) 2 n? 2n2(t—1) — n? 2n
The result follows. g.e.d.

In the general case, s > r for s even and 2s — n > r — 1 for s odd we can easily
compute f(z), where z is a special element, using the formulae in Theorems and
38

For example, assume s < n/2 is even and s > r — 1. Hence, by Lemma [19.5.5| any
special element x € H NV, has centraliser isomorphic to that of

2= [In_g, (W, w N ag1, o (w,w 2 g1, (w,w D)2, (w,w™ D2
where we write s = a(r — 1) + b, with 0 < b < r — 1 is even. Then we compute

2 b(r—1-10)
dimzC=ns— - 42 A7 270 %on 541
im 2 = ns 20 1)+2 1) S 2( n—s+1)

V2

And dim 2 > ns — s> + 35— T‘%l. In particular dim 2© is an integer which lies in an
interval of size

s s r—1 2 r—1 s 1
—(2n — 1) — —s2 42— = — 7< 7>
2(n s+1)— (ns 3+2 8) 2+ 3 <2s—i-4

In particular, using the upper bound on dim(z% N H) in Proposition [17.2.1] we have

dim 2% (1 - 1) s 1 2s(n —s)  2(r—1)

<1- L (1 . 7> —1-
falz) = dim Q T o dmo t 2

2 —s—1

<1 s(n 23 )
n
So, if ¢ is the lower bound of fq(z) given in Proposition [19.5.1| we have
s(s+1
fa(z) =€ < (nQ)

19.6. Further comments on local bounds

Let r # p be an odd prime. Let x € H NV;,. Then, by Propositions [19.4.1] and
19.5.1| we have upper and lower bounds on fq(z) depending on v(x) = s. In particular,
given z,y € H NV, we see that fo(z) — fa(y) is bounded.

Proposition 19.6.1. Assume r # p is odd. Let x,y € HNVs,.Then

s(n—s) 5
_ <2\ 2,2
[fal@) = fa(y)l < —5—+ —
PRrOOF. Let z,y € HNVs,. Then fo(x), fa(y) < U where U is given in Proposition
19.4.1} and fo(x), fa(y) > ¢ where we take £ as in Corollary [19.5.2

Assume s > n/2 then

fol@) — fal) <1~ - (12 Ay _ sl ns) | 8
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If s <n/2 then

m+z_<1_w 4>_82+5

|fa(z) — fa(y)| <1 -

It is straightforward to check that for s < n/2 we have s? < s(n — s). Therefore

n2 n? n/ n2 n

i2<s(n—s)

n2 =  n?

The result follows. g.e.d.

19.7. Involutions

Let z € G be an involution, write v(z) = s. The aim of this section is to find the

best possible function g(n,t,s) and € > 0 such that

g(n,t,s) < fa(x) < g(n,t,s) +e
Recall that if p # 2 then for any involutions z,y € G with v(z) = v(y) we have
that either y € ¢ or —y € z¥; in particular fo(z) = fo(y). If p =2 and z € G

is an involution then v(z) identifies & only if it is odd; if v(x) = s is even there

are precisely two G-conjugacy classes of involutions whose representatives are denoted
as, cs, see Section [5.2.1]

Before stating the main result of this section we need to define some more notation.
Let ¢ € {0,...,[t/2]}. Let x € G be an involution. We define

y dim Q — dim ¢ + dim (2% N H°ny)
folz) = .
dim 2

where, as usual, m, € S; is any involution with cycle shape (2¢,1=%). Notice that for
¢ =0 we have f§(x).

Let x € G be an involution with v(x) = s. In the case where p = 2 and z is an

as-type involution we define

2 4
otherwise we set h' = 0. The motivation for this notation and this definition will be
clarified by Proposition [19.7.5] below.

= max{O, stt n}

Theorem 19.7.1. Let z € G be an involution, write v(x) = s.

(A) Let e =1 if s —h'% > % and 0 otherwise.
(i) Assume p # 2. Then

(o) < fale) < fa(a) + s (5425

(i) Assume p =2 and x is as-type. Then

) < falo) < (@) + e

where v = 2 if n/2t is odd and n — 2s > 2t, 1 = 1 otherwise.
(iii) Assume p =2 and x is not as-type. Then

fa(z) = fo(x)
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(B) Write s/t = [s/ut]t +b where v = 1 if x is bs or cs-type, and ¢ = 2 otherwise.
Then the following hold.
(i) Assume p # 2. Then
2s(n—s)  8b(t—b)
n? n?(t—1)
(i) Assume p =2 and x is of type bs or cs. Then
2s(n—s)  2b(t—b)

fyla) =1~

f&(:l)):1— n2 _nz(t—l)
(iii) Assumep = 2 and x is as-type. If n/2t is even, or n/2t is odd and n—2s > 2t
then
folw) =1 2s(n—s) 8b(t—0)

n2  n2(t-1)
Otherwise % N Hm; = 0 for all i < k' and
/ 2st(n —s —1 n+2(s—t
fa (2)=1- 752(75 ) : 4n(t(— 1))
Remark 19.7.2. Assume p # 2. For some special value of ¢, namely ¢t € {2,n/4,n/2},
we can compute fo(x) for any involution x € G, see Proposition

Notice that n/t > 2,t/(t — 1) < 2 and t?/(t — 1) < n?/2n(n — 2). Using these
inequalities the following result quickly follows from Theorem [19.7.1(A).
Corollary 19.7.3. Let x € G be an involution. Then
/ / 3
@) < fole) < @)+

Notice that, thanks to the formulae given in Theorem [19.7.1 we quickly deduce lower
bounds on fq(z). Denote by x5 an involution with v(zs) = s. Then it is easy to show
fg(xs) > fg(a:erL) where + = 2 when p # 2 or x5 is as-type and ¢ = 1 otherwise.
In particular we deduce that the best possible lower bound on fq is realised by an

involution with largest v-value.

Remark 19.7.4. Recall the best possible lower bounds on fq(x), for x € H of prime
order, given in Lemma [19.2.8| (for p = 2) and in Lemma [19.3.6| (when p # 2). Here

we show that the lower bounds given are close to the best possible. Let x € G be an
involution with v(z) = n/2. Using Theorem|[19.7.1{B), we compute f& (x). Notice that
fa(z) > & (x). In the three cases of the theorem we have:

(i) fo(x) =1/2if n/2t is even and f§(x) =1/2 — 22 otherwise;

n2(t—1)
(i) fo(z) =1/2;
(iii) f&(z) = 1/2 when b/ = 0. If b’ > 0 then b/ = t/4 and f8 (z) =1/2 + m

If p# 2, or p=2 and x of a,/o-type we need v(x) = n/2 to be even. Similarly, in the

case n/2 is odd, one can compute fo(z) when v(z) =n/2 — 1.
In the same spirit as the definition of the integer h, see , we define, for z € G,
(247) B =min{i: 2% N H°m; # 0}
thus 2 N Homyy # 0 and 2% N Hom; = 0 for all i < /.
Proposition 19.7.5. Let x € G be an involution. Then % N H # 0. Furthermore:
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(i) Assume p =2, n/2t is odd and x is as-type. Then h' = max{O, STH -

15
(i1) In all the other cases h' = 0.
Remark 19.7.6. Although for any semisimple involution z € H we have 2N H® # 0);

in the case p = 2, namely for a,-type involutions we may have 2 N H® = (). Lemma
19.7.12| and the discussion before it show that for an as-type involution z € G we have
x9N H® = () if, and only if, n — 2s < 2t and n/2t odd.

19.7.1. Semisimple involutions. First we study the case p # 2. Let x € G be
an involution. Then, up to G-conjugacy, x = [Is, —I,,—s]. Notice that, by Lemma|7.1.3
we may assume s < n/2 so that v(z) = s.

In this case we do not give, in general, an explicit formula for fqo(z), as we did in
Section [I8.7]in the case G = GL,,. However, for special values of ¢ we shall compute it,

see Section [9.7.1.1]
First we give the following, which proves Theorem [19.7.1{(B)(i).

Lemma 19.7.7. Let © € G be an involution with v(z) = s. Write s/2 = at + b where

0<b<t. Then ) )
fé(:p):l—%(n_s)— 8 Et— )

n? n?

Proor. Using Proposition we have dimz® = s(n — s). In addition, The-
orem [17.3.8| provides a formula for dim(z% N H®). The result follows with an easy

computation. g.e.d.

In order to show Theorem [19.7.1] we need the following technical lemma.

Lemma 19.7.8. Let x € G be an involution. Then

dim(z% N H) < dim(xGﬂHO)—i-Z—i-t

Proor. If ¢ N H = 2% N H° the result trivially follows.
Assume, for i > 0, ¢ N H°m; # (. Then, by Lemma [17.4.2| we have, for suitable
involutions xg;4+1,...,%¢ € Spn/t:

dim(z% N Hom;) = dim ([ g5 - - Injes T2i15 - - - ,xym)

S
= 1dim Sp,, ;; + Z dimxjp"/t
§>2i
Define z = 2 = [L,9, —Iy/2] if n/2t is even, and 2z = [I,5_1, —Ipj2t41] = —2'
otherwise. Recall definition (23)), 0,5 = 1 if b | @ and 0 otherwise. We compute

1 2
dim 2Pn/¢ + dim(2) P/ = o (% — 20n/21;2



19.7 Involutions 279

Notice that 7; = m;—1(2i—1,2i) and (2i—1, 21) is Si-conjugate to w1 € [I;,_p /1, —In/t]G.
Then

o

dim(xG N Hoﬂi_l) > dlm([[n/t, o 7In/t7 z, Z/, T2%41,--- 7$t]7ri—l)
S
= (i — 1) dim Sp,, ; + dim 25Pn/t 4 dim(2')5Pnst 4 Z dim :cjp"/t
j>2i
n

= dim(z“ N H°m;) —
im(z i) 57

- 25n/2t;2
Therefore
: G o : G ) n
dim(z™ N Hm;) < dim(z~ N H°m;—1) + o +2
For some 0 < ¢ < t/2, we have dim(z% N H) = dim(2% N H°7y). So
dim(z% N H°mp) < dim(z% N Homp_y) + % +2 < dim(z% N H°mp_q) + % +4
< ... < dim(z% N H°m) +£% + 2

where we denote mp =1 € S;. Since £ < t/2 we deduce

dim(zC N H) < dim(z® N H°) + = + ¢

4
g.e.d.
Thanks to Lemma [19.7.8| we deduce Theorem [19.7.1(A)(i).
Proposition 19.7.9. Let x € G be an involution. Then
t 1 t
S(z) < < f§ — = 2—)
Fale) < folw) < falo) + e (542,
where € = 1 if v(z) > n/t and 0 otherwise.
Proor. Using Lemma [19.7.8] we have
n/4+t t 1 t
< 0 — f° —_ 2—
folw) < faw) + “grg = B@ + (5 +2)
In the case v(x) < n/t, Corollary [17.4.9 implies 2% N H = 2% N H°. In particular,
fa(z) = f3(z). g.e.d.

19.7.1.1. Some special value of t. Assume t € {2,n/4,n/2}. Then it is easy to
compute an explicit formula of fo(x), for an involution = € G. Recall, from (|186]),
h = max{i: 2% N H°m; # 0}.
Proposition 19.7.10. Assume t € {2,n/4,n/2}. Let x € G be an involution with
v(z) =s. Then
dim(z% N H) = dim(z% N Hmy,)
Moreover

(i) Assumet =2. Then

(ii) Assumet =n/4. Then

25(n—s) +5s 2054
n(n —4) n(n —4)

fa(z) =1~
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(iii) Assumet =n/2. Then

2s(n —s) — 3s

falz) =1~ n(n — 2)

PRrROOF. We only prove the result for t = n/2. The argument is very similar in the
other cases. Up to G-conjugacy, we have z = [I5,—1I,,_4] and s < n/2 is even.

Using Theorem we have dim 2% = s(n — s). Using Lemmas [17.4.2] and [17.4.6|
we see that x is G-conjugate to /5. In particular, 2¢ N Hm; # 0 for all 0 < i <
s/2 and it is empty for i > s/2; here we denote mp = 1. By Lemma T €
([In/t,...,ln/t,xgiﬂ,...,xt]m)HO where z; = I, for j > 2i. Thus, using , we
compute

) o n/n .
dim(z% N H°n;) 2227(2—1—1) =3i

Therefore dim(z% N H) = dim(z® N H°7,9) = 3s/2. The result follows using Proposi-

tion and dimQ = 5 (n — 2). g.e.d.

19.7.2. Unipotent involutions. Now we assume p = 2. Let x € GG be an invo-
lution with v(x) = s. Then, in Jordan form, x = [J§, J'**]. As explained in Section
the Jordan form does not always identify conjugacy classes. If s is odd then there
exists only one conjugacy class of involutions with v(z) = s whose representative is de-
noted by bs. If s is even there are precisely two conjugacy classes of involutions with
v(z) = s, whose representatives are denoted as and ¢;. Recall that as-type involution

are defined to be those involutions z such that for any v € V,
(x.v,v) =0

Let € G be an involution. If z is by or cs-type or z is of as-type and n/2t is
even then ¢ N H® # (. In fact we will explicitly construct a block decomposition
[z1,...,7] € % in Sections [19.7.2.1] and [19.7.2.2 In Lemma we characterise
the as-type involutions for which a$ N H® # () when n/2t is odd.

The following is the key result in order to compute an explicit formula of dim(z% N
H®); notice that it is the analogue of Proposition [17.3.13

Proposition 19.7.11. Let © € G be an involution. Assume ¢ N H® # (. Suppose
r=[zr1,...,7] € H® and dim(z% N H°) = dim 27"
(1) If x is as-type then x; is as,-type and |s; — s;| < 2 for alli,j € {1,...,t};
(1t) If x is by or cs-type, then x; is of type b, or cs, and |s; — s;| < 1 for all i,j €
{1,...,t}.
In addition, if [z1,...,2] € x% is a block decomposition which satisfies conditions in
S
(i) or (ii) then dim(z% N H®) = 3, dim z, Prt,

PROOF. First assume = € H® is ags-type. Let @ = [z1,...,2¢] € H° be any block
decomposition. If x; is not a-type then we immediately deduce that z is not as-type.
So each z; € Sp,,; is of type as; with >, s; = s. Assume dim(z% N H°) = dim 27",
Seeking a contradiction, we assume s; —sg > 2, so that s; —s9 = 44 2h for some integer
h > 0. Define y = [y1,y2, x3, ..., 2], where y; is as, o and ys is as, 2. Then y € 2.
Using Propositionwe compute dim y° —dim z° = 4(s; —s9—2) = 4(2+2h) > 8,
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which is absurd as it would imply dim(z% N H) < dimyf°. Therefore |s; — s;| < 2 for
all 7, j. The result follows.

Now, assume z is of type bs or ¢;. Let = [z1,..., 2] € H® with dim(2% N H®) =
dim 2¥° then each z; is of type b, or c, since

Spn/t

Sp .
"/t < dim ey,

dim as;

by Proposition[5.2.5] Seeking a contradiction, assume s; —s9 > 1, so that s;—so = 2+h
for some h > 0. Define y = [y1,y2, T¢, . - ., 2¢], where v(y1) = s1 — 1 and v(y2) = so + 1.
Then dimy?° — dim 2#° = 2(s; — 53 — 1) = 2(h+1) > 2. This implies dim(z€ N H®) <
dim y#° which is absurd. Therefore |s; — sj| <1 for all 4, 7.

Now assume that we have a block decomposition x = [z1, ..., 2] where z; is as, if ©
is a-type and z; is b, or ¢, if x is not a-type. Assume moreover that |s; —s;| < ¢ for all
i,4, where 1 = 2 if 2 is a-type and 1 otherwise. We have dim(z% N H°) > dim 2" and
dim(z¢ N H®) = dimy™" for some y = [y1,...,y:] € 2 (in particular v(z) = v(y) = s).
Then, by the first part [v(y;) — v(y;)| < ¢. Notice that given s < n/2 there exists only
one t-tuple, up to permutation of its elements, (s1,...,s;) that satisfies the following

conditions

o |s; —sj| < for all 4,7;

® sq,...,5 are even (if « = 2);

) .5 =s.
To see this it is enough to apply the same argument given for Lemma [17.3.12] for
example. Therefore we conclude that for all ¢ there exists j such that v(y;) = v(z;);

in other words, the block decomposition [yi,...,y:] is obtained by permuting (and
possibly by conjugating) the blocks z;’s in = [z1,...,2]. Hence dim(z% N H®) =
dim 2. g.e.d.

In order to complete the proof of Theorem [19.7.1] we divide the analysis into two
cases. First we study as-type involutions then b or cs-type.

19.7.2.1. as-type involutions. Let = € G be as-type. If n/2t is odd we may have
¢ N H® = (.

Lemma 19.7.12. Assume n/2t is odd. Let x € G be as-type. Then 29 N H® #0 if,
and only if,
n—2s > 2t

PROOF. In a suitable basis, z = [J§, J"**]. Assume & N H° # (). Write = =

[€1,...,2¢] € H° where z; € SPp ¢ 18 as,-type for all i <t and > ;8 =s. Then each z;

has Jordan form z; = [J5, ?/t_%i]. It is clear that n/t —2s; > 0 is even, since n/t = 2

(mod 4) and 2s; =0 (mod 4). Thus n — 2s = Zle(% — 2s;) > 2t

Conversely, assume n — 2s > 2t. In particular s < (2% — 1)t thus [ = L%J <t
Write s = (%—1)l—|—m where 0 < m < 5;—1. Since s and g; —1 are even we deduce that
m is even. We define [z1,..., 2] € H® such that x1,...,z; are A j2t—1-tyDPe, Ti41 18 Q-
type (or I, if m = 0) and z; = I,, ), for i > 1+ 1. Then [z1,..., 7] € zCNH°. q.e.d.
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Recall the definition of the integer h' associated to x given in (247). If z is an
involution of type bs or c¢s then ' = 0. Let x € G be as-type. We can characterise h’

via numerical data.

Corollary 19.7.13. Assume n/2t is odd. Let x € G be as-type. Then

+t n
B — { st }
max- 0, 5 1

In particular, % N H # 0.

PROOF. In a suitable basis we have z = [J5, J7"*°]. Let i < ¢/2 such that s > 2i.
Then by Lemmas [17.4.2 and [17.4.5], we have

Y= [In/t? R vIn/t | J;_m/t,g]{li%]ﬂ'i S ¢

So y € H°m; if, and only if, [Jg_m/t,J{‘_%] € (Spn/t)tfm. Hence, Lemma [19.7.12
implies y € H°m; if, and only if, n — 2s > 2(¢ — 2¢). Therefore A’ = min{i : n — 2s >
2(t — 2i)}. Notice that b’ = s/2+t/2 —n/4 € Z since n/2t is odd; also, 0 < b/ < t/2.
Thus 2% N H # (. g.e.d.

Remark 19.7.14. Lemma and Corollary hold also if G = O,,.
Thanks to Proposition [19.7.11{ and Corollary [19.7.13[ we can compute f{;/ (z) for any

involution x € G. Then, studying separately the two cases depending on the parity of
n/2t we can give an upper bound on fq(x), as done in Proposition [19.7.9|for semisimple
involutions.

We shall prove the following, which immediately implies Theorem [19.7.1( A)(ii).
Proposition 19.7.15. Let x € G be as-type. Then

dim(z% N H) < dim(z% N Homp) + %L
where v = 2 if n/2t is odd and n — 2s > 2t, and . = 1 otherwise.

In the following we assume x € G is as-type. The aim is to compute f{{ (x) and

prove Proposition [19.7.15

Case 1. Assume 2% N H°® = (). Corollary [19.7.13| implies 2 N H°mp # 0 and 2¢ N
Hem; =0 foralli < b/ = 2(s+4t)_”. Moreover, by the proof of Corollary [19.7.13, A’ is
the least integer such that

Unjes - Injes Tanrgt, -« o, Te]Tnr € 2% N Homy
where xop/41 = ... = x; are a, /5 _1-involutions in Spn/t.
By Proposition dim(an/Qt,l)Spn/t = (n/2t — 1)(n/2t +1). So, using , we
have
(248) dim(2C 0 Homy) = M E2E=0)

8t
Again, by Proposition dim 2% = s(n — s). Thus
2st(n —s—1) n n(n+2(s —t))
n?(t—1) an?(t —1)

() =1
This proves Theorem [19.7.1|(B)(iii).
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Before showing Proposition [19.7.15| for as-type involutions with A’ > 0 we try to
understand how dim(a$ N H°m;) behaves depending on i.

Lemma 19.7.16. Let x € G be ag-type. Assume h' > 0. Let i > 0 such that € N
Hempryi # 0 and assume i <n/6 —s/3. Then

dim(zC N Homp 1) = dim(zC N Homp ) + 1(2% - 6)

PROOF. As seen above

o

dim(z% N Homy) = dim([Lyy g5 - -5 L gty Orjot—ts - - - ,an/gt_l]ﬂ'h/)H
where there are exactly 2h’ identity blocks.
Using Lemma, we have
dim(xG N Hoﬂ'h’—i-l) = dlm([In/t7 SRE) In/t7 QA /2t—35 An/2t—15 - - - 7an/2t71]77h’+1)H0

= dim(z% N Hmp) + 2% —6

where in the first line there are 2(h’ + 1) identity blocks. Moreover the first equality is
given by Proposition [19.7.11] since |n/2t — 3 — (n/2t — 1)| = 2; the second equality is

a straightforward calculation.

In general, for i < (¢t —2h')/3 =n/6 — s/3,

dlm(l‘G N Hoﬂ-huri) = dlm([ln/t? s 7In/t7 An/2t—35 -+ 5 An/2t—3, An/2t—15 - - - 7an/2t—1]ﬂ-h’+i)Ho
= dim(2€ N Hompy) + z(% - 6)

where in the first line there are 2(h' + ¢) identity blocks, ¢ blocks of type a,, /2t—3, and
(t—2h'—3i) blocks of type a,, /o;_1; thus we have the upper bound i < (t—2h")/3. g.e.d.

Remark 19.7.17. The proof of Lemma relies on Proposition thanks
to which we know the block decomposition which maximises the dimension of dim(z% N
H°m;). Moreover, another fundamental tool is the fact that the block decomposition
which maximises dim(z% N H°my,) is given by (¢t — 2h')-blocks of a,, s2t—1-type. After
the limit value i = n/6 — s/3 it is not clear — in the case 2% N H°mjy 441 # 0 — how to
construct a decomposition which maximises dim(mG N H°mpr1541). In order to gain an
explicit formula for dim(x% N H) in the case where n/2t is odd and h’ > 0 we need to
understand the behaviour of dim(z% N H°n;) when i > n/6 — s/3.

Now we show Proposition [19.7.15| for as-type involutions with A’ > 0.

Lemma 19.7.18. Assume n/2t is odd. Let x € G be as-type. Assume x% N H® = ().
Then
dim(z% N H) < dim(z% N Homy,) + % —t

ProOOF. Assume n/t = 2. Thus H = Spy1S,, /2. Then, Lemma implies that
r is G-conjugate to my /. (Notice b’ = s/2). If % N Hem; # (), for some i # s/2, then
Lemmawould imply [I2, ..., Is, 2911, . .., zdm; € xC, for suitable xo;,1,. ..,z €
Sps; since z is as-type then each x; should be a-type: this is absurd because Spy does
not contain any a-type involution. Therefore ¢ N H = 2% N H°mj, and the result
trivially holds.
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For the reminder of the proof we may assume n/t > 6. The hypothesis &N H° = ()
implies A’ > 0. For some A’ < ¢ < t/2, dim(z% N H) = dim(z% N H°7,).

Notice that if s = n/2 then &' = /2 hence 2 N H = 2% N H°myy. Similarly if
s=mn/2—1then W = (t — 1)/2 hence ¢ N H = 2% N H°7}y. In both cases the result

trivially follows.

Assume s < n/2 — 1. In particular ¢ # t/2. By Lemmas [17.4.2] and [17.4.5] for
suitable blocks of type as,, with ), s; = s — %£, we have

dim(xG N Hmg) = dim([Ly ¢, - - 5 L s, T20415 - - - ,xt]m)Ho

n/n

=5 (G )+ Zu(F %)
i>20

n 1 n \?2
<ef( 1)+ (s— %) - 7< —20) =gt
AV ° t—2€8 t 9(0)

where we used Zi>2€ s7 > t 26( ) by Proposition With some elementary

: t 2 2
analysis we deduce that g(¢ (5 e ) Notice that 0 < b/ < & — 2’1/75 < t/2.
We use Mathematica and the value of dlm(:c N H°mp ) computed in to get the

following simplified formula

t n— 25) . G n — 2s
== =dim(z™” N Hmpr) + (n—4t nt—l)
/(3377 ( W) (Vnjt=1)
By Lemma [19.7.12) n — 2s < 2t, since b’ > 0. Moreover since n/t > 6 we have
/n/t > 2. The result follows. g.e.d.

If 2 N H® # () then b/ = 0. Now we deal with this case. We shall prove a result
similar to Lemma [19.7.18| using the same technique for n/2t odd; for n/2t even the
proof will be very similar to that of Lemma [19.7.8

Case 2. Assume 2% N H® # (). First we compute dim(z% N H°).

Write s/2 = [s/2t]t + b. Notice that Sp,,, contains as|,/9-type involutions and, if
b # 0, it contains ap|s/9|42-type involutions. Let z be an ag|s/9|-involution, and 2
be an ay|s/9¢|4o-involution. Define z1 = ... =z, = 2’ € SPp and Tpp1 = ... =2 =
z € Sppyy- Then [z1,...,24] € 2% N H°. Proposition yields dim(z% N H®) =

S
> dimz, Put, Using Proposition [5.2.5| We compute

s(n—s) 4b(t —b)
t ot

(249) dim 2% = s(n — s), dim(z% N H®) =

Therefore 25 ) 8b(t—b)
R s(n—s —
folz) =1- -

n? n2(t—1)
This proves Theorem [19.7.1)(B)(iii).

The following is the analogue of Lemma [19.7.8| proved for semisimple involutions.

Lemma 19.7.19. Assume n/2t is even. Let x € G be as-type. Assume x N H® # (.

Then
n

dim(z® N H) < dim(z% N H°) + 1

PROOF. The proof is very similar to that of Lemma [19.7.§
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Assume 2% N H°m; # (), for some i > 0. Then for suitable a-type involutions
T2i41,- -, Tt € Sp,/y We have, using 1}

o S
dim (2 N Hm;) = dim([Ly g, -, Lojes @241, - - o)) = idimSp,, , + Y dima; /"
j>2i
Let z € Sp,;; be an a,y-type involution (recall that n/2t is even). We compute
2dim 2%/t = (n/t)2/2. Then

o

dim(xG N HO7TZ'_1) > dim([[n/t, e In/ta 2y 2y T%ATy - - - ,:Bt]m_l)

— idimSp, ), — % n Z dima>""* = dim(z® N Hor,) - %
J>2i
For some 0 < ¢ < t/2, dim(z“N H) = dim(2% N H°7y). By the previous computation
dim(xG NHmp) <...< dim(xG N H°my) + 62% < dim(xG NH®) + %
g.e.d.

Thus we have just proved Proposition [19.7.15| for a-type involution when n/2t is
even. Now we deal with the case n/2t odd.

Lemma 19.7.20. Assume n/2t is odd. Let x € G be as-type. Assume x N H® # (.
Then
dim(z% N H) < dim(z% N H®) + g
PROOF. If n/t = 2 then the same argument of Lemma |19.7.18 holds. Therefore we
assume n/t > 6. In addition Lemma [19.7.12[implies n — 2s > 2¢. Recall the formula of
dim(z% N H®) given in (249).
We mirror the proof of Lemma|19.7.18 and we use some of the notation defined in the
aforementioned result. For some 0 < ¢ < t/2, we have dim(z% N H) = dim(z% N H°my).

Assume ¢ < t/2, the case ¢ = t/2 will be studied later. So

dim(z“ N H) = dim(z 0 H°mp) < g(¢) < g(maX{O . })

2 2

First assume max{(), % — n=2s } = 0. Then

2y/n/t
s(n —s)

4b(t —b
; :dim(xGﬂHo)—i—(t)gdim(a:GﬂHo)#—t

9(€) < 9(0) =

The result follows.

n—2s n—2s

z _ — z _ . . . . . .
Now assume maX{O, 2 5 \/M} T > (0. Combining this inequality with
n — 2s > 2t, we deduce

(250) — <s< -1
And, using Mathematica, we have

0) < (f_ n—23> _ s(n—s) N (n — 2s)% +nt — 2ty/n/t(n — 2s)
A CIENY t at

s(n—s) (n—2s)?+nt s(n—s) n
- 2A< —F4+ - =2t
t * 4t < t + 2

<
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where we use n — 2s > 2t and /n/t > 2 for the first inequality; the last inequality
follows using the lower bound on s given in (250). Therefore

4b(t — b) n

dim(mGﬂH)<dim(:rGﬂH°)—|—g—2t+ gdjm(xGmH°)+§_t

In the case ¢ = t/2 we have s = n/2, because Lemma [17.4.5| implies that 7/, and
[Jgﬂ] are G-conjugate. Notice that n/4 = |n/4t|t+t/2 since n/2t is odd. Using 1|

we compute dim(z% N H°my) = dim 7752 = S(nt_s) + % Therefore

4b(t — b
dim(xGﬂH) = dim(xGﬂHO) + % + (t)

The proof is complete. g-e.d.

< dim(:rGﬂHo)-i-%—i-t

The results in Lemmas [19.7.18] [19.7.19] and [19.7.20] immediately imply Theorem
19.7.1[(A) (ii).

19.7.2.2. bg, cs-type involutions. For involutions of type bs; or ¢s we can provide

more informations. In fact we shall compute the value of dim(z% N H).
Lemma 19.7.21. Let x € G be by or c-type. Assume x% N Hom; # O for some i > 0.
Then ¢ N H°mi_1 # 0 and
dim(z% N H°m;) < dim(z® N Homi_1)
PrROOF. Using Lemma [I7.4.2] we may assume

dim(:cG N Hoﬂ'i) = dim([In/t, e 7In/t7 To%41, - - - ,xt]ﬂ'i)Ho

for some involution 9;t1,...,2¢ € Sp,/; each of them is never a-type, by Proposi-

tion (19.7.11] Define z = [J;/Qt], which is an involution of type by, /5 or ¢, 5. Using
Proposition we compute 2 dim 25Pn/t = %(% + 1) + 57. As usual

dim(mG NH°mi—1) > dim([Ly e - - -5 Doty 25 2, 20415 - - - Te]Ti-1) °
= dim(z% N H°m;) + n
2t
The result follows. g.e.d.

Corollary 19.7.22. Let x € G be an involution of type bs or cs. Then
dim(z% N H) = dim(z% N H°)
In particular, fo(x) = f3(x).
Let us compute f5(z) when x € G is of type by or ¢;. Write s = |s/t|t + b where
0<b<t Letx=]lxy,...,2) € H° where each z; is either b or c-type with v(x1) =
.=v(xp) = |s/t] + 1 and v(zps1) = ... = v(ay) = |s/t]. Thanks to Proposition
19.7.11| we have dim(z% N H®) = dimz°. So we compute

dim(a:GﬂHo)—w—i-s—b(tt_b)

By Proposition we have dimz% = s(n — s +1). So

B 2s(n—s)  2b(t—0b)
falz) =1~ n?2 B n2(t—1)

This concludes the proof of Theorem [19.7.1




CHAPTER 20

Orthogonal group

Throughout this chapter we set G = Oy, H = O,,; 1.5t < G a ¢3-subgroup, where
1 <t<mn,and Q = G/H. Notice, we avoid the case t = n for otherwise H would be
finite; in particular, n is never prime. In this chapter we derive bounds on fq(z) for
x € G of prime order or any unipotent element in the characteristic zero case, proving
the theorems stated in Chapter

Recall that, in the case p = 2, n/t is even.

20.1. Upper bounds

In this section we derive upper bounds on fq(z) for € G of prime order or any
unipotent element in the characteristic zero case. In particular we shall prove the
following.

Proposition 20.1.1. Assume n > 4. Let x € G be of prime order r.
(i) Assume r # 2. Then
4
r)<1l——
folz) =1-—

with equality if, and only if, v(z) =2 or one of %, Cq(x) is as in Table|20.1.1]

n t r %, Cg(c)
6 2 p 731
6 3 p=3 [J]°
6 2 75 P 02 X GLQ
6 3 3#p 09xGLy
8 2,4 #p GL4
Table 20.1.1
(i) Assume r =2. Then
2
<1-%
falz) <1-—

with equality if, and only if, v(z) =1
Remark 20.1.2. Let us make some comments on Proposition [20.1.1

(i) In all the cases we have fo(x) < 1-— %, and equality holds if, and only if, v(x) = 1.
Notice that v(x) = 1 necessarily implies that z is an involution.

(ii) Thanks to Lemma and Corollary [7.1.11}, Proposition [20.1.1| extends to any

non-central element in G. In particular, Theorems|16.1.1] [16.1.3|and [16.1.4] follow.

In the case n = 4 we give the following.
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Lemma 20.1.3. Assume n =4. Let x € G be of prime order r.

(i) If p # 2, then fo(x) < 1/2. Moreover equality holds if, and only if, Cq(x) =
02 X 02 or 01 X 03 or GLQ.
(ii) Assume p = 2. Then fo(x) < 3/4 with equality if, and only if, x is an as-type

volution.

PROOF. In this case G = O4 hence H = O3 55. Notice, when p # 2 no unipotent

element lies in H. The result follows with easy computations. g.e.d.

For the remainder of the section we assume n > 4.

As usual, we spread the proof of Proposition [20.1.1]in the following several lemmas.
The same observations made in Remark [10.1.3| hold. Hence, we will only consider

elements in H. In the following r is always a prime.

Lemma 20.1.4. Let © € H be of odd order r. Assume v(z) = 2. Then
4
—1-=
fa(z) -
Proor. Up to G-conjugacy, the only two unipotent elements with v-value equal 2
are x = [J2,J0 4 and y = [J3, J7%]. Up to the centraliser structure, the only semisim-

ple element z € H with v(z) = 2 is z = [[,_2,w,w~!]. With an easy computation we

get the result. g.e.d.
Lemma 20.1.5. Let © € H be an involution. Assume v(x) = 1. Then
2
—1-=
fa(z) -
Proor. This is a straightforward computation using Proposition (if p = 2)
and Theorem (if p # 2). g.e.d.

Now we complete the proof of Proposition [20.1.1] As above, also here we first study
odd order unipotent and semisimple elements and then involutions.

Lemma 20.1.6. Assume p # 2. Let x € H be unipotent with v(xz) > 2. Then

4

fQ(QT) Sl—ﬁ

with equality if, and only if, (n,t,p) = (6,2, any) or (6,3,3) and x € [J3]°.

PROOF. In the case n < 10 the result follows by direct computations. So we assume
n > 10. For x € H, using Proposition [17.2.1| we have

2 dim ¢

fa(z) Sl_T

The only partitions of n in n — 3 parts are (23,1776),(3,2,1"75) and (4,1"%). Thus
Theorem implies that there is no unipotent element x € G with v(x) = 3. Hence
we may assume v(z) > 4. Thanks to Proposition we have dim 2& > max{4(n —
5),3n/2} = 4(n —5), as n > 10. Therefore

fale) < 1= 20 o _B0ZE) 4
where the last inequality is satisfied since n > 10. g-e.d.
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Lemma 20.1.7. Let x € H be of odd order r # p. Assume v(z) > 2. Then

4
<1--
folz) <1-—
with equality if, and only if, (n,t,r,Cq(z)) = (6,2, —, 09 x GL3), (6,3,3,02 x GLg) or
(8,—,—,GLy).
PROOF. We proceed as in Lemma[20.1.6] For the cases n < 10 it is straightforward
to get the result. Thus we assume n > 10.

Let x € H be semisimple of odd prime order. Notice that if v(z) = 3 then n =4 or
6. So we may assume v(z) > 4. Proposition [17.2.1] implies

2 dim z¢
<1 ST
fa(z) < 3
By Proposition dim 2¢ > max{4(n — 5),3n/2} = 4(n — 5), as n > 10. Then as
in Lemma [20.1.6] we get the result. g-e.d.

In order to complete the proof of Proposition |[20.1.1| we need to deal with involutions.

Lemma 20.1.8. Let x € H be an involution. Assume v(x) > 2. Then
2
<1-=
fa(z) -
PROOF. The case n = 6 quickly follows. So we assume n > 6.

By Proposition [17.2.1]) for z € H, we have

2 dim ¢

2

fa(x) <1

Assume v(xz) > 2. Then Proposition implies dim 2% > max{2(n — 3),n/2} =
2(n — 3). Hence, for n > 6 we have
2 dim z¢ 4(n — 3) 2

falr) S1-=— 5 <1- =5~ <1-~

n

g.e.d.

Remark 20.1.9. Notice that all the previous results apply for unipotent elements in

characteristic zero.

20.2. Unipotent elements: lower bounds

In this section we derive lower bound on fq(z) for € H of prime order p (or any
unipotent element in the characteristic zero case). Recall that in the characteristic zero

case we set p = oo.
The main result of this section is the following.
Proposition 20.2.1. Let x € H be of order p.
(i) If p > n/2 then

t
n

fale) > L o(1) 5,0,

with equality if, and only if, n/t is even and x € [J* JﬂG, or n/t is odd and

n/t—1’

x € [J;;?tl, 2]% for any z € O, /¢ unipotent.
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(ii) If p < n/2 then

1
falr) > = —¢
p
7,1(2521) if p=2 and x is of by or cs-type, and € = 0 otherwise.
Remark 20.2.2.

(i) Proposition extends to any element x € G such that 2% N H # ().

(ii) In case (ii) we have a partial characterisation of elements that realise equality, see
Proposition In the case p = 2 we shall give more informations in Section
In fact we shall show that fo(z) > 1/pif p =2 and z is an involutions, see
Remark 20.7.41

where € =

As always we shall use the following notation. For 2 € G of order p we write, up
to G-conjugacy = = [J,", ..., J{'] where n = 3", a;, and a; is even whenever i is even,
see Theorem If &N H° # () then we may write 2 = [x1,..., ] for z; € O/t
unipotent of order p. Moreover, we may assume dim (2% N H°) = >, dim :1:?"/ ‘ and, as
usual, we write

x = [y, I

where, for 1 < j < p, we have a; = >, a; j and n/t =), a;;. Hence

1 1
dim 2% = g(n—l) —Ziaiaj — 52ia?+§ Z a;
i

i<j i odd
d‘ G HO _ n/n 1 .
im(z" NH?) = 5 (? — ) — Z i(ar a1+ ...+ apiae;)
1<j
1 . 1
—§Zz(a%i+...+a?’i)—|—§ Z a;
% i odd

The following is an analogue of Lemma|19.2.3] which motivates the two cases p > n/2
and p < n/2.

Lemma 20.2.3. Assumen/2 < p < oo and let x = [Jp7?,...,J{'] € G. Suppose a; > 0
for some i >n/2. Then 2N H = ().

We start with the case p > n/2.

20.2.1. Case p > n/2. Let z € H be of order p, or any unipotent element if p = co.

Then, by Lemmas [17.3.1] [20.2.3| and Proposition [17.4.11| we have 2 N H = 2% N H®,

see Lemma for p = oco. In particular, the largest block allowed has size n/t. Thus
we may assume z € H° and dim(z% N H) = dim 27",

Here, we need to distinguish two cases depending on the parity of n/t. For example,
if n/t is odd then [J,, ] € O,y and so [Jfl/t]G N H° # (; instead, for n/t even we have
[Jn/t] & Opyy, however if ¢ is even we have [Jé/t] € G and [Jfl/t]G NH=1.

Lemma 20.2.4. Assumen/t is odd. Letz € [Ji?tl, 2]% where z € O,,/¢ is any unipotent
element. Then fqo(z)=1t/n.

PROOF. This is an easy computation, very similar to that in Lemma[18.2.4] g.e.d.
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When n/t is even, [J,/;—1,J1] € Opy, 50 T = [Jfl/t_l,Jf]G N H® # (). In general
fa(z) # fﬂ([Jthl,p Ji71 2]) where z € O, /¢ is any unipotent element. (An example is
given by [JZ, J] and [J7, J{] in H° = Og x Os.)
Lemma 20.2.5. Assume n/t is even. Let x € [Jfl/til,JﬂG. Then fo(x) = t/n +
2(t/n)?.

ProoF. This is an easy computation. g.e.d.

The following two technical lemmas are the analogues of Lemma [19.2.5] proved in

the symplectic case. First we study the case n/t odd. Recall we are assuming p > n/2.
Lemma 20.2.6. Assume n/t is odd. Let x = [x1,...,x¢] € H° and assume x1,xo #
[Juye) and dim(z% N H®) = dim 2", Define y = [J,, /1, %2, ..., 3] € H°. Then fo(z) >
fo(y)-

PROOF. The proof of Lemma [19.2.5] can be repeated verbatim here. g.e.d.
Remark 20.2.7. In the case where n/t is even the argument of Lemma [20.2.6| still

applies although in this case y € O,,/;. However, we can still consider the formulae of
fa(z) and fq(y) from a purely combinatorial point of view. Hence, by Lemma [20.2.9
below, we will deduce for any element x € H that fo(x) > t/n where t/n is given by

fa(l 75 4)-

A similar result holds when n/t is even. Notice that in the assumptions of the next
result we only require one block in x = [z1,...,2] to be different from [J,/;_y, J1],
whereas in Lemma we needed two blocks different from [J;, ;] (or, more formally,
not conjugate to it).

Lemma 20.2.8. Assume p > n/2 and n/t is even. Let x = [x1,...,2¢] € H° and
assume w1 # [Jp -1, J1] and dim(z¢NH°) = dim2%°. Definey = [y1,22,..., 1] € H°
with y1 = [Jnye—1, 1] Then fo(z) > fa(y).

PROOF. The proof is similar to that of Lemma[19.2.5l Notice that since dim(z% N
H) = dim 2" we deduce dim(y® N H) = dimy"" since otherwise we would increase

the dimension of [z2,..., x| which is absurd.
We need to show
(251) dim 2% — dimy© < dim(z% N H) — dim(y“ N H)
Notice that dim(z% N H) — dim(y% N H) = dim x?"/t —dim[J,, /1, Jy) O,

Permuting the blocks of x we see that there exists h > 0 such that z1,...,x;_p #
[Jnjt—1,J1] and z¢_py1 = ... = x4 = [J 41, J1]. Notice that since z1 # [J,, 41, J1] we
have 0 < h <t —1. For all i <t — h we write

_ Ajn/t—2 Q5.1
ml‘—[Jn/t_2 7"’7J1 ]EOn/t
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o h QA /t—2 a a1+h _ h+1 b Jt—2 a b1+h+1
Sox = [Jn/t—l’ Jn7t72 ey g Ji T and y = [Jn/til, Jnytd peeey g2 I | where

a; =, a;j and b; = a; — a; 1, for all 1 < j < p. We compute
. ) n
dim 2% — dim y© = ;(t —h—1)+2h— hzau + Z(az,z‘ + .t a—hg)
i i
+ (dim 2" — dim y")

— Z iaLi(aQJ + ...+ thh,j) - Z iaLj(aQ,i + ...+ atfh,i)

1<j i<j
. o . o n 3 1 3 1
dim 2z — dim yH =5~ ia1,;a1,; — 5 Zzaii + B Z ai;
1<j % i odd

Substituting % (t—h—1) = ;i(ag; +...+as;_p;) and using the above computations
we deduce that (251)) is equivalent to

Z ialﬂ-(azj + ...+ at,h,j) + Z ial,j(au + ...+ at,h’i)
1<j 1<j
—{—h(z al; — 2) > Z(l + 1)(&271‘ + ...+ at_;w-)

i>1 i>1

It is clear that h(zi21 a; — 2) > 0 since w1 # [J,, ] and so x1 comprises at least
two blocks.

Therefore we need to show

(252)
Z Z'CLLZ'(CLQ’]' +...+ at_h,j) + Z Z'(Ilyj(agﬂ' +...+ at—h,i) > Z(’L + 1)(&271' +...+ at_;m)

This can be proved using the same argument as in Lemma [18.2.5| Fix j € {1,... ,n/t—
2} and £ € {2,...,t—h}. The coefficient of a, ; in the right hand side of (252)) is (j +1)
whereas that in the left hand side is

D iari 3 ar
i<j j<i
We claim that
(253) > a3 i >j+1
1<j J<i
We split the proof of (253)) into two cases. First we assume that for all ¢ > j we have
a1 ; = 0; therefore (253)) is equivalent to
ZZCLM +]Za1,i = Zml’i = 7 >7+1
i<y J<i 1<j
which is true since j < n/t—1. Now assume a; ; # 0 for some ¢ > j. Say ai,,...,a14,
are the only non-zero multiplicities with 41, ...,%, > j. Then (253) is equivalent to
Zial,i +jlary +...+a,) >ji+1
1<J

If Zigj Z'CLLZ' = ( then aii +...+tag, = 2 (as T # [Jn/t,l, Jl]), thus j(aul + ...+

aig,) >2j>j+1. 1If Eigj iai; > 1 then one of the following two conditions holds
° Zz ial,i =1 and aii +...+a, = 2 since x1 75 [Jn/t—l’ Jl]
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o Zz iau > 2 and a1 +...tai;, = 1.
In both cases inequality (253) is satisfied. g.e.d.

Using Lemmas [20.2.6] and [20.2.8] we deduce the following, which is the analogue of
Lemma [18.2.6] and [19.2.6]

Lemma 20.2.9. Let x € H be of order p. Then the conclusion of Proposition|20.2.1|(i)
holds.

PROOF. This is the same as Lemma [18.2.6] g.e.d.

20.2.2. Case p < n/2. Now we assume p < n/2. In this case the largest Jordan
block of any element of order p in H is Jp. As in the case G = GL, (Lemma and
in the case G = Sp,, (Lemma , we directly show that for every element x € H
of order p we have fqo(z) > 1/p.

Lemma 20.2.10. Assume p # 2. Let x € H be of order p. Then

fa(z) >

SR

PROOF. The same argument as in Lemmas [18.2.9] and [19.2.8] applies here. q.e.d.

In order to prove the analogue of Lemma [20.2.10| in the case p = 2 we need the
following.

Remark 20.2.11. Assume p = 2.

(i) Let # € G be an involution of type as. Then x has Jordan form [J5'?, J™] with
s =n—me—m;y. It is straightforward to check that the formula in Theorem [5.2.1

can be written as follows
dim 2¢ = n — 1 Z 1mym; — Z Zm + = Z m;
1<j zodd

(ii) Let € G be an involution of type bs or ¢s. Then, by Proposition dim 6§ =
dim c¢ = s(n —s). As before say [J;712 J{"] is the Jordan form of z. We see that

dim 2% = n—l szzmj sz + = Zmz (n —mq —ma)
1<J zodd
Let h < t/2 such that dim(z% N H) = dim(z% N H°nx,). Then, for suitable blocks
Topt1,- -+ Tt € Oy, we have, by Lemma [17.4.2

dlm(Q?G N H) = dlm([In/t7 s )In/t’ L2h+15- - 7$t])Ho

G

Since dim c§ > dim a$ we must have that ; is either a b, or c,,-type for i > 2h+1.

Lemma 20.2.12. Assume p = 2. Let x € H be an involution. Then

fa(z) >

— €

’B\H

where € = 0 if x is of type as and € = ﬁ otherwise.

PrOOF. For an involutions x € H of type as the argument of Lemma [20.2.10)
applies, thanks to Remark [20.2.11} Therefore fo(z) > 1/p.
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Let x € H be an involution of type bs or c;. We follow the proof of Lemma [19.2.8
Thus, for some h < t/p,

d1m<$G N H) = dlm([In/t7 s 7In/t7 T2h+15- -+ xt]ﬂh)Ho
Say a;1 and a; 2 are the multiplicities, in x;, of the Jordan blocks J; and Ja, respectively.
Using Remark [20.2.11| we compute dim ¢ and dim(z% N H). We have fo(z) > 1/p—¢
if, and only if,

1
(254) — dimz® + dim(2® N H) > — dimQ(l - 7> — edimQ

p
Following the computation in Lemma [19.2.8| (that could be repeated verbatim for
Lemma [20.2.10) we see that (254]) is equivalent to (226, with the right hand side

given by
2

(t —hp)(t — hp — 1)+ "h—edimQ

2t2p
And we see that
—h—edlmQ—?h—g <0
since h < t/2. Therefore using the same argument as in Lemma [19.2.8] we see that
(226)) is verified. This leads to the result. g.e.d.

As for the case G = GL,, we can prove the analogue of Lemmas [18.2.11] [18.2.12] and
18.2.13| and Proposition [18.2.15

Recall the notation introduced before Lemma [18.2.13} if p = (p®,...,1%) F n and
n=(p,...,1°) F m then we write p @ n = (p@*+tr, ..., 19%0) - n 4 m,

Assume p | n. The following characterises elements x € H of order p # 2 such that
fa(z) = 1/p. Recall the definition of Pg given in Section [17.3.1

Proposition 20.2.13. Assume p # 2 and p | n. Let x € H be of order p. Then
fa(x) = 1/p if, and only if, one of the following holds
(i) @ € [1;/7)°;
(ii) n/t = pm and x = [ng(t_l),z] for any 2 € O, of order p whose associated
partition X = (p®,...,1%) - n/t satisfied one of the following
(a) ap =m; or,
(b) ap, < m and whenever X = p & n with p = lip, nF lop for some l1,la <m
such that p @ (p'2),n @ (ph) € Po,,, then p= (p") orn = (p'?).

Recall that if p > t and = € G has order p then 2N H = 2N H°; so if p > n/t then
fa(x) > t/n. In the case where p does not divide n we have the following, in which we

assume p < t (thanks to the previous observation).

Proposition 20.2.14. Assume p # 2 and p f n. Then there exists © € H of order p
such that
folz) < {

PRrOOF. We divide the analysis into two cases, p < n/t and n/t < p < n. The proof

+2 R<p<t
+ 3

otherwise

HO‘ S =

is very similar to that of Proposition[19.2.11] so we omit the details of the computations.
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Case 1. Assume p < n/t. Let n/t = ap + b.
If bis odd then T = [J2, Jy] € O,,/;. We define z = [J3*, J{] = [z, ..., T] € H°. Notice
that dim(z% N H®) = dimz°. Using a = n/tp — b/p, we compute

12 1 2 1 2
ffz(x):ﬁ(pGZJr?aber): (pfb)§];+

1
_ —b — < = _
p - n?p a2’ = - dp
If b is even then T = [J7, Jp—1,J1] € Oy 4. As above, we define x = [z,...,7] € H°.
We compute

o) = a4 2ab b4 = ta Lppopaal <542
Tr) = —(pa a = — —_— — R _— -
@ n2p p  n2p P n2 — 4p  p?

Case 2. Assume n/t < p < t. We define h = [t/p]. Observe that % <h< %. Then

the G-class of one of the following [J;,Lh/t Ji ) [Jgh/t, Jiohe Jf_hp] meets H. Indeed,

»n/t n/t—1’
if n/t is odd then [Jgh/t, JZ;thp]G N H # (), otherwise [Jgh/t, J:Lﬁ}f’l, Jffhp]G NH #0.
First assume n/t is odd. Let z = [J;,lh/t, Ji?thp]. Since p > n/t we have & N H =

2% N Hemy,. We compute
t h(n—pt)2t—1—hp) 1 p
=~ <-4+ =
fa(@) n * nt(t —1) D * n
where the inequality follows by the same argument as in Proposition [19.2.11

Now assume n/t is even. Let z = [Jgh/t Jiohe g Again, 29N H = 26N Homy,.

' n/t—17
> 2 h(n - p)( hp)  2hpl( )
t n—pt)(2t—1—hp 2hpt(2t — 1 — hp
=~ 49 —
Ja(@) T nt(t —1) n?(t—1)
We see that 2hpt(2t—1—hp) is minimal for h maximal, since h < t/p we have W <

n2(t—1)
2 ;—22 Therefore

h(n — pt)(2t — 1 — hp) <1+£
n

fa(z) < it — 1) ,

+

L
n
The result follows. g.e.d.

Remark 20.2.15. Notice that Corollary|17.3.20|yields fo(z) < f5(z)+4/n. Therefore
Proposition [20.2.14] shows that the lower bound 1/p is close to best possible.

20.3. Semisimple elements: lower bounds

In this section we derive lower bounds on fq(z) for © € H of prime order r # p. If
is an involution then, up to G conjugation, we have x = [I5, —I,,—s]. For x € G of odd

prime order, up to G-conjugacy, we write

(255) x = [Lug,wlay, - w ', ]
where ap =n (mod 2) and a; = a,—; for all 0 < i < % We shall also use the notation
(256) v =Ly, (w,w Vo, (wow )T I, ]

2

The main result of this section is the following.

Proposition 20.3.1. Let x € H be of order r # p.
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(i) Assumer >n—1.
(a) If n/t is even then fo(x) = 0 if, and only if, v(x) = n —1 or Cg(x) =
02 X GL?/Qil.
(b) If n/t is odd then

fol) 2 (£)°

n
with equality if, and only if Cq(x) =2 O X (GLl)(”_t)/Q'
(ii) If r <n —1 then

— €

S| =

fa(z) >

wheree:#il)ifr>2ande:2 IE

5 otherwi
m otnerwise.

Remark 20.3.2.
(i) In the case r = 2, more details will be provided in Section [20.7}

(ii) If r < n — 1 and n/t is even the lower bound derived for the symplectic group in
Proposition [19.3.16] for elements of odd prime order holds in this case as well, see
Section 20.3.2.1]

First let us observe that for » > n/2 there are no elements x € H of order r such
that % N (H \ H®) # 0. The proof of the following is the same as for Lemma [19.3.3

Lemma 20.3.3. Assume r > n/2. Let x € G of order r. Then

(i) forr #n/2, 2N H =20 N H®;
(i) if r = n/2 then xC N (H \ H°) # 0 if, and only if, x = [ls,wly,...,w™"* 1 1,] and
t=n/2.

The main reason for which in Proposition [20.3.1] we have the two cases r > n — 1
and 7 < n — 1 is linked to the existence in H of regular elements, i.e. elements with

n/2 n/2—1

centraliser isomorphic to (GL1)™#, or elements with centraliser Og x (GL;)

Let © € G have order r # p. If r < n — 1, in the case 2% N H® # @, we shall study
the related ratio f&(x) deriving lower bounds on it (notice that this lower bound is
the best possible). So thanks to the general inequality fo(x) > f§(x), we immediately
deduce lower bounds on fq(z).

In the case r < n— 1 we may have & N H® = ); however this can only happen if n/t
is odd. In this case we deduce a general lower bound which is not the best possible,

see Proposition [20.3.9| and Remark [20.3.10
Notice that for x € H of order r with ¢t < r < n — 1 we have fo(z) = f3(x), by
Lemmas [17.3.1] and [20.3.3l

20.3.1. Case r > n — 1. We use the same argument given for GL,, in Section

18.3.1} and for Sp,, in Section [19.3.1] Let x € H of prime order r. Then Lemma[17.3.1
yields % N H = 2 N H°. In particular, dim(z% N H) = dim 2", for a suitable block

decomposition = = [z1,...,2¢] € H®. For all 1 <i <t, we denote

(257) Ty = [Iaiyovw-[(u,u R )wrillai’rfl]
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with a;0 = n/t (mod 2) and a;; = a;,—; for all 1 < j < 5. Moreover Y, a;; = a;
and Zj a;j = n/t. As for the symplectic case, cf. Section [19.3.1] we deduce

r—1
(258) dimCo(z) =Y > ajay
1=0 1<i<j<t

The proof of the following is totally similar to that of Proposition[19.3.4l Notice that
in Proposition [19.3.4 the main tool is the fact that dim(z® N H®) = dim " if, and
only if, |a;j — ay ;| <1 (or 2 in the case j = 0) for all 4,7, j, see Proposition [17.3.13

Proposition 20.3.4. Let x € H of order r > n — 1. Then fq(x) = 0 if, and only if,
v(z) =n—1 or Cg(z) = Oy x (GL;)™2~1.

Now assume n/t is odd. Let = [Ioy,wla;,...,w" 1, ] € H°. As already ob-
served, there exists a block decomposition z = [z1,...,z;] € H® such that dim(:zG N
H°) = dimzf°. We write each z; as . Since n/t is odd, a;p > 1 is odd for all
1 < ¢ < t. Therefore

(259) Z a3,004,0 > Z 1= t(t 2_ 1)

1<i<j<t 1<i<j<t

This observation leads to the following.

Proposition 20.3.5. Assume n/t is odd and r > n — 1. Let x € H be of order r.
Then
£\ 2
fol@) = ()
with equality if, and only if, Cq(x) = Oy x (GL1)—H/2,

PROOF. As observed above 2¢ N H = 2 N H° hence ag > t. Let z = [z1,. .., 2]
where x; € O,/;. Assume dim(z N H°) = dimzf°. In particular, by Proposition
laij —ap ;| < 1foralll <i,¢/ <tand1<j<r—1. With this notation, we
have an explicit formula for dim Cq(z), given in . Hence, using ,

, — ¢t —1)
(260) dim Cq(z) = Z a; 00,0 + Z Z a;a;; > 5

1<i<j<t =1 1<i<j<t

Notice that in (260]) equality holds if, and only if, a;0 = 1 for all 7, i.e. ag = ¢, and
a;ja;; =0 for all I > 1 and 7 < j. The result follows. g.e.d.

20.3.2. Case r < n — 1. Here we shall derive lower bound on fq(x) for z € H of
prime order r < n — 1.

In the case where n/t is even, H contains a maximal torus. Hence, for any semisimple
elements = € G of prime order 7, z% N H° # (. In the case where n/t is odd there are
elements = of odd prime order r such that 2% N H = 2% N (H \ H°). For example, let
G = 018, H = 031 5¢,7 =5 # p, and consider

(261) x = [I4,wly,w’I3,wI3,w* 1] € O

By Lemmas [17.4.2| and [17.4.6| we have, up to G-conjugacy, = = [I3, I3, I3, I3, I3, z]m €

H, where z = [1,w,w?]. We see that 2% N H° = §: in fact any decomposition z =

[€1,...,x6] should comprise blocks x; € O3 containing at least one eigenvalue 1. We
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shall give a complete characterization of elements x € H of odd prime order r for which
2% N H° = () in Corollary [20.3.19

However, in most cases elements of prime order r lie in H°.

Remark 20.3.6. If » > t and x € H has order r then, by Lemma [17.3.1] we have
29NH = 2¥NH®; similarly, if n/2 < r < n—1. Therefore, in these cases, fo(z) = £3(z).

We can immediately prove the following result, which is the analogue of Lemma
19.3.5] In view of the above observation, i.e. the existence of elements of prime order
r whose G-class does not meet H°, we need the assumption x € H°.

Lemma 20.3.7. Let x € H® be of order r < n — 1. Then

PrOOF. Up to conjugation, write z = [I,,,wla,,...,w" 11, ] € H of order r.
Write a; = ¢;t + b; for ¢ > 0 and ag as in Remark We use the formulae of

dim(mG NH°®) as in (173)) and (174)), see Remark [17.3.14, We follow the same argument
as for Lemma [19.3.5]

Case 1. First assume n/t is even. Let ag/2 = cot + by where 0 < by < ¢t. We have

_ 200 Abo(t —bo) + 3o bilt — bi)

fQ(x) - n2 ng(t_l)
1 rt? 3t?
T 4n?(t—1) 4n2(t-—1)
Then since g(t) = % < g(n/2) we deduce the result.

Case 2. Now assume n/t is odd. Using the formula for dim(x% N H°) given in (174,

£3(x) = Zizo a? B 2 + 4bo(t — bo) B Z¢>o bi(t —b;) - } B M
! & w2 1) Ri-1 7 w1
Notice that % is maximal for ¢ maximal, i.e. ¢ = n/2. The result follows. g.e.d.

Notice that if 2 € G is an involution (in the case p # 2) then & N H® # (.

Lemma 20.3.8. Let x € G be an involution. Then
1 t2
(o] > -
fa@) 2 5 = 55—

PrROOF. Let € G be an involution. Up to G-conjugacy, we may write, x =
[Is, —In—s] where s <mn/2. We use the same argument as for Lemma [19.3.6

We have dim2® = s(n — s) and, thanks to Theorem [17.3.8, we have an explicit
formula for dim(z% N H®). Write s = ct 4+ b where 0 < b < . Then

o 2s(n—s) 2b(t—0b) _ 1 t2
—1- - >-__
fa() n? n?(t—1) =2 2n2(t—1)
where we used b(t — b) < t2/4 and s(n — s) < n?/4. g.e.d.

Also here, as for the symplectic case, we have that the lower bound for involutions
in Lemma [20.3.8| is always positive. Instead in the case r > 2 we directly check (using
GAP, for example) that in several cases the lower bound given in Lemma [20.3.7] is
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negative. However, an easy calculation shows that for » < n/t the previous bounds are
positive.

The next result gives close to the best possible lower bound for any element x € H
of odd prime order r (even in the case 2% N H° = )). In order to state and prove it
we need the following notation. Let x € H be a semisimple element, in the notation
of . Then dim(z% N H) = dim(wG N H°np) for some h < t/r. Therefore, by
Proposition the eigenvalue w' of x has multiplicity ¥h +a; for all 0 <@ <r —1,
where ), o = n — hr. Write o = ¢;(t — hr) + b; where 0 < b; <t — hr.

Proposition 20.3.9. Let = € H be of odd order r. Assume dim(z® N H) = dim(z% N
Hemy,) for some 0 < h <t/r. Then

-1

fole) > ngt_lz( )

Proor. Thanks to Proposition 1 we have, up to G-conjugacy,
€= [I%,Hao,wf%hm, o ,w"*lf%HaH}
with (2h + ag) =n (mod 2) and a; = o, for all 1 <4 < 5= Lemma implies
(262) dim(z% N H) = dim([Lye, - -, Lyjes Thots - - - ,xt]ﬂh)Ho
for suitable blocks x; € O,, ;. We write
T; = [Iai,anIa¢,1> .. ,wr_lfaiyr_l]

Thanks to Proposition [17.3.13| we have |a;; — ay j| < 1 and |a;0 — ay o] < 2 for all
hr+1<i,7 <tandj>0.

We compute

r—1
2 1
dime:g(n—l)—i(Bh) —?h(n—ﬁhr)+zh+%—55 a?
0

2\t t 2t 2 a
j:
n/n Q 1 - 3
: G _ 0 2
i=hr+1 j=0
Therefore, we deduce
n2 n2
(263) dim Co () = 2t2h( —hr—1)+ o h+ YD aiamg

hr+1<l<m<t =0
Let Z, = {(I,m) : hr+1 <l <m <t} f h=t/ror (t—1)/r then Z, = 0 and a
straightforward computation leads to

Assume h < (t — 1)/r then Z, # (). Notice that |Z,| = % Now, Lemma
17.3.12] implies that for all Ar +1 < [ < tand 0 < 7 < r — 1 we have q;; €

{17%-], | 2% | +1}. Write o = ¢;(t — hr) +b; where ¢; = |2 | and 0 < b; <t — hr.
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Then [{l:a;; =c¢; + 1} =b; and [{l : a;; = ¢;}| =t — hr — b;. We compute

r—1

2t =hr = b)(t = hr — b — 1)
(”%;Iz;a“am_z 5
z_;(cl ¢i+ 1)bi(t = hr = bi) + (i + 1)21’2'(“'2‘1))
1 7“—12 =,
5( t_hr>z§:%az 51 bz(l t—hr)
> (3 It S - )

=0

where we used Y, a; = (n/t)(t — hr) and >, 02 > 1/r(>; ai)2, by Proposition

Therefore, using the previous estimation and (263]) we deduce

.

n2(t—1) < b;
264 di > — bi(1—
(264) im Co(r) 2 —55 ; ( t— hr)
The result follows. g.e.d.

Remark 20.3.10. Notice that the right hand side of (264]) is minimal when h = 0 and
b; = t/2, for all i. Therefore
1 rt?
>- -
falw) = ro 2n%2(t—1)
which is slightly better (if » < 7) than the bound given in Lemma for elements
in H°. Again, a GAP computation shows that this is often negative.

In the following we give an infinite class of examples of elements with the property

that the G-conjugacy class does not meet H° and have fqo-value equal to 1/7.

Example 20.3.11. Assume p # 2. Let n,t such that n/t is odd, ¢ is prime and n/t < t.
Let z = [In/t, wWhy/gy- - ,w“lIn/t] of prime order r = ¢t. Then 2N H° = () since we need
the multiplicity of 1 to be at least ¢ (see also Corollary and 2°NH = z“NH°m,
since, by Proposition m € 2% and m; & 2% for i > 1. Here h=1sot —hr =0
and the proof of Proposition implies fo(x) =1/r.

In the case where n/t is even, with the same argument as already used for GL,, and
Sp,, we can construct an explicit family of elements in H° with the property that each

of them realises the best possible lower bound on f, and hence on fo.

If n/t is odd, with a similar argument we can reach a similar conclusion, for elements
in H°. However, in some cases there exist elements z of prime order r such that
9N H® =0 and ¢ N H # (.

20.3.2.1. n/t even. The strategy is to show that the lower bounds derived in the
symplectic case are still valid. Let x € G be of prime order r. Then, up to G-conjugacy,
v = [lyg,wls,_ - ,w ', _,]. In the case where n/t is even, ¢ N H® # (), since H
contains a maximal torus of GG. Notice that (as a diagonal matrix) x € Sp,, and
2P N K° # (), for K = SPpi 1St a €a-subgroup of Sp,. Using Theorem and
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Theorem [17.3.8] it is straightforward to compute

dim 25?7 — dim 2% =n — aq

dim(z5P» N K°) — dim(z% N H°) = n — ag
In particular, if & = Sp,/K, then f§(z) = f5/(z). Hence the argument given in
Section |19.3.2 holds for G'= O, and H = O,,/; ! S; with n/t even. For future reference
we record this fact in the following.

Proposition 20.3.12. Let n be an even integer and t a non-trivial divisor of n such
that n/t is even. Denote L = Sp,,, K = Sp,, ;1St a €a-subgroup of L and set Q' = L/K.
Let © be a semisimple element of prime order v in O, (or Sp,,). Then

(i) there ezists a G-conjugate y of x in H N K

(i) fo(y) = [ (y)-
Remark 20.3.13. It is clear that Proposition implies that the lower bounds
proved in the symplectic case in Section holds in this case as well.

As for the symplectic group also here we define special elements. Recall that if x € G
has prime order r then we denote by ag, a1, ..., a,—1 the dimensions of the eigenspaces
relative to the eigenvalues 1,w, ..., w" L
Definition 20.3.14. Let x € G be of order 7. We say that x is special if |a; —a;| <1
forall0 <1, <r—1.

Thanks to Proposition [20.3.12] the following may be deduced from the arguments of
Section [19.3.2)

Proposition 20.3.15. Let x € G be of order r. Then

fa(x) > fa(2)
where z € G is special of order r.
The computation in Section [19.3.2] after Proposition [19.3.14] holds. Thus we have
the following.

Proposition 20.3.16. Let x € G be of order r. Write n = (at 4+ b)r + ¢, where
0<b<tand0<c<r. Then

s%(x)Z*—ﬁ—T—ﬁ

20.3.2.2. n/t odd. In the case where n/t is odd H does not contain a maximal
torus. Thus we may have semisimple elements x € H of odd prime order r such that
x9N H® # (.
First we characterise elements z € G of prime order r such that 2N H # () or
% N H° # (). Recall that r is an odd prime.

Lemma 20.3.17. Let x € H be of order r. Then ¢ N H® = 0 if, and only if, either
ag <t or,ay >t and ag — t odd.
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Proor. Up to G-conjugation, we may assume zx is as in (255)). Therefore we need
to show that x ¢ H° if, and only if, the condition in the statement holds. We prove

the contrapositive in both cases.

Assume x ¢ H° and ag > t. Seeking a contradiction we assume ag — t even. Write
(ag—1)/2 = cot+by where 0 < by < t and ¢y = L“g—;tJ In addition, forall 1 < j <r-—1,
write a; = ¢;t + b; where 0 < b; < t and ¢; = |a;/t]. Then, for 1 <1i < ¢, define

_ r—1
T = [Io; g, wla;yy ooy W' Tgy, ]

where a;o € {cg,co + 2} and a;; € {cj,c; + 1} and the a;; are such that ) a;; = a;
and Zj a;j = n/t. Then z; € O, for all i. Hence r = [x1,...,2¢ € H® which is a

contradiction. Therefore ag — t is odd.

Conversely, up to G-conjugation, assume z = [x1, ...,z € H°. In particular, since

n/t is odd and x; € O,,;; we deduce, in the above notations, a;o > 1 is odd.

We have ag = >, a,0 > > ;1 =t. Forall 1 <i <t we have that a;o — 1 is even.
Therefore ) ,(a;0 — 1) = ap — t is even, which is absurd. Therefore x ¢ H°. g.e.d.

Now we characterise elements in G of order r whose G-classes meet H. We adopt the
standard notation established in (255)), i.e. a; denotes the dimension of the eigenspace
of = relative to the eigenvalue w’. We define the following set

jx:{iE{0,...,Lt/rj}:a0:%i+bo andbgzt—ir}

Proposition 20.3.18. Let 2 € G be of order r. Assume n/t is odd Then % N H # ()
if, and only if, Jo # 0 and a; > Fmin J, for all1 <i<r—1.

ProOF. Assume &N H # (). Then there exists h < ¢/r such that % N H°m, # 0.
Hence, thanks to Lemma [17.4.2] up to H°-conjugation, we may write
= [In/t’ cee 7In/t, Lhr41y - - - ,.Tt]ﬂ'h

We denote by b; ; the multiplicity of w? in ;. Therefore, since z; € O,, /¢ and n/t is
odd we have b; g > 1 for all hr +1 < ¢ <t. Thus by = ZDM bio >t — hr. Then, by
Proposition we have that z is G-conjugate to

(265) Tr = [I%thbO,wI%thbl, ce ,wr_1[%h+br_1:|

where b; = > . ;. bi ;. In particular, h € J, and the multiplicity of W’ is at least Th
forall1 <j<r-—1.

Conversely, say h = min 7. Then, for some by, ..., b._1 we have, up to G-conjugacy,

T = |:I%h+b0"*)[%h+b1v e vwr_ll%h-i-bT_l]
Since by > t — hr, by Lemma [20.3.17} there exists a block decomposition [Zpy41, .. ., T¢]
of [Iyy,wlp,,...,w 11, _,]. Thus, by Lemmas |17.4.2| and |17.4.6|, up to G-conjugation,
= [Lygs - Doty Thetts - - - o). Hence 9N H # 0. qg.e.d.

The following is a particular case of Proposition [20.3.18|
Corollary 20.3.19. Let z € G be of order r. Then 2CNH® # 0 if, and only if, ag > t.



20.3 Semisimple elements: lower bounds 303

In fact we can give infinitely many examples of triples (n,t,r) for which there exists
z € O, 1Sy such that x has order 7 and = ¢ (0,,/;)". See Example [20.3.11

Notice that Lemma [19.3.13] holds in this case as well. So if x € G is special then
a; € {|n/r], |n/r]+1} for all 0 < i < r —1. In particular, thanks to Corollary [20.3.19
we have the following.

Lemma 20.3.20. Let © € G be a special element. Then %N H® # 0 if, and only if,
one of the following holds

(i) n is even [n/r] +0|p/r)—12 = t;
(i) n is odd [n/r] + 0|p/rj2 > t.
Assume special elements lie in H°. Then with the usual argument we can show that
given « € H® of order r then f§(z) > fS(z) for z € H® a special element (of order r).

Let v = [I4y,wlay, ..., w" ', ,] € H® be not special. In particular we may assume
that one of the following holds: a; —ag > 2, ag —ay; > 2 or a; — as > 2. In each of
these three cases we define an element y as follows.

Case 1. Assume a1 — ag > 2. Define

(266) Yy = Hagt+2, wlay—1,wlay, .. ]

Case 2. Assume ag — aj; > 2. Define

(267) y = [Log—2,wlayt1,wlsy, .. .]

Case 3. Assume a1 — a9 > 2. Define

(268) y = lag,wlay—1,wlayt1, -]

Notice that if z € H° then y as in (266|) and (268) lies in H°, thanks to Corollary
20.3.19 It is not true, in general, that y as in (267)) lies in H° (for example in the case
ag = t).

With the above notation we prove the following technical lemma which is the key
tool in the proof of our claim that special elements realise the best possible lower bound
on fq.

Lemma 20.3.21. Let x € H° ne not special. Define y as in (266]), (267) or (268) and
assume y € H°. Then

folx) > fo(y)
PROOF. The usual argument applies. For all the details see Appendix[B.4.5 g.e.d.

With the usual argument, see for example Lemma we deduce.
Proposition 20.3.22. Let x € H® be an element of prime order r. Then

fa() = f6(2)

where z € H® is special.

The following is the same of Proposition
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Proposition 20.3.23. Write n = |n/r|r+c. Any special element of prime order r in
G has centraliser isomorphic to
(269)

z = [IL%J+6,wIL%J+1,w_lfL%J+1, - ,w_LC/QJIL%JH,wLC/ZJ“IL%J, . ,w_%ILgJ}

T

where § = 0 for c is even, otherwise § = 1.

In the case z € H° we can compute f5(z) and, thanks to Proposition 20.3.22] this is
the best possible lower bound on fo(z) for z € G such that 2% N H° # (.

20.4. Local upper bounds

Recall that we denote Vs = {z € G : v(x) = s} and we write V,, for the set of
elements of Vs of order r. Assume r is an odd prime. In this section we derive upper
bounds on fq(x) for x € H NV;,. We shall study involutions in Section m

The main result of this section is the following.
Proposition 20.4.1. Assume r is an odd prime. Let v € H N\ Vs ,. If s <n/2 then

2s(n—s) 2s
fQ(x) <1- T + ﬁ
If s > n/2 then

s—1

n

fa(z) <1-

PRrROOF. Let z € V,,. Then, by Proposition we have dim % > max{s(n —

s—1),n(s —1)/2}. Using Proposition [17.2.1] we have

2 dim 2

2

fa(z) <1

n
The result quickly follows from observing that max{s(n — s — 1),n(s — 1)/2} =
s(n—s—1)if s <n/2and max{s(n—s—1),n(s—1)/2} =n(s—1)/2if s > n/2. gq.e.d.
Corollary 20.4.2. Let x € HNVs,. Then
s 1

<1-—
falz) < n+1+n

PrROOF. The result quickly follows with an easy computation using the bounds

given in Proposition [20.4.1 g.e.d.

20.4.1. Unipotent elements. Let x € H NV ,. Then, up to G-conjugacy, r =
[Ty, ... i and s=n — Y, a;.

With some restriction on s we can construct an element x € H NV, whose fo-value

is close to the upper bound of Proposition [20.4.1

Proposition 20.4.3. Assume s < n/2 is even. Then there exists x € H N Vs, such

that
2s(n — s) 2t2

n2  n2(t—1)

PROOF. Let x = [J5, JI"?*]. Then 2 € G (since s is even). Using Theorem we
compute dim 2% = s(n—s—1). Write s/2 = at+b where 0 < b < t. Let x = [x1, ..., 2]
where 21 = ... = x = [J3*T2 Jf’/tf4a74] €Opppand mpy1 = ... =z = [J3°, Jln/t%a] €

fo(z) >1—
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O,,t- Then z € H® and dim(z N H) > dim(z% N H°) > dim2"°. We compute

b
dim 2" = bdlmxl"/t + (t— b)dimx?"/t = ;(n —§)—s— 4¥(t —b)

Therefore 25 ) 8h(t— )
s(n—s -
>1— -
falz) 2 n?2 n2(t—1)
The result quickly follows from noticing that b(t — b) < t2/4. g.e.d.

20.4.2. Semisimple elements. Let z € V,,. If s < n/2 then the largest eigenspace
must be the l-eigenspace, since a; = a,—; for 1 < i < % Therefore, up to G-
conjugacy, we write

t=[In_g,wlay, .., w" 11, ]
with a; < n — s. In the case s > n/2 then, up to G-conjugacy (and up to centraliser

structure), one of the following two possibilities occurs
=l s wly,...,w ', ]
x = [Igy,wln_s, wQIaQ, . ,wT_QIaT_Q,wT_IIn,s]

with a; <n — s for all i and a9 =n (mod 2).

In the case where n/t is even, as already observed, if x € G has prime order r then
2% N H° # (. Hence we can make the same construction as for the symplectic case.
In particular we can construct a family of elements of H NV, with the property that

some of them realise the best possible upper bound on f§.
20.4.2.1. n/t even. In the case where n/t is even thanks to Proposition [20.3.12] all
the arguments given in Section [19.4.2| apply. In particular we have the following.

Proposition 20.4.4. Let x € HNV;,. Writen = (n—s)l+m where 0 <m < n —s.
Then f§(x) < fS(Z) where T is one of the following

(270)
s, (@0 Y nmsy ooy (@,07 ) T T, (0,07 F Ly o] I odd
[In—57(wawil)In—sv~~'7(w7w71)% 1In sa(w >2I(n s)/2> (ijf )é—HIm/?] [ even
I, (W, w™ D,y ..., (w, ) _5] [ odd
a1, (w,w s, (w, ) —s) [ even
Fnesmts (0,0 D s, (w,w*)%fn 5 (W, )l Tm1yy2) I odd
[ln—s—1, (w, W_I)In—Sa oy (w, W_l)éilln—& (w,w 1)%I(n—s+m+1)/2] [ even

20.5. Local lower bounds

In this section we derive lower bounds on fq(z) for x € H NV, where r # p is an
odd prime. Recall, by Proposition if v(z) = n — 1 then fo(zr) = 0 and there
exists z with v(z) = 2 such that fq(x) = 0. Moreover if n = 4 then fo([I2,w,w™!]) =0
and fqo([wle,w™11]) = 1/2. Therefore we may assume v(x) < n—2 and n > 4. Notice,

moreover, that v(z) > 1 for all semisimple elements z € G.

We have the following.
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Proposition 20.5.1. Let v € H° NV, ,. Then

s2n—s) s2n—-s—-1) 1 s—2
° >1— — 4
falz) = n? n3(1 — %) n n?

PROOF. Let z € HNVs,. Up to conjugation, write x = [Iy,,...,w" I, ] where
a; < n — s for all i. Moreover n — ag < n.
Proposition implies dimz% < 1(2ns—s®>—2s+1) < $(2n—s—1). In addition,
by Proposition [17.3.17] we have

1 1 n—a 1 1
: G o . G 0
2 (3 am 250
dim(z™ N H®) > P dimz 5 , + -
Therefore
dimQ —dimz%(1 -1+ 1) n—q 11
o > t n _ 177 _
Jalw) = dim §2 2dimQ( t + n)
S dimQ—5@n-s-DI-f+5) 1 ¢
- dim n  n2(t-—1)
_l_s(2n—s)_s(2n—s—1)_l_i_i_ t
B n? nd(1-1) n nZ n2(t-—1)
The result follows using t/(t — 1) < 2. g.e.d.

By Proposition [20.3.12} in the case where n/t is even, the lower bound given for the
symplectic case holds, see also Remark [20.3.13] Moreover we have a description of the

semisimple elements z € G of prime order r and z& N H® NV, # () such that for all
x € H° with v(z) = s and order r we have f5(z) > f3(z), see Definition (19.5.3

Proposition 20.5.2. Assume n/t is even. Let x € H N Vs,. Then

s(2n — s s(2n—s+1
fa(@) 21~ (n2 = (n?’(l—%))

It is convenient, for the purpose of the next section, to state the following simplified
lower bound. For a proof we refer the reader to Corollary [19.5.2

Corollary 20.5.3. Assume n/t is even. Let x € H NV, ,. Then

s(2n—s) 4
n? n

falz) > 11—

20.6. Further comments on local bounds

The following is a consequence of Propositions 20.4.1] and [20.5.1}
Proposition 20.6.1. Assume n/t is even and r # p is odd. Let x,y € H°NVs,. Then

s(n—s 4
stn—s) , 4

|fa(z) — fa(y)| <

PRrROOF. Let z,y € HNV;,. Then fo(x), fa(y) < U where U is given in Proposition

19.4.1} and fq(x), fa(y) > ¢ where ¢ is as in Corollary [20.5.3

n n
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Assume s > n/2 then

s—1 s+2 ns(t+1)—st(s+1) s2-2
- <1- —{= - =
’fﬂ(x) fQ(y)| = n n + ng(t — 1) n2
s(n—s) 2n(n+1)+3ns—2s(s+1)
= 5 T 3
n n
SS9 %11 ses) 4
- n? 8 2n?  2n? n? n

where the second inequality follows from the observation that the first line is maximal
when ¢ is minimal, i.e. t = 2. The second inequality follows from the fact that

9(s) =

2n(n+1) 4+ 3ns —2s(s + 1) 3n —2

<g(*=)
n3 4

If s < n/2 then, as in the previous case, we get

fola) — fa) <1- 202 20y snoe) ot

g.e.d.
Remark 20.6.2. In the case s < \/n or s > n—+/n we have |fo(z) — fa(y)| < ﬁ%— 3,

20.7. Involutions

In this section we give an explicit formula for fo(x), for any involution x € H (not
as-type). We mimic Section Recall that if p # 2 then for any involutions z,y € H
with v(z) = v(y) we have that either y € & or —y € ¢, in particular fo(z) = fo(y).
If p=2and 2 € H is an involution then v(z) identifies 2% only if it is odd; if v(x) = s
is even there are precisely two G-conjugacy classes of involutions whose representatives
are denoted by ag, cs, see Section Recall that, in the case p = 2, n/t must be
even.

Recall the notation established in Section [19.7} For ¢ € {0,..., [¢/2]} and an invo-
lution x € H,
() = dim Q — dim 2% + dim(z% N Homp)
Q= dim ©

In the case where n/2t is odd we set B’ = max{0, =t — 2}. If n/2t is even then i/ = 0.

The main result of this section is the following.
Theorem 20.7.1. Let x € G be an involution with v(x) = s.
(A) Assume x is not as-type and write s = |s/t]t +b. Then

2s(n—s)  2b(t—b)
n? n?(t—1)
(B) Assume p =2 and x is as-type. Write s/2 = |s/2t] +b. Sete =1 if s —h'} >

and € = 0 otherwise. Then

b (2) < falz) < f (2) +

fa(z) =1-

tL
c—
2n(t —1)

where v = 2 if n/2t is odd and n — 2s > 2t, and v = 1 otherwise. Furthermore one

of the following two conditions holds:
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(i) ' =0 and
o/ 2s(n—s) 8b(t—10)
al@)=1- n2  n2(t-1)
(i1) h' >0 and
fQ/(m)zl_Zst(n—s—l) n+2(s—t)

=1 | dn(—1)
The following is an immediate consequence of Theorem [20.7.1

Corollary 20.7.2. Assume p =2. Let x € G be an as-type involution. Then

fE(2) < fa(z) < f& (2) +%

Using the formulae in Theorem [20.7.1} we immediately deduce lower bounds on fq(x)
for x € G an involution.

Corollary 20.7.3. Let z € G be an involution. Assume x is not as-type if p = 2.
Then
1 t2
fo(z) > 9 m%/t—l;z
Moreover equality holds if v(x) = |n/2].
PROOF. The result follows using the same argument of Corollary g.e.d.

Remark 20.7.4. If p = 2 then n/t is even. Hence fq(z) > 1/2. If p # 2, it is
straightforward to check, using the lower bound in Corollary [20.7.3] that fq(z) >
1/2 —1/n.

For as-type involutions we could compute a lower bound in the same way. Also, notice
that the lower bound given in Lemma [20.3.8| is close to best possible. For example,
when n/2t is even, one computes f(ay/2) = 1/2+1t/(2n(t —1)); and, in the case n/2t
is odd then b/ = n/2 and fg(an/g) > 1/2 —2t2/(n?(t — 1)) with the equality possible.

The following is the analogue, for the orthogonal group, of Proposition [19.7.5
Proposition 20.7.5. Let z € G be an involution. Then ¢ N H # (. Furthermore:

(i) Assume p =2, n/2t is odd and x is as-type. Define h' = maX{O, STH — %} Then
9N Hmy # 0 and 2% N Hom; =0 for alli < 1.
(ii) In all the other cases x& N H® # ().
Remark 20.7.6. In the case p = 2 we have that n/t is even. A consequence of
Proposition [20.7.5|is that & N H° # () if, and only if, n — 2s > 2t. Notice that by the
proof of this result if A’ > 0 then

o

dim(af NH ) = dim([[n/t, R In/t, 2y, Z]Trh/)H

where 2z € O,,/; is an a,, /5;_1-type involution.

20.7.1. Semisimple involutions. Assume p # 2. Let x € G be an involution.
So, up to conjugation, & = [I,, —I,_,], with v(z) = s < n/2. Then 2 N H® # (. The
main aim of this section is to give an explicit formula for fo(x); in fact we shall show
that fo(x) = fo(z).

Recall the definition of d,y given in : da;p = 1 if b | @ and 0 otherwise.
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We define
z = [ILn/Qtjv_ n/t—\_n/QtJ]’ Z, = —Z
Notice that z = 2/ if n/t is even. In addition, z,2’ € Oy /t, by Theorem We

compute

1/n\2 6, /1. 1/n
20t - dim (2Ot — = ()T In/t=h2 g (" _s
dim z + dim(2") 5 (t ) 5 dim O,,/; + 5 ( " 5n/t72)

Lemma 20.7.7. Let € G be an involution. Assume x& N H°m; # () for some i > 0.
Then ¢ N Homi—1 # 0 and

dim(z% N H°m;_y) > dim(z% N Hm;)
Proor. Up to G conjugation, we write z = [I5, —I,—s] with s < n/2. By Lemma
x is H°-conjugate to
(271) Unjes- oo Injts T2i1s -+, T
for suitable involutions z; € O, ;. In particular, we may choose the z;’s such that

dim(z% N Hom;) = dim([Lje, - - g @201, - wilmi)

= idimO,, ; + Zt: dim ;"
j=2i+1
Thanks to Lemma [[7.4.6 we have
Ui s Lnjes s —Injts @201 - - me]miog € 290 Homy
where we have replaced, in , the last block I,,/; with —1I,, ;. Then

o

dim(z% N Homi_y) > dim([Ly g, - - - Lnges 25 2 X9ty T Ti—1)
t
= (i — 1)dim Oy, ; + dim 2%/¢ + dim ()% + > dim xf/
j=2i+1
1
= dim(z% N H°m;) + 5 (% — 5n/t;2) > dim(z% N H°m;)

The result follows. g.e.d.

Therefore we have the following.

Corollary 20.7.8. Let x € G be an involution. Then dim(x% N H) = dim(z% N H®).

Corollary [20.7.8| together with Theorems [5.3.1] and [I7.3.§|lead to an explicit formula
of fo(x) for any involution x € G.

Proposition 20.7.9. Letx € G be an involution with v(x) = s < n/2. Write s = ct+b
where 0 < b < t. Then
2s(n—s)  2b(t—b)

falz) =1~ n2 n?(t—1)

PROOF. This is a straightforward computation using the formulae for dim 2“ and
dim(z% N H®) given in Theorems [5.3.1{ and [17.3.8] respectively. g.e.d.
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We can easily compute global lower bound on fq(z), for x € G a semisimple involu-
tion. The following result is rather technical, however it is elementary and it is a quick

consequence of Proposition [20.7.9
Corollary 20.7.10. Let x € G be an involution. Then

fale) > L 4 dml2 £,
X - — n—
B =9 T o2 T 2n2(t—1) T2

with equality if, and only if, v(z) € {n/2,(n —1)/2}, ort|s and v(z) =n/2,n/2 — 1.

PrOOF. Write x5 = [I;,—I,—s] and s = ¢t + b where 0 < b < t. Then s — 1 =
c+(b—-1)ifb>0and s—1=(c—1)t+(t—1)if b =0. We claim fqo(zs) < fo(zs—1)-
In the case b > 0, we compute

fa(zs) — fa(zs-1) z—%(n—2s+1)— (t—2b+1)

2
n?(t—1)
2 2(t —3) 2
S*ﬁ(n*28+1)+m<*ﬁ(n*28)<0
In the case b = 0 we have

fa(zs) — fa(zs—1) = —%(n —25) <0

Notice, moreover, that fo(zs) = fa(xs—1) if, and only if, b =0 and s = n/2.

Therefore, for any involution x € G we have fo(z) > fa(z|,/2)), With equality if, and
only if, v(x) = [n/2] or v(x) =n/2 —1 and t | n/2. The result follows from applying
the formula in Proposition [20.7.9, Notice that for s = n/2 we have that either ¢ | n/2
or n/2 =1t/2 (mod t). So

B
2t 2t 2
Therefore

fo(@n/2) = 1_ Lg

VN2 Ty T ope(t— 1) 12

Assume n is odd. Then [n/2] = (n — 1)/2 and we have
VL - 1J _nft—1
2t 1 2

And, again, n/2 =t/2 (mod t). Therefore

1 1 12
falem-np) =5+ 55— 2m2(t — 1)5%—1;2

A simplified lower bound quickly follows.
Corollary 20.7.11. Let z € G be an involution. Then

1 1
fa(z) = GRS
Proor. We have
2b(t — t2 1 1
< < —
n?(t—1) ~ 2n2(t—1) " 4n—2) ~ n

and 2s(n — s) < n?/2. g.e.d.
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20.7.2. Unipotent involutions. Now we assume p = 2. Then, Proposition|4.1.11
implies that both n and n/t are even. The same discussion given in Section [19.7.2 holds.

The following is the key result needed to compute an explicit formula for dim(z% N
H®). Notice that it is the dual of Proposition [17.3.13 and the proof is totally similar
to that for Proposition [19.7.11

Proposition 20.7.12. Let z € G be an involution such that % N H® # (. Assume
r=[r1,...,2 € H® and dim(z% N H°) = dim 27"
(1) If x is as-type then x; is ag,-type and |s; — sj| < 2 for alli,j € {1,...,t};
(1t) If x is bs or cs-type, then x; is of type by, or cs,, with Y . s; = s and |s; — s;| <1
foralli,je{1,...,t}.
In addition, if © = [z1,...,2] is a block decomposition which satisfies the previous

L, . . O,
conditions then dim(z% N H°) = 3", dim 2, "/*.

20.7.2.1. as-type involutions. Let x € G be an as-type involution. In the case where
n/2t is even we have & N H® # (); in fact we shall construct a block decomposition
[21,...,2¢] € 2% at the end of this section, in order to compute f&(x). In the case where
n/2t is odd most of the results proved in Section hold. We summarise them in
the following, which characterises the as-type involutions for which a§ N H® # ().

Lemma 20.7.13. Assume n/2t is odd. Let x € G be as-type. Then & N H® # () if,
and only if n — 2s > 2t.
We can also characterise, in terms of combinatorial data, the smallest ¢ such that
2% N H°m; # 0. Let K = max{0, s#t — 2} Then Corollary [19.7.13| yields
29N Hompy # 0, and 2% N Hom; = 0
for all + < A/. In particular, if A’ > 0 then
(272) dim(wG NH°rmp) = dim([In/t, . 7In/t7 Top/41, - - - ,xt]ﬂ'h/)Ho

and z; is of type a, /9,1 for all i > 2h' 4 1.

Case 1. Assume 2N H° = (). In this case n/2t is odd and b’ = £t — 2 > 0. Then,
thanks to (272)), we have
2(s —t
dim(z% N H°my) = b/ dim Oyt + (t —21) dim(an/%,l)o"/f = n(n—{—8is))
So, since dimz% = s(n — s — 1), we have
() =1 2stin —s—1) n+2(s—1t)
n?(t—1) dn(t —1)

As in Section [19.7.2.1] if % N Hmp 1 # 0 and i < n/6 — s/3 we can compute
dim(z% N H°7pr4 ). In fact, Lemma [19.7.16| holds in this case, as well.

The following is the analogue of Lemma [19.7.18] and it is the main tool to prove
Theorem [20.7.1(B) in the case where A’ > 0.
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Lemma 20.7.14. Assume n/2t is odd. Let x € G be as-type. Assume v N H° = ).
Then
dim(z% N H) < dim(z® N H°my) + % —t

PROOF. The proof is entirely similar to the proof of Lemma [19.7.18 g.e.d.

If B’ =0 then 2% N H® # (. Now we deal with this case.

Case 2. Assume ¢ N H® # (. Let © € G be an as-type involution. Write s/2 =
[s/2t|t+b,0 < b <t Notice that O,,/, contains ay|s/¢|-type involutions and, if b # 0,
it contains ag|s/o¢|12-type involutions. Let z be an ay|,/o¢-involution, and 2’ be an
ag|s/2t|+2-involution. Define xy = ... =z, =2 € O, pand 2p41 = ... = 2, = 2 € Oy
Then [z1,...,Zp, Tps1, ..., 2] € % N H°. Moreover, thanks to Proposition we
have dim(z% N H°) = dim 2#°. We compute
dim(z% N H®) = sn=s) _ s — 4b(t —b)
t t

And, since dim 2% = s(n — s — 1), we get
2s(n—s) 8b(t—10)

n2  n2(t-1)

fo(r) =1-

The main tool in order to prove Theorem [20.7.1(B) for as-type involutions whose
G-classes meet H®, in the case n/2t is even, is the following.

Lemma 20.7.15. Assume n/2t is even. Let x € G be as-type. Assume x N H® # (.
Then

dim(z% N H) < dim(z% N H®) + %

Proovr. This is totally similar to the proof of Lemma [19.7.19] Also here we deduce
dim(z% N H°m;—1) > dim(z% N H°m;) — & for i such that 2¢ N H°m; # (. The result
follows with the same argument as for Lemma [19.7.19 g-e.d.

And, in the case where n/2t is odd we have the following.

Lemma 20.7.16. Assume n/2t is odd. Let x € G be as-type. Assume x% N H® # .
Then

dim(z¢ N H) < dim(z% N H°) + %

PROOF. The proof is very similar to that of Lemma [19.7.20] The only difference is
given by the extra term ‘—s’ appearing in the formula for dim(z% N H°). Exploiting
the proof of Lemma |19.7.20{ and using Mathematica we compute (for £ < n/2)

¢ —2 - —25)% +nt — 2t\/n/t(n — 2
g(ﬂ)gg(f—n 5>:5(n s)_s+(n s)*+n n/t(n — 2s)
2 2,/n/1; t 4t
Therefore, arguing as in Lemma [19.7.20 we get
4b(t —b
dim(z% N H) < dim(z% N H®) + g —2t+ (t)

In the case ¢ =t/2 we have s = n/2 and

dim(z% N H°mp) = dim(z% N H®) + g +1t

The result follows. g.e.d.
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Now, Theorem [20.7.1)B) follows from applying the upper bounds derived in Lemmas
20.7.14] [20.7.15] and [20.7.16]

20.7.2.2. bs, cs-type involutions. Mirroring the arguments in Section [19.7.2.2] also
here, we compute dim(z% N H).

Lemma 20.7.17. Let x € G be of type by or cs. Assume ¢ N H°m; # 0 for some
i>0. Then 2 N H°mi_1 # 0 and

dim(z% N H°m;) < dim(z® N Homi_y)

PROOF. The proof is totally similar to that of Lemma[19.7.21] The only difference
is that for z € O,,/; of type by, /9 or ¢, /9; we have 2dim 2O/t = %(%)2 Then following

the same argument we get the result. g.e.d.

In particular we have the following.

Corollary 20.7.18. Let x € G be of type bs or cs. Then
dim(z% N H) = dim(z% N H°)

As in Section[19.7.2.2] we write s = [s/t]t+b. We define x = [z1,...,2;] € H° where
the blocks z; are all b- or c-type with v(z1) = ... = v(xp) = |s/t] + 1 and v(zp1) =
. =v(xy) = |s/t]. Then, by Proposition we have dim(z% N H°) = dim 2
and
dim(z N H®) = S(nt_ s) — ot t_ )
By Corollary we have dim(z% N H) = dim(z¥N H®). Therefore, using dim & =

s(n —s), we get an explicit formula for fo(zx).

Proposition 20.7.19. Let x € G be of type bs or cs. Write s = |s/t|t +b. Then

2s(n—s)  2b(t—b)
n2  n2(t—1)

falx)=1-

This concludes the proof of Theorem [20.7.1






APPENDIX A

List of results

The purpose of this appendix is to give an overall guide to the results proved in the thesis,

for the reader’s convenience.

A.1. Background

Let G be a classical group, i.e. G = GL,,Sp,, or O,, defined over an algebraically closed
field of characteristic p. Let H < G be a closed subgroup in one of the families %5, 63, %s. In
the following we recall the reader the structure of H in the various cases. For more details we
refer to Chapters [9] for 6€s-, 63- and %»-subgroups, respectively.

Assume H € %5. Then the possibilities for G and H are as follows
GLn/t ! St < GLn, Spn/t { St < Spn, On/t ZSt < On

Here, S; acts by permuting the linear factors. Notice that, when G = O,,, we assume n/t > 1

and, in the case p = 2, we also assume n/t is even.

In the case H € €3 then G = Sp,, or O,, with n even and
H = {(A A,,,) Ac GLn/2}.<T> 2 GL, 5.2

where 7 = (eln/z I"/2), and e = —1 if G = Sp,, whereas e =1 for G = O,,.
If H € 65 then the possibilities for (G, H) are:

(Sp'ru On) and p= 2

In the following we give various tables where we record the results proved for each action.

A.2. How to read the tables

In the first set of tables (Tables —1A.3.6) we fix an action — i.e. we fix H to be a
subgroup of a particular family — and we give two tables for each action: one in which we give

references for results regarding global bounds and the other for local bounds.

In the second set of tables (Tables —|A.3.11)) we fix a certain type of bound (e.g. global
lower bounds for unipotent elements, or local upper bounds) and we give references for results

dealing with the corresponding bound for any classical group in any action.
References for involutions are given in Table [A.3.12] (see (6), below).

The tables are self-explanatory, here we explain the main notations. Recall that for G a
classical group and H < G a closed subgroup in %5,%35 or 6z we provide upper and lower
bounds on fq(x) for z € G such that x9N H # . Since fo(z) = fo(x9) for all g € G, we

usually assume z € H.
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(1) r is the (prime) order of the element; p is the characteristic of the field (recall we set
p = oo for the characteristic zero case);

(2) given x € H we set v(z) = s;

(3) the notation regarding the results stated for the accuracy part is one of three types:

(i) we write “~” if the result on the bound comprises a characterisation or gives com-
ments on the sharpness of the bound;

(ii) in black we state either results in which the reader can find the characterisation of
the elements that realise the bound or results where elements that realise the bound
are given;

(iii) in red we refer to existence results: these results will show the existence of an

element whose fo-value is close to the bound;
(4) we write —<— if we have not dealt with the corresponding case;
(5) we write “N/A” if such case does not occur, e.g. G3-actions when G = GLy,;

(6) Table records results for involutions. It comprises two lines: formula and approxi-

mation. The aim here is to show that for any involution « € G we have
g(n7t7 S) < fﬂ(m) < g(nat7 5) +e€

for € > 0. We refer to results where we give these data and we write v* in the formula line

if € =0, otherwise we write v in the approzimation line.

A.3. The tables

G Upper bound Lower bound
r#£2 r=2 r=p#2 pFETFE2 r=2
SPy,
1231 > n)
Bound 14.1.1 [14.7.2 14.2.1 T13.15 (r < n) 14.7.2
~ ~ ~(p|n,p>n/2) ~ -
Accuracy 11.2.8 (0.w.)
On
15.3.1] (r > n)
Bound 15.1.1| [15.7.2 15.2.1] 15.3.14 (r < n) 15.7.2
~(pln)
Accuracy — - 15.2.5( (p < n/2,ptn) - -
15.2.8/ (p > n/2)

Table A.3.1. Global bounds for %3-actions
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G Upper bound Lower bound
r=p rT#p r=p r#p

SPn

14.5.14(s <r —1)
Bound 14.4.4) 114.4.14 14.5.2 m‘((o.w.)
Accuracy [14.4.6) [14.4.15  [14.5.3 [14.5.11]
O,

15.5.8 (s <r—1)
Bound 15.4.3| |15.4.14 15.5.2 559 (0.w.)
Accuracy |15.4.6] [15.4.15 15.5.3] |15.5.7

Table A.3.2. Local bounds for %3-actions

(G,H) Upper bound Lower bound
r=p r#FEp r=2#p
(GL,, Sp,,)
Bound 10.1.1
Accuracy - 1025 (2 <p<n.pfn) 10.3.6] —
— (0.w.)
(GLy, On)
Bound 11.1.1 11.2.1 11.3.5| §(11.3.2
Accuracy - 1129 (2 <p<nlpin) 11.3.4 —
— (o.w.)
Bound, Acc. 19.4.1 9.4.3 9.4.3 [9.4.3
Table A.3.3. Global bounds for %s-actions
(G, H) Upper bound Lower bound
r=op r#£p r=p r#£p
(GLn, Sp,,)
Bound 10.4.10  [10.5.2
4. n_ < 5
Accuracy (725 <) 10.4.12 [10.5.3 (s < n/2) [10.5.6](s < n/2)
—+ (0.w.) —¢ (o.w.) —¢+ (o.w.)
(GLy,, Oy)
Bound 11.4.2 [11.4.5] 111.5.2] 11.5.4
[<4
Accuracy (s <n/2) 1146 11.5.3| (s < p) 11.5.5| (s < n/2)
—+ (0.w.) —+ (0.w.) —< (0.w.)
B B 9.4.4) (s < n/2)
Bound, Acc. 9.4.4 517 (0.w.)

Table A.3.4. Local bounds for %s-actions
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G Upper bound Lower bound
r=p rF#D
GL,
18.3.1(r > n)
Bound 18.1.1 18.2.1 18.3.19 (0.w.)
-(p>n) —(r>n)
Accuracy — 18.2.16| (p { n) 18.3.14] (2 # r < n)
18.2.17 (p < n,ptn) 18.7.3| (r = 2)
Spy,
19.3.1{r >n—1)
Bound 19.1.1 19.2.1 19.3.16| (2 #r <n —2)
19.3.0 (r = 2)
~(p>n/2)
(r>n—
Accuracy — 192102 #p[n) 19(7:;, I2n(2 71)7" <n-—1)
19.2.11) (2 #p <n/2,p{n) 19'7'4 (r=2)
19.7.4] (p = 2) LA =
On
20.3.1{r >n—1)
20.3.16] (r < n — 1,1/t even)
Bound 20.1.1 20.2.1 50.5.0] (r <1 — 1,n/t 0dd)
2038 (r = 2)
B - (r>n-1)
20(2 T3n(/22;é In) 20.3.15 (r <n —1,n/t even)
Accuracy - = pin 20.3.21| (z € H°,r <n —1,n/t odd)

20.2.14 (2 #p<n/2,ptn)

207 (p=2)

—< (n/t odd)

RO73 (r=2)

Table A.3.5. Global bounds for %s-actions
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A.3 The tables

SuOI}0B-29, 10J SPUNO( [€207 *9°¢’V 9[qel
(ppo 2/u) —+ ((m0) =+

S S v fio04n00
(woro 2/w)[F0d  (z/u > 5)[ET°0d v
(oH 2 T ‘PO 3/u) =<
(wono 7/u)[z 6 0] —¢ I'7°0¢ 1708 punog
(cH 2 *]T°5°07
"0
. (¢/uzg > sloT¥61] (m0) =<
e N fiovanoo
et ETel  (c/uS s)|gr6r 4
(PPos‘T—u4>u—sg 06
‘oD ST — 4 > 5) 1 < V¥6T CV6I punog
LSol
7681 (o) > 7'¥81 Q\MMMW MHWM fio0.m20y
u= e _
(u=2)[eT781 (z/us $\[ITTel
(o) ggET] (EF N e
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G ©s Cs 6
GL,
10.1.1 (Sp,,)
18.1.1] N/A T (0]
Sp,
T4.10] (r # 2)
19.1.1 N (0.w.) 9.4.1
O,
15.1.1) (r # 2)
2011 e=sl (o) VA
Table A.3.7. Upper bounds
G b ©s b
GL,
10.2.1 (Sp,,)
Bound 18.2.1 N/A 21 (0,)
- >
18<.1;.16n(20 In) 10.2.5|(2#p<n & ptn,Sp,)
Accuracy TS2T7 (p < 1 & pin) }1(.2.5 ()2 #p<n&ptn,Op)
18.7.3 (p = 2) W
Sp,,
Bound 9.4.3
- (p>n/2) (p>n/2,orp<n/2&
19.2.10| (p | n) ~n/2=0,p—1 (mod p))
Accurecy 55T (2 £ p<n& pin) [[I28 (0w, p#2)
10.7.4 (p = 2) T1.7.9 (p = 2)
Oy,
Bound N/A
— (p>n/2), ~(2#pln)
20.2.13[ (2 # p | n) 15.2.5| (p < n/2 & pin)
Accuracy B55TN (2 £ p<n & pin) [B28(p>n/2)
20.7.9] (p = 2) 15.7.2 (p = 2)

Table A.3.8. Global lower bounds for prime order unipotent elements



A.3 The tables

321

G (52 %3 %6
GL,
10.3.1] (Sp,,)
10.3.7] (2 # r < n, Sp,,)
Bound %7& g n)) N/A 10.3.9| (r = 2, Sp,,)
2 N0 W 11.3.5 (r # 2,0,)
§[[1.3.2 (r = 2,0,)
—(r>n) B
Accuracy [18.3.14] (2 # r < mn) B E%p"))
18.7.3) (r = 2) "
Sp,,
14.3.1) (r > n)
Bound 13'2'}6@2 2 ”)* D 3150 <n) 9.4.3
2 2 RO 14.7.0 (r = 2)
—(r>=n-1)
Accuracy [19.3.12/ (r<n—1) - -
19.7.4] (r = 2)
O,
20.3.1 (r>n—1) [15.3.1] (r > n)
Bound 20.3.16| (n/t even) [15.3.14| (2 #r <n) N/A
20.3.0] (n/t 0odd)  [15.7.9 (r = 2)
~(r>n-1)
20.3.15[ (n/t even)
(x € H° B
Accuracy 20.3.21 n/t odd)

—+< (n/t odd)

RO7I0 (r=2)

Table A.3.9. Global lower bounds for prime order semisimple elements



322 Part 4. Appendix A: List of results

G ©> & %
GL,
Bound 18.4.1 N/A
18411 (r = p,s < n/2)
18.4.12| (r=p, o.w.)
Accuracy 2793 (1 — p,t = n)
18.4.4] (r # p)
Sp,
19.4.2) (r = p) 14.4.4) (r =p)
Bound 7577 (r ) T2 (r £ p) [
1943 (r = p,s < n/2)
—¢ (r=p, o.w.) 14.4.6] (r = p)
Accuracy o> (r £ p) T4415) (r # p)
19.4.10r # p, s < 2n/3)
On
15.4.3 (r = p)
Bound  [20.4.1 :1:|'\5.4.14 (r #p) N/A
(r=p.s<n/2)
A —¢ (r=p, ow.) 15.4.0(r = p)
ceuracy oo (r #p, n/t even) [15.4.15(r # p)

—< (r #p, o.w.)
Table A.3.10. Local upper bounds
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G %2 %3 %6
GL,
18.4.13| (r = p,t =n) 1052 (r = p,Sp, )
18.5.10| (r = p,t = 2) 051 (r 2 oS0
Bound —<¢ (r=p,t #2,n) N/A 0. D; pn
11.5.2 (r = p,0y)
18.5.5(r #p,s <r—1) TT5.d (r # )
18.5.8| (r # p, o.w.) — PO
(r=p,s<p,Sp,)
—+< (r =p, o.w., Sp,,)
(r=p,t=n) 10.5.6 (r # p,s < n/2,Sp,,)
Accuracy —><—_(7“p’: p_ o.w.) —< (r #p, o.w., Sp,)
854 (r  p) 1153 (r =p,s < p,On)
= —« (r=po.w., Oy)
11.5.5 (r # p,s <n/2,0,)
—¢ (r#p, ow., Op)
Sp,,
—¢ (r=p) 1452 (r =
Bound  TAEI }i'g'i(r #p) <r_1) PERG<n/2)
oun 19.5.6 (T 7& p,s S r— 13 S even; — " p,s=r 9.4.5 (OW)
S50 < — 1,5 0dd) 14.5.15| (r # p, 0.w.)
—¢ (r=p) 14.5.3| (r = p) B
Accuracy o (v o4 p) 14.5.11] (r # p)
Oy,
—< (r=p)
o 15.5.2| (r = p)
Bound 20.5. (7 # p,z € H°) 155.8/ (r #p,s <r—1) N/A
20.5.2| (r # p,n/t even) 550 (r £ p, o.w.)
— (r#p,n/todd, z ¢ H®) — P
Accuracy —< 1223 E: ;Zg
Table A.3.11. Local lower bounds
G (52 %3 <56
GL,
9.3.1 (Sp,,)
18.7.1 N/A B 0]
Formula v v
Approximation
SPp
19.7.1 14.7.1
Formula v (p =2,z not as-type) v v
Approzimation v (0.w.)
Oy,
20.7.1 N/A
Formula v (x not as-type) v N/A
Approzimation v (0.w.)

Table A.3.12. Involutions






APPENDIX B

Miscellaneous results

B.1. On the dominance ordering of partitions

Let n be a positive integer and A = (A1, ..., A,) be a partition of n. We write A - n. Then
Xi € Zx0, A1 > A2 > ... > Ay and ), \; = n. Recall, from Section given partitions A\, u - n

the dominance ordering is defined as follows: p < A if, and only if, for all 1 <1 <n
1 l
domsY N
i=1 i=1

The following result gives a minimal element in the set of partitions of an integer n with a

fixed number of non-zero parts.

Lemma B.1.1. Let n,t € Z~qo such thatt <n. Writen =at+b, 0 <b<t. Let py = ... =
wp=a+1and ppr1 =... = =a. Set p= (p1,..., ) Fn. Let X\ = (A1,..., ) Fn such
that \; # 0 for all i. Then p < .

PrOOF. First we show that \; > a+ 1 if A # p. Assume A\; < a. Thenn =) . A\ <

a—1+ Zizz Ai < (a—1)t < n,since \; < A; < a— 1. Hence, we deduce A; > a. Now assume
A1 = a. Then, as before, n = a+ ) .., A\ < at, which is absurd if, and only if, b > 0. For
b =0, instead, we deduce A = y. Therefore either Ay = a and A = p or, \; > a+ 1. In the case

A = p the result trivially follows, hence we may assume A # pso Ay > a + 1.

We define the following notation. Let A = (A1,..., ) Fnand 1 <1 < ¢, we denote

YUOYED PP

i>l

Seeking a contradiction, assume there exists h € {1,...,t} such that

h h
(273) S o> N
i=1 i=1

In particular, we may assume h is the least integer with this property, and by the previous
discussion h > 1. Thus Z?;ll i < Z?;ll Ai. Therefore

h—1 h—1 h—1
YN =Y >y A+
i=1 i=1 i=1

Thus pp > Ap.

In the case h < b we have up, = a+ 1 > Ap. In particular a > A\p,. So, a > A; for alli > h
since Ap, > Apg1 > ... > A If, instead, b > b we have pp, = a > A\p. Hence a > A; for all i > h.
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Therefore, in both cases Ap1(p) > Apt1(A). This with (273]) yields

h
n=Apy1(p) +Z,Ui > Apt1(N) +Z)\ =n

i=1 i=1
which is a contradiction. The result follows. g.e.d.

Example B.1.2. Let z = [J,7,...,J{'] € GL,, and assume v(z) = s, so that >, a; = n — s.
Write n = (n — s)a+b where 0 <b<n—s. Let y = [J, |, J' 7], and notice that v(y) = s.
Then, by Lemma and Proposition we have dim 2z > dim y©.

B.2. A useful inequality

Often in our arguments we have been using the following result.
Proposition B.2.1. Let aq,...,a, be positive integers. Then

Stz (a)
i=1

i=1
B.3. Conjugacy classes of unipotent elements in characteristic zero

Let G = Cl,,, H < G be a %;-subgroup for i = 2,3,6. Several times we observe that if
n < p<ooand z € G is unipotent then ¢ N H = ¢ N H°. Here we show that the same holds

in the characteristic zero case (recall that we set p = 00).
Lemma B.3.1. Assume p = oo. Let H < G be closed and x € G be unipotent. Then
29N H=2%nH°.

PrOOF. Notice that all unipotent elements of G have infinite order. Proposition [2.1.2)
implies that H/H® is a finite subgroup. Hence H/H?® is an algebraic group over k. Consider
m: H — H/H® the natural projection. Let © € H be unipotent. Then 7 (z) is unipotent, by
Theorem [2.3.3(iii). Thus, 7(z) = 1 otherwise it would have infinite order. So z € H°. Hence

H \ H° does not contain unipotent elements. The result follows. g.e.d.
B.4. %5-actions

Here we record some of the technical proofs we have omitted. In the following we assume r

is an odd prime and w € k is a primitive r-th root of unity.

B.4.1. Lower bounds on semisimple elements, G = GL,,.

PROOF. Assumer |n. Letx = [I,),,...,w" " '1,/.]. Definey = [I,/p_1,wly/py1, ... 0" 1L 0]
Then we want to show f§(z) < f§(y) with equality if, and only if, ¢ | n. It is enough to show

dim(y® N H®) — dim(z% N H°) > dim y© — dim ¢

with equality if, and only if, 7¢ | n. We have dim y“ — dim 2% = —2. Using Theorem [17.3.8| we

compute

)~ <22 (2 (2 - ) -2)

(P50 - D (P - D -2)

+2{71/7;— 1J B 2{n/rt+ IJ
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Let us write n/r = at + b, with b € {0,...,t — 1}, we consider three cases:

Case 1. If b = 0 we have

25 -] o 2 27 -

t t t t

and a straightforward computation shows dim(y“ N H°) — dim(z% N H®) = —2.

Case 2. If be {1,...,¢t — 2} then

] o [ - 2

t Tt t t

and we deduce that dim(y® N H°) — dim(z% N H®) = 0.

Case 3. If b=t — 1 we have

L - (2 o[22 27 -

t t

and a straightforward computation shows dim(y“ N H°) — dim(z% N H°) = 0.

The result follows. g.e.d.

B.4.2. Local upper bounds, G = GL,.

PROOF OF LEMMA 87 Write n = (n — s)l + m with 0 < m < n —s. Here z =
sy wlay ..., w ", ] € HN V,,» with centraliser not isomorphic to the centraliser of
T =l swlh ..., 0" ', o w!'l,]. We assume a; = min{a; : a; # 0} and as = max{a; :
a; <n — s} and we define y = [I,,_s,wly, 1,0 loyi1,...,w" ', _,]. Theny € HNV,,. We
claim f§(z) < f§(y) with equality if, and only if, a1 = ag or a; =0,t — 1 (mod ).

We have f§(x) < f3(y) if, and only if,
(274) dimy% — dim 2% < dim(y® N H®) — dim(z% N H®)
And using Theorem [17.3.8] we compute:

dimy® — dimz% = 2(a; —ag — 1)

S
=
—_

dim@%ﬂw-dim(manﬂwzwl—w 5

SN—
_l_
l—l_
Q
_

IJ
k)
—MVTH‘?J) 2|

=17

t
t

,_
<
)
~

As in Lemma [I8:3.T1] we get four cases depending on the values of the floor functions.

Case 1. For %=1 = [% ]| and |%2F ] = [ %], the inequality (274) is equivalent to (here we
shall prove the strict inequality):

(275) ay —as— 1< {EJ - VBJ
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Case 2. If L‘“T_IJ =|%]—1and Lazt-i-lj

here we shall prove the strict inequality):

(276) {%J - {%J —1<0

|22 ] 41, the inequality (274) is equivalent to (also

Case 3. If [“=1] = |% | — 1 and [%2t1| = [%], the inequality (274) is equivalent to
ag a1
* L t J a { t J

Case 4. Finally, for [“=1] = % | and |23 ] = 2] + 1, the inequality (274) is equivalent

t T

o< 2] 2] [ e

Let us observe that, in this case, az = |aa/t]t + (t — 1), hence (274)) is equivalent to

~+

(277) az > [%J

to

(278) ap < {%J - VTQJ +as

Let us consider each of these four cases.

Case 1. In this case we can write a; = b1t + ¢; and ag = bat + ¢y where ¢; € {1,...,t — 1}
and ¢o € {0,...,t —2}. With this notation is equivalent to a1 —as — 1 < by — by. If
a; = ag we have a1 —as — 1 = =1 < 0 = |a;/t] — |az/t] hence holds. If a1 < as we
consider two cases. Either b = by and ¢ < ¢3, in which case the inequality is equivalent
to ¢ — co — 1 < 0, which is clearly true. Or b; < bo, in which case is equivalent to
(by —b2)(t — 1) + (1 — c2) — 1 < 0, which is true because (by — ba)(t — 1)+ (¢c1 —¢c2) =1 <
—(t—1)+(t—1)—1<0,since by —by < —1 and ¢; — ¢y <t — 1. Hence is proved.

Case 2. In the second case we have a; = byt and ag = bat + (t — 1). If by > by we would
have a; = bt > (by + 1)t > bot +t — 1 = ay which contradicts the hypothesis a1 < as.
Therefore b; < bs. The inequality is equivalent to by — bs — 1 < 0, which is satisfied since
by —by—1<by—by—1=-1<0.

Case 3. In this case we may write a; = bit,as = bat + c2, where ¢o € {0,...,t —2}. And
inequality (277)) is equivalent to bat 4+ co > byt — by + bo. Let us consider separately the case
co = 0 from the one in which ¢ # 0.

First assume ¢y = 0. If by = by then in (277) equality holds, therefore fo(z) = fa(y). If
b1 < by then (277)) is equivalent to (b — b1)(t — 1) > 0, clearly true (notice that here the strict
inequality holds). Notice that the case by > bs does not arise, since this would imply a1 > as.

If ¢5 # 0, again we need to show by < by. Thus is equivalent to bot +co > b1t — by + bo,
which can be written as (by — b1)(t — 1) + ¢a > 0. Assume by > by, hence by > by + 1;
then a3 = b1t > (ba + 1)t > bat + co = ao which is absurd. Hence b; < by and we have
(b —b1)(t — 1) + ca > o > 0, also here the strict inequality holds.

Case 4. In the fourth case we have a1 = b1t + ¢1,a2 = bot + (t — 1) where ¢; € {1,...,t —1}.
And inequality is equivalent to (by — b2)(t — 1) + (¢; — (¢ — 1)) < 0. This last inequality
is always true since by < by (for the same reasons as in the previous cases) and ¢; < t — 1.
Moreover equality holds if, and only if, by = by and ¢; =t —1,1ie. a3 =az and a1 =t —1
(mod t). g-e.d.

B.4.3. Semisimple elements: lower bounds, G = Sp,,.
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PRrROOF OF LEMMA MO.3.11] Let 2 = [I,,,wl4,,...,w" 11, _,] € H be a non-special ele-
ment of prime order r. Since z is not special, thanks to Lemma [19.3.10] one of the following

holds: a1y —as > 2,a0 — a1 > 2 or a1 — ag > 2. For each of these three cases we have defined
an element y, see (234), (235) and (236]). We claim that f3(x) > fS(y).

The claim is equivalent to the following
(279) dimy® — dim 2% > dim(y® N H°) — dim(z% N H®)

Let us study the three different cases.

Assume a; — az > 2. Then, for y as in (234) we have dim y“ —dim 2% = 2(a; —az —1). Using
the formula in Theorem [17.3.8] we have that dim(y% N H°) — dim(z% N H®) is the same as in
the proof of Lemma [18.3.11] with a; and as in the place of ag and a1, respectively. The same

argument verbatim applies here.

Assume ag —a; > 2. Let y as in (235). We compute dimy® — dimz¢ = 2(ap — a; — 1).
Let ag = cot + bpl and a1 = ci1t + by, with 0 < b; < t, i = 1,2. Assume ¢y — ¢; < 0 then
ap —ay; = (co — 1)t + by — by < —t + by — by < 0 which is absurd, so ¢y — ¢; > 0.

Using Theorem we have

dim(y“ N H°) — dim(z N H°) *2+2t({ J {22J2)+4V02;2J
t—%)(VO_QJ 50 -2
(1)

w2 - [F)

We follow the same argument as that given in Lemma Hence we have four cases
depending on the values of the floor functions appearing in dim(y® N H°) — dim(z% N H°).
Notice that ag/2 = |ag/2t]t + by and ay = |a1/t|t + by, where 0 < b; < t for i = 0,1. In the
notation introduced above c¢g = 2|ag/2t] and ¢; = |a;/t].

Case 1. Assume L“OQ;QJ = L‘;—‘;J and Lalt—HJ = L%J Hence by > 0 and b; <t — 1. Then
is equivalent to

ao ay
2 Ca—1>1 2{7J_{7J
( 80) ao aq = + 2t :
Recall that 2{‘;—°J — L%J > 0, if equality holds then ag — a; = 2bg — by > 2, hence 1D is
satisfied. If 2L2tJ L“—;J > 1 then

(2{‘2“” VltlD(t—l)+2bo—b1—2>(t—1)+2—(t—2)—2>0

where we used 2by > 2 and by <t — 2. In particular, (280 is satisfied.

Case 2. If L“O 2J = {‘;—H — 1 and LMTHJ = L%J + 1 then by = 0 and by = t — 1. Thus
ap —ay; = (co — 1)t — (t — 1) > 2, in particular ¢g > ¢1. And (279)) is equivalent to

0 o] |2] 120

which is satisfied by the observation that 2| % | — [ %] > 0.
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Case 3. Assume L“O_zj = L%J — 1 and L“%HJ = L‘%J Hence by = 0 and b; <t — 1. Hence

2t
[279) is equivalent to
ao al
282 <2{*Jt—1 {*J
(282) ar 2| o [(E=1) + |5

Substituting the value a; = |a1/t]t + by we have

2[le-nr [F] e =2ge-n-[Fe-v-b> O] - [F]-)e-y

In the case 2L%J - L‘%J = 0 we have ag — a1 = 2bg — by = —b; < 0 which is absurd since

ap — a1 > 2. Therefore (282)) is satisfied.

Case 4. Assume L‘IOZ;QJ = L‘;—;’J and L‘“THJ = L%J + 1. Hence by > 0 and by =t — 1. Hence

(279) is equivalent to

(283) 0—1>2[2tJ+[%J(t—1)+t

Again, substituting the value ag = 2|ag/2t|t + 2by, we have

a0—1—2btJ L%J(t—l)—t_thJ(t—l) L%J(t—1)—t+2b0—1

(]~ (2] - v

IfZL%—‘;J — VTIJ > 1 we see that 1) is satisfied, since by > 1. Hence, assume QL%J — L%J =0,
in particular ag — a; = 2by — by and since ag — a; > 2 we deduce 2(bg — 1) > by =t — 1. We
have

a0—1—2btJ {%J(t—l)—t:—(t—l)w(bo—1) >0

where the last equality follows from b; = ¢ — 1. Therefore (283]) holds.

Assume a; — ag > 2. Let y as in (236)). We compute dim y© —dim 2% = 2(a; —ag —2). Write
ag = cot + by and a1 = c1t + by, with 0 < b; < t, as before. Again ¢y < ¢;. We have

diny® %) - din(e® 1% = 2+ 2| 5= - | G]) -4

a5 )+ 2
=I5
-z <[ 2)

We use the same procedure as in the previous case. Write ag/2 = |ag/2t|t + by and a3 =
la1/t]t + by, where 0 <b; <t fori=0,1.

Case 1. Assume L‘I“TIQJ = L‘;—‘;J and LMTAJ = L“t—lJ Hence by <t —1 and b; > 0. So is

equivalent to

a

(284) al—aO—ZE{%J—Q{%J—I
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In the case |ay/t] = 2|ao/2t| we have a1 —ag = by —2by > 2, and so ([284)) is satisfied. Assume
la1/t] > 2|ag/2t]. Then we have

aq aop o 1 1 b1—2b0—t
) a—w-1-|F] G ca(i-g) ca(i-g) s 25—
1 by —2by — t
= (ay — 1_,> 20—t
(al ao)( 7 + 7
1 1—-2t+4—1t 3
>211— - - =14 -
- ( t)+ t +t

where we used a; —ag > 2, by > 1 and by <t — 2. Notice that the left hand side of (285) is an
integer. Therefore we deduce that (284)) is satisfied.

Case 2. Assume L“%ﬁj = L’;—;’J +1 and L“lT_lJ = La—tlJ — 1. Then bg =t —1 and b; = 0. So
that a1 — ag = (la1/t] — 2ao/2t])t — 2t + 2 > 2, thus |a1/t| — 2|ag/2t] —2 > 0. We see that

(279) is equivalent to

(286) [%J - 2%‘;J —2>0

which is satisfied by the previous observation.

Case 3. Assume {%J = L%J + 1 and L‘“T*lj = L%J we have by =t — 1 and by > 0. Hence

(279) is equivalent to

(287) a > -1+ [%J +2B—2J (t—1)+2t
And we have
aq Qg al—bl ao—Q(t—l)
1—{—J—2L—J — ) —2t= 1— _ 1) -2
a, + , 5 (t ) t=a + ; " (t ) t
N b 2
PN PRI
t tt t
1 b1 Qg 2
> 2(1—f) a0 342
(a0 +2) )T T 1
ap b 1
—ap 204+ 1> (177> |
(o)) t+t an +t
L
=1

where the first inequality is due to a; — ag > 2, the second to b; > 1 and the last to t > 2.
a

In particular since ay + 1 — LTlJ - 2[

non-negative. Hence ([287) is satisfied.

ao

% |(t — 1) — 2t is an integer we deduce that it is always

Case 4. Assume {ao;{zj = L%J and L‘“flj = L%J — 1 we have by <t —1 and by = 0. Hence

(279) is equivalent to

a1 ag
288 < PJ t—1 2{fJ
(288) ap < | |(t=1)+2|

Notice that | % | = a;/t. Hence we compute

D1+ 2 2] —a=ar (1 1) —ap + 2

1\ b N t-2 2
:(al—ao)(l—g)—2%22(1—7)—2—:¥>0
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where we used a1 —ag > 2 and by < t — 2. Therefore (288) is satisfied and the proof is
complete. g.e.d.

B.4.4. Local upper bounds, G = Sp,,.

ProoF oF LEMMA [O.4.7 Write n = (n—s)l+m, where 0 < m < n—s. Here we assume
= Ly, wly—s,w? Loy, ...,w" " 1,_] € HNV;,. In addition, we assume that the centraliser

of x is not isomorphic to the centraliser of one of the following (depending on the parity of [):
[, (W, w ™ g,y (w0, 0™ D)2 0], [Tty (w0 D, (w,w™ D2
So, thanks to Lemma we may assume that one of the following holds:
(i) ap = max{b; : by <n —s— 1} and az = min{a; : b; > 0};
(ii) ap = min{b; : b; > 0} and az = max{a; : b; <n — s};
(iii) a2 = max{b; : b; <n — s} and ag = min{a; : b; > 0};

In each of these three cases we define y € H NV, as in (244]), (245) or (246)). Then we claim
fa(@) < f8(y).
We only need to check cases (i) and (ii), since in case (iii) we get the same inequality as

that shown in the proof of Lemma (as in Lemma [19.4.5). We need to show

(289) dimy® — dim 2% < dim(y® N H°) — dim(z% N H®)

Assume case (i) holds, in particular ag > ag. Write ag = bt + ¢, and ag = bat + c2, and assume
b, < ba, then ag — az = (b — ba)t + (¢ — c2) < —t +t — 1 = —1, therefore bj; > by. Let y as in
(244). Then we compute dimy® — dimz% = —2(ag — az + 2). And, using Theorem [17.3.8] we
get

a0 i) = 22| [55) 4|5

+2(t—ao)<VOTJ{2J -15))
ol |2 - %)) 2
(-2 (|2 | 2))

As usual, we need to study the four cases that arise from the different possible values of the

floor functions.

Case 1. If |20F2| = | %0 | and |2271]| = [ % |. We have that is equivalent to

(290) ao—a1+221+2L%J7L%J

Let us write ag/2 = bot + ¢o and as = bat + co where 0 < ¢g <t —1 and 0 < ¢p < t. In the case
co < t/2 we have b, = 2b(, and ¢}, = 2¢p, so 2by > by, by the previous discussion. If t/2 > ¢y < t
then b, = 2bp + 1 and ¢, = 2¢cyp — t, thus 2by + 1 > bs.

Substituting these values in (290]) we see that it is equivalent to

(t - 1)(2b0 - bg) + (200 — 02) +1>0
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First assume ¢g < t/2. If 2by = by then ag — az = 2¢¢9 — ¢ and the previous inequality is
satisfied. If 2by > bo then, using 2¢o > 0, ¢ < t, we have (t — 1)(2bg — b2) + (2¢9 — ¢2) + 1 >
t—l+(0—t)+1=0.

Now assume ¢o > ¢/2, so that 2bg+1 > ba. If 2bp+1 = by then ag—as = 2¢o—t+ce > 0, hence
(t—1)(2bg—b2)+(2co —ca)+1 = 2co —t —ca+2 > 2. I, instead, 2bg+ 1 > by then 2bg —by > 0.
In the case 2bg = by we have ag — ag = 2¢g — c2 > 0, hence (t — 1)(2bg — b2) + (2¢9 —c2) + 1 =
2c0 —ca+ 1> 1. If 2bg > by then (¢t —1)(2bg — b2) + (2co —c2) +1 >t —1+2¢c9g—ca+1 >
t—14+t—(t—1)+1=1¢t+1>0, where we used 2¢o >t and co <t — 1.

Case 2. If L“‘H'QJ = L J +1 and L‘” 1J = L%J — 1. Thus, ag/2 = bot + ¢t — 1 and az = bat.
We see that ( is equivalent to

(201) 2{%J - {%J +2>0

which is clearly true since 2|ag/2t] — |a2/t| > —1 as shown in the previous case.

Case 3. If L“°+2J = L J +1 and L“Q 1J = LGTQJ Thus, ag/2 = bot +t — 1 and ag = bat + ¢
where 0 < ¢2 < ¢, in particular ag = (2by + 1)t +t — 2. We see that (289) is equivalent to

(292) a2<2bJ(t—1)+[%J+2t—1

which is equivalent to

(QVLOJ _ Vﬂ)(t—l)—aﬁ%% >0

2t 4
Recall that 2|ag/2t] — |az/t] > —1 and ¢ <t — 1. Hence

(2{;(” VfJ)(t—l)—cz—i-Zt—1> (-1 —(t-1)+2%—1=1

Case 4. If L“OTIQJ = L‘;—‘;J and L“T*IJ = L‘%J — 1. Thus, ag/2 = bot + ¢¢ and as = baot where

0 < ¢o < t. We see that (289) is equivalent to

w22l ¢ |20

which is equivalent to

ag a9
203 (2[5 - [ e-D+2020
(293) o 2| ) (=1 +2c
Recall that 2|ag/2t] — |ag/t] > —1. If 2|ag/2t| — |az/t] = —1 then ag — az = —t + 2¢
hence 2¢y > t. In particular (293) becomes —(t — 1) + 2¢p > 0 and it is satisfied. In the case
2]ap/2t] — |az/t] > 0 we immediately deduce that (293) is satisfied since ¢o > 0.

Assume case (ii) holds, hence ay < ao. If we write ag = byt + ¢o and as = bat + c2 with
0 < ¢j,ca < t, as above we can show b < ba. Let y be as in (245). Then we compute
dimy¢ — dim 2% = 2(ag — az — 1). And, using Theorem [17.3.8 we get

iy ) (e 0 17) = 20 2|52 [ - [ 2]) + 4
w20 -an (| 5] - [57))
ri([ 2] - H) 2|

(|2 | 2)
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We argue as before.

Case 1. If |20-2| = |2 | and |%2F!| = [ % |. We have that is equivalent to

(294) aofa271>1+2btJ {%J

Writing ag = 2|aog/2t] + 2¢o and az = |az/2t| + co we see that (294) is equivalent to

(295) Q%J—2{%J)(t—1)+c2—2c0+220

In the case ¢y < t/2 then b = 2|ap/2t| and ¢, = cp hence 2|ag/2t] < |az/t]. If 2|ag/2t] =
laz/t] then ag — ag = ca — 2¢p > 0, in particular (295)) is satisfied. If 2|ag/2t] < |az/t| then

Q%J le%J)(t71)+027200+2>(tfl)—t+2>0

where we used ¢ > 0 and 2¢y < t.
If ¢o > t/2 then by = 2|ag/2t] + 1 and ¢, = 2¢o — t. Hence 2|ag/2t| +1 < |az/t]. First
suppose 2|ag/2t] +1 = |az/t| then az —ag = ca — (2¢o —t) =t + ca — 2¢o > 0. Thus

Q%J —2{%J)(t—1)+cz—2co+2:(t—1)+cz—2c0+221

Now assume 2|ag/2t| + 1 < |az/t] then

(|2] ~2|2 )¢ -1 +er -2+ 2220~ 1)+ s~ 200 +2 >0

where we used ¢ > 0 and ¢ < .

Case 2. Assume VOQZQJ = L%J —1and L“%HJ = VTZJ + 1. In particular, is equivalent
to

(296) [%J—thJero

which is clearly true since |a2/t] — 2|ag/2t| > 0 as shown in the previous case.

Case 3. If VO 2J = L%J —1 and L‘”THJ = L%J Thus is equivalent to

oo+ %]

which is equivalent to

a2 ap

= — — — >
(297) (hJ 2{2tD(t 1)+ >0
which is satisfied since co > 0 and [az2/t] — 2|ao/2t] > 0.

= L‘;—;’J and L‘”HJ = L J + 1. We see that is equivalent to

w-rsaf] |20

using ag = |ag/2t|t 4+ 2¢o we see that it is equivalent to

Case 4. Assume L“°222J

(298) Q‘%J—2{%D(t—1)+t+1—2c020
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In the case |as/t| = 2|ag/2t| we have ay —ap = ¢ca —2cg =t — 1 — 2¢o > 0. Hence (298) is
satisfied. If, instead, |as/t] > 2|ao/2t], then, using ¢ < ¢,

(L%J —2{%D(t—l)+t+l—2co>t—1+t+1—2t:O

The proof is complete. g.e.d.

B.4.5. Semisimple elements: global lower bounds, G = O,,. Here H = O,,/; 1 S},
where 1 < t < n and n/t is odd.

PROOF OF LEMMA RO.3.2T] Let o = [l,,,wla,,- .-, w" 11, _,] € H° be non-special. Then

one of the following three cases occurs: a1 —ag > 2, ag—ay > 2 or a3 —as > 2. Then we define

y € H° as in (266)), (267) or (268). We claim f§5(z) > f5(y).

As done for Lemma [19.3.11] we need to show

(299) dimy® — dim 2% > dim(y® N H®) — dim(z€ N H®)

We write a; = | %[t + by and 25t = [ 292 |t + by.

Assume a; —ag > 2. Using Theorem we compute dimy® — dim 2% = 2(a; — ag — 1).
First let us observe that VTIJ — 2{“02;% > 0. In fact if the difference is negative then, using
b1<tandb020,

2 < ay —ag = Q%J —2{a02;tDt+b1—2b0—t<b1—2b0—t<0

we have a contradiction.

Using Theorem [17.3.8| we compute

dim(yGﬂHO)—dim(:rGﬂH"):—2+t({a1t_1J { Jz +2[a1_1J

)

(e 2a0 (|2 - [ ) o[ 5]
d
o

ag+2—1 ag —
21( [~
N 51 51

+2(2t—a0)({a°+2_tj

We have four cases depending on the values of the floor functions.

Case 1. Assume [%J = L“"taj and L‘“T*IJ = Lat—lJ In this case 1} is equivalent to

—1
oo 2] 2| o

Using a1 —ag > 2,bp <t —2 and b; > 1, we compute

—t 1 by —2by — 1
- [ - 1) B

1N 1—2t4+4—t 2
>2(1—7) 14
i) t 3

since the left hand side of the previous equation is an integer we deduce that is non-negative.
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Case 2. Assume L%f_tj = L“O tJ + 1 and L‘“ 1J = L‘%J — 1. Notice that by = 0 and
bg =t — 2. In this case is equivalent to

CEE=E
t 2t

We have 2 < a; —ag = ({—J —2{“0 tJ —3)t—|—4, hence (LﬂJ —2L“02;tj —3)t+2 > 0.

T
Seeking a contradiction, assume L“le —2[“02t_tJ —3< —1. Then —t+2 > (Lat—lJ —2L“°2t_tj —

3)t + 2 > 0, which is true if, and only if, L%J — 2{“"2;'1 —3 = —1 and ¢t = 2. In particular we

have 0 = L%J—QL“%?J—Q:%—QLGOQ*?J_Z ie. a1_4tao tJ _4—=0. But a0_4|_ao tJ 4

and 2 < a; — ag hence we get a contradiction.

Case 3. Assume L%J = L

this case (299) is equivalent to

ap > {EJ —2{a02;tJ(t71)+3t—2

J+land [‘“ 1J = L“t—lJ Here by =t —1 and b; > 0. In

which is equivalent to a; —ag > L%J -2 L“OQ?J = ‘“t;bl - %bo*t Therefore is equivalent

1 1\ by —2b —t
1—7)— (1—7) AT
al( r ao ; + . 2

notice that the left hand side of the previous expression is an integer. Using a; — ag > 2 and

to

the bounds on b;’s, we have

(1) =ro(1-3) + B 22 ) o) -1

In particular (299) is verified.

Case 4. Assume L%J = L““zt_tj and L‘“T_lJ = L“TIJ — 1. Here by <t —1and by =0. In
this case is equivalent to

1 ao—t
ar(1-7) —ao+2[ %= +120

which is true if and only if (a3 —ag)(1— 1) — 2%0 > 0. We have

1\ b 1N L t-2 2
- 1—7)—2f>2(1—7)—2—=7>0
(a1 aO)( t ¢ t 1

Assume ag — a; > 2. Using Theorem we compute dimy® — dim 2% = 2(ag — a1 — 2).
As above, we have 2L“° tJ — {%J > 0. Moreover, by Theorem |17.3.8

dim(meHo)—dim(xGﬂHo):2+t<{a1+1J2_{ J ) VL1+1J

(2 2] 2
(= )
(25 )

Again, we have four cases depending on the values of the floor functions. And we can prove

each of them as in the previous case.
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Case 1. Assume Lao_zif_tj = L“%t_tJ and LMTHJ = Lat—lj In this case ID is equivalent to

ao—t ay
—o -3z 2] -
=01 =32 2t t

which is equivalent to
1 2bg — by — 2t
(w0 —an (1= 1) s T2

Since ag — a1 > 2,bp > 1 and b; <t — 2 we have

0
1 2bg — by — 2t 1 2—t+2—2t 2
- 1—7) 7>2(1—7) L L
(a0 al)( i)t t = i)t t *3
Since the left hand side of the previous expression is an integer we deduce that (299) is satisfied.

Case 2. Assume Lao%_tJ = L““’Qt_tJ — 1 and L%’HJ = L‘%J + 1. Hence bg =0 and b1 =t — 1.

In this case (299)) is equivalent to

Whlch iS tI"iVIaHy Sa‘isﬁed.

Case 3. Assume L%—Qi?—tJ = La%—t_tJ —1 and L‘“THJ = Lat—lj Here b =0 and b; <t—2. In
this case is equivalent to

ao—t aq
1<2L7Jt—1 L—J ¢
a1 +1< o ( )+ ; +

which is equivalent to

(el 2 e+ e-1-nm

And since by <t — 2 we deduce that the previous inequality is satisfied.

Case 4. Assume L“O_Qi?_'ﬂ = La%;tJ and VIT—HJ = LGTIJ + 1. Here bg >0 and by =t —1. In
this case is equivalent to

(QVO_tJ - LEJ)(t—l)Jrz(bo—l) >0

2t t

which is clearly satisfied since by > 1.

Assume ag — a; > 2. Using Theorem and Theorem [17.3.8| we have that dim y“ — dim 2¢
and dim(y“ N H®) — dim(x% N H®) are the same as in the proof of Lemma|18.3.11} with a; and

as in the place of ag and ai, respectively. The same argument verbatim applies here. g-e.d.






List of notations

algebraically closed field
characteristic of k (we set p = oo for characteristic zero)

the connected component containing 1 (with respect to the
Zariski topology) of the algebraic group G

finite dimensional k-vector space
general linear group on V'
symplectic group on V'
orthogonal group on V'

any classical group on V'

order of x

subset of G of elements of prime order, including all nontrivial
unipotent element if p = oo

codimension of largest eigenspace of x
subset of G of the elements = with v(z) = s
subset of V, of the elements of order r
symmetric group on ¢ letters

prime integer

a primitive r-th root of unity in k
permutation in S; with cycle shape (", 1¢=h7)
coset variety G/H

fixed point space of x € G, ie. {we€ Q:x.w=w}
ratio dim Cq(z)/ dim

ratio dim Cg (x)/ dim Q, where dim C§(x) = dim Q—dim 2%+
dim(z% N H°)

for z € R, the largest integer smaller than or equal to z
Kronecker delta, 6, = 1 if a = b and 0 otherwise

Modular delta, dq.p = 1 if b | @ and 0 otherwise
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