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ABSTRACT: In this paper, the problem of energy harvesting with a parametric harvester is presented. A single degree-of-
freedom (SDOF) mechanical oscillator with time-varying stiffness subject to a harmonic base excitation is considered as a
parametric harvester. A periodic time-varying stiffness is introduced to the harvester in order to generate parametric resonance.
The performance of the harvester is analysed with and without the periodic stiffness coefficients. Relative displacement and the
average harvested power are obtained both numerically and analytically. It is demonstrated that a small excitation can produce a
large response when the system is parametrically excited with a frequency near to twice of its fundamental frequency. This
enhancement of the displacement response results in an increase in the harvested energy. This response is higher when the base
excitation frequency and the harvester fundamental frequency are equal. Also, it is possible to tune the parametric harvester to
have parametric frequencies twice of the base excitation frequencies in order to increase the frequency bandwidth. The optimum

parametric stiffness, parametric frequency and base excitation frequency are obtained to maximise the peak power.
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1 INTRODUCTION

Energy harvesting is the transformation of ambient energy
present in the environment into electrical energy. This energy
is derived from different external sources such as solar power,
thermal energy, wind energy, salinity gradient and kinetic
energy. In our modern cities, vibrations are among the most
widespread environmental energies. They occur in urban
infrastructures such as buildings, bridges, underground
structures, ships or even in the human body. The frequency of
the mechanical excitation depends on different sources, for
example in bridges, the frequency of excitation due to wind,
ground movement, and human movement is less than 30 Hz.
The mechanical energy from the harvester then converts to
electrical energy. The electrical energy can be used to power
wireless transducers such as those used in condition health
monitoring, and as less maintenance is needed this makes
them deployable on a large scale or at inaccessible locations.
In recent years, energy harvesting has become a popular
research topic and different vibration-based energy harvesting
methods have been used [1-4], but little work has been done
in exploiting parametric excitation in the context of vibration
energy harvesting. Most of the harvesters are based on a
vibrating mechanical structure, usually with additional seismic
mass, where the driving force is applied parallel to the
direction of the oscillatory displacement (see Figure la). In
linear SDOF systems, the maximum displacement occurs at
the resonance frequency. Linear harvesters harvest the most
energy when the natural frequency of the harvester and
environment frequency match. However, when the response
frequency of the energy harvester does not match with the
ambient frequency, the output power will decrease. This
restricts the development and performance of linear

harvesters. In order to solve the problem, different tuning and
broadband method have been proposed [5].

Here parametrically excited systems are considered and
compared with linear harvesters. Parametric resonance can
occur in parametrically excited systems, when the parametric
frequency is near twice the fundamental frequency [6-8]. This
phenomenon can be used to harvest more vibration energy. In
2009, Daqaq et al. [9] investigated the process of energy
harvesting via a parametrically excited cantilever beam. The
cantilever beam was excited vertically, perpendicular to the
direction of the oscillatory displacement. In this case, when
the beam is excited at twice of its fundamental frequency,
parametric resonance can be internally induced in the
cantilever. This establishes an autoparametric resonance [10].
Autoparametric resonance which externally induced by
parametric resonance, happens when the vibration of the
primary system act as parametric excitation of the secondary
system [10] . In Daqaq’s study, the dynamic response of the
system was explained by a lumped parameter non-linear
model. The broadband characteristic of the harvester was
obtained by optimising the coupling coefficient and the load
resistance of the harvester. In 2011, Abdelkefi et al. [11]
considered the same parametrically excited harvesting beam
configuration but included higher modes and nonlinear
effects of the piezoelectric patch in their analysis. In 2013, Jia
and Seshia [12] presented a feasibility study on the use of
parametrically excited bi-stable systems to increase harvested
power. Recently, Jia et al. [13] investigated, numerically and
experimentally, a parametrically excited MEMS vibration
energy harvester. They explained the usability of parametric
resonance over the fundamental mode, which was not limited
by the system damping ratio. They also demonstrated an
increase in power density and frequency bandwidth for the
parametrically excited MEMS vibration energy harvester [14].
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The above studies are based on autoparametric systems. In
this paper a parametric harvester is introduced, which is a
single degree-of-freedom (SDOF) mechanical oscillator with
time-varying stiffness subject to a harmonic base excitation is
introduced. In this system both parametric frequency (rate at
which stiffness is harmonically varying) and base excitation
frequency can change in order to achieve the maximum power
and frequency bandwidth. This is an idealised study that,
although does not take into account the energy spent for the
generation of the parametric stiffness, can give indication of
optimal condition of operation. Analytical and numerical
approaches are used to simulate a SDOF harvester with time-
varying stiffness. The nonlinearity of the system has not been
considered here. A linear time invariant SDOF harvester,
introduced by William and Yates [15], is compared with the
parametric harvester. Analytical and numerical solutions for
the transmissibility and the average harvested power for both
systems are derived based on the Harmonic Balance Method
and the time integration Runge-Kutta method. The analytical
results are compared with numerical simulations. Different
stability regions (different parametric stiffness and parametric
frequencies) are considered to investigate the performance of
the harvester in terms of the amount of the harvested energy.

(a) ()

S ez

Figure 1. Single degree-of-freedom base excited system
with (a) constant stiffness (b) periodic time-varying stiffness.
System (a) is called the non-parametric harvester and system

(b) is called the parametric harvester.

2 THEORY

A parametrically excited system is a harmonic oscillator
whose  parameters oscillate  periodically in  time.
Parametrically excited systems are linear in their equation of
motion with respect to displacement but their behaviour is as
complex as non linear systems. The behaviour of the
parametrically excited harvester and its performance is
investigated. A SDOF system (parametric harvester) as shown
in Figure 1b, which is subjected to a harmonic base excitation,
where m is the mass, k(t)is the time-varying stiffness, ¢ is

the viscous damping coefficient, y is the mass displacement
andx is the base displacement. The overall damping
coefficient ¢ is associated with both dissipation and
harvesting of energy, i.e the overall damping coefficient is
the combination of the mechanical damping coefficient ¢,
and the electrical damping coefficientC,. The electrical
damping C, represents an ideal electrical load and it is the

kind of damping from which the energy can be harvested.
The governing differential equation of motion for the
parametric harvester is the generic damped Mathieu equation
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when there is no base excitation, with respect to the relative
displacement of the mass z = y — X

mZ + ¢z + k(t)z = -mX. )
For a harmonic base excitation,
X = X cos(at) 2

where o is the base excitation frequency. k(t)is a time-

varying stiffness
k(t) =kc +kp cos(Qt), (3)

where kis the constant stiffness and k,is the parametric

stiffness with the parametric frequency Q. Since the system
is parametrically excited, the harvester does not only respond
at the fundamental frequency wy,, but also at its combined

resonances such as @, £ [3].

In order to find the response of the harvester, the Harmonic
Balance Method is used. Considering z(t) as a Fourier series

results in:

2(t) = Ay cos(at) + By sin(at) + ... “)

N

+ 2 Ay, By cos(@ = mQ)t + Cp,, Dy, sin(w = mOQ)L.

m=1
By substituting Equation (2) into Equation (1), the Fourier
series coefficients can be found. The coefficients of sine and
cosine of all harmonics are partitioned. Here, N=6 is
considered to take into account the combined resonances up to
@, £6Q . ForN =6, a matrix of 26x26 is produced,

finding the determinant of the matrix lead to define the
coefficients of the combined harmonics. Putting each
coefficient back to Equation (2) gives the solution of Equation
(1).

A damped Mathieu equation has an unbounded solutions
(unstable regions) as well as bounded solutions (stable
regions)[8]. Similarly Equation (1) has unbounded and
bounded solutions for different value of parametric stiffness,
parametric frequencies and damping coefficients. Different
instability regions for the parametric harvester without base
excitation (x = 0) are found here. If the solution of the
homogeneous equations is asymptotically stable, then the
particular solution which presents the base excitation response
of the periodic system is also stable. Therefore, there is no
need to find the stability curves for the base excited system
since the excitation does not affect the stability curves.

For the study of the odd-occurrence stability regions,
periodic solutions of period 2T are considered. To determine
the even occurrence stability boundaries, periodic solutions of
period T must be investigated. Periodic solutions of period 2T,
can be expressed as a Fourier series of the form:

n
=3 A cos(zmgtj + Bom sin(zrt:_gtj.
m=1

Substituting Equation (5) into Equation (1) and setting the

Qt) (2mQt
and cos

a set of equations. The non-trivial solution of this set results in
the stability threshold given as a relation between Q and kp .

(&)

. . (2m
coefficients of sm( j to zero, leads to
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Similarly, periodic solutions of the period T can be expressed
as a Fourier series of the form:

20 = 3 A COS(M}BM_I Sin(mj (6)
m=1 T T

Using the same procedure as for periodic solutions of period
2T, substituting Equation (6) into Equation (1), and setting the

coefficients of sin[@j and cos(wj to zero

leads to another set of equations. Each of this equation
represents one line in the stability curves. Finding the stability
curves are important as the parametric harvester could be
tuned in the stable regions.

Throughout this paper the average harvested power, Pae,
has been calculated both analytically and numerically in the
stable regions. An average harvested power for one period can
be found as:

T 7
Pae =3¢ 22 dt. @
T

3 INSTABILITY CHART FOR THE PARAMETRIC
HARVESTER

Considering the method explained above, the instability chart
can be found analytically. Parameters shown in Table (1) have
been used throughout the work as an exemplary case to
discuss more general behaviour. Parameters have been chosen
to match with the work has done by Ghandchi Tehrani and
Elliott [1] on energy harvesting using nonlinear damping. The
instability chart for this parametric system is shown in Figure
2. In the chart, stable regions are for the system with bounded
solutions, and unstable regions correspond to unbounded
solutions, resulting in unstable dynamics. When the system
has damping, the instability region moves upwards depending
on the value of the damping ratio. This can increase the
stability regions, especially at parametric frequency twice of
the fundamental frequency.

Table 1. System parameters.

Parameters Non . Parametric
Parametric
Mass m (kg) 0.75x10°  0.75x107°
Stiffness k, (Nm™") 107.4 107.4
Electrical damping coefficient 3 3
Cr (Nsm™) 1.4x%x10 85.1x10
Harvested damping coefficient 3 3
Ce (Nsm'l) 1.4%x10 1.4x10
Base excitation amplitude 3 3
Parametric stiffness
k o ( Nrn'l) 0 64

As a result of showing the behaviour of the system, the
response of the Equation (1) is plotted analytically and shown
in Figure 3. The steady state response for a system when the
base excitation is equal the natural frequency, w = w, and
parametric excitation is twice of the base excitation frequency

is considered. In order to be in the stable regions, the
parametric stiffness is chosen k, = 64 Nm™ which is close to

the instability curve when the instability curve starts at k, =

64.7 Nm™. In the frequency response, it can be seen that the
combination frequencies are exist in the signal. Peaks at 1 and
3 in Figure 3a show that the signal has frequencies at w = w,
as well as the combined frequency ay, Q.
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Figure 2. Analytical instability chart of the Equation (1) for
a system with mass m=0.75x10" kg and constant stiffness

k,=107.4 Nm.
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Figure 3. (a) Analytical solution and (b) the Fast Fourier
Transform of the solution of Equation (1).

4  PARAMETRIC HARVESTERS VERSUS NON-
PARAMETRIC HARVESTERS

In this section, the performance of the parametric harvester
shown in Figure 1b is examined and compared with the non-
parametric harvester of Figure la. The transmissibility of the
harvester with parameters in Table 1 is found both analytically
and numerically with the Harmonic Balance and the Runge-
Kutta method. The two systems have the same mass, constant
stiffness and electrical damping. If the same mechanical
damping is considered the parametric harvester would present
an enormous peak value at resonance. Such comparison would
bring to a distorted result since in real case the stroke of the
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harvester is limited by the case in which is contained. For this
reason an increased mechanical damping is used for the
parametric harvester so that both non-parametric and
parametric systems have the same quality factors.

First, the transmissibility and average harvester power for
the parametric harvester are plotted analytically for different
value of parametric stiffness and parametric frequency when
the base excitation is equal the natural frequency, w = w,,.
The results for the transmissibility and average harvested
power are shown in Figure 4. The instability chart found
previously (section 3) is now plotted here to show the
instability regions. The unstable regions are not used for
harvesting power. The closer to the unstable region in which
the parametric frequency is twice of the natural frequency, the
greater energy can be harvested. At this frequency the stability
curves start at kK = 64.7 Nm™. For this system, the optimum

parametric stiffness kp is found close to 64Nm™. Also, it can

be seen that when the parametric frequency is equal to the
natural frequency the power is increased although it is not at
the minimum of an instability region.

The average harvested power also is plotted numerically
with ODE45, in order to show the instability regions
numerically. In figure 5 the instability regions are found for
the solution of Equation (1) when it was unbounded (where
the solution could not go to steady sate position) and stable
regions show the harvested power. The analytical instability
chart has been compared with the numerical instability chart,
and it is found that there is a need to increase the number of
truncation order (from N=6 to higher) to have a more precise
solution when k is increasing. It can be seen that as k is

increasing there is a difference between analytical and
numerical instability regions.

Now the comparison between non-parametric and
parametric harvester is carried out when the parametric
stiffness is equal to the optimal value found above (k=

64Nm™) and the parametric frequency is twice the natural
frequency. The transmissibility and the average harvested
power are found analytically and numerically as shown in
Figure 6. The transmissibility of both systems has been
intentionally considered the same by putting the different
mechanical damping coefficients as shown in Table (1). The
solution of Equation (1) is found analytically with Harmonic
Balance Method which is explained in section 2. The
numerical solution of Equation (1) is found with ODE45 and
the steady state response is considered to find the
transmissibility and average harvested power of the
parametric harvester. The displacement of the mass y(t)is

found from the relative displacement of the massz=y—x.

The transmissibility is calculated by considering the peak to
peak amplitude of the displacement for harmonic base
excitation. The average harvested power for one cycle is
calculated by equation (7). For the parametric harvester, two
different parametric resonances are expected: = w,and
o=w, +Q, where Q=20,. Although, there is not a
difference between the power at @ = @, for the parametric

harvester and non-parametric harvester, at ® =3y the
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parametric has a peak which comes from its combined
resonance frequencies.
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Figure 4. Analytical solution of the parametric harvester
subjected to different parametric frequencies and parametric
stiffness when the base excitation is equal the natural
frequency, w = wy,: (a) natural logarithm of transmissibility
and (b) natural logarithm of average harvested power.
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Figure 5. Numerical solution of the parametric harvester
with ODE45, subjected to different parametric frequencies
and parametric stiffness when the base excitation is equal the
natural frequency, w = w,, in order to find the natural
logarithm of average harvested power.
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Figure 6. Analytical and numerical solution of the non-
parametric and parametric harvesters with the parameters of
Table 1 when k, = 64Nm™ and - 2wy, : (@) transmissibility

and (b) average harvested power. In parametric harvester, two
different parametric resonances are expected: @ = @, and

o =wp +Q, where Q =2a, .

4.1 Parametric harvester at different base excitation
frequencies and parametric frequencies

Eventually, keeping the parametric stiffness equal to its
optimal value of 64Nm™, the transmissibility and average
harvested power are considered at different parametric
frequency and base excitation frequency as shown in Figure 7.
As in previous studies [11-13], when the parametric frequency
is near twice of the natural frequency, greater oscillation
occurs. This phenomenon can be checked for a parametric
harvester subjected to a base excitation.

In Figure 7, close to the region in which the base excitation
frequency is equal to the natural frequency = @, and the
parametric frequency is twice of the natural frequency, greater
energy can be harvested. Also, most surprisingly, this happens
when the base excitation frequency is equal to the natural
frequency and parametric frequency (o= wy, +Q =3w,).
Furthermore, it can be seen that in a line where both
parametric and base excitation frequencies are changing
(shown with Line A and B in Figure 6), the harvested power
can be more broadband compared with the case in which
parametric frequency is fixed and base excitation changes
(Line C in Figure 6). Transmissibility and average harvested
power of the parametric harvester, when the parametric

. . 2 .
frequencies are equal to Q =2w (Line A), Q2 :Ta) (Line B)

and Q =2, (Line C) are compared with the non-parametric
harvester shown in Figure 9. From Figure 7, when the
parametric frequency is QQ =2w (Line A), the peak power at

®w=w, is increased, compare with the power from the

parametric frequency Q = 2w, (Line C) and non-parametric

harvester. Also it has more broad frequency bandwidth.
However, the power does not have any peak at w = 3w, .
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Figure 7. Parametric harvester subjected to different base
excitation frequency and parametric frequency (k p= 64Nm’

": (a) transmissibility and (b) average harvested power. Close

to the area which the base excitation frequency is equal to the

natural frequency and the excitation frequency is twice of the
natural frequency the higher power is harvested.
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Figure 8. As Figure 7. Lines show the choice of the
parametric frequency and base excitation frequency.
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. . 20 .
For the case when, the parametric frequency is Q2 = 3 (Line

B), the peak power at @ = 3w, is increased compared with the

power with parametric frequency Q2 = 2@, (Line C) and non-

parametric harvester. It has a more broad frequency

bandwidth. However, the power does not have any peak at
=y .
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Figure 9. Analytical solution of the transmissibility (a) and
average harvested power (b) when the parametric frequency is

2
Q=2w(Line A) and Q= Tw (Line B), are compared with

the parametric harvester transmissibility and harvested power

when parametric frequency is Q = 2@y, and also with the
general harvester.

5 PARAMETRIC HARVESTERS
AUTOPARAMETRIC HARVESTERS

The recent work on the parametric harvesters [9-14], were
based on the fact that when a cantilever beam is excited
perpendicular to its oscillatory displacement, the cantilever
resonates parametrically at twice of the base excitation
frequency. This system has been introduced in the past as an
autoparametric system. In order to harvest energy from the
autoparametric excitation, the system should be tuned near
twice of the natural frequency. This phenomenon can be
investigated in the parametric harvester introduced here
posing the base excitation equal to the natural frequency. The
transmissibility and average harvested power for the
parametric harvester when the parametric frequency is
changing and the base excitation frequency is equal to the
natural frequency of the harvester were found analytically as
shown in Figure 10. Comparison of Figure 9 and Figure 10,
shows that when the parametric frequency is Q =2 (Line
A), the peak power is higher and also it has a larger frequency
bandwidth. At lower frequencies, less than the natural
frequency, the autoparametric system can harvest more power.

VERSUS
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Figure 10. Analytical solution of the transmissibility (a) and
average harvested power (b) when the parametric frequency is
changing at different frequencies. The base excitation
frequency is kept equal to the natural frequency @ = @, .

6 CONCLUSION

A linear SDOF harvester is compared with the parametric
harvester. Analytical and numerical solutions for the
transmissibility and average harvested power for both systems
are derived based on the Harmonic Balance Method and the
time integration Runge-Kutta method. The analytical results
are compared with numerical simulations. The numerical and
analytical results agree.

Stability regions for harvesters with different parametric
stiffness and parametric excitation frequencies are simulated
to find the optimum configuration in order to harvest more
power. It was found that the parameter set closest to the start
of the unstable region in which the excitation frequency is
twice of the natural frequency yielded the greater energy
harvest. However, in order to increase the frequency
bandwidth changing the parametric frequency with the change
of the base excitation were considered, as the parametric
frequency can be tuned independent from the base excitation
frequency. It was found that changing the parametric
frequency with the change of the base excitation can broad the
peak harvested power. Also these tests were compared with
the fix base excitation frequency and the change of the
parametric frequency (Method wused in autoparametric
system). The peak of the power and frequency bandwidth of
the case of parametric harvester was found to be greater than
autoparametric harvesters. For future work, the amount of
power required to harvest energy in the proposed method will
be calculated. In order to investigate furthers, experiments
will be carried out to demonstrate and validate these
theoretical results.
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