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Part I: introduction
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Applications:

o Realization theory;
o Model order reduction;
e Identification;

Usually representation-oriented, with given state variable

Today: a representation-free, trajectory-based approach



Systems, functionals and representations

Linear differential system: set of trajectories satisfying
higher-order linear constant-coefficient differential eq’ns.



Systems, functionals and representations

Linear differential system: set of trajectories satisfying
higher-order linear constant-coefficient differential eq’ns.

There exists Ry + ... + R.st € RP*9[s] such that

{wm(dﬁt)w:o}::%.




Systems, functionals and representations

Linear differential system: set of trajectories satisfying
higher-order linear constant-coefficient differential eq’ns.

There exists Ry + ... + R.st € RP*9[s] such that

{W|R(%)W:O}::%.

If B “controllable", 3 My + ... + Mys" € R7*™[s] such that

%:{W] Hﬁs.t.M(%)ﬁzw}




Systems, functionals and representations

Linear differential system: set of trajectories satisfying
higher-order linear constant-coefficient differential eq’ns.

There exists Ry + ... + R.st € RP*9[s] such that

d

/IF/’B “controllable", 3 My + ... + MysN € R9*™[s] such that

%:{W] Hﬁs.t.M(%)ﬁzw}

“Kernel representation”



Systems, functionals and representations

Linear differential system: set of trajectories satisfying
higher-order linear constant-coefficient differential eq’ns.

There exists Ry + ... + R.st € RP*9[s] such that

d

/IF/’B “controllable", 3 My + ... + MysN € R9*™[s] such that

%:{W] 365.t.M(%)€:W}\

) . “Image representation”
Kernel representation 9 P
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Systems, functionals and representations

Bilinear- and quadratic differential forms:
functionals of w and a finite number of its derivatives.

Bilinear functional

de1 ’ de2
EaRdars

L¢(W1,W2) = W1T¢00W2+...+ arm

represented as

(¢, n) = Poo + ... + KO ™+

Quadratic differential form definition straightforward
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o What is “state”?
o How to compute state and state representations?
o How do external structures reflect in internal ones?

Philosophy/methodology:

from trajectory-level concept/property
to representation-level concept/property



Part Il: Constructing an intrinsic “state”
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The state property
Two variables: external variable w, internal variable x.
B Set of (w, x)-trajectories of system

X state if

(w1, X1), (W2, X2) € By and x;(0) = x2(0)
and x4, X continuous at 0

4

(w1, X1) Q (W2, X2) € By

f(t) fort <O

A reads (f; /O\fz)(f) = { h(t) fort>0
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Graphically...

(w1, X1), (We, X2) € By and x1(0) = x2(0)

4

(wy, X1) Q (W, x2) € By

(W, %)

—\_/

)

time




The state property revisited

For linear case, state property equivalent to:

(w, x) € By and x(0) = 0 and x continuous at 0

N2
(0,0) /0\ (w, X) € B

o Concatenability with zero is key.

» Algebraic characterization?



Kernel representations and the remainder

w € L°° = weak solution:

d +oo TT d
R(dt>w 0<:>/ R ( dt)fdt 0

for all co-ly differentiable f(-) of compact support.
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Kernel representations and the remainder

Integrating [, w' R (- 9)" f dt by parts on f:

/tz AR e AT L) o
; Yt Ldtt

b
:/ WTROdet—(wTRIfy;f—/ (gf TRT)fdt>
7] 9]

dL—1 12 d dL 1
L TRT T T
+o (1) (w Rl ol - " G 1fo/t)

Results in
o bilinear terms in derivatives of w and f in &, £
e integrals of bilinear terms in derivatives of w and f



Kernel representations and the remainder

Repeating until f no more differentiated in integral:

“wir(-2Y) i “rR(d :
_ — ) >
/t1 w ( dt) dt /t1 R(dt) w dt + Bn(f, w)l;

where remainder Bn(f, w) defined by

for some constant matrix f1 of dimension Np x Ng.

A bilinear differential form!
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Theorem. Given w = M (2) ¢, with M € R9*™[s], define

(€ +m)®(¢n) = M(=¢) — M(n) € RT*7[¢, n] .

Im
Let ® = YT X with # rows X = rank(I), and X(s) := X |S/n

then x := X (%) ¢ is a state variable.

e “Canonical" from integration by parts;
 State variable from internal variable.

e Intrinsic link between x and M

~» properties of B (external) directly reflected
in internal (state) behavior.
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Dual system

wy, Wo € € of compact support; define dual system by:
+o0
< Wi, We > = / wy w, at

Bt = {W’|< W’,W>:OVW6%}

Theorem. Let (¢ + n)N(¢, n) = R(=C) — R(n) € RP*9[C, n].
o
Write T = YT X, # rows X = rank(I); define Y(s) := Y [3/;3] :

x' =Y () wis state for B+, actingon ¢’ st. w' = R(-4) (.

Also %X’Tx =w'w




Conservative port-Hamiltonian systems

Partition w =: {ﬂ u(t),y(t) e R™.

For compact-support wy, w, € €
——

oo 0 In
o[ ][]



Conservative port-Hamiltonian systems

Partition w =: {ﬂ u(t),y(t) e R™.

For compact-support wy, w, € € o
=:

oo 0 In
o[ ][]

B is conservative port-Hamiltonian if

B = Blo
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Conservative port-Hamiltonian systems

Proposition. % = im M (2) is conservative port-Hamiltonian

if and only if
M(—s)'QM(s) =0 .

There exists W € R™™[¢, n] s.t. (C(+n)W(¢,n) = M(C)TQM(n).
Moreover W(¢,n) = W(y,¢)T, and ¥ is symmetric.




Conservative port-Hamiltonian systems
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Conservative port-Hamiltonian systems

Theorem. From (¢ + n)W(¢, n) = M(¢)" QM(n) factor
v=2"QZ,
with # rows Z = rank(V) and Q@7 = Q.

Im
Define Z(s) := Z |Slm|. Then x := Z (2) ¢ is state for 8.

Q': internal energy; Q (external) supply rate.
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(€ +mN(¢n) = R(=¢) — R(n) and N(¢,n) = Y(¢)" X(n)
— (CY(9)" X(m) + Y(¢)'nX(n) — R(=¢) = —R(n)

In
with Y(s) = [Yo ... Y] [/nS]

For all testing functions f

Yy 0 Ro
N : o} Yy —hRy
T M - —_— _ =
[f dtN] (|:YN1] dtx+ { : ] X { : w 0
0 Yn-1 (—1)NRy



State equations

Differential-algebraic equations follow:

Y, 0 Ro
. ‘Al —R
: gx + O Ix— i 1 w=0.
Yn_q| dt : :
0 Yai (—1)NRy
—— —_— —

=:E =:F =G



State equations

Differential-algebraic equations follow:

‘Al 0 Ry
. d Y(;I— —R1
: —X + . X— . w=20.
Yn_q | Ot : :
0 Y1 (—=1)NRy
—— —_— —
=E =:F e

» Realization by inspection.
 State-input-output equations, too.

« Canonical realizations: factorise I appropriately.
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Minimality

Minimal state map: minimal number of components

Proposition: Let N(¢,n) = YT (O)X(n) = _R(—gl—nﬁ(n)_

State variable x = X (2) w is minimal if and only if

[£X(s) = h(s)R(s) with f € R*, h € R"P[s]] = [f = 0]

Minimal state = Minimal factorisation
Converse true if R is row-proper
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State representations from data

Problem: compute state equations of conservative
port-Hamiltonian % = im M (2) from

wi(t) =vied  i=1,...,N, v,eC?
with A+ Af # 0,7, j=1,...,N.

Approach: Compute state trajectories x; for w;.
State equations straightforward.

Analogous to subspace identification methods:

External trajectories
~~ state trajectories
~» state equations
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o M(O)QM(n) = (¢ +m)X(C)" Q' X(n)
Follows v;Qv; = (\f + \)xQ'x; ,i,j=1,....N

Theorem: If N > n(8)=minimal state dimension, then

vQyv;
rank[ ’Ql]
T

)\;‘-i-)\j

Rank-revealing factorize |24
NAN =1,

-----

= X*Q'X, with

X =[x1 ... xn]. Then x;e"' state trajectory for w;e".




State representations from data
o W =vieht =M (2);

o M(O)QM(n) = (¢ +m)X(C)" Q' X(n)
Follows v;Qv; = (\f + \)xQ'x; ,i,j=1,....N

Theorem: If N > n(8)=minimal state dimension, then

rank [ V*’ Qv ] =n(B) .
AT AN N
Rank-revealing factorize [ :fﬂ =: X*Q'X, with
i AL j=1,.,N
X =[x1 ... xn]. Then x;e* state trajectory for w;e".

Solve for E, F, G:
E X diag(\1,....\W)+FX+G [vi ... w|=0




State representations from data

Approximate factorization [:—f:f/] N ~ X*QX

1

with X € RPN, i < n(B)

— lower order approximate state model
also conservative, port-Hamiltonian

= model reduction



Part VI: Open problems and conclusions
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« Model order reduction:

¢ choice of exponential trajectories;
e error bounds;

e generalisation to dissipative systems.



Work in progress and open problems

« Model order reduction:

e choice of exponential trajectories;
e error bounds;

e generalisation to dissipative systems.

o Multidimensional systems:

» global state variable available for 2-D case;
¢ local state variable?

e n-D systems, with n > 27
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Conclusions

o A representation-free approach to state construction;
 “Intrinsic" state ~» external/internal mirroring;
» State equations by inspection;

« Also applied in identification, model order reduction;
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