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Abstract

The boundary conditions of a vibrating plate are known to have an influence on its sound radiation for
frequencies below the critical frequency. To investigate this effect in a systematic way, the average
radiation efficiency and radiated power are calculated for a rectangular plate set in an infinite baffle
using a modal summation approach. Whereas analytical expressions exist for simply supported
boundary conditions, a numerical approach is required for other cases. Nine combinations of
boundary conditions are considered, consisting of simply supported, clamped and free edges on
different plate edges. The structural vibration is approximated by using independent beam functions in
orthogonal directions allowing simple approximate formulae for mode shapes and natural frequencies.
This assumption is checked against a finite element model and shown to give reliable results. It is
shown that a free plate has the lowest radiation efficiency and a clamped plate the highest for most
frequencies between the fundamental panel natural frequency and the critical frequency. Other
combinations of boundary condition give intermediate results according to the level of constraint
introduced. The differences depend on frequency: excluding the extreme case of a fully free plate all
the other boundary conditions give results within a range of 8 dB in the middle part of the short-
circuiting region, decreasing towards the critical frequency. At low frequency the differences can be
even greater, in some cases up to 20 dB. These conclusions are shown to hold for a range of plate

thicknesses and dimensions.

Keywords: plate vibration, baffled plates, radiation efficiency, radiation ratio, boundary condition.

1 Introduction

In many engineering applications it is important to be able to estimate the noise radiated by a
vibrating structure during its design stage. In most cases the structures under consideration, whether
industrial machinery, vehicles or civil structures such as bridges, can be subdivided into smaller
components; thin vibrating panels, strips and beams are often important components that are
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responsible for noise radiation. To evaluate the noise produced a common procedure is to evaluate the
vibration velocity levels of each component and to estimate their acoustic power levels through their
dimensions and radiation efficiency. It is particularly useful to study the radiation efficiency of the
elementary components in order to be able to characterise the acoustic performance of the structure

they form.

The radiation efficiency of an object at a given frequency or frequency band can be defined as the

radiated sound power W,,,, normalized by the radiating area S, the air density p , the speed of sound ¢

and the space-averaged mean square vibration velocity (\7) , as:

w
P % 1)
PES(VT)
The denominator in eq. (1) represents the power that would be radiated by a surface area S, vibrating
as a rigid piston to produce plane waves, with a mean square velocity equal to the surface-averaged
mean-square velocity of the actual object. Furthermore, if the mean square velocity and radiated

power are averaged over all possible forcing points over the surface of the structure, the so-called

averaged radiation efficiency [1] can be introduced. This is the quantity addressed in this paper.

The radiation efficiency can also be determined for vibration in each single mode, and in this case is
referred to as the modal radiation efficiency. This can also be determined as a function of frequency,
not just at the natural frequency of the mode in question. Conversely the total radiation efficiency
takes into account the effect of all the structural modes according to the excitation at each frequency
and is more appropriate for forced vibration. In principle, the radiation efficiency of a plate can be
obtained by summing the effect of all modes that contribute significantly in the frequency range under

consideration with appropriate weighting.

The calculation of radiation efficiency requires the determination of the radiated power, either the
total power or that produced by a single mode. For a flat plate set in an infinite co-planar rigid baffle,
the sound pressure can be determined using the Rayleigh integral [2]. There are then two different
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ways used to determine the sound power. The first is to integrate the squared pressure on a
hemisphere in the far field; the second is to integrate the acoustic intensity over the vibrating surface.
Only the first one is presented and adopted in this work. To calculate the radiation efficiency three
different approaches have been adopted in the literature. Some authors have focused on the radiation
efficiency of single modes, others have worked on the total radiation efficiency in terms of a
summation over the contribution of each mode while a third approach consists in developing
asymptotic formulae for the contribution of all modes. The most important findings are reviewed in

the following.

Since Rayleigh presented his formulation for assessing the sound radiation from flat finite structures
[2], the topic of sound radiation from plates has been widely investigated. The approximation of a flat
source set in a co-planar infinite baffle is particularly convenient for studying the main trends,
although it is recognised that it differs from the actual situation in practice. Maidanik [3] analysed the
acoustic response of panels, including those reinforced via beam systems. Assuming a high modal
density of the structures he proposed a simplified asymptotic formulation to calculate the total

radiation resistance for simple plates and for ribbed plates.

Wallace [4] used the Rayleigh integral approach to study the power radiated by a single vibration
mode of a plate into the far field. This yields a solution for the modal radiation efficiency over the

whole frequency range for various mode shapes.

Gomperts investigated the modal radiation efficiency of a flat plate under general boundary
conditions. Firstly he proposed a one-dimensional solution for the radiation efficiency of plates [5].
Later [6] he presented results obtained considering a two-dimensional vibration pattern; the plate
vibration was determined as the product of the mode shapes of two uniform beams in the two
directions. Clear correspondence was found with the results presented by Wallace and in particular it
was observed that an increase in the constraints at the edges does not always lead to an increase in the

modal radiation efficiency.



Other approaches to deal with the sound power radiated from planar sources were presented by Heckl
[7] in terms of a Fourier Transform in the wavenumber domain and by Williams [8] as a series in

ascending power of wavenumber.

Leppington et al. in [9] and [10] introduced several asymptotic formulae to calculate the total
radiation efficiency for large acoustic wavenumbers, especially in the range close to the critical
frequency. Leppington found that Maidanik’s formulae [3] overestimated the radiation resistance at
coincidence, particularly for a plate with a very large aspect ratio. The difference in terms of radiation
efficiency between a fully simply supported plate and a plate with fully clamped boundaries was

found to be around 3 dB on average below the critical frequency.

In the asymptotic approaches of both Maidanik and Leppington, the radiation efficiency was
considered without including the cross-mode contributions. The importance of the cross-modal
coupling on the radiation from a panel was pointed out by Keltie and Peng in [11]; it was noted that,
particularly at low frequencies and under off-resonant excitation, this contribution should not be

neglected.

Snyder and Tanaka [12] demonstrated that the cross-modal contributions are only non-zero for pairs
of modes that are either both odd or both even in a given direction. Li and Gibeling [13], [14] found
that even at resonances the contribution of mutual radiation may not be insignificant and the total

radiated power calculated excluding those terms may under-estimate or over-estimate the correct

result.

However, Xie et al. [1], by adopting modal summation approach, demonstrated that in calculating the
average radiation efficiency over all possible force positions the contributions from mutual terms are
cancelled. They presented the average radiation efficiency of a simply supported plate calculated with
a modal summation approach following Wallace’s formulation for the modal radiation efficiency. By

following the same method and adopting numerical techniques Yoo [15] explored also the effect of



guided boundary conditions. Putra and Thompson [16] also considered the difference between simply

supported and guided boundary conditions for both baffled and unbaffled plates.

In [17] Berry et al. presented a method based on polynomial functions to assess, in a general manner,
sound radiation from plates with arbitrary boundary conditions. The modal radiation efficiency was
presented along with the total radiation efficiency for simply supported, clamped, guided and free
boundary conditions. However, these results have the main limitation that they show radiation
efficiency for a plate driven at a single point at the plate centre, in which case many modes of the
plate will not be excited. Nevertheless, from these results it can be already concluded that adopting a
constant difference of 3 dB between a clamped and a simply supported plate (as in [10] and [18]) may

not be sufficiently accurate.

The method presented by Nelisse et al. [19] also allows different boundary conditions to be taken into

account, considering fluid coupling and comparing baffled and unbaffled plates. The radiation

efficiency was again calculated for a single point force.

In the work presented by Qiao et al. [20] the structural part of the problem is solved considering the
product of beam solutions (as in [6]) in order to obtain the forced response of the plate. The results
obtained are interesting considering the purpose of the present work but they are only presented in
terms of radiated power and the radiation efficiency is not considered. Similarly, Zhang and Li [21]
gave a detailed formulation of the sound radiation from baffled plates with arbitrary boundary
conditions by means of a Fourier series. Results were focused on single mode radiation efficiency and

on total radiation efficiency for a forcing point at the centre of the plate.

The sensitivity of the radiation efficiency to the location of the forcing point was highlighted by Putra
and Thompson in [16]. By comparing the results obtained with twenty different forcing positions they
found that the average radiation efficiency lies roughly in the middle of a corridor defined by the 10"

and 90™ percentile and the width of such a corridor can be up to 20 dB at low frequency, decreasing



towards the critical frequency. This corresponds to the effect of cross-modal contributions but

presented in this way the conclusion is more directly applicable.

It is known that the assumption of a rigid baffle is artificial. Clearly, having a velocity field equal to
zero everywhere, apart from the plate surface, makes the problem easier to solve, but this is not
always fully representative of a real structure. For this reason, the problem of an unbaffled plate has
also been investigated by some authors ([16], [19] and [21-24]). Some semi-analytical methods have
been proposed and the effect of boundary conditions on unbaffled plates has also been addressed ([16]
and [23]). In particular, results shown in [16] have shown that, in adopting simply supported and/or
guided boundary conditions, the variability in radiation efficiency of an unbaffled plate is much lower
than the corresponding baffled plate. It was found that, between the fundamental natural frequency
and the critical frequency, the radiation efficiency of a plate guided at its edges is 5 to 15 dB lower
than the simply supported plate, when set in a baffle, while the unbaffled guided plate is only 2 to 4
dB lower than the equivalent simply supported one. Therefore, the baffled plate configuration is more
likely to highlight the effect of modifications in boundary conditions. Moreover, the plate set in a
rigid baffle can, in many cases, be a good approximation for the actual arrangement in a built-up
structure, or at least it can give a good representation of its acoustic behaviour in a certain frequency

range.

This paper is devoted to a systematic investigation of the effect of plate boundary conditions on the
average radiation efficiency and acoustic power of baffled rectangular plates. Moreover, the
sensitivity of the conclusions to changes in the plate dimensions and thickness are also considered. As
described above, similar topics have been already presented in recent years, yet the literature still
lacks a complete set of results for total average radiation efficiency with different boundary
conditions, especially where the different sides of a plate have different boundary conditions.
Analytical solutions are only available in a few cases and in others a numerical solution is required,
thus leading to large computational time. In this paper simply supported (S), clamped (C) and free (F)

boundary conditions are considered in various combinations to give a total of 9 cases ranging from a

7



fully clamped to a free plate. Results are also presented for plates with different aspect ratios and

thicknesses for the cases of simply supported, clamped and free boundaries on all four sides.

The methodology presented by Xie et al. [1] for simply supported plates, which used an analytical
formula for the modal radiation efficiency [4], is here extended through full numerical computation to
consider any set of natural modes. Fluid loading is not taken into account. Therefore the results
presented below do not hold for a case of heavy fluid loading or where accurate calculations including
fluid loading effects are necessary. Section 2 summarises the methodology as already derived in [1],
while Section 3 presents average radiation efficiency and acoustic power results for a variety of cases.

The sensitivity to plate geometry is considered in Section 4.

2 Radiation efficiency calculation with a modal summation approach

The equations for calculating the average radiation efficiency using a modal approach were derived
in [1] for the case of a simply supported plate. This section summarises the procedure for arbitrary

boundary conditions. A numerical integration is then adopted to obtain the results.

2.1  Plate free vibration
Consider the plate sketched in Figure 1 with dimensions a and b in the x and y directions,

respectively, and thickness h. Its vibration is modelled according to Kirchhoff’s thin plate theory (see

e.g. [26]):

2
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where B is the bending stiffness of the plate, p, is the density and w is the plate displacement in the
direction perpendicular to the x-y plane. Harmonic motion at circular frequency w is assumed with an
implicit time dependence of e, Various boundary conditions are included by following solutions
presented by Warburton (see [26] and [27]) where the mode shape ¢, (%, y) is obtained as the product

of beam functions in the x and y directions as



P (X, Y) = X(X)Y (Y) @)

By following the notation used by Leissa [26] (i.e. indices m and n represent the number of nodal

lines on the plate), Table 1 summarises the beam functions in the x direction for the boundary
conditions adopted; similarly, the beam functions in the y direction can be obtained by replacing x

with y, m with n and a with b.

The natural frequencies of the plate can be approximated by:

7°B a)’ a)’
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where v is the Poisson’s ratio and the coefficients G, H and J are functions related to the boundary

conditions and to the order (m,n) of the mode; they are presented e.g. in [26].

The modal mass M, of the plate is obtained as an integral of the mode shape and mass per unit area

over the plate surface S=ab:

a b
Mo = [, 2sh02%, (%, Y)dS = ph [ X 2 () [ Y 2 (y)dy (5)

It is important to note that the solutions presented by Warburton in [27], particularly for cases
including free edges, are valid in an approximate sense as already evaluated in [28]; therefore the
same approximation holds throughout the present work. The effect of these assumptions on the

radiation efficiency is addressed in Section 3.2.

2.2  Plate response

Considering a harmonic point force at (x,, y,) and circular frequency , the modal velocity amplitude

of the plate is given by:

JoF @ (X0, Yo)
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(6)
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where F is the force amplitude and » is the damping loss factor. The plate velocity amplitude can

then be obtained by modal summation as:

V(X, y) = iiumn (XO’ yO )¢mn (X1 y) = iivmn (7)

m=0 n=0 m=0 n=0

where vy, represents the contribution of mode (m,n) to the total velocity. Note that the two indices m
and n start from O to include the case of a fully free plate, in practice the first two indices of the
summation depend on the boundary condition considered; for example they both start from 2 in case
of a clamped plate at four edges (see Table 1). If the average over all possible forcing positions is
introduced, the spatially averaged mean square velocity averaged over all force positions can be

formulated as [1]:

TEE N - EETEVES 3o T ®

mOnO

2.3 Average radiated acoustic power
For a plate set in a rigid baffle under harmonic excitation the total acoustic power can be calculated by

integrating the acoustic intensity over a hemisphere in the far field as:

W = f” |p2(r)| r?sin &g 9)
0 P

where p is the air density, c is the speed of sound and p(r) is the complex acoustic pressure
amplitude at r = (r, 8, @) . By adopting the Rayleigh integral [1],[2] the pressure can be expressed in

terms of the plate surface complex velocity v(x,y) as:

jk C
p(r) =225 [ y) S——dway (10)
S

where k is the acoustic wavenumber and r'= |r - X| represents the distance between a point x on the

plate surface and a point on the hemisphere at r =(r, 8, ¢) .
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Combining eqg. (10) with eq. (7), the pressure can be given as:

P =33 U (XA (1) (11)

m=0 n=0
where the terms A, are defined as:
jkpc e
Aun (1) == [ 1 () =X (12)
27 r
For simply supported boundary conditions, as shown in [4], an analytical expression can be derived
for the terms A, (r) . However, to allow for general boundary conditions, they are obtained here

through a double numerical trapezoidal integration. Substitution of eq. (11) into eq. (9) gives a general

expression for the total power radiated by a plate forced at (xo, yo) [1]:

W= | %ﬁ‘“mﬂsinwm )

where m' and n' adopted in the expression for the conjugate highlight the cross-modal contribution.

By averaging over forcing points distributed over the plate surface, the average acoustic power is

found as:
_ 1 ab
W = 5_}; .([deodyo

(14)
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By introducing eg. (6) into eq. (14) it can be shown that, because of the orthogonality of the
modeshapes for a uniform plate, the effect of the averaging is to cancel the cross-modal contributions

(further details can be found in [1]) and the average radiated power can be expressed as:

11
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where |umn|2 represents the modal velocity amplitude averaged over all forcing points and W m, the

power radiated by the (m,n)" mode, again averaged over all forcing points. As previously stated, the

integrals in eg. (15) are evaluated numerically with a trapezoidal scheme.

2.4  Radiation efficiency

By combining the mean squared velocity averaged over forcing positions, eq. (8), with the average
acoustic power, eq. (14), the average radiation efficiency can be finally calculated as:

W

o= (16)

pCS(v2)

3 Results for different boundary conditions

Results are first presented for a plate with the same properties as used in [1] for ease of comparison.
Therefore an Aluminium plate is considered with a Young’s modulus of 7.1x10" N/m? and density of

2700 kg/m®; its dimensions are 0.5 x 0.6 x 0.003 m. For this thickness, the critical frequency,

f_=(p.h/B)2c? /27, is 4 kHz.

To ensure that all the fluctuations which characterise the shape of the radiation efficiency curve are
captured (see e.g. [1] and [16]), the problem must be properly discretised. In particular, the frequency
resolution should be sufficient to allow the contribution of each mode to be correctly assessed;
similarly the spatial resolution on the plate surface plays an important role and should include a
minimum number of points per structural wavelength; finally the subdivision of the far-field hemi-
sphere into small areas for integrating the acoustic intensity should be fine enough to capture all the

acoustic directivity lobes. After some trial and error a good compromise between computational time
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and accuracy has been found for this case by adopting at least 80 points per decade in frequency, a
spatial resolution on the plate of 0.0125 m and by dividing both the angles of the spherical coordinate
system into 120 steps. In all the cases presented in the paper all the modes with natural frequencies up

to 10 kHz have been included in the summation.

Table 2 summarises the nine combinations of boundary conditions considered in this paper. The
reason for selecting the damping values shown in the table is discussed further in the next section. In
the following, to describe the boundary conditions of a plate the capital letters of Table 1 are adopted
in such a way that for example ‘SSFF’ represents a plate having simply supported boundary

conditions at x=0 and x=a, and free boundary conditions at y=0 and y=Db.

3.1 Damping effect

The methodology adopted for the radiation efficiency calculation allows investigation of the effect of
damping. For low damping both the plate vibration and the radiated power will be strongly frequency-
dependent. Although this can be avoided by using a higher value of loss factor, for high damping the
plate radiation becomes dominated by the near-field around the forcing point and the radiation
efficiency tends to rise [29]. In order to identify the damping values such that the radiation efficiency
is independent of the damping itself, calculations have been performed for the SSSS case for the
following four damping loss factor values: 0.3, 0.1, 0.03 and 0.01. Figure 2 summarises the average
radiation efficiency of the example plate for these damping values. It can be observed that the
difference in terms of radiation efficiency between a plate having a damping loss factor of 0.03 and
0.01 is very small; therefore in the following » =0.01 is adopted. Similar calculations have been
performed on a fully clamped plate (see Figure 3) and in this case a similar dependence on damping

has been obtained.

In these figures three characteristic frequency regions can be identified, see also [1] and [18]. Below
the fundamental natural frequency the radiation of the baffled plate has a monopole character, with

increasing in proportion to f 2. At the second natural frequency the radiation efficiency drops to a dip
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as it is dominated by this second mode which has a lower modal radiation efficiency. This is due to

the phase difference of the motion on different parts of the plate in this mode which will cause the
modal radiation efficiency to increase as f*(i.e. like a dipole). A further series of peaks and dips

occur above this frequency in what is known as the short-circuiting region (in this region each mode
can radiate either as an equivalent monopole, dipole or quadrupole, depending on whether the
modeshapes are odd or even in the two directions). At each frequency the exact value of the total
radiation efficiency is therefore the result of a combination of all the single modal radiation
efficiencies, weighted according to their corresponding squared vibration amplitudes. The radiation
efficiency rises to a peak above unity at the critical frequency, in this case 4 kHz, before tending to

unity at high frequency.

3.2  Effect of analytical calculation for plate free vibration

It was mentioned in Section 2.1 that the solution adopted for the plate free vibration is an
approximation [28]. Therefore, before going further, a comparison is given of radiation efficiencies
calculated adopting the analytical solution for free vibration from [27] (and summarised in Table 1)
and a Finite Element modal basis. The procedure presented in Section 2 can, in fact, be applied to any
set of natural modes. The effect of the analytical approximation, both in terms of natural frequencies
and mode shapes, on the radiation efficiency can readily be investigated. Two representative cases are
chosen, the fully free plate and the clamped one. The free boundary condition is known to be the most
critical case for these approximations while the analytical solution for clamped boundary conditions
should be less critical. In the finite element model the element size has been set to 0.01 m, ensuring at
least 5 nodes per wavelength at the highest frequency. Thin plate elements (implementing Kirchhoff
plate theory) have been adopted for consistency with the analytical formulation. All the vibration
modes in the range 0-10 kHz have been included in the calculation; this has resulted in 335 modes for

the free plate and in 308 modes for the clamped.

Figure 4a shows the results obtained in terms of average radiation efficiency. For the clamped plate

the radiation calculated with the analytical modal basis and with the numerical one are very close to
14



each other. For the free plate, the position of several peaks and dips is shifted in frequency slightly
due to the approximation in the natural frequency calculation. In Figure 4b a comparison is given in
terms of mean square velocity for the free boundary condition only, again there is not a perfect
correspondence between numerical and analytical results. Nevertheless, the most important features of
the radiation efficiency curve and mean square velocity are captured with sufficient accuracy by the

simplified analytical model and this will be used in the remainder of this paper.

3.3 Plates with the same boundary condition on all four sides
The results presented in Section 3.1 can be used to show clearly the difference between the acoustic
behaviour of a simply supported plate and a fully clamped plate. The difference between them is

shown in Figure 5. For ease of comparison, the narrow band spectra of Figures 2 and 3 have been
converted into one-third octave bands and are expressed in decibels as 10log,, o (all the following

results are presented in this form). In the figure, each line represents the decibel difference between
the radiation efficiency of the two plates for a given loss factor. It is clear that this difference depends
on the loss factor, being smaller for higher values of damping. For high values of damping the
radiation efficiency is relatively independent of the boundary conditions as the radiation becomes
dominated by the region around the forcing point [29]. However, the results for loss factors of 0.01
and 0.03 are very close to one another, confirming that the radiation efficiency is effectively

independent of damping for values below approximately 0.03 (for the present plate geometry).

It is noteworthy that at very low frequencies, where the response is dominated by the fundamental
mode and the acoustic behaviour can be approximated by an equivalent monopole, the simply
supported plate radiates more efficiently than the clamped one. Considering the fundamental mode
shape of a clamped plate compared with a simply supported one it is clear that the vibration of the
clamped plate is limited to a smaller region towards the centre of the plate due to the higher
constraints at the boundaries; the radiation efficiency is smaller for a smaller vibrating object, so that

the clamped case will be similar to a smaller SSSS plate.
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Moreover, it can be noted that the difference varies considerably with frequency and can be as high as
10 dB in the range of transition between the fundamental mode and short-circuiting regions around
100 Hz. In the short-circuiting region the difference ranges between 1 and 4 dB for the lowest loss

factors considered while it is generally less than 1 dB for » =0.3. In all the cases the difference drops

to 0 dB at and above the critical frequency as the radiation efficiencies tend to unity. It is clear from
these results that the difference between these two boundary conditions is not a constant 3 dB as

suggested in [10] and [18].

The one-third octave band radiation efficiency and radiated sound power for a unit mean-square force
are shown in Figure 6 for the three cases of Table 2 in which the four edges have the same type of
boundary condition, that is S, F or C. The free plate has a much lower radiation efficiency than the
other two over much of the frequency range, with differences of up to 20 dB compared with the
clamped plate. As well as the fundamental bending mode at 46 Hz, the free plate has three rigid body

modes at 0 Hz and a twisting mode at 35 Hz.

The acoustic power levels in Figure 6b reflect, in this case, the trend of the radiation efficiency lines:
a high peak is present at the frequency of the fundamental bending mode for the clamped and simply
supported plates while in the region between the fundamental natural frequency and the critical
frequency the clamped plate tends to radiate more. However, there are a few frequency bands,
immediately above the fundamental natural frequency, where the acoustic power of the simply
supported plate is greater than that of the clamped plate (e.g. 3.5 dB higher at 200 Hz). For the free
plate, the acoustic power is constant at -54 dB up to approximately 500 Hz, where it starts to increase.
This is the acoustic power level of a rigid piston having the same mass per unit area as the plate and

driven by an oscillating unit force, given by

__p 17
47c(psh)? 4

A derivation of eq. (17) is given in [17] [17]and a similar result for guided boundary conditions is

presented [15]. This is shown in Figure 6b with a dashed line, indicating that the acoustic power of the
16



free plate matches exactly with the rigid piston up to 500 Hz. Further explanations about this

behaviour of the free plate are given below.

In general, the comparison among FFFF, SSSS, and CCCC boundary conditions suggests that the
radiation efficiency increases, on average, with an increasing amount of constraint, even though at
some single frequencies an opposite trend can be found. In particular, in the lower part of the short-
circuiting region a simple ranking of radiation efficiencies with boundary conditions is not always
straightforward, for two reasons. Firstly, the natural frequency of the fundamental mode generally
varies with boundary conditions, so the lower limit of the short-circuiting region differs case by case.
Secondly, the way in which the first few modes after the fundamental one are combined together
results in a series of peaks and dips that depend both on the mode shapes (even or odd) and on the
exact position of each natural frequency. Both of these factors are affected by the boundary conditions
so that the position and amplitude of the peaks/dips is different case by case. As a consequence, in this
frequency range, the radiation efficiency curves for different boundary conditions tend to intersect one
another several times (see also below with other boundary conditions). In the upper part of the short-
circuiting region, starting approximately from 800-1000 Hz for this plate geometry, many modes
contribute to the radiation efficiency and it is more obvious that the radiation efficiency is larger for
greater constraints. However, the differences between the results for different boundary conditions

reduce as the frequency approaches the critical frequency.

Before discussing the further combinations of boundary conditions, it is instructive to consider the
narrow band acoustic power levels of the free plate and clamped plate, shown in Figure 7. To
emphasize the low frequency region, results are shown between 10 and 2000 Hz. The contribution of
each mode is plotted in thin lines while the total power is represented with thick black lines.
Moreover, the modal power corresponding to the first mode is depicted by a light dashed line. For the
free plate this is the power due to the rigid body motion (no nodal lines), while for the clamped plate
this is the typical fundamental bending mode with two nodal lines per direction (i.e. the four

boundaries).
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The clamped plate has no rigid body modes so its acoustic power (Figure 7b) is characterised by the

modal power of the plate bending modes in the whole frequency range.

For the free plate, however, (Figure 7a) the rigid body motion dominates the acoustic response up to
150 Hz. Several flexible plate modes are present in this region but their acoustic power at resonance is
10 to 20 dB lower than the rigid body contribution, but this is dependent on the damping level

adopted. The modal acoustic power is the product of modal squared-velocity, which for the free plate
decreases as f 2 (rigid body motion), and radiation efficiency, increasing as f 2 (in the monopole
region); the result is a constant modal power. At higher frequencies (above 150 Hz in this case) the
modal radiation efficiency tends to unity while the averaged velocity still decreases as f?2

consequently the acoustic power decreases with the same slope. Between 150 Hz and 500 Hz the two
rigid rotations also contribute in a significant way to the total power. The modal power related to
these two rigid motions is depicted in black in Figure 7a (they can be easily recognised since they do
not show any peak). The sum of rigid rotations and rigid translation results in a total power which is
still approximately constant up to 500 Hz. The first significant contribution from a non-rigid mode
appears, in the narrow band spectrum, at around 400 Hz. Above 500 Hz the total acoustic response is

determined by weighted combinations of flexural modes and the power begins to rise.

However the acoustic power at resonance is affected by damping and it has been verified that lower
damping levels increase the acoustic power of flexural resonances. Considering for example the 63 Hz
frequency band (i.e. the one governed by the third flexural mode), if the loss factor is reduced by a
factor of 10 (from 0.01 to 0.001) the acoustic power level is increased by 1.6 dB. This suggests that
for very low damping values the effect of bending modes on the acoustic power at low frequencies
can be greater than that shown in Figure 7. Nevertheless, the average radiation efficiency does not

change significantly if the loss factor is reduced below 0.01.
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3.4 Sound radiation for other boundary conditions

The one-third octave band radiation efficiency and radiated sound power for a unit mean-square force
are now shown here for the remaining six cases listed in Table 2. Figure 8 shows the results for three
cases where opposite pairs of edges have the same boundary conditions; the free plate and fully
clamped plate, from Figure 6, are still shown with broken lines for reference. The radiation efficiency
reduces on average as the level of constraint is reduced, i.e. in the order: clamped, simply supported,
free. However, below the fundamental natural frequency the case SSFF has the highest radiation
efficiency. The acoustic power results in Figure 8b again show the same tendency as the radiation

efficiency.

Also in this case it is possible to divide the short-circuiting region into two parts. Between the
fundamental mode and around 800-1000 Hz both the radiation efficiency and acoustic power curves
intersect a few times. In general more constrained plates result in more radiation. However, in some
single one-third octave bands, less constrained plates can radiate more than more constrained ones.
Conversely, in the upper part of the short-circuiting region, the three examples considered can be
readily ranked according to their radiation efficiency; starting from the less efficient one obtains:

SSFF, CCFF and then SSCC.

Results are presented in Figure 9 for three cases where opposite edges have different boundary
conditions. Again the radiation efficiency reduces as the level of constraint is reduced. In these cases
the radiation efficiency curves do not intersect anymore above 200 Hz and the CSCS plate is the most
efficient. The contributions of single modes appear in the acoustic power (Figure 9b) up to 800-1000

Hz.

It is also interesting to compare the radiation efficiency for plates with the same type of boundary
condition applied to different edges, e.g. FSFS against SSFF. This comparison is shown in Figure 10.
The pair F-S is presented in Figure 10a; in the monopole region and in the lower part of the short-
circuiting region there are some significant differences. Above about 500 Hz the two curves show

nearly the same radiation efficiency levels; for a small aspect ratio like the one chosen here where
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many modes are contributing, applying different combinations of boundary conditions seems not to
have a significant effect on the average radiation efficiency. A similar trend has been found in the
corresponding acoustic power (not shown here). Figure 10b and Figure 10c confirm these conclusions
for the other two pairs of boundary condition analysed (C-F and S-C). In particular, results found for

the CSCS plate are very similar to those found for the SSCC one at all frequencies.

3.5 Normalised results
Focusing on the short-circuiting region, and above, Figure 11 shows the radiation efficiencies of all
nine cases. Here, the frequency is normalised to the critical frequency and the radiation efficiency to

the semi-empirical results known as the Maidanik formula [3]:

2 1+«
47° B Pc l-a )In—l_a+2a
X ——— TR for fj; <f<f;
c’S psh  4r<st, Ql-a®)

o= (18)
0.45 /P—fc for f ~f,
C

f -1/2
( _ch for > f,

where P is the perimeter of the plate and o =(f / f.). Note that the dependence of the fundamental

natural frequency on the boundary conditions would make such a normalisation misleading in the
very low frequency range; this region is therefore excluded from the figure. Eq. (18) was originally
produced for the modal average radiation of a simply supported lightly damped plate. Figure 10
clearly shows that the difference between the current results and eq. (18) is frequency-dependent and
also depends significantly on the boundary constraints. The fully clamped case fluctuates around +4
dB for 0.07 < f/f, < 0.25 and then it gradually decreases towards zero. The two combinations CCSS
and CSCS follow a similar trend with results about 1 dB lower. The SSSS case is about 1-2 dB above
Maidanik’s formula. The two combinations of free and clamped edges are close to 0 dB, while the
combinations of free and simply-supported edges give a radiation efficiency lower than the reference

curve; significant fluctuations are still present for f/f. < 0.2, but above this the difference with respect
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to the reference is between -2 and -1 dB. The free plate was already shown as having the lowest
radiation efficiency; in comparison with the reference formula it fluctuates between —6 and —8 dB in

the range f/f, < 0.6, above which it increases towards zero.

In conclusion, within the corner/edge mode region, by decreasing the amount of constraint the
radiation efficiency tends to reduce, although, as already observed in [5], there are exceptions. Finally,
it is important to note that, when considering a baffled plate, the effect of different boundary
conditions is considerable and can increase/decrease the noise by up to 20 dB in a given frequency

band. The effect reduces as the frequency approaches the critical frequency.

4 Results for different plate geometry

The sensitivity of the above conclusions to changes in plate aspect ratio and thickness are next
considered for simply supported, clamped and free boundary conditions, i.e. SSSS, CCCC and FFFF.

Tables 3 and 4 summarise the corresponding geometry chosen.

4.1  Effect of aspect ratio

The average radiation efficiency and acoustic power are presented here for two more aspect ratios of
the plate (2.2 and 3.5; the previous results are for an aspect ratio of 1.2). In each case the dimensions
are chosen such that the fundamental natural frequency of the SSSS case is kept roughly constant. The

plate thickness remains 3 mm. Table 3 gives details of the plate geometry.

The values of the first four natural frequencies for the SSSS case are also given in Table 3. By
modifying the aspect ratio the sequence of modes of the plate is modified. In particular the order in
which the number of nodal lines in the two directions appear is changed. The trend of the modal
radiation efficiency in the low-mid frequency range is greatly affected by the number of nodal lines
since this determines whether the modes radiate as a monopole, dipole or quadrupole. The total

radiation efficiency will consequently also be affected.

Figures 12 and 13 show the results, again in terms of average radiation efficiency and acoustic power.

The results for aspect ratios 2.2 and 3.5 behave similarly to those for aspect ratio 1.2, shown in Figure
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6. By observing these figures the same characteristics highlighted for aspect ratio 1.2 can be noticed:
the simply supported plate has the highest radiation efficiency in the monopole region, while in the

short-circuiting region the clamped plate is the most efficient and the free plate the least.

Results for the three aspect ratios together are summarised in Figure 14. As before, the frequency is
normalised to the critical frequency and the radiation efficiency to eq. (18). For f/f. > 0.2 the results
for each boundary condition form a clearly well separated set of lines. This suggests that, as soon as a
large enough number of modes contributes to the response, the effect of the aspect ratio becomes less

important.

4.2  Effect of thickness

Another geometrical parameter that can be important for the acoustic properties of the plate is the
thickness. In particular, an increase in thickness will result in an increase in stiffness and mass of the
plate; the natural frequencies of each mode will increase in proportion to h. Moreover, thicker plates
will have a lower critical frequency. To understand the effect that thickness has on the average
radiation efficiency and on the acoustic radiated power, the examples of Table 4 have been considered

for SSSS, FFFF and CCCC boundary conditions.

Figures 15, 16 and 17 give the results for each boundary condition separately. Note that the lines
corresponding to a thickness of 3 mm are taken from Figure 6. Because of the different values of both
the fundamental natural frequency and the critical frequency, the short-circuiting region covers
different ranges. For this reason, when observing the results, it must be kept in mind that between
plates having different thickness there is an overlap between the monopole region and the short-
circuiting one which, at a given value of frequency, leads to very large differences in radiation

efficiencies.

Below the fundamental bending natural frequency of the thinner plate, the three plates radiate with the
same efficiency and this applies to each boundary condition analysed but, in each case, since the

thinner plate has a greater vibration velocity, its radiated powers show higher values.
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The variation of acoustic power with thickness for the FFFF plate is clearly visible in Figure 15b:
there is an increase of about 3-4 dB (see also eq. (17)) for the decrease in thickness presented and the
difference among plates with different thickness is nearly constant up to 400 Hz. In this sense Figure
15b suggests that, for a given mass per unit area, the acoustic power is nearly independent of
frequency up to f/f, of 0.1-0.2. However the small fluctuations shown for the thicker plate also imply
that for thicker plates the acoustic contribution of bending modes can be, at least at their resonance, of
similar importance as the rigid body modes. In particular, narrow band results (not presented here)
have shown that the 5", 8" and 10" modes, at their respective natural frequencies, have an acoustic
power comparable to or greater than the rigid body motion. Also in this case lower damping levels

would increase the contribution of flexural modes with respect to the rigid motion.

For the three boundary conditions shown, in the short-circuiting region, the radiation efficiency
increases with increasing thickness, apart from a few frequency bands at low frequency. A larger
radiation efficiency does not imply that, for a given force, the plate is also characterised by a greater
acoustic power; the acoustic power of a thinner plate tends to be higher also in the region where its

radiation efficiency is lower, due to the higher vibration velocity levels of the thinner plates.

Finally, the results of Figures 15, 16 and 17 are summarised in Figure 18. Normalisation to the critical
frequency and to eq. (17) is again applied. Three different sets of lines can again be readily
distinguished, one for each type of boundary condition. Within the same set, the difference among
different thicknesses is small for f/f, > 0.2. The three lines for a clamped plate drop from +4 dB to 0 in
the range 0.2 < f/f, < 1. The results for the simply supported plate show a difference with the reference
formula of approximately 1 dB before dropping to zero at the critical frequency. The free plate shows
a difference with the reference that ranges between -6 and -10 dB for f/f, < 0.5 before tending to zero.
Also for this case it can be observed that, when the number of modes involved in the response is high
enough, the radiation efficiency, with frequency normalised to the critical frequency, is largely

independent of the thickness of the plate.
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5 Conclusions

The average radiation efficiency of a baffled rectangular plate has been calculated for simply

supported edges, clamped edges, free edges and various combinations of these.

For the simply supported and the fully clamped examples four different values of loss factor have

been considered. It has been found that below 7 =0.03 the radiation efficiency is largely independent

of damping whereas for high values of damping the radiation efficiency is relatively independent of

the boundary conditions as the radiation becomes dominated by the region around the forcing point.

A total of nine combinations of boundary conditions have been considered. It has been found that the
free plate generally has the lowest radiation efficiency, while the fully clamped plate is the most
efficient at nearly all frequencies above the fundamental mode region. Below the fundamental natural
frequency the behaviour is somewhat reversed and the simply supported plate has the greatest
radiation efficiency. At and above the critical frequency the boundary conditions are no longer
important and the radiation efficiencies all tend to unity. In general the effect of modifying the
boundary conditions is considerable and can lead to a large (up to 20 dB in a given frequency band)
increase/reduction in radiated power. In the short-circuiting region, away from the fundamental mode,
increasing constraint generally gives an increase in radiation efficiency but the differences are

frequency-dependent, reducing as the frequency approaches the critical frequency.

The three most representative combinations of boundary condition (i.e. fully free, clamped and simply
supported) have been tested against changes in aspect ratio and thickness. The variability introduced
with aspect ratio is not large enough to expect that the conclusions about the effect of boundary

conditions drawn are significantly affected by plate dimensions.

Thickness is an important parameter for the radiation efficiency in the short-circuiting region.
Increasing thickness from 2 mm to 3 mm results in an increase of 3-4 dB and a further increase to 5

mm gives an additional 4-5 dB. However, this is found for all the three boundary conditions analysed.
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Therefore the conclusions reached about the effect of boundary conditions are robust also with respect

to thickness.

In conclusion it has been shown that, when considering simplified models for sound radiation from
plates, the effect of boundary conditions can play an important role. On average the radiation
efficiency increases with an increasing amount of constraint at the edges but, in particular in the
transition between the monopole region and the short circuiting region, some single third octave
frequency bands can show the opposite effect and the correct result has to be assessed case by case.
Examples of a less constrained plate radiating more than a more constrained one were already
observed in the literature for the case of single-mode radiation efficiencies (see e.g. [6]). Results
shown in this paper confirm this in the case of averaged radiation efficiency. Deeper investigations

may be necessary in order to obtain complete conclusions on this point.
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Table 1. Beam functions for x direction, [28] (S: simply supported edge, C: clamped edge, F: free

edge).
x=0 x=a X(x)
S sinM m=234,..
a
sin(y, /2
CoS ;/1(5—%+_|(7—1)cosh 71(5—% m=246,..
a 2) sinh(y,/2) a 2
. sin(y, /2) .
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c C
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with cos y, coshy, =-1

Table 2. Combinations of boundary conditions considered within the paper for aspect ratio equal to
1.2 and corresponding natural frequencies of the first vibration modes (aluminium plate, a=0.5 m,

b=0.6 m, h=3 mm). The table includes the assumed loss factor values.

fl fz f3 f4

x=0 x=a y=0 y=b Loss factor H) (H) (H) (H2)
S S S S 03 01 003 0.01 49.6 1105 137.3 1983
cC C C C 03 01 0.03 001 915 1656 206.0 2755
e EOE E M
S S F F 0.01 29.3 432 872 1170
F F C C 0.01 66.3 75.3 110.8 1828
S S C C 0.01 66.8 147.5 150.0 227.9
C F C F 0.01 18.7 584 746 126.2
c s C s 0.01 68.6 136.7 170.1 2344
F S F S 0.01 88 413 528 995

Table 3. Plate geometry and first natural frequencies for different aspect ratios.

a(m) b(m) h(m) Aspectratio f;ss(Hz) foss(Hz) f3ss(Hz) fass (Hz) f (kHZ)

0.5 0.6 0.003 1.2 49.6 110.5 137.3 198.3 4.02
042 0.93 0.003 2.2 49.9 75.3 117.5 174.3 4.02
0.4 14 0.003 3.5 49.4 60.6 79.3 105.4 4.02

Table4. Plate geometry and first natural frequencies for different thicknesses values.

a(m) b(m) h(m) Aspectratio fiss(Hz) foss(Hz) f3ss(Hz) fiss (Hz) f (kHZ)

0.5 0.6 0.002 1.2 33.0 73.7 915 132.2 6.02

0.5 0.6 0.003 1.2 49.6 110.5 137.3 198.3 4.02

0.5 0.6 0.005 12 82.6 184.2 228.9 330.4 241




Figure 1. Rectangular plate set in an infinite rigid baffle.
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Figure 2. Average radiation efficiency of simply supported plate (Table 2) for different damping

values.



0
10

al
10

10°

4
10

10'5 - - - . .....:2 - . .....:3 \
10 10 10 10
Frequency (Hz)

Figure 3. Average radiation efficiency of plate with fully clamped edges (Table 2) for different

damping values.

1 -2
10 & ¢ seieiin s siaiinsosiaiiem b 10

10" L S
@ 10
af £
10 > 4
o 'S 10
2 i
o 10 : 4
F 5
S < 10
10 ; f.)—
v g 10°
10 =
10° 10"
1 2 3 4 1 2 3 4
10 10 10 10 10 10 10 10
Frequency, Hz Frequency, Hz

32



Figure 4: Results obtained by adopting analytical (continuous line) and numerical (FE) modal basis

(dashed line). (a) Radiation efficiency for fully free and fully clamped plate (Table 2). (b) Mean

square velocity for fully free plate.
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Figure 6. Plates having the same boundary conditions along the four edges. a: average radiation

efficiency: b: acoustic power per unit force squared. Broken line: acoustic power of an equivalent

rigid piston.
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Figure 7. Narrow band plot of acoustic power. Thick dark line: total power; thin lines: single mode

contribution; dashed line: acoustic power due to the first mode. a: FFFF plate; b: CCCC plate.
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Figure 11: Radiation efficiencies normalised to Maidanik formula [3] and to critical frequency for

various combination of boundary conditions.
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Figure 14. Radiation efficiencies normalised to Maidanik formula [3] and to critical frequency for
three aspect ratios (1.2, 2.2 and 3.5) and for three different boundary conditions (FFFF, SSSS and

CCCQ).
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Figure 18. Radiation efficiencies normalised to Maidanik formula [3] and to critical frequency for

three aspect thickness values (2 mm, 3 mm and 5 mm) and for three different boundary conditions

(FFFF, SSSS and CCCC).
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